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Apparently there is color, apparently sweetness, apparently bitterness; actually there are only atoms and the void. 
Democrilus 420 BC 

And God said, "Let there be light"; and there was light. And God saw that the light was good; and God separated the light from 
the darkness. 

Genesis 1:3 

All truth goes through three steps. First, it is ridiculed. Second, it is violently opposed, and finally it is accepted as self-evident. 

Arthur Schopenhauer 
German Philosopher 

We must be grateful to God that He created the world in such a way that everything simple is true and everything complicated is 
untrue. 

Gregory Skovoroda 
(lS^-century Uk r ainian philosophe r ) 

One of the principal objects of theoretical research in any department of knowledge is to find the point of view from which the 
subject appears in its greatest simplicity. 

Josiah Willard Gibbs 
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PREFACE 



Typically freshman students are introduced to classical laws that they apply to physical problems that can be understood 
intuitively and solved in closed form. As they advance to the second year, they are introduced to a contradictory view — that the 
atomic-scale world is nonphysical, counterintuitive, and incapable of being understood in physical, intuitive terms. In addition, 
they are asked to take for granted many fantastical concepts such as electrons being probability waves having an infinite number 
of energies and positions simultaneously, until measured, spooky actions at a distance, and virtual particles which occupy every 
point in space but can not be detected. With the introduction of quantum mechanics, which is not a theory of physical reality, 
stud e nts ar e taught to abandon all that th e y initially l e arn e d for laboratory scal e syst e ms and to acc e pt that th e s e laws do not 
apply to atomic systems; even though, they learned by direct experimental observation that these laws worked perfectly well and 
that laboratory scale objects are made up of atoms. 

Many paradoxes and internal inconsistencies arise in quantum mechanics such as the requirement that two or more 
contradictory results exist simultaneously, the existence of infinities, non-locality, and violation of causality, to mention a few. 
Unlike the solutions learned in the freshman year, none of the solutions are unique — algorithms to remove infinities and to add 
fantastical corrections arc totally discretionary [1-14], One e xception is the onc- c lcctron atom, but the Schrodingcr e quation is 
not a directly experimentally testable relationship. Rather, it is postulated. The solutions make no physical sense. Electron spin 
is missed completely. And, in many cases, the solutions contradict experimental observations [1-14]. 

To add to this confusion, Newton's Laws of mechanics are presented as invalid. With the assumption of Galilean 
transformations, they fail to remain invariant at high speed. Special relativity is introduced as an independent mechanics theory 
based on the constant maximum of the speed of light, which was demonstrated by the Michelson-Morley experiment, but, this 
experiment addressed light propagation and not mechanics, except for disproving the ether and a universal reference frame in the 
sense of the speed of light. Maxwell's equations, which govern light propagation, remain since they are consistent with special 
relativity and predict c based on universal properties of spacetime. No connection to mass or mechanics is given despite the 
result of the equivalence of mass and electromagnetic energy from special relativity. There is no connection to particle masses 
and atomic theory. And, the infinite sea of virtual particles of atomic theory is paradoxically an ether which was abandoned with 
special relativity. 

Furthermore, it is taught that the validity of Maxwell's equations is restricted only to the macro-scale and that they do not 
apply to the atomic scale. This is inconsistent with the application of special relativity to the mechanics of atomic particles at 
high speed and the radiation of accelerating atomic particles wherein, paradoxically, Maxwell's equations give the 
electromagnetic wave equation that governs the emitted radiation. Yet, when the particle motion is thought of as a current, 
Maxwell's equations predict the radiation of atomic particles as well. Then, contradictory, postulated quantum mechanical rules 
apply to the radiation or stability of electrons in atoms, which should be treated electrodynamically. Neither a special relativistic 
or Maxwellian approach to the radiation is deemed to apply even though the Maxwellian Coulomb potential and special 
r e lativistic corr e ctions to th e e l e ctron mass ar c invok e d. Ev e n mor e disconc e rting is that suppos e dly sp e cial r e lativity is th e basis 
of electron spin in the Dirac equation. But, the solution requires an infinite sea of virtual particles that is equivalent to the ether. 
This constitutes a glaring internal inconsistency because the absence of both an ether and an absolute frame is the basis of special 
relativity in the first place. In addition, considering the simplest atom, hydrogen, no physical mechanism for the existence of 
discrete radiative energy levels or the stability of the n = 1 state exists — only circular reasoning between the empirical data and a 
postulated wave equation with an infinite number of solutions that was parameterized to match the Rydberg lines [1-14]. 



Furthermore, the elimination of absolute frame by special relativity results in the elimination of inertial mass and 
Newton's Second law, foundations of mechanics, and gives rise to the twin paradox and an infinite number of energy inventories 
of the universe based on the completely arbitrary definition of the observer's frame of reference. Newton's Law of gravitation is 
also to be unlearned. It is replaced by a postulated tensor relationship that only applies to massive gravitating objects. The 
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replacement theory is explained in terms of warping of spacetime without any connection to the physical laws learned as a 
freshman or any connection to atoms that make up the massive gravitating bodies. General relativity predicts singularities and a 
deceleration cosmology — the opposite ot that which is observed [15-I6J. It is to be accepted with quantum mechanics as the 
correct atomic theory even though these theories are mutually incompatible. — It is further disconcerting that the Uncertainly 
Principle of quantum mechanics — one of its fundamental tenets — predicts a continuum of particle masses and gives no 
mechanism for the existence of atomic particles of precise inertial and gravitational mass in the first place. And, the infinite sea 
of virtual particles and vacuum energy fluctuations throughout the entire universe requires an infinite cosmological constant that 
is obviously not observed [17]. 

This confused approach to physics is not due to nature, and it can be avoided. Physics can become transparent and 
intuitive on all scales and understood conceptually at all levels of specialization. The fundamental laws of physics and chemistry 
of Maxwell's equations and Newton's Laws of mechanics and gravitation were developed after direct experimental observation 

of phenomena such as electrici ty a nd m agnetism, m echanics, and gravity. Electrici ty a nd m agnetism w ere unified w i t h the 

prediction and later confirmation of electromagnetic waves. These laws, developed in the mid 1800's, with the extension to the 
atomic scale and taking into account the appropriate spacetime metric are sufficient for describing all phenomena in the universe. 
For objects moving with speeds approaching the speed of light, Newton's Laws must include the limiting maximum speed that is 
inherent in Maxwell's equations and determined by the permeability and permittivity of spacetime. In mechanics, the metric is 
Minkowskian wh e r e in th e sp ee d r e lativ e to light sp ee d must b e invok e d and Galil e an transformations b e com e Lor e ntzian. 
Similarly, when a photon transforms to a particle, any signal capable of transporting energy with a limiting velocity must 
propagate as a light wave front, and the limiting velocity is the speed of light. Thus, for particle production, the electromagnetic 
front of the photon and the gravitational front due to the particle must have a limiting speed c , the speed of light. As a 
consequence, the metric is required to be the Schwarzschild metric rather than Minkowskian. Specifically, fundamental particle 
production occurs when the energy of the particle given by the Planck equation, Maxwell's Equations, and Special Relativity is 
equal to mc 2 , and the proper time is equal to the coordinate time according to Schwarzschild metric, the gravitational equations 
with the equivalence of the particle production energies permit the equivalence of mass-energy and the absolute spacetime 
wherein a "clock" is defined which measures "clicks" on an observable in one aspect, and in another, it is the ruler of 
spacetime of the universe with the implicit dependence of spacetime on matter-energy conversion. The masses of the leptons. the 
quarks, and nucleons are derived from this metric of spacetime. Then, the gravitational equations with the equivalence of the 
particle production energies require the conservation relationship of mass-energy, E = mc 2 , and spacetime, 

c 3 kg 

= 3.22 X 10 34 —2- . Spacetime expands as mass is released as energy which provides the basis of absolute space and the 

AnG sec 

atomic, thermodynamic, and cosmological arrows of time. The observations of the acceleration of the cosmic expansion and the 

absence of time dilation in redshifted quasars confirm the absolute nature of spacetime. 

With the conditions of the metric being Minkowskian for Newtonian mechanics and the Schwarzschild metric for 

Newtonian gravity, all of the fundamental laws of nature are directly derived from experiments. The universe is not 

mathematical; it is physical. A separate theory for near light speed mechanics, special relativity as it now exists, is unnecessary 

and incomplete. — For example, in addition to the problems raised previously, the famous equation E = mc 2 does not predict 
fundamental particle masses, inertial or gravitational or why they are equivalent. Furthermore, separate theories of atomic 
physics such as quantum mechanics and quantum electrodynamics, separate nuclear theories such as quantum chromodynamics, 
a separate theory for particles such as the standard model, a separate theory for gravity, general relativity as it now exits, and 
separate theories tor cosmology such as the Big Bang, inflation, and dark energy are artificial, internally inconsistent, incorrect, 
incomplete, and not based on physical laws. The correct basis of Ihe spacetime relationships of special relativity and general 
relativity are inherent in the classical laws that further predict all natural phenomena on all scales from quarks to the cosmos. 

REFERENCES 

1 . R. L. Mills, "Classical Quantum Mechanics," Physics Essays , Vol. 1 6, No. 4, December, (2003) , pp. 433-498. 

2. R. L. Mills, "Physical Solutions of the Nature of the Atom, Photon, and Their Interactions to Form Excited and Predicted 
Hydrino States," Phys. Essays, Vol. 20, No. 3, (2007), pp.403-460. 

3. R. L. Mills, "Exact Classical Quantum Mechanical Solutions for One- Through Twenty-Electron Atoms," Physics Essays, 

Vol. 18, (2005), pp. 321-361. 

-A-. — R. L. Mills, "Th e Natur e of th e Ch e mical Bond R e visit e d and an Alt e rnativ e Maxw c llian Approach," Physics Essays, Vol. 

17, (2004), pp. 342-389. 

5. R. L. Mills, "Maxwell's Equations and QED: Which is Fact and Which is Fiction," Vol. 19, (2006), pp. 225-262. 

6. R. L. Mills, "Exact Classical Quantum Mechanical Solution for Atomic Helium Which Predicts Conjugate Parameters from a 
Unique Solution for the First Time," Phys. Essays, Vol. 21, No. 2, pp. 103-141. 

~T. R. L. Mills, "The Fallacy of Feynman's Argument on the Stability of the Hydrogen Atom According to Quantum 



Mechanics," Annales de la Fondation Louis de Broglie, Vol. 30, No. 2, (2005), pp. 129-151. 

R. Mills, "The Grand Unified Theory of Classical Quantum Mechanics," Int. J. Hydrogen Energy, Vol. 27, No. 5, (2002), pp. 

565-590. 



©2010 BlackLight Power, Inc. All rights reserved. 



Preface xxv 

9. R. Mills, "The Nature of Free Electrons in Superfluid Helium — a Test of Quantum Mechanics and a Basis to Review its 
Foundations and Make a Comparison to Classical Theory," Int. J. Hydrogen Energy, Vol. 26, No. 10, (2001), pp. 1059-1096. 

10. K. Mills, The Hydrogen Atom Revisited," Int. J. of Hydrogen Energy, Vol. 25, issue 12, December, (2000), pp. 1 1/1-1 183. 

1 1. V. F. Weisskopf, Reviews of Modern Physics, Vol. 21, No. 2, (1949), pp. 305-315. 

12. P. Pearle, Foundations of Physics, "Absence of radiationless motions of relativistically rigid classical electron," Vol. 7, Nos. 
11/12, (1977), pp. 931-945. 

13. A. Einstein, B. Podolsky, N. Rosen, Phys. Rev., Vol. 47, (1935), p. 777. 

14. F. Laloe, "Do we really understand quantum mechanics? Strange correlations, paradoxes, and theorems," Am. J. Phys. 69 (6), June 
2001,655-701. "" " " ' ' ' ~ 

15. R. M. Wald, General Relativity, University of Chicago Press, Chicago, (1984), pp. 91-101. 

16. N. A. Bahcall, J. P. Ostriker, S. Perlmutter, P. J. Steinhardt, Science, May 28, 1999, Vol. 284, pp. 1481-1488. 

1 7 . M . M . W aldrop, Scienc e, Vo l. 7. 47 ., December 7, (1 98 8), pp. 1 7 . 4 8-1 7 . 50 . 



©2010 BlackLight Power, Inc. All rights reserved. 
Preface 



©2010 BlackLight Power, Inc. All rights reserved. 



Toward the end o± the 19 th century, many physicists believed that all ot the principles ot physics had been discovered, the 
accepted principles, now called classical physics, included laws relating to Newton's mechanics, Gibbs' thermodynamics, 
LaGrange's and Hamilton's elasticity and hydrodynamics, Maxwell-Boltzmann molecular statistics, and Maxwell's equations. 
However, the discovery that the intensity of blackbody radiation goes to zero, rather than infinity as predicted by the prevailing 
laws, provided an opportunity for new principles to be discovered. In 1900, Planck made the revolutionary assumption that 
energy levels were quantized, and that atoms of the blackbody could emit light energy only in amounts given by hv , where v is 
the radiation's frequency and h is a proportionality constant (now called Planck's constant). This assumption also led to our 
understanding of the photoelectric effect and ultimately to the concept of light as a particle called a photon. A similar course 
aros e in the d e velopment of the mod e l of the electron. In 1923, dc Drogli c sugg e sted that the motion of an electron has a wave 

k 

aspect where the wavelength, A, is inversely proportional to the electron's momentum, p , as X = — . This concept seemed 

P 
unlikely according to the familiar properties of electrons such as charge, mass and adherence to the laws of particle mechanics. 
But the wave nature of the electron was confirmed by Davisson and Germer in 1927. by observing diffraction effects when 
electrons were reflected from metals. 

Experiments by the early part of the 20* century had revealed that both light and electrons behave as waves in certain 
instances and as particles in others. This was unanticipated from preconceptions about the nature of light and the electron. Early 
20 th century theoreticians proclaimed that light and atomic particles have a "wave-particle duality" that was unlike anything in 
our common - day experience. The wave - particle duality is the central mystery of the presently accepted atomic model, quantum 
mechanics (QM), the one to which all other mysteries could ultimately be reduced. The central equation, the Schrodinger 
equation, and its associated postulates, are now the basis of quantum mechanics, and it is the basis for the world view that the 
atomic realm including the electron and photon cannot be described in terms of "pure" wave and "pure" particle but in terms of a 
wave-particle duality. The wave-particle duality based on the fundamental principle that physics on an atomic scale is very 
different from physics on a macroscopic scale is central to present day atomic theory [1]. The further founding assumptions 
maintained from the earlier theories of Bohr and Schrodinger to what is dubbed "modern quantum mechanics" is that phenomena 
such as stability, quantization, and spin are intrinsic aspects of matter at the atomic scale and the electron is a probability wave 
requiring that the electron have infinite numbers of positions and energies including negative and infinite energies 
simultaneously. It is inherent that physical laws such as Maxwell's equations, Newton's laws, conservation of energy and 
angular momentum are not exactly obeyed. The exactness and determinism of classical physics are replaced by the Heisenberg 
Uncertainty Principle, an inequality defining the limitations of the existence of physical reality. ~~ 

The Schrodinger equation was originally postulated in 1926 as having a solution of the one-electron atom. It gives the 
principal energy levels of the hydrogen atom as eigenvalues of eigenfunction solutions of the Laguerre differential equation. 
But, as the principal quantum number n»l, the eigenfunctions become nonsensical. Despite its wide acceptance, on deeper 
inspection, the Schrodinger solution is plagued with many failings as well as difficulties in terms of physical interpretations that 
have caused it to remain controversial since its inception. Only the one-electron atom may be solved without approximations, 
but it fails to predict electron spin, leads to models with nonsensical consequences such as negative energy states of the vacuum, 
infinities, and negative kinetic energy, and it fails to predict the stability of the atomic hydrogen n = 1 state except for an 
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arbitrary definition 1 [2-13]. In addition to many predictions that simply do not agree with observations even regarding the one- 
electron atom [2-17], the Schrodinger equation predicts noncausality, nonlocality, spooky actions at a distance or quantum 
telepathy, perpetual motion, and many internal inconsistencies where contradicting statements have to be taken true 
simultaneously. The behavior of free electrons in superfluid helium is but one example of a phenomenon that forces the issue of 
the meaning of the wavefunction. Electrons form bubbles in superfluid helium, which reveal that the electron is real and that a 
physical interpretation of the wavefunction is necessary. Furthermore, when irradiated with light of energy of about a 0.5 to 
several eV [18], the electrons carry current at different rates as if they exist with different sizes. It has been proposed that the 
behavior of free electrons in superfluid helium can be explained in terms of the electron breaking into pieces at superfluid helium 
temperatures [18J. Yet, the electron has proven to be indivisible even under particle accelerator collisions at 90 GeV (LEPII). 
The nature of the wavefunction must now be addressed. It is time for the physical rather than the mathematical nature of the 
wavefunction to be determined. 

A n ew a pproach h as been developed to ex plain the seemingly m ysterious physics of th e a tomic scale. T h e th eory of 

classical physics (CP) now applied correctly to solving the structure of the electron is based on the foundation that laws of 
physics valid in the macroworld do hold true in the microworld of the atom. In the present case, the predictions, which arise 
from the equations of light and atomic particles are completely consistent with observation, including the wave-particle duality 
of light and atomic particles. Furthermore, it is shown herein that the quantization of atomic energy levels arises classically 
without invoking n e w physics. — Continuous motion such as e l e ctronic transitions b e tw ee n quantiz e d stat e s and translational 
motion restores continuity and causality with the continuous nature of spacetime itself restored consistent with first principles 
and observation. Using Maxwell's equations, the structure of the electron is derived as a boundary-value problem wherein the 
electron comprises the source current of time-varying electromagnetic fields during transitions with the constraint that the 
bound n = \ state electron cannot radiate energy. The postulates and mathematical constructs of quantum mechanics are 
erroneous. Physical laws are shown to apply to the atomic scale in refutation to QM. This issue of treating the wavefunction 
physically is even more imperative given that classical p hysics p redicts hyd r ogen atomic transitions below the inalienable 
quantum "ground state" and these predictions are experimentally confirmed [19-44] with the further result that the corresponding 
fractional principal quantum states match the observations of free electrons in superfluid helium [12]. (See Free Electrons in 

Superfluid Helium are Real in the Absence of Measurement Requiring a Connection of y/ to Physical Reality section.) 

QM has never dealt with the nature of fundamental particles. Rather, it postulates the impossible situation that they 
occupy no volume; yet are everywhere at once. In contrast, CP solves the structure of the electron using the constraint of 
nonradiation based on Maxwell's equations. CP gives closed-form physical solutions for the electron in atoms, the free electron, 
and excited states that match the observations. With these solutions, conjugate parameters can be solved for the first time, and 
atomic theory is at last made predictive and intuitive. — Application of Maxwell's equations precisely predicts hundreds of 
fundamental spectral observations and atomic and molecular solutions in exact equations with no adjustable parameters 
(fundamental constants only). Moreover, unification of atomic and large scale physics, the ultimate objective of natural theory, 
is enabled. The result gives a natural relationship between Maxwell's equations, special relativity, and general relativity. CP 
holds over a scale of spacetime of 85 orders of magnitude — it correctly predicts the nature of the universe from the scale of the 
quarks to that of the cosmos. 

Th e Maxwellian approach allows the solution of pr e viously intractabl e probl e ms such as th e e quations of th e masses of 

fundamental particles. Exemplary relations between fundamental particles are shown in Table 1.1. 



1 The Schrodinger equation can only yield integer eigenvalue solutions by selection or definition from an infinite number of possibilities since the solution 
is over all space with no boundary (i.e. to a> ). In contrast, wave equation solutions with integers are common for boundary -constrained systems such as 
waveguides and resonators. 
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Table 1.1 . The relations between the lepton masses and neutron to electron mass ratio are given in terms of the dimensionless 
fine structure constant a only. 



z**s 



m„ 



a 



2 
2 V 



2x 



\ + 2k- 



a 



= 206.76828 (206.76827) 



-iV i ] + 



(l-Axa 2 ) 



= 16.817 



(16.817) 



m„ 



, , .1 l + 2;r- 
m. fcT 3 >l 2 



= 3477.2 



(3477.3) 



m„ 



4a- J (l-4;ra 2 ) 



,ii-l l + 2;r — 
12a- 2 LSI 2_ 



= 1838.67 (1838.68) 



-M- \-a V a 



&- 



\-2k 



a Experim e ntal according to the 1998 CODATA and the Particle Data Group [45-46]. 

CP successfully predicted the mass of the top quark before it was reported and correctly predicted the acceleration of the 
expansion of the universe before it was observed [47]. It correctly predicts the behavior of free electrons in superfluid helium 
and further predicts the existence of new states of hydrogen that are lower in energy than the n == 1 state that represents a new 
energy source and a new field of chemistry that has far reaching technological implications in power generation, materials, 
lighting, and lasers. The existence of such states has been confirmed by the data presented in 85 published journal articles and 
over 50 independent test reports and articles [48]. 



CP solv e s th e e lectron by a diff e r e nt approach than that us e d to solv e the Schrodinger wav e e quation. — Rath e r than using a 
postulated wave equation with time eliminated in terms of the energy of the electron in a Coulomb field and solving the charge 
wave (Schrodinger interpretation) or the probability wave (Born interpretation), the solution for the scalar (charge) and vector 
potential (current) functions of the electron are sought based on first principles. Since the hydrogen atom is stable and 
nonradiative, the electron has constant energy. Furthermore, it is time dynamic with a corresponding current that serves as a 
source of electromagnetic radiation during transitions. The wave equation solutions of the radiation fields permit the source 
currents to be determined as a boundary-value problem. These source currents match the field solutions of the wave equation for 
two dimensions plus time when the nonradiation condition is applied. Then, the mechanics of the electron can be solved from 
the two-dimensional wave equation plus time in the form of an energy equation wherein it provides for conservation of energy 
and angular momentum, as given in the Electron Mechanics and the Corresponding Classical Wave Equation for the Derivation 
of the Rotational Parameters of the Electron section. 

Specially, CP first assumes that the functions that physically describe the mass and charge of the electron in space and 
time comprise time-harmonic multipole source currents of time-varying electromagnetic fields between transitions. Rather than 
use the postulated Schrodinger boundary condition: tlv F — => as r — > oo ," which leads to a purely mathematical model of the 
electron, the constraint is based on the experimental observation that the moving charge must not radiate in the n ===== 1 state of 
hydrogen. The condition for nonradiation based on Maxwell's equations after Haus [49] is that its spacetime Fourier transform 
does not possess components that are synchronous with waves traveling at the speed of light. Jackson [50] gives a generalized 
expansion in vector spherical waves that are convenient for electromagnetic boundary-value problems possessing spherical 
symmetry properties and for analyzing multipole radiation from a localized source distribution. The special case of nonradiation 
d e t e rmin e s that th e curr e nt functions ar c confin e d to two - spatial dim e nsions plus tim e and match th e e l e ctromagn e tic wav c- 
equation solutions for these dimensions. The boundary-value solutions for the current-density functions comprise spherical 
harmonic functions and time harmonic functions confined to two dimensions (6) and 0) plus time. In order for the current to be 
positive definite, a constant function corresponding to the electron spin function is added to each of the spherical harmonic 
functions corresponding to orbital angular momentum to give the charge (mass)-density functions of the bound electron as a 
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function of time called an electron orbitsphere. The integral of the constant function over the orbitsphere is the total charge 
(mass) of the electron. The integral of a spherical harmonic function over the orbitsphere is zero; thus, it modulates the spin 
function. These Junctions comprise the well-known s, p, d, f, etc. electrons or orbitals. In the case that such an electron state 
arises as an excited stale by photon absorption, it is radiative due to a radial dipole term in its current-density function since it 
possesses spacetime Fourier components synchronous with waves traveling at the speed of light, as shown in the Instability of 
the Excited States section. 

The excited states involving the corresponding multipole photon radiation are solved including the radii of the 

orbitspheres using Maxwell's equations with the traditional source current boundary constraints at the electron. Quantization 
arises from the equation of the photon and the electron — not from the solution of the electron alone. Atter all, each solution 
models an excited state created by the absorption of a photon. The solutions are analogous to those of excited resonator modes 
except that the cavity is dynamic. The photon field is described by a Dirac delta function at the radius of the electron, S(r-r n ), 

and due to relativistic effects the field is radially local at the electron. The field lines from the proton superimpose with those of 
the photon at Hie electron and end on the current-density function of the electron such that the electric field is zero for r>r n , 

where r n is the radius of the electron. The trapped photons are solutions of Maxwell's equations. The electrodynamic field of 
the photon is a constant function plus a time and spherical harmonic function that is in phase with source currents at the electron, 
which is given by a cons t ant plus a time and spherical harmonic func t ion. Only par t icular solu t ions are possible as resonan t 
photons of the electron, which is a dynamic resonator cavity. — The results are in agreement with first principle physics and 
experimental observations of the hydrogen atom, excited states, free electron, and free space photon including the wave particle 
duality aspects. 



AOE UP fet* 

An electron is a two-dimensional spherical surface, called an electron orbitsphere, that can exist in a bound state only at specific 
radii r n from the nucleus. (See Figures 1.1 and 1.2 for a pictorial representation of an orbitsphere.) The result for the n = 1 state 
of hydrogen is that the charge - density function remains constant with each point on the surface moving at the same angular and 
linear velocity. The constant function corresponds to the spin function that has a corresponding spin angular momentum that 
may be calculated from rxp applied directly to the current-density function that describes the electron. The radius of the 
nonradiative (« = 1) state is solved using the electromagnetic force equations of Maxwell relating the charge and mass-density 
functions wherein the angular momentum of the electron is ti (Eq. (1.253)). The reduced mass arises naturally from an 
electrodynamic interaction between the electron and the proton, rather than from a point mass revolving around a point nucleus 
in the case of Schrodinger wave equation solutions, which presents an internal inconsistency since the wave functions are 
spherically symmetrical. 

CP gives closed form solutions for the resonant photons and excited state electron functions. The free space photon also 

comprises a radial Dirac delta function, and the angular momentum of the photon given by m = [ Re[rx(ExB*)]<& 4 =n in 

the Photon section is conserved for the solutions for the resonant photons and excited state electron functions. It can be 
demonstrated that the resonance condition between these frequencies is to be satisfied in order to have a net change of the energy 
field [51]. In the present case, the correspondence principle holds. That is the change in angular frequency of the electron is 
equal to the angular frequency of the resonant photon that excites the resonator cavity mode corresponding to the transition, and 
the energy is given by Planck's equation. — The predicted energies, Lamb shift, fine structure splitting, hyperfine structure, 
resonant line shape, line width, selection rules, etc., are in agreement with observation. 

The radii of excited states are solved using the electromagnetic force equations of Maxwell relating the field from the 
charge of the proton, the electric field of the photon, and charge and mass-density functions of the electron wherein the angular 
momentum of the electron is Ti (Eq. (1.253)). 

For excited states of the hydrogen atom, the constant function corresponds to the spin function. Each spherical harmonic 

function modulates the constant spin function and corresponds to an orbital function of a specific excited state with a 
corresponding phase-matched trapped photon and orbital angular momentum. Thus, the spherical harmonic function behaves as 
a charge-density wave, which travels time harmonically on the surface of the orbitsphere about a specific axis. (See Figure 1 .2 
for a pictorial representation for several £ values.) The amplitude of the corresponding orbital energy may be calculated from 
Maxwell's equations. Since the constant function is modulated harmonically, the time average of the orbital energy is zero 
except in the presence of a magnetic field. Nondegeneracy of energy levels arises from spin, orbital, and spin-orbit coupling 
interactions with the applied field. The electrodynamic interaction with the magnetic field gives rise to the observed hyperfine 
splitting of th e h ydrogen spectrum. 

Many inconsistencies arise in the case of the corresponding solutions of the Schrodinger wave equation. For example, 

where is the photon in excited states given by the Schrodinger equation? A paradox also arises for the change in angular 
momentum due to photon absorption. The Schrodinger equation solutions for the kinetic energy of rotation K rol is given by Eq. 

(10) of Ref. [12] and the value of the electron angular momentum L for the state Y lm {0,(f] is given by Eq. (11) of Ref. [12]. 

They predict that the excited state rotational energy levels are nondegenerate as a function of the £ quantum number even in the 



©2010 BlackLight Power, Inc. All rights reserved. 



Introduction 5 

absence of an applied magnetic field, and the predicted energy is over six orders of magnitude of the observed nondegenerate 
energy in the presence of a magnetic field. In the absence of a magnetic field, no preferred direction exists. In this case, the i 



Therefore, the 



quantum number is a function of the orientation of the atom with respect to an arbitrary coordinate system. 

iioiidegeiieracy is nonsensical and violates conservation of angular momentum of the photon. 

In quantum mechanics, the spin angular momentum of the electron is called the "intrinsic angular momentum" since no 
physical interpretation exists. The Schrodinger equation is not Lorentz invariant in violation of special relativity. It fails to 
predict the results of the Stern-Gerlach experiment that indicates the need for an additional quantum number. Quantum 
Electrodynamics (QED) was proposed by Dirac in 1926 to provide a generalization of quantum mechanics for high energies in 
conformity with the theory of special relativity and to provide a consistent treatment of the interaction of matter with radiation. 
It is fatally flawed. From Weisskopf [14], "Dirac 's quantum electrodynamics gave a more consistent derivation of the results of 
the correspondence principle, but it also brought about a number of new and serious difficulties." Quantum electrodynamics: (i) 
do e s n ot ex plain n o n ra.diat.ion o f b ound e l ec trons; (i i) contains a n i n ternal i n consistency w i t h special re lativi t y re garding the 
classical electron radius — the electron mass corresponding to its electric energy is infinite (the Schrodinger equation fails to 
predict the classical electron radius); (iii) it admits solutions of negative rest mass and negative kinetic energy; (iv) the 
interaction of the electron with the predicted zero-point field fluctuations leads to infinite kinetic energy and infinite electron 
mass; (v) Dirac used the unacceptable states of negative mass for the description of the vacuum; yet, infinities still arise. 
Dirac' s e quation, which was postulated to explain spin, reli c s on the unfounded notions of negativ e energy stat e s of th e vacuum, 
virtual particles, and gamma factors . All of these features are untenable or are inconsistent with observation . These problems 
regarding spin and orbital angular momentum and energies and the classical electron radius are nonexistent with CP solutions. 

From the time of its inception, quantum mechanics (QM) has been controversial because its foundations are in conflict 
with physical laws and are internally inconsistent. Interpretations of quantum mechanics such as hidden variables, multiple 
worlds, consistency rules, and spontaneous collapse have been put forward in an attempt to base the theory in reality. 
Unfo r tunately many theoreticians ignore the requi r ement that the wave function must be r eal and physical in order for it to be 
considered a valid description of reality. These issues and other such flawed philosophies and interpretations of experiments that 
arise from quantum mechanics are discussed in the Retrospect section and Ref. [8, 10, 12]. Reanalysis of old experiments and 
many new experiments including electrons in superfluid helium and data confirming the existence of hydrinos challenge the 
Schrodinger equation predictions. Many noted physicists rejected quantum mechanics, even those whose work undermined 



classical laws, heynman attempted to use first principles including Maxwell's Equations to discover new physics to replace 
quantum mechanics [52] and Einstein searched to the end. "Einstein [...] insisted [...] that a more detailed, wholly deterministic 
theory must underlie the vagaries of quantum mechanics [53]." He believed scientists were misinterpreting the data. Examples 
of quantum mechanical misinterpretations of experiments are given in Box T.1. (See the following sections: The One-Electron 
Atom, Electron in Free Space, Classical Photon and Electron Scattering, Three- Through Twenty-Electron Atoms, 
Superconductivity, Gravity, Wave-Particle Duality, and Refs. [7, 8, 10].) 



BOX 1 .1 



SCALE CLASSICAL PHYSICS 



QM: The rise in current of free electrons in superfluid helium when irradiated with low-energy light and the formation of an 
unexpected plethora of exotic negative charge carriers in superfluid helium with mobilities greater than that of the normal 
electron are due to the electron breaking into fractional pieces. 

CP: Fractional principal quantum energy states of the electron in liquid helium match the photoconductivity and mobility 
observations without requiring that the electron is divisible. 

QM: Virtual particles surround the electron, and as the electron's center is approached, they shield the electron's charge less 
effectively. 

CP: The electron is an extended particle, rather than a point, and the charge density is greatest in the center. 

QM: — Spooky actions at a distanc e ar c pr e dict e d. 

CP: Photon momentum is conserved on a photon-by-photon basis rather than statistically as predicted by quantum mechanics 
which predicts photon coincidence counts at separated detectors (Aspect experiment). 



QM: The purely postulated Hund's Rule and the Pauli Exclusion Principle of the assignment of unique quantum numbers to all 

electrons are "weird spooky action" phenomena unique to quantum mechanics that require all electrons in the universe to 
have instantaneous communication and coordination with no basis in physical laws such as Maxwell's equations. 
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CP: The observations that all electrons have unique quantum numbers and that the electron configuration of atoms follows a 
pattern based on solutions of Laplace's equation are phenomenological consequences of physical laws such as Maxwell's 
equations. 

QM: Since fundamental particles are probability waves and their position and energy are uncertain according to the 
Uncertainty Principle, they can "magically" appear on the other side of a supposedly insurmountable energy barrier based 
on their energy on the initial side of the barrier; thus, they defy physical laws and tunnel through the barrier. 

CP : Fundamental particles such as an electron are real, extended particles each of size equal to its de Broglie wavelength, 

rather than a point-particle-probability-wave. Potential energy is gained as the particle traverses the barrier that is 
cleared; even though its initial kinetic energy was less than the barrier height. Energy conservation is obeyed at all times. 
Tunneling arises from physical laws. 

QM: A Be ion may be in two separate locations at once. 

CP: The fluorescence emission spectrum of a Penning trapped 'Be* ion shows interference peaks due to coupling between 
oscillator modes and a Stern Gerlach transition. 

QM: Supercurrent may go in both directions at once. 

CP: The energy difference of a superconducting loop observed by Friedman et al. [1] matches the energy corresponding to the 
flux linkage of the magnetic flux quantum by the ensemble of superconducting electrons in their entirety with a reversal 
of the corresponding macroscopic current. 

QM: Perpetual motion is predicted. 

CP: Perpetual motion is not permitted nor observed. 

QM: — A weak force is observed between the two precision machined plates with minuscule separation because the plates serve 
to limit the number of virtual particle modes between the plates, as opposed to those outside the plates, and the resulting 
imbalance in pressure between two infinite quantities gives rise to the feeble force known as the Casimir effect. 

-CP: — The Casimir effect is predicted by Maxwell's equations wherein the attractive force is due only to the interactions of the 

material bodies themselves. Charge and current fluctuations in a material body with a general susceptibility serve as 

source terms for Maxwell's equations, i.e. classical fields, subject to the boundary conditions presented by the body 
surfaces. In the limiting case of rarefied media, the van der Waals force of interaction between individual atoms is 
obtained. 

i? 

QM: The postulated Quantum Electrodynamics (QED) theory of — is based on the determination of the terms of a postulated 

2 

power series in s/^ where each postulated virtual particle is a source of postulated vacuum polarization that gives rise 

to a postulated term. The algorithm involves scores of postulated Feynman diagrams corresponding to thousands of 

matrices with thousands of integrations per matrix requiring decades to reach a consensus on the "appropriate" postulated 
algorithm to remove the intrinsic infinities. 

g 

CP: The remarkable agreement between Eqs. (1.236) and (1.237) of the Electron g Factor section demonstrates that — may 

2 

be derived in closed form from Maxwell's equations in a simple straight forward manner that yields a result with eleven- 
figure agreement with experiments — the limit of the experimental capability of the measurement of the fundamental 
constants that determine a . 

QM: — The muon g factor g — is required to be different from the electron g factor in the standard model due to the mass 

dependent interaction of each lepton with vacuum polarizations due to virtual particles. — The DNL Muon (g-2) 

g 
Collaboration used a "magic" y = 29.3 which satisfied the BMT equation identically for the theoretical value of — with 

2 

g- & 

assumption that — - * — and obtained a measured result that was internally consistent. 

2 2 

CP: Rather than indicating an expanded plethora of postulated super-symmetry virtual particles, which make contributions 

such as smuon-neutralino and sneutrino-chargino loops, the muon, like the electron, is a lepton with % of angular 

momentum, and the muon and electron g factors are predicted by classical physics to be identical. — Using the 
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experimental "magic" y = 29.3 and — - = — in the BMT equation, the predicted measurement exactly matched — 

2 2 2__ 

measured by the BNL Muon (g-2) Collaboration proving that their assumption that the y = 29.3 condition eliminated the 
effect of the electrostatic field on m a was flawed and showed the equivalence of the muon and electron g factors. 

QM: The expansion of the universe is accelerating due to the presence of "dark energy" throughput all space. 

CP: The constant maximum speed c for the propagation of light and gravity results in the conservation relationship of mass- 

c ks 

energy, E = mc and spacetime, = 3.22X10 34 — . Spacetime expands as mass is converted to energy, and the 

4ttG sec 

predictions match the observed Hubble constant and the acceleration of the expansion. 

QM: in the double-slit experiment, single electrons break into pieces, go through both slits at once, and intertere with 
themselves over all space. 

CP: Electrons are not divisible and comprise an extended current distribution with % of angular momentum that is conserved 
with the electrodynamic interaction of the charged propagating electron with the conducting electrons of the material of 

the slits such that an angular momentum vector change corresponds to a translational displacement. In the far-field, the 

transverse momentum pattern is given by the Fourier transform of the slit aperture pattern, and the characteristic 
inference pattern is observed even with single electrons over time. 

QM: In photon diffraction through slits, light-wave crests and troughs superimpose to cancel to give dark spots; whereas, 
superposition of crest with crest and trough with trough reinforces the intensity and gives bright spots. 



CP: Photons are not destroyed by other photons. They interact with the electrons of the slit material, and the electrodynamic 
currents reradiate the light to give the characteristic inference pattern as by the Fourier transform of the slit aperture 
pattern. 

QM: According to Nesvizhevsky et al. [2], a step in the transmission of falling neutrons through a variable-height channel 
comprising a mirror on the bottom and an absorber at the top occurred at a height of 13 ^m because neutrons fell in 
quantized jumps. 

CP: The de Broglie wavelength in the vertical direction corresponding to the scattering of a falling neutron from the mirror to 

f N2/3 

the absorber was given by A = z, = — — (&) ' ' = l2 -6 <" m where h is Planck's constant, to b is the mass of the neutron, 

and g is the acceleration due to gravity. For absorber heights greater than TTjmr, the height was greater than the de 

Broglie wavelength; thus, a step in the transmission of falling neutrons occurred at 13 /im . The observed transmission 

matched identically that predicted by Newton's Law of Gravitation; no quantum gravity effect was observed. 

QM: The nature of the chemical bond is based on a nonphysical "exchange integral," a "strictly quantum mechanical 

phenomena," that is a consequence of a postulated linear combination of product wavefunctions wherein it is implicit that 

each point electron with infinite self-electric-and-magnetic-field energies must exist as a "probability-wave cloud" and be 
in two places at the same time (i.e. centered on two nuclei simultaneously). 

CP: The nature of the chemical bond solved using first principles including stability to radiation requires that the electron 
charge of the molecular orbital is a prolate spheroid, a solution of the Laplacian as an equipotential minimum energy 
surface in the natural ellipsoidal coordinates compared to spheroidal in the atomic case, and the current is time harmonic 
and obeys Newton's laws of mechanics in the central field of the nuclei at the foci of the spheroid. 

QM: The electron clouds mutually shield the nuclear charge to provide an adjustable parameter, "effective nuclear charge": 
yet, neither has any self-shielding effect; even though the clouds are mutually indistinguishable and must classically 
result in a self-interaction force equivalent to 1/2 the central attractive force. Furthermore, the electron-electron 
repulsion term in the Hamiltonian can be infinite in atoms and molecules; yet, electron overlap is the basis of bonding in 
molecules. 

CP: Electrons are concentric spherical shells in atoms and two-dimensional prolate spheroids in molecules such that there is 
no electron-electron repulsion, and bonding is due to the attraction between the oppositely charged electrons and nuclei at 
the origin and foci of the spheroids, respectively. 
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QM: The lowest energy vibrational state of any molecule is not zero rather, in violation of the second law of thermodynamics 
and experimental observation such as the formation of a Bose-Einstein condensate of molecules, it is the zero order 

1 1 Tk 

vibration of — k^= — J — that is equivalent to zero point energy. 

2 2\ft 

CP: The lowest energy vibrational state of any molecule is zero as its lowest vibrational and rotational energies, and the 
molecules can be solved using first principles in closed form equations in agreement with experimental observations 



including the difference in bond energies and vibrational energies with isotope substitution. 



QM: Since flux is linked by a superconducting loop with a weak link in quantized units of the magnetic flux quantum, 

h 

cD n = — , the basis of superconductivity is interpreted as arising from the formation of electron pairs corresponding to the 

Je 

2e term in the denominator; the so-called Cooper pairs form even though el e ctrons r e pel each other, the electron 



repulsion should increase the resistance to electron flow, and such pairs cannot form at the critical temperature of high T 
superconductors. 

Cr: To conserve the electron's invariant angular momentum of h, flux is linked by each electron in quantized units of the 

% 

magnetic flux quantum, €> = — , and the basis of superconductivity is a correlated flow of an ensemble of individual 

2e 

electrons such that no energy is dissipated (i.e. superconductivity arises when the lattice is a band-pass for the magnetic 
field of a n array of m agnetic dipoles; therefore, n o energy is dissipated w i t h current fl ow ) . 

QM: In a realization of Wheeler's delayed-choice gedanken experiment, modulated output is observed at two orthogonal 
detectors that has a trigonometric dependence on the phase angle with a relative phase angle of n between the outputs 
when an electro-optical modulator (EOM) is active because the absence of knowledge determines that each single photon 
must travel back in time, change history, travel along two paths simultaneously, and int e rfer e with its e lf. 

CP: An EOM is not a time machine. The interference results are predicted in terms of the classical nature of each linearly 
polarized single photon being comprised of two oppositely circular polarized components that conserve angular 

momentum when each interacts with the EOM at a tilt angle — relative to the axis of linear polarization. The orthogonal 

circular polarizations input to th e EOM e ach rotat e in opposite directions by , and th e action of th e EOM on th e 

opposite circular polarized component vectors is antisymmetrical about the axes with the interchange of initial direction 
of the linear polarization from E to E x to cause the appearance of inference at the outputs. 
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it is possible to arrive at the Kydberg formula using the wrong physics. The statement "the results justify the means" is a 
fundamental argument for the validity of quantum mechanics no matter how strained the explanations or the consequences. 
Consider that in fact, the mathematics of the three theories of Bohr, Schrodinger, and presently CP converge to Eq. (1.1) as the 

principal energy levels of the hydrogen atom. 

„ e 2 13.598 eV 



n 2 &n:e Q a H n 1 



-TTTr 



k= 1,2,3,... (1-2) 

where a H is the Bohr radius for the hydrogen atom (52 . 947 pm), e is the magnitude of the charge of the electron, and e is the 

vacuum permittivity. The theories of Bohr and Schrodinger depend on specific postulates to yield Eq. (1.1). A mathematical 
relationship exists between the theories of Bohr and Schrodinger with respect to CP that involves these postulates. CP solves the 
source currents of spherical multipole radiation fields. The current-density functions are the same as the spherical-harmonic and 
time-harmonic functions of the spherical electromagnetic waves, but are confined to a two-dimensional sphere of fixed radius 
except between transitions involving emission or absorption of the corresponding multipole radiation. Then, the currents match 
the wave equation solutions for two dimensions, the angular and time-dependent solutions of the wave equation. The Fourier 
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transform of the current-density function is a solution of the three-dimensional wave equation in frequency [k,co) space. 
Whereas, the Schrodinger-equarion solutions are three dimensional in spacetirne. The energy is given hy 

J y/IIy/dv = E J y/ 2 dv ; (E3)- 

]y/ 2 dv = \ (1.4) 



Thus, 



jy/Hy/dv = E (1.5) 



In the case that the potential energy of the Hamiltonian, H , is a constant times the wavenumber, the Schrodinger equation 
becomes the w ell- k nown Ressel equation. Th en, w i t h one of the solutions fo r \ff , F,q. (T . 5) i s equivalent to a n i n vers e Fo urier 
transform. According to the duality and scale change properties of Fourier transforms, the energy equation of CP and that of 
quantum mechanics are identical, the energy of a radial Dirac delta function of radius equal to an integer multiple of the radius of 
the hydrogen atom (Eq. (1.1)). Bohr obtained the same energy formula by postulating nonradiative states with angular 
momentum 

L z =m% (ner 

and solving the energy equation classically. ~~ 

The mathematics of all three theories result in Eq. (1.1). However, the physics is quite different. Only CP is derived 
from first principles and holds over a scale of spacetime of 85 orders of magnitude — it correctly predicts the nature of the 
universe from the scale of the quarks to that of the cosmos. And, only CP predicts fractions as "allowed" in the Rydberg energy 
equation. Explicitly, CP gives Eq. (1.1) as the energy-level equation for atomic hydrogen, but the restriction on "w ," Eq. (1.2), 
should be replaced by Eq. (1.7). 

n -1,2,3,..., and, n=— ,—,—,... (1.7) 

2 3 4 

Experimental observations lead to the conclusion that atomic hydrogen can exist in fractional quantum states that are at lower 

energies than the traditional "ground" (n -1) state [19-44], and the observation of 54.4 eV and 108.8 eV short-wavelength- 

cutoff continuum radiation from hydrogen alone [26-27] confirms CP in the prediction of hydrinos and directly disproves atomic 

theories such as the Bohr theory and the Schrodinger and Dirac equations based on the definition of n = 1 as the ground state, the 

defined state below which it is impossible to go. Thus, postulates were established to give the correct formula for the principal 

energies of the excited states of atomic hydrogen, but being devoid of the correct physics, the resulting mathematical models 

failed to predict unanticipated results and are disproved experimentally. 

MATHEMATICAL RELATIONSHIP BETWEEN THE THEORIES OF BOHR AND 

The mathematical relationship whereby the Schrodinger equation may be transformed into a form consistent with first principles 
is shown infra. In the case that the potential energy of the Hamiltonian, H , is a constant times the wavenumber, the Schrodinger 
equation is the well-known Bessel equation. Then, one of the solutions for the wavefunction W (a current-density function 
rather than a probability wave) is equivalent to an inverse Fourier transform. According to the duality and scale change 
properti e s of Fourier transforms, the en e rgy e quation of CP and that of quantum m e chanics arc identical, the energy of a radial 

Dirac delta function of radius equal to an integer multiple of the radius of the hydrogen atom. 

Historically, J. J. Balmer showed, in 1885, that the frequencies for some of the lines observed in the emission spectrum of 
atomic hydrogen could be expressed with a completely empirical relationship. This approach was later extended by J. R. 
Rydberg who showed that all of the spectral lines of atomic hydrogen were given by the equation: 



^F=* 



^^ 



-0=8)- 



2 2 

\ f 'J 



where R = 10,967,758 m ' , n f = 1,2,3,..., n t = 2,3,4,... , and n, >n { . In 1911, Rutherford proposed a planetary model for the 

atom where the electrons revolve about the nucleus (which contained the protons) in various orbits. — There was, however, a 
fundamental conflict with this model and the prevailing classical physics. According to classical electromagnetic theory, an 
accelerated particle radiates energy as electromagnetic waves. Thus, an electron in a Rutherford orbit, circulating at constant 
speed but with a continually changing direction of its velocity vector is being accelerated whereby the electron should constantly 
lose energy by radiating and spiral into the nucleus. 

An explana t ion was provided by Bohr in 1913 when he assumed t hat the energy levels were quantized and t he elec t ion 

was constrained to move in only one of a number of allowed states. Niels Bohr's theory for atomic hydrogen was based on an 
unprecedented postulate of stable circular orbits that do not radiate. Although no explanation was offered for the existence of 
stability for these orbits, the results gave energy levels in agreement with Rydberg's equation. Bohr's theory was a 
straightforward application of Newton's laws of motion and Coulomb's law of electric force. According to Bohr's model, the 
point particle electron was held to a circular orbit around the relatively massive point particle nucleus by the balance between the 
Coulomb force of attraction between the proton and the electron and centrifugal force of the electron. 
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^- (1.9) 
r 

Bohr postulated the existence of stable orbits in defiance of classical physics (Maxwell's equations), hut he applied classical 

physics according to Eq. (1.9). Bohr then realized that the energy formula Eq. (1.1) was given by postulating nonradiative states 

with angular momentum 

L z =m e vr-nh n -1,2,3... (1. 1 0) 

and by solving the energy equation classically. The Bohr radius is given by substituting the solution of Eq. (1. 10) for v into Eq. 



Ansji n 
m,e 2 



-n 2 a n 



n = 1,2,3... 



(1. 11) 



The total energy is the sum of the potential energy and the kinetic energy. In the present case of an inverse squared central field, 
the total energy (which is the negative of the binding energy) is one half the potential energy [54]. The potential energy, ^(r) , 
is given by Poisson's equation 
p(r)dv 



iK*>— f 



-&m- 



v 4x£ a r- 



For a point charge at a distance r from the nucleus the potential is 



47rg r 



(1.13) 



Thus, the total energy is given by 



&K£ n r 



(1.14) 



Substitution of Eq. (T.1 1) into F.q. (T.1 4) with the replacement of the electron mass by the reduced electron mass gives F.q. (T.1). 

Bohr's model was in agreement with the observed hydrogen spectrum, but it failed with the helium spectrum, and it 

could not account for chemical bonds in molecules. The prevailing wisdom was that the Bohr model failed because it was based 

on the application of Newtonian mechanics for discrete particles. Its limited applicability was attributed to the unwarranted 

assumption that the energy levels are quantized. 

h 

In 1923, de Broglie suggested that the motion of an electron has a wave aspect- 



X = — . This was confirmed by 

_ — " ~~P 

Davisson and Germer in 1927 by observing diffraction effects when electrons were reflected from metals. Schrodinger reasoned 
that if electrons have wave properties, there must be a wave equation that governs their motion. In 1926, he proposed the 
Schrodinger equation 



H X Y = E X ¥ 



(1.15) 



where Y is the wave function, H is the wave operator, and E is the energy of the wave. To give the sought three quantum 
numbers, the Schrodinger equation solutions are three-dimensional in space and four-dimensional in spacetime 



Vl^J 



x i>(r.0.0.t) = O 



(L16) 



where *¥(r,8,0,t) according to quantum theory is the probability-density function of the electron, as described below. When 
the time harmonic function is eliminated [55-56], the result is 



1 d 



d¥ 



1 



d 



sin 6 



d¥ 



1 



d 2 *¥ 



+ U(ryY(r,0,0) = EW(r,0,</>) 



-&W- 



2jU r dr \ dr ) r sin 8 d6 



d6 



r 2 sin 2 



where U[r) is the classical Coulomb potential energy which in MKS units is 



7- QML 

The Schrodinger equation (Eq. (1.17)) can be transformed into a sum comprising a part that depends only on the radius and a part 
that is a function of angle only obtained by separation of variables and linear superposition in spherical coordinates. The general 
form of the solutions for y/(r,0,</)) is 



K^^XXWUM 



-(rarr 



where / and m are separation constants. The solutions for the full angular part of Eq. (1.17), Y lm (9,<j>), are the spherical 
harmonics 
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In general, t he Schrodinger equation lias au in f inite number of solutions. To ar r ive at the solution, which represents the 

electron, a suitable boundary condition must be imposed. Schrodinger postulated the boundary condition: " ¥ — » as r — > oo ," 
which leads to a purely mathematical model of the electron. In addition, to arrive at the Rydberg series for the principal energy 
levels, further definitions of constants in the corresponding Laguerre differential equation are required [12-13]. The historical 
solution [56] may be approached differently to arrive at a solution that is based in physics. The angular part of Eq. (1.17) is the 
generalized Legendre equation which is derived from the Laplace equation by Jackson ([57] at Eq. (3.9)). For the case that the 
potential energy is a constant times the wavenumber of the electron, k (a constant times the inverse of the de Broglie 

2.7T h 

wavelength of the electron — k = — ; X = — ), the radial part of Eq. (1.17) is just the Bessel equation, Eq. (3 .75) of Jackson [57] 
X -p 

with o = I + 1 . (in the present case of an inverse squared central field, the magnitude of each of the binding energy and the 

P 2 
kinetic energy is one half the potential energy [54], and the de Broglie wavelength requires that the kinetic energy, , is a 

2nr e 
constant times the wavenumber squared.) Thus, the solution for f lm (r) is 

A. W = 4H + i/2 (*r) + % AU, {*r) (1-21) 

r r 

It is customary to define the spherical Bessel, Neumann, and Hankel functions, denoted by j, (x), n, (x), h, (x), as follows: 

( V' 2 



h?*\x) = [fJ[j ull2 {x)±iN ull2 {x)\ 

For 1 = the explicit forms are: 
sinx 



Jo i x ) z 



x 



njx) = -^ (L23L 

ix 
Eq. (1.17) has the general form 

H\ff = E\ff (1.2 4 ) 

The energy is given by 

jy/Ht{sdv = EJy 2 dv; (1.25) 
Typically, th e solutions ar e normaliz e d. 



\y/ 2 dv = \ (1.26) 



Thus, 



y/Hy/dv = E (1.27) 

A physical interpretation of Eq. (1.24) is sought. Schrodinger interpreted e v P*(x) x F(x) as the charge density or the amount of 
charge between x and x + dx ( ¥ * is the complex conjugate of *¥ ). Presumably, then, he pictured the electron to be spread 
over large regions of space. Three years after Schrodinger's interpretation, Max Born, who was working with scattering theory, 
found that this interpretation led to logical difficulties, and he replaced the Schrodinger interpretation with the probability of 
finding the electron between x and x + dx as 

j x ¥(x) x ¥*(x)dx (1.28) 

Born's interpretation is generally accepted. Nonetheless, interpretation of the wave function is a never-ending source of 

confusion and conflict. Many scientists have solved this problem by conveniently adopting the Schrodinger interpretation for 
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some problems and the Born interpretation for others. This duality allows the electron to be everywhere at one time — yet to 
have no volume. Alternatively, the electron can be viewed as a discrete particle that moves here and there (from r = to 
r = oo), and 4^* gives the time average of this motion. According to the Copenhagen interpretation, every observable exists 
in a state of superposition of possible states, and observation or the potential for knowledge causes the wavefunction 
corresponding to the possibilities to collapse into a definite state. The postulate of quantum measurement asserts that in the 
process of measuring an observable force the state vector of the system into an eigenvector of that observable, and the value 
measured will be the eigenvalue of that eigenvector. Thus, Eg. (1.24) corresponds to collapsing the wave function, and E is the 
eigenvalue of the eigenvector. 

However, an alternative interpretation of Eq. (1.24) and the corresponding solutions for yr exists. In this case, yr is a 
function given by Eqs. (1.2 1-1.23), and Eq. (1.17) is equivalent to an inverse Fourier transform. The spacetime inverse Fourier 
transform in three dimensions in spherical coordinates is given [58-59], as follows: 



M(s,P>,$>)-- 



p(r, ft, (/>) exp(-/2;r,<r[cos cos ft + sin sin ft cos(^ - J>)])r 2 sin f)drdf)d(/> 



(T - 29) 



With circular symmetry [58] 



M(s, 0) = 2n\ J p(r, 9)J o [2nsr sin sin 9) exp {-i2nsr cos © cos 0) r 2 sin OdrdO 



-CL30)- 



With spherical symmetry [58], 



sin 2sr 



M(s) = An\ p(rymc(2sr)r 2 dr = An\p(r) r 2 dr 



2sr 



(1.31) 



_0 Q_ 

By substitution of the eigenvalues corresponding to the angular part [56] of Eq. (1.19), the Schrodinger equation becomes the 



radial equation, R(r) , given by 



h 1 



d ( 2 dR\ 



2jur dr \ — dr-f 



h 2 1(1 + 1) 



2jur 



+ U(r) 



R(r) = ER(r) 



(1.32) 



Consider the case that t = 0, that the potential energy is a constant times the wavenumber, and that the radial function is a 
spherical Bessel function as given by Eqs. (1.2 1-1.23). In this case, Eq. (1.32) is given by 



An 



• sin 2sr 



2sr 



h l 



2jur dr 



-U(r± 



sin 2sr 



~2st 



r 2 dr = EAn 



sin 2sr sin 2sr 



^2sr 23T~ 



r dr 



(1.33) 



Eq. (1.31) is the Fourier transform integral in spherical coordinates with spherical symmetry. The left hand side (LHS) of Eq. 
(1.33) is equivalent to the LHS of Eq. (1.27) wherein y/ is given by Eq. (1.23). Then the LHS of Eq. (1.33) is the Fourier 

sin 2 V7* 

transform integral of Hy/ wherein the kernel is r 2 . The integral of Eq. (1.27) gives E which is a constant. The energy 

2sr 



E of Eq. (1.24) is a constant such as b . Thus, Hy/ according to Eq. (1.24) is a constant times y/ . 

Hy/ = by/ 


(1.34) 


Since b is an arbitrary constant, consider the following case wherein b is the Rydberg formula: 




zV 




h 


(1.35) 


8^g|,« a H 



Then the energy of Eq. (1.27) is that given by Eq. (1.1). However, the Schrodinger equation can be solved to give the energy 
corresponding to the radial function given by Eq. (1.57) of CP. The radial function used to calculate the energy is a delta 
function that corresponds to an inverse Fourier transform of the solution for y/ . 

W(s) = S(s-s r ) (1.36) 

With a change of variable, Eq. (1.36) becomes Eq. (1.57). Eq. (1.33) can be expressed, as follows 



a r sm 



sin 2sr 



h 2 



Ijur 



r 2 i\ + U{r) 



did. — dr- 



smsr 2 
—re 



-EAn] 



sin2.sr sm.2s n r 

— ( 

^2sr 2s-r — 



2 dr 



(1.37) 



It follows from Eq. (1.31) that the right side integral is the Fourier transform of a radial Dirac delta function: 



Axe'J 



sin2sr sin2sr , , ^S(s-s„) 
r dr = E — 



2s „r 2sr 



Ans 2 



(1.38) 



Substitution of Eq. (1.34) into Eq. (1.37) gives 
: sin 2s„r sin 2sr , , _ 8{s-s n ) 



Anb\- 



2s „r 2sr 



-r dr -b- 



Ans 2 



Substitution of Eq. (1.38) and Eq. (1.39) into Eq. (1.37) gives 
bd\s-s n ) = E6(s-s n ) 



(1.39) 
-TL40r 
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Consider the case where b is given by 
X -A£ 



IP 



(T - 41) 



2m„n—^s 



Stts s 



and s n is given by 



where r n - na H . According to the duality and change of scale properties of Fourier transforms [60], the energy equation ofCP 

and that of QM are identical, the energy of a radial Dirac delta function of radius equal to an integer multiple of the radius of 
the hydrogen atom. The total energy of the electron is given by Gauss' law for the potential and the relationship that the total 
energy is one half the potential energy in the case of an inverse squared central force [54]. 



+ 



+ 



E = J E8{r -r n )dr = -]8(r- r,)* dr = -f 



zV 



&x£ r 



%fte Q r n 



&7t£ Q n a H 



(1.43) 



Thus, the mathematical relationship of CP and QM is based on the Fourier transform of the radial function. CP requires 

that the electron is real and physically confined to a two-dimensional surface comprising source currents that match the wave 
equation solutions for spherical waves in two dimensions (angular) and time. The corresponding Fourier transform is a wave 
over all space that is a solution of the three-dimensional wave equation (e.g. the Schrodinger equation). In essence, QM may be 
considered as a theory dealing with the Fourier transform of an electron, rather than the physical electron. By Parseval's 
theorem, the energies may be equivalent, but the quantum mechanical case is nonphysical — only mathematical. It may 
mathematically produce numbers that agree with experimental energies as eigenvalues, but the mechanisms lack internal 
consistency and conformity with physical laws. If these are the criteria for a valid solution of physical problems, then QM has 
never successfully solved any problem. The theory of Bohr similarly failed. 



In general, QM has proved to be a dead end towards unification of the fundamental forces including gravity and further giving 
the basis of the inertial and gravitational masses, the equivalence of these masses, predicting the masses of fundamental particles, 
and the acceleration behavior of the cosmos. Fundamentally, quantum mechanics based on the Schrodinger equation and 
modifications of the Schrodinger equation has encountered several obstacles that have proved insurmountable even from the 
beginning with the hydrogen atom, as was the case with the Bohr theory (See the Retrospect section, and Mills' publications [2- 
13]). The Schrodinger equation mathematically gives the Rydberg equation as a set eigenvalues. On this basis alone, it is 
justified despite its inconsistency with physical laws and numerous experimental observations such as: 

» The appropriate eigenvalue must be postulated and the variables of the Laguerre differential equation must be defined 

as integers in order to obtain the Rydberg formula. 

• The Schrodinger equation is not Lorentz invariant. 

— • The Schrodinger equation violates first principles, including special relativity and Maxwell's equations [2 17, 61]. 

• The Schrodinger equation gives no basis why excited states are radiative and the 13.6 eV state is stable. Mathematics 
does not determine physics; it only models physics. 

• The Schrodinger equation solutions, Eq. (36) and Eq. (37) of Ref. [13], predict that the ground state electron has zero 
angular energy and zero angular momentum, respectively. 

« The Schrodinger equation solution, Eq. (37) of Ref. [13], predicts that the ionized electron may have infinite angular 

momentum. 

• The Schrodinger equation solutions, Eq. (36) and Eq. (37) of Ref. [13], predict that the excited state rotational energy 
levels are nondegenerate as a function of the £ quantum number even in the absence of an applied magnetic field, and 

the predicted energy is over six orders of magnitude of the observed nondegenerate energy in the presence of a 

magnetic field. In the absence of a magnetic field, no preferred direction exists. In this case, the £ quantum number is 

a function of the orientation of the atom with respect to an arbitrary coordinate system. Therefore, the nondegeneracy 

is nonsensical and violates conservation of angular momentum of the photon. 



The Schrodinger equa t ion predicts t ha t each of the func t ions that corresponds to a highly excited sta t e electron is no t 
integrable and cannot be normalized; thus, each is infinite. 
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• The Schrodinger equation predicts that the ionized electron is sinusoidal over 


all 


space 


i and cannot be normalized; 


thus, 


it is lniimte. 


• The Heisenberg Uncertainty Principle 
experimentally it is not the basis of wave- 


arises as the standard 
■particle duality [10, 62]. 


deviation 


in 


the 


electron 


probability 


wave 


, but 



• The correspondence principle does not hold experimentally. 

• The Schrodinger equation does not predict the electron magnetic moment and misses the spin quantum number 
altogether. 

« The Schrodinger equation provides no rational basis for the phenomenon of spin, the Pauli exclusion principle, or 

Hund's rules. Instantaneous exchange of information between particles is required, which violates special relativity. 

• The Schrodinger equation is not a wave equation since it gives the velocity squared proportional to the frequency. 

» The Schrodinger equation is not consistent with conservation of energy in an inverse potential field wherein the binding 

energy is equal to the kinetic energy and the sum of the binding energy and the kinetic energy is equal to the potential 
energy. 

• The Schrodinger equation permits the electron to exist in the nucleus, a state that is physically nonsensical with infinite 
potential energy and infinite negative kinetic energy. 

• The Schrodinger equation interpreted as a probability wave of a point particle cannot explain neutral scattering of 
electrons from hydrogen. 

• the Schrodinger equation interpreted as a probability wave ol a point particle gives rise to infinite magnetic and electric 
energy in the corresponding fields of the electron. For example, the electron must spin in one dimension and give rise 

2 

to a Bohr magneton; yet, classically the energy of a magnetic moment is ^- which in the present case is infinity (by 

r 

substitution of r = for the model that the electron is a point particle), iiot the required mc . This interpretation is ill 

violation of Special Relativity [63]. 

• A modification of the Schrodinger equation was developed by Dirac to explain spin. The pustulated QED theory of — 

2_ 

is based on the determination of the terms of a postulated power series in a In where each postulate d virtual particle is 
a source of postulated vacuum polarization that gives rise to a postulated term. The algorithm involves scores of 
postulated Feynman diagrams corresponding to thousands of matrices with thousands of integrations per matrix 
requiring decades to reach a consensus on the "appropriate" postulated algorithm to remove the intrinsic infinities 2 . 

These failures of QM are attributed to the unwarranted assumption that atomic-size particles obey different physical laws 
than macroscopic objects. Specifically, QM is incorrect in its basis that first principles such as Maxwell's Equations do not 
apply to the electron and the notion that the electron is described by a probability distribution function of a point particle. 
Quantum mechanics is based on engendering the electron with a wave nature, as suggested by the Davisson-Germer experiment 
and fabricating a set of associated postulates and mathematical rules for wave operators. QM is in violation of Maxwell's 
equations, as shown through application of the Haus condition to the Schrodinger wave functions (See Schrodinger 
Wavefunction in Violation of Maxwell's Equation section). Nonradiation based on Maxwell's equations is a necessary 
boundary constraint, since nonradiation is observed experimentally. The shortcomings of QM regarding violation of Maxwell's 
equations and other first principles are further discussed in the Retrospect section and Mills' publications [2-13]. These issues 
indicate that QM atomic theory requires revision. 



2 Tn th e Electron g F actor section a nd R e f . [8 ], th e closed- fo rm M a x wellian re sult ( eleven fi gure agreement w ith e x periment — the l i mit of th e e x perimental 
capability of the measurement of the fundamental constants that determine a ) is contrasted with the QED algorithm of invoking virtual particles, zero 
point fluctuations of the vacuum, and negative energy states of the vacuum. 
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CLASSICAL ATOMIC THEORY 

The physics of numerous phenomena in electricity and magnetism, optics, celestial and orbital mechanics, heat, hydrodynamics, 
aerodynamics, elasticity, and others obey equations containing the Eaplacian: 

V 2 ^ = is Laplace's equation (1-44) 

V 2 ^ = — : — is the wave e quation (1.45) 

a dt 

V 2 (f> = is the diffusion or heat-conduction equation (1.46) 

a dt 

The wave equation is useful to describe electric and magnetic fields and orbiting bodies, as well as in the form of an energy 
equation wherein it can provide for conservation of energy and angular momentum. Thus, it is the logical choice to solve for the 
nature of the bound electron as a boundary -value problem. In contrast, the time-dependent Schrodinger equation has the form of 
Eq. (1.46) and is not a true wave equation. The current QM theory based on the time dependent and time independent 
Schrodinger equation has many problems, is not based on physical laws, and is not predictive, as discussed previously [2-17]. 
QM has never dealt with the nature or structure of fundamental particles. They are treated as zero-dimensional points that 
occupy no volume and are everywhere at once. This view is impossible since occupying no volume would preclude their 
existence; the inherent infinities are not observed nor are they possible, and the possibility of a particle being everywhere at once 
violates all physical laws including conservation of energy and causality. Now, a physical approach is followed based on the 
classical wave equation and the condition for nonradiation from Maxwell's equations. 



ONE-ELECTRON ATOMS 



One-electron atoms include the hydrogen atom, He' , Li 2+ , Be 3+ , and so on. In each case, the nucleus contains Z protons and 
the atom has a net positive charge of (Z-l)e. To arrive at the solution that represents the electron, a suitable boundary 
condition must be imposed. It is well known from experiments that the single atomic electron of hydrogen radiates to the same 
stable state. Thus, CP uses the physical boundary condition of nonradiation of the bound electron to be imposed on the solution 
for the charge- and current-density functions of the electron. The condition for radiation by a moving point charge given by 
Haus [49] is that its spacetime Fourier transform possesses components that are synchronous with waves traveling at the speed of 
light. Conversely, it is proposed that the condition for nonradiation by an ensemble of moving charge that comprises a current- 
d e nsity function is 

For non-radiative states, the current-density function must not possess spacetime Fourier 
components that are synchronous with waves traveling at the speed of light. 

The Haus derivation and the condition for nonradiation are given in Appendix I: Nonradiation Condition wherein the 
nonradiativc condition is also derived directly by th e d e termination of the clcctrodynamic fi e lds with the e lectron current-density 
function as the source current. Given the infinite number of possible current-density functions, it is fortuitous that the spherical 
radiation corresponding to the symmetry and the conditions for emission and absorption of such radiation provide the additional 
boundary conditions to determine the current-density functions. 

ELECTRON SOURCE CURRENT 

Since the hydrogen atom is stable and nonradiative, the electron has constant energy. Furthermore, it is time dynamic with a 
corresponding current that serves as a source of electromagnetic radiation during transitions. The wave equation solutions of the 
radiation fields permit the source currents to be determined as a boundary-value problem, these source currents match the field 
solutions of the wave equation for two dimensions plus time and the nonradiative n = 1 state when the nonradiation condition 
is applied. Then, the mechanics of the electron can be solved from the two-dimensional wave equation plus time in the form of 
an energy equation wherein it provides for conservation of energy and angular momentum, as given in the Electron Mechanics 
and the Corresponding Classical Wave Equation for the Derivation of the Rotational Parameters of the Electron section. Once 
the nature of the electron is solved, all problems involving electrons can be solved in principle. Thus, in the case of one-electron 
atoms, the electron radius, binding energy, and other parameters are solved alter solving tor the nature of the bound electron. 

As shown in Appendix I, for time-varying spherical electromagnetic fields, Jackson [50] gives a generalized expansion in 
vector spherical waves that are convenient for electromagnetic boundary-value problems possessing spherical symmetry 
properties and for analyzing multipole radiation from a localized source distribution. — The Green function (?(x',x) which is 
appropriate to the inhomogencous Hclmholtz equation 
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(V 2 + k 2 )G(x\x) = -S(x'-x) (1.47) 



in the infinite domain with the spherical wave expansion for the outgoing wave Green function is 



e ' L 



4^r|x x| l=0 m= _ t 
Jackson [50] further gives the general multipole field solution to Maxwell's equations in a source-free region of empty space 
with the assumption of a time dependence e' a : 



t,m 



a E (i,m)f l (kr)X tm -j-a M (l,m)yxg f (kr)X tm 
ja E (l,m)Vxf t (kr)X tm +a M (tm)g t (kr)X t m 



(1.49) 



where the cgs units used by Jackson are retained in this section. The radial functions f f (kr) and g, [kr) are of the form: 

g t (kr) = A^h} 1) +A? ) h} 2) (1-50) 
X^ „ is the vector spherical harmonic defined by 

^+1) 

where 

L = -(rxV) (1.52) 

The coefficients a E (£,m) and a M (l,m) of Eq. (1.49) specify the amounts of electric (i,m) multipole and magnetic (l,m) 

multipole fields, and are determined by sources and boundary conditions as are the relative proportions in Eq. (1.50). Jackson 
giv e s th e r e sult of th e e l e ctric and magn e tic co e ffici e nts from th e sourc e s as 

-Ank 1 — r^rf — r ■ r, m ik 
a E \z,m) = — 

l \ 

and 



(l,m)= ™ K ■\Y;'\p^[rj / (kr)\ + ^{r-J)j { (kr)-ikV-{rxM)j { {kr)\d 3 x (1.53) 



_a A 



.(l.m)-- 



■ ^ f/.(fo-)r , L.[-+VxMlf 3 i (1.54) 

respectively, where the distribution of charge p(x,i), current 3(x,t), and intrinsic magnetization M(x,i) are harmonically 

varying sources: p{x)e i,M , i{x)e ia , and M(x)e" m ' . 

Th e e l e ctron curr e nt-d e nsity function can b e solv e d as a boundary valu e probl e m r e garding th e tim e varying 

corresponding source current j(x)e"" ! " that gives rise to the time-varying spherical electromagnetic fields during transitions 
between states with the further constraint that the electron is nonradiative in a state defined as the n - 1 state. The potential 
energy, P'(r), is an inverse-radius-squared relationship given by Gauss' law, which for a point charge or a two-dimensional 
spherical shell at a distance r from the nucleus the potential is 

V ( r ) = -1T— C- 55 ) 

Thus, consideration of conservation of energy would require that the electron radius must be fixed. Additional constraints 
r e quiring a two-dim e nsional sourc e curr e nt of fixed radius ar e matching th e delta function of Eq. (1.47) with no singularity, no 
time dependence and consequently no radiation, absence of self-interaction (See Appendix II: Stability and Absence of Self 
Interaction and Self Energy), and exact electroneutrality of the hydrogen atom wherein the electric field is given by 

n » (E 1 -E 2 )--^- (1.56) 

5) 

where n is the normal unit vector, E t and E 2 are the electric field vectors that are discontinuous at the opposite surfaces, a s is 
the discontinuous two-dimensional surface charge density, and E 2 = . Then, the solution for the radial electron function that 
satisfies the hoiindary conditions is a delta function in spherical coordinates — a spherical shell [65] 

f{r) = \s{r-r n ) (t5TT 

r 

where r n is an allowed radius. This function defines the charge density on a spherical shell of a fixed radius (See Figure 1.1), not 

yet determined, with the charge motion confined to the two-dimensional spherical surface. The integer subscript n here and in 

Eqs. (1. 58-1. 60) is determined during photon absorption as given in the Excited States of the One-Electron Atom (Quantization) 
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section. It is shown in this section that the force balance between the electric fields of the electron and proton plus any 
resonantly absorbed photons gives the result that r n = m\ wherein n is an integer in an excited State. 

Figure 1.1 . A bound electron is a constant two-dimensional spherical surface of charge (zero thickness, total charge of -e, 
and total mass of m e ), called an electron orbitsphere. The corresponding uniform current-density function having intrinsic 

h h 

angular momentum components of L^ = — and L. = — following Larmor excitation in a magnetic field give rise to the 

phenomenon of electron spin. 




Given time harmonic motion and a radial delta function, the relationship between an allowed radius and the electron wavelength 
is given by 

1icr n = A„ (1.58) 

Based on conservation of the electron's angular momentum of n , the magnitude of the velocity and the angular frequency for 
every point on the surface of the bound electron are 
h h h 



v = 



m A„ 


m e 2nr a 


m e r n 


h 






2 

tn,r. 







(1.59) 

(1.60) 

To further match the required multipole electromagnetic fields between transitions of states, the trial nonradiative source current 
functions are time and spherical harmonics, each having an exact radius and an exact energy. Then, each allowed electron 

charge-density (mass-density) function is the product of a radial delta function (f(r) = —?8{r-r n )), two angular functions 

r~ 

(spherical harmonic functions Y'"(O,0) = P'"(cos&)e""*), and a time-harmonic function e""'° J . The spherical harmonic 
Y"(0,0) = 1 is also an allowed solution that is in fact required in order for the electron charge and mass densities to be positive 
definite and to give rise to the phenomena of electron spin. The real parts of the spherical harmonics vary between -1 and 1. 
However, the mass of the electron cannot be negative; and the charge cannot be positive. Thus, to insure that the function is 
positive definite, the form of the angular solution must be a superposition: 

r e 8 (0,fl+7/W) (i.6i) 

The current is constant at every point on the surface for the s orbital corresponding to Yq{0,#). The quantum numbers of the 

spherical harmonic currents can be related to the observed electron orbital angular momentum states. The currents 
corresponding to s, p, d, f, etc. orbitals are 

p( r ,e^j) = -^ J [S(r-r,,)][Y:{0^) + Y;{9, < f,)] (1.62) 

p(r,e^j) = ^- T [S{r-r„)][Y:(d^) + Re{Yr{d^)e^'}] (1.63) 

where Y*(0,0) are the spherical harmonic functions that spin about the z-axis with angular frequency (o n with F °(#,^) the 
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constant function. "RelY™ (6,<f)e'°' n '\ = P e m (cos 0} cos (m$ + ma> n t) to keep the form of the spherical harmonic of quantum 

numb e r in as a trav e ling wav e about th e z - axis at angular fr e qu e ncy co n . 

Th e Fouri e r transform of th e e lectron charg e -d e nsity function is a solution of th e four-dim e nsional wav e e quation in 

frequency space (k, <o -space). Then, the corresponding Fourier transform of the current-density function K(s, ®,<t>, a) is given 
by multiplying it by the constant angular frequency a> n given by Eq. (1 .36) corresponding to a potentially emitted photon. 

AXy,0,0,») = 4;rcy„— — -^-<8>G(s,®)®H(s,®)®—[S(co-6}„) + S(co+co n )] (L64T 

2st^ At^ 

wherein G{s,&) and //(s,®) are the spherical-coordinate Fourier transforms of N lm P"[cos6) and e""'*, respectively. The 

motion on the orbitsphere is angular; however, a radial correction exists due to Special Relativistic effects. Consider the wave 
vector of the sine function. When the velocity is c corresponding to a potentially emitted photon 

s „' v „ = s „* c = ^„ (L 65 )- 

the relativistically corrected wavelength given by Eq. (1.279) is 

r n =K W (L66) 

Substitution of Eq . (1 . 66) into the sine function results in the vanishing of the entire Fourier transform of the current-density 

function. Thus, spacetime harmonics of — = k or — I— = k , for which the Fourier transform of the current-density function 

c c \e 

is nonzero, do not exist. Radiation due to charge motion does not occur in any medium when this boundary condition is met. 
There is acceleration without radiation . — (Also see Abbott and Griffiths and Goedecke [65-66]) . Nonradiation is also shown 
directly using Maxwell's equations in Appendix I: Nonradiation Based on the Electromagnetic Fields and the Poynting Power 
Vector. However, in the case that such a state arises as an excited state by photon absorption, it is radiative due to a radial dipole 
term in its current-density function since it possesses spacetime Fourier transform components synchronous with waves traveling 
at the speed of light, as shown in the Instability of Excited States section. The radiation emitted or absorbed during electron 
transitions is the multipole radiation given by Eq. (1.48) as given in the Excited States of the One-Electron Atom (Quantization) 

section and the Equation of the Photon section wherein Eqs. (4. 1 8-4.23) give a macro-spherical wave in the far-field. 

Thus, a bound electron is a constant two-dimensional spherical surface of charge (zero thickness and total charge of —e ) 
called an electron orbitsphere that can exist in a bound state at only specified distances from the nucleus determined by an 
energy minimum for the n = 1 state and integer multiples of this radius due to the action of resonant photons as shown in the 
Determination of Orbitsphere Radii section and Excited States of the One-Electron Atom (Quantization) section, respectively. 
The bound electron is not a point, but it is point-like (behaves like a point at the origin). The free electron is continuous with the 
bound electron as it is ionized and is also point-like, as shown in the Electron in Free Space section. The total function that 
describes the spinning motion of each electron orbitsphere is composed of two functions. One function, the spin function (see 
Figure 1. 1 for the charge function and Figure 1.2 for the current function) 3 , is spatially uniform over the orbitsphere, where each 
point moves on the surface with the same quantized angular and linear velocity, and gives rise to spin angular momentum. It 
corresponds to the nonradiative n = 1 , I = state of atomic hydrogen, which is well known as an s state or orbital. The other 
function, the modulation function, can be spatially uniform — in which case there is no orbital angular momentum and the 
magnetic moment of the electron orbitsphere is one Bohr magneton — or not spatially uniform — in which case there is orbital 
angular momentum. The modulation function rotates with a quantized angular velocity about a specific (by convention) z-axis. 
The constant spin function that is modulated by a time and spherical harmonic function as given by Eq. (1.63) is shown in Figure 
1 .2 for several i values. The modulation or traveling charge-density wave that corresponds to an orbital angular momentum in 
addition to a spin angular momentum are typically referred to as p, d, f, etc. orbitals and correspond to an £ quantum number not 
equal to zero. 



3 In the old quantum theory the spin angular momentum of the electron is called the "intrinsic angular momentum." This term arises because it is difficult 
to provide a physical interpretation for the electron's spin angular momentum. Dirac's Quantum Electrodynamics (QED) attempts a physical interpretation 
by proposing that the "vacuum" contains fluctuating electric and magnetic fields called "zero point energy," negative energy states of the vacuum, virtual 
particles and their corresponding "polarization" of vacuum space, and arbitrarily disregarding infinities that even Dime opposed. These aspects render 
QED fatally flawed in terms of predicting a corresponding inescapable infinite cosmological constant and the unobserved requirement of particle emission 
by blackholes called Hawking radiation. (See the Wave-Particle Duality section and prior publications [2-13], especially Ref. [8].) 
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MOMENT OF INERTIA AND SPIN AND ROTATIONAL ENERGIES 

Tn the derivation of the rotational energy and related parameters, first consider that, the electron orhitsphere experiences a. 
constant potential energy because it is fixed at r = r n . The boundary condition is that the modulation of the charge density by a 

traveling wave is not dissipative corresponding to absence of radiation and further has a time average of zero kinetic energy. 
The mechanics of motion is such that there is a time and spatially harmonic redistribution of matter and kinetic energy that flows 
on the surface such that the total of either is unchanged. Wave motion has such behavior and the corresponding equation is a 
wave equation that is solved with energy degeneracy and a time average of zero for the charge and energy flow as the boundary 
constraints. — In this case, the energy degeneracy is only lifted due to the electrodynamic interaction with an applied field 
consistent with experimental observations, as given in the Orbital and Spin Splitting section. 

The moments of inertia and the rotational energies as a function of the £ quantum number for the solutions of the time- 
dependent electron charge-density functions (Eqs. (1,62-163)) are solved using the classical wave equation. With rotation about 
the designated z-axis, the velocity of the spherical shell depends on the angular position on the surface and consequently is a 
function of Y o "(0,0) . By expressing the wave equation in the energy form, the angular dependent velocity may be eliminated, 

and this equation can be solved using the boundary constraints. The corresponding equation is the well know rigid rotor 
equation [67]: 
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The resulting parameters for the spin and orbital angular momentum given in the Rotational Parameters of the Electron (Angular 
Momentum, Rotational Energy, Moment of Inertia) section arc 
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The orbital rotational energy arises from a spin function (spin angular momentum) modulated by a spherical harmonic angular 
function (orbital angular momentum). The time-averaged mechanical angular momentum and rotational energy associated with 
the wave-equation solution comprising a traveling charge-density wave on the orbitsphere is zero as given in Eqs. (1.76) and 
(1.77), respectively. Thus, the principal levels are degenerate except when a magnetic field is applied 4 . In the case of an excited 



4 yM makes inescapable predictions that do not match observations. l*or example, at page JftS Margenau and Murphy [68J state: 



£U+l)h 2 

" but with the term — — added to the normal potential energy. What is the meaning of that term? In classical mechanics, the energy of a particle 

2mr 

moving in three dimensions differs frnm that nf a nne-Himsnsinnal partidp hy the kinetir, energy of rotation —mr 2 (» 2 This is precisely the quantity 
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state, the angular momentum of ft is carried by the fields of the trapped photon. The amplitudes that couple to external magnetic 
and electromagnetic fields are given by Eq. (1.74) and (1.75), respectively. The rotational energy due to spin is given by Eq. 
(1.70), and the total kinetic energy is given by Eq. (1.71). ~~ 

SPIN FUNCTION 

It is known from the Stern-Gerlach experiment that a beam of silver atoms is split into two components when passed through an 

inhomogeneous magnetic field. This implies that the electron is a spin 1/2 particle or fermion with an intrinsic angular 

ft 

momentum of ± — that can only exist parallel or antiparallel to the direction of the applied field (spin axis), and the magnitude of 

(3 
the angular momentum vector, which precesses about the spin axis is A— ft . Furthermore, the magnitude of the splitting implies 
T4 

a magnetic moment of ju B , a full Boh r magneton, given by Eq. (1.131) corresponding to ft of total angular momentum on the 

ft 
axis of the applied field, implying an impossibility of being classically reconciled with the ±— electron angular momentum. 

Yet, the extraordinary aspects of the magnetic properties and behavior of the electron are the basis to solve its structure that gives 
rise to these observations. Tn general, the Maxwell's-equations solution for the source of any magnetic field is unique. Thus, the 
electron field requires a corresponding unique current according to Maxwell's equations that matches the boundary condition 
imposed by the results of the Stern-Gerlach experiment. The solution is given in the Orbitsphere Equation of Motion For £ = 
Based on the Current Vector Field (CVF) section. 

The current density function Y„(V,<p) (Eqs. (1.62-1.63)) that gives rise to the magnetostatic spin ot the electron comprises 
a constant charge (current) density function with moving charge conlined to a two-dimensional spherical shell and comprises a 
uniform complete coverage. It is generated as a continuum of correlated orthogonal great-circle current loops wherein each 
point charge(current)-density element moves time harmonically with constant angular velocity, co n , given by Eq. (1.60) and 

velocity, v n , in the direction of the current given by Eq. (1.59). Orthogonal great-circle current-density elements (one 
dimensional "current loops ") serve as basis elements to form two distributions of an infinite number of great circles wherein 
each covers one-half of a two-dimensional spherical shell and is defined as a basis element current vector field ("BECVF") and 
an orbitsphere current-vector field ("OCVF"). Then, the continuous uniform electron current density function Y o °(0,0) (part of 

Eqs. (I.62 - I.63)) that cov e rs th e e ntir e sph e rical surfac e as a distribution of an infinit e numb e r of gr e at circl e s is g e n e rat e d using 

the C-VF s. 

First, the generation of the BECVF is achieved by rotation of two great circle basis elements, one in the x'z'-plane and 

the other in the y'z'-plane, about the (-i x ,i ,0i z ) axis by an infinite set of infinitesimal increments of the rotational angle over a 

Jj ^_ 



span of k wherein the current direction is such that the resultant angular momentum vector of the basis elements of 



2>&- 



stationary on this axis. 



£{£ + l)h 2 

2mr 2 
which is divided by 2mr 2 , gives exactly the kinetic energy of rotation.' 



for we have seen that £ {£ + 1) % 2 is the certain value of the square of the angular momentum for the state Y t , in classical language \mr 2 a 2 J 



Zero rotational energy and zero angular momenta are predicted for the n = 1 state that is impossible since the electron is bound in a Coulomb field and 
must have nonzero instantaneous motion. Thus, the Schrodinger equation solutions further predict that the ionized electron may have infinite angular 
momentum. The Schrodinger equation solutions also predict that the excited state rotational energy levels are nondegenerate as a function of the £ 
quantum number even in the absence of an applied magnetic field, and the predicted energy is over six orders of magnitude of the observed nondegenerate 
energy in the presence of a magnetic field. — In the absence of a magnetic field, no preferred direction exists. — In this case, the £ quantum number is a 
function of the orientation of the atom with respect to an arbitrary coordinate system. Therefore, the nondegeneracy is nonsensical and violates 
conservation of angular momentum of the photon. 



©2010 BlackLight Power, Inc. All rights reserved. 



Introduction 



21 



GENERATION OF THE BECVF 

Consider two infinitesimal cnarg e (mass)-riensity elements at two separate positions or points, one and two, of the first pair of 
orthogonal great-circle current loops that serve as the basis set for generation of the BECVF as shown in Figure 1 .4. The 
rotating Cartesian coordinates, x',y',z', in which the basis element great circles are fixed is designated the basis-set reference 
frame. In this frame at time zero, element one is at x' = , y ' - r n , and z' = , and element two is at x ' - r n , y ' = , and z' = . 
Let element one move on a great circle clockwise toward the -z'-axis, and let element two move counter clockwise on a great 
circle toward the -z'-axis, as shown in F igure i .4. . The equations ot motion, in the basis-set reference trame with t = detined 
at Hie points (0,1,0) and (1,0,0), respectively, are given by 



point one: 

x[ = 



y, = r n cos(tt)„0 



- r n sm(a>J) 



-£78)- 



point two: 



x 2 = r n cos(<»„0 



y 2 =0 



-r n sin(ft>„0 



(1.79) 



Th e gr e at circl e basis el e m e nts and rotational matrix of th e BECVF ar e given by 
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The generation of the OCVF is achieved by rotation of two great circle basis elements, one in the x'y' -plane and the other in the 
plane that bisects the x'y'-quadrant and is parallel to the z'-axis, about the — =i x ,— =i i z -axis by an infinite set of 

infinitesimal increments of the rotational angle over a span of n wherein the current direction is such that the resultant angular 

a ti. 

momentum vector ot the basis elements ot — having components ot L =■ 



and L = 



Jl 



„--,---- - xy — t= »"" ^ z - — 7= is stationary on this axis. For 
2 2v2 2v2 

the generation of the OCVF, consider two charge(mass)-density elements, point one and two, in the basis-set reference frame at 

r t 

Lime zero. Element one is at x' = —f= , y ' = —f= , and z ' = , and element two is at x ' = r n , y ' = , and z ' = . Let element one 

^/2 'slZ 

move clockwise on a great circle toward the -z'-axis, and let element two move counter clockwise on a great circle toward the y'- 
axis as shown in Figure 1.8. The equations of motion, in the basis-set reference frame are given by 



point one: 



x 1 = r n sin | — cos(»„0 y x = r n cos — |cos(<»,/) z, = -r n sm(a>J) 



(1.81) 



point two: 
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The great circle basis elements and rotational matrix of the OCVF are given by 
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OCVF Matrices ( / 1 (<?)) 
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GENERATION OF 7 °(fl,^) 

Then, the uniform great-circle distribution Y o °(Q,0) is exactly generated from the CVFs. The BECVF is convolved with 

the OCVF over a 2n span that results in the placement of a BECVF at each great circle of the OCVF. Since the angular 
momentum vector of the BECVF is matched to twice that of one of the OCVF great circle basis elements and the span is over a 
2k , the resultant angular momentum of the distribution is the same as that of the OCVF, except that coverage of the spherical 
surface is complete. This current vector distribution is normalized by scaling the constant current of each great circle element 
resulting in the exact uniformity of the distribution independent of time since V- A" = along each great circle. There is no 
alteration of the angular momentum with normalization since it only affects the density parallel to the angular momentum axis of 

the distribution, the | — f=ji£~ /r V'z 1 -ax i s - Then, the boundary conditions of Y°(9,(f>) having the desired angular momentum 

components, coverage, element motion, and uniformity are shown to have been achieved by designating the — ^=i I ,-j=i ,i 2 

V v2 V2 

axis as the z-axis. Specifically, this uniform spherical shell of current (Figure 1.2) meets the boundary conditions of having an 

n~ 

angular velocity magnitude at each point on the surface given by Eg. (1.60), and angular momentum projections of L = + / — - 

and L z =— (Eqs. (1.127-1.128) and Figure 1.23) 5 that give rise to the Stern Gerlach experiment and the phenomenon 

corresponding to the spin quantum number as shown in the Magnetic Parameters of the Electron (Bohr Magneton) section, and 
in the Electron g Factor section. 



5 + / — designates both the positive and negative vector directions along an axis in the xy-plane. 
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Figure 1.2. The bound electron exists as a spherical two-dimensional supercurrent (electron orbitsphere), an extended 
distribution of charge and current completely surrounding the nucleus. Unlike a spinning sphere, there is a complex pattern of 
motion on its surface (indicated by vectors) that generates two orthogonal components of angular momentum (Figure LI) that 

give rise to the phenomenon of electron spin. A representation of the — pi^-jsi ,i z -axis view of the total uniform 

supercurrent-density patten: of the Y"((fr,d) orbitsphere with 144 vectors overlaid on the continuous bound-electron current 
density giving the direction of the current of each great circle element (nucleus not to scale) is shown. 




As shown in the Orbitsphere Equation of Motion for I = Based on the Current Vector Field (CVF) section, the 
application of a magnetic field to the orbitsphere gives rise to a processing angular momentum vector S directed from the origin 

of the orbitsphere at an angle of 6 = — relative to the applied magnetic field. The precession of S with an angular momentum 



of h fonns a cone in the nonrotating laboratory frame to give a perpendicular projection of S x = +J—n (Eq. (1.129)) and a 

n n 

projection onto the axis of the applied magnetic field of S« = ±— (Eq. (1.130)). The superposition ol the — z-axis component oi 

the orbitsphere angular momentum and the — z-axis component of S gives h corresponding to the observed magnetostatic 

electron magnetic moment of a Bohr magneton. The h of angular momentum along S has a corresponding processing magnetic 
moment of 1 Bohr magneton. The magnetostatic dipole magnetic field corresponding to jj b is shown in Figure 1.3. 

Figure 1.3. The three-dimensional cut-away representation of the magnetic field of an electron orbitsphere showing the 
nucleus (not to scale). The field is a dipole outside the orbitsphere. 
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in contrast to the QM and QED cases (See Ret [8J), the fourth quantum number arises naturally m UP as derived m the 
Electron g Faclor section. The SLeru-Gerlach experiment implies a magnetic moment of one Bohr magneton and an associated 
angular momentum quantum number of 1/2. Historically, this quantum number is called the spin quantum number, s 

(s = —; m s =+ — ). Conservation of angular momentum of the orbitsphere permits a discrete change of its "kinetic angular 

h 
momentum" (rxmv) with respect to the field of — , and concomitantly the "potential angular momentum" (rxeA) must 



change by — . The flux change, (f> , of the orbitsphere for r <r n is determined as follows: 
AL = rxeA 
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In order that the change of angular momentum, AL, equals zero, (j> must be O = — , the magnetic flux quantum. Thus, to 

2e 

conserve angular momentum in the presence of an applied magnetic field, the orbitsphere magnetic moment can be parallel or 
antiparallel to an applied field as observed with the Stern-Gerlach experiment, and the flip between orientations is accompanied 
by the "capture" of the magnetic flux quantum by the orbitsphere. During the spin-flip transition, power must be conserved. 
Power flow is governed by the Poynting power theorem, 
<9|"1 ■■ ■■ ! c) 
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Eq. (1.88) derived in the Electron g Factor section gives the total energy of the flip transition, which is the sum of the energy of 
reorientation of the magnetic moment (1st term), the magnetic energy (2nd term), the electric energy (3rd term), and the 
dissipated energy of a fluxon treading the orbitsphere (4th term), respectively. 
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Th e spin - flip transition can b e consid e r e d as involving a magn e tic mom e nt of g tim e s that of a Bohr magn e ton. Th e g factor is 



AE spm - ■ 

mag 



& 

now designated the fluxon g factor as opposed to the unwarranted historical anomalous g factor. The calculated value of — is 
1.001 159 652 137. The experimental value [69] of - is 1 .00 1 159 652 188(4). 



FORCE BALANCE EQUATION 

The radius of the nonradiative ( n = 1 ) state is solved using the electromagnetic force equations of Maxwell relating the charge 
and mass density functions wherein the angular momentum of the electron is given by % . The reduced mass arises naturally 
from an electrodynamic interaction between the electron and the proton of mass m . 
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(1.91) 



where a H is the radius of the hydrogen atom and the electron velocity is given by Eq. (1.59). 
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ENERGY CALCULATIONS 

From Maxwell's equations, the potential energy V , kinetic energy T , electric energy or binding energy E ele are 

T^^ (1.92) 

4;r£" r 1 47T£ Q a H 

7 2 p 2 
T= = Z 2 X 13.59 eV (1.93) 

&7T£ a H 

T = E ele = --£JE 2 dv where E = -— ^ (1.94) 

2 J 4;r£" n r 
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" -Z 7 X 2.1786 A r 10~' s 7 = -Z' ' A" 13.598 gF (L95)- 
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The calculated Rydberg constant is 10,967,758 m ! , and the experimental Rydberg constant is 10,967,758 m l . For increasing 
Z , the velocity becomes a significant fraction of the speed of light; thus, special relativistic corrections were included in the 
calculation of the ionization energies of one-electron atoms that are given by 

E -m„„c 2 (l-Jl-(aZ) 2 \ (L94)- 

THE NATURE OF THE PHOTON IS THE BASIS OF QUANTIZATION AND 



II is well known thai resonator cavities can trap electromagnetic radiation of discrete resonant frequencies. The orbilsphere is a 
resonator cavity that traps photons of discrete frequencies. The radius of an orbitsphere increases with the absorption of 
electromagnetic energy. The solutions to Maxwell's equations for modes that can be excited in the orbitsphere resonator cavity 
give rise to four quantum numbers, and the energies of the modes are the experimentally known hydrogen spectrum including 
the Lamb shift, fine structure, and hyperfine structure. 

The excited states involving the corresponding multipole photon radiation are solved including the radii of the 
orbitspheres using Maxwell's equations with the traditional source current boundary constraints at the electron. The "trapped 
photon" is a "standing electromagnetic wave" which actually is a circulating wave that propagates along the current density of 
the orbitsphere. Th e time-function factor, k (t) , for the " s tanding w ave" i s identical to the time-function factor of the orbitsphere 
in order to satisfy the boundary (phase) condition at the orbitsphere surface. Thus ; the angular frequency of the "trapped photon" 
has to be identical to the angular frequency of the electron orbitsphere, <o n . Furthermore, the phase condition requires that the 
angular functions of the "trapped photon" have to be identical to the spherical harmonic angular functions of the electron 
orbitsphere. Combining k(t) with the </> -function factor of the spherical harmonic gives e '^~" m ' f ' f or fr om me electron and the 
"trapped photon" functions. The photon can be considered a solution of Laplace's equation in spherical coordinates that is 
"glued" to the inner orbitsphere surface corresponding to a radial Dirac delta function at the electron radius, S(r-r n ), and due 

to relativistic effects the field is radially local at the electron. The field lines from the proton superimpose with those of the 
photon at the electron and end on the current-density function of the electron such that the electric field is zero for r>r r , where 

r is the radius of the electron. The corresponding photon source current given by Gauss' law in two dimensions determines the 
stability condition. 

The instability of excited states, as well as the stability of the n = \ state arises naturally in CP. The central field of the 
proton corresponds to an integer charge of one. Excited states comprise an electron with a trapped photon. In all energy states 
of hydrogen, the photon has an electric field that superposes with the field of the proton. In the n = 1 state, the sum is one, and 
the sum is zero in the ionized state. In an excited state, the sum is a fraction of one (i.e. between zero and one), specifically, 

. The relationship between the electric field function and the "trapped photon" source charge-density function is given 

integer 

by Gauss' law in two dimensions, Eq. (1. 100) where n is the radial normal unit vector, Ej = (E l is the electric field outside of 

the orbitsphere), E 2 is given by the total electric field at r n = na H , and a s is the equivalent surface charge density. The electric 

field of an excited state is fractional; therefore, the source charge function is fractional corresponding to a radiative current- 
density function. Thus, an excited electron is unstable and decays to the first nonradiative state corresponding to an integer field, 

n = 1 (i.e. a field of integer one times the central field of the proton). 

Equally valid from first principles are electronic states where the magnitude of the sum of the electric, field of the photon 

and the proton central field are an integer times the central field of the proton. These states are nonradiative. A catalyst can 
effect a transition between these states via a nonradiative energy transfer to form hydrinos, stable hydrogen atoms having energy 

levels below the ground state and corresponding to principal quantum numbers n = 1,— ,—,—,..., — ; p < 137 replaces the well 

2 3 4 o 
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known parameter n = integer in the Rydberg equation for hydrogen excited states. Hydrinos and the corresponding hydrino 
hydride ions and molecular hydrinos have been confirmed experimentally as shown in the Data section. Until now, this 
predicted discovery was missed entirely due to the erroneous concept of the hydrogen atom "ground state" based on its definition 
regarding the Schrodinger equation since the Schrodinger equation does not physically explain the observation that spontaneous 
emission of radiation does not occur for the state having a binding energy of 13.6 eV. Nor, does the Schrodinger equation 
provide a physical basis for the existence of the n = integer excited states or absorption or emission of radiation. (See 
Schrodinger Wavefunction in Violation of Maxwell's Equation section, the Retrospect section, and papers by Mills' [2 - 13]). 

EXCITED STATES 

CP gives closed form solutions for the resonant photons and excited state electron functions. The angular momentum of the 
photon given by 

ffl^-j" Re[rx(ExB*)]tfc 4 =fi (T9?>- 



8nc 

is conserved [70]. The change in angular velocity of the electron is equal to the angular frequency of the resonant photon. The 
energy is given by Planck's equation. The predicted energies, Lamb shift, hyperfine structure, resonant line shape, line width, 

selection rules, etc. are in agreement with observation. 

The orbitsphere is a dynamic spherical resonator cavity which traps photons of discrete frequencies. The relationship 

between an allowed radius and the "photon standing wave" wavelength is 6 

2nr = nl (1.98) 

where n is an integer. The relationship between an allowed radius and the electron wavelength is 

2n{nr^ = lKr n =nl v = X n (1.99) 

where n = 1,2,3,4,.... The radius of an orbitsphere increases with the absorption of electromagnetic energy due to a 
corresponding decrease in the central field. The radii of excited states are solved using the electromagnetic force equations of 
Maxwell relating the field from the charge of the proton, the electric field of the photon, and charge and mass density functions 
of the electron wherein the angular momentum of the electron is given by h (Eq. (1.37)). The solutions to Maxwell's equations 
for modes that can be excited in the orbitsphere resonator cavity give rise to four quantum numbers, and the energies of the 
modes are the experimentally known hydrogen spectrum. The relationship between the electric field equation and the "trapped 
photon" source charge-density function is given by Maxwell's equation in two dimensions. 

n»(E 1 -E 2 )-— (1. 100) 



The photon standing electromagnetic wave is phase matched with the electron 
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For r = na H and m = , the total radial electric field is 

1 e_ 

n 47T£ (na H ) 

When an electron in the n = 1 state absorbs a photon of energy sufficient to take it to a new resonant state, n = 2,3,4,..., 

force balance must be maintained with the reduction of the central field caused by the superposition of the electric field of the 
proton and the photon trapped in the orbitsphere, a spherical resonator cavity. According to Eq. (1.103), the central field is 

equivalent to that of a central charge of — , and the excited-state force balance equation is 

n 

sr^rrr^ a ^ 47 

r n m e r n n 47ts r n 



6 Eq. (1.98) is also the de Broglie matter wave condition used heuristically in the Bohr model to give the Rydberg formula, but in this case, the standing 
wave involves the photon. Furthermore, the quantization involves excitation of discrete resonator modes imposed by the spherical cavity. In quantum 
mechanics, quantization is purely mathematical, but similarly dependent on the integer spherical periodicity of the spherical harmonics, and the principal 
quantum is defined in manner to give integer angular quantum numbers of complete harmonic wavelengths as well as fit the Rydberg formula. However, 
the result is not even mathematically consistent. The principal quantum number is defined as the integer radial quantum number minus the integer angular 
quantum number. — But, experimentally the angular or orbital quantum number is multi-valued for any principal quantum number causing the internal 
inconsistency that the radial quantum number must be multi-valued for a given principal quantum number [68]. In contrast, as shown by Eq. (1.101), Eq. 
(1.98) gives the angular harmonic solutions and the corresponding integer radial and angular quantum numbers for physical states. 
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where r x is the n - 1 state radius of the electron, r n is the nth excited state radius of the electron, and the electron velocity is 

given by Eg. (1.59). The radius of the nth excited state given by Eg. (I. 104) is 

(1.105) 



■ na 



M_ 



The energy of the photon that excites a mode in the electron spherical resonator cavity from radius a H to radius na H is 

„2 

= hv = na> 



&7iE n a u 



Hi 



(1.106) 



The change in angular velocity of the orbitsphere for an excitation from n - 1 to n~n is 



A(D = - 



h 



h 



h 



m e{ a u) m e {na H ) m e (a H ) 



1- 



1 



(1.107) 



The kine t ic energy change of t he transition is 



-m e (Av) 2 



^ 



&7T£ a H 



■TlG> 



(1.108) 



The change in angular velocity of the electron orbitsphere is identical to the angular velocity of the photon necessary for the 
The correspondence principle holds. It can be demonstrated that the resonance condition between these 



excitation, a 



photon " 



fregueucies is Lo be satisfied in order to have a net change of the energy field [51]. 



INSTABILITY OF EXCITED STATES 

For the excited energy states of the hydrogen atom, a 



photon 



, the two-dimensional surface charge due to the "trapped photons" at 



the electron orbitsphere, given by Eg. (1.100) and Eg. (1101) is 



4rtr„Y 



Y:(0^)--[Y:(0^) + R e {Y:{0^)e i ""'-'}] 



S(r-rJ 



(1.109) 



where n = 2,3,4,...,. Whereas, cr. 



the two dimensional surface charge of the electron orbitsphere given by Eg. (1.63) is 



{y: (0,j) + Re {Y; {0, t) *""•'■' }] S{r - r n ) 



4ft(rj ' 

The superposition of a photon (Eg. (1.109)) and <J electrm (Eg. (1.1 10)) is eguivalent to the sum of a radial electric dipole represented 
by a doublet function and a radial electric monopole represented by a delta function: 

photon electron 



*<r n y 



r °(e^)5(r-rJ--l?(d^) < y(r-r I1 )-(l + i)[Rfi{r,"(e^) e ^'}] < y(r-r B ) 



(1.111) 



where n = 2,3,4,..., . Due to the radial doublet, excited states are radiative since spacetime harmonics of — - = k or — - I — = k 

c c \s Q 

do exist for which the spacetime Fourier transform of the current density function is nonzero. An excited state is meta-stable 
because it is the sum of nonradiative (stable) and radiative (unstable) components and de-excites with a transition probability 
given by the ratio of the power to the energy of the transition [71]. There is motion in the radial direction only when the energy 
of the system is changing, and the radiation emitted or absorbed during electron transitions is the multipole radiation given by 
Eq. (1.48) as given in the Excited States of the One-Electron Atom (Quantization) section and the Eguation of the Photon section. 
The discontinuous harmonic radial current in Eg. (1.53) that connects the initial and final states of the transition is 
er 



r J = 



-r~'sin — (u(t')-u(t'-r)) 



4LH2^ 



Anr z 

where f is the lifetime ot the transition given by Eg. (2.107) and F is time during the transition as given in the Excited States of 
the One-Electron Atom (Quantization) section. The vector potential of the current that connects the initial and final states of a 
transition, each having currents of the form given by Eg. (1.12), is 



"A^Jl 



-ih 



-eh- 



Ar- 



2n m. r 



A ki- 



(1.113) 



The magnetic and electric fields are derived from the vector potential and are used in the Poynting power vector to give the 
power. The transition probability or Einstein coefficient A H for initial state n, and final state n f of atomic hydrogen given by 

the power divided by the energy of the transition is 



1 



V 



1 



r mc 24k 



eti 



1 



K m e a\ 



■ = 2.678X10" 



1 



(1.114) 



which matches the NIST values for all transitions extremely well as shown in Excited States of the One-Electron Atom 
(Quantization) section. 
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HYDRINO STATES 



For a spherical resonator cavity, the nonradiative boundary condition and the relationship between the electron and the photon 
give the hydrogen energy states that are quantized as a function of the parameter n . That is the nonradiative boundary condition 
and the relationship between an allowed radius and the photon standing wave wavelength (Eq. (1.98)) gives rise to Eq. (1.99), the 
boundary condition for allowed radii and allowed electron wavelengths as a function of the parameter n . Each value of n 
corresponds to an allowed transition effected by a resonant photon that excites the transition in the orbitsphere resonator cavity. 

In addition to the traditional integer values (1, 2, 3,...,) of n , values of are allowed by Eq. (1.99) which correspond to 

integer 

transitions with an increase in the central field and decrease in the radius of the orbitsphere. This occurs, for example, when the 

electron couples to another electronic transition or electron transfer reaction that can absorb energy — an energy sink. This 

transition reaction of the electron of hydrogen to a lower energy state occurs by the absorption of an energy hole by the 

hydrogen atom. The absorption of an energy hole destroys the balance between the centrifugal force and the resulting increased 

central electric force. Consequently, the electron undergoes a transition to a lower energy nonradiative state. 

a 

From energy conservation, the energy hole of a hydrogen atom that excites resonator modes of radial dimensions 



m + 1 



m-212eV, (1.115) 



where m is an integer. After resonant absorption of the energy hole, the radius of the orbitsphere, a H , shrinks to — — and after 

m + 1 

t cycles of transition, the radius is — — . In other words, the radial ground state field can be considered as the superposition of 
mt+ 1 

Fourier components. The removal of negative Fourier components of energy m -27.2 eV , where m is an integer increases the 

positive electric field inside the spherical shell by m times the charge of a proton. The resultant electric field is a time harmonic 

solution of Laplace's Equations in spherical coordinates. In this case, the radius at which force balance and nonradiation are 

achieved is — — where m is an integer. Tn decaying to this radius from the n = \ slate, a total energy of [(m + 1) 2 -1 2 ]-11fi p.V 

m + 1 
is released. The process involving the transition reaction is hereafter referred to as the BlackLight Process. The source of 
energy holes may not be consumed in the transition reaction; therefore they serve as a hydrogen catalyst. 
The i n creased-binding-energy h ydrogen atom is called a hydrino atom, h aving a binding energy of 

13.6 eV 

Binding Energy = 5 — (1.116) 

n 

where 

n=\,\,\,...\ (1.117) 
2 3 4 p 

and p is an integer greater than 1. Hydrino atoms designated as H(\l p) have a radius of a radius of a H I p , the hydrogen atom 

divided by an integer. The potential energy diagram of the hydrogen atom is extended to lower Rydberg states, as given in 
Figure 1. 4 . 
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Figure 1.4. Potential energy well of a hydrogen atom. 
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The size of the electron orbitsphere as a function of potential energy is given in Figure 1.5. 
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Figure 1.5. Quantized sizes of hydrogen atoms where n is an integer for excited states and n = V for hydrino states where 
p is an integer. 
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PHOTONIC EQUATION 

As shown previously, the hydrino photonic equation must be a solution of Laplace's equation in spherical coordinates. The 
"trapped photon" field comprises an electric field that provides force balance and a nonradiative state. Following the 
Maxw c llian approach giv e n for e xcit e d stat e s in th e Excit e d Stat e s s e ction (Eq. (1. 101)), th e solution to this boundary valu e 
problem of the radial photon electric field is 



'r photon n,l,m 



e{na H ) 1 



4xs n r {tv£) 



(^^) + -[7 (^^) + Re{^(^^)^'}] 



Sir 



X 



n = — 
P 

P = 2,3,4,... 
1 = 1.2 n-\ 



(1-118) 



m, =-£,-£ + l,...,0,.... + £ 

The quantum numbers of the electron are p , £ , nt t , and m s as given in the Electron Source Current section and the Excited 
States section wherein the principal quantum number of excited states is replaced by n = Up . (Also, see Hydrino Theory— ~ 
BlackLight Process section.) 



STABILITY OF THE "GROUND" AND HYDRINO STATES 

For the below "ground" (fractional quantum number) energy states of the hydrogen atom, a pho , ol , , the two-dimensional surface 



charge due to the "trapped photon" at the electron orbitsphere, is given by Eqs. (1.1 18) and (1.100). 



photon 



4/r(r„y 




S(r-r n ) n = \. 



J_ 1 1 
2'3'4' 



(1.119) 



And, <J dectron , the two-dimensional surface charge of the electron orbitsphere is 



Electron . , s2 

4x(rJ 
The superposition of a 



-o 



(1.120) 



. (1.119)) and <J eUcllM ■ (Eq. (1.120)) where the spherical harmonic functions satisfy the 



photon 



-(Eq. 



conditions given in the Electron Source Current section is a radial electric monopole represented by a delta function. 



photon electron 



^(^)+(u£|Re{r;(^y^} 



2 3 4 



MO' 
A s given i n the Spacetim e Fo urier Tr ansform of th e Electro n Fu nction section, th e r adial delta fu nction does n ot 



(1.121) 



possess 



spacetime Fourier components synchronous with waves traveling at the speed of light (Eqs. (I.64-I.66)). Thus, the below 
"ground" (fractional quantum) energy states of the hydrogen atom are stable. The "ground" (n = 1 quantum) energy state is just 
the first of the nonradiative states of the hydrogen atom; thus, it is the state to which excited states decay. 



Classical physics gives closed-form solutions of the hydrogen atom, the hydride ion, the hydrogen molecular ion, and the 
hydrogen molecule and predicts corresponding species having fractional principal quantum numbers. The nonradiative state of 
atomic hydrogen, which is historically called the "ground state" forms the basis of the boundary condition of CP to solve the 
bound electron. The solutions for electron states having principal energy levels with quantum numbers that are integers and 

each reveal the corresponding mechanism of the transitions. In the case of excited states, the 



those where n = - 



integer 

superposition given by Eq. (1.1 1 1) involves the sum of a delta function with a fractional charge (radial monopole term) and two 
delta functions of charge plus one and minus one that is a doublet function (radial dipole term). The radial dipole is radiative. 
Wh ereas, i n th e case of l o wer-energy states, the superposition given by Eq. (T .I 7 ,1) in volves i n teger charge (e quivalent) onl y . A s 

given in Appendix I these states having a radial delta function are nonradiative since spacetim e harmonics of — - —k or 



cvs, 



■ k for which the Fourier transform of the current-density function is nonzero do not exist. 

Therefore, for the excited-energy states of atomic hydrogen given by Eq. (1.1) with n > 1 , the n = 1 state is the "ground" 

state for spontaneous pure photon transitions, and conversely, the n = \ state can absorb a photon and go to an excited electronic 
state. However, the n = 1 state cannot directly release a photon and go to a lower-energy electronic state. An electron transition 

from the n = 1 state to a lower-energy state is only possible by a nonradiative energy transfer such as multipole coupling or a 

4 



resonant collision mechanism to form the lower-energy states have fractional quantum numbers, n - 



integer 
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Processes such as the transition reaction that occur without photons and that require collisions or nonradiative energy 
transfer are common. For example, the exothermic chemical reaction of H + H to form H 2 does not occur with the emission of 
a photon. Rather, the reaction requires a collision with a third body, M, to remove the bond energy- H + H + M -> H 2 + M* 
[72J. The third body distributes the energy from the exothermic reaction, and the end result is the H 2 molecule and an increase 
in the temperature of the system. Some commercial phosphors are based on nonradiative energy transfer involving multipole 
coupling. For example, the strong absorption strength of Sb + ions along with the efficient nonradiative transfer of excitation 

from Sb + to Mn + , are r e sponsible for the strong mangan e s e luminescenc e from phosphors containing these ions [73]. 

Thus, it is well known that the electric field of an absorbed photon superimposes that of the proton such that the electron 

of H moves to a higher-energy excited state at a radius that is greater than that of the n = \ state. Similarly, in order to conserve 
energy, a resonant nonradiative energy transfer from H to a catalyst (source of an energy hole) of m -27.2 eV results in an 
increased interaction between the electron and the central field that is equivalent to m + 1 times that of a proton. The increased 
interaction then causes the radius to decrease with the further release of energy such that a total energy of [(m + 1) 2 — l 2 ] - 13.6 eV 
is released. 

CATALYST REACTION MECHANISM AND PRODUCTS 

Classical physics (CP) gives closed-form solutions of the hydrogen atom, the hydride ion, the hydrogen molecular ion, and the 
hydrogen molecule and predicts corresponding species having fractional principal quantum numbers. The nonradiative state of 
atomic hydrogen, which is historically called the "ground state" forms the basis of the boundary condition of CP to solve the 
bound electron. CP predicts a reaction involving a resonant, nonradiative energy transfer from otherwise stable atomic hydrogen 
to a catalyst capable of accepting the energy to form hydrogen in lower-energy states than previously thought possible called a 



hydrino atom designated as H 



where a H is the radius of the hydrogen atom. — Specifically, CP predicts that atomic 



P 

hydrogen may undergo a catalytic reaction with certain atoms, excimers, ions, and diatomic hydrides which provide a reaction 
with a net enthalpy of an integer multiple of the potential energy of atomic hydrogen, E h = 27.2 eV where E h is one Hartree. 

Specific species (e.g. He' , Ar + , Sr + , K , Li , HCl , and NaH ) identifiable on the basis of their known electron energy levels 
are required to be present with atomic hydrogen to catalyze the process. The reaction involves a nonradiative energy transfer of 
an integer multiple of 27.2 eV from atomic hydrogen to the catalyst followed by q-\3.6eV continuum emission or q-\3&eV 
transfer to another H to form extraordinarily hot, excited-state H and a hydrogen atom that is lower in energy than unreacted 
atomic hyd r ogen that co rr esponds to a f r actional p r incipal quantum number. — That is, in the fo r mula fo r the principal energy 
levels of the hydrogen atom: 

J7 e 2 13-598 eV 

E «=-—o = 2 C- 122 ) 

n v>ns o a H n 

« = 1,2,3,- (1.123) 

where a H is the Bohr radius for the hydrogen atom (52.947 pin), e is the magnitude of the charge of the electron, and s o is the 

vacuum permittivity, fractional quantum numbers: 

« = !.—.— .—..... — : jP<137 is an integer (1.124) 

2 3 4 p 

replace the well known parameter n = integer in the Rydberg equation for hydrogen excited states. Then, similar to an excited 

state having the analytical solution of Maxwell's equations given by Eq. (2.15), a hydrino atom also comprises an electron, a 

proton, and a photon as given by Eg. (5.27). However, the electric field of the latter increases the binding corresponding to 

desorption of energy rather than decreasing the central field with the absorption of energy as in an excited state, and the resultant 

photon-electron interaction of the hydrino is stable rather than radiative. 

The n = 1 state of hydrogen and the n = states of hydrogen are nonradiative, but a transition between two 

integer 

nonradiative states, say n = 1 to n = 1 / 2 , is possible via a nonradiative energy transfer. Hydrogen is a special case of the stable 

states given by Eqs. (1.122) and (1.124) wherein the corresponding radius of the hydrogen or hydrino atom is given by 

r = ^-, (1.125) 

—P— 

where p - 1, 2,3, ... . In order to conserve energy, energy must be transferred from the hydrogen atom to the catalyst in units of 

m -21. 2 eV,m = 1,2,3,4,-- (1.126) 
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and the radius transitions to 



-. The catalyst reactions involve two steps of energy release: a nonradiative energy transfer to 



the catalyst followed by additional energy release as the radius decreases to the corresponding stable final state, Thus, the 

general reaction is given by 



m-21.2 eV + Cat q+ + H 



-*Cat {q+r)+ +re-+H* 



+ m-21.2eV 



(m i p) 



+ [(p + mf -p 2 ]-\3.6 eV -m-21.2 eV 



(1.127) 



H' 



-+H 



(m + p) J \_(m + p) 

Cat {q+ry + re -> Cat q+ + m-21.2 eV 
And, the overall reaction is 



(1.128) 
(1.129) 



H 



P 



•H 



(m + p) 



+ [(p + m) 2 -p 2 ]-\3.6eV 



(1.130) 



q, r , m , and p are integers. H ' 



has the radius of the hydrogen atom (corresponding to 1 in the denominator) and a 



(m + p) 

central field equivalent to [m + p) times that of a proton, and H 
1 



(m + p) 



is the corresponding stable state with the radius of 

1 



that of H . As the electron undergoes radial acceleration from the radius of the hydrogen atom to a radius of 



[m + p) (m + p) 

this distance, energy is released as characteristic light emission or as third-body kinetic energy. The emission may be in the form 

,, , „ __ „ 91.2 



of an extreme-ultraviolet continuum radiation having an edge at [(p + m) - p -2m]-13.6 eV or 



tint and 



[(p + mY-p -2m] 

extending to longer wavelengths. In addition to radiation, a resonant kinetic energy transfer to form fast H may occur (See the 
Dipole-Dipole Coupling section). Subsequent excitation of these fast H(n = \) atoms by collisions with the background H 2 

followed by emission of the corresponding //"(« = 3) fast atoms gives rise to broadened Banner a emission. Alternatively, fast 

H is a direct product of H or hydrino serving as the catalyst or source of energy holes as given by Eqs. (5.60), (5.65), (5.70), and 
(5.83) wherein the acceptance of the resonant energy transfer regards the potential energy rather than the ionization energy. 
Conservation of energy gives a proton of the kinetic energy corresponding to one half the potential energy in the former case and 
a catalyst ion at essentially rest in the latter case. The H recombination radiation of the fast protons gives rise to broadened 
Balmer a emission that is disproportionate to the inventory of hot hydrogen consistent with the excess power balance [19-26]. 

As given in Disproportionation of Energy States section, hydrogen atoms H(\l p) p = 1,2,3, ...137 can undergo further 

transitions to lower-energy states given by Eqs. (1.122) and (1.124) wherein the transition of one atom is catalyzed by a second 
that resonantly and nonradiatively accepts m-21.2 eV with a concomitant opposite change in its potential energy. The overall 
general equation for the transition of H(\l p) to H Yl / [p + m)) induced by a resonance transfer of m-21.2 eV to H(\l p') 

given by Eq. (5.87) is represented by 



H(\l p') + H(\l />)-» H + H(\l(p + m)) + [2pm + m 2 - p' 2 + \\-\3.6 eV 



(1-131) 



Hydrogen atoms may serve as a catalyst wherein m = 1 , m-2, and m = 3 for one, two, and three atoms, respectively, acting as 
a catalyst for another. The rate for the two-atom-catalyst, 2H , may be high when extraordinarily fast H as reported previously 
[19-26] collides with a molecule to form the 2H wherein two atoms resonantly and nonradiatively accept 54.4 eV from a third 
hydrogen atom of the collision partners. By the same mechanism, the collision of two hot H 2 provide 3 H to serve as a catalyst 

of 3-27.2 eV for the fourth. The EUV continua at 22.8 nm and 10.1 nm, extraordinary (>100 eV) Balmer a line broadening, 
highly excited H states, the product gas H 2 (l / 4) , and large energy release is observed consistent with predictions [19-31]. 

The catalyst product, H(\l p), may also react with an electron to form a hydrino hydride ion H(\lp), or two 

H(\l p) may react to form the corresponding molecular hydrino H 2 (\l p) . Specifically, the catalyst product, H(\l p) , may 

also react with an electron to form a novel hydride ion H~ (l / p) with a binding energy E B (Eq. (7.74)) derived in the Hydrino 

Hydride Ion section: 
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ti 2 ^s(s+T) Kju e 2 ti 2 



E„=- 



P 



1 + V^ + l) 
P 



(1.132) 



8/4«o 



where p = integer > 1 , s - 112, h is Planck's constant bar, ju is the permeability of vacuum, m e is the mass of the electron, n e 



is the reduced electron mass given by ju e 



where m is the mass of the proton, a is the Bohr radius, and the ionic 



-m„ 



radius is r l =—il + ^Js{s + i)\ (Eq. (7.73)). From Eq. (1.132), the calculated ionization energy of the hydride ion is 

0.75418 eV , and the experimental value given by Lykke [74] is 6082.99±0.15 cm' 1 (0.75418 eV). The binding energies of 
hydrino hydride ions were confirmed by XPS [28-33 J. 

Upfield-shifted NMR peaks are direct evidence of the existence of lower-energy state hydrogen with a reduced radius 
relative to ordinary hydride ion and having an increase in diamagnetic shielding of the proton. The shift is given by the sum of 
that of an ordinary hydride ion H~ and a component due to the lower -energy state (Eq. (7.88)): 
AS, e 1 



~K 



-(\ + alxp) = -{29. 9 + \.'ilp)ppm 



(1.133) 



B ° 12m e aJl + yjs(s + l)\ 

where for Hp = and p = integer > 1 for H~ (l / p) and a is the fine structure constant. The predicted peaks were observed 

by solid and liquid proton NMR [19-34]. 

H(\l p) may react with a proton and two H(\l p) may react to form H 2 (l/ p) + and H 2 (\l p), respectively. The 

hydrogen molecular ion and molecular charge and current density functions, bond distances, and energies were solved in the 
Nature of the Chemical Bond of Hydrog e n-Type Mol e cul e s and Mol e cular Ions section from the Laplacian in ellipsoidal 
coordinates with the constraint of nonradiation. 



<*-fn#c*f + (f-«^£)*«-,*£c*f,-. 



(1.134) 



Th e total energy E T of the hydrogen molecular ion having a central field of + pe at each focus of th e prolate spheroid mol e cular 
orbital is (Eqs. (11.192-11.193)) 



2e l 



Ans„ \ 2 a u 



2h\ 



~P i 



8xe o a H 



(41n3-l-21n3) 



\ + p< 



-/16.13392 eF-/0.118755 eV 



(1.135) 



pe 



pe 



47TE: 



2a n 



&71H„ 



3a„ 



1 



P ) 



[ P j 



.2 | ju 

where p is an integer, c is the speed of light in vacuum, and /n is the reduced nuclear mass. The total energy of the hydrogen 
mol e cul e having a c e ntral fi e ld of +pe at e ach focus of th e prolat e sph e roid mol e cular orbital is (Eqs. (1 1.240-1 1.241)) 
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= -p 2 31.351 eV-p 3 0.326469 eV 
The bond dissociation energy, E D , of the hydrogen molecule H 2 (\l p) is the difference between the total energy of the 
corresponding hydrogen atoms and E T 



E D =E(2H(l/p))-E T 

where [75] 

E(2H(l/p)) = -p 2 27.20eV 

E D is given by Eqs. (I.137-I.138) and (1.136): 



(1.137) 
(1.138) 



= -p'21.2QeV-E T 

= -p 2 21.20 eV-(-p 2 3l.35\ eV - /0.326469 eV) 

= p 2 4 .\5lcV i p 3 0.326 4 69cF 



(1.139) 



The NMR of catalysis-product gas provides a definitive test of the theoretically predicted chemical shift of II 2 (l / 4) . In 

general, the l H NMR resonance of H 2 (\l p) is predicted to be upfield from that of H 2 due to the fractional radius in elliptic 

AD 

coordinates wherein the electrons are significantly closer to the nuclei. The predicted shift, — - , for H 2 (l / p) is given by the 



B 



sum of that of H 2 and a term that depends on p = integer > 1 for H 2 (1 / p j (Eq. (11 .433)): 



AB T 
B 



-Mo 



4->/21n 



^ + 1 
>/2-l 



36a„ OT_ 



-(1 + Trap) 



(1.140) 



-A&, 



i±r = -(28.01 + 0. 64 p)ppm 



(1.141) 



where for H 2 p = 0. The experimental absolute H 2 gas-phase resonance shift of -28.0 ppm [75-79] is in excellent agreement 

with the predicted absolute gas-phase shift of -28.01 ppm (Eq. (1.141)). The predicted NMR peak for the favored product 
H 2 (1 / 4) was observed by solid and liquid NMR including on cryogenically collected gas from plasmas showing the predicted 

continuum radiation and fast H [26]. 

The vibrational energies, E M , for the v = to v = l transition of hydrogen-type molecules H 2 (\l p) are (Eq. (11.223)) 



£•„,., = p 2 0.515902 eV 



(1.142) 



where p is an integer and the experimental vibrational energy for the v = to v = 1 transition of H 2 , E H (u=0 ^ u= a , is given by 

Beutler [80] and Herzberg [81]. 
The rotational energies, E mt , for the J to J + \ transition of hydrogen-type molecules H 2 (\l p) are (Eq. (12.74)) 

£„,=£ J+1 -£ / =y[y + l] = p 2 (j + l)0.01509eF (1.143) 

where p is an integer, I is the moment of inertia, and the experimental rotational energy for the J = to J = 1 transition of H 2 
is given by Atkins [82]. Ro-vibrational emission of H 2 (1/4) was observed on e-beam excited molecules in gases and trapped 

in solid matrix [30]. 

The p 2 dependence of the rotational energies results from an inverse p dependence of the internuclear distance and the 
corresponding impact on the moment of inertia I. The predicted internuclear distance 2c' for 7/ 2 (!//>) is 
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2c'-. 



a n 4l 



-!>- 



(1.144) 



The calculated and experimental parameters of H 2 , D 2 , H 2 , and D 2 from the Chemical Bond of Hydrogen-Type Molecules 
section are given in Table 1.2. 



Table 1.2. The Maxwellian closed- form calculated and experimental parameters of H 2 , D 2 . H 2 and Z) : + . 



Farameter 



H 2 Bond Energy 
D 2 Bond Energy 
H 2 Bond Energy 



Calculated 



bxpenmental 



4.478 eV 
4.556 eV 
2.654 eV 



4.478 eV 
4.556 eV 
2.651 eV 



U 2 Bond Energy 
H 2 Total Energy 
D 2 Total Energy 
H 2 Ionization Energy 



2.696 eV 
31.677 eV 
31.760 eV 
15.425 eV 



2.691 eV 
31.675 eV 
31.760 eV 
15.426 eV 



D 2 Ionization Energy 
H 2 Ionization Energy 
D 2 Ionization Energy 
H 2 Magnetic Moment 



15.463 eV 

16.253 eV 

16.299 eV 

9.274 XW 2A JT l (M B ) 



15.466 eV 
16.250 eV 
16.294 eV 



9.274X10" 2 Vr 



-tat- 



Absolute H 2 Gas-Phase 
NMR Shift 



H, Internuclear Distance 



-28.0 ppm 
0.748 A 
V2a,i — 



-28.0 ppm 



0.741 A 



.7 48 A 



D, Internuclear Distance 



H-, Internuclear Distance 



v2a 

1.058 A 

2a n 



0.741 A 



1.06 A 



Dl Internuclear Distance 



H 2 Vibrational Energy 
D 2 Vibrational Energy 



1.058, 



1.0559 A 

0.516 eV 

0.371 eV 

121.33 cm' 1 



2a 

0.517 eV 

0.371 eV 

120.4 cm' 1 



H 2 Vibrational Energy 
D 2 Vibrational Energy 



60.93 cm' 1 
0.270 eV 
0.193 eV 



61.82 cm 
0.271 eV 
0.196 eV 



H 2 J-l lo J-0 Rotational Energy — 
D 2 J=l to J=0 Rotational Energy 
H 2 J=l to J=0 Rotational Energy 
D 2 J=l to J=0 Rotational Energy 



0.01 4 8 o V 



0.01509 e V 



0.00741 eV 
0.00740 eV 
0.00370 eV 



0.00755 eV 
0.00739 eV 
0.003723 eV 



Not corrected for the slight reduction in internuclear distance due to E 
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CATALYSTS 

He* Ar\ S r\ 



T.j ; K , and NaH are predicted to serve as catalysts since they meet the catalyst criterion — a chemical or 



physical process with an enthalpy change equal to an integer multiple of the potential energy of atomic hydrogen, 27.2 eV . 
Specifically, a catalytic system is provided by the ionization of t electrons from an atom each to a continuum energy level such 
that the sum of the ionization energies of the t electrons is approximately m-27.2 eV where m is an integer. One such catalytic 



system involves lithium atoms. The first and second ionization energies of lithium are 5.391/2 e^ and 75.641)18 eV , 
respectively [75]. The double ionization (t = 2) reaction of Li to Li 1 * then, has a net enthalpy of reaction of 81.0319 eV , 
which is equivalent to 3-27.2 eV . 



8im\9eV + Li(m) + H 



>Li 2+ +2e~+H 



+ [Cp + 3) 2 -j7 2 ]-13.6eF 



-0445)- 



(p + 3) 



Li 2+ +2e -»Zz(»i) + 81.0319 eV 
And, the overall reaction is 



(1.146) 



-[(p + 3>f-p 2 ]-13.6eV 



H 






• H 



<P+^. 



(1.147) 



where m = 3 in Eq. (1.126). The energy given off during catalysis is much greater than the energy lost to the catalyst. The 
energy released is large as compared to conventional chemical reactions. For example, when hydrogen and oxygen gases 
undergo combustion to form water 



H 1 (8) + \o i (8)^H 1 Oil) 
the known enthalpy of formation of water is AH, 



(1.148) 
-286 kJ I mole or 1.48 eV per hydrogen atom. By contrast, each (n = 1) 



ordinary hydrogen atom undergoing a catalysis step ton—— releases a net of 4 0.8 eV . Moreover, further catalytic transitions 

may occur: n= >—, > — , >—, and so on. Once catalysis begins, hydrinos autocatalyze further in a process called 

disproportionation discussed in the Disproportionation of Energy States section. 

Certain molecules may also serve to affect transitions of H to tbrm hydrinos. in general, a compound comprising 
hydrogen such as MH , where M is an element other than hydrogen, serves as a source of hydrogen and a source of catalyst. A 
catalytic reaction is provided by the breakage of the M -H bond plus the ionization of t electrons from the atom M each to a 
continuum energy level such that the sum of the bond energy and ionization energies of the t electrons is approximately 
m • 27.2 eV ; where m is an integer. One such catalytic system involves sodium hydride. The bond energy of NaH is 

1.9245 eV [83], and the first and second ionization energies of Na are 5.13908 eV and 47.2864 eV , respectively [75]. Based 
on these energies NaH molecule can serve as a catalyst and H source , since the bond energy of NaH plus the double 



ionization ( t = 2 ) of Na to Na 2+ is 5 4 .35 c) 7 (2-27.2 eV). The concerted catalyst reactions are given by 



54.35 eV + NaH ->■ Na 2+ +2e~+H 



-[3 2 -l 2 ]-13.6eF 



(1.149) 



Na z+ +2e+H-> NaH + 54.35 eV 



(1.150) 



And, the overall reaction is 



H^H 



3 



+ [3 2 -l 2 ]-13.6eF 



(1.151) 



With m = 2, the product of catalyst JNaH is H(ll'S) that reacts rapidly to form //('I/ 4), then molecular hydnno, 
H 2 (l / 4) , as a preferred state. Specifically, in the case of a high hydrogen atom concentration, the further transition given by 
Eq. (1.131) of #(1/3) (p = 3)to H(l/4) (p + m = 4) with H as the catalyst ( p ' = 1 ; m = 1 ) can be fast: 
ff(l/3) H ) //(l/ 4 ) + 95.2eF (1.152) 



The corresponding molecular hydrino # 2 (l/4) and hydrino hydride ion H (1/4) are preferred final products [26-34] 
consistent with observation since the p = 4 quantum state has a multipolarity greater than that of a quadrupole giving 7/(1/4) a 



long theoretical lifetime [26-30] for further catalysis. 



Helium ions can serve as a catalyst because the second ionization energy of helium is 54.417 eV , which is equivalent to 
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2-27.2 eV . In this case, 54.417 eV is transferred nonradiatively from atomic hydrogen to He* which is resonantly ionized. 
The electron decays to the « = l/3 state with the further release of 54.417 eV as given in Eq. (1.154). The catalysis reaction is 



5 4 . 4 17 cV i Hc + i H[a H ] > Hc 2+ i c i H* 



i 5 4 . 4 eV 



(1-153) 



H* 



3 



-*H 



■54AeV 



(1.154) 



/fe 2+ +e"->/fe + +54.417 eF 

And, the overall reaction is 
a 



H[a H ]^>H 



3 



+ 54.4 eV + 54.4 eF 



(1.155) 
(1.156) 



wh e r e in H* 



has th e radius of th e hydrog e n atom and a c e ntral fi e ld e quival e nt to 3 tim e s that of a proton and H 



3 J L 3 
the corresponding stable state with the radius of 1/3 that of H. As the electron undergoes radial acceleration from the radius of 
the hydrogen atom to a radius of 1/3 this distance, energy is released as characteristic light emission or as third-body kinetic 
energy. Characteristic continuum emission starting at 22.8 nm ( 54.4 eV ) and continuing to longer wavelengths was observed as 
predicted for this transition reaction as the ene r getic hydrino inte r mediate decays. — The emission has been observed by EUV 
spectroscopy recorded on pulsed discharges of helium with hydrogen [26]. Alternatively, a resonant kinetic energy transfer to 
form fast H may occur consistent with the observation of extraordinary Balmer a line broadening corresponding to high- 
kinetic energy H [19-26], 

Hydrogen and hydrinos may serves as catalysts. As given in the Disproportionation of Energy States section hydrogen 

atoms H{\l p) p- 1,2,3, ...137 can undergo transitions to lower-energy states given by Eqs. (1.122) and (1.124) wherein the 

transition of one atom is catalyzed by a second that resonantly and nonradiatively accepts m-212 eV with a concomitant 
opposite change in its potential energy. The overall general equation for the transition of H (l / p) to H (l / ( m i p)) induced by 

a resonance transfer of m-212 eV to H(\l p') is represented by Eq. (1.131). Thus, hydrogen atoms may serve as a catalyst 

wherein m = 1 , m = 2, and m = 3 for one, two, and three atoms, respectively, acting as a catalyst for another. The rate for the 

two- or three-atom-catalyst case would be appreciable only when the H density is high. But, high H densities are not 

uncommon. A high hydrogen atom concentration permissive of 2H or 3H serving as the energy acceptor for a third or fourth 

may be achieved under several circumstances such as on the surface of the Sun and stars due to the temperature and gravity 

driven density, on metal surfaces that support multiple monolayers, and in highly dissociated plasmas, especially pinched 

hydrogen plasmas. Additionally, a thre e -body II int e raction is e asily achiev e d when two // atoms aris e with the collision of a 
hot H with H 2 . This event can commonly occur in plasmas having a large population of extraordinarily fast H as reported 

previously [19-26]. This is evidenced by the unusual intensity of atomic H emission. In such cases, energy transfer can occur 
from a hydrogen atom to two others within sufficient proximity, being typically a few angstroms as given in the Dipole-Dipole 
Coupling section. Then, the reaction between three hydrogen atoms whereby two atoms resonantly and nonradiatively accept 
54.4 eV from the third hydrogen atom such that 2H serves as the catalyst is given by 

a„ 



54.4 eV + 2H + H^> 2H) ast +2e+H* 



+ 54.4 eV 



-H^ 



-*# 



i 5 4 . 4 cV 



(1.157) 



(1.158) 



2H* fast + 2e~ -^2H + 54.4 eV 
And, the overall reaction is 



(1.159) 



H^H 



Since the H * 



+ [3 2 -l 2 ]-13.6eF 



(1.160) 



-3- 



intermediate of Eq. (1.158) is equivalent to that of Eq. (1.154), the continuum emission is predicted to be the 



same as that with IIe + as the catalyst. The energy transfer to two II causes pum p ing of the catalyst excited states, and fast II 
is produced directly as given by Eqs. (1. 157-1. 160) and by resonant kinetic energy transfer as in the case of He + as the catalyst. 
The 22.8 nm continuum radiation, pumping of H excited states, and fast H were also observed with hydrogen plasmas wherein 
2H served as the catalyst [26-27]. 
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The predicted product of both of the helium ion and 2H catalyst reactions given by Eqs. (I.153-I.156) and Eqs. (1.157- 
1.160), respectively, is H (1/3), In the case of a high hydrogen atom concentration, the further transition given by Eg. (1.131) of 

7/(1/3) (/> = 3) to 7/(1/4) (p + m = 4) with H as the catalyst (/>' = !; m = \) can be fast as given by Eg. (1.152). A 



secondary continuum band is predicted arising from the subseguently rapid transition of the He + catalysis product 



(Egs. 



(I.153-I.156))tothe 



state wherein atomic hydrogen accepts 27.2 eV from 



. This 30.4 nm continuum was observed, 



as well. Similarly, when Ar + served as the catalyst, its predicted 91.2 nm and 45.6 nm continua were observed. The predicted 
fast H was observed as well. Additionally, the predicted product H 2 (1 / 4) was isolated from both He* and 2H catalyst 
reactions and identified by NMR at its predicted chemical shift given by Eg. (1.141). 



In another if -atom catalyst reaction involving a direct transition to 



state, two hot H 2 molecules collide and 



dissociate such that three H atoms serve as a catalyst of 3-27.2 eV for the fourth. Then, the reaction between four hydrogen 
atoms whereby three atoms resonantly and nonradiatively accept 81.6 eV from the fourth hydrogen atom such that 3H serves 
as the catalyst is given by 



%\.6eV + 3H + H^3H++3e+H* 



-H^ 



-^Hr 



fast 



1 122. 4 eV 



+ 81.6 eV 



(1.161) 



(1-162) 



3H + fasl +3e- -> 3/7 + 81.6 eV 
And, th e ov e rall r e action is 



(1.163) 



-Or, 



H^H 



+ [4 2 -T]-13.6eF 



The extreme-ultraviolet continuum radiation band due to the H * 



(1.164) 
intermediate of Eg. (1.161) is predicted to have short 



wavelength cutoff at 122.4 eV (10.1 nm) and extend to longer wavelengths. This continuum band was confirmed 



experimentally [27]. In general, the transition of H to H 



p = m + \ 



due by the acceptance of m-27.2 eV gives a continuum 



band with a short wavelength cutoff and energy E, 



given by 



p=m+l 



p=m+l 



= m 2 -\3.6eV 



(1.165) 



-VTT 



1 



p=m+l_ 



(1.166) 



and extending to longer wavelengths than the corresponding cutoff. Considering the 91.2 nm continuum shown in Figures 17 
and 31 of Ref. [35] and the results shown in Figures 3 - 8 of Ref. [27], hydrogen may emit the series of 10.1 nm, 22.8 nm, and 
91.2 nm continua. 



DATA 

The data from a broad spectrum of investigational techniques strongly and consistently indicates that hydrogen can exist in 
lower-energy states than previously thought possible and support the existence of these states called hydrino, for "small 
hydrogen", and the corresponding hydride ions and molecular hydrino. Some of these prior related studies supporting the 
possibility of a novel reaction of atomic hydrogen, which produces hydrogen in fractional guantum states that are at lower 
energies than the traditional "ground" ( n = 1 ) state, include extreme ultraviolet (EUV) spectroscopy, characteristic emission from 
catalysts and the hydride ion products, lower-energy hydrogen emission, chemically-formed plasmas, Balmer a line 
broadening, population inversion of H lines, elevated electron temperature, anomalous plasma afterglow duration, power 
generation, and analysis of novel chemical compounds and molecular hydrino [19 -44 ]. 
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The existence of hydrinos confirmed by multiple complementary methods demonstrates the potential for a new energy 
source. Hydrogen atoms may serve as a catalyst wherein m - 1 , m - 2, and m - 3 for one, two, and three atoms, respectively, 
acting as a catalyst for another. The rate for the two-atom-catalyst, 277 , may be high when extraordinarily fast II as report e d 
previously [19-26] collides with a molecule to form the 2H wherein two atoms resonantly and nonradiatively accept 54.4 eV 
from a third hydrogen atom of the collision partners. By the same mechanism, the collision of two hot 77 2 provide 3 if to serve 

as a catalyst of 3-27.2 eV for the fourth. The EUV continua at 91.2 nm, 22.8 nm and 10.1 nm, extraordinary (>50 eV) Balmer 
a line broadening, highly excited catalyst states, and the product gas 77 2 (l / 4) were observed as predicted [26-27 J. 



'2 ' 

Gases from the pulsed-plasma cells showing continuum radiation were collected and dissolved in CDCl 3 . Molecular 

hydrino H 2 (l / 4) was observed by solution NMR at the predicted chemical shift of 1 .25 ppm on these as well as gases collected 

from multiple plasma sources including helium-hydrogen, water-vapor-assisted hydrogen, hydrogen, and so-called rt-plasmas 
involving an incandescently heated mixture of strontium, argon, and hydrogen [26J. These results are in good agreement with 

prior results on synthetic reactions to form hydrino compounds comprising hydrinos. The l H MAS NMR value of 1.13 ppm 
observed for H 2 (l/4) in solid NaH* F corresponded to the solution value of 1.2 ppm and that of gases from plasma cells 

having a catalyst. The corresponding hydrino hydride ion 77 ~ (1 / 4) was observed from solid compounds at the predicted shift 
of -3. 86 ppm in solution NMR and its ionization energy was confirmed at the predicted energy of 11 eV by X-ray photoelectron 
spectroscopy [28-34]. 77 2 (l/4) and 77(1/ 4) were also confirmed as the products of hydrino catalytic systems that released 
multiples of the maximum energy possible based on known chemistries; moreover, reactants systems were developed and shown 
to be thermally regenerative that are competitive as a new power source. 

Specifically, in recent power generation and product characterization studies [30], atomic lithium and molecular NaH 
served as catalysts since they meet the catalyst criterion — a chemical or physical process with an enthalpy change equal to an 
integer multiple m of the potential energy of atomic hydrogen, 27.2 eV (e.g. m = 3 for Li and m = 2 for NaH ). Specific 
predictions based on closed-form equations for energy levels of the corresponding hydrino hydride ions H~ (1/ 4 ) of novel alkali 

halido hydrino hydride compounds {MH*X; M = Li or Na, X - halicle) and molecular hydrino 77 2 (l/4) were tested using 
chemically generated catalysis reactants. 

First, Li catalyst was tested. Li and LiNH 2 were used as a source of atomic lithium and hydrogen atoms. Using 

water-flow, batch calorimetry, the measured power from lg Li , 0.5g LiNH 2 , lOg LiBr , and 15g Pd I Al 2 G 3 was about 160W 

with an energy balance of A77 = — iy.1 kJ . The observed energy balance was 4.4 times the maximum theoretical based on 
known chemistry. Next, Raney nickel (R-Ni) served as a dissociator when the power reaction mixture was used in chemical 
synthesis wherein LiBr acted as a getter of the catalysis product 77(1/4) to form LiH* X as well as to trap 77 2 (1/4) in the 

crystal. The Tof-'-SIMs showed LiH * X peaks. The '77 MAS NMR LiH* Br and LiH* I showed a large distinct uptield 
resonance at about -2.5 ppm that matched H ~{\l 4) in a LiX matrix. An NMR peak at 1.13 ppm matched interstitial 

77 2 (l/4), and the rotation frequency of 77 2 (l/4) of 4 2 times that of ordinary 77 2 was observed at 1989 cm' in the FTIR 

spectrum. The XPS spectrum recorded on the LiH* Br crystals showed peaks at about 9.5 eV and 12.3 eV that could not be 
assigned to any known elements based on the absence of any other primary element peaks, but matched the binding energy of 
77" (1/4) in two chemical environments. A further signature of the energetic process was the observation of the formation of a 

plasma called a resonant transfer- or rt-plasma at low temperatures (e.g. « 10 3 K) and very low field strengths of about 1-2 V/cm 
when atomic Li was present with atomic hydrogen. Time-dependent line broadening of the 77 Balmer a line was observed 
corresponding to extraordinarily fast 77 (>4U eV). 

NaH — uniquely achieves high kinetics since the catalyst reaction relies on the release of the intrinsic 77, which 

concomitantly undergoes the transition to form 77(1/3) that further reacts to form 77(1/4). High-temperature differential 

scanning calorimetry (DSC) was performed on ionic NaH under a helium atmosphere at an extremely slow temperature ramp 
rate (0.1°C/min) to increase the amount of molecular Nail formation. A novel exoth e rmic effect of -177 kJ I moleNall was 
observed in the t e mperature range of 640°C to 825°C. To achieve high pow e r, R-Ni having a surface area of about 100 ro 2 / g 
was surface-coated with NaOH and reacted with Na metal to form NaH . Using water-flow, batch calorimetry, the measured 
power from 15g of R-Ni was about 0.5 kW with an energy balance of A77 = -36 kJ compared to A77 &Q)kJ from the R-Ni 
starting material. R-NiAl alloy, when reacted with Na metal. The observed energy balance of the NaH reaction was 
-1.6X10 4 kJ I mole H 2 . over 66 times the -241.8 kJ I mole H 2 enthalpy of combustion. With an increase in NaOH doping to 

0.5 wt%, the Al of the R-Ni intermetallic served to replace Na metal as a reductant to generate NaH catalyst. When heated to 
60°C, 15g of the composite catalyst material required no additive to release 11.7 kJ of excess energy and develop a power of 
0.25 kW. The energy scaled linearly and the power increased nonlinearly wherein the reaction of 1 kg 0.5 wt% NaOH -doped 



©2010 BlackLight Power, Inc. All rights reserved. 



Introduction 41 

R-Ni liberated 753.1 kJ of energy to develop a power in excess of 50 kW. Solution NMR on product gases dissolved in DMF-d7 
showed H 2 (1/4) at 1,2 ppm, 

The ToF-SIMs showed sodium hydrino hydride, NaH^ , peaks. The l H MAS NMR spectra of NaH*Br and NaH*Cl 

showed large distinct upfield resonance at -3.6 ppm and -4 ppm, respectively, that matched H~ (1/4) , and an NMR peak at 1.1 
ppm matched H 2 (1/4) . NaH*Cl from reaction of NaCl and the solid acid KHSO A as the only source of hydrogen comprised 
two fractional hydrogen states. The H~ (1/4) NMR peak was observed at -3.97 ppm, and the H~ (1/3) peak was also present 
at -3.15 ppm. The corresponding H 2 (\I4) and 7/ 2 (l/3) peaks were observed at 1.15 ppm and 1.7 ppm, respectively. 1 H 
NMR of NaH*F dissolved in DMF-d7 showed isolated H 2 (l/4) and //~(l/4) at 1.2 ppm and -3.86 ppm, respectively, 
wherein the absence of any solid matrix effect or the possibility of alternative assignments confirmed the solid NMR 
assignments. The XPS spectrum recorded on NaH* Br showed the H~ (l/4) peaks at about 9.5 eV and 12.3 eV that matched 
the results from LiH*Br and KH*I; whereas, sodium hydrino hydride showed two fractional hydrogen states additionally 
having the H~ (1/3) XPS peak at 6 eV in the absence of a halide peak. The predicted rotational transitions having energies of 

4 9 times those of ordinary H 2 were also observed from H 2 (1/4) which was excited using a 12.5 keV electron beam. 



~~ Having met or exceeded existing performance characteristics, a cost effective regeneration chemistry was sought to 

establish commercial competitiveness of the hydrino-based power source [28]. In an advancement over prior NaOH -doped 
Raney Ni power systems, solid fuel or heterogeneous-catalyst systems were developed wherein the reactants of each can be 
regenerated from the products using commercial chemical-plant systems performing molten eutectic-salt electrolysis and thermal 
regeneration with a net energy gain from the chemical cycle. Catalyst systems reported previously [29] comprised (i) a catalyst 
or source of catalyst and a source of hydrogen from the group of LiH , KH , and NaH , (ii) an oxidant from the group of NiBr 2 , 
Mnl 2 , AgCl , EuBr 2 , SF 6 , S , CF 4 , NF 3 , LiNO^ , M 2 S 2 & with Ag , and P 2 5 , (iii) a reductant from the group of Mg powder, 
or MgH 2 , Al powder, or aluminum nano-powder (Al NP), Sr , and Ca , and (iv) a support from the group of AC, TiC, and 
YC2. The typical metallic form of Li and K were converted to the atomic form and the ionic form of NaH was converted to 
the molecular form by using support such as an activated carbon (AC) having a surface area of 900 m L I g to disperse Li and K 
atoms and NaH molecules, respectively. The reaction step of a nonradiative energy transfer of an integer multiple of 27.2 eV 
from atomic hydrogen to the catalyst results in ionized catalyst and free electrons that causes the reaction to rapidly cease due to 
charge accumulation. The support also acted as a conductive electron acc e ptor of electrons released from the catalyst reaction to 
form hydrinos. — Each reaction mixture further comprised an oxidant to serve as scavenger of electrons from the conductive 
support and a final electron-acceptor reactant as well as a weak reductant to assist the oxidant's function. In some cases, the 
concerted electron-acceptor (oxidation) reaction was also very exothermic to heat the reactants and enhance the rates to produce 
power or hydrino compounds. The energy balances of the heterogeneous catalyst systems were measured by absolute water- 
flow calorimetry, and the hydrino products were characterized by l H NMR, ToF-SIMs, and XPS. The heat was also recorded 
on a 10-fold scale-up reaction. The measured power and energy gain from these heterogeneous catalyst systems were up to 
10 W /cm 3 (reacEmt volume) and a factor of over six times the maximum theoretical, respectively. The reaction scaled linearly to 580 
kJ that developed a power of about 30 kW. Solution l H NMR on samples extracted from the reaction products in DMF-d7 
showed the predicted H 2 (l/4) and H(l/4) at 1.2 ppm and -3.8 ppm, respectively. ToF-SIMs showed sodium hydrino 
hydride peaks such as NaH x , peaks with NaH catalyst, and the predicted 1 1 eV binding energy of H~ (l / 4) was observed by 
XPS. 

The findings on the reaction mechanism of hydrino formation were applied to the development of a thermally reversible 
chemistry as a new commercial-capable power source [28]. Each fuel system comprised a thermally-reversible reaction mixture 
of a catalyst or source of catalyst and a source of hydrogen (KH or NaH), a high-surface-area conductive support (TiC, TiCN, 
Ti 3 SiC 2 , WC, YC 2 , Pd/C, carbon black (CB), and LiCl reduced to Li), and optionally a reductant (Mg, Ca, or Li). Additionally, 
two systems comprised an alkaline earth or alkali halide oxidant, or the carbon support comprised the oxidant. The reactions to 
propagate hydrino formation were oxidation-reduction reactions involving hydride-halide exchange, hydride exchange, or physi- 
dispersion. The forward reaction was spontaneous at reaction conditions, but it was shown by using product chemicals that the 
equilibrium could be shifted from predominantly the products to the reverse direction by dynamically removing the volatile 
reverse-reaction product, the alkali metal. The isolated reverse-reaction products can be further reacted to form the initial 
reactants to be combined to form the initial reaction mixture. The thermal cycle of reactants to products thermally reversed to 
reactants is energy neutral, and the thermal losses and energy to replace hydrogen converted to hydrinos are small compared to 
the large energy released in forming hydrinos. Typical parameters measured by absolute water-flow calorimetry were 2-5 times 
energy gain relative to regeneration chemistry, 7 Wc»T J , and 300-400 kJ/mole oxidant. The predicted molecular hydrino and 
hydrino hydride products H 2 (l / 4) and H ~ (l / 4) corresponding to 50 MJ/mole H 2 consumed were confirmed by the solution 

l H NMR peak at 1.2 ppm and XPS peak at 1 1 eV, respectively. Product regeneration in the temperature range of 550-750°C 
showed that the cell operation temperature was sufficient to maintain the regeneration temperature of cells in the corresponding 
phase of the power-regeneration cycle wherein the forward and reverse reaction times were comparable. The results indicate 



©2010 BlackLight Power, Inc. All rights reserved. 



42 Introduction 

that continuous generation of power liberated by forming hydrinos is commercially feasible using simplistic and efficient 
systems that concurrently maintain regeneration as part of the thermal energy balance [84-85]. The system is closed except that 
only hydrogen consumed in forming hydrinos needs to be replaced. Hydrogen to ±6rm hydrinos can be obtained ultimately from 
the electrolysis of water with 200 limes the energy release relative to combustion. 



In recent spectroscopy studies [26], atomic catalytic systems involving helium ions and two H atoms were used. The 
second ionization energy of helium is 54.4 eV; thus, the ionization reaction of He* to He 2+ has a net enthalpy of reaction of 
54.4 eV which is equivalent to 2 • 27.2 eV . Furthermore, the potential energy of atomic hydrogen is 27.2 eV such that two H 
atoms formed from H 7 by collision with a third, hot H can also act as a catalyst for this third H to cause the same transition as 

He* as the catalyst. The energy transfer is predicted to pump the He ion energy levels and increase the electron excitation 
temperature of H in helium-hydrogen and hydrogen plasmas, respectively. Following the energy transfer to the catalyst, the 
radius of the H atom is predicted to decrease as the electron undergoes radial acceleration to a stable state having a radius that is 
1/3 the radius of the uncatalyzed hydrogen atom with the further release of 54.4 eV of energy. This energy may be emitted as a 
characteristic EUV continuum with a cutoff at 22.8 nm and extending to longer wavelengths, or as third-body kinetic energy 
wherein a resonant kinetic-energy transfer to form fast H occurs. Subsequent excitation of these fast H(n=l) atoms by 

collisions with the background species followed by emission of the corresponding H(n = 3) fast atoms is predicted to give rise 

to broadened Balmer a emission. The product //(1/3) reacts rapidly to form //(l/4) , then molecular hydrino, H 2 (1/4) , as a 

preferred state. Extreme ultraviolet (EUV) spectroscopy and high-resolution visible spectroscopy were recorded on microwave 
plasmas, glow discharge, and pulsed discharges of helium with hydrogen and hydrogen alone. Pumping of the He + ion lines 
occurred with the addition of hydrogen, and the excitation temperature of hydrogen plasmas under certain conditions was very 
high. Furthermore, for both plasmas providing catalysts He* and 2H , respectively, the EUV continuum and extraordinary (>50 
eV) Balmer a line broadening were observed. H 2 (1/4) was observed by solution NMR at 1.25 ppm on gases collected from 
helium-hydrogen and water-vapor-assisted hydrogen plasmas and dissolved in CDCl 3 . The experimental confirmation of all 
four of these predictions for transitions of atomic hydrogen to form hydrinos was achieved. 

Additional EUV studies [27] showed the 22.8 nm continuum band in pure hydrogen discharges and an additional 
continuum band from the decay of the intermediate corresponding to the hydrino state H(l/4) by using different electrode 
materials that maintain a high voltage, optically-thin plasma during the short pulse discharge. Since the potential energy of 
atomic hydrogen is 27.2 eV two H atoms formed from H 2 by collision with a third, hot H can act as a catalyst for this third 
H by accepting 2-27.2 eV from it. By the same mechanism, the collision of two hot H 7 provide 3 H to serve as a catalyst of 
3-27.2 eV for the fourth. Following the energy transfer to the catalyst an intermediate is formed having the radius of the H 
atom and a central field of 3 and 4 times the central field of a proton, respectively, due to the contribution of the photon of each 
intermedia t e. The radius is predic t ed to decrease as t he elec t ron undergoes radial accelera t ion t o a s t able state having a radius 
that is 1 /3 ( m = 2 ) or 1 /4 ( m = 3 ) the radius of the uncatalyzed hydrogen atom with the further release of 54 .4 e V and 122 .4 eV 
of energy, respectively. This energy emitted as a characteristic EUV continuum with a cutoff at 22.8 nm and 10.1 nm, 
respectively, was observed from pulsed hydrogen discharges. Considering the 91.2 nm continuum shown in Figures 17 and 31 
of Ref. [35] and the results shown in Figures 3-8 of Ref. [27], hydrogen may emit the series of 10.1 nm, 22.8 nm, and 91.2 nm 
continua. 

The continua spectra directly and indirectly match significant celestial observations. Hydrogen self-catalysis and 
disproportionation may be reactions occurring ubiquitously in celestial objects and interstellar medium comprising atomic 
hydrogen. Stars are sources of atomic hydrogen and hydrinos as stellar wind for interstellar reactions wherein very dense stellar 
atomic hydrogen and singly ionized helium, He* , serve as catalysts in stars. Hydrogen continua from transitions to form 
hydrinos matches the emission from white dwarfs, provides a possible mechanism of linking the temperature and density 
conditions of the different discrete layers of the coronal/chromospheric sources, and provides a source of the diffuse ubiquitous 
EUV cosmic background with a 10.1 nm continuum matching the observed intense 1 1.0-16.0 nm band in addition to resolving 
the identity of the radiation source behind the observation that diffuse H a emission is ubiquitous throughout the Galaxy and 
widespread sources of flux shortward of 912 A are required. Moreover, the product hydrinos provides resolution to the identity 
of dark matter [26-27]. 
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OUTLINE OF THE RESULTS OF THE UNIFIED THEORY DERIVED FROM 
FIRST PRINCIPLES 

To overcome the limitations of quantum mechanics (QM), physical laws that are exact on all scales are sought. Rather than 
engendering the electron with a wave nature, as suggested by the Davisson-Germer experiment and fabricating a set of 
associated postulates and mathematical rules for wave operators, a new theory is derived from first principles. 



FOUNDATIONS 



• Start with first principles 

Conservation of mass-energy 

Conservation of linear and angular momentum 

Maxwell's Equations 

Newton's Laws 
- Lorentz transforms of Special Relativity 

• Highly predictive- application of Maxwell's equations precisely predicts hundreds of fundamental spectral observations in 
ex act equations w i t h n o adjustable parameters (fundamental constants only). 

• In addition to first principles, the only assumptions needed to predict the Universe over 85 orders of magnitude of scale 
(Quarks to Cosmos): 

Four-dimensional spacetime 

= The fundamental constants that comprise the fine structure constant 

= Fundamental particles including the photon have h of angular momentum 

The Newtonian gravitational constant G 

The spin of the electron neutrino 

Classical Physics (CP) now comprises the unified Maxwell's Equations, Newton's Laws, and General and Special 
Relativity. The closed form calculations of a broad spectrum of fundamental phenomena containing fundamental constants only 
are given in subsequent sections. CP gives closed form solutions for the atom that give four quantum numbers, the Rydberg 
constant, the stability of the n - 1 state and the instability of the excited states, relativistic invariance of the wave equation, the 
equations of the photon and electron in excited states, the equations of the free electron, and photon which predict the wave 
particle duality behavior of particles and light. The current and charge-density functions of the electron may be directly 
physically interpreted. For example, spin angular momentum results from the motion of negatively charged mass moving 
systematically, and the equation for angular momentum, r xp = ti , can be applied directly to the wave function (a current-density 
function) that describes the electron. The following observables are derived in closed-form equations based on Maxwell's 
equations: the magnetic moment of a Bohr magneton, Stern Gerlach experiment, electron and muon g factors, fine structure 
splitting, Lamb shift, hyperfme structure, muonium hyperfine structure interval, resonant line width and shape, selection rules, 

correspondence principle, wave particle duality, excited states, reduced mass, rotational energies and momenta, spin-orbit 
coupling, Knight shift and spin-nuclear coupling, closed form solutions for multielectron atoms, excited states of the helium 
atom, elastic electron scattering from helium atoms, proton scattering from atomic hydrogen, the nature of the chemical bond, 
bond energies, vibrational energies, rotational energies, and bond distances of hydrogen-type molecules and molecular ions, the 
solutions for all major functional groups that give the exact solutions of an infinite number of molecules, solutions to the 
bonding in the major classes of materials, Davisson Germer experiment, Aspect experiment, Durr experiment on the Heisenberg 
Uncertainty Principle, Penning trap experiments on single ions, hyperfine structure interval of positronium, magnetic moments 
of the n ucleons, beta decay energy of the n eutron, the binding energy of deuterium, and alpha decay. Th e theor y , of collective 
phenomena including statistical mechanics, superconductivity and Josephson junction experiments, integral and fractional 
quantum Hall effects, and the Aharonov-Bohm effect, is given. The calculations agree with experimental observations. 

From the closed form solution of the helium atom, the predicted electron scattering intensity is derived. The closed form 
scattering equation matches the experimental data; whereas, calculations based on the Born model of the atom utterly fail at 
small scatt e ring angl e s. Th e implications for th e invalidity of th e Schroding c r and Born mod e ls of th e atom and th e d e p e nd e nt 
Heisenberg Uncertainty Principle are discussed. 

For any kind of wave advancing with limiting velocity and capable of transmitting signals, the equation of front 
propagation is the same as the equation for the front of a light wave. By applying this condition to electromagnetic and 
gravitational fields at particle production, the Schwarzschild metric (SM) is derived from the classical wave equation, which 
modifies general relativity to include conservation of spacetime, in addition to momentum and matter/energy and identifies 
absolute space. The result gives a natural relationship between Maxwell's equations, special relativity, and general relativity. It 
gives gravitation from the atom to the cosmos. The gravitational equations with the equivalence of the particle production 
energies permit the equivalence of mass-energy and the spacetime that determine the nature of absolute space wherein a "clock" 
is defined that measures "clicks " on an observable in one aspect, and in another, it is the ruler of spacetime of the universe with 
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the implicit dependence of spacetime on matter-energy conversion. The masses of the leptons, the quarks, and nucleons are 
derived from this metric of spacetime that gives the equivalence of the gravitational and inertial masses. The universe is time 
harmonically oscillatory in matter, energy, and spacetime expansion and contraction with a minimum radius that is the 
gravitational radius. — In closed form equations with fundamental constants only, CP gives the basis of the atomic, 
thermodynamic, and cosmological arrows of time, the deflection of light by stars, the precession of the perihelion of Mercury, 
the Hubble constant, the age of the universe, the observed acceleration of the expansion, the power of the universe, the power 
spectrum of the universe, the microwave background temperature, the primary uniformity of the microwave background 
radiation, the polarization and microkelvin temperature spatial variation of the microwave background radiation measured by 
DASI, the observed violation of the GZK cutoff, the mass density of the universe, the large scale structure of the universe, and 
the identity of dark matter which matches the criteria for the structure of galaxies and emission from interstellar medium and the 
Sun which have been observed in the laboratory [26-27]. In a special case wherein the gravitational potential energy density of a 
blackhole equals th at of the Pl anck m ass, m atter converts to energy a nd spacetime expands w ith the re lease of a gamma r ay 
burst. The singularity in the SM is eliminated. The basis of the antigravitational force is presented with supporting experimental 
evidence. 

In addition to the above known phenomena and characteristics of fundamental particles and forces, the theory predicts the 
existence of a previously unknown form of matter — hydrogen atoms and molecules having electrons of lower energy than the 
conv e ntional "ground" stat e call e d hydrinos and molecular hydrinos, r e sp e ctiv e ly, wh e r e e ach e n e rgy l e v e l corr e sponds to a 
fractional quantum number . The existence of hydrinos has been confirmed experimentally proving GUT-CP, and this identity 
additionally resolves many celestial mysteries [26-27]. It provides resolution to many otherwise inexplicable celestial 
observations with (a) the identity of dark matter being hydrinos, (b) the hydrino-transition radiation being the radiation source 
heating the warm-hot interstellar medium (WHIM) and behind the observation that diffuse Ha emission is ubiquitous 
throughout the Galaxy requiring widespread sources of flux shortward of 912 A, and (c) the energy and radiation from the 
hydrino transitions being the source of extraordinary temperatures and power regarding the solar corona problem, the cause of 
sunspots and other solar activity, and why the Sun emits X-rays [26-27]. 

PHYSICAL CONCEPTS THAT ARISE FROM CP DERIVATIONS ON THE SCALE 
RANGE OF 85 ORDERS OF MAGNITUDE 

Starting from the simple observation that the bound electron of the hydrogen atom is experimentally observed to be stable to 
radiation, the classical electromagnetic wave equation is used to solve the electron source current by matching it to emitted 
electromagnetic waves with the constraint that a bound electron in the n = 1 state cannot radiate energy. The solution is based 
on Maxwell's equations and other experimentally confirmed physical laws. — The resulting CP gives predictions that are 
unprecedented in success, achieving highly accurate agreement, with observations over 85 orders of mag nit ude from the scale of 
fundamental particles to that of the cosmos. A summary of some of the salient features of the theory derived in subsequent 
sections follows: 

« Bound electrons are described by a charge-density (mass-density) function which is the product of a radial delta 
function (/(> • ) - 5{r-r n )), angular functions, and a time function. The latter comprise a constant angular function, a 

time and spherically harmonic function, and linear combinations of these functions. Thus, a bound electron is a 

constant two-dimensional spherical surface of charge (zero thickness and total charge of -e), called an electron 

orhit.sphare that can exist in a bound state at only specified distances from the nucleus determined by the force balance 



between the electric fields of the electron and proton plus any resonantly absorbed photons. 



The uniform current density function Y o °(0,0) (Eqs. (1.62 -1.63)) that gives rise to the spin of the electron is generated 

from two current- vector fields (CVFs). Each CVF comprises a continuum of correlated orthogonal great circle 
current-density elements (one dimensional "current loops"). The current pattern comprising each CVF is generated 
over a half-sphere surface by a set of rotations of two orthogonal great circle current loops that serve as basis elements 

about each of the (-i x ,i y ,0i z ) and — =i x ,-r=i y ,i z -axis; the span being n radians. Then, the two CVFs are 

convoluted, and the result is normalized to exactly generate the continuous uniform electron current density function 

_ n- _ . _~^ ft . ft 

Y °($, </>) covering a spherical shell and having the three angular momentum components of L^ = + / — and L z = — . 

Then, the total function that describes the spinning motion of each electron orbitsphere is composed of two functions. 
On e function, th e spin function, is spatially uniform ov e r th e orbitsph c r c , wh e r e e ach point mov e s on th e surfac e with 

the same quantized angular and l i near ve locity, and gives ri se to spin angular m omentum. T h e other fu nction, the 

modulation function, can be spatially uniform — in which case there is no orbital angular momentum and the magnetic 
moment of the electron orbitsphere is one Bohr magneton — or not spatially uniform — in which case there is orbital 
angular momentum. The modulation function moves harmonically on the surface as a charge-density wave with a 
quantized angular velocity about a specific (by convention) z-axis. Numerical values for the angular velocity, radii of 



allow e d orbitsph e r e s, e nergi e s, and associat e d quantiti e s ar e calculat e d. 



©2010 BlackLight Power, Inc. All rights reserved. 



Introduction 45 

Orbitsphere radii are calculated by setting the centripetal force equal to the electric and magnetic forces. 

The orbitsphere is a resonator cavity which traps photons of discrete frequencies. The radius of an orbitsphere 
increases with the absorption of electromagnetic energy. The solutions to Maxwell's equations for modes that can be 
excited in the orbitsphere resonator cavity give rise to four quantum numbers, and the energies of the modes are the 
experimentally known hydrogen spectrum. The spectrum of helium is the solution of Maxwell's equations for the 
energies of modes of this resonator cavity with a contribution from electron-electron spin and orbital interactions. 

Excited states are unstable because the charge-density function of the electron plus photon have a radial doublet 
function component which corresponds to an electric dipole. The doublet possesses spacetime Fourier components 
synchronous with waves traveling at the speed of light; thus it is radiative. The charge-density function of the electron 

plus photon for the n = 1 principal quantum state of the hydrogen atom as well as for each of the n = ■ states 
integer 

mathematically is purely a radial delta function. The delta function does not possess spacetime Fourier components 

synchronous with waves traveling at the speed of light; thus, each is nonradiative. 

The spec t roscopic line-width arises from t he classical rise- t ime band-width rela t ionship, and the Lamb Shi f t is due to 
conservation of energy and linear momentum and arises from the radiation reaction force between the electron and the 
photon. 

The photon is an orbitsphere with electric and magnetic field lines along orthogonal great circles. 

Upon ionization, the orbitsphere radius goes to infinity and the electron becomes a plane wave (consistent with double- 
slit experiments) with the de Broglie wavelength, X = hl p. 

The energy of atoms is stored in their electric and magnetic fields. Chemical bonding occurs when the total energy of 
the participant atoms can be lowered with the formation of two-dimensional equipotential energy surfaces (molecular 
orbitals (MO)) where the current motion in the case of H 2 is along orbits, each comprising an elliptic plane cross 
section of a spheroidal MO through the foci, and a general form of the nonradiative boundary condition is met. 

Certain atoms and ions serve as catalysts to release energy from hydrogen to produce an increased binding energy 



13 6 eV 

hydrogen atom having a binding energy of — where p is an integer greater than 1, designated as H 



,P 

where a H is the radius of the hydrogen atom. Increased binding energy hydrogen atoms called hydrinos are predicted 
to form by reacting an ordinary hydrogen atom with a catalyst having a net enthalpy of reaction of about the potential 
energy ol hydrogen in its first nonradiative state, m-Il.l eV , where m is an integer, this catalysis releases energy 
from the hydrogen atom with a commensurate decrease in size of the hydrogen atom, r n = na H . For example, the 

catalysis of H(n = 1) to H (n = 1/2) releases 40.8 eV , and the hydrogen radius decreases from a H to — a H . One such 

atomic catalytic system involves helium ions. The second ionization energy of helium is 54.4 eV ; thus, Hie ionization 
reaction of He + to He 2+ has a net enthalpy of reaction of 54.4 eV which is equivalent to 2-27.2 eV . The process is 
hereafter referred to as the Atomic BlackLight Process. 

The existence of fractional quantum energy levels of hydrogen atoms, hydride ions, and molecules as the product of the 
BlackLight Process — a new energy source — has been confirmed experimentally. 

For any kind of wave advancing with limiting velocity and capable of transmitting signals, the equation of front 
propagation is the same as the equation for the front of a light wave. By applying the condition to electromagnetic and 
gravitational fields at particle production, the Schwarzschild metric (SM) is derived from the classical wave equation, 
which modifies general relativity to include conservation of spacetime, in addition to momentum and matter/energy. 
The result gives a natural relationship between Maxwell's equations, special relativity, and general relativity, and 
defines absolute space that rescues Newton's Second law, resolves the twin paradox, and preserves the energy 
inventory of the universe. It gives gravitation from the atom to the cosmos. 

Th e Schwarzschild m e tric giv e s th e r e lationship wh e r e by matt e r caus e s r c lativistic corr e ctions to spac e tim e that 
determines the curvature of spacetime and is the origin of gravity. The correction is based on the boundary conditions 
that no signal can travel faster that the speed of light including the gravitational field that propagates following particle 
production from a photon wherein the particle has a finite gravitational velocity given by Newton's Law of Gravitation. 

The limiting velocity c results in the contraction of spacetime due to particle production. The contraction is given by 
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Inr where r g is the gravitational radius of the particle. This has implications for the expansion of spacetime when 
matter converts to energy. 

« The spacetime contraction during particle production is analogous to Lorentz length contraction and time dilation of an 
object in one inertial frame relative to another moving at constant relative velocity. In the former case, the 
corresponding correction is a function of the square of the ratio of the gravitational velocity to the speed of light. In the 

latter case, the corresponding correction is a function of the square of the ratio of the relative velocity of two inertial 

frames to the speed of light. 

• Fundamental particle production occurs when the energy of the particle given by the Planck equation, Maxwell's 
Equations, and Special Relativity is equal to mc 1 , and the proper time is equal to the coordinate time according to the 

Schwarzschild metric. The gravitational equations with the equivalence of the particle production energies permit the 

equivalence of mass-energy and the absolute spacetime wherein a "clock" is defined which measures "clicks" on an 
observable in one aspect, and in another, it is the ruler of spacetime of the universe with the implicit dependence of 
spacetime on matter-energy conversion. The masses of the leptons, the quarks, and nucleons are derived from this 
metric of spacetime. 

• The gravitational equations with the equivalence of the particle production energies require the conservation 

<? ~ kg 

relationship of mass-energy, E - mc 2 , and spacetime, = 3.22 X 10 34 —2- . Spacetime expands as mass is released 

AnG sec 

as energy which provides the basis of absolute space and the atomic, thermodynamic, and cosmological arrows of time. 

Entropy and the expansion of the universe are large scale consequences. The universe is closed independently of the 

total mass of th e univ e rs e , and diff e r e nt r e gions of spac e ar c isoth e rmal e v e n though th e y ar c s e parat e d by gr e at e r 

distances than that over which light could travel during the time of the expansion of the universe. The universe is 

oscillatory in matter/energy and spacetime with a finite minimum radius, the gravitational radius; thus, the gravitational 

force causes celestial structures to evolve on a time scale corresponding to the period of oscillation. The equation of 



the radius of the universe, K , is K 



2Gm v cm v "\ 



-co* 



which predicts the observed acceleration 



AkG 



AkG 



InGm, 
~c r ~ 



km 
of the expansion . The calculated Hubble c onstant is H Q - 78 . 5 . Presently, stars and large-scale structures 

sec- Mpc 

exist that are older than the elapsed time of the present expansion, as stellar and celestial evolution occurred during the 

contraction phase. The maximum energy release of the universe that occurs at the beginning of the expansion phase is 

P„ =— — = 2.88X10 51 W . 

—" — AWG 

The relationship between inertial and gravitational mass is based on the result that only fundamental particles having an 
equivalence of the inertial and gravitational masses at particle production are permitted to exist since only in these 
cases are Maxwell's equations and the conditions inherent in the Schwarzschild metric of spacetime satisfied 
simultaneously wherein space must be absolute. The equivalence is maintained for any velocity thereafter due to the 
absolut e natur e of spac e and th e absolute spe e d of light. — Th e invariant speed, c, is s e t by the p e rmittivity and 
permeability of absolute space, which determines the relativity principle based on propagation of fields and signals as 
light- wave fronts. 

In addi t ion t o the propaga t ion velocity, t he in t rinsic velocity of the particle and t he geome t ry of t his 2-dimeiisioual 
velocity surface with respect to the limiting speed of light determine that the particle such as an electron may have 
gravitational mass different from its inertial mass. A constant velocity confined to a spherical surface corresponds to a 
positive gravitational mass equal to the inertial mass (e.g. particle production or a bound electron). A constant angular 
velocity function confined to a flat surface corresponds to a gravitational mass less than the inertial mass, which is zero 
in the limit of an absolutely unbound particle (e.g. absolutely tree electron). A hyperbolic velocity function confined to 
a spherical surface corresponds to a negative gravitational mass (e.g. hyperbolic electron). 

Superconductivity arises when electron plane waves extend throughout the lattice, and the lattice is a band-pass for the 
magnetic field of an array of magnetic dipoles; so, no energy is dissipated with current flow. 

The Quantum Hall Effect arises when the forces of crossed electric and magnetic fields balance, and the lattice is a 
band-pass for the magnetic field of an array of magnetic dipoles. 

The vector potential component of the electron's angular momentum gives rise to the Aharonov-Bohm Effect. 

Alpha decay occurs as a transmission of a plane wave through a potential barrier. 
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The proton and neutron functions each comprise a linear combination of a constant function and three orthogonal 
spherical harmonic functions resulting in three quark/gluon functions per nucleon. The nucleons are locally two- 
dimensionai. ~~ 



SUMMARY OF FOUNDATIONS AND PHYSICAL PHENOMENA SOLVED BY 
CLASSICAL PHYSICS 

The electron current-density functions are solved to match time-harmonic multipole source currents of time -varying 
electromagnetic fields during transitions with the constraint that a bound electron in the n = 1 state cannot radiate energy. The 
mathematical formulation for zero radiation based on Maxwell's equations follows from a derivation by Haus [49]. The function 
that describes the motion of the electron corresponding to a potentially emitted photon must not possess spacetime Fourier 
components that are synchronous with waves traveling at the speed of light. Classical physics gives closed form solutions for 
the atom including the stability of the n = 1 state and the instability of the excited states, relativistic invariance of the wave 
equation, the equations of the photon and electron in excited states, and the equations of the free electron and photon which also 
predict the wave-particle duality behavior of particles and light. The current and charge-density functions of the electron may be 
directly physically interpreted. For example, spin angular momentum results from the motion of negatively charged mass 
moving systematically, and the equation for angular momentum, rxp = h, can be applied directly to the wave function (a 
current-density function) that describes the election. A partial listing of well-kuowu and documented phenomena, which are 
derivable in closed form from classical physics, especially Maxwell's equations are given in Table 1.3. The calculations agree 
with experimental observations. 



Table 1.3. Partial List of Physical Phenomena Solved by Classical Physics. 



1 Stability of the atom to radiation 

■ Magnetic moment of a Bohr magneton and relativistic 



■ Davisson Germer experiment 

1 Elastic electron scattering from helium atoms 



invariance of each of — of the electron, the elect r on 

m e 

angular momentum of h , and the electron magnetic 
moment of ju B from the spin angular momentum 



1 Ionization energies of multielectron atoms 



■ Hydride ion binding energy and absolute NMR shift 

• Hydride lattice parameters and energies 

' Excited states of the helium atom with singlet and triplet 



vecto r diag r ams 

1 Proton scattering from atomic hydrogen 



De Broglie relationship 



Stern Ueriach experiment 
Electron and muon g factors 
Rotational energies and momenta 
Reduced electron mass 



• Nature of the chemical bond 

• Bond energies, vibrational energies, rotational energies, 
bond distances, magnetic moment and fields of hydrogen- 



type molecules and molecular ions, absolute NMR shift 



Ionization energies of one-electron atoms 



of H 2 

■ Molecular Ion and Molecular Excited States 
• Parameters of polyatomic molecules 
Superconductivity and Josephson junction experiments 



Special relativistic effects 
Excited states 

Resonant line width and shape 
Selection rules 



State L ifetimes and l i ne i n tensities 



' Integral and fractional quantum Hall effects 



Correspondence principle 
Orbital and spin splitting 
Stark effect 



Lamb Shift 



• Aharonov-Bohm effect 

■ Aspect experiment 

■ Durr experiment on the Heisenberg Uncertainty Principle 



1 Penning trap experim e nts on single ions 

' Mobility of free electrons in superfluid helium 



Knight shift 

Spin-orbit coupling (fine structure) 
Spin-nuclear coupling (hyperfine structure) 
Hyperfine structure interval of muonium 



■ Gravitational behavior of neutrons 

• Hyperfine structure interval of positronium 

■ Structure of nucleons 



■ Magnetic moments of the nucleons 



Nature of the free electron 
Nature of the photon 
Photoelectric effect 
Compton effect 

Wave-particle duality 

Double-slit experiment for photons and electrons 



» Beta decay ene r gy of the neut r on 

• Binding energy of deuterium 

• Alpha decay 

• Nature of neutrinos 
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For the first time in history, the key building blocks of organic chemistry have been solved from two basic equations. 
Now, the true physical structure and parameters of an infinite number of organic molecules up to infinite length and complexity 
can be obtained to permit the engineering of new pharmaceuticals and materials at the molecular level. The solutions of the 
basic functional groups of organic chemistry were obtained by using generalized forms of a geometrical and ail energy equation 
for the nature of the H-H bond. The geometrical parameters and total bond energies of about 800 exemplary organic molecules 
were calculated using the functional group composition [2]. The results obtained essentially instantaneously match the 
experimental values typically to the limit of measurement. The solved functional groups are given in Table 1.4. 



Table 1.4. Partial List of Organic Functional Groups Solved by Classical Physics. 



Continuous-Chain Alkanes 
Branched Alkanes 



N,N-dialkyl Amides 
Urea 



Aniline 

Aryl Nitro Compounds 



Alkenes 

Branched Alkenes 
Alkynes 
Alkyl Fluorides 
Alkyl Chlorides 



Carboxylic Acid Halides 

Carboxylic Acid Anhydrides 

Nitriles Pyrrole 

Thiols Furan 

Sulfides Thiophene 



Benzoic Acid Compounds 
Anisole 



Alkyl Bromides 


Disulfides 


Alkyl Iodides 


Sulfoxides 


Alkenyl Halides 


Sulfones 


Aryl Halides 


Sulfites 


Alcohols 


Sulfates — 



Imidizole 

Pyridine 

Pyrimidine 

Pyrazine 

Quinoline 



Ethers 



Nitroalkanes 



Isoquinoline 



Primary Amines 
Secondary Amines 
Tertiary Amines 

Aldehydes 

Ketones 

Carboxylic Acids 
Carboxylic Acid Esters 
Amides 
JN-alkyl Amides 



Alkyl Nitrates 
Alkyl Nitrites 
Conjugated Alkenes 
Conjugated Polyenes 

Aromatics 

Naphthalene 
Toluene 
Chlorobenzene 
Thenol 



Indole 
Adenine 
Fullerene (C6o) 

Graphite 

Phosphines 

Phosphine Oxides 

Phosphites 

Phosphates 
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The two basic equations, one for geometrical parameters and the other for energy parameters that solves organic 
molecules were applied to bulk forms of matter containing trillions of trillions of electrons. For example, using the same alkane- 
and aikene-bond solutions as elements in an intinite network, the nature of the solid molecular bond for all known allotropes of 
carbon (graphite, diamond, C 60 , and their combinations) were solved. By further extension of this modular approach, the solid 
molecular bond of silicon and the nature of semiconductor bond were solved. The nature of other fundamental forms of matter 
such as the nature of the ionic bond, the metallic bond, and additional major fields of chemistry such as that of silicon, 
organometallics, and boron were solved exactly such that the position and energy of each and every electron is precisely 
specified. These results agree with observations to the limit of measurement. The implication of these results is that it is 
possible using physical laws to solve the structure of all types of matter. Some of the solved forms of matter of infinite extent, as 
well as additional major fields of chemistry, are given in Table 1.5. 



Tab le 1 .5. Partial List of Additional Mol e cul e s and Compositions of Matt e r Solv e d by Classical Physics . 



Solid Molecular Bond ot the Three Allotropes 


Alkyl Bonnie Acids 


of Carbon 


Tertiary Aminoboranes 


Diamond 


Quaternary Aminoboranes 


Graphite 


Borane Amines 



Fullerene (C6o) 

Dipole-Dipole Bonding 

Hydrogen Bonding 
Van der Waals Bonding 

Solid Ionic Bond of Alkali - Hydrid e s 



Halido Boranes 

Organometallic Molecular Functional Groups 
and Molecules 

Alkyl Aluminum Hydrides 

— Bridging Bonds of 

Organoaluminum Hydrides 



Alkali-Hydride Crystal Structures 



Lithium Hydride 
Sodium Hydride 
Potassium Hydride 
Rubidium & Cesium Hydride 



Organogermanium and Digermanium 

Organolead 

Organoarsenic 

Organoantimony 



Potassium Ilydrino Hydrid e 

Solid Metallic Bond of Alkali Metals 
Alkali Metal Crystal Structures 
Lithium Metal 



Organobismuth 

Organic Ions 

1° Amino 
2° Amino 



Sodium Metal 

Potassium Metal 

Rubidium & Cesium Metals 
Alkyl Aluminum Hydrides 
Silicon Groups and Molecules 



Carboxylate 



Phosphate 
Nitrate 
Sulfate 
Silicate 



Silanes 



Proteins 



Alkyl Silanes and Disilanes 
Solid Semiconductor Bond of Silicon 

Insulator-Type Semiconductor Bond 
Conductor - Type Semiconductor Bond 



DNA 



Amino Acids 
Peptide Bonds 

Bases 



Boron Molecules 



7.-deoxyribose 



Boranes 

Bridging Bonds of Boranes 
Alkoxy Boranes 
Alkyl Boranes 



Ribose 

Phosphate Backbone 
Water 
Condensed Noble Gases 
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For any kind of wave advancing with limiting velocity and capable of transmitting signals, the equation of front 
propagation is the same as the equation for the front of a light wave. By applying this condition to electromagnetic and 
gravitational fields at particle production, the Schwarzschild metric (SM) is derived from the classical wave equation, which 
modifies general relativity to include conservation of spacetime in addition to momentum and mass-energy. The result gives a 
natural relationship between Maxwell's equations, special relativity, and general relativity and identifies absolute space to give 
the basis and the equivalence of the inertial and gravitational masses. It gives gravitation from the atom to the cosmos. The 
universe is time harmonically oscillatory in matter, energy, and spacetime expansion and contraction with a minimum radius that 
is the gravitational radius. A partial listing of the particle and cosmological phenomena derivable from classical physics in 
closed form equations with fundamental constants only is given in Table 1.6. 



Partial List of Particle and Cosmological Phenomena Solved by Classical Physics . 



■ Equivalence of the inertial and gravitational masses 

■ Newton's second law 

■ Deflection of light by stars 

■ Precession of the perihelion of Mercury 



• Power spectrum of the universe 

1 Microwave background temperature 

1 Uniformity of the microwave background radiation 

■ Microkelvin spatial variation of the microwave 



1 Lepton masses 

1 Quark masses 

1 Hubble constant 

1 Age of the universe 

1 Observed acceleration of the expansion 



background radiation measured by DASI 
' Polarization of DASI data 
• Observed violation of the GZK cutoff 
■ Mass density of the universe 
1 Large scale structure of the universe 



1 Power of the universe 



Classical physics further gives the identity of dark matter, which matches the criteria for the structure of galaxies and spectral 
emission from interstellar medium and the Sun that have been observed in the laboratory [26-27]. In a special case wherein the 
gravitational potential energy density of a blackhole equals that of the Planck mass, matter converts to energy and spacetime 
expands with the release of a gamma ray burst. The singularity in the SM is eliminated. The predictions of classical physics are 
unprecedented in that agreement with observations is achieved over 85 orders of magnitude from the scale of fundamental 
particles to that of the cosmos. 

From the success at predicting the vast scope of known phenomena, it can be appreciated that CP is anticipated to predict 
new, previously unknown phenomena, as well as now solve previously unsolvable mysteries for which old theories were 
incapable. In this book, the structure of the bound electron is solved using classical laws and from there a unification theory is 
developed based on those laws called the Grand Unified Theory of Classical Physics (GUTCP) with results that match 
observations for the basic phenomena of physics and chemistry from the scale of the quarks to cosmos. In addition to the 
observables on the hydrogen atom that are known, it further predicts that atomic hydrogen may undergo a catalytic reaction with 
certain atomized elements and ions which singly or multiply ionize at integer multiples of the potential energy of atomic 
hydrogen, m ■ 27.2 eV wherein m is an integer. Recently, there has been the announcement of some unexpected astrophysical 
results that support the existence of hydrinos. In the 1995 Edition of the GUTCP, the prediction [47] that the expansion of the 
universe was accelerating was made from the same equations that correctly predicted the mass of the top quark before it was 
measured. To the astonishment of cosmologists, this was confirmed by 7000. Another prediction about the nature of dark 



matter based on GUTCP may be close to being confirmed. Based on recent evidence, Bournaud et al. [86-87] suggest that dark 
matter is hydrogen in dense molecular form that somehow behaves differently in terms of being unobservable except by its 
gravitational effects. Theoretical models predict that dwarfs formed from collisional debris of massive galaxies should be free of 
nonbaryonic dark matter. So, their gravity should tally with the stars and gas within them. By analyzing the observed gas 
kinematics of such recycled galaxies, Bournaud ct al. [86 - 87] have measured the gravitational masses of a scries of dwarf 
galaxies lying in a ring around a massive galaxy that has recently experienced a collision. Contrary to the predictions of Cold- 
Dark-Matter (CDM) theories, their results demonstrate that they contain a massive dark component amounting to about twice the 
visible matter. This baryonic dark matter is argued to be cold molecular hydrogen, but it is distinguished from ordinary 
molecular hydrogen in that it is not traced at all by traditional methods, such as emission of CO lines. These results match the 
predictions of the dark matter being molecular hydrino. 

The best evidence yet for the existence of dark matter is its direct observation as a source of massive gravitational mass 

evidenced by gravitational lensing of background galaxies that do not emit or absorb light as shown in Figure 1.6 [88]. 
Hydrogen transitions to hydrinos that comprise the dark matter can be observed celestially and in the laboratory. Characteristic 

91.2 



EUV continua of hydrino transitions following radiationless energy transfer with cutoffs at X ( 



nm are 



p-m + l 



observed from hydrogen plasmas in the laboratory that match significant celestial observations and further confirm hydrino as 
the identity of dark matter [26-27]. Hydrinos have been isolated in the laboratory and confirmed by a number of analytical 
techniques [26-35], 
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Figure 1.6. Dark matter ring in galaxy cluster. This Hubble Space Telescope composite image shows a ghostly "ring" of dark 
matter in the galaxy cluster CI 0024+17. The ring is one of the strongest pieces of evidence to date for the existence of dark 
matter, a prior unknown substance that pervades the universe. Courtesy of NASA, M.J. Jee and H. Ford (Johns Hopkins 
University). 




The recent experimental confirmation of the predictions for transitions of atomic hydrogen to form hydrinos, such as 
power production and characterization of hydrino reaction products [26-30], as well as pumped catalyst states, fast H, 
characteristic continuum radiation, and the hydrino product have profound implications theoretically, scientifically, and 
technologically in that they (1) confirm GUTCP in the prediction of hydrinos, (2) directly disprove atomic theories such as the 
Schrodinger and Dirac equation theories based on the definition of n = 1 as the ground state, the defined state below which it is 
impossible to go, as expected based on many physical failings and preexisting mathematical inconsistencies [2-17], (3) offer 
resolution to many otherwise inexplicable celestial observations with (a) the identity of dark matter being hydrinos, (b) the 
hydrino-transition radiation being the radiation source heating the WHIM and behind the observation that diffuse H a emission 
is ubiquitous throughout the Galaxy requiring widespread sources of flux shortward of 912 A, and (c) the energy and radiation 
from the hydrino transitions being the source of extraordinary temperatures and power regarding the solar corona problem, the 
cause of sunspots and other solar activity, and why the Sun emits X-rays [26-27], and (4) directly demonstrate a new field of 
hydrogen chemistry and a powerful new energy source [28-30]. 

REFERENCES 

1 . A. Beiser, Concepts of Modern Physics, Fourth Edition, McGraw-Hill, New York, (1987), pp. 87-1 17. 

2. R. L. Mills, B. Holverstott, B. Good, N. Hogle, A. Makwana, J. Paulus, "Total Bond Energies of Exact Classical Solutions of 
Molecules Generated by Millsian 1.0 Compared to Those Computed Using Modem 3-2 1G and 6-3 1G* Basis Sets," Phys. 
Essays 23, 153 (2010); doi: 10.4006/1.3310832. 

3. W. Xie, R.L. Mills, W. Good, A. Makwana, B. Holverstott and N. Hogle, "Millsian 2.0: A Molecular Modeling Software for 
Structures, Charge Distributions and Energetics of Biomolecules," submitted. 

4. R. L. Mills, "Classical Quantum Mechanics," Physics Essays, Vol. 16, No. 4, December, (2003), pp. 433-498. 

5. R. L. Mills, "Physical Solutions of the Nature of the Atom, Photon, and Their Interactions to Form Excited and Predicted 
Hydrino States," Phys. Essays, Vol. 20, No. 3, (2007), pp. 403-460. 



©2010 BlackLight Power, Inc. All rights reserved. 



52 Introduction 

6. R. L. Mills, "Exact Classical Quantum Mechanical Solutions for One- Through Twenty-Electron Atoms," Physics Essays, 

Vol. 18, (2005), pp. 321-361. 
~T. K. L. Mills, "The Nature of the Chemical Bond Revisited and an Alternative Maxwelhan Approach," Physics Essays, Vol. 
17, (2004), pp. 342-389. — 



8. R. L. Mills, "Maxwell's Equations and QED: Which is Fact and Which is Fiction," Physics Essays, Vol. 19, (2006), pp. 225- 
262. 

9. R. L. Mills, "Exact Classical Quantum Mechanical Solution for Atomic Helium Which Predicts Conjugate Parameters from a 
Unique Solution for the First Time," Phys. Essays, Vol. 21, No. 2, (2008), pp. 103-141. 

10. R. L. Mills, "The Fallacy of Feynman's Argument on the Stability of the Hydrogen Atom According to Quantum 
Mechanics," Annales de la Fondation Louis de Broglie, Vol. 30, No. 2, (2005), pp. 129-151. 

1 1 . R. Mills, "The Grand Unified Theory of Classical Quantum Mechanics," Int. J. Hydrogen Energy, Vol. 27, No. 5, (2002), pp. 
565-590 . 

12. R. Mills, The Nature of Free Electrons in Superfluid Helium — a Test of Quantum Mechanics and a Basis to Review its 
Foundations and Make a Comparison to Classical Theory, Int. J. Hydrogen Energy, Vol. 26, No. 10, (2001), pp. 1059-1096. 

13. R. Mills, "The Hydrogen Atom Revisited," Int. J. of Hydrogen Energy, Vol. 25, Issue 12, December, (2000), pp. 1 171-1 183. 

14. V. F. Weisskopf, Reviews of Modern Physics, Vol. 21, No. 2, (1949), pp. 305-315. 

15. P. Pcarlc, Foundations of Physics, "Absenc e of radiationlcss motions of r c lativistically rigid classical el e ctron," Vol. 7, Nos. 
11/12, (1977), pp. 931-945. 

16. A. Einstein, B. Podolsky, N. Rosen, Phys. Rev., Vol. 47, (1935), p. 777. 

17. F. Laloe, "Do we really understand quantum mechanics? Strange correlations, paradoxes, and theorems," Am. J. Phys. 69 
(6), June 2001, pp. 655-701. 

18. H. J. Maris, Journal of Low Temperature Physics, Vol. 120, (2000), p. 173. 

19. K. Akhta r , J. Schare r , R. L. Mills, Substantial Dop p ler broadening of atomic-hydrogen lines in DC and capacitively cou p led 
RF plasmas, J. Phys. D, Applied Physics, Vol. 42, (2009), 42 135207 (2009) doi:10.1088/0022-3727/42/13/135207. 

20. R. Mills, K. Akhtar, "Tests of Features of Field-Acceleration Models for the Extraordinary Selective H Balmer a 
Broadening in Certain Hydrogen Mixed Plasmas," Int. J. Hydrogen Energy, Vol. 34, (2009), pp. 6465-6477. 

21. R. L. Mills, B. Dhandapani, K. Akhtar, "Excessive Balmer a Line Broadening of Water- Vapor Capacitively-Coupled RF 
Discharge Plasmas," Int. J. Hydrogen Energy, Vol. 53, (2008), pp. 802-815. 

22. R. Mills, P. Ray, B. Dhandapani, "Evidence of an Energy Transfer Reaction Between Atomic Hydrogen and Argon II or 
Helium II as the Source of Excessively Hot H Atoms in RF Plasmas," Journal of Plasma Physics, (2006), Vol. 72, Issue 4, 

pp. 469-484. 

23. J. Phillips, C-K Chen, K. Akhtar, B. Dhandapani, R. Mills, "Evidence of Catalytic Production of Hot Hydrogen in RF 
Generated Hydrogen/ Argon Plasmas," International Journal of Hydrogen Energy, Vol. 32(14), (2007), 3010-3025. 

24. R. L. Mills, P. C. Ray, R. M. Mayo, M. Nansteel, B. Dhandapani, J. Phillips, "Spectroscopic Study of Unique Line 
Broadening and Inversion in Low Pressure Microwave Generated Water Plasmas," J. Plasma Physics, Vol. 71, Part 6, 

(2005), pp. 877 - 888. " 

25. R. L. Mills, K. Akhtar, "Fast H in Hydrogen Mixed Gas Microwave Plasmas when an Atomic Hydrogen Supporting Surface 
Was Present", Int. J. Hydrogen Energy, 35 (2010), pp. 2546-2555, doi:10.1016/j.ijhydene.2009.12.148. 

26. R. L. Mills, Y. Lu, K. Akhar, "Spectroscopic Observation of Helium-Ion- and Hydrogen-Catalyzed Hydrino Transitions," 
Cent. Eur. J. Phys., (2009), DOI: 10.2478/sl 1534-009-0106-9. 

27. R. L. Mills, Y. Lu, Hydrino Continuum Transitions with Cutoffs at 22.8 nm and 10.1 nm, Int. J. Hydrogen Energy, 35 
(2010), pp. 8446-8456, doi: 10.1016/j.ijhydcn c .2010.05.098. 

28. R. L. Mills, G. Zhao, K. Akhtar, Z. Chang, J. He, X. Hu, G. Wu, J. Lotoski, G. Chu, "Thermally Reversible Hydrino Catalyst 
Systems as a New Power Source," submitted. 

29. R. L. Mills, K. Akhtar, G. Zhao, Z. Chang, J. He, X. Hu, G. Chu, "Commercializable Power Source Using Heterogeneous 
Hydrino Catalysts," Int. J. Hydrogen Energy, Vol. 35 (2010), pp. 395-419, doi: 10.1016/j.ijhydene.2009.10.038. ~~ 

30. R. L. Mills, G. Zhao, K. Akhtar, Z. Chang, J. He, Y. Lu, W. Good, G. Chu, B. Dhandapani, "Commercializable Power 
Source from Forming New States of Hydrogen," Int. J. Hydrogen Energy, Vol. 34, (2009), 573-614. 

31. R. Mills, P. Ray, B. Dhandapani, W. Good, P. Jansson, M. Nansteel, J. He, A. Voigt, "Spectroscopic andNMR Identification 
of Novel Hydride Ions in Fractional Quantum Energy States Formed by an Exothermic Reaction of Atomic Hydrogen with 
Certain Catalysts," European Physical Journal-Applied Physics, Vol. 28, (2004), pp. 83-104. 

32. R. Mills, B. Dhandapani, M. Nansteel, J. He, T. Shannon, A. Echezuria, "Synthesis and Characterization of Novel Hydride 
Compounds," Int. J. of Hydrogen Energy, Vol. 26, No. 4, (2001), pp. 339-367. 

33. R. Mills, B. Dhandapani, N. Greenig, J. He, "Synthesis and Characterization of Potassium Iodo Hydride," Int. J. of Hydrogen 
— Energy, Vol. 25, Issue 12, December, (2000), pp. 1 185 1203. 

34. R. Mills, B. Dhandapani, M. Nansteel, J. He, A. Voig t, "Identification of Compounds Containing Novel Hydride Tons by 
Nuclear Magnetic Resonance Spectroscopy," Int. J. Hydrogen Energy, Vol. 26, No. 9, (2001), pp. 965-979. 

35. R. Mills, "Spectroscopic Identification of a Novel Catalytic Reaction of Atomic Hydrogen and the Hydride Ion Product," Int. 
J. Hydrogen Energy, Vol. 26, No. 10, (2001), pp. 1041-1058. 

36. R. Mills and M. Nansteel, P. Ray, "Argon-Hydrogen-Strontium Discharge Light Source," IEEE Transactions on Plasma 
Sci e nc e , Vol. 30, No. 2, (2002), pp. 639 - 653. 



©2010 BlackLight Power, Inc. All rights reserved. 



Introduction 53 

37. R. Mills and M. Nansteel, P. Ray, "Bright Hydrogen-Light Source due to a Resonant Energy Transfer with Strontium and 
Argon Ions," New Journal of Physics, Vol. 4, (2002), pp. 70.1-70.28. 

38. K. Mills, J. Dong, Y. Lu, "Observation of Extreme Ultraviolet Hydrogen Emission from Incandescently Heated Hydrogen 
Gas with Certain Catalysis," Inl. J. Hydrogen Energy, Vol. 25, (2000), pp. 919-943. 



39. R. Mills, M. Nansteel, and P. Ray, "Excessively Bright Hydrogen-Strontium Plasma Light Source Due to Energy Resonance 
of Strontium with Hydrogen," J. of Plasma Physics, Vol. 69, (2003), pp. 131-158. 

40. R. L. Mills, J. He, M. Nansteel, B. Dhandapani, "Catalysis of Atomic Hydrogen to New Hydrides as a New Power Source," 

International Journal of Global Energy Issues (IJGEI), Special Edition in Energy Systems, Vol. 28, Nos. 2/3 (2007), pp. 304- 

~^FM. " -■--.. 

41. H. Conrads, R. Mills, Th. Wrubel, "Emission in the Deep Vacuum Ultraviolet from a Plasma Formed by Incandescently 
Heating Hydrogen Gas with Trace Amounts of Potassium Carbonate," Plasma Sources Science and Technology, Vol. 12, 

(3003 ) , pp. 3 8 9-3 95 . 

42. R. Mills, P. Ray, R. M. Mayo, "CW HI Laser Based on a Stationary Inverted Lyman Population Formed from Incandescently 

Heated Hydrogen Gas with Certain Group I Catalysts," IEEE Transactions on Plasma Science, Vol. 31, No. 2, (2003), pp. 
236-247. 

43. R. L. Mills, P. Ray, "Stationary Inverted Lyman Population Formed from Incandescently Heated Hydrogen Gas with Certain 
Catalysts," J. Phys. D, Applied Physics, Vol. 36, (2003), pp. 1504-1509. 

44 . R . Mills, P . Ray , R . M . Mayo, "The Potential for a Hydrogen Water-Plasma Laser," Applied Physics Letters, Vol . 82 , No . 

11, (2003), pp. 1679-1681. 

45. K. Hagiwara et al., Phys. Rev. D 66, 010001 (2002); http://pdg.lbl.gov/2002/s035.pdf. 

46. P. J. Mohr and B. N. Taylor, "COD ATA recommended values of the fundamental physical constants: 1998," Reviews of 
Modern Physics, Vol. 72, No. 2, April, (2000), pp. 351-495. 

47. R. L. Mills, The Grand Unified Theory of Classical Quantum Mechanics, Novembe r 1995 Edition, HydroCatalysis Power 

Corp., Malvern, PA, Library of Congress Catalog Number 94-077780, ISBN 0-9635171-1-2, Chp. 22. 

48. http://www.blacklightpower.com/ 

49. H. A.Haus, "On the radiation from point charges," American Journal of Physics, 54, (1986), pp. 1 126-1 129. 

50. J. D. Jackson, Classical Electrodynamics, Second Edition, John Wiley & Sons, New York, (1975), pp. 739-779. 

51. M. Mizushima, Quantum Mechanics of Atomic Spectra and Atomic Structure, W.A. Benjamin, Inc., New York, (19/0), 
p.17. 

52. F. Dyson, "Feynman's proof of Maxwell equations," Am. J. Phys., Vol. 58, (1990), pp. 209-211. 

53. J. Horgan, "Quantum Philosophy," Scientific American, July, (1992), p. 96. 

54. G. R. Fowles, Analytical Mechanics, Third Edition, Holt, Rinehart, and Winston, New York, (1977), pp. 154-156. 

55. D. A. McQuarrie, Quantum Chemistry, University Science Books, Mill Valley, CA, (1983), pp. 78-79. 

56. D. A. McQuarrie, Quantum Chemistry, University Science Books, Mill Valley, CA, (1983), pp. 221-225. 

57. J. D. Jackson, Classical Electrodynamics, Second Edition, John Wiley & Sons, New York, (1975), pp. 84-108. 

58. R. N. Brac c w c ll, The Fourier Transform and Its Applications, McGraw - Hill Book Company, N e w York, (1978), pp. 252 

? 53 

59. W. McC. Siebert, Circuits, Signals, and Systems, The MIT Press, Cambridge, Massachusetts, (1986), p. 415. 

60. W. McC. Siebert, Circuits, Signals, and Systems, The MIT Press, Cambridge, Massachusetts, (1986), p. 416. 

61 . C. A. Fuchs, A. Peres, "Quantum theory needs no 'interpretation,'" Phys. Today, Vol. 53, March, (2000), No. 3, pp. 70-71 . 

62. S. Durr, T. Nonn, G. Rempe, Nature, September 3, (1998), Vol. 395, pp. 33-37. 

63. A. Pais, "G e orge Uhl e nbeck and th e discovery of e lectron spin," Physics Today, 42, Dec, (1989), pp. 34-40. 

64. J. D. Jackson, Classical Electrodynamics, Second Edition, John Wiley & Sons, New York, (1975), p. 111. 

65. T. A. Abbott, D. J. Griffiths, Am. J. Phys., Vol. 153, No. 12, (1985), pp. 1203-1211. 

66. G. Goedecke, Phys. Rev 135B, (1964), p. 281. 

67. D. A. McQuarrie, Quantum Chemistry, University Science Books, Mill Valley, CA, (1983), pp. 206-225. 

bi. H. Margenau, G. M. Murphy, The Mathematics of Chemistry and Physics, D. Van Nostrand Company, Inc., New York, (1956), 
Second Edition, pp. 77, 363-367. 

69. R. S. Van Dyck, Jr., P. Schwinberg, H. Dehmelt, "New high precision comparison of electron and positron g factors," Phys. 
Rev. Lett., Vol. 59, (1987), p. 26-29. 

70. J. P. Jackson, Classical Electrodynamics, Second Edition, John Wiley & Sons, New York, (1975), pp. 739-779. 

71. J. D. Jackson, Classical Electrodynamics, Second Edition, John Wiley & Sons, New York, (1975), pp. 758-763. 

72. N. V. Sidgwick, The Chemical Elements and Their Compounds, Volume I, Oxford, Clarendon Press, (1950), p.17. 

73. M. D. Lamb, Luminescence Spectroscopy, Academic Press, London, (1978), p. 68. 

74. K. R. Lykke, K. K. Mu r ray, W. C. Liiiebe r ge r , "Th r eshold photodetachment of IF ," Phys. Rev. A, Vol. 43, No. 11, (1991), 
pp. 610 4 -6107. 

75. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), pp. 
10-202 to 10-204. 

76. K. K. Baldridge, J. S. Siegel, "Correlation of empirical cf(TMS) and absolute NMR chemical shifts predicted by ab initio 
computations," J. Phys. Chem. A, Vol. 103, (1999), pp. 4038-4042. 



77. J. Mason, Editor, Multinuclear NMR, Plenum Press, New York, (1987), Clip. 3. 



©2010 BlackLight Power, Inc. All rights reserved. 



54 Introduction 

78. C. Suarez, E. J. Nicholas, M. R. Bowman, "Gas-phase dynamic NMR study of the internal rotation in N- 
trifluoroacetlypyrrolidine," J. Phys. Chem. A, Vol. 107, (2003), pp. 3024-3029. 

79. C. Suarez, "(Jas-phase NMR spectroscopy," The Chemical Educator, Vol. 3, No. 2, (1998). 



80. H. Beutler, Z. Physical Chem., "Die dissoziatiouswarme des wasserstoffmolekuls H 2 , aus errrem neuen ulLravioletten 
resonanzbandenzug bestimmt," Vol. 27B, (1934), pp. 287-302. 

81. G. Herzberg, L. L. Howe, "The Lyman bands of molecular hydrogen," Can. J. Phys., Vol. 37, (1959), pp. 636-659. 

82. P. W. Atkins. Physical Chemistry, Second Edition, W. H. Freeman. San Francisco. (1982). p. 589. 

83. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), pp. 
9-54 to 9-59. 

84. R. Mills, G. Zhao, W. Good, M. Nansteel, "BlackLight Power Multi-Cell Thermally Coupled Reactor," 
http://www.blacklightpower.com/pdf/ThermallyCoupled.pdf. 

85. R. — Mills, — G, — Zhao, — W, — Good, — M, — Nansteel, — "BlackLight — Power — Continuous — Thermal — Power — System," 
http://www.blacklightpower.com/pdf/ContinuousThermal.pdf. 

86. F. Bournaud, P. A. Due, E. Brinks, M. Boquien, P. Amram, U. Lisenfeld, B. Koribalski, F. Walter, V. Charmandaris, 
"Missing mass in collisional debris from galaxies," Science, Vol. 316, (2007), pp. 1 166-1 169. 

87. B. G. Elmegreen, "Dark matter in galactic collisional debris," Science, Vol. 316, (2007), pp. 32-33. 

88. M. J. Jee, et al., "Discovery of a ringlike dark matter structure in the core of the galaxy cluster CI 0024+17," Astrophysical 
Journal, Vol. 661, (2007), pp. 728 7 4 9. 



©2010 BlackLight Power, Inc. All rights reserved. 



55 



Chapter 1 



THE ONE-ELECTRON ATOM 



One-electron atoms include the hydrogen atom, He* , Li 2+ , Be 3+ , and so on. In each case, the nucleus contains Z protons and 
the atom has a net positive charge of (Z - Y)e . The mass-energy and angular momentum of the electron are constant and the 
flow of current must be conservative and without radiation. A point charge undergoing periodic motion accelerates and as a 
consequence radiates power according to the Larmor formula. — The condition for radiation by a moving point charge derived 
from Maxwell's equations by Haus [1] is that its spacetime Fourier transform does possess components that are synchronous 
with waves traveling at the speed of light. The Haus derivation applies to a moving charge-density function as well because 
charge obeys superposition. Thus, the general condition extended beyond one-dimension is that to radiate, the spacetime Fourier 
transform of the current-density function must possess components synchronous with waves traveling at the speed of light [1]. 
Although an accelerated point particle radiates, an extended distribution modeled as a continuous superposition of accelerating 
charges does not have to radiate [1-2]. Then, conversely, the nonradiative condition is 

For non-radiative states, the current-density function must not possess spacetime Fourier 



components that are synchronous with waves traveling at the speed of light. 



The Haus derivation and the condition for nonradiation are given in Appendix I: Nonradiation Condition wherein the 
nonradiative condition is also derived directly by the determination of the electrodynamic fields with the electron current-density 
function as the source current during electron transitions. Given the infinite number of possible current - density functions, it is 
fortuitous that the spherical radiation corresponding to the symmetry and the conditions for emission and absorption of such 
radiation provide the additional boundary conditions to determine the current-density functions. 



ELECTRON SOURCE CURRENT 

A physical approach to solving the structure of the bound electron is followed: 



Using Maxwell's equations, the structure of the electron is derived as a boundary-value problem wherein the electron comprises 

the source current of time-varying electromagnetic fields during transitions with the constraint that the bound m = 1 state 
electron cannot radiate energy. 



Since the hydrogen atom is stable and nonradiative, the electron has constant energy. Furthermore, it is time dynamic with a 
corresponding current that serves as a source of electromagnetic radiation during transitions. The wave equation solutions of the 
radiation fields permit the source currents to be determined as a boundary-value problem. These source currents match the field 
solutions of the wave equation for two dimensions plus time and the nonradiative n = 1 state when the nonradiation condition 
is applied. Then, the mechanics of the electron can be solved from the two-dimensional wave equation plus Lime in the form of 
an energy equation, wherein it provides for conservation of energy and angular momentum as given in the Electron Mechanics 
and the Corresponding Classical Wave Equation for the Derivation of the Rotational Parameters of the Electron section. Once 
the nature of the electron is solved, all problems involving electrons can be solved in principle. Thus, in the case of one-electron 
atoms, the electron radius, binding energy, and other parameters are solved after solving for the nature of the bound electron. 
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As shown in Appendix I: Nonradiation Condition, for time-varying spherical electromagnetic fields, Jackson [3] gives a 
generalized expansion in vector spherical waves that are convenient for electromagnetic boundary-value problems possessing 
spherical symmetry properties and for analyzing multipole radiation from a localized source distribution. The (ireen function 
G(x',x) that is appropriate to the inhomogenous Helmholtz equation 



(v 2 +/t 2 )G(x',x) = -£(x'-x) 
in the infinite domain with the spherical wave expansion for the outgoing wave Green function is 



(1.1) 



G(X ' ,X): 



-z'&x— xl 



7 = ik^h (KW tK) £ C {8\+%„ {o, 



ttzr 



4«-|x-x'| e=0 m= _ ( 
Jackson [3] further gives the general multipole field solution to Maxwell's equations in a source-free region of empty space with 
the assumption of time dependence p!*" : 






a E (t,m)f t (kr)X tm -j-a M (t,m)'Vxg f (kr)X tm 
ja E (£,m)V x f t (kr)X tm + a M (£,m)g t (kr)X lm 



(1.3) 



where the cgs units used by Jackson are retained in this section. The radial functions f t [kr) and g t (&r) are of the form: 

g t (kr) = 4W 1) +4 2) h} t) 
X t m is the vector spherical harmonic defined by 
1 



x,,.,(M = 



^( i+1 ) 



l*UM 



(1.4) 



-ttsr 



where 



(rxV) 



TL67 



The coefficients a E [£,m) and a M {l,m) of Eq. (1.3) specify the amounts of electric (l,m) multipole and magnetic (£,m) 

multipole fields, and are determined by sources and boundary conditions as are the relative proportions in Eq. (1.4). Jackson 
gives the result of the electric and magnetic coefficients from the sources as 



a E {l,m)= , 4 ^ JY;'\p^[rj t (kr)] + ^(r-j)j f (kr)-ikVirxM)j f (kr)\d'x 
i y ]£(£ + l) J { dr L ,J c J 



-trrr 



and 



=4^ 



a M (£,m) = 



(1.8) 



, j,(kr)Yf\,- - + VxM d 3 x 
^l{£ + \) i — Kc f 

respectively, where the distribution of charge p(x,?), current j(x,t), and intrinsic magnetization M(x,t) are harmonically 

varying sources: p(x)e"" ffl ', j(x)e~ M *,and M(x)e" m '. 

The electron current-density function can be solved as a boundary value problem regarding the time varying 

corresponding source current j(x)e~'°" that gives rise to the time -varying spherical electromagnetic fields during transitions 
between states with the further constraint that the electron is nonradiative in a state defined as the n = 1 state. The potential 
energy, t7 ( r ) ) ' s an inverse-radius-squared relationship given by Gauss' law, which for a point charge or a two-dimensional 
spherical shell at a distance r from the nucleus, the potential is 



V(r) = - 



Ane^r 



(1.9) 



Thus, consideration of conservation of energy would require that the electron radius must be fixed. — Additional constraints 
requiring a two-dimensional source current of fixed radius are matching the delta function of Eq. (1.1) with no singularity, no 
time dependence and consequently no radiation, absence of self-interaction (See Appendix II: Stability and Absence of Self 
Interaction and Self Energy), and exact electroneutraliry of the hydrogen atom wherein the electric field is given by 



n>(E 1 -E 2 ) = ^- 



0-10) 



where n is the normal unit vector, Ej and E 2 are the electric field vectors that are discontinuous at the opposite surfaces, a s is 
the discontinuous two-dimensional surface charge density, and E 2 = . Then, the solution for the radial electron function, which 
satisfies the boundary conditions, is a delta function in spherical coordinates — a spherical shell [4] 
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f(r) = \s(r-r H ) (1.11) 
r 

where r n is an allowed radius. This function defines the charge density on a spherical shell of a fixed radius, not yet determined 

where the integer subscript n is determined during photon absorption, as given in the Excited States of the One-Electron Atom 
(Quantization) section. It is shown in this section that the force balance between the electric fields of the electron and proton 
plus any resonantly absorbed photons gives the result that r n = nr x wherein n is an integer in an excited state. To further match 

the required multipole electromagnetic fields between transitions of states, the trial nonradiative source current functions are 
time and spherical harmonics, each having an exact radius and an exact energy. Then, each allowed electron charge-density 

(mass-density) function is the product of a radial delta function (/(r) = — S(r - r„)) , two angular functions (spherical harmonic 

r 

functions), and a time - harmonic function. The corresponding currents J are 

mm. 



J = ^ L T i -T^X'-r„)]Re{r;(^^)}[u(0xr] 



2n $7tr n 
_ mco n e 
In Axr n 
ma, e~ 



■N'[S(r-r n )](P l m (cos8)cos(m0 + m(O ll t))[uxr] (1.12) 



N \S(r-r n )](P e m (cos 6)cos(m0 + met) j))sin 00 

ion constants. The vectors are define! 

u = z = orbital axis (1.13) 



2k AktI 
where N and N' are normalization constants. The vectors are defined as 
* — thcr uxr 



\uxr\ — snr& 

6 = 4>xr (1.14) 

" A " denotes the unit vectors u = r~r , non-unit vectors are designed in bold, and the current function is normalized. 



The Fourier transform of the radial Dirac delta function is a sine function as shown in Appendix I. Given time harmonic 
motion with angular velocity co n corresponding to a potentially emitted photon, and a radial delta function, the relationship 
between an allowed radius and the electron wavelength is given by 

2^ = K (1.15) 

Consider the sine function when the velocity is c corresponding to a potentially emitted photon where Eq. (1.15) applies. In this 
case, the relativistically corrected wavelength (Eq. (1.239)) is 

K=r n ' (1.16) 

Substitution of Eq. (1.16) into the sine function results in the vanishing of the entire Fourier transform of the current-density 

function. Thus, spacetime harmonics of —*- = k or —*- I — = k do not exist for which the Fourier transform of the current- 

c c ys 

density function is nonzero. Radiation due to charge motion does not occur in any medium when this boundary condition is met. 
(Note that in contrast the purely mathematical boundary condition for the solution of the radial function of the hydrogen atom 
with th e Schroding c r e quation is V F — > as r — » co wh e r e in th e e l e ctron e xists e v e rywh e r e at onc e and has th e maximum of th e 
squared wavefunction at the origin inside of the nucleus.) 

In addition to satisfaction of the Haus' condition given, the electron currents given by Eq. (1.12) are shown to be 
nonradiative with the same condition as that of Eq. (1.16) applied to the vector potential based on the electromagnetic fields and 
the Poynting power vector as shown in Appendix I: Nonradiation Condition. From Eq. (1.12), the charge and intrinsic 

magnetization terms are zero. Also, the current J(x,t) is in the direction; thus, the a E (l,m) coefficient given by Eq. (1.7) is 
zero since r- J = 0. Substitution of Eq. (1.12) into Eq. (1.8) gives the magnetic multipole coefficient a u (£,m) : 



c^l(£ + \) 



2a- 



For the electron source current given by Eq. (1.12), each comprising a multipole of order (£,m) with a time dependence e'°" , the 
far-field solutions to Maxwell's equations given by Eq. (1.3) are 

B = -i ajtf (^w)Vxg f (fr)X f| , 



E = a M (£,m)g t (kr)X tm 

i , • , ,• , ,-, dP(£,m) . 
and the time - averaged power radiated per solid angle * ^-^s- 



dQ. 
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dP(£,m) c i , .12 1 i2 ,„ ,„ 

where a M {l*rn) is given by Eg. (1,17). In the case that k is the lightlike fc°,then k = a> r lc regarding an emitted photon, in Eq, 

(1.17), andEqs. (1.18-1.19) vanishes for 

s = vT n =R = r n =\ (1.20) 

There is no radiation. 

There is no radiation due to the azimuthal charge density wave even in an excited state. However, for excited states there 
exists a radial dipole that is unstable to radiation as shown in the Instability of Excited States section, and this instability gives 
rise to a radial electric dipole current. In a nonradiative state, there is no emission or absorption of radiation corresponding to the 
absence of radial motion wherein Eq. (1.7) is zero since r -J = 0. Conversely, there is motion in the radial direction only when 
the energy of the system is changing, and the radiation emitted or absorbed during electron transitions is the multipolc radiation 
given hy Eq (1 2) as given in the Excited States of the One-Electron Atom (Quantization) section and the Equation of the Photon 
section wherein Eqs. (4.18-4.23) give a macro-spherical wave in the far- field. Thus, radial motion corresponds to the emission 
or absorption of photons. The form of the radial solution during a transition is then the corresponding electron source current 
comprising a time-dependent radial Dirac delta function that connects the initial and final states as boundary conditions. The 
photon carries fields and corresponding angular momentum. The physical characteristics of the photon and the electron are the 
basis of physically solving for e xcit e d stat e s according to Maxw e ll's e quations. Th e discontinuous harmonic radial curr e nt in 
Eq. (1.7) that connects the initial and final states of the transition is 

r-J = -^ 7 r- 1 sin— (m(^)-m(/'-t)) (1.21) 

where z is the lifetime of the transition given by Eq. (2.107) and t' is time during the transition as given in the Excited States of 
the One-Electron Atom (Quantization) section. The vector potential of the current that connects the initial and final states of a 
transition, each having currents of the form given by Eq. (1.12) is 

A(r) = f^^-flt, 022>_ 

ltz m e r n - r n <\nr 

The magnetic and electric fields are derived from the vector potential and are used in the Poynting power vector to give the 
power. The transition probability or Einstein coefficient A ki for initial state n t and final state n f of atomic hydrogen given by 

the power divided by the energy of the transition is 



1 _ 1 n 



t mc 24;r 



eh 



\2 



V OT A 2 y 



1 = 2.678 X 10" 1 , a h (t33)- 



\ n f n i) \ n f n i) 



which matches the NIST values for all transitions extremely well as shown in Excited States of the One-Electron Atom 
(Quantization) section . 

THE BOUND ELECTRON "ORBITSPHERE" 

From Eqs. (1.27-1.29), the electron angular functions are the spherical harmonics, Y t m (&,0) = P t m (cos 0)e""^ . The spherical 
harmonic Y® (9, <j>) = \ is also an allowed solution that is in fact required in order for the electron charge and mass densities to be 
positive definite and to give rise to the phenomena of electron spin. The real parts of the spherical harmonics vary between -1 
and 1. But, the mass of the electron cannot be negative, and the charge cannot be positive. Thus, to insure that the function is 
positive definite, the form of the angular solution must be a superposition: 

r u °(g,fl+r/W) (1 - 24) 

(Note that Y t m (O,0) = Pf (cos 0)e m * arc not normalized her e as given by Eq. (3.53) of Jackson [5]; how e ver, it is implicit that the 
magnitude is made to satisfy the boundary condition that the function is positive definite and Eq. (1.26) is satisfied.) Y o °(0,0) is 

called the angular spin function corresponding to the quantum numbers s = — ; m„ = ±— as given in the Orbitsphere Equation of 

Motion For t - Based on the Current Vector Field (CVF) section. Thus, bound electrons are described by a charge-density 
(mass-density) function that is the product of a radial delta function, Eq. (1.11), two angular functions (spherical harmonic 
functions), and a time harmonic function. This radial function implies that allowed states are two-dimensional spherical shells 
(zero thickness ') of charge density (and mass density) at specific radii r r . Thus, a bound electron is a constant two-dimensional 



1 The orbitsphere has zero thickness, but in order that the speed of light is a constant maximum in any frame including that of the gravitational field that 
propagates out as a light-wave front at particle production, it gives rise to a spacetime dilation equal to 2n times the Newtonian gravitational or 

Schwarzschild radius r = — — = 1.3525 X 10 m according to Eqs. (32.36) and (32.140b) and the discussion at the footnote after Eq. (32.40). This 
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spherical surface of charge (zero thickness, total charge of -e, and total mass of m c ), called an electron orbitsphere shown in 
Figure J.J, that can exist in a bound state at only specified distances from the nucleus determined by an energy minimum for the 
n=J state and integer multiples of this radius due to the action of resonant photons as shown in the Determination of 
Orbitsphere Radii section and the Equation of the Electric Field inside the Orbitsphere section, respectively. 

Figure 1.1. A bound electron is a constant two-dimensional spherical surface of charge (zero thickness, total charge of — e, 
and total mass of m e ), called an electron orbitsphere. For the n = l state of the hydrogen atom, the orbitsphere has the Bohr 
radius of the hydrogen atom, r = a H . It is nonradiative, a minimum-energy surface, and extremely stable in that the balanced 
forces correspond to a pressure of twenty million atmospheres. 




The equipotential, uniform or constant charge-density function (Eq. ( l .27)) further comprises a current pattern given in the 
Orbitsphere Equation of Motion For I = Based on the Current Vector Field (CVF) section and corresponds to the spin function 
of the electron. It also corresponds to the nonradiative n = l , I = state of atomic hydrogen. The uniform current density 
function Y a °(&,0) (Eqs. (1.27-1.29)) that gives rise to the spin of the electron is generated from two current-vector fields (CVFs). 
Each CVF comprises a continuum of correlated orthogonal great circle current-density elements (one dimensioned "current 
loops"). The current pattern comprising each CVF is generated over a half-sphere surface by a set of rotations of two orthogonal 

great circle current loops that serve as basis elements about each of the f-i x ,i y ,0i 2 ) and — r=i x ,-r=i y ,i z -axis; the span 

being k radians. Then, the two CVFs are convoluted, and the result is normalized to exactly generate the continuous uniform 

electron current density function Y^\9,<j>) covering a spherical shell and having the three angular momentum components of 

h h 

\j v = + / — and L £ =— (Figure 1.23) 2 . There is acceleration without radiation, in this case, centripetal acceleration. A static 

charge distribution exists even though there is acceleration along a great circle at each point on the surface. Haus' condition 
predicts no radiation for the entire ensemble. 

In cases of orbitals of heavier elements and excited states of one-electron atoms and atoms or ions of heavier elements 
which are not constant as given by Eq. ( l .29), the constant spin function is modulated by a time and spherical harmonic function. 
The modulation or traveling charge-density wave corresponds to an orbital angular momentum, in addition to a spin angular 
momentum. These states are typically referred to as p, d, f, etc. orbitals and correspond to an h quantum number not equal to 
zero. Haus' condition also predicts nonradiation for a constant spin function modulated by a time and spherically hannonic 
orbital function. However, in the case that such a state arises as an excited state by photon absorption, it is radiative due to a 
radial dipole term in its current-density function since it possesses spacetime Fourier transform components synchronous with 
waves traveling at the speed of light, as given in the Instability of Excited States section. 

In the case of an excited state, the charge-density function of the electron orbitsphere can be modulated by the 
corresponding "trapped" photon to give rise to orbital angular momentum about the z-axis. The "trapped photon" is a "standing 
electromagnetic wave" which acmally is a circulating wave that propagates around the z-axis. Its source current superimposes 
with the current-density of the orbitsphere at its radius corresponding to a radial Dirac delta function at the electron radius, 

corresponds to a spacetime dilation of 8.4980 X 10 m or 2.8346 X 10 ' s. Although the orbitsphere does not occupy space in the third spatial 
dimension, its mass discontinuity effectively "displaces" spacetime wherein the spacetime dilation can be considered a "thickness" associated with its 
gravitational field. 
- + 1 — designates both the positive and negative vector directions along an axis in the xy-plane. 
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8( r ~ r n)> aQ d due to relativistic effects the field is radially local at the electron. In order to satisfy the boundary (phase) 
condition at the orhitsphere surface, the ang ul ar and rime functions of the photon must match those of its source current which 
modulates the orbitsphere charge-density function as given in the Equation of the Electric Field Inside the Orbitsphere section. 
The time-function factor, k(t), for the photon "standing wave" is identical to the time-function factor of the orbitsphere. Thus, 
the angular frequency of the "trapped photon" has to be identical to the angular frequency of the electron orbitsphere, co n given 
by Eq. (1.36). However, the linear velocity of the multipole modulation component is not given by Eq. (1.35) — the orbital 
angular frequency is with respect to the z-axis; thus, the distance from the z-axis, p = r n sin 6 , must be substituted for the 
orbitsphere radius of Eq. (1.35). 

Y t m (0,0) is called the angular orbital function corresponding to the quantum numbers 

£ = 0, 1, 2, 3, 4,...; m, = -£, -I + 1, ..., 0, ..., +£ . Y ( m {9,<f>) can be thought of as a modulation function. The charge density of the 

-e 



entire orbitsphere is 

element is given by 


the total charge divided by the total area, 
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N\Y a \0, (j>) + Y, m (0, f)\rl sin 6d6d<j), 
















(1.25) 


where N is the normalization constant. Therefore, the normalization constant is 


given bv 













-e = Nr*j | [y o \0,</>) + Y f m (0,0)]sm0d0d0 (1.26) 







=g — £ 

For I =0, N = . For £ ^ 0, N = r- . The quantum numbers of the spherical harmonic currents can be related to the 

&?»j 4tWj 

observed electron orbital angular momentum states. The current is constant at every point on the surface for the s orbital 

corresponding to Y^{9,(j>). The charge-density functions including the time-function factor corresponding to s, p, d, f, etc. 

orbitals are 

£ = 

p(r,d,M = -^[5(r-rJ][Y:(e,0) + Y;(d,0)] (1.27) 

TWO 

p(r,d,M = ^[S(r-rJ][Y:(d^) + R^(R z { G} j))Y;(0^)}] (1.28) 

p(r,0,^) = ^[S(r-rJ\[^(0^) + ^;(0^)e ,ma "'}] (T39T 

where to keep the form of the spherical harmonic as a traveling wave about the z-axis ft(R z ) is the representation of the 
rotational matrix about th e z - axis R z — (Eq. (1.82)) in th e spac e of functions K{R z (<d n f)\Y™(0,<f) = Y™(8,(j> i mco n i) and 
Rely/' (0,0) e"""'"'\ = / J /'(cos6'Jcos(m0 + m(y | /) :, . Each ol the Eqs. (1.28-1.29) represents a traveling charge-density wave that 
moves on the surface of the orbitsphere about the z-axis with frequency co n and modulates the orbitsphere corresponding to £ = 
0. The latter gives rise to spin angular momentum as given in the Spin Angular Momentum of the Orbitsphere Y n °(0,$) with £ 
= section. The spin and orbital angular momentum may couple as given in the Orbital and Spin Splitting section. In the cases 
that £ # and m = 0, the charge is moving or rotating about the z-axis with frequency co n , but the charge density is not time 
dependent. The photon equations that correspond to the orbitsphere states, Eqs. (1.27-1.29), are given in the Excited States of 
the One-Electron Atom (Quantization) section. It is shown in Appendix I: Nonradiation Condition that in addition to Haus' 
condition, the orbitsphere states given by Eqs. (1.27-1.29) are nonradiative with the same relationships given by Eqs. (1.15-1.16) 

applied to the vector potential. 

For n = 1, and £ = 0, m = 0, and s = 1/2, the charge (and mass) distribution is spherically symmetric and 
M 1 001/2 = -4.553 Cm' 2 everywhere on the orbitsphere. Similarly, for n = 2 , £ =0, m - , and s = 1 / 2 , the charge distribution 



3 In Eq. (1.28), Y°\9,0), a constant function, is added to a spherical harmonic function wherein each term Rej;r(i? z [WjjjYf 1 " (0,(/>)\ and 

Re|y \0,f)e mw " \ represents a modulation function rotated in time. The latter is defined as a phasor corresponding to the modulation function 

spinning about the z-axis. This is equivalent to the constant function (first term) modulated by the spherical harmonic function (second term) that spins 
around the z-axis and comprises a traveling modulation wave. One rotation of the spherical harmonic function occurs in one period. 
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every where on the sphere is M 2001/2 =-1.138 Cm 2 . For« = 2, t = 1, m = 0, ands = 1/2, the charge distribution varies with 9. 
Y"(<j>,9) is a maximum at # = 0° and the charge density is also a maximum at this point, M 21(ll/2 (f? = 0°) = -2.276 Cm' 1 . The 
charge density decreases as increases; a minimum in the charge density is reached at 9 = 180°, M 2 l0V2 (9 = 180°) = Cm' 2 . 
For I = 1 and m = ±1 , the spherical harmonics are complex, and the angular functions comprise linear combinations of 
y; v =sin<9cos0 (1.30) 

Y liV =sia0sia^ (1.31) 

Each of Y lA and Y lv is the component factor part of a phasor. They are not components of a vector; however, the x and y 

designation corresponds, respectively, to the historical p t and p probability -density functions of quantum mechanics. Y { , is a 

maximum at # = 90° and ^ = 0°; M, ul/2 (90 o ,0°) = -1.138 On 2 . Figure 1.2 gives pictorial representations of how the 

modulation function changes the electron density on the orbitsphere for several £ values 4 . Figure 1.3 gives a pictorial 
representation of the charge-density wave of a p orbital that modulates the constant spin function and rotates around the z-axis. 
A single time point is shown for £ = 1 and m = ±1 in Eqs. (1 .28-1 .29). 

Figure 1 .2 The orbital function modulates the constant (spin) function, (shown for t = 0; three-dimensional view). 
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4 When the electron charge appears throughout this text in a function involving a linear combination of the spin and orbital functions, it is implicit that the 
charge is normalized. The integral of the constant mass-density function corresponding to spin over the orbitsphere is the mass of the electron. The 
integral of any spherical harmonic modulation function corresponding to orbital angular momentum over the orbitsphere is zero. The modulated mass- 
density function has a lower limit of zero due to the trapped photon that is phase-locked to the modulation function. And, the mass density cannot be 
negative. Thus, the maximum magnitude of the unnormalized spherical harmonic function over all angles must be one. The summation of the constant 
function and the orbital function is normalized. 
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Figure 1 .3. A pictorial representation of the charge-density wave of a p orbital that modulates the constant spin function 
and travels on the surface of the orbitsphere around the z-axis. A single time point is shown for ( — l and m = ±l in Eq. (1,36), 
The charge density increases from red to violet. The z-axis is the vertical axis. 




CLASSICAL PHYSICS OF THE DE BROGLIE RELATION 

Consider the constant function Y^(0,<j>) of Eqs. (1.27-1.29). The angular velocity must be constant (at a given n ) because r is 

constant and the energy and angular momentum are constant. Given time-harmonic motion and a radial delta function, the 
relationship between an allowed radius and the electron wavelength is given by Eq. (1.15). The allowed angular frequencies are 
related to the allowed frequencies by 

(o n =27zv n (1.32) 

The allowed velocities are related to allowed frequencies and wavelengths by 

v„ = ^A d-33) 

The allowed velocities and angular frequencies are related to r n by 

v„ = 2j7r„v„ = r„co n (1.34) 

such that magnitude of the velocity and the angular frequency for every point on the surface of the bound electron and their 
relationships with the wavelengths and r n are 

h h h h 



mA, m.2xr„ 



(1.35) 



(1.36) 



where the velocity (Eq. (1.35)) and angular frequency (Eq. (1.36)) are determined by the boundary conditions that the angular 
momentum density at each point on the surface is constant and the magnitude of the total angular momentum of the orbitsphere 
L must also be constant. The constant total is h given by the integral 

m= f 5-|rxm f v|^(r-f;,)(/x 3 



Aicr 



m,r„ 



(1.37) 



Special relativity requires that the mathematical equations expressing the laws of nature must be covariant, invariant in form, 
under the transformations of the Lorentz group [6]. The integral of the magnitude of the angular momentum of the electron is 
always h for any state and is relativistically invariant since as shown by Eq. (1.37) the angular momentum is invariant of radius 
or velocity. It is a Lorentz scalar L = n with respect to the radius of the state. The vector projections of the orbitsphere spin 
angular momentum relative to the Cartesian coordinates arrived at by summation of the contributions from the electron current 
elements are given in the Spin Angular Momentum of the Orbitsphere F ° {9,<f>) with £ — section. The same relationship 
applies to the photon as well as given by Eq. (4.1). Eq. (1.35) also gives the de Broglie relationship: 

4=-=— (1-38) 

The free electron is equivalent to a continuum-excited state with conservation of the parameters of the bound electron. 
Thus, the de Broglie relationship applied to the free electron is again due to conservation of the electron's angular momentum of 
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h . Specifically, it is shown in the Free Electron section that the free electron is a two-dimension lamina of charge with an 
azimuthal current with a corresponding angular momentum of % . The linear velocity of the free electron can be considered to be 
due to absorption of photons that excite surface currents corresponding to a decreased electron de Broglie wavelength: ~~ 

K= — = 2m (1-39) 

m e v z 

The relationship between the electron wavelength, its radius, p , and its linear velocity is 

f = /t=-g- = *-=^- O40X 

2n m e v z a> z 

In this case, the angular frequency a> z is given by 

<o z ~ k 2 (1- 4 1) 



™ e p ( 



which conserves the photon's angular momentum of h with that of the electron. 

It is further shown (Eq. (3.51)) that the total energy E T , is given by the sum of the change in the free-electron 
translational kinetic energy, T , the rotational energy of the azimuthal current, E TM , and the corresponding magnetic potential 



energy, £„„„: 



E T =T + E ml +E mag 

l h 2 5 h 2 5 h 2 l h 2 0-42) 

2 m e p\ — 4 m e p 2 — 4 rn e p 2 — 2 m e p 2 

Thus, the total energy, E T , of the excitation of a free-electron transitional state by a photon having h of angular momentum and 
an energy given by Planck's equation of na> is 

E T = T = -m v 2 =--^-— = -h(o, (1.43) 

r 2—" — Tm^t — 2 s 

where A, is the de Broglie wavelength. The angular momentum of the tree electron of % is unchanged. The energies in the 
currents in the plane lamina are balanced so that the total energy is unchanged. The radius p decreases to match the de Broglie 
wavelength and frequency at an increased velocity. At this velocity, the kinetic energy matches the energy provided by the 
photon wherein the de Broglie frequency matches the photon frequency and both the electron-kinetic energy and the photon 

energy are given by Planck's equation. 

The correspondence principle is the basis of the de Broglie wavelength relationship. The de Broglie relationship is not an 
independent fundamental property of matter in conflict with physical laws as formalized in the wave-particle-duality-related 
postulates of quantum mechanics and the corresponding Schrodinger wave equation. The Stern-Gerlach experimental results 
and the double-slit interterence pattern of electrons are also predicted classically as given in the Physics of Classical Electron 
Diffraction Resolves the Wave-Particle Duality Mystery of Quantum Mechanics section. 



ROTATIONAL PARAMETERS OF THE ELECTRON (ANGULAR MOMENTUM, 
ROTATIONAL ENERGY, AND MOMENT OF INERTIA) 

The spin function corresponds to £ = . The electron orbitsphere experiences a constant potential energy because it is fixed at 
r = r n . In general, the kinetic energy for an inverse squared electric force is half the potential energy. It is the rotation of the 
orbitsphere, projections of the uniform current density, that causes spin angular momentum. The rotational energy of a rotating 

b0d y> E ro, > is 

— e ^ l 2 ^M^ w 

where lis the moment of inertia and a> is the angular velocity. The angular momentum is given by 

L = IaA z (1.45) 

The angular velocity must be constant (at a given n ) because r is constant and the energy and angular momentum are constant. 
The total kinetic energy, T , of the orbitsphere spin function Y o °(0,0) is 

T = -mv 2 (1.46) 

2 e " 

Substitution of Eq. (1.35) gives 

T = — — (1.47) 

2»A 
One result of the correlated motion along great circles is that some of the kinetic energy is not counted in the rotational energy 
(i.e. for any spin axis, there will be an infinite number of great circles with planes passing through that axis with 8 angles other 
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than 90° ). All points on any one of these great circles will be moving, but not all of that motion will be part of the rotational 
energy; only that motion perpendicular to the spin axis will be part of the rotational energy. Thus, the rotational kinetic energy 
will always be less than the total kinetic energy, furthermore, the following relationships must hold. ~~ 



i- 



i- 



Ico<L = h 



(1.48) 

(1.49) 

(hS&y- 

Additionally, it is known from th e Stern-Gerlach experiment that a beam of silver atoms splits into two compon e nts when passed 
through an inhomogeneous magnetic field. This experiment implies a magnetic moment of one Bohr magneton and an 
associated angular momentum quantum number of 1/2. Historically, this quantum number is called the spin quantum number, 
and that designation will be retained. The angular momentum can be thought of as arising from a spin component or 
equivalently from an orbital component of the spin. The z-axis projection of the spin angular momentum was derived in the 



Orbitsphere Equation of Motion For I = U Based on the Current Vector Field (CVF) section. 

h 
L = Im =±- 

2 

where a — is given by Eq. (1.36); so, for I ~ 



(1.51) 



T 1—*-- k- 



(1.52) 



Thus, 



m r 

I -I - e " 

z spin ^ 


(1.53) 


From Eq. (1.44), 

rotational spin r* |_ spin J 


(1.54) 



From Eqs. (1.36) and (1.53), 



E = E 

rotational rotational spin 



21. r 



(1.55) 



THE DERIVATION OF THE ROTATIONAL PARAMETERS OF THE ELECTRON 

When i ^ 0, the spherical harmonic is not a constant and the charge-density function is not uniform over the orbitsphere. Thus, 
the angular momentum can be thought of arising from a spin component and an orbital component. The charge, mass, energy, 
and angular momentum of the electron are constant, and the flow of current must be conservative and without radiation. The 
corres p onding dynamic charge and mass-density functions are time and s p herically ha r monic and are interchangeable by the 
conversion factor of the corresponding ratio m e l e . In order to match the source current condition of Maxwell's equations, the 
multipole of the current density must be constant. Then, the spatial and time motion obeys a classical wave equation. The 
boundary conditions on conservation of kinetic energy and angular momentum, for azimnthal current flow about a defined axis 
at the angular frequency a> n given by Eq. (1.36), require classical wave behavior, as well, and the corresponding rotational 
energy equation is given by the rigid rotor equation [7]. 

In the derivation of the rotational energy and related parameters, first consider that the electron orbitsphere experiences a 
constant potential energy because it is fixed at r = r n . The boundary condition is that the modulation of the charge density by a 

traveling wave is not dissipative corresponding to absence of radiation and further has a time average of zero kinetic energy. 
The mechanics of motion is such that there is a time and spatially harmonic redistribution of matter and kinetic energy that flows 
on the surface such that the total of either is unchanged. Wave motion has such behavior and the corresponding equation is a 
wave equation that is solved with energy degeneracy and a time average of zero for the charge and energy flow as the boundary 
constraints. — In this case, the energy degeneracy is only lifted due to the electrodynamic interaction with an applied field 

consistent with experiential observations, as given in the Orbital and Spin Splitting section. 

The general form of the classical wave equation 5 applies to the mechanics of the bound electron 

,, 1 d 2 



dt 1 



p(r,6,4,,t) = Q 



(1.56) 



' This is not to be confused with the Schrodinger equation that is not a proper wave equation; rather, it is a diffusion equation. 
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where p(r,0,<f>,t) is the function of the electron in time and space. Here, the current densities of p(r,0,<j>,t) comprise time 
harmonics and the spherical harmonics on a two-dimensional spherical surface (Eqs. (1.28-1.29)) for the temporal and spatial 
functions. Thus, the mechanics equation is given by 



V z - 



i d l 



V dt l 



Anr 



\8{r - r n )][Y: {0j) + Re{7/" (0,<j>)e imm -']\ = 



(1.57) 



Since the rotation is defined to be about the z-axis, the velocity v in Eq. (1.57) is not constant, but has the same angular 
dependence as the corresponding spherical harmonic Y t m (0,4) where the motion is azimuthal to the radius. In general, the 
spherical harmonic charge density functions satisfy the equation [3] 



1 d 



£in 



, sm# — 
Q d 6 \ d0- 



sin 



d 2 



Y f:mt (0,4) = £(£ + \)Y f:mt (0,4) 



(1.58) 



which may b e written in the form 

L% mt {0,4) = i(i + l)Y t , mt {0,4) (1.59) 

The charge/mass flow corresponding to Eq. (1.12) and Eqs. (1.28-1.29) time averages to zero and corresponds to modulation of 
the constant spin function. Similarly, the current densities are eigenfunctions such that kinetic energy flow time averages to zero 
and corresponds to the modulation of the constant kinetic energy of the spin function. The amplitude of the orbital rotational 

energy can be solved from the mechanics equation (Eq. (1.57)) operating on ReiY e m (d,4)e mm "'\ ■ Since the motion of the 

orbitsphere is transverse to the radius, the motion constitutes an inertial frame that is relativistically invariant, as given in the 

Special Relativistic Effect on the Electron Radius and the Ralativistic Ionization Energies section. The total spin angular 

momentum of the electron is an invariant Lorentz scalar L = h \6], as given in the Orbitsphere Equation of Motion For £ = 
Based on the Current Vector Field (CVF) section, and the time-averaged orbital angular momentum is zero that is also a Lorentz 
scalar L = . By expressing the wave equation in the energy form, the angular dependent velocity may be eliminated, and this 
equation can be solved using the boundary constraints. The time and angular functions are separable. 



2-"V 



1 



sin fl— ± 



1 



d 



d0) rA rJsnTe 
1 



Xd 1 



A(0 jl f> J t) = O 



4U5Q)- 



! sin 6>^6> 



dt l 



where p(r,0,0,t) = f(r)A(0,0,t) = —S(r-r n )A(0,0,t) and A(0,0,t) = Y(0,0)k(t). The mass of an electron is superimposable 
r 

with its charge. That is, the angular mass-density function, A(0, 4,t) , is also the angular charge-density function. Elimination of 
the separable time function of Eq. (1.60) gives 



V 2 + 



CD 



y;(0,<p) = o 



(1.61) 



Eq. (1.61) can be expressed in terms of the wavenumber and wavelength: 



[v 2 + k 2 ]Y;(0,0) = o 
y;(0,<j 



v 2 + | — 



= 



(1.62) 
(1.63) 



Using Eq. (1.44) and the de Broglie relationship (Eq. (1.38)) based on conservation of angular momentum gives the 
relationships: 



(2nr) _ 2m/ n E rot _ 2IE r€ 



T W W 

Substitution of Eq. (1.64) into Eq. (1.63) gives the well-known rigid rotor equation [7]: 



(1.64) 



21 



1 



sin^^ 



sin#- 



+ 



1 



d_ 
sin 2 ^ 1 ^ 2 



2 A 



Y{0,4) = E mt Y(0,4) 



(1.65) 



The energies corresponding to Eq. (1.65) are given by [7] 

~ h 2 l{l + \)h 2 l(l + \) 



21 



2m r' 



£ = 1,2,3,..., 



and the solution of Eq. (1.65) for L , the orbital angular momentum defined to be about the z-axis, is 
L = 7^/1(1 + 1)1, 



(1.66) 
(1.67) 



where the moment of inertia, / , assumed by McQuarrie [7] is that of a point particle, mr 2 . It is demonstrated by Eq. (1.37) that 

the total integrated magnitude of the angular momentum density over the surface of the electron orbitsphere is % ; therefore, the 
magnitude of the angular momentum of an electron orbitsphere about the z-axis must be less than % , and the corresponding 
moment of inertia must be less than that given by m e r 2 . For example, the moment of inertia of the uniform spherical shell, I RS , 
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is [8] 



-^My 



The current density of the electron is a two-dimensional shell with a constant or a constant plus a spherical harmonic angular 
dependence. In this case, the relationships given by Eqs. (1.48-143) must hold. Eq. (1.65) can be expressed in terms of the 
variable x that is substituted for cos 6* . The resulting function P(x) is called Legendre's equation and is a well-known equation 
in classical physics. — It occurs in a vari e ty of probl e ms that ar c formulat e d in sph e rical coordinat e s. — Wh e n th e pow e r s c ri e s 
method of solution is applied to P(x) , the series must be truncated in order that the solutions be finite at x = ±1 . The solution to 

Legendre's equation given by Eq. (1.66) is the maximum term of a series of solutions corresponding to the m, and £ values [7, 
9]. The rotational energy must be normalized by the total number of states — each corresponding to a set of quantum numbers of 
the power series solution. As demonstrated in the Excited States of the One-Electron Atom (Quantization) section, the quantum 
numbers of the excited states are 
n =2,3,4,... 

£ = l,2,...,n-\ (1.69) 

m,=-£,-£ + \,...,0,...,+£ 

In the case of an orbitsphere excited state, each rotational state solution of Eq. (1.65) (Legendre's equation) corresponds to a 
multipole moment of the charge-density function (Eqs. (1.28-1.29)). The orbital rotational energy E mmiomIorhiuI is given by 

normalizing E mt (Eq. (1.66)) using N ls , the total number of multipole moments where each corresponds to an £ and m t 
quantum number of an energy level corresponding to a principal quantum number of n : 



*,„=! I 1 = 1 21 + 1 = 

(=0 m t =-t 1=0 


-n 2 ={£ + \) =£ 2 +2l + 


1 








(L70) 


Multiplication of Eq. (1 .66) by the normalization factor Nj] 


given by Eq. (1.70) 


and substitution of the 


angular 


velocity given 


i T7 /i i/-\ • 
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rotational orbital >-\ j t>2 ■-) n i 


211 + 1 2m e r n 2 l + \ 


£ = 1,2,3,..., 








(1.71) 


Multiplication of Eq. (1.67) by the normalization factor Nj] 


given by Eq. (1.70) 


and 


using Eq. (1.36) g 


;ives the 


corresponding 



orbital angular momentum, L oMtal , and moment of inertia , I orbiml , of the orbitsphere where £ =£ 0: 



2 ici+i) . 2 n 

"\£ 2 +2£ + l mr 2 \£ + \ z ^£ + \ 



^orb.tal = lG} h = lorbttaM; = >" e r„ J OA z = 171^ 2 A \^—;K = KIt-TK - 72 ) 



e n 



where 

J— <1 (1.74) 
Vx+j _ 

consistent with Eq. (1.50). 

In the case of the excited states with £ =t 0, the orbitsphere charge-density functions are given by Eqs. (1.28-1.29), and 

the total angular momentum is the sum of two functions of equal magnitude. L z/om; is given by the sum of the spin and orbital 

angular momentum. The principal energy levels of the excited states are split when a magnetic field is applied. The energy 
shifts due to spin and orbital angular momentum are given in the Spin and Orbital Splitting section. 

-^z total ~ -^z spin "*" ^z orbital \\-'^) 

Similarly, the orbital rotational energy arises from a spin function (spin angular momentum) modulated by a spherical harmonic 
angular function (orbital angular momentum). The time-averaged mechanical angular momentum and rotational energy 
associated with the traveling charge-density wave on th e orbitsphere is z e ro: 

{h orbital) = ^£H 

{^rotational orbital / = " (.*■•'') 

In the case of an excited state, the angular momentum comprising a Lorentz scalar L = h is carried by the fields of the trapped 
photon. The energy and angular momentum amplitudes that couple to external magnetic and electromagnetic fields are given by 
Eq. (1.71) and (1.72), r e sp e ctiv e ly. The rotational e n e rgy du e to spin is giv e n by Eq. (1.55), and th e total kin e tic e n e rgy is giv e n 
by Eq. (1.47). 
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THE ORBITSPHERE EQUATION OF MOTION FOR I = BASED ON THE CURRENT 
^E< 



STERN-GERLACH-EXPERIMENT BOUNDARY CONDITIONS 

It is known from the Stern-Gerlach experiment that a beam of silver atoms is split into two components when passed through an 

inhomogeneous magnetic field , — This implies that the electron is a spin 1/2 particle or fermion with an intrinsic angular 

h 
momentum of ±— that can only exist parallel or antiparallel to the direction of the applied field (spin axis), and the magnitude of 

the angular momentum vector, which precesses about the spin axis, is A—% . Furthermore, the magnitude of the splitting implies 

a mag ne tic moment of /j. B , a full Bohr magneton, given by F.q. (LIU) corresponding to h of total ang ul ar momentum on the 

axis, implying an impossibility of being classically reconciled with the ±— electron angular momentum. Yet, the extraordinary 

aspects of the magnetic properties and behavior of the electron are the basis to solve its structure that gives rise to these 

observations. 

Experimentally, the electron has a measured magnetic field and corresponding magnetic moment of a Bohr magneton 

h 
that can only exist parallel or antiparallel to the direction of the applied magnetic field and behaves as if it possesses only — of 

intrinsic angular momentum. For any magnetic field, the Maxwell's-equations solution for the corresponding source current is 
unique. Thus, the electron field requires a corresponding unique current according to Maxwell's equations. Several boundary 
conditions must be satisfied, and the orbitsphere equation of motion for £ = is solved as a boundary value problem. The 
boundary conditions are: 

(1) to maintain electroneutrality, force balance, absence of a magnetic or electric multipole, and give the proper 
Lorentz invariant angular momentum, each point position on the orbitsphere surface designates a charge(mass)- 
density element, and each point element must have the same magnitude of linear and angular velocity given by Eqs. 
(1.35) and (1.36), respectively; 

(2) according to condition 1, every such infinitesimal point element must move along a great circle and the current- 
density distribution must be uniform; 

(3) the electron magnetic moment must align completely parallel or antiparallel with an applied magnetic field in 
agreement with the Stern-Gerlach experiment; 

(4) it is shown infra that according to condition #3, the projection of the intrinsic angular momentum of the 

h h 

orbitsphere onto the z-axis must be ± — , and the projection into the transverse plane must be ±— to achieve the spin 

1/2 aspect; 

(5) it is further shown that the Larmor excitation of the electron in the applied magnetic field must give rise to a 

component of electron spin angular momentum that precesses about the applied magnetic field such that the 

h 
contribution along the z-axis is ±— and the projection onto the orthogonal axis which precesses about the z-axis must 



be±^*; 



(6) due to conditions #4 and #5, the angular momentum components corresponding to the current of the orbitsphere 
and that due to the Larmor precession give rise to a total angular momentum on the applied-field axis of +% ; 

(7) due to condition #6, the precessing electron has a magnetic moment of a Bohr magneton, and 

(8) the energy of the transition of the alignment of the magnetic moment with an applied magnetic field must be given 
by Eqs. (1.226-1.227) wherein the g factor and Bohr magneton factors are due to the extended-nature of the electron 
such that it links flux in units of the magnetic flux quantum and has a total angular momentum on the applied-field 
axis of ±h . 
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The algorithm to generate the spin function designated as Y^(8,<j>) (part of Eqs. (1.27-1.29)) and called the electron 
orbitsphere is developed in this section. It was shown in the Classical Physics of the De Broglie Relationship section that the 
integral of the magnitude of the angular momentum over the orbitsphere must be constant. The constant is ft as given by Eq. 

(1.37). It is shown in this section that the projection of the intrinsic orbitsphere angular momentum onto the spin axis is ±— , 

and the projection onto S, the axis that precesses about the spin axis, is ft with a precessing component in the perpendicular 

Jf ft ft 

plane of A — ft and a component on the spin axis of +— . Th us, the m yst ery o f an i n trinsic angular m omentum of +— a n d a total 

angular momentum in a resonant RF experiment of L z = ft is resolved since the sum of the intrinsic component and the spin-axis 

projection of the precessing component is h . The Stern-Gerlach experiment implies a magnetic moment of one Bohr magneton 
and an associated angular momentum quantum number of 1/2. Historically, this quantum number is called the spin quantum 

number, s(s = — ; m s =±— ), and that designation is maintained. 

Consider the derivation of Eq. (1 .65). The moment of inertia of a point particle orbiting an axis is mr 2 , and that of a 

2 , 

globe spinning about some axis is I = —mr . For I = 0, the electron mass and charge are uniformly distributed over the 

orbitsphere, a two-dimensional spherical shell, but the orbitsphere is not analogous to a globe. The velocity of a point mass on a 
spinning globe is a function of 8 , but the magnitude of the velocity at each point of the orbitsphere is not a function of 8 . To 
picture the distinction, it is a useful concept to consider that the continuous current density of the orbitsphere is comprised of an 
infinite number of point elements that move on the spherical surface. Then, each point on the sphere with mass m j has the same 

angular velocity, co n , the same magnitude of linear velocity, v n , and the same moment of inertia, m t r 2 . The motion at each point 

of the orbitsphere is along a great circle, and the motion along each great circle is correlated with the motion on all other great 

circles such that the sum of all the contributions of the corresponding angular momentum is different from that of an orbiting 

point or a globe spinning about an axis. The orbitsphere angular momentum is directed along two orthogonal axes having three 

ft ft 

angular momentum components of L = + / — and L z = — . 

The orbitsphere spin function comprises a constant uniform charge (current) density with moving charge confined to a 
two-dimensional spherical shell. The current-density is continuous, but it may be modeled as a current pattern comprising a 
superposition of an infinite series of correlated orthogonal great-circle current loops. The equation of motion for each charge- 
density element (and correspondingly for each mass-density element) corresponds to that of a current on a one-dimensional great 
circle wherein each point charge(current)-density element moves time harmonically with constant angular velocity, co n , given by 

Eq. (1.36) and has the corresponding velocity, v n , on the surface in the direction of the current given by Eq. (1.35). The 

distribution of the great circles is such that all of the boundary conditions are satisfied. 

The uniform, equipotential charge-density function of the orbitsphere having only a radial discontinuous field at the 
surface according to Eq. (1.10) is constant in time due to the motion of the current along great circles. The current flowing into 
any given point of the orbitsphere equals the current flowing out to satisfy the current continuity condition, V • J = as in the 
case of any macrocurrent carried by an ensemble of electrons. There are many crossings amongst great circle elements at single, 

zero-dimensional points on the two-dimensional surface of the electron embedded in a three-dimensional space. Thus, the 

velocity direction is multivalued at each point. But, there is nothing in Maxwell's equations in two dimensions that precludes 
this result, since these laws only regard fields external to the two-dimensional charge density and current density sources. As in 
the macro-case, the continuous two-dimensional orbitsphere current density distribution constitutes a uniform, constant two- 
dimensional supercurrent (See Figure 1.22 for the vector supercurrent pattern) wherein the crossings have no effect on the 
curr e nt patt e rn. Each on e- dim e nsional c l e m e nt is ind e p e nd e nt of th e oth e rs, and its contribution to th e angular mom e ntum and 
magnetic field independently superimposes with that of the others. 

The aspect of no interaction at local zero-dimensional crossings of a two-dimensional fundamental particle has the same 
properties as the superposition properties of the electric and magnetic fields of a photon from which the electron forms. Field 
lines of photons traveling at the speed of light also superimpose with the field- and velocity-direction vectors multivalued at each 
point that they cross. Indeed, the photon field pattern of a single photon shown in the Equation of the Photon section is very 
similar to the great-circle pattern of the orbitsphere shown infra. As shown in the Excited States of the One-Electron Atom 
(Quantization), the Creation of Matter from Energy, Pair Production, and the Leptons sections, the angular momentum in the 
electric and magnetic fields is conserved in excited states and in the creation of an electron from a photon in agreement with 
Maxwell's equations. Thus, it is useful to regard an electron as a special-state photon. 

Thus, the electron as an indivisible fundamental particle is related to the concepts of current and momentum elements, 
but the great-circle-current-loop basis elements used to generate and represent the bound electron current corresponding to spin 
should be considered more fundamentally in terms of sources of electric and magnetic field and sources of momentum that in 
aggregate gives the corresponding properties of the electron as a whole. In fact, as shown in the Gravity section, all physical 
observables including the laws of nature and the fundamental constants can ultimately only be related to others and have no 
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independent meaning. Then, the basis elements of an electron are understood in terms of what they do when added in aggregate 
to constitute an electron. The nomenclature used to describe the elements reflects the analogous macroscopic sources and is 



adopted tor convenience. 



GENERATION OF THE ORBITSPHERE CVFS 

The orbitsphere spin function comprises a constant charge(current)-density function with moving charge confined to a two- 
dim e nsional sph e rical sh e ll and compris e s a uniform compl e t e cov e rag e . Th e uniform magn e tostatic curr e nt - d e nsity function 
Y^{8,<j>) of the orbitsphere spin function comprises a continuum of correlated orthogonal great circle current loops wherein each 
point charge(current)-density element moves time harmonically with constant angular velocity, co n , given by Eq. (1.36) and 
velocity, v„ , in the direction of the current given by Eq. (1.35). The current-density function of the orbitsphere is generated from 

orthogonal great-circle current-density elements (one dimensional "current loops") that serve as basis elements to form two 
distributions of an infinit e numb e r of gr e at circl e s wh e r e in e ach cov e rs on e -half of a two-dim e nsional sph e rical sh e ll and is 
defined as a basis element current vector field ("BECVF") and an orbitsphere current-vector field ("OCVF"). Then, the 
continuous uniform electron current density function Y a (&,</>) (part of Eqs. (1.27-1.29)) that covers the entire spherical surface 

as a distribution of an infinite number of great circles is generated using the CVFs . 

First, the generation of the BECVF is achieved by rotation of two great circle basis elements, one in the x'z'-plane and 

the other in the y'z'-plane, about the (-i x ,i y ,0i z ) axis by an infinite set of infinitesimal increments of the rotational angle 

h 
wherein the current direction is such that the resultant angular momentum vector of the basis elements of — t= is stationary on 

: 2V2 

this axis. The generation of the OCVF is achieved by rotation of two great circle basis elements, one in the x'y'-plane and the 

other in the plane that bisects the x'y'-quadrant and is parallel to the z'-axis, about the — ;=i ,— 7=i ,i axis by an infinite set 

i, V2 V2 ) 

of infinitesimal increments of the rotational angle wherein the current direction is such that the resultant angular momentum 

ft. fa h . 

vector of the basis elements of — having components of L = —f= and L z = — r= is stationary on this axis. 1 he operator to 

2 2v2 2v2 

form each CVF comprises a convolution of the rotational matrix of great circles basis elements with an infinite series of delta 
functions of argument of the infinitesimal angular increment. Then, the uniform great-circle distribution Y^id.f) is exactly 
generated from the CVFs. The BECVF is convolved with the OCVF over a 2k span that results in the placement of a BECVF 
at each great circle of the OCVF. Since the angular momentum vector of the BECVF is matched to twice that of one of the 
OCVF great circle basis elements and the span is over 2k , the resultant angular momentum of the distribution is the same as 
that of the OCVF, except that coverage of the spherical surface is complete. This current vector distribution is normalized by 
scaling the constant current of each great circle element resulting in the exact uniformity of the distribution independent of time 
since V • K = along each great circl e . Ther e is no alt e ration of th e angular momentum by normalization since it only affects 

the density parallel to the angular momentum axis of the distribution, the — =i x ,— =i ,i z -axis. Then, the boundary 

conditions of Y ° {8, <f>) having the desired angular momentum components, coverage, element motion, and uniformity are shown 

to have been achieved by designating the — =i x ,-=i y ,i z -axis as the z-axis. The resulting exact uniform current distribution 

h % 
(Figure 1.22) has the angular momentum components of L - + / — and L z -— (Eqs. (1.127-1.128) and Figure 1.23). 

The z-projection of the angular momentum of a photon given by its orthogonal electric and magnetic tields is 

m = [ ReTr x(ExB*)ltfo 4 = h (Eq. (4.1)). When an electron is formed from a photon as given in the Leptons section, the 

J 8kc 

angular momentum is conserved in the projections of the orthogonal great circle current loops that serve as the basis elements of 
the orbitsphere . Special relativity requires that the mathematical equations expressing the laws of nature must be covariant, that 
is, invariant in form, under the transformations of the Lorentz group. As shown by Eq. (1.37) the angular momentum is invariant 
of radius or velocity. It is a Lorentz scalar L = h [6] with respect to the radius of the state. The vector projections of the 
orbitsphere spin angular momentum relative to the Cartesian coordinates arrived at by summation of the contributions from the 
electron current elements of the current distribution are given in the Spin Angular Momentum of the Orbitsphere 7 " (6, <f>) with 
£ = section. The time-independent current pattern is obtained by defining a basis set for generating the current distribution 
over the surface of a spherical shell of zero thickness. 

As such a basis set, consider that the electron current is distributed within the basis elements and then distributed evenly 
amongst all great circles such the final distribution Y O °(O,0) possesses n of angular mom e ntum before and after normalization. 
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% 
First, the basis element BECVF is generated from two orthogonally linked great-circle current loops having — apiece and a 

h 
resultant angular momentum of j= . The OCVF is generated from two orthogonally linked great circle current loops having 

h h 

an angular momentum of — j= apiece and a resultant angular momentum of — . The current pattern of each CVF is generated 

2V2 2 

over the surface by a corresponding infinite set of infinitesimal rotations of the two orthogonal great-circle current loops that 
serve as basis elements by n radians about the (-i x ,i y ,0i z J-axis for the BECVF and — ^=i x ,-^=i y ,i z -axis for the OCVF. 

The BECVF is convolved with the OCVF resulting in the BECVF of matched angular momentum substituting for the great 
circle basis elements of the OCVF over its great-circle distribution, and the resulting current vector pattern is normalized 
numerically by individually scaling the current density of each great circle element as given in the Uniformity of Y ° (6>, 0) 

section. In the generation of Y^{8,<j>), the rotations of the basis elements comprising the convolutions are about the resultant 
angular momentum axis of the basis elements that leaves the resultant vector unchanged, and the angular momentum is 

unaffect e d by normalization. Th e n, aft e r r e ori e nting th e r e sultant angular mom e ntum v e ctor from along the i s , ■— i ,i z 

V V2 V2 

fi 
axis to along the z-axis, it is trivial to confirm that the boundary-condition components of having components of L = + / — 

h 
and L z = — is met while further achieving the condition that the magnitude of the velocity at any point on the surface is given by 

Eq. (1.35). Since the final distribution is uniform, the electron charge, current, mass, and angular momentum density can be 
obtained by equating the surface area integral to -e , -eco n , m e , and h , respectively. Then, the physical properties are derived 

in the Spin Angular Momentum of the Orbitsphere Y^{9,<f>) with i = section and are shown to match the boundary conditions. 
The derivation of the matrix mechanics to generate the electron spin current distribution called the electron orbitsphere Y o "(0,0) 
and its uniform charge and current resulting from normalized are considered first and then utilized herein. 

GENERATION OF THE BECVF 

Next, consider two infinitesimal charge(mass)-density elements at two separate positions or points, one and two, of the first pair 
of orthogonal great-circle current loops that serve as the basis set for generation of the BECVF as shown in Figure 1.4. The 
rotating Cartesian coordinates, x',y',z', in which the basis element great circles are fixed is designated the basis-set reference 
frame . In this frame at time zero , element one is at x ' - , y ' - r n , and z ' - , and element two is at x' - r n , y ' - , and z ' - . 
Let element one move on a great circle clockwise toward the -z'-axis, and let element two move counter clockwise on a great 
circle toward the -z'-axis, as shown in Figure 1.4. The equations of motion, in the basis-set reference frame with t = defined at 
the points (0,1,0) and (1,0,0), respectively, are given by 

point one: 

1 1 1 

x l = y,~ r n cos(caJ) z l - -r n skK/y/) (1-78) 

point two: 

1 * 1 

x 2 - r n co$((Q n i) y 2 = z 2 = -r n sin(« n ?) (1-79) 
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Figure 1 .4. The BECVF is generated from two orthogonal great-circle current loops that serve as basis elements. The current 
on the great circle in the y'z'-plane moves clockwise and the current on the great circle in the x'z'-plane moves counter clockwise 
as indicated by arrows. Each point or coordinate position on the continuous two-dimensional BECVF defines an infinitesimal 
charge (mass)-density element, which moves along a geodesic orbit comprising a great circle. Two such infinitesimal charges 
(masses) are shown at point one, moving clockwise on the great circle in the y'z'-plane, and at point two moving counter 
clockwise on the great circle in the x'z'-plane. The xyz-system is the laboratory frame, and the orthogonal-current-loop basis set 

is rigid with respect to the x'y'z'-system that rotates about the (-i^i^Oi^-axis by k radians to generate the elements of the 

BECVF. The resultant angular momentum vector of the orthogonal great-circle current loops that is stationary in the xy-plane 

that is evenly distributed over the half-surface is — t= in the direction of (-i s ,i y ,0i z ) . 

2V2 



Point 2 




Point 1 



The orthogonal great circle basis set to generate the BECVF is shown in Figure 1.4. It is generated by the rotation of the 
two orthogonal great circles about the (— i x ,i v ,0i z ) -axis by an infinite set of infinitesimal increments of the rotational angle 

totaling a span of tz . As shown in Figure 1 .4, the current direction is such that the resultant angular momentum vector of the 

n 
basis elements of magnitude — t= is stationary on this axis wherein one basis-element great circle is initially in the yz-plane 

2V2 

ft ft 

having angular momentum L = — and the other is initially in the xz-plane having angular momentum L = — . The operator 

4 4 

to form the BECVF comprises a convolution [10] of the rotational matrix of great circles basis elements with an infinite series of 

delta functions of argument of the infinitesimal angular increment. 

The principal rotations in Cartesian coordinates are around each of the orthogonal axes, x, y, and z. Rotations about other 

axes can be obtained as a noncommutative combination of rotations that rotates one of the principal axes to align on the desired 

rotational axis relative to the Cartesian coordinates, the principal-axis rotation is applied, and then the matrices to rotate the 

principal axis to its Cartesian original coordinates are applied. A nonprincipal axis of rotation can be further rotated to a desired 

position. This can be achieved by rotating the axis about a principal axis relative to the Cartesian coordinates that is unchanged 

in the process. Principal rotational matrices with a clockwise rotation defined as a positive angle are given in Fowles [11]. The 

rotational matrix about the x-axis by 6 , R x (#) , is given by 

1 



RA&)- 



cos(#) sin(<?) 



(1.80) 



-sin(#) cos (6) 
The rotational matrix about the y-axis by 6, R v (6>) , is given by 
~cos(<9) -sin(6>)~ 



*,{*)> 



1 



sin(<9) cos(<9) 



(1.81) 
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The rotational matrix about the z-axis by 8 , R z (#) , is given by 
"cos(6>) sin(fl) — Q 1 



*•(*)- 



-sin(6») cos(6») 



(1.82) 



The rotational matrix about the (— i x ,i y ,0i z J -axis by 8, R, . . . , (<9) , is given by 

I'hen, using Eqs. (1./8-1.8U, LUZ-l.Hi), the great circle basis elements and rotational matrix are given by 
BECVF MATRICES (R, . . >(<?)) 



(1-83) 



1 cos6 



1 cos £ 



■+■ 



1 

— + 
2 



sin# 



2 

COS0 



1 

— + 
_J 2 

sin 8 



2 
cos 



4i 

sin# 

'7T 



sin# 



To 

r n cos <j> 


+ 


r n COS (j) 



\ 


1 -r n sin <f> 




-r„ sin <j> 


) 



(1.84) 



— j=- —j=- cos 8 

V2 V2 

Using Eq. (1.84), the BECVF matrix representation of the convolution is given by: 



=M 



BECVF = 



4iffl- 



frw.r 



(*) -pci,^^ 



K V r wv ' ( t ,.m y .g 



8{0-m\0 M ) 



(1 - 85) 



wherein ii. . o . ,((9) is the rotational matrix about the (-i x ,i y ,0i z J-axis, GC?" . , and GC, 4 ."^. . , are the great circle basis 
elements in itially in th e y z and x z planes, re spectively, and ® designates the convolution w ith the delta fu nction o f th e 



infinitesimal incremental angle mA8 M . The integral form of the convolution is 

BECVF= jU^Ue) .(GC ( 7 vg+ GCj^ . . )) lim f^-^^ 
The integration gives the infinite sum of great circles that constitute the BECVF: 



(1.86) 



-|H 



BECVF = 



lim 

Afl^O 



V 



(«a^).(gc ( 



kv.) 



+Gc tt, i)) 



-(i. 



(1.87) 



The BECVF given by Eqs. (1.84-1.87) can also be generated by each of rotating a great circle basis element initially in 
the yz or the xz-planes about the (-i x ,i y ,0i z ) -axis over the range of U to 'In as shown in Figures 1.5 and 1.6, respectively. The 

BECVF of Figure 1 .6 with vectors overlaid giving the direction of the current of each great circle element is shown in Figure 
1.7. The current pattern of the BECVF generated by the rotations of the orthogonal great-circle current loops is a continuous 
half coverage of the spherical surface, but it is shown as visual representations using 6 degree increments of 6 for Eqs. (1.84) 
and (1.87) in Figures 1.5 1.7 wherein the incremental angle becomes discrete rather than the actual continuous distribution in the 
limit that the incremental angle approaches zero. The same applies to the case of the representations of the OCVF and Y Q °(8,0) 
given infra. 
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Figure 1.5. The current pattern of the BECVF given 
by Eqs. (1.84) and (1.87) shown with 6 degree increments 
of 9 from the perspective of looking along the z-axis. The 
yz-plane great circle current loop that served as a basis 
element that was initially in the yz-plane is shown as red. 



Figure 1.6. The current pattern of the BECVF shown with 
6 degree increments of 9 from the perspective of looking 
along the z-axis. The great-circle current loop that served as 
a basis element that was initially in the xz-plane is shown as 

red. 




+Y 




+Y 



+X 



+X 



Figure 1.7. A representation of the z-axis perspective view of the BECVF shown in Figure 1.6 with 30 vectors overlaid 
giving the direction of the current of each great circle element. 




GENERATION OF THE OCVF 

For the generation of the OCVF, consider two charge(mass)-density elements, point one and two, in the basis-set reference frame 

/■ r 

at time zero. Element one is at x'= —t= , y ' = -f= , and z ' = , and element two is at x' = r n , y' = 0, and z ' = . Let element 

one move clockwise on a great circle toward the -z'-axis, and let element two move counter clockwise on a great circle toward 
the y'-axis as shown in Figure 1 .8. The equations of motion, in the basis-set reference frame are given by 



point one: 



*i = r „ Sin ^ cos(6V) Ji = r„ cos j cos(rty) z, = -/; sin(©/) 



(1.88) 



point two: 

x 2 = r a cos(o)J) 



y 2 = r lt %m((o r t) 



= 



(1.89) 
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Figure 1.8. In the generation of the OCVF, the current on the great circle in the plane that bisects the x'y' -quadrant and is 
parallel to the z'-axis moves clockwise, and the current on the great circle in the x'y'-plane moves counter clockwise. Rotation of 

the great circles about the — y=i s ,-j=i j ,i z -axis by n radians generates the elements of the OCVF. The stationary resultant 
angular momentum vector of the orthogonal great-circle current loops along the — =i s ,-r=i s ,i z -axis is — corresponding to 



each of the z and -xy-components of magnitude 



Point 2 




The orthogonal great-circle basis set for the OCVF is shown in Figure 1.8. It is generated by the rotation of the two orthogonal 



basis-element great circles about the 



— :=!,— =i„ ,L I -axis by an infinite set of infinitesimal increments of the rotational angle 

4i 4i 



totaling a span of n . As shown in Figure 1 .8, the current direction is such that the resultant angular momentum vector of the 

ft 

basis elements of magnitude — is stationary on this axis wherein one basis-element great circle is initially in the plane that 

fi 
bisects the xy-quadrant and is parallel to the z-axis having angular momentum in the xy plane of L rv - — t= and the other is 



initially in the xy-plane having angular momentum L. 



2V2 



The operator to form the OCVF comprises a convolution [10] of 



the rotational matrix of great circles basis elements with an infinite series of delta functions of argument of the infinitesimal 
angular increment. 

An equivalent distribution to that of the OCVF may be generated by the rotation of a great circle in the yz-plane about the 

(-i x ,0i y ,i z )-axis by 2x followed by a rotation about the z-axis by — . The coordinates of the great circle in the yz-plane are 

given by the matrix: 

[x',y',z'f = [0,r,cos^-r„sin^] T (1.90) 

The rotational matrix about the (-i x ,0i y ,i z )-axis by 8, R, . , ( 0), followed by a rotation about the z-axis by — , R. (#), is 
given by 

In this case, the angular momentum vector of the great circle basis element over a In span is not equivalent to a stationary 
' 1 . 1 . . " 



vector on the 



I 4~2 *'V2 



axis. In order to achieve this result, the OCVF is generated by a R, (6) rotation of 

i i i 

I ^"Jl'"! 



the great circle basis-element that bisects the xy-quadrant and is parallel to the z-axis over a 2n span. The coordinates of the 



great circle are given by the matrix that rotates a great circle in the yz-plane about the z-axis by — : 

4 
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[x',y',z'f = 



r tt cos0 r n cos0 
•J2 ' 42 



,-r n sm<j> 



= RA— .[0,r n cos<; 



-r sin < 



(1.92) 



Since the OCVF is given by the 2rt, R z I — \R_ { . . , (#) rotation of the yz-plane basis-element great circle (Eqs. (1.90-1.91)), 

71 \7t\ 

the equivalent result may be obtained by first rotating the great circle given by Eq. (1.90) about the z-axis by , R\ , 



then applying Eq. (1.91). This combination is equivalent to a rotation about the 



1 . 1 . — 
' \f2 K ' y[2 ly,h . 



-axis by 6 , 



R, 



>{0), and is given by 



'&*'&'") 



^^W-nTj^lfJ^^lfJ^-fJ-^TjW.W^-f 



(1.93) 



4 ) K<V*)' 

Then, the great circle basis-element that bisects the xy-quadrant and is parallel to the z-axis given by Eq. (1.92) is input to the 
rotational matrrx given by Eq. (1.93) to give the desired stationary rotation about the great circle angular momentum axis, the 

— 7=i x ,— T=i y ,i z -axis. The equivalent OCVF is also generated by the rotation of a great circle in the xy-plane about the 
■- i x , r i y , i z - axis by In wherein the great circle is given by 



[x',y',z'] =[r B cos^,r )! sin^,0] 
Then, using Eqs. (1.92-1.94) and Eqs. (1.81-1.82), the great circle basis elements and rotational matrix are given by 



(1.94) 



OCVF MATRICES ( t (0)) 



-(l + 3cos<?) 



-f-1 + cos# + 2>/2 sin 0) -(S + ^cos<9 - 2sin 6\ 



r n cos ip 



(-l + cos<? - 2\/2~sin(9) (l + 3cosg) (Jl - v5cos<? - 2sing) 



r n cos $ 



7T 



4^95>- 



1 [ -l + cos6 



+ sin<9| -U2-Scosd + 2smt 



■) 



Using Eq. (1.95), the OCVF matrix representation of the convolution is given by: 



l Afl l 



OCVF= lim X 



R ( .. i.o^)' 



W 



gC 



K ,-f-K ,'* 



U/2 a, V2 



. ^~</^<basis 



® S(0-mA0 M ) 



(1.96) 



wh e r e in R f - — ; , (6 1 ) is th e rotational matrix about th e r \, r 

-tt^tkV- V V2 V2 



1 . 1 



- axis, GC 



and GC™" - , ar c th e gr e at 



VT'Vz 



1 . 1 . . 



circle basis elements initially in the plane that bisects the xy-quadrant and is parallel to the z-axis and xy-plane, respectively, and 
® designates the convolution with the delta function of the infinitesimal incremental angle mA0 M . The integral form of the 
convolution is 



OCVF= j 





f 


1 . 1 . 


A 



\ 



GC 



jasis . /-1 stbasis 



\&o\ 



lim L S{e-mA9 M yi0 



(1.97) 



11 



The integration gives the infinite sum of great circles that constitute the OCVF: 



OCVF- 



|A0| 

lim 2-, 




(1.98) 



The OCVF given by Eq. (1.95) can also be generated by each of rotating a great circle basis element initially in the plane 

that bisects the xy-quadrant and is parallel to the z-axis or in the xy-plane about the — =i x ,— =i y ,i z -axis over the range of 

to 2ji as shown in Figures 1.9 and 1.10, respectively. The OCVF of Figure 1.10 with vectors overlaid giving the direction of the 
current of each great circle element is shown in Figure 1.11. 
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Figure 1.9. The current pattern of the OCVF given by 
Eqs. (1.95) and (1.98) shown with 6 degree increments of 
8 from the perspective of looking along the z-axis. The 
great-circle current loop that served as a basis element that 
was initially in the plane that bisects the xy-quadrant and 
was parallel to the z-axis is shown as red. 



Figure 1.10. The current pattern of the OCVF shown with 
6 degree increments of 6 from the perspective of looking 
along the z-axis. The great-circle current loop that served as a 
basis element that was initially in the xy-plane is shown as 
red. 





+Y 



+X 

Figure 1.11. A representation of the z-axis perspective view of the OCVF shown in Figure l .10 with 30 vectors overlaid 
giving the direction of die current of each great circle element. 




+Y 



+X 

The CVFs, BECVF and OCVF, are used to generate Y O "(O,0). Each CVF involves a unique combination of the initial 
and final directions of the primed coordinates and orientations of the angular momentum vectors due to the rotation of the basis- 
element great circles as summarized in Table 1.1. The angular momentum vector of the BECVF is stationary along its rotational 
axis, the (-i 5 ,i y ,0i z )-axis, and the angular momentum vector of the OCVF is stationary along its rotational axis, the 

1 , 1 , . 



-axis. 
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Table 1.1. Summary of the results of the matrix rotations of the two sets of two orthogonal current loops to generate the 
CVFs. 



Initial Direction of Angular Final Direction of Angular Initial to Final Axis Transformation 



CVF Momentum Components 
(rxky 



BECVF 



Momentum Components 
{rxkf 



1 . 1 . „. 



1 



1 



V^i 



y -» X~ 



4i^4i 



V2 *'V2 



2V2 



f ^^ O 



2' Ji 



OCVF 



1 . 1 . . 



\l2 h ' V2 Iy ' lz 



1 1 1 

"2'"2'V2 



2yfl l4l 



z'-> 



1 1 



J2\l2 



JX 



a K is the current density, r is the polar vector of the great circle, and " A " denotes the unit vectors u = 



M' 



GENERATION OF Y o °(0,0) 

The further constraint that the current density is uniform such that the charge density is uniform, corresponding to an 
equipotential, minimum energy surface is satisfied by using the CVFs to generate the uniform great-circle distribution Y n a (&,$) 
by the convolution of the BECVF with the OCVF followed by normalization. Consider that the BECVF (Eq. (1.84)) for the 
OCVF convolution can also be generated by rotating a great circle basis element initially in the yz-plane about the (-i x ,i ,0i z ]- 
axis by In radians as shown in Figure 1.5. Similarly, the OCVF (Eq. (1.95)) can also be generated by rotating a great circle 



basis element initially in the plane that bisects the xy-quadrant and is parallel to the z-axis about the — ;=i ,— r=i ,i -axis 

V2 42 — ; 



over the range of to In as shown in Figure 1 .9. The convolution operator treats each CVF independently and results in the 
placement of a BECVF at each great circle of the OCVF such that the resultant angular momentum of the distribution is the same 
as that of the OCVF. This is achieved by rotating the orientation, phase 6 , and vector-matched basis-element, the BECVF, about 
the same axis as that which generated the OCVF. Thus, the BECVF replaces one great circle basis element, in this case, the one 
initially in the plane that bisects the xy-quadrant and is parallel to the z-axis. To match to the resultant angular momentum of 

both great circle basis elements, the angular momentum of the BECVF is L = — t= (Figure 1.8) along the (-i x ,i ,0i z }-axis. 

\2 



Then. Y o u (f),0) is generated by rotation of the BECVF. about the | — ;=i,,— — i 



-axis by an infinite set of infinitesimal 



increments of the rotational angle. The current direction is such that the resultant angular momentum vector of the BECVF basis 

h 
element rotated over the 2n span is equivalent to that of both of the OCVF great circle basis elements, — having components of 



L -=^k andL 



T 



T 



, - — = that is stationary on the — ■= i x ,— -j=\ ,i z -axis. Since the resultant angular momentum vector of 

the BECVF over the 2n span matches that of the replaced great circle basis elements and is stationary on the rotational axis as 
in the case of Lhe OCVF, the resultant angular momentum of the distribution is the same as that of Lhe OCVF, except Lhal 
coverage of the spherical surface is complete. The resulting uniformity of the distribution is achieved by normalization as shown 
in the Uniformity of Y ° (0, <j>) section. 



^ The resultant angular momentum vector, L, , is along I— i ,i ,Ul 1; thus, the angular momentum is constant for any rotation about this axis which 
establishes it as a C -axis relative to the angular momentum. However, rotation about this axis does change the phase (coordinate position relative to the 

starting position) of the BECVF. For example, a rotation by \8 = n about the (— i ,i ,0i taxis using Eqs. (1.83) and (1.84) causes the BECVF basis- 

11 \ x y z/ 



element great circle to rotate by — about the z-axis such that its position changes between the xz and yz-planes. 
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The operator to form Y®(0,<j>) comprises the BECVF convolution [10] of the rotational matrix of great circles basis 
element about the (-i x ,i ,0i z ) - axis with an infinite series of delta functions of argument of the infinitesimal angular increment 
that is further convolved with the OCVF convolution of the rotational matrix of great circles basis element about the 

— ;=i,,— ;=i„J, -axis with an infinite series of delta functions of argument of the infinitesimal angular increment. Using the 
V2 V2 y J 

BECVF matrix representation of its convolution operation (Eq. (1.85)) and the OCVF matrix representation of its convolution 



operation (Eq. (1.96)), the Y {0,<j>) matrix representation of the convolution is giveii by : 



lim 



R, 



(0) . GC, 



i basis 
1 . 1 



S(0-mA0 M ) 



~sl2*'S.' 



\S.*'S.' 



Y " {0, (j>) = OCVF® BECVF = 



TT99T 



lim I K,u,ou(*) ' GC (Z^ 

A9H.0 »=1 



S(0-nA0 N ) 



where the commutative property of convolutions LI 0J allows for the interchange of the order of CVFs, but the rotational matrices 
are noncommutative [11]. The integral form of the convolution is 

2 
JA9| 



Wi i -\(°) - GC (T i 



lim L ^{O-mA0° M CVF )l0 



■J2"J2' 



{J2"J2 ! 



Y °(8,t)= < 



ffex^ - GC i 



_ 2x 

"|A9| 



Tim 



^A 



e - n&ez 



40- 



(1.100) 



K.1,.1.) 



|a ( 



Ik In 



r W)=lim Z UnTE d0 i de A 



m ^rr^m .Gc^^^-mAC^)^-"^^) 



Afl^O m=l A<?^0 n=l — o~ 



^•J2'- 



(1.101) 



The integration gives the infinite double sum of great circles that constitute Y^{0,<f>) : 



~M 



W>0 = lim L 



"M 



HC1 -limX ^^l^^GC 



& 



(1.102) 



'■Si "72 1 



Using Eq. (1.102). a discrete representation of the current distribution Y^(0,<f>) that shows a finite number of current 

elements can he generated by showing the BECVF as a finite sum of the convolved great circle elements using Eqs. (1 .84) and 
(1.87) and by showing the continuous convolution of the BECVF with the OCVF as a superposition of discrete incremental 
rotations of the position of the BECVF rotated according to Eqs. (1.95) and (1.98) corresponding to the matrix which generated 
the OCVF. In the case that the discrete representation of the BECVF comprises N great circles and the number of convolved 
BECVF elements is M , the representation of the current density function showing current loops is given by Eq. (1.103) and 



shown in Figure 1.12. The 



1- 



i- 



-axis view of this representation with 144 vectors overlaid giving the direction of 



,V2 " 4i y, \ 

the current of each great circle element is shown in Figure 1.13. The corresponding mass(momentum) density is also 
represented by Figures 1.12 and 1.13 wherein the charge and mass are interchangeable by the conversion factor m e I e . 
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Figure 1.12. A representation of the z-axis view of the 
current pattern of Y o °(0,0) shown with 30 degree 
increments (N = M = 12 in Eq. (1.103)) of the angle to 
generate the BECVF corresponding to Eqs. (1.84) and (1.87) 
and 30 degree increments of the rotation of this basis 

•axis corresponding to 



element about the — =i ,— =i . 
I V2 -ft T 

Eqs. (1.95) and (1.98). 




+Y 



(1.103) 



Figure 1.13. A representation of the -si,, — T^V'i 

axis view of Y^{$,<f>) shown in Figure 1 .12 with 144 vectors 

overlaid giving the direction of the current of each great 
circle element. 
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A BECVF can also be generated to replace the great circle basis element of the OCVF that lies in the xy-plane. In the 
case that the current is counter clockwise with the angular momentum in the direction of the z-axis, the equivalent rotational 
transformations that maintain the resultant angular momentum stationary on the z-axis over a In rotation is the combination of 

a — rotation about the y-axis followed by a 2/r rotation of the tilted great circle about the z-axis. The angular-momentum- 

and-orientation-matched distribution shown in Figure 1.14 is generated by 



-n 



\x\y\z'\ = R_(e)R y \— J.[r„cos^r„sin^,0] 

In order to match phase with the OCVF rotational axis, — =i, — =i i 

A V2 V2 y 



(1.104) 
-axis, Eq. (1 .104) must be rotated about the z-axis by 



— using R = — | using Eq. (1.82). In this case, the BECVF is aligned on the xy-plane and the resultant angular momentum 



vector, L R , is also along the z-axis. The final phase-matched distribution shown in Figure 1 .15 is given by 
[x',y\z'f = r(^)r : (0)R f^j.[r B cos^r„sin^0] T 



(1.105) 



Figure 1.14. The current pattern given by Eq. (1.104) Figure 1.15. The current pattern given by Eq. (1.105) 

shown with 6 degree increments of 9 from the perspective of shown with 6 degree increments of 6 from the perspective of 

looking along the z-axis. The great circle current loop that looking along the z-axis. The great circle current loop that 

served as a basis element that was initially in the xy-plane is served as a basis element that was initially in the xy-plane is 

shown as red. shown as red 
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Then, using Eq. (1.105) and Eqs. (1.81-1.82), the great circle basis elements and rotational matrix are given by 
BECVF MATRICES (tf.f-V (#)#,{— J) 



cos# sin# 



sin# cosO cos0 sin# 

- + ■ 



V2 V2 



cos# sin# sin# cos# cos# sin# 
-+■ 



•Ji 4i 
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1 
V2" 



r cost 



r n sin <j) 



(1.106) 



Using the procedure of Eqs. (1.85-1 .87) on Eq. (1.106), the infinite sum of great circles that constitute the BECVF is 



BECVF = lim ^ 

49->0 ,n=l 



Mf *('K T K) -^i 



(1.107) 
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Using Eqs. (1.99-1.102), and (1.107), the corresponding infinite double sum of great circles that constitute Y^(6,^>) is given by 



M 



Y \O,4)- Em Z 



M 



-Rf 



KCl-hm S R,\l\R t (0)R y \=Z-\(«AOr F )-GG 



(1.108) 
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■'(ou.i J .u; 



Using Eq. (1.108), a discrete representation of the current distribution Y °(6>,<ft) that shows a finite number of current 

elements can be generated by showing the BECVF as a finite sum of the convolved great circle elements using Eqs. (1.106- 
1.107) and by showing the continuous convolution ol the BECVF with the OCVF as a superposition ol discrete incremental 
rotations of the position of the BECVF rotated according to Eqs. (1.95) and (1.98) corresponding to the matrix which generated 
the OCVF. In the case that the discrete representation of the BECVF comprises N great circles and the number of convolved 
BE CVF e lements is M , th e re presentation of th e current density f unction showing current l o ops is given by E q . (1 . 109 ) a nd 



shown in Figure 1.16. The | — — i x , — —. y , . z 



JL 



JL 



-axis view ol this representation with 144 vectors overlaid giving the direction ol 



>/2 *' y[2 

the current of each great circle element is shown in Figure 1.17. The corresponding mass(momentum) density is also 
represented by Figures 1.16 and 1.17 wherein the charge and mass are interchangeable by the conversion factor mj e . 
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Figure 1.16. A representation of the z-axis view of the 
current pattern of the Y o °(6,0) shown with 30 degree 

increments (N =M = 12 in Eq. (1.109)) of the angle to 
generate the BECVF corresponding to Eqs. (1.106) and 
(1.107) and 30 degree increments of the rotation of this basis 



Figure 1.17. 



A representation of the 



-axis corresponding to 



element about the — =1^-=^,] 

Eqs. (1.95) and (1.98). The great circle current loop that 
served as a basis element of the BECVF is shown as red. 




+Y 



-j=K> — piy'z r ax i s v i ew of O^) shown in Figure 

1.16 with 144 vectors overlaid giving the direction of the 
current of each great circle element. 
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UNIFORMITY OF Y Q °(0,0) 

By using the rotational matrices to generate Y °(d,$), it is shown to be uniform about the angular momentum axis that is 
permissive of normalization such that the spherical uniformity and angular momentum boundary conditions are met. Consider 
the Y^(0,<j>) convolution in summation form given by Eqs. (1.99) and (1.102). The BECVF is periodic in 9 with a period of it 
wherein the basis elements interchange. Thus, only one basis need be considered with the range increased to lit : 
x' 



lim 2-i 



( 



R, 



-i-i -Li i 



,(mA0° cl ' F ) .BECVFff 



-j-l,.-^!,.,!, 



(1.110) 



wherein BECVF?"*" , is the distribution that replaced the great circle basis element of the OCVF distribution in the 

convolution given by Eqs. (1.87), (1.92), (1.98), and (1.99), respectively. Consider the rotation of both sides of Eq. (1.110) 
about the (i r ,i ,0i z )-axis, the orthogonal axis to that which generated the BECVF, by — . 
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The rotation of a sum is the same as the sum of the rotations 
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1 . 1 



When the distribution given by Eq. (1.98) having its C„ -axis along the — =i x ,— =i y ,i z -axis is rotated about the (i x ,i y , 0i z ) - 

axis by — , the resulting distribution having the C'^-axis along the (-i x ,i y ,0i z J -axis is equivalent to the distribution given by 
Eq. (1.87) of matching C^-axis. Substitution of Eq. (1.87) into Eq. (1.112) gives 



( In 
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M.oi,)! 4 
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(1.113) 
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U sing the distri b utive prope rty o f th e double sum gives 
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(1.115) 



Rotation of the BECVF about its C ro -axis, the ( i x , i , 0i z j -axis, leaves the BECVF distribution unchanged. 



R,. 



71 



=BECVE b f s , 



(1.116) 



Eq. (1.116) represents the properties of the distribution perpendicular to the | — ]=K'~ "r*y>*- l~ ax i s since the distribution was 



1 



rotated about the (i I ,i y ,0i z j-axis to align the r i x , . — i y , i z -axis with the ( - i x ,i y ,0i z j-axis. This result confirms that the 



_V2 *'& 

distribution is uniform about the | — =i — =i„X I -axis since the BECVFl' as ' s 

V2 V2 



i . i . . 



that served to generate the distribution of 



Y (6,<j)) is azimullially uniform. — This is an important result since the spherically uniform distribution can be obtained by 

normalizing the distribution given by Eq. (1.102). Since any density normalization is along the — =i x ,— =i ,i z -axis, there is 

no change in the angular momentum since the distribution was formed by rotation of the basis elements about the angular 

momentum axis, the — =-i,— =-i i^ -axis. Furthermore, the motion on the great circles maintains the uniform distribution 

since the normalization only scales the constant current on each to achieve uniformity. 

Consider the color-scale rendering of the BECVF current density distribution shown in Figure 1.18. It was determined 
using a computer algorithm [12] that assigns a giv e n numb e r of points to a gr e at circle basis c lem e nt of Eqs. (1.84) and (1.87), 
generates the BECVF distribution of points along the great circles using a designated number of rotations about the 
(-i x ,i y ,0i z ) -axis over a span of In radians, and for each point on the half-sphere, it calculates the number of points in a unit 

circular region in the neighborhood of each point. The radius of each point's neighborhood was taken to be 100 times smaller 
than the radius of the half-spherical distribution. 
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Figure 1.18. The numerically determined current density of the BECVF given by Eqs. (T .84) and (1.87) shown with 500 
points on the great circle basis element and 0.72 degree increments of 9 from the perspective of looking along the z-axis. 




As shown in Figures 1 .5 and 1.18 the great circle number of the BECVF is conserved, and the perimeter on the half sphere 
through which each great circle traverses can be defined by a bisecting plane that is parallel to the cr. plane and C, axis. At the 

center of the distribution, the circles traverse a perimeter having a circumference of 2nr it . The corresponding circumference at 
an angle 9 SC from the center of the distribution is 27tr n cos# J( , wherein 9 SC is the spherical coordinate and not the rotational angle 

9 of the CVFs. This gives rise to a cos 9 X dependency of the loop density for < 9 m < — . In addition, the great circles 

converge as the perimeter becomes smaller. Since the distribution of Y^(9,<j>) is given by the superposition of the current 



density of the BECVF as a function of the rotation of the BECVF about the 



1 



1 



— =^,-=^,1, | -axis, the Y Q (9,<j>) current 
v2 v2 



density is given by the azimufhal integral of the current density of the BECVF. This superposition is difficult to integrate, but a 
convenient method of determining the density is by numerical integration. The unnormalized Y o °(9,0) current density was 
determined using the computer algorithm that assigns a given number of points to each great circle basis element, generates the 
distribution given by Eq. (1.103), and calculates the number of points in a unit circular neighborhood of each point on the 
surface. The numerically determined density is shown in color scale on the sphere in Figure 1.19. The density distribution is 
displayed as a distance and a color scale in Figure 1.20. 

Figure 1.19. The z-axis view of the numerically determined unnormalized current density of Y^{9,<j>) shown with 100 
points per great circle basis element, 3.6 degree increments (N = M = \00 in Eq. (1.103)) of the angle to generate the BECVF 
corresponding to Eqs. (1.84) and (1.87), and 3.6 degree increments of the rotation of this basis element about the 

— T=i x ,-j=i y ,i z -axis corresponding to Eqs. (1.95) and (1.98). 
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Figure 1.20. The z-axis view of the numerically determined unnonnalized current density of Y tj °(6>,0) wherein the density 
distribution is displayed as a distance and a color scale, and the view is rotated by 180° relative to Figure 1.19. 




The normalization of the Y,f(0,0) current pattern given by Eqs. (1.102) and (1.103) was performed using the numerical 

procedure developed by Bujnak and Hlucha [12]. It is based on forming a uniform great-circle normal-vector distribution. This 
is equivalent to a uniform great-circle current distribution due to the one-to-one map on the sphere between the former and latter. 
For a total of N GC great circles distributed over the sphere, the algorithm treats the normal vector of each great circle as 
coincident with the corresponding angular momentum axis as given by the right hand rule and assigns a dot of integer index i to 
the intersection of this vector and the spherical shell. For each dot i, the number of other dots D : within a local neighborhood 

of dot ;' are counted, and the corresponding normalization factor Nf"" is given by 

N(""° r =D: x (1.117) 

Then, the linear current density on the great circle GC ; corresponding to the dot of index i is normalized by N! xu "' . The 
program treats the linear current density as a series of evenly spaced mass(current)-density elements ("points") with the initial 
condition that the total number of points on each great circle is the constant P mili!li . Thus, the normalization scales the linear 
density, and in the discrete case, this is achieved by scaling the mass of each of the points on the great circle by the factor given 
by Eq. (1.117). This is repeated over all great circles. Since Y o °(0,0) is given by the superposition of all points, using Eq. 

(1.117), the final total effective or weighted number of points on the surface P^J fJ4) is given by the normalized sum 

^/'^IX" ^ (1-118) 

1=1 

Eq. (1.118) is representative of the total mass and current on the surface. The normalization is confirmed by determining the 
existence of a constant current density at multiple random positions on the sphere. Here, for any point that defines a position on 
the sphere of integer index k , the factor Nf*" of the other points of integer index j within a local neighborhood of fixed area 

of position k are counted, and uniformity is confirmed when the following condition is met over many cases: 

£ N '«<*"■= constant (1.119) 

;' 

where j runs through the points in the small circular neighborhood. 

The angular momentum components corresponding to the unnonnalized and normalized distributions were calculated 

numerically. According to the numerical algorithm, the total magnitude of the angular momentum over all of the great circles is 

set equal to h with the initial direction due to the great circle basis element in the y'z'-plane along the (-1,0,0) -axis. Then, in 

the unnonnalized case, the magnitude of the contribution from each great circle is given by 

1,1 ££l N GC 

Since the direction of the angular momentum of the other great circles of the distribution are given by R\9f EcyF ,9° CVF \ , the 
rotation by the two angles 0f EC ' F ,0° c VF corresponding to the convolution of the respective CVFs, the total angular momentum 
L T,„ai is given by 

^=lA=I^*(r^4^)-K°,o) (1.121) 



86 



© 2010 BlackLight Power, Inc. All rights reserved. 
Chapter 1 



In the normalized case, the magnitude of the contribution from each great circle is given by 
I ■ Nf*"h 

I 'I V-i-Wec *j factor 

Then, the total angular momentum L Tolal is given by 

l T0 „ = S A = S T"°' n R(9f ECVF ,e^'" F \i-\,o.Q) 

Total £_t t Z_, yiJVoc jyfacmr \ ' ' f \ > * J 

In both cases, the calculated results are given as follows: 
I!""' ~ -0.248/?--- 



(1.122) 



(1.123) 



• 0.248ft ~ - 



• 0.35/7 • 



4 
ft 

2V2 



M = ^(xr') 2 +(C) 2+ (^"") 2 ~ °- 495 * ~ ? 



(1.124) 



(1.125) 



(1.126) 



These results confirm that the normalization does not affect the angular momentum. The numerically normalized Y^(9,<j)) 

(Figure 1 .21 ) gives the desired spherical uniformity and is permissive of demonstrating the motion of the current in time over the 
entire surface according to the great circle pattern having constant current per loop each weighted by the normalization 
algorithm. An ideal representation overlaid with the great-circle pattern showing the vector direction of the current is shown in 
Figure 1.22. 



Figure 1.21. The z-axis view of the numerically 
normalized current density of T n °(#,<z>) shown with 100 
points per great circle basis element, 3.6 degree increments 
(N = M = \00 in Eq. (1.103)) of the angle to generate the 
BECVF corresponding to Eqs. (1.84) and (1.87), and 3.6 
degree increments of the rotation of this basis element about 

the — pi^-pL,^ -axis corresponding to Eqs. (1.95) 

and (1.98). As the number of points increased and the size of 
the local neighborhood decreased, the exact uniformity was 
numerically approached. 




Figure 1.22. An ideal representation of the uniform 
current pattern of Y tt °(9,0) comprising the superposition of 

an infinite number of great circle elements generated by 
normalizing the distribution of Eqs. (1.102) and (1.103). 
The constant uniform current density is overlaid with 144 
vectors giving the direction of the current of each great 
circle element for 30 degree increments ( N = M = 12 in Eq. 
(1.103)) of the angle to generate the BECVF corresponding 
to Eqs. (1.84) and (1.87) and 30 degree increments of the 

rotation of this basis element about the — ?=u,— 7=i„,i> 

I V2 V2 ' 

axis corresponding to Eqs. (1.95) and (1.98). The 



-axis. 



perspective is along the | — p-i x ,-^-i 
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The electron current shown in Figure 1.22 is consistent with Maxwell's equations, other first principles, and the boundary 
conditions implied by the Stern Gerlach experiment. The crossings reveal an intrinsic property regarding self-interactions of 
fundamental particles having angular momentum, mass, and an extended nature. Extrinsic fundamental particle scattering 
interactions depend on the cross section for momentum or energy transfer. — These cross sections can vary over ail enormous 
range. Neutrinos and neutrons, for example, have negligible cross sections with condensed matter compared to charged 
particles. The cross section for interaction amongst photons or field lines within a single photon is zero. The electron is a 
special state of a 510 keV photon, and the cross section for momentum transfer amongst current elements of the electron is 
likewise experimentally zero. This is consistent with the original boundary condition that momentum transfer among 
fundamental particles having fi of angular momentum occurs in quantized units of h requiring that electron momentum transfer 
must involve its intrinsic angular momentum in its entirety as discussed in Appendix II 7 . Computer modeling of the analytical 
equations to generate the orbitsphere current vector field and the uniform current (charge) density function 7 ° (8,<j>) is available 
on the web [12-13]. Also, the precession motion of the free electron over time in the presence of an applied magnetic field 
generates the equivalent current pattern and the angular momentum of Y o "(d,0) of the bound electron as shown in the Electron 

in Free Space section and Appendix IV. Given the angular momentum projections of the bound electron shown in Figure 1.23 

and that the free electron has h of angular momentum on the z-axis due to in-plane current loops, the free-electron angular 

% 

momentum can be considered to partition into two orthogonal, equal magnitude components of — t= and the current, carried on 

2v2 



great circle elements, to rescale to form a uniform density due to binding to the central field. 



Y o °(0,0) W I TH £ = 



Consider the vector current directions shown in Figure 1.8. The orthogonal great-circle basis set is rotated about the 

— =i — =i i -axis. The resultant angular momentum vector is along this axis. Thus, the resultant angular momentum 
V2 V2 J 

H 

vector of magnitude — is stationary throughout the rotations that transform the axes as given in Table 1.1. The convolution 

operation of the BECVF with the OCVF is also about the resultant angular momentum axis, the — =i x ,— =i i z -axis. Here, 

the resultant angular momentum vector of the one BECVF of —j= in the direction of the (-i I .i .0J z J-axis over a In span is 

V2 

h 
matched to and replaces that of the basis element great circles. Thus, the resultant angular momentum of — having components 

fi tl 

of L =— j= and L^ =-—= is stationary on this axis for all rotations. There is no alteration of the angular momentum with 

'^ 2\/2 2V2 

normalization since it only affects the density parallel to the angular momentum axis of the distribution, the — =i x ,— =i y ,i ! 

^ V2 V2 

axis. This was proven by numerical integration of the normalized distribution. 

Next, it is shown that the properties of Y®(B,<p) match the boundary conditions of having the desired angular momentum 

components, coverage, element motion, and uniformity by designating the — =i i; -=i y ,i z -axis as the z-axis. The resulting 

reoriented initial angular momentum component vectors and their new projections relative to the laboratory Cartesian 
coordinates are shown in Figure 1.23. 



7 H 

1 The angular momentum of neutrinos are — which accounts for their negligible interaction cross section as discussed in the Neutrinos section. 
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Figure 1 .23. With the application of a magnetic field the magnetic moment corresponding to the intrinsic angular momentum 

n 

of the electron of — aligns with the applied field direction designated the z-axis. Thus, the resultant angular momentum initially 
along the — r=i s ,-r=i y ,i z -axis aligns with the z-axis. The new projections relative to the Cartesian coordinates are shown. 




ft h 

Referring to the new coordinates, the new angular momentum components are — along the z-axis, — 7= along the 

2 2V2 

—j=i X ' — rV'j an( ^ — pV'T 8 '**'** -axes, and the xy-plane projections of the latter of +/ — - along the (i^-l^Oij.)- 

n 

axis. (Note that the crossed vectors in Figure 1. 22 are the source of the orthogonal components of — := .) Then, the Zeeman- 

2V2 

splitting-active vector projections of the angular momentum that give rise to the Stem Gerlach phenomenon and other aspects of 

spin are those components that are onto the xy-plane and the z-axis. 



Zeeman L Components 

L =+/-* 

4 

2 



(1.127) 
(1.128) 



where +/- designates both the positive and negative vector directions along an axis in the xy-plane such as the {i,,-i y ,0i z J- 

axis. Consider the behavior of the electron in the presence of an applied magnetic field wherein the Zeeman-active angular 

ti h 

momentum of Y Q "(&,0) (Figure 1.24) for a right-handed circularly polarized photon is L =— and L, z =— (Eqs. (1.127-1.128)). 

As shown in the Resonant Precession of the Spin-l/2-Current-Density Function Gives Rise to the Bohr Magneton section, the 
electron undergoes resonant Larmor-precession excitation. The angular momentum of the photon of the Larmor excited state 
electrodynamically interacts with one component of L depending on its handedness to establish a torque balance that results in 



the orientation of the h of angular momentum of the photon such that its vector projections are L = A—ti in a Lannor rotating 

8 
frame and L 7 = — such that the total angular momentum onto the z-axis, sum of the photon and electron contributions, is ti . 

These results meet the boundary condition for the unique current having an angular velocity magnitude at each point on the 
surface given by Eq. (1.36) and give rise to the result of the Stem Gerlach experiment as shown infra, in the Magnetic 
Parameters of the Electron (Bohr Magneton) section, and in the Electron g Factor section. 
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Figure 1.24. The orbitsphere is a two dimensional spherical shell of zero thickness with the Bohr radius of the hydrogen 

h h 

atom, r = a H , having intrinsic angular momentum components of L = — and L. = — following Larmor excitation in a 

magnetic field. 




RESONANT PRECESSION OF THE SPIN-1/2-CURRENT-DENSITY 
FUNCTION GIVES RISE TO THE BOHR MAGNETON 

The Stem Gerlach experiment described below demonstrates that the magnetic moment of the electron can only be parallel or 

antiparallel to an applied magnetic field. In spherical coordinates, this implies a spin quantum number of 1/2 corresponding to 

h 
an angular momentum on the z-axis of — . However, the Zeenian splitting energy corresponds to a magnetic moment of ju B and 

implies an electron angular momentum on the z-axis of h — twice that given by Eq. (1.128). Consider the case of a magnetic 

h 
field applied to the orbitsphere. As shown in Figure 1.23, the orbitsphere comprises an angular momentum component of — 

h 
along the z-axis and two — angular momentum components in opposite directions in the xy-plane. The magnetic moment 

4 

corresponding to the angular momentum along the z-axis results in the alignment of the z-axis of the orbitsphere with the 

ft 

magnetic field while one of the — vectors in the xy-plane causes precession about the applied field. The precession arises from 

4 

h 
a Larmor excitation by a corresponding resonant photon that couples to one of the — angular momentum components to 

4 

conserve the angular momentum of the photon such that the precession direction matches the handedness of the Larmor photon. 

An example given in Figure 1 .25 regards a right-hand polarized photon that excites the right-handed Larmor precession by 

h 
coupling to the corresponding — angular momentum component as shown. The precession frequency is the Larmor frequency 

given by the product of the gyromagnetic ratio of the electron, , and the magnetic flux B [14]. The energy of the precessing 

2m 

electron corresponds to Zeeman splitting — energy levels corresponding to the parallel or antiparallel alignment of the electron 

magnetic moment with the magnetic field and the excitation of transitions between these states by flipping the orientation along 

the field by a further resonant photon of the Larmor frequency. Thus, the energy of the transition between these states is that of 

h 
the resonant photon. The angular momentum of the processing orbitsphere comprises the initial — projection on the z-axis and 

the initial — vector component in the xy-plane that then precesses about the z-axis with the Larmor photon. As shown in the 

4 

Excited States of the One-Electron Atom (Quantization) section, conservation of the angular momentum of the photon of h 

h 
gives rise to h of electron angular momentum that gives rise to a — contribution to the angular momentum along the magnetic- 
field or z-axis. The parameters of the photon standing wave for the Zeeman effect are given in the Magnetic Parameters of the 
Electron (Bohr Magneton) section and Box 1.1. 

h 
The angular momentum of the orbitsphere in a magnetic field comprises the static — projection on the z-axis (Eq. 

(1.128)) and the — vector component in the xy-plane (Eq. (1.127)) that precesses about the z-axis at the Larmor frequency. The 
4 

precession at the Larmor frequency as well as the excitation of a spin-flip transition is equivalent to the excitation of an excited 
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state as given in the Excited States of the One-Electron Atom (Quantization) section. Consider the first resonant process. A 
resonant excitation of the Larmor precession frequency gives rise to a trapped photon with h of angular momentum along a 
precessing S -axis. In the coordinate system rotating at the Larmor frequency (denoted by the axes labeled X R , Y R , and Z R in 

h h 

Figure 1 .25), the X R -component of magnitude — and S of magnitude h are stationary. The — angular momentum along X R 

ii ji 

with a corresponding magnetic moment of — (Eg. (28) of Box 1.1) causes S to rotate in the Y R Z R -plane to an angle of 8 = — 

h ti 

such that the torques due to the Z R -component of — and the orthogonal X R -component of — are balanced. Then the Z R - 

71 fl ft 

component due to S is ±ftcos— = ±— . The reduction of the magnitude of S along Z R from h to — corresponds to the ratio of 

* 

a l h h 

the X R -component and the static Z R -component of -^- = — 8 . Since the X R -component is — , the Z R -component of S is — 

1*2, *\ 2, 

2 

h 

which adds to the initial — component to give a total Z R -component of h . 



s The torque balance can be appreciated by considering that S is aligned with z if the X -component is zero, and the three vectors are mutually 

n 

orthogonal if the X -component is — . The balance can be shown by considering the magnetic energies resulting from the corresponding torques when 

2 

h 
they are balanced. Using Eqs. (23) and (25) of Box 1.1, the potential energy E due to the prelection of S's angular momentum of ft along Z having — 

F „ 2 

of angular momentum is 

1 1 

E v = u a B cos = « — B cos0 = — tia> cos# (1) 

2 "" 2 "' 

where B is the flux due to a magnetic moment of a Bohr magneton and m is the corresponding gyromagnetic frequency. The application of a 
magnetic moment along the X r -axis causes S to precess about the Z and X r -axes. In the X r Y r Z -frame rotating at a , S precesses about the X r - 

h 
axis. The corresponding precession energy E of S about the X -component of — is the corresponding Larmor energy 

x * " 4 

E, =—ha (2L 

h 
The energy E of the magnetic moment corresponding to S rotating about Z having — of angular momentum is the corresponding Larmor energy: 

2 

1 

E 7 =-Kw (3) 

Is 2 ^ 

At torque balance, the potential energy is equal to the sum of the Larmor energies: 



in n 



i 



i 

— fica cosg (4)- 



2 4 



V 2) 

Balance occurs when = — . Thus, the intrinsic torques are balanced. Furthermore, energy is conserved relative to the external field as well as to the 

3 

intrinsic, Z and X -components of the orbitsphere, and the Larmor relationships for both the gyromagnetic ratio and the potential energy of the resultant 
magnetic moment are satisfied as shown in Box 1.1. 
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Figure 1.25. The angular momentum components of the orbitsphere and S in the rotating coordinate system X R , Y„, and 
Z R that precesses at the Larmor frequency about Z R such that the vectors are stationary. 




X, 



In summary, since the vector S that precesses about the z-axis is at an angle of 9 = — with respect to this axis, has an 

K 

X R Y R -plane projection at an angle of (* = — with respect to L 1>f given by Eq, (1.127), and has a magnitude of ft, the S 
projections in the X R Y k -plane and along the Z R -axis are 



S =-:t:sm—=±]-ki, 



S„ = ±ftcos— = +— i» 



(1.129) 



(1.130) 



3 2 

The plus or minus sign of Eqs. (1.129) and (1.130) corresponds to the two possible vector orientations which are observed with 
the Stem-Gerlach experiment described below. The sum of the torques in the external magnetic field is balanced unless an RF 
field is applied to cause a Stern-Gerlach transition as discussed in Box 1.1. 

Figure 1 .26. The angular momentum components of the orbitsphere and S in the stationary coordinate system. S and the 
components in the xy-plane precess at the Larmor frequency about the z-axis. 




4 
ft 
4 
h 

2 

h 

2 
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Figure 1.27. The orientation of the orbitsphere and S that has the angular momentum components shown in Figure 1.26. 
The applied magnetic field is in the z-axis direction. The dipole-current spins about the S -axis at angular velocity co a given by 
Eq. (1.36) and the orbitsphere and S precess at the Larmor frequency about the z-axis. 




As shown in Figures 1.26 and 1.27, S forms a cone in time in the nonrotating laboratory frame with an angular 

momentum of h that is the source of the known magnetic moment of a Bohr magneton (Eq. (28) of l . I ) as shown in the 

% 
Magnetic Parameters of the Electron (Bohr Magneton) section. The projection of this angular momentum onto the z-axis of — 

adds to the z-axis component before the magnetic field was applied to give a total of ft . Thus, in the absence of a resonant 

ft 
precession, the z-component of the angular momentum is — , but the excitation of the precessing S component gives ti — twice 

the angular momentum on the z-axis. In addition, rather than a continuum of orientations with corresponding energies, the 
orientation of the magnetic moment must be only parallel or antiparallel to the magnetic field. This arises from conservation of 
angular momentum between the "static" and "dynamic" z-axis projections of the angular momentum with the additional 
constraint that the angular momentum has a "kinetic" as well as a "potential" or vector potential component. To conserve 

h 

angular momentum, flux linkage by the electron is quantized in units of the magnetic flux quantum, <t> = — , as shown in Box 

2e 

l . I and in the Electron g Factor section. Thus, the spin quantum number is s = —\ /«,=+—, but the observed Zeeman splitting 

corresponds to a full Bohr magneton due to h of angular momentum. This aspect was historically felt to be inexplicable in 
terms of classical physics and merely postulated in the past. 

The demonstration that the boundary conditions of the electron in a magnetic field are met appears in Box l.l. The 

£ 

observed electron parameters are explained physically. Classical laws give (l) a gyromagnetic ratio of — , (2) a Larmor 

2m 

precession frequency of — , (3) the Stern-Gerlach experimental result of quantization of the angular momentum that implies a 
2m 

h 
spin quantum number of 1/2 corresponding to an angular momentum of — on the z-axis, and (4) the observed Zeeman splitting 

eh 

due to a magnetic moment of a Bohr magneton fi B = corresponding to an angular momentum of h on the z-axis. 

2m e 

Furthermore, the solution is relativistically invariant as shown in die Special Relativistic Effect on the Electron Radius and the 
Relativistic Ionization Energies section. Dirac originally attempted to solve the bound electron physically with stability with 
respect to radiation according to Maxwell's equations with the further constraints that it was relativistically invariant and thus 
gave rise to electron spin [15]. He was unsuccessful and resorted to the current mathematical probability-wave model that has 
many problems as discussed in Refs. [16-17]. 
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MAGNETIC PARAMETERS OF THE ELECTRON (BOHR MAGNETON) 

THE MAGNETIC FIELD OF AN ORBITSPHERE FROM SPIN 

The orbitsphere with £ — is a shell of negative charge current comprising correlated charge motion along great circles. The 

h 
superposition of the vector projection of the orbitsphere angular momentum on the z-axis is — with an orthogonal component of 

h 

— . As shown in the Orbitsphere Equation of Motion For £ - Based on the Current Vector Field (CVF) section, the 

4 

application of a magnetic field to the orbitsphere gives rise to a precessing angular momentum vector S directed from the origin 

K 

of the orbitsphere at an angle of 6 = — relative to the applied magnetic field. The precession of S with an angular momentum 



of h forms a cone in the nonrotating laboratory frame to give a perpendicular projection of S x = ±A—h (Eq. (1.129)) and a 

h h 

projection onto the axis of the applied magnetic field of S„ =±— (Eq. (1.130)). The superposition of the — z-axis component of 

the orbitsphere angular momentum and the — z-axis component of S gives h corresponding to the observed magnetostatic 

electron magnetic moment of one Bohr magneton. The h of angular momentum along S has a corresponding precessing 
magnetic moment of 1 Bohr magneton [18]: 

H B =-^- = 9.274 X 10" 24 JT l (1.131) 



2m„ 

The rotating magnetic field of S is discussed in Box 1.1. The magnetostatic magnetic field corresponding to fJ B derived below 
is given by 

eh 



H = 



mr 



— (i,. cos - i„ sin 9) for r < r n 



(1.132) 



H = 



eh 

2mr 



-(i,.2cos<? + i fl sin<9) for/->; 



(1.133) 



It follows from Eq. (1.131), the relationship for the Bohr magneton, and relationship between the magnetic dipole field and the 
magnetic moment m [19] that Eqs. (1.132) and (1.133) are the equations for the magnetic field due to a magnetic moment of a 
Bohr magneton, m = // B i z where \ t =i r cos#-i s sin# . Note that the magnetic field is a constant for r<r n . See Figures 1.28 
and 1 .29. It is shown in the Magnetic Parameters of the Electron (Bohr Magneton) section that the energy stored in the magnetic 
field of the electron orbitsphere is 



7TjLt„e h 



mag, total 



(1.134) 



Figure 1.28. The two-dimensional cut-away 

representation of the magnetic field of an electron 
orbitsphere. The field is a dipole outside the orbitsphere 
and uniform inside the orbitsphere 




Figure 1.29. The three-dimensional cut-away 

representation of the magnetic field of an electron orbitsphere. 
The field is a dipole outside the orbitsphere and uniform inside 
the orbitsphere. 
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DERIVATION OF THE MAGNETIC FIELD 

For convenience the ang ul ar momentum vector with a magnitude in the stationary frame of h will he defined as the z-axis as 
shown in Figures 1.28 and 1.29 9 . The magnetic field must satisfy the following relationships: 

V -H = in free space (1.135) 

nJf(H,-H t ) = K (TT3oT 

n-(H a -H s ) = (1.137) 

H = -V^ (1.138) 

Since the field is magnetostatic, the current is equivalent to that of current loops extending along the z-axis with the current 
direction perpendicular to the z-axis. Then, the component of the current about the z-axis, i^, for a current loop of total charge, 

e , oriented at an angle 9 with respect to the z - axis, is given by the product of the charge, the angular velocity given by Eq. 
(1.36), and sinfl since the projection of the current of the orbitsphere perpendicular to the z-axis which carries the incremental 
current, i^ , is a function of sin 6 . 

i^-^-sintf, (1.139) 

fVn 

wher e i, is the unit vector. The angular function of the current d e nsity of the orbitsphere is normalized by th e g e ometrical factor 
N [8] given by 

Attt 3 3 
N= - ** r * =± (1.140) 



2x\{rt-z 2 ) 



dz 



corresponding to the angular momentum of h . (Eq. (1.140)) can also be expressed in spherical coordinates for the density of a 
uniform shell divided by the integral in ft and i/i of that of a spherical dipole squared [7]. The integration gives — which 

NT : 

normalized by the uniform mass-density factor of 4;r gives the geometrical factor of — .) The current density K^ along the 

z-axis having a vector orientation perpendicular to the angular momentum vector is given by dividing the magnitude of i^ (Eq. 
(1.139)) by the length r„ . The current density of the orbitsphere in the incremental length dz is 

K(p,hz%=i t N-^ = i£-^ (1.141) 

Because 

z = rcos6> (1.142) 

the differential length is given by 

dz = -sm0r n d8 (1.143) 

and so the current density in the differential length r n d6 as measured along the periphery of the orbitsphere is a function of sin (9 

as given in Eq. (1.139). From Eq. (1.141), the surface current-density function of the orbitsphere about the z-axis (S-axis) is 
given by 

mr,9,q>%=i t \-^^e (1.144) 

2 m e r n 

Substitution of Eq. (1.144) into Eq. (1.136) gives 
"3— eh 



K-H b =- -sintf (1.145) 

2r " e r„ 



9 As shown in Box 1.1, the angular momentum of h on the S-axis is due to a photon standing wave that is phase-matched to a spherical harmonic source 

current, a spherical harmonic dipole Y* (9, tfi)= sin 9 with respect to the S-axis. The dipole spins about the S-axis at the angular velocity given by Eq. 

(1.36). Since the field is magnetostatic in the RF rotating frame, the current is equivalent to current loops along the S-axis. Thus, the derivation of the 
corresponding magnetic field is the same as that of the stationary field given in this section. 
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To obtain H g , the derivative of y/ with respect to must be taken, and this suggests that the dependence of y/ be taken as 

cos#. The field is finite at the origin and is zero at infinity; so, solutions of Laplace's equation in spherical coordinates are 
selected because they are consistent with these conditions [20]. 



¥ = C 



cos ; 



f<K 



(1.146) 



*¥ = A 



cos# 



r >r 



The negative gradients of these potentials are 

-C 

H = (i^costf-i^sintf) for r<r K 

v, 



(1.147) 



(1.148) 



H = — 



(i r 2 cos + i sin 0) for r > r n 



(1.149) 



where i,. and i are unit vectors. The continuity conditions of Eqs. (1.136), (1.137), (1.144), and (1.145) are applied to obtain 
the tbllowing relationships among the variables 

=e — 1A 



A C 3 eh 



2 mr; 



(1.150) 
(1.15D 



Solving the variables algebraically gives the magnetic fields of an electron: 



H 



eh 



(i r cos - i g sin 0) for r < r n 



(1.152) 



~efr 



H 



•(i,2cos^ + iflSin^) forr>r„ 



0.153) 



2m e r 

The field is that of a Bohr magneton which matches the observed boundary conditions given in the Orbitsphere Equation of 
Motion For £ = Based on the Current Vector Field (CVF) section including the required spherical symmetry. The 
demonstration that the boundary conditions of the electron in a magnetic field are met appears in Box 1.1. 

DERIVATION OF THE ENERGY 

The energy stored in the magnetic field of the electron is 



1 



rfff 



H 2 r 2 siaddrdddO 



(1-154) 



E = E + E 

mag total mag external mag internal 



(1.155) 



''mag internal 



4«m 



eh 



cos 2 + sin 2 9 Y sin 0drd9d<b 



(1.156) 



_ 2n/u a e h 

"-mug internal _ ^ w 2 r 3 



(1.157) 



~efT 



''mag external 



-Jk 



' 2m r. 



4 cos 2 + sin 2 V sin 0drd0d$> 



(1.158) 



r. L VI 



-E_ 



7T{i Q e 2 h 2 



-(L159)- 



3ot/k j 



27TjU e 2 n 2 nju e 2 h 2 



f — • » L. 

mag total 2„3 



'imj'r^ 'im 2 rl 



(1.160) 
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„ = 7TjU e 2 fl 2 

''mag total 7 3 

»V4— 



(1.161) 



. ^MoMb 



''mag total 3 



(1.162) 



BOX 1.1. BOUNDARY CONDITIONS OF THE ELECTRON IN A MAGNETIC FIELD 
ARE MET 

As shown in the Electron g Factor section, when a magnetic field with flux B is applied to an electron in a central field which 
comprises current loops, the orbital radius of each does not change due to the Lorentz force provided by B, but the velocity 



changes as follows [I]: 



Av = 



erB 

2m, 



(1) 



corresponding to a precession frequency of 



co- 



-Av eB- 



-r.B 



(2) 



r 2m e 

where y e is the electron gyromagnetic ratio and co is the Larmor frequency. Eq. (1) applies to the current perpendicular to the 
magnetic flux. Since the orbitsphere is a uniformly-charged spherical shell, the magnetically induced current according to Lenz' 
law giv e s ris e to a corresponding mom e nt of inertia / [2], due to circulation about th e z - axis of 



7 = -m e r 1 
From Eqs. (2) and (3), the corresponding angular momentum L and rotational energy E rM are 



(3) 



and 



L = Ico = —m e r l y e B 



E„.—Io)>—r . 



w 



4n*F 



-®- 



(6) 



3 



respectively. The change in the magnetic moment corresponding to Eq. (1) is [1]: 



2 2 

Am = -^-B 

4m, 



Using Eqs. (2-6), in the case of a very strong magnetic flux of 10 T applied to atomic hydrogen: 



co = 8.794X10" rad- sec" 1 


(V) 


/ = 1.701 X10" 51 kg-m 2 


(8) 


L = \A96X10^ J-s 


(9) 



P = 6.576X10^7 = 4.104X10^ eV 



(10) 



and 



Am = 1.315 XlO^V-r -1 (11) 
where the radius is given by Eq. (1.260) and 2/3 , the geometrical factor of a uniformly charged spherical shell [2], was used in 
the case of Eq. (11). Thus, these effects of the magnetic field are very small when they are compared to the intrinsic angular 
mom e ntum of th e e l e ctron of 



Z = fi = 1.055 X10" 34 Js 
The electronic angular frequency of hydrogen given by Eqs. (1.36) and (1.260) 

n 



(12) 



■ = 4.134A^10 11 ' rod -sec"' 

mj£ 

the total kinetic energy given by Eq. (1.262) 

T= 13.606 eV 

and the magnetic moment of a Bohr magneton given by Eq. (1.131) 

eh 
A 



-wr 



(14) 



_C15)_ 



■ = 9.274 X]Q- 24 JT- 



2m e 

E m is the energy that arises due to the application of the external flux B. Thus, the external work required to apply the field is 

also given by Eq. (10). Since the orbitsphere is uniformly charged and is superconducting, this energy is conserved when the 
field is removed. It is also independent of the direction of the magnetic moment due to the intrinsic angular momentum of the 
orbitsphere of ft . The corresponding magnetic moment given by Eq. (6) does not change when the intrinsic magnetic moment of 
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the electron changes orientation. Thus, it does not contribute to the energy of a spin-flip transition observed by the Stern Gerlach 

experiment. It always opposes the applied field and gives rise to the phenomenon of the diamagnetic susceptibility of materials 

which Eq. (6) predicts with very good agreement with observations LI J- Eq. (6) also predicts the absolute chemical shifts of 

hydride ions thai match experimental observations as shown in the Hydrino Hydride Ion Nuclear Magnetic Resonance Shift 

section. 

As shown in the Spin Angular Momentum of the Orbitsphere Y ° (0, <j>) with 1=0 section, the angular momentum of the 

h ; % 

orbitsphere in a magnetic field comprises the initial — projection on the z-axis and the initial — vector component in the xy- 

plane that precesses about the z-axis. A resonant excitation of the Larmor precession frequency gives rise to an additional 
component of angular momentum, which is consistent with Maxwell's equations. As shown in the Excited States of the One- 
Electron Atom (Quantization) section, conservation of the h of angular momentum of a trapped photon can give rise to h of 
electron angular momentum along the S-axis. The photon standing waves of excited states are spherical harmonic functions 
which satisfy Laplace's equation in spherical coordinates and provide the force balance for the corresponding charge (mass)- 
density waves. Consider the photon in the case of the precessing electron with a Bohr magneton of magnetic moment along the 
S-axis. The radius of the orbitsphere is unchanged, and the photon gives rise to current on the surface that satisfies the condition 

V-J = (16) 

corresponding to a rotating spherical harmonic dipole [3] that phase-matches the current (mass) density of Eq. (1.144). Thus, the 
electrostatic energy is constant, and only the magnetic energy need be considered as given by Eqs. (23-25). The corresponding 
central field at the orbitsphere surface given by the superposition of the central field of the proton and that of the photon follows 
from Eqs. (2.10-2.17): 



F "(^)i r + Rc\Y;(0,<f>)e'^')i y S{ f -r 1 )\ (17) 



E 



4?r£„r' 



where the spherical harmonic dipole Y t m (9,(j>) = sin# is with respect to the S-axis. Force balance according to Eq. (1.253) is 
maintained by the equivalence of the harmonic modulation of the charge and the mass where e I m e is invariant as given in the 
Special Relativistic Effect on the Electron Radius and the Relativistic Ionization Energies section. The dipole spins about the S - 
axis at the angular velocity given by Eq. (1 .36). In the frame rotating about the S -axis, the electric field of the dipole is 

E = jsmOsmcpSir-rM (18) 

Ane^r 

E= ■ , (sinffsin^i r +cosffsin^i fl +smffcos^i A )S(r-r ] ) (19) 

4x£ r v ^ 

The resulting current is nonradiative as shown in Appendix I: Nonradiation Condition. Thus, the field in the RF rotating frame is 
magnetostatic as shown in Figures 1.28 and 1.29 but directed along the S-axis. The time-averaged angular momentum and 
rotational energy due to the charge density wave are zero as given by Eqs. (1.76) and (1.77). However, the corresponding time- 
dependent surface charge density {cr) that gives rise to the dipole current of Eq. (1.144) as shown by Haus [4] is equivalent to 

the current due to a uniformly charged sphere rotating about the S -axis at the constant angular velocity given by Eq. (1 .36). The 
charge density is given by Gauss' law at the two-dimensional surface: 

g = -g n-VO | „ _,, = -g n-E| „ _,, (20X 

FromEq. (19), (cr) is 

(<r) = -^--sin0 (21) 

X ' 4nr* 2 

and the current (Eq. (1.144)) is given by the product of Eq. (21) and the constant angular frequency (Eq. (1.36)). The precession 
of the magnetostatic dipole results in magnetic dipole radiation or absorption during a Stern - Gerlach transition. The application 
of a magnetic field causes alignment of the intrinsic electron magnetic moment of atoms of a material such that the population of 
electrons parallel versus antiparallel is a Boltzmann distribution, which depends on the temperature of the material. Following 
the removal of the field, the original random-orientation distribution is restored as is the original temperature. The distribution 
may be altered by the application of an RF pulse at the Larmor frequency. 

The application of a magnetic field with a resonant Larmor excitation gives rise to a precessing angular momentum 

71 

vector S of magnitude h directed from the origin of the orbitsphere at an angle of 6 = — relative to the applied magnetic field. 

S rotates about the axis of the applied field at the Larmor frequency. The magnitude of the components of S that are parallel 

-h- 



and orthogonal to the applied field (Eqs. (1.129-1.130)) are — and A—fi, respectively. Since both the RF field and the 

orthogonal components shown in Figure 1 .25 rotate at the Larmor frequency, the RF field that causes a Stern Gerlach transition 
produces a stationary magnetic field with respect to these components as described by Patz [5]. 
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ft 
The component of Eq. (1.130) adds to the initial — parallel component to give a total of ft in the stationary frame 

corresponding to a Bohr magneton, ju B , of magnetic moment. Eqs. (2) and (6) also hold in the case of the Stern Gerlach 

experiment. Superposition holds for Maxwell's equations, and only the angular momentum given by Eqs. (1.127-1.128) and the 
source current corresponding to Eq. (17) need be considered. Since it does not change, the diamagnetic component given from 
Eq. (1) does not contribute to the spin-flip transition as discussed supra. The potential energy of a magnetic moment m in the 

presence of flux B [6] is 

£-mB (22)- 



The angular momentum of the electron gives rise to a magnetic moment of ju B . Thus, the energy AE'^" to switch from parallel 
to antiparallel to the field is given by Eq. (1.168) 

Agg = 2/f, i. ■ B = 2 Mb B cos = 2 Mb B -(23)- 



In the ' 


case of • 


in applied flux of 10 T, Eq. (23) 


gives 






AE sp '" 

mag 


= 1.855 XW 22 J -- 


= 1.158X10" 3 


eV 


(24) 


AE spi " 

mag 


is also 


given by Planck's 


equation. It 


can be shown from conservation of 


angular momentum considerations (Eqs. (26- 



32)) that the Zeeman splitting is given by Planck's equation and the Larmor frequency based on the gyromagnetic ratio (Eq. (2)). 
The electron's magnetic moment may only be parallel or antiparallel to the magnetic field rather than at a continuum of angles 
including perpendicular according to Eq. (22). No continuum of energies predicted by Eq. (22) for a pure magnetic dipole are 
possible. The energy difference for the magnetic moment to flip from parallel to antiparallel to the applied field is 

Affg =?.ftffl = 1.855 x ^o- 22 .J = ^^sKx^v^\v (7.5) 

corresponding to magnetic dipole radiation. 

ft 
As demonstrated in the Orbitsphere Equation of Motion For I = Based on the Current Vector Field (CVF) section, — 

ft 
of the orbitsphere angular momentum designated the static component is initially parallel to the field. An additional — parallel 

component designated the dynamic component comes from the ft of angular momentum along S. The angular momentum in the 
presence of an applied magnetic field is [7] 

L = r x (m e v + eA) (26) 

where A is the vector potential evaluated at the location of the orbitsphere. The circular integral of A is the tlux linked by the 

electron. During a Stem-Gerlach transition a resonant RF photon is absorbed or emitted, and the ft component along S reverses 

direction. It is shown by Eqs. (29-32) that the dynamic parallel component of angular momentum corresponding to the vector 

ft 
potential due to the lightlike transition is equal to the "kinetic angular momentum" (r x m\) of — . Conservation of angular 

momentum of the orbitsphere requires that the static angular momentum component concomitantly flips. The static component 
of angular momentum undergoes a spin flip, and concomitantly the "potential angular momentum" (r x eA) of the dynamic 

ft 
component must change by — due to the linkage of flux by the electron such that the total angular momentum is conserved. 

In spherical coordinates, the relationship between the vector potential A and the flux B is 

2nrA = Ttr L B (27) 

Eq. (27) can be substituted into Eq. (26) since the magnetic moment m is given [6] as 

charge • angular momentum .._. 

m= - _ (28) 

2 • mass 

and the corr e sponding e n e rgy is consist e nt with Eqs. (23) and (25) in this cas e as follows: 

ft 

Am = - < rxeA ) = !i = fti (29) 
Im^ 2m^ 2_1 

The boundary condition that the angular momentum is conserved is shown by Eqs. (1.1 65-1 .167). It can be shown that 

Eq. (29) is also consistent with the vector potential along the axis of the applied field [8] given by 

A = cos— ju - r sin 0i, =//„-- 2-sin0i, (30) 

3 2m e r 2 2m/ 

Substitution of Eq. (30) into Eq. (29) gives 



\ eft 

e(rxe//„-- F sin0i ) 

2 2m r . 1 

Am = \ z = — 

2m, " 2 



V e 2 
2m j 



fk (3D 

2m, 
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with the geometrical factor of 2/3 [2] and the current given by Eq. (1.144). Since k is the lightlike k° , then k = co n /c 
corresponding to the RF photon field. The relativistic corrections of Eg. (31) are given by Eqs. (1.250) and (1.251) and the 
relativistic radius r = X c given by Eq. (1.249). The relativistically corrected Eq. (31) is 



Am = — (2na\ 

2 V ' 



M e 2 
2m e aa 



*L = £l- 1z (32) 

2m 2 



Th e magn e tic flux of th e e l e ctron is giv e n by 

VxA = B (33)_ 

Substitution of Eq. (30) into Eq. (33) gives 1/2 the flux of Eq. (1.153). 

h 
From Eq. (28), the — of angular momentum before and after the field is applied corresponds to an initial magnetic 

moment on the applied-field-axis of . After the field is applied, the contribution of from Eq. (29) with Eq. (27) gives a 

total magnetic moment along the applied-field-axis of jU B , a Bohr magneton, wherein the additional contribution (Eq. (28)) 
arises from the angular momentum of n on the S -axis. Thus, even though the magnitude of the vector projection of the angular 

fi TT 

momentum of the electron in the direction of the magnetic field is — . the magnetic moment corresponds to h due to the — 

contribution from the dynamic component, and the quantized transition is due to the requirement of angular momentum 

conservation as given by Eq. (28). 

Eq. (22) implies a continuum of energies; whereas, Eq. (29) shows that the static -kinetic, and dynamic vector potential 

h 
components of the angular momentum are quantized at — . Consequently, as shown in the Electron g Factor section, the flux 

linked during a spin transition is quantized as the magnetic flux quantum: 

— <k^4- ^- 

2e 
Only the states corresponding to 

m s =± X - (35) 

ar c possible due to cons e rvation of angular momentum. — It is further shown using the Poynting pow e r v e ctor with the 
requirement that flux is linked in units of the magnetic flux quantum, that the factor 2 of Eqs . (23) and (25) is replaced by the 
electron g factor. 

Thus, in terms of flux linkage, the electron behaves as a superconductor with a weak link [9] as described in the 
Josephson Junction, Weak Link section and the Superconducting Quantum Interference Device (SQUID) section. Consider the 
case of a current loop with a weak link comprising a large number of superconducting electrons (e.g. 1 10 ). As the applied field 
increases, the Meissner current increases. In equilibrium, a dissipationless supercurrent can flow around the loop driven by the 
difference between the flux <t> that threads the loop and the external flux <5> x applied to the loop. Based on the physics of the 

h 
electrons carrying the supercurrent, when the current reaches the critical current, the kinetic angular momentum change of — 

e quals th e magnitud e of th e pot e ntial angular mom e ntum chang e corr e sponding to th e v e ctor pot e ntial according to Eqs. (26) and 
(31). As a consequence, the flux is linked in units of the magnetic flux quantum as shown in the Electron g Factor section. 
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ELECTRON G FACTOR 

As demonstrated by Purcell [14], when a magnetic field is applied to an electron in a central field which comprises a current 
loop, the orbital radius does not change, but the velocity changes as follows: 



Av = 



erZT 
2m. 



(1.163) 



This corresponds to diamagnetism and gives rise to precession with a corresponding resonance as shown in Box 1.1. The 

angular momentum in the presence of an applied magnetic field is [14] 

L - r x (m e \ + eA) (1.164) 

where A is the vector potential evaluated at the location of the orbitsphere. Conservation of angular momentum of the 

h 
orbitsphere permits a discrete change of its "kinetic angular momentum" (rxmv) with respect to the field of — , and 





ft 


— 2 


concomitantly the "potential angular momentum" (rxeA) must change by 

r <r n is determined as follows [14]: 
h 


~2' 


The llux change, <p , of the orbitsphere for 


AL = — r x eA 

2 




(1.165) 



h e2nrA 
2 



2n 



(1.166) 



h — e$- 



jrwjy 



2 — 2n- 



In order that the change in angular momentum, AL, equals zero, must be O = — , the magnetic flux quantum. Thus, to 

2e 

conserve angular momentum in the presence of an applied magnetic field, the orbitsphere magnetic moment can be parallel or 

antiparallel to an applied field as observed with the Stern-Gerlach experiment, and the flip between orientations is accompanied 

by the "capture" of the magnetic flux quantum by the orbitsphere "coils" comprising infinitesimal loops of charge moving along 

geodesies (great circles). A superconducting loop with a weak link also demonstrates this effect [21]. 

The energy to flip the orientation of the orbitsphere due to its magnetic moment of a Bohr magneton, /x B , is 






■2Mb 3 



where 



eh 
2m, 



During the spin-flip transition, power must be conserved. Power How is governed by the Poynting power theorem, 



~d~ 

V»(ExH) = 

dt 



|^h7h 



dt 



-£„E»E 

2 ° 



(1.168) 
(1.169) 



J»E 



(1.170) 



Energy superimposes; thus, the calculation of the spin-flip energy is determined as a sum of contributions. The energy change 
corresponding to the "capture" of the magnetic flux quantum is derived below. From Eq. (1.161) for one electron, 



// H.H = ^« 



7tju e % 



SmSi 

is the energy stored in the magnetic field of the electron. The 



(1.171) 
orbitsphere is equivalent to a Josephson junction which can trap 



h 
integer numbers of fluxons where the quantum of magnetic flux is <t> = — . Consider Eq. (1.171). During the flip transition a 

2e 

fluxon treads the orbitsphere at the speed of light; therefore, the radius of the orbitsphere in the lab frame is 2n times the 

relativistic radius in the fluxon frame as shown in the Special Relativistic Effect on the Electron Radius and the Relativistic 

Ionization Energies section. Thus, the energy of the transition corresponding to the "capture" of a fluxon by the orbitsphere, 



r 1 fluxon 
''mag 



, is 



r? fluxon 
mag 



2 + 2 

K) 2 (2^r„) 3 



(1 . 172) 



eh 



An mj„ \ 2m 



M e 



2enr' 



(1.173) 
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Apg 



4fl- mr 



■Mb 



<t>„ 



(1.174) 



where A is the area and ct> is the magnetic flux quantum. 



j-' fluxon 
mag 



e 2 Mo 
2mj„ 



1 

4x : 



fi B B 



(1.175) 



where the nth fluxon treading through the area of the orbitsphere is equivalent to the applied magnetic flux. Furthermore, the 
t e rm in brackets can b e expr e ssed in terms of the fine structure constant, a , as follows: 



e 2 Mo 



e 2 /u cv 



2mr Imyrc 



Subs t itu t ion of Eq. (1.35) gives 



(1.176) 



e 2 ju _ e 2 ju cv 



2m/ n 2fic 
Substitution of 



-r 



(1.177) 



(1.178) 



and 



£qMo 



ju e 2 c 



~2¥ 



(1.179) 



gives 



e -^=2xa V - 
2hc c 



The fluxon treads the orbitsphere at 



( k is t he lightlike k , then k = co n l c). Thus, 



(1.180) 



E flu,on = 2 "_ R 
mag - r*B 



(1.181) 



The superposition of the vector projection of the orbitsphere angular momentum on the z-axis is — with an orthogonal 

h 
component of — . Excitation of a resonant Larmor precession gives rise to ti on an axis S that precesses about the spin axis at an 



angle of = — . S rotates about the z-axis at the Larmor frequency. S ± , the transverse projection, is ±J—h (Eq. (1.129)), and 

h 
S» , the projection onto the axis of the applied magnetic field, is ±— (Eq. (1.130)). As shown in the Spin Angular Momentum of 

g 

the Orbitsphere Y (9, <j>) with 1=0 section, the superposition of the — z-axis component of the orbitsphere angular momentum 



and the — z-axis component of S gives % corresponding to the observed electron magnetic moment of a Bohr magneton, ju s . 

The reorientation of S and the orbitsphere angular momentum from parallel to antiparallel due to the magnetic field applied 
along the z-axis gives rise to a current. The current is acted on by the flux corresponding to O , the magnetic flux quantum, 
linked by the electron during the transition which gives rise to a Hall voltage. The electric field corresponding to the Hall 



voltage corresponds to the electric power term, 



d 



g„E « E 



of the Poynting power theorem (Eq. (1.170)). 



dt 

Consider a conductor in a uniform magnetic field and assume that it carries a current driven by an electric field 
perpendicular to the magnetic field. The current in this case is not parallel to the electric field, but is deflected at an angle to it 
by the magnetic field. This is the Hall Effect, and it occurs in most conductors. A spin-flip transition is analogous to the 
Quantum Hall Eff e ct giv e n in th e corr e sponding s e ction wh e r e in th e appli e d magn e tic fi e ld quantiz e s th e Hall conductanc e . Th e 
current is then precisely perpendicular to the magnetic, field, so that no dissipation (that is, no ohmic loss) occurs. This is seen in 
two-dimensional systems, at cryogenic temperatures, in quite high magnetic fields. Furthermore, the ratio of the total electric 
potential drop to the total current, the Hall resistance, R H , is precisely equal to 

Rh=A t«S2^ 

ne 
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The factor n is an integer in the case of the Integral Quantum Hall Effect, and n is a small rational fraction in the case of the 
Fractional Quantum Hall Effect. In an experimental plot [22] as the function of the magnetic field, the Hall resistance exhibits 
flat steps precisely at these quantized resistance values; whereas, the regular resistance vanishes (or is very small) at these Hall 
steps. Thus, the quantized Hall resistance steps occur for a transverse superconducting state. 

Consider the case that an external magnetic field is applied along the x-axis to a two dimensional superconductor in the 
yz-plane which exhibits the Integral Quantum Hall Effect. (See Figure 1.30.) Conduction electrons align with the applied field 
in the x direction as the field permeates the material. The normal current carrying electrons experience a Lorentz force, F L , due 
to the magnetic flux. The y-directed Lorentz force on an electron having a velocity v in the z direction by an x-directed applied 
flux, B, is 

F £ =evxB (1.183) 

The electron motion is a cycloid where the center of mass experiences an ExB drift [23]. Consequently, the normal Hall Effect 
occurs. Conduction electron energy states are altered by the applied field and by the electric field corresponding to the Hall 
Effect. The electric force, F H , due to the Hall electric field, E , is 

F„=eE y (1.184) 

When these two forces are equal and opposite, conduction electrons propagate in the z direction alone. For this special case, it is 
demonstrated in Jackson [23] that the ratio of the corresponding Hall electric field E H and the applied magnetic flux is 

E H JB=v (1.185) 

where v is the electron velocity. And, it is demonstrated in the Integral Quantum Hall Effect section that the Hall resistance, 
R H , in the superconducting state is given by 
h 



ne 
where n is an integer. 

Figure 1.30. Coordinate system of crossed electric field, E , 
corresponding to the Hall voltage, magnetic flux, B T , due to 
applied field, and superconducting current i, . 

B 



(1.186) 



Figure 1.31. Coordinate system of crossed electric 
field, E,, corresponding to the Hall voltage, magnetic 

flux, B„, due to applied field, and superconducting 



current i 



■*■ 



\^_ 




'* 



Consider the case of the spin-flip transition of the electron. In the case of an exact balance between the Lorentz force 
(Eq. (1.183)) and the electric force corresponding to the Hall voltage (Eq. (1.184)), each superconducting point mass-density 
element of the electron propagates along a great circle where 

E/B = v (1.187) 

where v is given by Eq. (1.35). Substitution of Eq. (1.35) into Eq. (1.187) gives 



E/B = ^- 



(1.188) 



Eq. (1.185) is the condition for superconductivity in the presence of crossed electric and magnetic fields. The electric field 
corresponding to the Hall voltage corresponds to the electric energy term, E de , of the Poynting power theorem (Eq, (1.170)). 



E ek = - J jUgE «Er sin 0drdBd<(> 



(1.189) 



The electric term fortius superconducting state is derived as follows using the coordinate system shown in Figure 1.31. 
The current is perpendicular to E r , thus there is no dissipation. This occurs when 

eE = evxB (1.190) 

or 

E/B = v (1.191) 

The electric field corresponding to the Hall voltage is 

E = vxB (1.192) 

Substitution of Eq. (1.192) into Eq. (1.189) gives 
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, jjj(v5)V 2 sin 6drd6d(l> 



(1.193) 



The spin flip transition may be induced by the absorption of a resonant photon. The velocity is determined from the distance 
traversed by each point element and the time of the transition due to capture of a photon resonant with the spin-flip transition 
energy. The current i^ corresponding to the Hall voltage and E, is given by the product of the electron charge and the 

frequency / of the photon where the correspondence principle holds as given in the Photon Absorption section. 



i = ef 

The resistance of free space for the propagation of a photon is the radiation resistance of free space, t] . 



(1.194) 
(1.195) 



The p ower P r of the electron current induced by the p hoton as it transitions from free space to being captured by the electron is 
given by the product of the corresponding current and the resistance R which is given by Eq. (1 .195). 

P r =i 2 R (1.196) 



Substitution ofEq. (1.194) and Eq. (1.195) gives 
P=e 2 f 2 S 



(1.197) 



It follows from the Poynting power theorem (Eq. (1.170)) with spherical radiation that the transition time r is given by the ratio 

of the energy and the power of the transition [24]. 

_ energy 

power 

The energy of the transition, which is equal to the energy of the resonant photon, is given by Planck's equation. 
E = h( 



(1.198) 



\co = hf 



(1 .1 99) 



Siihstitiition ofEq. (1.197) and Eq. (1.199) into Eq. (1.1 98) gives 



T=- 



hf 



e 2 / 2 I^L 



(1.200) 



The distance £ traversed by the electron with a kinetic angular momentum change of — is 



£ = 



27ir _ A 

2 ~ 7. 



(1.201) 



where the wavelength is given by Eq. (1.15). The velocity is given by the distance traversed divided by the transition time. Eq. 
(1.200) and Eq. (1.201) give 



|A>„2 



A/2 



A/2 



^f- 



(1.202) 



hf 



2h 



e 2 f 2 ]^ 
The relationship for a photon in free space is 



c = Af 



(1.203) 



As shown in the Unification of Spacetime, the Forces, Matter, and Energy section, the fine structure constant given by Eq. 
(1.179) is the dimensionless factor that corresponds to the relativistic invariance of charge. 



1 ju e 1 



ju e c 



(1.20 1 ) 



An V s h 



2 h 



2h 



It is equivalent to one half the ratio of the radiation resistance of free space, 



Ao 



and the Hall resistance, 



The radiation 



resistance of free space is equal to the ratio of the electric field and the magnetic field of the photon (Eq. (4.10)). Substitution of 
Eq. (1.203) and Eq. (1.204) into Eq. (1.202) gives 

v = ac (1.205) 

Substitution ofEq. (1.205) into Eq. (1.193) gives 
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E ele =-e o jj$(aciU o Hfr 2 sm0drd0cl{t> (1.206) 



where 



B = jU H (1.207) 

The relationship between the speed of light, c, and the permittivity of free space, s„ , and the permeability of free space, ju , is 

1 



\Mo £ o 
Thus, Eq. (1.206) may be written as 



(1.208) 



-, In n r x 

E„„ =~a 2 \ \\v n H 2 r 2 sin edrd8d<j> (1.209) 



Substitution of Eq. (1.157) gives 
_ 2 2^ e 2 h 2 
E ' k - a ~HrT ( } 

The magnetic flux, B , is quantized in terms of the Bohr magneton because the electron links flux in units of the magnetic flux 
quantum, 

O =A (1.211) 

2e 

Substitution of Eqs . (1.171-1.181) gives 

E A =l^^-n B B\ (T2T27 



The J > E energy over time is derived from the electron current corresponding to the Larmor excitation and the electric field 
given by Faraday's law due to the linkage of the magnetic flux of the fluxon during the spin- flip. Consider the electron current 
due to the external field. The application of a magnetic field with a resonant Larmor excitation gives rise to a precessing angular 

71 

momentum vector S of magnitude ft directed from the origin of the orbitsphere at an angle of = — relative to the applied 

magnetic field. As given in the Spin Angular Momentum of the Orbitsphere Y^{9,<f>) with 1 = section, S rotates about the 

axis of the applied field at the Larmor frequency. The magnitude of the components of S that are parallel and orthogonal to the 

h J3 

applied field (Eqs (1.129 - 1.130)) are and A — ti , respectively. Since both the RF field and the orthogonal components shown 

in Figure 1.25 rotate at the Larmor frequency, the RF field that causes a Stern Gerlach transition produces a stationary magnetic 

field with respect to these components as described in Box 1.1. The corresponding central field at the orbitsphere surface given 

by the superposition of the central field of the proton and that of the photon follows from Eqs. (2.10-2.17) and Eq. (17) of Box 

-4i 

K = -T L ^[V(^^)i r +Re{i';"(^^) e ^'}i y <5(r-r 1 )] (1-213) 

Q7ZS o r 

where the spherical harmonic dipole Y™ (6,<f) = sm9 is with respect to the S-axis. The dipole spins about the S-axis at the 

angular velocity given by Eq. (1.36). — The resulting current is nonradiativ e as shown in Appendix I: Nonradiation Condition. 
Thus, the field in the RF rotating frame is magnetostatic as shown in Figures 1.28 and 1.29 but directed along the S-axis. Thus, 
the corresponding current given by Eq. (1.144) is 

K(p^,z) = ^-^jsm0i, (1.214) 

2 mj„ 

Next consider Faraday's equation for the electric field 

cjJE.</s = j"// H.£& (1.215) 

C "^ X 

As demonstrated by Purcell [14], the velocity of the electron changes according to Lenz's law, but the change in centrifugal 
force is balanced by the change in the central field due to the applied field. The magnetic flux of the electron given by Eq. 
(1.152) is " " " 

B = // H = ^|(i r cos<9-i e sin/9) for r <r n (1.216) 

m e r x 

From bq. (i.isi), the magnetic flux B UE of the fluxon is 
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a n a eh 

2k mr. 



2k mj. 



(1.217) 



The electric field E is constant about the line integral of the orbitsphere. Using Eq, (1.215) with the change in flux in units of 
fluxons along the z-axis given by Eq. (1 .217) gives 



dB 



f j>E»dsdz = f -nr 1 — dzi 



(1.218) 



c A /? 9 A /? 
2k E \r,sm 2 ddO = -n Ain^d^T = -Kr 2 i 



At 
Substitution ofEq. (1.7.17) into Eq , (1 .7.19) gives 



3A* 



(1.219) 



Ttr, E: 



nr y E = 



-7ztV — 



7 2 « // efc 



(1.220) 



(1.221) 



3 2k m e r?At 

2 a /u a eh . 

3 2k mr.At 



Thus, 



2 a ju eh 
E = 



3 2k m e r 2 At * 
The dissipative power density E • J can be expressed in terms of the surface current density K as 



(1.222) 



(E » J) Atdv =\ (E » K) Afcfa 



(1.223) 



Using the electric field from Eq. (1 .222) and the current density from Eq. (1 .214) gives 

° / \ 2 2 

2 a jU eh 3 eft ^ 2 ^ a^2 £ ,^ /3 ^ //3 ^^_ 4 a Ttju^e fi 



J(E.j)A^v-jJ - 



, sin 



Atr x s\n0d6dq>- — 



(1.224) 



v o aK 'i2Km e r 1 At2m e r l ; 

Substitution of Eqs. (1.171-1.181) into Eq. (1.224) gives 

'4 \{ a. 



3 2k m 2 r^ 



j(E»j)Atdv = 2 



?>A2k 



H B B 



(1.225) 



TOTAL ENERGY OF SPIN-FLIP TRANSITION 

The principal energy of the transition corresponding to a reorientation of the orbitsphere is given by Eq. (1.168). And, the total 
energy of the flip transition is the sum of Eq. (1.168), and Eqs. (1.181), (1.212), and (1.225) corresponding to the electric energy, 



the magnetic energy, and the dissipated energy of a fluxon treading the orbitsphere, respectively. 




Irag f>t*B 



(1.226) 
(1 . 227) 



d- 



where the stored magnetic energy corresponding to the — 

dt 



f/p!*H 



to the 



d_ 



£„E»E 



term increases, the stored electric energy corresponding 
term increases, and the J»E term is dissipative. The magnetic moment of Eq. (1.168) is twice that from 



the gyroinagnetic ratio as given by Eq. (28) of Box 1.1. — The magnetic moment of the electron is the sum of the component 

h 
corresponding to the kinetic angular momentum, — , and the component corresponding to the vector potential angular 

% 

momentum, — , (Eq. (1.164)). The spin- flip transition can be considered as involving a magnetic moment of g times that of a 

Bohr magneton. The g factor is redesignated the fluxon g factor as opposed to the anomalous g factor, and it is given by Eq. 
(1.226). 



P- (7 7, 


fa'" 


4 


fa) 


2 


2- = l + — + -a 2 

2 2^-3 


V2jl-> 


" 


\2k^ 


(1.228) 



For a" 1 =137.03604(11) [25] 

^ = 1.001 159 652 120 



(1.229) 



The experimental value [26] is 
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£ = 1.001 159 652 188(4) (1.230) 

The calculated and experimental values are within the propagated error of the fine structure constant. Different values of the fine 
structure constant have been recorded from different experimental techniques, and a~ l depends on a circular argument between 
theory and experiment [27]. One measurement of the fine structure constant based on the electron g factor is 

a g l =137.036006(20) [28]. This value can be contrasted with equally precise measurements employing solid state techniques 
such as those based on the Josephson effect [29] (at/ =137.035963(15)) or the quantized Hall effect [30] 
(a^ = 137.035300(400)). A method of the determination of or 1 that depends on the circular methodology between theory and 
experiment to a lesser extent is the substitution of the independently measured fundamental constants // , e , c , and h into Eq. 

(1.20 4 ). The following values of the fundamental constants are given by Weast [25] 

/< = An X IP' 7 Hm 1 (1.231) 

e = 1.6021892(46) X W l9 C (1.232) 

c = 2.99792458(12) X 10W 1 (1.233) 

h =6.626176(36) X 10 M JHz ' (1.234) 



For these constants, 

a" 1 =137.03603(82) (1.235) 

Substitution of the or 1 from Eq. (1.235) into Eq. (1.228) gives 



£ = 1.001 159 652 137 














(1.236) 


2 
The experimental value [26] is 

£ = 1.001 159 652 188(4) 














(1.237) 


„ 


Conversely, the fine structure calculated for the experimental — and Eq. (1.228) is a ' ; 
The postulated QED theory of — is based on the determination of the terms of 


= 13/.036 U32 U81. 
a postulated power 


series in 


al n where 



each postulated virtual particle is a source of postulated vacuum polarization that gives rise to a postulated term. The algorithm 
involves scores of postulated Feynman diagrams corresponding to thousands of matrices with thousands of integrations per 
matrix requiring decades to reach a consensus on the "appropriate" postulate d algorithm to remove the intrinsic infinities. The 
solution so obtained using the perturbation series further requires a postulated truncation since the series diverges. The 

g 

remarkable agreement between Eqs. (1.236) and (1.237) demonstrates that — may be derived in closed form from Maxwell's 

equations in a simple straightforward manner that yields a result with eleven figure agreement with experiment — the limit of the 

experimental capability of the measurement of the fundamental constants that determine a . In Ref. [16], the Maxwellian result 

is contrasted with the QED algorithm of invoking virtual particles, zero point fluctuations of the vacuum, and negative energy 

states of the vacuum. Rather than an mlinity of radically different QED models, an essential feature is that Maxwellian solutions 

are unique. 

The muon, like the electron, is a lepton with Ti of angular momentum. The magnetic moment of the muon is given by 

Eq. (1.169) with the electron mass replaced by the muon mass. It is twice that predicted using the gyromagnetic ratio (given in 

Eq. (2) of Box 1.1) in Eq. (2.65) of the Orbital and Spin Splitting section wherein the intrinsic angular momentum for the spin 

h 
1/2 f e rmion is -. — As is th e case with th e e l e ctron, th e magn e tic mom e nt of th e muon is th e sum of th e component 

h 
corresponding to the kinetic angular momentum, — , and the component corresponding to the vector potential angular 

ft 
momentum, — , (Eq. (1.164)). The spin-flip transition can be considered as involving a magnetic moment of g times that of a 

Bohr magneton of the muon. The g factor is equivalent to that of the electron given by Eq. (1.228). 

The muon anomalous magnetic moment has been measured in a new experiment at Brookhaven National Laboratory 
(BNL) [31] , — Polarized muons were stored in a superferric ring, and the angular frequency difference co a between the spin 
precession and orbital frequencies was determined by measuring the time distribution of high-energy decay positrons. — The- 
dependence of <a a on the magnetic and electric fields is given by the BMT equation which is the relativistic equation of motion 
for spin in uniform or slowly varying external fields [32]. The dependence on the electric field is eliminated by storing muons 
with the "magic" y = 29.3. which corresponds to a muon momentum p = 3.09 GeV I c . Hence measurement of o) a and of B 
determines the anomalous magnetic moment. 
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The "magic" y wherein the contribution to the change of the longitudinal polarization by the electric quadrapole 
focusing fields are eliminated occurs when 

S. P 1 

^-- — = (1.238) 

2/7 

where g is the muon g factor which is required to be different from the electron g factor in the standard model due to the 

dependence of the mass dependent interaction of each lepton with vacuum polarizations due to virtual particles. For example, 
the muon is much heavier than the electron, and so high energy (short distance) effects due to strong and weak interactions are 
more important here [28]. The BNL Muon (g-2) Collaboration [31] used a "magic" y = 29.3 which satisfied Eq. (1.238) 

g 

identically for — — ; however, their assumption that this condition eliminated the effect of the electrostatic field on a> a is flawed 

g 
as shown in Appendix III: Muon g Factor. Internal consistency was achieved during the determination of — - using the BMT 

S i S S 

equation with the flawed assumption that — ^ — . The parameter measured by Carey et al. [3 1 ] corresponding to — — was the 

sum of a finite electric term as well as a magnetic term. The calculated result based on the equivalence of the muon and electron 
g factors 

^■ = 1.001 165 923 (1-239) 

is in agreement with the result of Carey et al. [31]: 

■^ = 1.001 165 925 (15) (1.240) 

Rather than indicating an expanded plethora of postulated super-symmetry virtual particles which make contributions 

such as smuon-neutralino and sneutrino-chargino loops as suggested by Brown et al. [33], the deviation of the experimental 

g 
value of — from that of the standard model prediction simply indicates that the muon g factor is equivalent to the electron g 

factor. 

DETERMINATION OF ORBITSPHERE RADII 

The one-electron orbitsphere is a spherical shell of negative charge (total charge = —e ) of zero thickness at a distance r n from 

the nucleus of charge +Ze. It is well known that the field of a spherical shell of charge is zero inside the shell and that of a point 
charge at the origin outside the shell [34]. See Figure 1.32. 

Figure 1.32. The point-like electric fields of a proton, a bound electron, and their superposition as the hydrogen atom 
corresponding to a minimum energy and no electron self interaction. The electron's field is normal and finite only radially 
distant from its surface, being zero inside of the electron shell according to Gauss' and Faraday's laws which is also consistent 
with experiments showing zero self field inside of a charged perfect conductor. Thus, only the proton's central field at the 
electron determines the force balance which causes the flat 2-D geometry of a free electron to transition to the 2-D bubble-like 
geometry of the orbitsphere. 

Proton Electron Orbitsphere Hydrogen Atom 
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Thus, for a nucleus of charge Z, the force balance equation for the electron orbitsphere is obtained by equating the forces on the 
mass and charge densities. For the ground state, n = 1 , the centrifugal force of the electron is given by 

F , - m ' v ' (1 241 s ) 

*«*nto* 4 , v ; 



W7 

where — ^ is the mass density of the orbitsphere. The centripetal force is the electric force, F rfe , between the electron and the 

4^Tj 

nucleus. 

4^Tj 47t£ r 1 
where e is the permittivity of free-space. 

The second centripetal force is an electrodynamic force or radiation reaction force, a force dependent on the second 
derivative of charge position, which respect to time, which arises between the electron and the nucleus. This force given in 
Sections 6.6, 12.10, and 17.3 of Jackson [35] achieves the condition that the sum of the mechanical momentum and 
electromagnetic momentum is conserved. The motion of each point in the magnetic field of the nucleus will cause a relativistic 
c e ntral forc e , F - which acts on e ach point mass. Th e magn e tic c e ntral forc e is d e riv e d as follows from th e Lor c ntz forc e , 
which is relativistically cor r ected. Each infinitesimal point of the orbitsphere moves on a great circle, and the charge densi t y at 

each point is . As given in the Proton and Neutron section, the proton is comprised of a linear combination of three 

bnr n 

constant functions and thr ee orthogonal sph e rical harmonic quark/gluon functions. Th e magn e tic fi e ld front du e to th e motion of 
the electron propagates at the speed of l i ght. Fro m the photon inertia! re ference frame at the radius of each i n finitesimal point of 
the electron orbitsphere, the proton charge distribution is given as the product of the quark and gluon functions, which gives rise 
to a uniform distribution. The magnetic flux of the proton in the v = c inertial frame at the electron radius follows from 
McQuarrie[18]: 

2m r 



p ■ 

And, the magnetic flux due to a nucleus of charge Z and mass m is 
„ ju Zeh 

*^fef ^- 

The motion of each point will cause a relativistic central force, F ; ~ which acts on each point mass. The magnetic central force 

is derived as follows from the Lorentz force which is relativistically corrected. The Lorentz force density on each point moving 
at velocity v is 

F-^AvxB (1.245) 



For the hydrogen atom with Z = 1 and m = m , substitution of Eq. (1 .35) for v and Eq. (1 .244) for B gives 

'■jf ^246y 



1 



e 2 u 



Anr 2 



lm Jn 



mr 



The term in brackets can be expressed in terms the fine structure constant a wherein the radius of the electron relative to the 
v = c frame ( k is the lightlike k° , then k-a> n /c regarding a potentially emitted photon), r a , is the corresponding relativistic 

radius. From Eq. (1.15), the relationship between the radius and the electron wavelength is 

2nr = X (1.247) 

Using the de Broglie Eq. (1 .38) with v = c 

h h 
A = _n_ = Jl_ (1248) 

mv mc 
With substi t ution of Eq. (1.248) in t o Eq. (1.247) 

r:= — = X c =aa (1.249) 

mc 

The radius of the electron orbitsphere in the v = c frame is % c , where v = c corresponds to the magnetic field front propagation 

velocity which is the same in all inertial frames, independent of the electron velocity as shown by the velocity addition formula 
of special relativity [36]. From Eqs. (1 .1 79) and (1 .249), 

= 2tux (1.250) 



g Mo 



2m/ n 
where K c is the Compton wavelength bar substituted for r n , and a is the Bohr radius. 



From Lorentz transformations with the electron's invariant angular momentum of % (Eq. (1.37)), it can be shown that the 
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relativistic correction to Eq. (1.246) is the reciprocal of Eq. (1.250). Consider an inertial frame following a great circle of radius 
r n with v = c (Here, constant angular velocity as well as constant velocity constitutes an inertial frame for relativistic effects in a 

general sense, as shown in Chp. 34). The motion is tangential to the radius; thus, r n is Lorentz invariant. But, as shown in the 
Special Relativistic Correction to the Ionization Energies section, the tangential distance along a great circle is 2nr n in the 
laboratory frame and r n in the v = c frame ( £ is the lightlike k° , then k = a n l c). In addition, the corresponding radius is 
reduced by a for the light speed radial field. Thus, the term in brackets in Eq. (1 . 246) is the inverse of the relativistic correction 

y ' for the electrodynamic central force. 

The electron's magnetic moment of a Bohr magneton ju b given by Eq. (1.131) is also invariant as well as its angular 
momentum of h . The electron is nonradiative due to its angular motion as shown in Appendix I: Nonradiation Condition and 
the Stability of Atoms and Hydrinos section. Furthermore, the angular momentum of the photon given in the Equation of the 

Photon s e ction is m - J R e [r x (E x B*)]afx 4 - ti . It is conserved for th e solutions for the r e sonant photons and e xcit e d stat e 

electron functions given in the Excited States of the One-Electron Atom (Quantization) section and the Equation of the Photon 

section. Thus, the electrodynamic angular momentum and the inertial angular momentum are matched such that the 

^ 

correspondence principle holds. It follows from the principle of conservation of angular momentum that — of Eq. (1.131) is 

rrr e 

invariant. The same applies for the intrinsic magnetic moment jj b and angular momentum h of the free electron since it is 
given by the projection of the bound electron into a plane as shown in the Electron in Free Space section. However, special 
r elativity must be applied to physics relative to the elect r on's cente r of mass due to the inva r iance of cha r ge and the inva r iant 

four momentum as given by Purcell [36]. 

The correction to the term in brackets of Eq. (1.246) also follows from the Lorentz transformation of the electron's 
invariant magnetic moment as well as its invariant angular momentum of % . Consider a great circle of the electron orbitsphere. 
As shown in the Special Relativistic Effect on the Electron Radius and the Relativistic Ionization Energies section, the tangential 
distance along a great circle is 2nr n in the laboratory frame and r„ in the v-c frame. The corresponding relativistic electron 
mass density regarding the invariant angular momentum increases by a factor of 2k (Eq. (1.281)). Furthermore, due to 
invariance of charge under Gauss' Integral Law, with the radius given by (1.209), the charge corresponding to the source current 
of the magnetic field must be corrected by a' 1 . Thus, from the perspective of the invariance of /x B , the term in brackets in Eq. 
(1.246) is the inverse of the relativistic correction for the electrodynamic central force. 



a e jU _ a e fi Q _ 2na e //, 



h 



= 1 (1.251) 



2{2nm e )r n 2(2*/n,)X 2 (2*m,) 

m e c 
Therefore, the force is given by 

The force balance equation is given by equating the centrifugal and centripetal force densities: 
W„ v? 1 n e Ze 1 n 



4^Tj mj\ Wcf^ 4;r£ r 1 



(1.253) 



where Z = 1 and m = m for the hydrogen atom and the velocity is given by Eq. (1.35). (Since the surface-area factor cancels in 
all cases, this factor will be left out in subsequent force calculations throughout this book). From the force balance equation: 

Ze Me 
where the reduced electron mass, /u e , is 

m e m /l ->«>> 

P7= (1-255) 

m e +m 

The Bohr radius is 

Qo= ^EiL (1.256) 

e m. 



And, the radius given by force balance between the centrifugal force and central electrostatic force alone is 

r l= ^L = ^ (1.257) 

Ze m e Z 

And, for hydrogen, m of Eq. (1.255) is 

m = m„ (1.258) 
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Substitution of the reduced electron mass for the electron mass gives, a H , the Bohr radius of the hydrogen atom. 

a H =^s£L (1.259) 

e -4h 

Thus, Eq. (1.254) becomes 

r,=^r (1-260) 

where Z = 1 for the hydrogen atom. The results can also be arrived at by the familiar minimization of the energy. 

ENERGY CALCULATIONS 

The potential energy V between the electron and the nucleus separated by the radial distance radius t\ considering the force 
balance between the centrifugal force and central electrostatic force alone is 

V = ^—= ~ Ze = -Z 2 -4.3598 X 10~ 18 J = -Z 2 -27.212 eV (1.261) 

^ne Si r x 4n£ a 

Because this is a central force problem, the kinetic energy, T , is — V . 

ZV 



T= - - = Z 2 -\3.606eV (1.262) 

&7T£ a 

The same result can be obtained from T = —m e v l 2 andEq. (1.35). Alternatively, the kinetic energy T and the binding energy E B , 

which are each equal to the change in stored electric energy, AE ele , can be calculated from 

lr-, e 

T = AE c , c = --g Z \E 2 dv where E = 7 i r (1.263) 

' 2 i $7te r 

Thus, as the orbitsphere shrinks from oo to r x 



i» 



Ze 2 ZV 



E B = — ^— = - — =-Z 2 -2.1799X10' 18 J = -Z 2 -13.606 eV (1.264) 

8^£ rj &n£ a 

The calculated Rydberg constant R using Eq. (1.259) in Eqs. (1.261-1.264) which includes the relativistic correction 

corresponding to the magnetic force given by Eq. (1.252) is 10,967, 758 nf l . The experimental Rydberg constant is 

10,967,758 rn x . Furthermore, a host of parameters can be calculated for the hydrogen atom, as shown in Table 1.2. 
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Table 1.2. Some calculated parameters for the hydrogen atom ( n = 1 ). 



radius 


r i~ a H 


5. 294654 X 10"' 


m 


potential energy 
kinetic energy 


v ~ e 


-27.196 eV 
13.598 eV 




47rs a ff 





angular velocity (spin) 

linear velocity 
wavelength 



a>. 



mr. 



A, = 27tr t 



4.1296X10 16 rad s~ l 



2.1865 XI 6 ms"' 
3.325 XI 0"'°ot 



spin quantum number 
moment of Inertia 



angular kinetic energy 

magnitude of the 
angular momentum 



S ~ 2 



-■n ; 7 



1.217 XIQ-" kgm 



6.795 eV 



1.0545 X1(T 34 Js 



F -Lt 2 

^ angular ^ i0} l 



projection of the 

angular momentum fr_ 

onto the transverse-axis 4_ 



2.636 X \0 35 Js 



projection of the 
angular momentum 
onto the z-axis 



S=- 



5.273 X 10 - 35 Js 



mass density 



A nn 



-11 ;,„„., -2 



2.589 X\Q- n kgm 



charge density 



Anr, 



4.553 Cm- 
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Table 1.3 gives the radii and energies for some one-electron atoms. In addition to the energies, the wavelength, angular 
frequency, and the linear velocity can be calculated for any one-electron atom from Eqs. (1.38), (1.36), and (1.35). Values are 
given in Table 1.4. 

Table 1 .3. Calculated energies (non-relativistic) and calculated ionization energies for some one-electron atoms. 



Calculated Calculat e d Calculat e d Calculat e d Experimental 



(«o) 



Atom 



Kinetic 

Energy b 


Potential 

Energy 


Ionization — 

Energy d 


— Ionization 
Energy e 


(eV) 


(eV) 


(eV) 


(eV) 



-if h60e Bt« =27:21 Bt« Bt59- 

He + 0.500 54.42 -108.85 54.42 54.42 



Li 2+ 


0.333 


122.45 


-244.90 


122.45 


122.45 


Be 3+ 


0.250 


217.69 


-435.39 


217.69 


217.71 


B 4+ 


0.200 


340.15 


-680.29 


340.14 


340.22 



C 5+ 0.167 489.81 -979.62 489.81 489.98 
-#5± 0443 66&68 1333.37 66&68 667.03 



O l+ 0.125 870.77 -1741.54 870.77 871.39 



a from Equation (1.257) 
b from Equation (1.262) 
c from Equation (1.261) 
d from Equation (1.264) 
e experimental 



It is noteworthy that the potential energy is a constant (at a given n) because the electron is at a fixed distance, r n , from the 
nucleus. And, the kinetic energy and velocity squared are constant because the atom does not radiate at r n and the potential 
energy is constant. 
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Table 1.4. Calculated radii, angular frequencies, linear velocities, and wavelengths for the «=1 state of some one-electron 
atoms (non-relativistic). 



Atom 


1 a 


angular b 


linear 


wavelength d 




Oo) 


velocity 
(10 17 raa s~ l ) 


velocity 
(10 6 ms' 1 ) 


(10- 10 ot) 




H 


1.000 


0.413 


2A9 


i.ilb 



He + 



Li 



0.500 



0.333 



1.65 

3.72. 



4.38 
6.56 



1.663 
1.108 



5e 3 



0.250 



6.61 



8.75 



0.831 



n orwi 



m i 



m o 



n c&s. 



-if^ 



U.lt>7 



0.143 



14.9 
^0:3- 



13.1 
^5:3- 



0.554 
0.475 



O 1 



0.125 



26.5 



17.5 



0.416 



' from Equation (1.257) 



D from Equation (1.36) 
c from Equation (1.35) 
d from Equation ( 1 .38) 



It should be noted that the linear velocity is an appr e ciable p e rcentag e of the velocity of light for some of th e atoms in Table 
-A-A — 5.9% for 1+ for e xampl e . — R e lativistic corr e ctions must be appli e d befor e a comparison betw ee n th e total e n e rgy and 
ionization energy (Table 1.3) is made. 

SPECIAL RELATIVISTIC EFFECT ON THE ELECTRON RADIUS AND THE 
RELATIVISTIC IONIZATION ENERGIES 

The electron current constitutes an orbit relative to the laboratory frame. Muons and electrons are both leptons. The increase in 
the lifetime of muonic decay due to relativistic motion in a cyclotron orbit relative to a stationary laboratory frame provides 

eB 

strong confirmation of time dilation and confirms that the electron's frame is an inertial frame [371. — bunching of electrons in 

m e 

a gyrotron [38] occurs because the cyclotron frequency is inversely proportional to the relativistic electron mass. This further 

demonstrates that the electron frame is an inertial frame and that relativistic electron mass increase and time dilation occur 

relative to the laboratory frame. The special relativistic relationship in polar coordinates is derived. The result of the treatment 

of the electron motion relative to the laboratory frame is in excellent agreement with numerous experimental observables such as 

the electron g factor, the invariance of the electron magnetic moment of ju b and angular momentum of % , the fine structure of 

the hydrogen atom, and the relativistic ionization energies of one and two electron atoms found infra and in the Excited States of 
the One-Electron Atom (Quantization) and the Two-Electron Atoms sections. 

Following the same derivation as given by Beiser [39], it can be shown that the consequences of maintaining a constant 
maximum speed of light with preservation of physical laws independent of inertial frames of reference for the bound electron 
requires that th e coordinat e transformations arc Lor c ntzian. First, the cons e quences for the el e ctron in its fram e arc consid e red. 
The motion at each infinitesimal point of the orbitsphere is on a great circle as shown in the Orbitsphere Equation of Motion For 
£ = Based on the Current Vector Field (CVF) section. The electron motion is tangential to the radius; thus, r for the electron- 
frame is Lorentz invariant . A further consequence of the electron's motion always being perpendicular to its radius is that the 
electron's angular momentum of % is invariant as shown by Eg. (1.37). The electron's magnetic moment of a Bohr magneton 
H B given by Eq. (1.131) is also invariant as well as its angular momentum of % . 

Further using the required Lorentz transforms, the special relativistic effects for the laboratory frame are determined on 
the bound electron by considering lightlike events where there is a decrease in the electron wavelength and period due to 
relativistic length contraction and time dilation of the electron motion in the laboratory inertial frame relative to the lightlike 
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frame as shown infra 10 . A lightlight event regards the nature of an electron, excited state since only excited states of the bound 
electron can emit radiation. The nature of excited states depends on the properties of photons as well as the bound electron. The 
angular momentum of the electric and magnetic fields of the photon given in the Equation of the Photon section is Ti . It is 
conserved for the solutions for the resonant photons and excited stale electron functions given in the Excited States of the One- 
Electron Atom (Quantization) section and the Equation of the Photon section. The photons emitted during the formation of each 
one-electron atom are its excited state photons. Thus, the electrodynamic angular momentum and the inertial angular 
momentum are matched such that the correspondence principle holds. It follows from the principle of conservation of angular 

momentum of ti that — of Eq. (1.131) is invariant (See the Determination of Orbitsphere Radii section). Since charge is 
m 

e 

invariant according to special relativity, the electron mass of the orbitsphere must also be invariant. But, as shown infra, the 

electron radius in the laboratory frame goes to a factor of — of that in the lightlike (v = c) frame. Thus, the effect of special 

2k 

relativity is to increase the mass and charge densities identically such that — is a constant invariant. In the present case, the 

m 

e 

electron mass density increases by factor of 2n in the lightlike frame. The remarkable agreement between the calculated and 
observed value of the fine structure of the hydrogen atom which depends on the conditions of the invariance of the electron's 

charge and charge-to-mass ratio — as given in the Spin-Orbit Coupling section further confirms the validity of this result. A 

m 

s 

further consequence of the decrease of the radius of the orbitsphere by a factor of In in the lightlike frame is that the bound 
electron is nonradiative due to its angular motion even in the case that £ g . This is shown by using the relativistic wavelength 
to radius relationship given by Eq. (1.279) in Appendix I: Nonradiation Condition and in the Stability of Atoms and Hydrinos 
section. The radiative instability of excited states is due to a radial dipole term in the function representative of the excited state 
due to the interaction of the photon and the excited state electron as shown in the Instability of Excited States section. 

Specifically, to d e rive th e relativistic relationships consider that th e e lectron is in constant angular velocity is an inertial 

frame of reference relative to absolute space as given in the Equivalence of Inertial and Gravitational Masses Due to Absolute 
Space and Absolute Light Velocity section. This can be defined as the laboratory frame of the electron's motion upon which the 
spatial and temporal Lorentzian transforms may be applied. The motion of a possible photon is also relative to absolute space. 
The nature of an exited state as shown in the Excited States of the One-Electron Atom (Quantization) section is a superposition 
of an electron and a photon comprising two-dimensional shells of current and field lines, respectively, at the same radius defined 
by 6 (r - r \ Due to the further nature of the photon possessing light-speed angular motion, the electron motion and 

corresponding spatial and temporal parameters may be considered relative to light speed for the laboratory frame of the 
electron's constant angular velocity. The derivation of Eqs. (1.279) and (1.280) regards the use of Lorentz spatial and temporal 
t ransforms for the case of cons t an t angular velocity along a path on a great-circle element. Such t ransforms are unconven t ional 
from the standard transforms on rectilinear motion, but they are perfectly physical as shown in the Newton's Absolute Space 
Was Abandoned by Special Relativity Because Its Nature Was Unknown section. 

The equation of a photon is given in the Equation of the Photon section. An emitted free-space photon comprises a field- 
line pattern called a photon electric and magnetic vector field (e&mvf) similar to the orbitsphere wherein the former is generated 
from two orthogonal great circle field lines rather than two great circle current loops as in the case of the electron spin function. 
The motion along each field line is at light speed. The angular momentum, in, of the electric and magnetic fields of the emitted 

photon given by Eq. (4 . 1 ) is m = [ Re [r x (E x B*)]d>c 4 = % . The equation of the photon of an exited state is given by Eq. 

J Que J 

(2 . 15) . The absorption or emission of a photon regards an excited state given in the Excited States of the One -Electron Atom 

(Quantization) section. The excited state comprises a two-dimension field surface of great-circle field lines at the inner surface 

of the electron orbitsphere that has a slow component of motion phase-locked with and propagating the electron modulation 

wave (£ ^ 0) that travels about the z-axis with angular frequency co n . The corresponding change in electron angular frequency 

between states matches the frequency of the photon that excited the transition, and the angular momentum of the fields (Eq. 

(4.1)) is conserved in the excited state. In addition, the motion along each great-circle field line is at velocity c; so, the relative 

electron to absorbed-photon velocity is c . This is also the velocity that must b e considered for the emission of a photon by the 

bound electron since this state must form in order for emission to occur. The corresponding source current follows from 



10 Many problems arise in the case of applying special relativity to standard quantum mechanical solutions for one-electron atoms as discussed in the 
Quantum Theory Past and Future section, the Shortcomings of Quantum Theory section, and Refs. [16-1 7]. Spin was missed entirely hy the Schrodinger 
equation, and it was forced by spin matrices in the Dirac equation. It does not arise from first principles, and it results in nonsensical consequences such as 
infinities and "a sea of virtual particles." These are not consistent with observation and paradoxically the virtual particles constitute an ether, the 
elimination of which was the basis of special relativity and is the supposed basis of the Dirac equation. In addition, the electron motion in the Schrodinger 
and Dirac equations is in all directions; consequently, the relativistic increase in electron mass results in an instability since the electron radius is inversely 
proportional to the electron mass. Since the electron mass in special relativity is not invariant, but the charge is, the electron magnetic moment of a Bohr 
magneton /j^ as well as its angular momentum of n cannot be invariant in contradiction with experimental observations known to 14-figure accuracy [26]. 
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n • (Ej - E 2 )= — (Eq. (2.1 1)), and the relativistically corrected wavelength given by Eq. (1.279) is X n - r n . This is Eq. (41) of 

^o 

the Appendix I that determines the nonradiative property of the orbitsphere and its time and spherically harmonic angular 
functions as given by Eqs. (40) and (72) and (75) of Appendix I 9 . Emission or absorption corresponds to an energy-state 
transition. The corresponding change in electron radius with emission or absorption of a photon is the source current for a free- 
space photon as given in the State Lifetimes and Line Intensities section. 

Consider that the motion at each infinitesimal point on the orbitsphere is on a great circle, and that each point-charge 

e ftt 

element has the charge density and mass density — e — as shown in the Orbitsphere Equation of Motion For I = Based 

Anr n 47tr n 

on the Current Vector Field (CVF) section. Next, consider a charge-density element (and correspondingly a mass-density 
element) of a great - circle current loop of the electron orbitsphere in the y'z' - plane as shown in Figure 1 A . The distance on a 
great circle is given by 

\r n d9 = r n 9^ =27ir n (1.265) 

o 
Due to relative motion, the distance along the great circle must contract and the time must dilate due to special relativity . The 
special relativistic length contraction relationship observed for a laboratory frame relative to an inertial frame moving at constant 
velocity v is 

l=I °f-$ ( 1 266 L 

Consider a point initially at (0,0,1) moving clockwise on a great circle in the Cartesian y'z'-plane . The relationship between 

polar and Cartesian coordinates used for special relativity 11 is given by 
t i t 

*i=0 Vx = r n sin(»„0 Zl = r„ cos((»„0 (1.267) 

where a n is given by Eq. (1.36), r n is from Eq. (1.257), and 

<l > = u)J (1.268) 

Due to relativity, a contracted wavelength arises. The distance on the great circle undergoes length contraction only in the <f> 
direction as v — » c . Thus, as v — > c the distance on a great circle approaches its radius which is the relativistically contracted 
electron wavelength since the relationship between the radius and the wavelength given by Eq. (1.15) is 

- 2m n - 1„ " (1.269) 

With v = c , 

r* = A (1.270) 
wh ere * i n dicates the re lativistically corrected parameter. Th us, 

r* = -^- (1.271) 

In 

The relativistically corrected mass m* follows from Eq. (1.271) with maintenance of the invariance of the electron angular 

momentum of h given by Eqs. (1.35) and (1.37). 

Ti 
mrxy = m £ r (1.272) 

With Eq. (1.271), the relativistically corrected mass m* corresponding to an increase in its density only is 12 



1 ' The Cartesian coordinate system as compared to general coordinates is special with regard to a fundamental aspect of Lorentz transforms on Cartesian 

coordinates discussed in the Relativity section. 

12 The magnitude of the total angular momentum of the orbitsphere L must be constant. The constant total is h given by the integral 

m = f -Irxm \\S(r-r )dx A = m r = h (1) 

•Mot 21 ' ' V "' '" mr n 

where the cor r esponding velocity is given by Eq. (1.35). The integ r al of the magnitude of the angular momentum of the electron is h in any inertial frame 

and is relativistically invariant. 

According to special relativity, the electron's relative motion with respect to the laboratory frame causes the distance along the great circle to 
contract and the time to dilate such that a contracted radius arises as given by Eq. (1 .280). As v — > c the relativistically corrected radius in the laboratory 
frame r * is given by 





(2.) 


e 
where r is the radius in the electron frame. Eq. (1.271) applies for both the mass and charge densities that are interchangeable by the ratio — . 

m 


Thus, 


the ratio is invariant. 





However, a relativistically corrected mass m* can be defined from Eq. (1.271) with maintenance of the invariance of the electron angular 
momentum of h given by Eqs. (1.35) and (1.37). Due to spherical symmetry, the correction is the same along each great circle of the orbitsphere. Thus, 
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-27rm„ 



(1.273) 



The effect of the relativistic contraction of the distance along a great circle loop is to change the angle of constant motion 

in Eq. (1.267) with a corresponding decrease in the electron wavelength. For the point initially at (0,0,1) moving clockwise on a 
great circle in the Cartesian y'z'-plane as shown in Figure 1 .4, the relativistically corrected wavelength that follows from Eqs. 
(1.265-1.269) is given by the sum of the relativistic electron motion along the great circle (y' direction) and that projected along 
the radial axis (z' direction): 

i ^ r^ 

X n =r nv , sin^T \ d<j> + cos (f \ dr (1.274) 



where the * indices correspond to the relativistically corrected parameters in the y' and z' directions. The length contraction is 
only in the direction of motion that is orthogonal to the radius and constant as a function of angle. Thus, Eq. ( 1 .268) is given by 



-fVf — . — • — 

\ = 2n:r n ^\- - sin/+r a cos( 



(1.275) 



The projection of the angular motion onto the radial axis is determined by determining the relativistic angle <f corresponding to 
a decrease in the electron wavelength and period due to relativistic length contraction and time dilation of the electron motion in 
the laborato r y ine r tial frame. Substitution of Eq. (1.36) into Eq. (1.268) gives 



1 & 

= fi V = T l 

The correction for the time dilation and length contraction due to electron motion gives the relativistic angle <f as 

-rfu 



= OiJt = - 



h 



-tSr 



% 



-f 



4- 



(1.276) 



(1.277) 



m. 



m e r n V 



Th e p e riod for a wav e l e ngth du e to e l e ctron motion is 



2£ = A 

a> v 



(1.278) 

Only the elements of the second y'z'-quadrant need be considered due to symmetry and continuity of the motion. Thus, using 
Eqs. (1.276-1.277) for a quarter period of time, Eq. (1.275) becomes 



k =27cr.\\ 



sin 



/ 


,\!/2" 




/ 


i\3'2" 


n 




1 V 1 




, 


71 




1 V 1 




— 


1- 


- 




+ r COS 


— 


1- 


- 




2 




\c) 






2 




UJ 




V 


J J 




V 


■> \ 



(1.279) 



Using a phase matching condition, the wavelengths of the electron (Eq. (1.269)) and laboratory (Eq. (1.279)) inertial frames are 
equated, and the corrected radius is given by 



sin 



2\ 



+ — cos 

2k 



zV 



(1.280) 



which gives a relativistic factor y* of 



y 



2n 



-^K-Ai 



-sin 



4- 



2\ 



+ COS 



4- 



2 A 



(1.281) 



where the velocity is given by Eq. (1.35) with the radius given by Eq. (1.254). Plots of ratio of the radii from Eq. (1.280) and y* 
(Eq. (1.281)) as a function of the electron velocity v relative to the speed of light c are given in Figures 1.33 and 1.34, 



the motion of the mass density of the electron along a great circle may be considered. Then, 



mrxv = mr- 



(3) 



With Eq. (1.271), the relativi s tically corrected mas s m * corresponding to an increa s e in its density only is 

m* = Inm 



-W- 



In other words, the correction of the radius gives an effective relativistic mass as follows: 

, r h 



r h r h 

mrxv = m e = 2xm e 

2n r 2tz m r 



-m- 



2n i 



-m r v =h 



(5) 



2k 
where v is the electron velocity in its frame given by Eq. (1.35). 
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respectively. 

As the electron velocity goes to the speed of light (v -* c) corresponding to any real or potentially emitted phase-locked 

1 r 1 

photon, the electron radius in the laboratory frame goes to a factor of — of that in the lightlike electron frame (- s r = — ). 

In r n In 

Thus, with v = c , due to symmetry the electron motion corresponds to an orbitsphere of radius — that of the radius in the 

lightlike frame. In the case where the velocity is the speed of light, the relativistic behavior predicts that the production masses 
of leptons are each the rest mass times the speed of light squared calculated from each of the Planck-equation, electric, and 
magnetic energies in the Leptons section. The radius correction given by Eq. (1.287) and shown in Figure 1.33 also correctly 
predicts the nonradiation condition, the force corresponding to the reduced electron mass in the radius of the hydrogen atom, 
spin-orbit coupling, the electron pairing force, and other relativistic observables given in this and subsequent chapters. 

Figure 1.33. The normalized radius as a function of vie due to relativistic contraction. 
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Figure 1 .34. The relativistic factor y as a function of vie. 
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Next, a convenient way to determine the relativistic ionization energies is to use the relativistic total energy equation 
|4UJ. Consider the motion of the electron m its frame of reference. Since its motion is perpendicular to the radius, the radius 
(Eq. (1.260)) is invariant lo length contraction, the charge is invariant, and only the dependency of the radius on the relativistic 
mass needs to be considered. The force balance equation (Eq. (1.253)) given by equating the centrifugal and centripetal force 
densities applies in the relativistic case as well where m e = m e (v) is the relativistic electron mass, Z is the nuclear charge, 
m = Am p is the nuclea r mass with A being the atomic mass numbe r , and the velocity given by Eq. (1.35) is due to conservation 

of angular momentum which must be obeyed in the relativistic case as well as the nonrelativistic one. From the force balance 
equation: 

► 2/ ... 'A . ... ( \ 



AnetC 



Ze m„ 



- + - 



m„A 



Z m„ 



1 + - 



m„A 



(1.282) 



Using the relativistic velocity (Eq. (1.35) with m e =m e (v)) and the radius from the force balance equation, the relativistic 
parameter ji is 
. v h h ti 



m„cr 



-mjr- 



Z m. 



ir-- 



m p A J 



(1.283) 



±r-- 



m p A 



Eqs. (1.178) and (1.179) give a relationship between the fine structure constant and the constants of Eq. (1.283): 



-Vt? 



AneJf 



Jl 



(1.284) 



a = 



Anh 



Ane^c a a 



4x£ g tica 



Then, from Eqs. (1.283) and (1.284), the relativistic parameter /? simplifies to 



fi=- = - 



aZ 



-m- 



(1.285) 



1 + 



The relativistic mass is given by the Lorentz transformation: 



m, 



Mi 



m„ 



~i^t 



(1.286) 



Next, a relationship for the velocity in the relativistic correction for the electron mass is determined from the boundary 
constraints. In the nonrelativistic limit, Eq. (1.282) reduces to Eq. (1.259) even in the case that Eq. (1.286) is substituted into Eq. 
(1 .7. 85) ; h owever, at a ny fi nite ve locity th e spin- n uclear i n teraction becomes ve locity dependent according to Eqs. (1 . 7 . 8 5-1 . 



.7.86). 



Since the interaction arises from the invariant magnetic moments corresponding to the invariant angular momentum of the 
electron and proton, the m e = m e (v) parameter in Eq. (1.285) must be the fixed constant of m e0 . The corresponding relativistic 

invariant magnetic moment of the nucleus is the nuclear magneton ju N given by 
eh 



(1.287) 



-2m- 



171 

such that the relativistic mass ratio for the spin-nuclear interaction is — — . Thus, Eq. (1 .285) is given by 

2m p 



~J^- 



uZ 



(1.288) 



2m p Aj 



Thus, from Eqs. (1.282), (1.286), and (1.288), the relativistic radius of the bound electron is given by 

T 



c m n A 



aZ 



1 + _?k 



2m A 
W p J ) 



m p A 



(1.289) 



The binding energy E B is given by the negative of the sum of the potential V and kinetic energies T : 
E B =-(V + T) (1.290) 
The potential energy is given by Eq. (1.261), and the relativistic kinetic energy from Eq. (34.17) is [40] 
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T = m e0 c 



' v ' 



,-1 



(1.291) 



Thus, E B is given by 
„ Ze 2 



-w„ n c 



(1 .292) 



A7ts a r 



Substitution of Eqs. (1.288-1.289) into Eq. (1.292) gives 

Ze 1 



aZ 



aZ 



Z 



1- 



1 + - 



vv 



2m p A JJ 



m p A 



1 + ^tL 
v 2m p A 



(1.293) 



iaZ) m, n c 2 



-W 




-m M c 



aZ 



i±_- 



2m p A 



m p A 



where Eqs. (28.8-28.9) were used. In the case that the electron spin-nuclear interaction is negligible, Eq. (1.293) reduces to 

£,=m/(l-Jl-(ffZ) 2 ) (1.294) 

In the special case where the velocity is the speed of light and Z = a 1 , the relativistic behavior predicts that the production 
masses of fundamental particles are the same in both the particle and laboratory frames as given in the Leptons and Quarks 
sections. The energies given by Eq. (1.293) are plotted in Figure 1.35 and are given in Table 1.5. The agreement between the 
experimental and calculated values is excellent. The small deviation is anticipated to be due to the Lamb shift [41] and 
experimental error. 
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Figure 1 .35. The relativistic one-electron-atom ionization energies as a function of the nuclear charge Z. 
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Table 1.5. Relativistic ionization energies for some one-electron atoms. 



Onee 

Atom 


Z 


(Eq (1 788)) 


Theoretical — 

Ionization 


— Experimental 
Ionization 


Relative 

Difference 








Energies 

(eV) 

(Eq. (1.293)) 


Energies 
(eV)» 


between 

Experimental and 

Calculated b 




ff 


1 


0.00730 


13.59847 


13.59844 


-0.000002 



He' 


2 


0.01459 


54.41826 


54.41778 


-0.000009 


Li 2+ 


3 


0.02189 


122.45637 


122.45429 


-0.000017 


Be 3+ 


4 


9 919 


■717 79497 


717 71865 


-0 0000^6 


« 4+ 


5 


0.03649 


340.9.3871 


340.9.9.58 


-0.000038 



c 5+ 

N 6+ 
Q 1+ 



0.04378 
0.05108 
0.05838 



490.01759 
667.08834 
871.47768 



489.99334 
667.046 
871.4101 



-0.000049 
-0.000063 
-0.000078 



F & + 


9 


0.06568 


1103.220 


1103.1176 


-0.000093 


Ne 9+ 


10 


0.07297 


1362.348 


1362.1995 


-0.000109 


Na w+ 


11 


0.08027 


1648.910 


1648.702 


-0.000126 


Mg n+ 


12 


0.08757 


1962.945 


1962.665 


-0.000143 


Al n+ 


13 


0.09486 


2304.512 


2304.141 


-0.000161 



Sz 13+ 


14 


0.10216 


2673.658 


2673.182 


-0.000178 


pl4+ 


15 


0.10946 


3070.451 


3069.842 


-0.000198 


£15 + 


16 


0.11676 


3494.949 


3494.1892 


-0.000217 



C/ 16+ 


17 


0.12405 


3947.228 


3946.296 


-0.000236 


Ar 11+ 


18 


0.13135 


4427.363 


4426.2296 


-0.000256 


K lg+ 


19 


0.13865 


4935.419 


4934.046 


-0.000278 


Ca 19+ 


20 


0.14595 


5471.494 


5469.864 


-0.000298 



ISc*^- 

V 22+ 
Cr 23+ 



-2i- 



0.15324 
0.16054 
0.16784 
0.17514 
0.18243 



6035.681 
6628.064 

7248.745 
7897.827 
8575.426 



6033.712 
6625.82 
7246.12 
7894.81 
8571.94 



-0.000326 
-0.000339 
-0.000362 
-0.000382 
-0.000407 



-22- 
23 
24 

-25- 



-lOn^ 
-Fe 2 ^- 

Co 26+ 

M 27+ 



-26- 

27 
28 
9Q 



0.18973 
0.19703 
0.20432 
0.21162 



9281.650 
10016.63 
10780.48 
11573.34 



9277.69 

10012.12 

10775.4 

11567.617 



-0.000427 
-0.000450 
-0.000471 
-0.000495 



-en 1 



JQ_ 



Ge 3 

-As^ 



31 
32 
33 



0.21892 
0.22622 
0.23351 
0.2 4 081 



12395.35 
13246.66 
14127.41 
15037.75 



12388.93 
13239.49 
14119.43 
15028.62 



-0.000518 

-0.000542 

-0.000565 

0.000608 



S^- 



34 



0.2 4 811 



15977.8 



15967.68 



- 0.000638 



Kr ii+ 
Rb 36+ 



36 
37 
42 



0.26270 
0.27000 
0.30649 



17948.05 
18978.49 
24592.04 



17936.21 
18964.99 

24572.22 



-0.000660 
-0.000712 
-0.000807 



Xe 53+ 



54 



0.39406 



41346.76 



41299.7 



-0.001140 



U" 



92 



a From theoretical calculations, interpolation of H 
b (Experimental-theoretical)/experimental. 



0.67136 
isoelectronic 



132279.32 
and Rydberg series, and 



131848.5 
experimental data [41-44]. 



-0.003268 
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The electron possesses an invariant angular momentum and magnetic moment of h and a Bohr magneton, respectively. 
This invariance feature provides for the stability of multielectron atoms and the existence of excited states wherein electrons 
magnetically interact as shown in the Two-Electron Atoms section, the Three- Through Twenty-Electron Atoms section, and the 
Excited States of Helium section. The electron's motion corresponds Lo a current which gives rise Lo a magnetic field with a 
field strength that is inversely proportional to its radius cubed wherein the magnetic field is a relativistic effect of the electric 
field as shown by Jackson [45]. As there is no electrostatic self-energy as shown in the Determination of Orbitsphere Radii 
section and Appendix II, there is also no magnetic self-energy for the bound electron since the magnetic moment is invariant for 
all states and the surface current is the source of the discontinuous field that does not exist inside of the electron as given by Eq. 
(1.136), nX (H a -H t ) = K . No energy term is associated with the magnetic field unless another source of magnetic field is 
present. In general, the corresponding relativistic correction can be calculated from the effect of the electron's magnetic field on 
the force balance and energies of other electrons and the nucleus, which also produce magnetic fields. In the case of one- 
electrou a t oms, the nuclear-elec t ron magne t ic in t eraction is the only fac t or. — Thus, for example, the effect of the proton was 
included in the derivation of Eq. (1.260) for the hydrogen atom. 
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EXCITED 

4 




OF THE ONE-ELECTRON ATOM 



It is well known that resonator cavities can trap electromagnetic radiation of discrete resonant frequencies. The orbitsphere is a 
resonator cavity that traps single photons of discrete frequencies. Thus, photon absorption occurs as an excitation of a resonator 
mode. The "trapped photon" is a "standing electromagnetic wave" which actually is a circulating wave that propagates around 
the z-axis, and its source current superimposes with each great circle current loop of the orbitsphere. The time-function factor, 
k(i) , for the "standing wave" is identical to the time-function factor of the orbitsphere in order to satisfy the boundary (phase) 
condition at the orbitsphere surface. Thus, the angular frequency of the "trapped photon" has to be identical to the angular 
frequency of the electron orbitsphere, a> n , given by Eq. (1.36). Furthermore, the phase condition requires that the angular 
functions of the "trapped photon" have to be identical Lo the spherical harmonic angular functions of the electron orbitsphere. 
Combining k(t) with the (Z> -function factor of the spherical harmonic gives e m ^ m "' > ' for both the electron and the "trapped 
photon" function. 

Consider the hydrogen atom. The atom and the "trapped photon" caused by a transition to a resonant state other than the 
n - 1 state have neutral charge. As shown infra, the photon's electric field superposes that of the proton such that the radial 

electric field has a magnitude proportional to Zln at t he electron where n = 1,2,3, ... for excited states and n = — ,—,—,..., 

2 3 4 137 

for lower energy states given in the Hydrino Theory — BlackLight Process section. This causes the charge density of the electron 

to correspondingly decrease and the radius to increase for states higher than 13.6 eV and the charge density of the electron to 

correspondingly increase and the radius Lo decrease for states lower than 13.6 eV as shown in Figure 5.2. Thus, the field lines of 

the proton always end on the electron. A way to conceptualize the effect of the photon "standing wave" in an electronic state 

other than m = 1 is to consider a solution of Laplace's equation in spherical coordinates with source currents "glued" to the 

electron and to the nucleus and phase-locked to the rotating electron current density with a radial electric field that only exists at 

the electron. Or, alternatively to a source current at the nucleus, a Poisson equation solution may comprise a delta function 

inhomogeneity at the origin [1 J. thus, the "trapped photon" is analogous to a gluon described in the Proton and Neutron section 

and a p hoton in free space as described in the Equation of the Photon section. However, the true nature of the photon field does 

not change the nature of the electrostatic field of the nucleus or its energy except at the position of the electron. The photon 

"standing wave" function further comprises a radial Dirac delta function that "samples" the Laplacian equation solution only at 

the position infinitesimally inside of the electron current-density function and superimposes with the proton field to give a field 



of radial magnitude proportional to Zln, and the Fourier transform of the photon "standing wave" of the electronic states other 

sin s v 

than the n = 1 state is continuous over all frequencies in s r -space and is given by — . The free space photon also comprises 

s r r 

a radial Dirac delta function, and the angular momentum of the photon given by m = J Re[rx(ExB*)]rfr" =ti, in the Photon 

section is conserved [2] for the solutions for the resonant photons and excited state electron functions given infra. It can be 
demonstrated that the resonance condition between these frequencies is to be satisfied in order to have a net change of the 
electromagnetic energy field [3]. In the present case, the correspondence principle holds. That is the change in angular 
frequency of the electron is equal to the angular frequency of the resonant photon that excites the resonator cavity mode 
corresponding to the transition, and the energy is given by Planck's equation. The predicted energies, Lamb shift, fine structure, 
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hyperfine structure, resonant line shape, line width, selection rules, etc. are in agreement with observation as shown infra. 

For a spherical resonator cavity, the relationship between an allowed radius and the "photon standing wave" wavelength 
Ts 

1nr n - nX (2.1) 

where n is an integer. Now, the question arises: given that this is a resonator cavity, which resonant states are possible where 
the transition is effected by a "trapped photon?" For the electron orbitsphere, a spherical resonator cavity, the relationship 

between an allowed radius and the electron wavelength is 

Injnr^ = 2nr n = nX [ = X n (2.2) 

where 

n =1,2,3,4,..., and 

1 1 1 

»~= — ; — ; — ^ 

2 3 4 

Xy is the allowed wavelength for n = 1 

Tj is the allowed radius for n = \ 
(The mechanism for transitions to the reciprocal integer states involves coupling with another resonator called a catalyst as given 
in the Hydrino Theory — BlackLight Process section.) An electron in the ground state, n = 1 , is in force balance including the 
electrodynamic torce which is included by using the reduced electron mass as given by Lqs. (1 .254), (i .25y), and (1 .260). ~~ 

myf ^ (2.3) 



r x 4xs Q r? 
When an electron in the ground state absorbs a photon of sufficient energy to take it to a new resonant state, n = 2,3,4,..., force 

Ze 

balance must be maintained. This is possible only if the central field is equivalent to that of a central charge of — , and the 

n 

excited state force balance equation is 
wrvf 1 zfe 2 



(2.4) 



where r x is the "ground" state radius of the electron, and r n is the nth excited state radius of the electron. The radius of the nth 

excited state follows from Eq. (1.260) and Eq. (2.4). 

r n = na H (2Sr 

Ze 

The reduction of the effective charge from Ze to — is caused by trapping a photon in the orbitsphere, a spherical resonator 

n 

cavity. (This condition for excited states is also determined by considering the boundary condition for the multipole expansion 

of the excited states as solutions of Maxwell's equations wherein the angular momentum and energy of each resonant photon are 

quantized as h and hm, respectively, as given in the Excited States of Helium section.) The photon's electric field creates a 



''standing wave" in the cavity with an effective charge of 



-l + i 



Ze (at r n ) . The total charge experienced by the electron is 



r photon 



n 



the sum of the proton and "trapped photon" charge components. The equation for these "trapped photons" can be solved as a 
boundary value problem of Laplace's equation. For the hydrogen atom, the boundary conditions are that the electric field is in 
phase with the orbitsphere and that the radial function for the electric field of the "trapped photon" at r n is 

1 e — j n = 2,3,4,..., (2.6) 

The general form of the solution to Laplace's equation in spherical coordinates is 

<*(r,e,*) = £± Us + B t ^J$(e,t) + Y?(e,t)] (2.7) 

f=0 m=-l 

All A, are zero because the electric field given by the potential must be inversely proportional to the radius to obtain force 

balance. The electric field is the gradient of the potential 

E = -VO (2.8) 

r n r 

or 

1 d& - 
^-7^ W 

rsinff 36 
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Thus, 



go z 

e, - £ I % (* ' iK ( " 2) [y: (m) i y; (M] 



^M}- 



Given that E 



+e 



pro,on Ane/ n 



equivalent to a central point charge of 



and that the electric fields of the proton and "trapped photon" must superimpose to yield a field 



th e "trapp e d photon" el e ctric field for each mode is det e rmin e d as follows. The 



time-function factor and the angular-function factor of the charge-density function of the orbitsphere (Eqs. (1.27) and (1.28- 
1 .29)) at force balance must be in phase with the electric field of the "trapped photon." The relationship between the electric 
field equation and the "trapped photon" source charge-density function is given by Maxwell's equation in two dimensions. 



n-(E 1 -E 2 ) = - 



(2.11) 



where n is the radial normal unit vector, Ej =0 (Ej is the electric field outside of the orbitsphere), E 2 is given by the total 
electric field at r n = na H , and a is the surface charge-density. Thus, 



T 



u r photon n,l,t. 



-1 + - Y o o (0.d) + Re{Y c m (0.<i)e ima "' 



r " =m « 4x£ (na H ) L n 

ml 



5(r-r r ) 



(2-12) 



(2.13) 



Therefore, 








^^ e(na H )' 


"-i + r 


, and 


(2.14) 



e{na H ) 3- 



r photon n,l,m 



A7TE n 



„('+2) 



-Y:(d,<f,) + -[Y:(0^) + R e {Y;(O,^e'^'\] 



5(r-r n ) 



(2.15) 



n =1,2,3,4, 



Sr^\ 



Ar- 



, i*, ..., I 



— m = - £, — £ + l,...,0,..., + £ 

is the sum of the "trapped photon" and proton electric fields, 



e , e(na H )' 1 0/ 



4^£' r / 



jrar 



(fl>) + i[l?(fl^) + Re{l7(fl^)^}] 



<y ( r ~ r J 



_(2Jfi)- 



4^£'„ 



For r = na H and m = , the total radial electric field is 
1 e 



E„ 



w 4^-g («q g ) 



(2.17) 



Photons carry electric field, and the direction of field lines change with relative motion as required by special relativity. 

They increase in the direction perpendicular to the propagation direction. As shown by Eq. (4.9), the linear velocity of each 
point along a great circle of the photon orbitsphere is c . And, as shown in the Special Relativistic Correction to the Ionization 
Energies section and by Eq. (1.280), when the velocity along a great circle is light speed, the motion relative to the non-light 
sp ee d frame is purely radial. In the case of the electric field lines of a trapped r e sonant photon of an excited state, the relativistic 
e l e ctric fi e ld is radial 1 . It is giv e n by Eq. (2.15), and it e xists only at i5(r — r n ) -. Thus, th e photon only chang e s th e radius and 

energy of the electron directly. Since the electric field of the photon at the electron superimposes that of the nucleus, the 
excited-state-energy levels are given by Eq. (2.18), and the hydrogen atom, for example, remains neutral. 

The spherical harmonic function has a velocity less than light speed given by Eq. (1.35) and is phase-matched with the 

electron such that angular momentum is conserved during the excited state transition. This radial field can be considered a 
corresponding surface charge density as given in the Instability of Excited States section and the Stability of Atoms and 
Hydrinos section. All boundary conditions are met for the electric fields and the wavelengths of the "trapped photon" and the 
electron. Thus, Eq. (2.16) is the solution for the excited modes of the orbitsphere, a spherical resonator cavity. And, the 
quantum numbers of the electron are n, £ , m ( , and m s (Described in the Stern - Gerlach Experiment section). A p x or p 



1 A positive electric field is given by a trapped photon of an excited state if the velocity of the field lines is in the direction of the field line, and a negative 
central field is given if they are in opposite directions. The "trapped" photon can be considered the superposition of two free space photons given in the 
Photon section generated according to Eqs. (4.4-4.7) with the magnetic and electric fields interchanged such that when the two are superposed the great 

circle electric field lines add and the great circle magnetic field lines cancel. 

Photons can transition into particles at rest through a transition state. A transition state orbitsphere of particle production is very similar to a 
trapped photon of an excited state as given in the Particle Production section, the Lepton section, and the Quarks section. 
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atomic-hydrogen excited state is shown in Figure 2. 1 . 

Figure 2.1 . The electron orbitsphere is a resonator cavity wherein the radii of the excited states are related by integers. The 
electronic charge-density function of a p x or p atomic-hydrogen excited state is shown with positive and negative charge- 
density proportional to red intensity and blue intensity, respectively. The function corresponds to a charge density wave on the 
two-dimensional spherical surface of radius na u that travels time harmonically about the z-axis at the angular frequency given 

by Eq. (1.36). It is comprised of a linear combination of a constant function modulated by time and spherically harmonic 
functions. The centrifugal force is balanced by the electric field of its photon that is phase-locked to the spinning electron. The 
brightness corresponds to the intensity of the two-dimensional radial photon field. 




In the limit, the electric field of a photon cancels that of the proton (n -> x> in Eq. (2.17)), and the electron ionizes. The radius 
of the spherical shell (electron orbitsphere) goes to infinity as in the case of a spherical wavefront of light emitted from a 
symmetrical source, but it does not achieve an infinite radius. Rather it becomes ionized as shown in Figure 2.2 with the free 
electron propagating as a plane wave with linear velocity, v r , and the size of the electron is the de Broglie wavelength, 
A = h I p , as given in the Electron in Free Space section. 

Figure 2.2. Time-lapsed image of electron ionization. With the absorption of a photon of energy in excess of the binding 
energy, the bound electron's radius increases and the electron ionizes as a plane-wave with the de Broglie wavelength. 
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PHOTON ABSORPTION 

The energy of the photon, which excites a mode in a stationary spherical resonator cavity from radius a H to radius na H is 



Ane a H 



1-- 
n 



- hv = ha> 



(2.18) 



After 


multiplying 


Eq. (2. 


18) by 


^H___ 


AkcJi 


, where 


a H 


is given 


by Eq. (1.259), 




is 










a H 


e jU e a H 















CD, 



photon 7 

m e a H 



(2.19) 



In th e case of an e lectron orbitsphcr c , the resonator possesses kinetic energy before and after the excitation. Th e kinetic energy 
is always one-half of the potential energy because the centripetal force is an inverse squared central force. As a result, the 
energy and angular frequency to excite an electron orbitsphere are only one-half of the values above, Eqs. (2.18) and (2.19). 
From Eq. (1.36), the angular velocity of an electron orbitsphere of radius na H is 



o). -- 



-h- 



,{na H ) 



(2.20) 



The change in angular velocity of the orbitsphere for an excitation from n = 1 to n > 1 is 



-h- 



-fc- 



4- 



Aoj- 



m e (a H ) m e (na H ) m e (a H ) 



(2.21) 



The kinetic energy change of the transition is 



E=-m e {Av)-=- 



^ 



^ 



= — nm 

2 



(2.22) 



2 4xe a H L 



%K£q(I h 



wherein Eq. (2.22) is also the equation for the ionization energy. The change in angular velocity of the electron orbitsphere, Eq. 
(2.21), is identical to the angular velocity of the photon necessary for the excitation, cu holon (Eq. (2.19)). The energy of the 

photon necessary to excite the equivalent transition in an electron orbitsphere is one-half of the excitation energy of the 
stationary cavity because the change in kinetic energy of the electron orbitsphere supplies one-half of the necessary energy. The 
change in the angular frequency of the orbitsphere during a transition and the angular frequency of the photon corresponding to 
the superposition of the free space photon and the photon corresponding to the kinetic energy change of the orbitsphere during a 
transition are equivalent. The correspondence principle holds. It can be demonstrated that the resonance condition between 
these frequencies is to be satisfied in order to have a net change of the energy field [3 J. Similarly photons are emitted when an 
electron is bound. Relations between the free space photon wavelength, radius, and velocity to the corresponding parameters of 
a free electron as it is bound are given in the Equation of the Photon section. 
The excited states of hydrogen are given in Table 2.1. 



©2010 BlackLight Power, Inc. All rights reserved. 



13tT 



Chapter 2 



Table 2.1. Calculated energies (non-relativistic; no spin-orbit interaction; no electronic spin/nuclear spin interaction) and 
ionization energies for the hydrogen atom in the ground state and some excited states. 







Calculated 


Calculated 


Calculated 


Calculated 


Experimental 


n 


Z 


r n 


Kinetic 


Potential 


Ionization 


Ionization 






(«//) 


b 

Energy 


c 

Energy 


d 

Energy 


c 

Energy 








(eV) 


(eV) 


(eV) 


(eV) 



1 from Eq. (2.5) 



1.000 


13.598 


-27.196 


13.598 


13.595 


2.000 


3.400 


-6.799 


3.400 


3.393 



3.000 



1.511 



-3.022 



1.511 



1.511 





3 












5 


1 

5 


5.000 


0.544 


-1.088 


0.544 


0.544 


10 


1 


10.000 


0.136 


-0.272 


0.136 


0.136 



10 



" from T = V 

2 


c from Eq. (1.261) 


d from Eq. (2.22) 


e experimental 



INST 

Satisfaction of the Haus condition [4] of the presence of spacetime Fourier components of the current density synchronous with 

those traveling at the speed of light, k = — , gives rise to radiation. For the excited (integer quantum number) energy states of 

c 

the hydrogen atom, cr phMm , the two-dimensional surface charge due to the "trapped photons" at the orbitsphere, is given by Eqs. 
(2.6) and (2.11). 



photon 



7 (g^)-l[y (^^) + Re{y;(g,^) e ^ 



S{r-r H ) n = 2,3,4,..., 



4* (O L — n* 

,„ , the two-dimensional surface charge of the electron orbitsphere is 



(2.23) 



Whereas, a,, 



G.i 



4x(f„) 



{r;(^) + Re{r/(^) e ^}]<y(r-r„) 



(2.24) 



The superposition of o pholon (Eq. (2.23)) and cr elearon (Eq. (2.24)) where the spherical harmonic functions satisfy the conditions 

given in the Bound Electron "Orbitsphere" section is equivalent to the sum of a radial electric dipole represented by a doublet 
function and an radial electric monopole represented by a delta function. 



loton electron 



^mj 



YS{84)S(r-Q--YS(e4)S(r-r„)-\\ + -\[Re{Y?{84)e i ™* , )]8(r-0 



1 



(2.25) 



n= 2,3,4,..., 



where 



\+d(r — r n ) — d(r — r n *)\ = S(r-r n ) 



(2.26) 



is the Dirac doublet function [5] which is defined by the property 



x{t)®d{t) = x(t) 

■» 

I x(r}S(t-r)dr = x(t) 



(2.27) 



or equivalently by the property 
jx(t)S(t)dt = -x(0) 



(2.28) 



The Dirac doublet is the impulse response of an ideal differentiator and corresponds to the radial electrostatic dipole. The 
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symbol 8(t) is appropriate since operationally the doublet is the derivative of the impulse. 

The doublet does possess spacetime Fourier components synchronous with waves traveling at the speed of light. 

Whereas, the radial delta function does not. The Spacetime Fourier Transform of the orbitsphere comprising a radial 

Dirac delta function is given in Appendix I: Nonradiation Condition: 

M(s,®,<$,a) = 4KSWc(2srJ®G(s,®)®H(s,<$)®—[S(a-aJ + S(a> + G>J] (2.29) 

Ajr 

wherein G(s,®) and H(s,Q>) are the spherical-coordinate Fourier transforms of N„ m P f m (cos 0) and e 1 " 4 , respectively. The 

radial doublet function is the derivative of the radial Dirac delta function; thus, the Fourier transform of the doublet function can 
be obtained from the Fourier transform of the Dirac delta function, Eq. (2.29), and the differentiation property of Fourier 
transforms [6]. 



x (t)=jx{fy^'df x(t)=\x(ty^'dt 



dx(t) . . 

Differentiation — — <=> jlTtfXyf) 



(2. 30) 



From F,q. (2.29) and F,q. (2.30), the spacetime Fourier transform of F,q. (2.25), the superposition of CL phaKm (F,q. (2.23)) and 
^«„„ (Eq- (2.24)) is 

M{s,®,<b,oS) = A7is n e 2 ^-^^-®G{s,®)®H{s,<b)®—[8((o-(o n ) + 8((o+(o n y\ (2.31) 

2s^ Ait 

cosf 2 s r 1 1 

M(s,®,<&,cS) = A7ts„ ^-^-®G(s,®)®H(s,<J>)® — [8(o)-w n ) + 8(w + o)„)] (2.32) 

2s n r n An 

In the case of time harmonic motion, the current-density function is given by the time derivative of the charge-density function. 
Thus, the current-density function is giv e n by the product of the constant angular v e locity and the charg e -d e nsity function. The 
Fourier transform of the current-density function of the excited-state orbitsphere is given by the product of the constant angular 
velocity and Eq. (2.32): 

K(s,®,<S>,<0) = A7rs n co n y -^^-®G{s,@)®H(s,Q>)® — [8(co-(o n ) + 8((o + (oJ\ (2.33) 

1 Mn ^ 

Consider the wave vector of the cosine function of Rq. (2.33). When the velocity is c corresponding to a potentially emitted 
photon 

S n' y n~ S n' C = al n (2.34) 

the relativistically corrected wavelength (Rq. (1.280)) is 
^A (2.35) 



Substitution of Rq. (Z.S5) into the cosine function does not result in the vanishing of the Fourier transform of the current-density 

function. Thus, spacetime harmonics of — - = k or —*- \ — = k do exist for which the Fourier transform of the current-density 

c c \gp 

function is nonzero. An excited state is metastable because it is the sum of nonradiative (stable) and radiative (unstable) 
components and de-excites with a transition probability given by the ratio of the power to the energy of the transition [7]. 

SOURCE CURRENT OF EXCITED STATES 

As shown in Appendix I, for time-varying electromagnetic fields, Jackson [2] gives a generalized expansion in vector spherical 
waves that are convenient for electromagnetic boundary-value problems possessing spherical symmetry properties and for 
analyzing multipole radiation from a localized source distribution. The Green function G(x',x) which is appropriate to the 
equation 

(v 2 +ft 2 )(?(x',x) = -£(x'-x) (2.36) 

in the infinite domain with the spherical wave expansion for the outgoing wave Green function is 

G(x',x) = / ' " ? =ikf t j l (kr < )h®(kr > ) £ ^(0',t')Y^(0,t) (2.37) 

Jackson [2] further gives the general multipole field solution to Maxwell's equations in a source-free region of empty space with 
the assumption of a time dependence e'°'"' : 
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B = Z 



a E (£,m)f ( (kr)X em --a M (£,m)Vxg t (kr)X em 



(2.38) 



^X 



j-a E (l,m)Vxf t (kr)X tm +a M (l,m)g f (kr)X fm 



where the cgs units used by Jackson are retained in this section. The radial functions f t (&r) and g t (&r) are of the form: 



g i (kr) = 4^ + A^h > 



py- 



X f m is the vector spherical harmonic defined by 



X,.„(M = 



1 



44H4 



LY f , m {e,<?>) 



(2.39) 



(2.40) 



where 



L = -(rxV) (2.41) 

The coefficients a E (j.,m) and a M [£,m) of Eg. (2.38) specify the amounts of electric (l,m) multipole and magnetic (f.,m) 



(f,m) 



multipole fields, and are determined by sources and boundary conditions as are the relative proportions in Eg. (2.39). Jackson 
gives the result of the electric and magnetic coefficients from the sources as 



a £ (^,/n) = 



4rf : \Yr\pj-\rj l {kr)y^{r.3)j t {k r )-ikVi r xM)j t (k r )\d\ 



'V^" + 1 )' 



-dr^ 



(2.42) 



and 



\t,m)-- 



/**' fy,(fr)r," , L-f- + VxAfVjc 



(2.43) 



respectively, where the distribution of charge p(x,t), current J(x,f), and intrinsic magnetization M(x,t) are harmonically 
varying sources: p(x)e~'°" , J(x)e""", and M(x)e""". The currents corresponding to Eq. (1.27) and the first term of Egs. 
(1.28-1.29) are static. Thus, they are trivially nonradiative. The current due to the time dependent term of Eq. (1.29) 



corresponding to p, d, f, etc. orbitals is 



J = 



ma>„ 



2n Anr' n 
ma e 



^[<?(r-r„)]Re{y/"(^)}[u(;)xr] 



^ 



l<5(r-r n )](P e m (cosO)cos(m0 + mwjj)[uxr] 



(2.44) 



In 4nr 



ma>„ 



-N'[S(r-r n )](P l m (cos8)cos(m0 + ma> n t)}smt 



2n 4nr„ 
where N and N' are normalization constants. J 



corresponds to a spherical harmonic traveling charge-density wave of 



guantum number m that moves on the surface of the orbitsphere, spins about the z-axis at angular freguency a> n , and modulates 
the constant orbitsphere at frequency ma> n . The vectors are defined as 



i = 


uxr 


uxr 


u = z = orbital axis 


(2.45) 








uxr 


sm6> 







8 = <f>xr 



denotes the unit vectors u = 



(2.46) 



non-unit v e ctors are designed in bold, and the current function is normalized. From Eq. 



(2.44), the charge and intrinsic magnetization terms are zero. Also, the current J(x,f) is in the direction; thus, the a E (&,ni) 
coefficient given by Eq. (2.42) is zero since r-J = 0. Substitution of Eg. (2.44) into Eg. (2.43) gives the magnetic multipole 
coefficient a M [£,m): 



\l,m)-- 



-ek 2 



c^l(l + \) 



In 



^Nj ( (kr n )®sm(ks) 



(2.47) 
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For the electron source current given by Eq. (2.44), each comprising a multipole of order {l,m) with a time dependence e'°" , the 
far-field solutions to Maxwell's equations given by F.q. (2.38) are 

B = --^ M (A«)Vxg,(fo-)X, m -^ 

E = a M (t,m)g e (kr)X fm 

dP(l,m) 

and the time-averaged power radiated per solid angle — b is 

d£l 

dP(£,m) _ 



dn s ^ K(^) || x^ | i^L 

where a M (£,m) is given by Eq. (2.47). In the case that k is the lightlike k" , then k-a> n lc regarding a potentially emitted 
photon, in Eq. (2.47), and Eqs. (2.48-2.49) vanishes for 
s = vT ll =R = r ll = 4 (2.50) 

There is no radiation. Thus, there is no radiation due to the azimuthal charge density wave even in an excited state. However, 
for excited states there exists a radial dipole that is unstable to radiation as shown in the Instability of Excited States section. 
This instability gives rise to a radial electric dipole current considered next. 

In a nonradiative state, there is no emission or absorption of radiation corresponding to the absence of radial motion 

wherein Eq. (2.42) is zero since r • J = ; conversely, there is motion in the radial direction only when the energy of the system 
is changing. 1 he same physical consequence can also be easily shown with a matter-wave dispersion relationship. Thus, radial 
motion corresponds to the emission or absorption of photons. The form of the radial solution during a transition is then the 
corresponding electron source current comprising a time-dependent radial Dirac delta function that connects the initial and final 
states as boundary conditions. The photon carries fields and corresponding angular momentum. This aspect is ignored in 
standard quantum mechanics as shown in the Schrodinger Wavefunction in Violation of Maxwell's Equations section and Refs. 
[8-16] where the radii of excited states are purely mathematical probability-wave eigenfunctions and are not square integrable, 
but are infinite in highly-excited states and have many discrepancies with observations as discussed previously [17]. In contrast, 
the physical characteristics of the photon and the electron are the basis of physically solving for excited states according to 
Maxwell's equations. The discontinuous harmonic radial current in Eq. (2.42) that connects the initial and final states of the 
transition is 

r-i = -^ T T- l sm—(u(t')-u(t'-T)) (2.51) 

Where r is the lifetime of the transition given by Eq. (2.107) and t ' is Lime during the transition. 
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SELECTION RULES 

The multipole fields of a radiating source can be used to calculate the energy and angular momentum carried off by the radiation 
[IS]. For definiteness we consider a linear superposition of electric (/, m) mulripoks with different m values, but all having the 
same £ , and following Eq. (16.46) of Jackson [18], write the fields as 
B e =^a E (£,m)X tm h^(kr)e- a 

r (2 " S2) 

E, =-VxB. 

k 

For harmonically varying fields, the time-averaged energy density is 

u=— (e.E*+B.B*) (2.53) 
\%n± '- 

Tn the r adiation zone, th e tw o te rms are equal. Consequentl y, the energy i n a spherical shell betwee n r a nd (r + dr) 

{for kr » 1) is 

dU = ^-j Z a E (£,m')a E (£,m)jx] m ,.X t jn (2.54) 

OJIK. — n»X 

where the asymptotic form (Eq. (16.13) of Jackson [18]) of the spherical Hankel function has been used. With the orthogonality 
integral (Eq. (16.44) of Jackson [18]) this becomes 

independent of the radius. For a general superposition of electric and magnetic multipoles, the sum over m becomes a sum over 

I and m and \a E \ becomes loJ +|a,J . The total energy in a spherical shell in the radiation zone is thus an incoherent sum 

over all multipoles. 

The time-averaged angular-momentum density is 



m = ^—Rs\rx{^x'R*)\ {2.56) 

87TC 



The triple cross product can be expanded, and the electric field substituted to yield, for a superposition of electric multipoles, 

m = — RefB*(L.B)l (2.57) 

Then the angular momentum in a spherical shell between r and ( r + dr ) in the radiation zone is 

dM =-^-jRc Z a E (l,m')a E (l,m)Ul,.X lm ,)X (m dn (2.58) 

8XG}K m,m' J 

With the explicit form (Eq. (16.43) of Jackson [18]) for X lm , Eq. (2.58) can be written 
d ™ - Q l , i Re Z 4 (t,m ') a E (l,m) J TT^YJto (2^59h 

dr &7ttt)k m,m- J 

From the properties of LY tm listed in Eq. (16.28) of Jackson [18] and the orthogonality of the spherical harmonics, we obtain the 

following expressions for t he Car t esian componen t s of ^ = 

dr 

^^ = 3__ReU(^-m)(^ + OT + l)a;(^OT + l) + i y(£ + OT)(^-OT + l)a;(^OT-l)la £ (£,m) (2.60) 

1 ImU(£ - m)(t + m + l)a E (t,m + l) - ^£ + m)(£ - m + l)a E (£,m - lj\a E (£,m) (2.61) 



dr \6nak 

dM 1 

— dr &xct)k 2 



Zm\a E (£,m)\ (2.62) 



These equations show that for a general t th order electric multipole that consists of a superposition of different m values, only 
the z component of the angular momentum is relatively simple. 

For a multipole with a single m value, M x and M vanish, while a comparison of Eq. (2.62) and Eq. (2.55) shows that 

^L = !!L^L ^37 

dr ai dr 

Independent of r [18]. Experimentally, the photon can carry h units of angular momentum. Thus, during excitation the spin, 
orbital, or total angular momentum of the orbitsphere can change by zero or ± h . The electron transition rules arise from 
conservation of angular momentum. — The selection rules for multipole transitions between quantum states arise from 
conservation of total angular momentum and component angular momentum where the photon carries h of angular momentum. 
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ORBITAL AND SPIN SPLITTING 

The ra t io of t he square of t he angular momentum, M 2 , t o the square of the energy, U 2 , for a pure (I ,m) multipole follows from 
Eqs. (2.5 4- 2.55) and Eqs. (2.60 - 2.62) [18] 

M 2 m 2 

-~ (Z64) 



The magnetic moment is defined [19] as 
charge x angular momentum 
2 x mass 



(2.65) 



The radiation of a multipole of order ( i , m) carries m % units of the z component of angular momentum comprised of h per 
photon of energy am . Thus , the z component of the angular momentum of the corresponding excited state electron orhitsphere 
is 

L z = mh (2.66) 

Therefore, 

H z =- — = m/u B (2.67) 

2m e 

where fi B is the Bohr magneton. — The presence of a magnetic field causes the principal excited state energy levels of the 
hydrogen atom (Eq. (2.22)) to split by the energy E°* corresponding to the interaction of the magnetic flux with the magnetic 
moment given by Eq. (2.67). This energy is called orbital splitting. 

E^=m/i B B (2-68) 

As is the case with spin splitting given by one half the energy of Eq. (1.227) which corresponds to the transition between spin 
states, the energy of the electron is increased in the case that the magnetic flux is antiparallel to the magnetic moment, or the 
energy of the electron is decreased in the case that the magnetic flux is parallel to the magnetic moment. The spin and orbital 
splitting energies superimpose; thus, the principal excited state energy levels of the hydrogen atom (Eq. (2.22)) are split by the 
energy E%°» 

E **o* * B * B (269) 

2m e 2m e 

where it follows from Eq. (2.15) that 
n =1,2,3,4,... 

£ = 0,1,2,...,«-1 

(2.70) 

m,=-l,-l + \,...,Q,...,+l 

m^ =±1/2 

Based on the vector multipolarity of the corresponding source currents and the quantization of the angular momentum of photons 
in terms of ft , the selection rules for the electric dipole transition after Jackson [18] are 

Al = ±l 

Am, =0,±1 (2.71) 

Am s =0 

Splitting of the energy levels in addition to that given by Eq. (2.69) occurs due to a relativistic effect described in the Spin-Orbit 
Coupling (Fine Structure) section. Also, a very small shift that is observable by radio-frequency spectroscopy is due to the 
radiation reaction force between the electron and the photon and conservation of energy and linear momentum involving recoil 
during emission. This so-called Lamb shift is described in the Resonant Line Shape, and Hydrogen and Muonic Hydrogen Lamb 
Shift sections. 

Decayi n g spherical h armonic currents on th e sur f ace of the orbitsphere give ri se to spherical h armonic r adiation fi elds 

during emission; conversely, absorbed spherical harmonic radiation fields produce spherical harmonic currents on the surface of 
the orbitsphere to effect a transition. Excited states are radiative according to Maxwell's equations as given in the Instability of 
Excited States section, and the transition probabilities or A coefficients are shown to be a function of the initial and final radii in 
the State Lifetime and Line Intensities section. The distribution of multipole radiation and the multipole moments of the 
orbitsphere for absorption and emission are derived by Jackson [7], Some of the simpler angular distributions are listed in Table 
2.2. 
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Table 2.2. 


Some of the 


simpler 


angular 


distributions of 


multipole 


radiation and the 


multipole moments of the 


orbitsphere 


tor absorption 


and emission. 


























x, 


„(M 2 








£ 










m 















+ 1 


+ 2 





Dipole 



~T 



8;r 



-sin 2 6> 



(l + cos 2 



') 



Quadmpole 



15 sin 2 6>cos 2 6> — fl - 3cos 2 fl + 4cos 4 6>) — (l - cos 4 fl) 

16tt v > -\^\ ! 



M 



\6n 



STARK EFFECT 



Similarly to the splitting of the energy levels due to an external applied magnetic field, an applied electric field lifts the 
degeneracy of the principal energy levels of the one-electron atom to give rise to a splitting called the Stark Effect. Since the 
magnetic field is a relativistic effect of the electric field as shown by Jackson [20] and the electron's charge, e, charge-to-mass 

ratio, — , angular momentum of ft , and the magnetic moment of ju R are relativistically invariant, it is not surprising as shown 

in this section that the energy, £ Smrt , of a one-electron atom in an electric field follows from Kqs. (Z.bH-Z.W) with the magnetic 
dipole moment replaced by the electric dipole moment and the magnetic flux replaced by the electric field E lied . Considering 
only an electric dipole p z and the direct influence of the external field, the energy is 



LP^E 



applied 



(2.72) 



The bound electron has a field equivalent to that of a point charge at the origin for a radius greater than that of the 
orbitsphere as given in the Determination of Orbitsphere Radii section. The electric field of the nucleus is also equivalent to that 
of a point particle at the origin. This condition also holds for the spherically and time harmonic excited-state charge-density 
waves on the surface of the orbitsphere given in the Excited States of the One-Electron Atom (Quantization) section. In these 
cases, the dipole moment over the angular integrals is zero, but excited - state Stark splittings with the equivalent of the 
corresponding electric dipole moments given by Eq. (2.72) exist due to the interaction of the applied electric field and the 
angular momentum of the excited-state photon field. 

As further shown in the Excited States of the One-Electron Atom (Quantization) section, quantization is trivial given that 



the bound electron forms a cavity and the photon has quantized energy and angular momentum corresponding to the 
multipolarity of the excited-state photon. According to Eq. (2.64), the angular momentum of the excited-state-photou field of 
energy fico carries m t h units of angular momentum to excite the orbital having the quantum number m t . Then, the transition 

with Am, =±\ of Eq. (2.71) gives the result of Eq. (4.1), and the superposition principle of photons gives the general case 



corresponding to Eq. (2.64). 

The photon-field is phase - locked to the electron charge-density wave of matching multipole moment, and both rotate 

about the z-axis at the angular velocity given by Eq. (2.20). The rotation is without dissipation; thus, it is a supercurrent. It can 
be shown that the maintenance of the supercurrent condition and the quantization of the photon-field in terms of m t % quantizes 
the electric dipole moment of Eq. (2.72) in terms of the quantum number m.. According to Eq. (2.69). the energy of the excited 
state due to the orbital angular momentum caused by the excited-state photon in the presence of a magnetic flux B is 



m " s '2m„ 2 Z 



m. 



3 m,e na . 
-B- '- -vBsmff 

na n 2 2 Z 



(2.73) 



where the velocity, v n , is given by Eq. (1.35), the geometric factor of — sinfl is given by Eq. (1.144), and the radii of the excited 

states are given by Eq. (2.5). 

It is shown in the Stored Electric Energy section that during a Stern-Gerlach transition, the applied flux gives rise to a 
Lorentz force on the orbitsphere current resulting in a crossed electric field corresponding to a Hall voltage. — With an exact 
balance between the Lorentz force (Eq. (1.183)) and the electric force corresponding to the Hall voltage (Eq. (1.184)), each 
superconducting charge-density element of the electron propagates along a great circle according to Eq. (1.187) which is the 
condition for superconductivity in the presence of crossed electric and magnetic fields. Consider the case of a Stark-split 
transition of the electron wherein the applied electric field causes a current that gives rise to a magnetic flux B^ . In this case, 



the superconductor condition for the vectors shown in Figure 2.3 is 



©2010 BlackLight Power, Inc. All rights reserved. 



ITT 



Excited States of the One-Electron Atom (Quantization) 



E/B = v„sm0 (2.74) 
Figure 2.3. Coordinate system of crossed electric field. E . corresponding to the applied field, magnetic flux. B x , due to 
photon field, and superconducting current i . 




The magnetic field B x that is crossed with the applied electric field arises when the electron flips by 180° which doubles the 
energy of Eg. (2.73). Then, the energies due to an applied electric field are given by the substitution of Eg. (2.74) into Eg. (2.73) 
and the multiplication of the result by 2: 
3 ena n „ 



^Stark m i ~ " 



^applied 



From Egs. (2.72) and (2.75), the eccentric dipole p z is 

3 ena n . 



(2.75) 



(2.76) 



* 2 Z - 
wherein m, is given by Eg. (2.70). 

There is no Stark effect unless the charge density is time-dependent modulated by the photon-field. Since the degeneracy 
is lifted by the exte r nal elect r ic field by the induction of an effective elect r ic dipole moment in the atom, t r ansitions between all 
m, levels are allowed corresponding to the maximum value of the guantum number £ of each level. — In this case, the 
superconductor condition is met since the amplitude of the rotational energy of the charge-density wave given by Eg. (1 .71): 



■*'■■: :: ■■•.. ■■■■ :.. 



-2f 



£(£ + \) 



£' +2£ + \ 



-itmr, 



£ 



-t-Ff 



h 1 



-^mr. 



n-\ 



(«-l) + l 



-^mr. 



1- 



1 



1 



hv„ 



1 



(2.77) 



is that corresponding to the photon as given by Egs. (27T6) and (2.23), and the corresponding supercurrent component of the 
photon is given by the freguency (Egs. (1.32) and (1.36)) times the charge e . Thus, the allowed guantum numbers for the state 
with principal guantum number n having an effective electric dipole that is a function of principal guantum number n are 
« = 1.2.3.4.... 

t = n-\ 



m, 



» + l,...,0,...,+/ 



(2.78) 



Th e splitting of th e e n e rgy l e v e l with principal guantum numb e r n into {in — 1) c guidistant sub - l e v e ls d e t e rmin e d by th e 
guantum number m t for the n - 1 to n - 6 levels is given in Table 2.3. The predictions given by Eg. (2.75) for hydrogen match 
those given in Ryde [21] 2 . 



2 The theory of the Stark Effect according lo quantum mechanics does not arise naturally, rather il must be forced by simultaneously using internally 
inconsistent spherical and parabolic quantum numbers. The theory also requires the "mutual perturbation" of orbitals involving a single electron in the 
absence of a transition which is nonphysical [21-22]. Hund's-Rule and Pauli-Exclusion-Principle-type violations are encountered by this "mutual 
perturbation" as well as by the existence of more than one set of quantum numbers for the same state. Moreover, lines corresponding to the redundant, 

nonnniqne quantum numbers are predicted that are not ohserved. 

The agreement between the predictions of Eq. (2.75) and observations also confirms that the radius of the atomic-hydrogen-excited states is 

given by na rather than na as incorrectly given by the Bohr, SchrQdinger, and Dirac equations. These theories are further internally inconsistent 
because the one-electron-atom wave functions cannot give rise to the electric dipole moments given by Eq. (2.76). In fact, except for the directional 
orbitals such as np , there are no electric dipole moments possible, and the requirement of the localization of the entire charge of the electron along the z- 
axis violates the Uncertainty Principle as well as all physical laws for a charge bound in a Coulombic central field. Furthermore, mixing of orbitals to 
give an electric dipole of nea requires the hydrogen atom to have positive and negative poles separated by na in contradiction to the experimental 
observation that its symmetric neutrality does not change in an electric field. 

The argument that such an enormous electric dipole of nea exists only in an excited state does not save the quantum-mechanical basis of the 
Stark effect. The dielectric susceptibility of any atom is a function of any induced electric dipole moment. Hydrogen has a dielectric constant different 
from vacuum in the ground state. The physics for the dipole moment of any excited state must also apply to the ground state. Since the experimentally 
observed susceptibility and thus the induced moment is many orders of magnitude less than that predicted for hydrogen, the quantum mechanical basis for 
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Table 2.3. The splitting of the energy level with principal quantum number n into (2n-\) equidistant sub-levels determined 
by the quantum number m t for the n = 1 to n = 6 levels. 
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W, 


A£* 


l 
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2a 
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1 












-1 


-2a 
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6a 
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3a 
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8a 






1 


4a 
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-1 


-4a 
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-8a 
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-5a 






-2 


-10a 






-3 


-15a 






-4 


-20a 
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24a 






3 


18a 
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12a 






1 


6a 


6 
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-1 


-6a 






-2 


-12a 






-3 


-18a 






-4 


-24a 






-5 


-30a 



a Eq. (2.75) with —eaJL vvlM defined as a. 

Here, as shown in the Instability of Excited States section, the excited states are radiative due to a radial electric dipole term. 
The spectral line emitted as a transition between energy levels n i and n, of the hydrogen atom consists of numerous 
components. The selection rules for electric dipole transitions in the presence of an applied electric field are given by 



M = l f -i i =(n f -\)-(n l -\) = n f -n i 

Am, = m, f -m, i =±(o,l,2....(« / -l) + (n,.-l)) = ±(o,l,2....(» / +« f -2)) 



(2.79) 



where the subscripts i and / denote the initial and final states, respectively. Due to the vector multipolarity of the 
corresponding source currents and the quantization of the angular momentum of photons in terms of h , these components are 
either linearly polarized parallel to the vector of the external field, E, or circularly polarized in the plane perpendicular to E. The 
polarization is determined by the parity of the sum of the change in the I and m, quantum numbers after Jackson [18]; so, that 



A£ + Am t = even integers — > (^-components) 



(2.80) 



M + Am f = odd integers ^ (cr-components) 
The zero components are forbidden except for the a -component when M is odd such that the state change conserves the 



the Stark Effect of electric polarization is disproved. The need to reject the quantum mechanical premise is further easily appreciated by considering the 
enormous predicted, but unobserved, change in reactivity of hydrogen due to the application of even a very weak electric field. 
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angular momentum of the photon. The intensities of the lines are determined by Eq. (2.107) where the multipolarity of the 
photon is a z-oriented dipole. 
~~ From Table 2.3 and Eq. (2.80), L a {A =1215 A) is split into a triplet comprising a central AE = 0, a -component and 

two external AE = +2a, ^-components. L fi (A =1025 A) is split up into two inner AE = ±3a, a -components and two 
AE = +6a, ^-components having twice the displacement. L (A =972 A) comprises An- and three a -components. The 
middle undisplaced line being a a -component and the other alternating n- and a -components. In general, the number of 
Lyman lines is equal to the number of sublevels of the initial emitting state (2w-l) . The lines comprise n ^-components and 

n - 1 u -components except that the zero component is absent when it is a n -component. In this case, 2« - 2 lines are observed 
comprising each of w-1 n- and a -components. The predicted splitting of the Lyman lines and their corresponding 
polarizations and energies match those observed experimentally [21]. 

The three sublevels of L a form the final states in the emission of Balmer lines. Theoretically, the number of components 
into which the Balmer lines are split is 3/7 — 1 n -components and 3« - 2 a -components except that the zero component is 
absent when it is a n -component. For H a {A =6562 A), there are eight n -components with AE = +2a, ±3a, +Aa, and ±8a, 
and seven a -components with AE = 0, ±\a, +5a, and +6a. Again, the predictions match the experimental data [21]. 

For H p (A =4861 A), ten n -components with AE = +2a, +6a, ±8a, ±10a, and +\Aa, and ten a -components with 
AE-+2a, +Aa, +6a, ±10a, and ±12a are predicted. All of these lines have been recorded except the faintest ones, the 
outermost n -components with AE-+\Aa [21]. For H r (A =4340 A), the energy shifts of the predicted n- and a- 
components are AE = +2a, +5a, ±8a, ±12a, ±15a, ±18a, and ±22a and AE = 0, +3a, 

+7 a, ±10a, ±13a, ±17a, and +20a, respectively. For H 5 (A =4101 A), the energy shifts of the predicted n- and a- 
components are AE = +Aa, ±8a, ±12a, +16a, ±20a, +2Aa, ±28a, and ±32a and 

AE = ±2a, ±6a, ±\0a, ±\Aa, ±18a, ±22a, ± 26a, and ± 30a, respectively. All of the theoretically predicted H y and H s 

lines have been observed by Stark and others [2 1 . 22] . For Balmer lines having odd n . no n - and a -components coincide, but 
this does not apply for some components of lines with even n . Such components are consequently partially polarized. 
Furthermore, zero components only appear in a -polarization when n is odd (i.e. for H a , H y , H s ...) corresponding to the case 

where Al is odd. This confirms the basis of the selection and polarization rules as the conservation of angular momentum 
between the initial and final states and the emitted multipole radiation. 



The power radiated from an excited state can be calculated from the oscillating current corresponding to the motion of the 
electron from the initial to the final radius. It is evident from Maxwell's equations that oscillating currents are required in order 

to gene r ate electromagnetic radiation: 

VZE = -ia/jH (2.81) 



VXH = J + i(0£E (2.82) 

From the electron-transition current J, the electric and magnetic fields can be solved through an auxiliary function to Eqs. (2.81- 
2.82) called the vector potential A: 

B = VXA " (2.83) 

Using Eqs. (2.81-2.83) the inhomogeneous wave equation is derived [24]: 

V 2 A + a 2 jU£A = -juJ (2.84) 

which has the solution 



M V / 



-;A-|r-r'| 



V ' An^i fe^rl 



where k - co-^Jw , r is the vector-potential position, r' is the position vector of the sources, and |r - r'| is the distance between 

the observation point r and the source point r'. 

The radial current for an electric dipole transition is only finite during the movement of the electron from a state with 
quantum numbers n i ,t,m s ,m l and radius r K to another state with quantum numbers n f ,l + l,m s ,m t and radius r n . As shown 

by Eq. (2.66), the photon carries quantized units of m% of angular momentum along the z-axis. Consequently, for an electric 
dipole transition, the selection rule on the I quantum number that conserves the angular momentum of the electron and emitted 
photon given by Eq. (2.71) is 

Al = +1 (2.86) 

In this case, the multipolarity of the radiation and that of the source current correspond to spherical harmonics that are 
related by Eq. (2.42). The radial and azimuthal transition currents over the transition lifetime r are 

J r = e 2 r'sin — (u(t') - u(t' - r))i r (2v«7)- 
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Y O O (0J) + 
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V v 



2r 



/ 



respectively, where the lifetime r of the transition is given by Eq. (2.107), Aw = a f - a t is the final angular frequency minus the 
initial, Ar n =r f -r i is the final discrete radius minus the initial, t' is time during the transition, and t is the continuous time 

v ariable i n dependent of th e transition. 

As shown in the Photon section, the photon-field equation gives rise to a Green function given by Eqs. (4.18-4.23) with 

the superposition of many photons. The spherical- wave radiation that propagates in the radial direction has the same form as the 
source radial current. Due to the spherical symmetry and the time harmonic nature of the electron transition current, the vector 
potential corresponds to a current dipole at the origin and is a solution of Eq. (2.84). The Green function solution (Eq. (2.85)) 
matches a spherical radiation wave comprised of photons (Eq. ( 4 .23)) wherein the quantized electron transition current and 
photon field are basis elements for the macroscopic (continuous) Maxwellian solutions for source current and the corresponding 
radiation fields. 

The vector potential and power can be solved using the constraints of conservation of power and linear and angular 
momentum between the outgoing discrete (quantized) photon field with the change of the current densities between the initial 
and final discret e (quantized) stat e s for an el e ctric dipol e transition. The e lectric dipole sel e ction rule is given by Eq. (2.86). In 
order to conserve the photon's quantized angular momentum along the z-axis, the i quantum number corresponding to the 
angular momentum of the excited electronic state must change by ±1 corresponding to the transition from initial quantum states 
n i ,t,m s ,m l and radius r n to the final state with quantum numbers n f ,£ + l,m s ,m f and radius r n . The angular dependence of the 

current which connects the initial and final states is conserved in the photon field. Since there is no special preparation of the 
states, the radiation pattern is isotropic, and the power and concomitantly, the intensity of each electric dipole transition 
connecting states with the same initial and final principal quantum numbers are the same. However, the multiplicity of a given 
£ state does change the relative intensities based on statistical population distributions as discussed infra. 

During an electronic transition, the current-density comprises a radially propagating constant spherical shell of current 
that is modulated by a traveling charge density wave. The angular integral of the vector potential is given by 

,-*rY-A 






Mo 



1^4- 



(2.89) 



4^ 



4k J r r-r 

The radial electric dipole current for the selection-rule condition of Eq. (2.86) is 

|r| 
In order to achieve conservation of energy and power flow as well as angular momentum: 



(2.90) 



J-- 



a> 



h 



Anr 2n Anr 2nmr IwAnr 



(2.91) 



where Eqs. (1 .36) and (1 .35) were used for the angular and linear velocity, respectively. The current that gives rise to quantized 
radiation comprises two terms. One corresponds to the quantized angular frequency change that matches the angular frequency 
of the corresponding emitted photon, and the other corresponds to the quantized wavenumber change with the transition from the 
initial to final radius. Using Eq. (1.280), the relationship between the electron radius and wavelength in the lightlike frame is 
given by Eq. (1.16). The radial current from the initial to final radius must be one wavelength in order to be phase-matched with 
the photon wavelength. Thus, the electron wavenumber corresponding to the propagating photon traveling at v = c is given by 
the difference in the lightlike electron wavelength in going from the initial to final radius: 



Itz In Itz Itz 

K r — K r K r — — 

1 ' A f X, r f r t 
From Eqs. (2.89-2.92), the quantized current changes in the radial integral of the vector potential are 



(2.92) 
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A(r) = ^^ 

V ' 4.7T 



HL 



\ 



2nr r 



r' 2 dr'i 



(2.93) 



where the current is a function of r n - r n in order to conserve the electron and photon angular momentum as in the case of Eq. 
(1.37). Due to spherical symmetry, the electric dipole current is equivalent to that of a dipole at the origin. With r' = in the 
Green function, A(r) is 



-M&- 



ju eh 



f 



1 e 



-r' 2 dr'i 



ju eh 1 e 



(2.94) 



-095)- 



2tt m„ J r ' 4 4nr 



2tz m„ r„ - r Anr 



Applying Eq. (2.83) to A(r) given by Eq. (2.94) gives the magnetic field H: 

-^ 



H=— V^A: 



eh 



1 jk r e 



1 



sin R\ 



M 



m„ r„ -r 2k Anr I ikr 



where 



i. =cos6'i„ -sm6\„ 



(2.96) 



Outside the dipole source, the corresponding electric field E of the radiation with angular frequency a is given by Ampere's 
law: 



17 



^^ 



-VAH = 



\Un eh 1 ik e ' "' 



1 
ikr 



1 



(ik r rf 



2 cos 6\„ 



(2.97) 



lCO£ n 



' £ n m. r„ — r 2n Axr 



sin 9\ B 



ikr 



(»V) 



wherein a further phase match between the electron and photon wavelengths gives the replacement of co by k r c corresponding 

to the Haus condition [4] k = — given in the Instability of Excited States section. The photon and the electron wave 

c 

relationships are given in the Equation of the Photon section. For the initial conditions of an unbound electron at rest, the ratio 

of the linear velocity of the subsequently bound electron to the emitted free-space photon given by (Eq. (4.5)) is: 

co, 



~K 



" 2tz 



I. 



(2.98) 



photon 2 



photon ^photon r photon 



photon f, 

where the n subscripts refer to orbitsphere. The relations between the free space photon wavelength, radius, and velocity and 



the corresponding 


parameters of a free electron as it is bound are: 










(1) r n , ton , the radius of the photon electric and magnetic vector field (photon-e&mvf), is equal to r n n — = na l 

v n 

electron orbitsphere radius given by Eqs. (2.2) and (2.5) times the product of n and the ratio of the speed 
and v , the velocity of the orbitsphere given by Eq. (1.35): 


jK — , the 

v n 

of light c 



r n, photon - Y n nCl H 

V, V, 



(2.99) 



(2) A, 



'photon 



the photon wavelength, is equal to X n — , where X„ is the orbitsphere de Broglie wavelength: 



^photon \ 



(2.100) 



(3)fi>, 



2nc 



pho t on 



co„, 



the photon angular velocity, is equal to co H , the orbitsphere angular velocity given by Eq. (1 .36): 



2kc 



■co. 



(2.101) 



In the far field, the photon radiation is that of a spherical wave as given in the Equation of the Photon section. In this 
case k r r » 1 , and the terms having powers of (&,r)~ vanish. The corresponding radiation fields are 



H 



-sintfi. 



T7^ 



eh 1 ik r e 

m r -r 2n Anr 

o, n f 

Jib 1 ik p- ik ' r 



sifir^n 



(2.102) 
(2.103) 



'go m e r n -r nf 7.7T Anr 
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The time-averaged power density in the radiation zone is given by 



4- 



(s) = -Re[ExH*l = - P-i//^ 



-eh 



4- 



4- 



2;r 4jgr 



sin z f?i. 



(2.104) 



The total radiated power P is given by integrating the Poynting power density (Eq. (2.104)) over the surface of a sphere at 
radius r: 



_ Inri f k r eW 



T 



V 



. 3/,j fl 4«- 

sin 9d6= — ri 



eh 



-f- 



T 



-\ 



P = 



(S)r 2 sm8d8d0 = -!-+■ 



2 | 2;r 4;t/m c ?; 



2;r 4;rm r 
V 



(2.105) 



Eq. (2.105) is the form of the Maxwellian result for continuous fields and the corresponding source current. As shown in the 
Equation of the Photon section, atomic transitions are quantized and the continuous-field result of Eq. (2.105) is given by the 
superposition of many photons as the number goes to infinity. 

The discrete or quantized power must further include the conservation of linear momentum of the radiating electron with 

that of the photon. Since power is the energy divided by the lifetime, the correction to the power is the same as that of the 
energy. The application of the correction for linear momentum conservation given by Eq. (2.153) gives the power of the 
quantized transition of energy ha> as 



-ftfi* — 4k- 



-eh- 



4- 



1k Akth, 



"r J 



1m e c 2 3 
The transition probability — or A h; coefficient, is given by Jackson [7]: 



r 

V "' 

1 



(2.106) 



l^Z 



power 



(2.107) 



r energy 

Substitution of Eqs. (2.106) and (2.148) into Eq. (2.107) gives the electric dipole electronic transition probability from initial 



quantum states rii,£,m s ,m e and radius r n to the final slate with quantum numbers n f ,£±l,m s ,m t and radius r t 



hco Ak 



1m c — 3~ 



1k 



ius r\ 



"/ 



1 1 






eh 1 



-^hnr 



4kmi 



1 r, 



eh 



1 1 



= 2.678X10^.^ 



(2. IPS) 



hco 



m e c 14Kym e a 



where Eq. (2.5) was used for the radii and 9? is defined as 



SR- 



-4- 



4 1- 



-4- 



-4- 



— -n-f — n-f — n- ; -ft — h-t4 — h-m {„ „ \ 

f V / '/ ' f \ f ' J \ n f n i) 

The reciprocal of Eq. (2.108) gives the mean state lifetime 3 : 



(2.109) 



2tt 



1 1 



-eh- 



-3Ak 



-eh- 



4 3- 



= 3.735X10" 1U ^ 1 5 (2.110) 



t = 1m £ 



4kt] 



Ik 



4Km e r n -r nf 



m„c 



ij \m e a 



rt f 



where Eq. (2.5) was used for the radii. Using Eqs. (2.108-2.21 10), the parameters of representative hydrogen emission series of 

lin e s ar e giv e n in Tabl e s 2.4-2.16. 

Since there is no special preparation of the states, the radiation pattern is isotropic, and the power and concomitantly the 

intensity of each electric dipole transition connecting states with the same initial and final principal quantum numbers are the 
same. However, the multiplicity of a given i state does change the relative intensities based on the statistical population of 
states of the same principal quantum number n , but different i quantum numbers. As given in Jackson, the "sum rule" for the 



squares of the y, m 's is 



21 + 1 
4k 



(2.111) 



Furthermore, the total number of states jV for a given principal quantum number n is given by (Eq. (1.70)): 



3 A mean lifetime arises due to the superposition of transitions over an ensemble of individual atoms. Each atom has an exact lifetime due to an exact 
transition involving specific initial, final, and any intermediate I. , m states and the corresponding exact photon in space relative to the states. The mean 
lifetime arises from the mean current given by Eq. (2.87) and the spherical radiation field due to the superposition of emitted photon s . — Similarly, 
Maxwell's equations apply to macroscopic fields that are in actuality the superposition of quantized photons. Thus, deterministic physics arises as the 
aggregate behavior of entities that also in turn obey deterministic physics. 
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N =H I 1= Z 2 ^ +1 =» 2 



(2.112) 



where each state corresponds to an £ and m t quantum number of an energy level corresponding to the principal quantum 

number n . Consequently, a source comprised of a set of multipoles of order t , independent of m t gives rise to an isotropic 

radiation distribution when the multipoles superimpose incoherently. This is the typical case in atomic and nuclear radiative 
transitions unless the initial state has been prepared in a special way. Tn the case that the I states can be distinguished, the 
relative intensities are given statistically by the ratios of the multiplicity of each state divided by the total number of states. 
Thus, the relative intensity of state £ is given by 

^ " (2.113) 



Using Eq. (2.1 13), the relative line intensities for the transitions P" r 



S y2 and D 5I2 



wherein are £ = 1 and £ = 2 are 



3:5 which closely matches the NIST observed relative intensities of 120:180 [25]. 
Table 2.4. The parameters of the Lyman series of emission lines. 



k ; n 


9? a 


9W*^i 


l/r b 


T c 


2 


2.50E-01 


1.00 


6.70E+08 


1.49E-09 


3 


1.11E-01 


0.44 


2.98E+08 


3.36E-09 


4 


6.25E-02 


0.25 


1.67E+08 


5.97E-09 


5 


4.oriF.-n?. 


0.16 


1.07F.+08 


9.34F.-09 


6 


2.78E-02 


0.11 


7.44E+07 


1.34E-08 


7 


2.04E-02 


0.08 


5.47E+07 


1.83E-08 


8 


1.56E-02 


0.06 


4.18E+07 


2.39E-08 


9 


1.23E-02 


0.05 


3.31E+07 


3.02E-08 


10 


1.00E-02 


0.04 


2.68E+07 


3.73E-08 


11 


8.26E-03 


0.03 


2.21E+07 


4.52E-08 


12 


6.94E-03 


0.03 


1.86E+07 


5.38E-08 


13 


5.92E-03 


0.02 


1.58E+07 


6.31E-08 


14 


5.10E-03 


0.02 


1.37E+07 


7.32E-08 


15 


4.44E-03 


0.02 


1.19E+07 


8.40E-08 


16 


3.91E-03 


0.02 


1.05E+07 


9.56E-08 


17 


3.46E-03 


0.01 


9.27E+06 


1.08E-07 


18 


3.09E-03 


0.01 


8.27E+06 


1.21E-07 


19 


2.77E-03 


0.01 


7.42E+06 


1.35E-07 


20 


2.50E-03 


0.01 


6.70E+06 


1.49E-07 



'Eq. (2.109). 
b Eq. (2.108). 
: Eq. (2.110). 
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Table 2.5. The parameters of the Balmer series of emission lines. 



—i— 

2 



2.78E-02 



9i„ 



,2^3- 

1.00 



l/r D 

7.44E+07 



1.34E-08 



1.56E-02 
1.00E-02 
6.94E-03 
5.10E-03 



0.56 
0.36 
0.25 
0.18 



4.18E+07 
2.68E+07 
1.86E+07 
1.37E+07 



2.39E-08 
3.73E-08 
5.38E-08 
7.32E-08 



8 
10 

11 

12 
13 



3.91E-03 
3.09E-03 
2.50E-03 
2.07E-03 
1.74E-03 
1.48E-03 



0.14 
0.11 
0.09 
0.07 
0.06 
0.05 



1.05E+07 
8.27E+06 
6.70E+06 
5.53E+06 
4.65E+06 
3.96E+06 



9.56E-08 
1.21E-07 
1.49E-07 
1.81E-07 
2.15E-07 
2.52E-07 



14 
15 
16 

17 



1.28E-03 
1.11E-03 
9.77E-04 
8.65E-04 



0.05 
0.04 
0.04 
0.03 



3.42E+06 
2.98E+06 
2.62E+06 
2.32E+06 



2.93E-07 
3.36E-07 
3.82E-07 
4.32E-07 



a Eq. (2.109). 
b Eg. (2.108). 
c Eq. (2.110). 



18 

T9~ 

20 



7.72E-04 
6.93E-04 
6.25E-04 



0.03 

~omr 

0.02 



2.07E+06 
1.85E+06 
1.67E+06 



4.84E-07 
5.39E-07 
5.97E-07 



Table 2.6. The parameters of the Paschen series of emission lines. 



9? ! 



J V.->3 ' ^ l 4->3 



\lr l 



6.94E-03 
4 . 44E - 3 



-4ree- 

. 64 



1.86E + 07 
I. 1 9 E+0 7 



5.38E-08 
8 . 40 E- 8 



3.09E-03 
2.27E-03 
1.74E-03 
1.37E-03 



0.44 

0.33 

0.25 

-9:29- 



8.27E+06 
6.07E+06 
4.65E+06 
3.67E I 06 



1.21E-07 
1.65E-07 
2.15E-07 
2.72E-07 



JiL 



1.11F.-03 



0.16 



2.98E+06 



3.36E-07 



11 

12 

13 

-44- 



9.18E-04 
7.72E-04 
6.57E-04 
5.67E - 4 



0.13 

0.11 

0.09 

-0t08- 



2.46E+06 
2.07E+06 
1.76E+06 
1.52E+06 



4.07E-07 
4.84E-07 
5.68E-07 
6.59E - 07 



15 



4.94E-04 



0.07 



1.32E+06 



7.56E-07 



15 

17 

18 

-49- 



4.94E-04 
3.84E-04 
3.43E-04 
3.08E 4 



0.07 

0.06 

0.05 

-0,04- 



1.32E+06 
1.03E+06 
9.18E+05 
8.2 4 E+05 



7.56E-07 
9.71E-07 
1.09E-06 
1.21E06 



a Eq. (2.109). 
b Eq. (2.108). 
c Eq. (2.110). 



20 



2.78E-04 



0.04 



7.44E+05 



1.34E-06 
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Table 2.7. The parameters of the Brackett series of emission lines. 



-w 



w. ^ A /m, 



-Ttf* 



2.50E-03 
1.74E-03 
1.28E-03 
9.77E-04 



0.69 
0.51 
0.39 



6.70E+06 
4.65E+06 
3.42E+06 
2.62E+06 



T 
1.49E-07 
2.15E-07 
2.93E-07 
3.82E-07 



9 

^fi- 
ll 
12 
13 

T4~ 

-+s- 

15 
17 
18 



7.72E-04 
6.25E-04 
5.17E-04 
4.34E-04 
3.70E-04 
3.19E-04 
2.78E-04 
2.78E-04 
2.16E-04 
1.93E-04 



0.31 

-0^5- 

0.21 

0.17 

0.15 

~0TT 

-Ortt- 

0.11 

0.09 

0.08 



2.07E+06 
1.67E+06 
1.38E+06 
1.16E+06 
9.90E+05 
8.54E+05 
7.44E+05 
7.44E+05 
5.79E+05 
5.17E+05 



4.84E-07 
5.97E-07 
7.23E-07 
8.60E-07 
1.01E-06 
1.17E-06 
1.34E-06 
1.34E-06 
1.73E-06 
1.94E-06 



~T9~ 
-26- 



1.73E-04 
1.5 6 E-04 



-0t66- 



4.64E+05 
4.18E I 05 



2.16E-06 
2.39E-06 



a Eq. (2.109). 
b Eq. (2.108). 
c Eq. (2.110). 



Th e param e ters of th e Pfund s e ri e s of e mission lin e s. 



n l 



9W*^ 5 



l/r £ 



1.11E-03 
8.16E-04 



1.00 
0.73 



2.98E+06 
2.19E+06 



3.36E-07 
4.57E-07 



8 
10 

n 

12 



6.25E-04 
4.94E-04 
4.00E-04 
3.31E-04 
2.78E-04 



0.56 
0.44 
0.36 
0.30 
0.25 



1.67E+06 
1.32E+06 
1.07E+06 
8.85E+05 
7.44E+05 



5.97E-07 
7.56E-07 
9.34E-07 
1.13E-06 
1.34E-06 



13 

T4~ 
15 
15 
17 
18 



2.37E-04 
2.04E-04 
1.78E-04 
1.78E-04 
1.38E-04 
1.23E-04 



0.21 
"OUT 
0.16 
0.16 
0.12 
0.11 



6.34E+05 
5.47E+05 
4.76E+05 
4.76E+05 
3.71E+05 
3.31E+05 



1.58E-06 
1.83E-06 
2.10E-06 
2.10E-06 
2.70E-06 
3.02E-06 



a Eq. (2.109). 
b Eg. (2.108). 
c Eq. (2.110). 



19 
20 



1.11E-04 
1.00E-04 



0.10 
0.09 



2.97E+05 
2.68E+05 



3.37E-06 
3.73E-06 



©2010 BlackLight Power, Inc. All rights reserved. 



T4T 



Chapter 2 



Table 2.9. The parameters of the n i > 6 to n , = 6 series of emission lines. 



48-' 



W.^/ffl, 



4/*- £ 



5.67E-04 



1.00 



1.52E+06 



6.59E-07 



8 
9 
10 

^^- 

_L2_ 



4.34E-04 
3.43E-04 
2.78E-04 
2.30E-04 
1.93E-04 



0.77 
0.60 
0.49 

-qm- 

0.34 



1.16E+06 
9.18E+05 
7.44E+05 
6.15E+05 
5 .1 7E+0 5 



8.60E-07 
1.09E-06 
1.34E-06 
1.63E-06 
1.9 4E - 6 



13 

14 

15 

^5- 
_17_ 



1.64E-04 
1.42E-04 
1.23E-04 
1.23E-04 
9.61 F-05 



0.29 
0.25 
0.22 
-032- 
0.17 



4.40E+05 
3.80E+05 
3.31E+05 
3.3 IE l 05 
7..57F.+05 



2.27E-06 
2.63E-06 
3.02E-06 
3.02E-06 
3.8SF-06 



'Eq. (2.109). 
b F.q. (2.108). 



18 
19 
20 



8.57E-05 
7.69E-05 
6.94E-05 



0.15 
0.14 
0.12 



2.30E+05 
2.06E+05 
1.86E+05 



4.36E-06 
4.85E-06 
5.38E-06 



: Eq. (2.110). 



Table 2.10. The parameters of the n t >7 to n, =7 series of emission lines. 



9?' 



9W% 



\lT l 



8 
9 
10 



3.19E-04 
2.52E-04 
2.04E-04 
1 69F.-04 



1.00 
0.79 
0.64 
0.53 



8.54E+05 
6.75E+05 
5.47E+05 
4.57.F.+05 



1.17E-06 
1.48E-06 
1.83E-06 
7.7.1 F.-06 



12 
TT 
14 
15 
15 



1.42E-04 
1.21E-04 
1.04E-04 
9.07E-05 
9.07E-05 



0.44 
0.38 
0.33 
0.28 
0.28 



3.80E+05 
3.23E+05 
2.79E+05 
2.43E+05 
2.43E+05 



2.63E-06 
3.09E-06 
3.59E-06 
4.12E-06 
4.12E-06 



17 
18 
19 
20 



7.06E-05 
6.30E-05 
5.65E-05 
5.10E-05 



0.22 
0.20 
0.18 
0.16 



1.89E+05 
1.69E+05 
1.51E+05 
1.37E+05 



5.29E-06 
5.93E-06 
6.61E-06 
7.32E-06 



'Fq. (7.109) 



'Eq. (2.10 



-Eq. (2.110). 



Table 2.11 



The parameters of the n t > 8 to n f = 8 series of emission lines. 



SV 



«.^,/M, 



TTf* 



~9~ 
10 
11 

12 

15 
15 
17 



1.93E-04 
1.56E-04 
1.29E-04 
1.09E-04 
9.25E-05 
7.97E-05 
6.94E-05 
6.94E-05 
5.41E-05 



nrrxr 

0.81 
0.67 
0.56 
0.48 
0.41 
0.36 
0.36 
0.28 



5.17E+0S 
4.18E+05 
3.46E+05 
2.91E+05 
2.48E+05 
2.13E+05 
1.86E+05 
1.86E+05 
1.45E+05 



1.94E-06 
2.39E-06 
2.89E-06 
3.44E-06 
4.04E-06 
4.68E-06 
5.38E-06 
5.38E-06 
6.91E-06 



18 
20 



4.82E-05 
4.33E-05 
3.91E-05 



0.25 

-032- 

0.20 



1.29E+05 
1.16E+05 
1.05E+05 



7.74E-06 
8.63E-06 
9.56E-06 



»Eq. (2.109). 
b Eq. (2.108). 
: Eq. (2.110). 
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Table 2.12. The parameters of the n t MOO to n f =\ series of emission lines. 



-W 



M.^/ffl .. 



4^ 



101 



9.80E-05 



1.00 



2.63E+05 



3.81E-06 



102 
103 
104 



9.61E-05 
9.43E-05 
9.25E-05 



0.98 
0.96 
0.94 



2.57E+05 
2.52E+05 
2.48E+05 



3.88E-06 
3.96E-06 
4.04E-06 



-+65- 
106 



9.07E-05 
8.90E-05 



-0^3- 
0.91 



2.43E+05 
2.38 E+0 5 



4.12E-06 
4 .20E- 6 



107 
108 
109 

4M- 



8.73E-05 
8.57E-05 
8.42E-05 
8.26E-05 



0.89 

0.87 

0.86 

-0r84- 



2.34E+05 
2.30E+05 
2.25E+05 
2.21E I 05 



4.28E-06 
4.36E-06 
4.44E-06 
4.52E-06 



a Eq. (2.109). 



D Eq. (2.108). 
c Eq. (2.110). 

Table 2.13. 



The parameters of the n t > 100 to n, =100 series of emission lines. 



n, 



n 



Ml 



9?„ 



->1C0 ' •"■ioi->ioo 



ltd 



101 
102 
103 



100 
100 
100 



9.80E-09 
9.61E-09 
9.43E-09 



1.00 
0.98 
0.96 



2.63E+01 
2.57E+01 
2.52E+01 



3.81E-02 
3.88E-02 
3.96E-02 



+64- 
105 



100 



9.25E-09 
9.07E-09 



-fr94" 
0.93 



2.48E+01 
2.43E+01 



4.04E-02 
4.12E-02 



106 
107 
108 
-+69- 
110 



100 
100 
100 
-+66- 
100 



8.90E-09 
8.73E-09 
8.57E-09 
8.42E-09 
8.26E-09 



0.91 
0.89 
0.87 
-0:86- 
0.84 



2.38E+01 
2.34E+01 
2.30E+01 
2.25E+01 
2.21 E+0 1 



4.20E-02 
4.28E-02 
4.36E-02 
4.44E-02 
4 .52E- 2 



a Eq. (2.109). 
b Eq. (2.108). 
c Eq. (2.110). 



The parameters of the n t > 500 to n, = 1 series of emission lines. 



Table 2.14. 



9? s 



«_,/« 



501— >1 



l/r c 



501 


3.98E-06 


1.00 


1.07E+04 


9.37E-05 


502 


3.97E-06 


1.00 


1.06E+04 


9.41E-05 


503 


3.95E-06 


0.99 


1.06E+04 


9.45E-05 












505 


3.92E-06 


0.98 


1.05E+04 


9.52E-05 


506 


3.91E-06 


0.98 


1.05E+04 


9.56E-05 


507 


3.89E-06 


0.98 


1.04E+04 


9.60E-05 


508 


3.88E-06 


0.97 


1.04E+04 


9.64E-05 


509 


3 8fiF 06 


97 


i 03F+0'1 


9 67E 05 


510 


3.84E-06 


0.97 


1.03E+04 


9.71E-05 



"Eq. (2.109). 
b Eq. (2.108). 



J Eq. (2.110). 



Table 2.15. The parameters of the n t >300to n, =i(JO series of emission lines. 



M 1 



9?„ 



->100 ' ^ l 501->100 



l/r c 



501 


100 


3.98E+0 


1.00 


1.07E-00 


9.37E-01 


502 
563 


100 

tee 


3.97E+0 
3.95E+0 


1.00 
059 


1.06E-00 
— — 1.06E-00 


9.41E-01 
9.45E-01 



504 

505 

506 

^07~ 



100 

100 

100 

T00~ 



3.94E+0 
3.92E+0 
3.91E+0 
3.89E+0 



0.99 

0.98 

0.98 

~0M~ 



1.05E-00 
1.05E-00 
1.05E-00 
1.04E-00 



9.49E-01 
9.52E-01 
9.56E-01 
9.60E-01 



-588- 
509 
510 



-+ee- 

100 
100 



3.88E+0 
3.86E+0 
3.84E+0 



-ft97- 
0.97 
0.97 



1.04E-00 
1.03E-00 
1.03E-00 



9. 6 4E-81 
9.67E-01 
9.71E-01 



a Eq. (2.109). 
b Eq. (2.108). 
c Eq. (2.110). 
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Table 2.16. The parameters of the n i > 500 to n f - 500 series of emission lines. 



-9M 



-K, 



r^ 



->500 ' *^5(ll- 

1.00 
1.00 
0.99 
0.99 



+h 



-504- 



-500- 



1.59E 11 



427E 02 



2.3 4 E+01 



502 
503 
504 



500 
500 
500 



1.59E-11 
1.58E-11 
1.57E-11 



4.25E-02 
4.23E-02 
4.22E-02 



2.35E+01 
2.36E+01 
2.37E+01 



-505- 
^506- 



-seo- 

-500- 



1.57E-11 
1.56E - 11 



-098- 



4.20E-02 
4 .18E - 02 



2.38E+01 
2.39E+01 



507 
508 
509 

-sw- 



500 
500 
500 

^oo- 



1.56E-11 
1.55E-11 
1.54E-11 
1.54E-11 



0.98 

0.97 

0.97 

-0^7- 



4.17E-02 
4.15E-02 
4.13E-02 
4.12E-02 



2.40E+01 
2.41E+01 
2.42E+01 
2.43E+01 



a Eq. (2.10 9 ). 

b Eq. (2.108). 
c Eq. (2.110). 

The lifetime of the Balmer a transition of 1.34X 10~ 8 s given in Table 2.5 is in good agreement with the experimental 

upper limit of 1.5X 10~ s s [25-26]. The relative line intensities are dependent on the electron temperature which causes a 
Boltzmann-distribution skewing [27] of the predominantly lifetime-determined state populations.. However, states that are close 
in energy are expected to be close to the theoretical limit with greater deviations as the energy differences become larger. The 
experimental Balmer-series line intensities are given with the calculated intensities in Table 2.17. As expected the predicted and 
experimental intensities match well for the lowest levels and deviate at the higher levels. 



Tab l e 2.17. Th e param e t e rs of th e Balm e r s c ri e s of e mission lin e s. 



5R a 



9?„ 



+2 ' Jl 3^2 



9?„ 



+2 /9i,^ 2 X300 



NIST [25] Balmer 
Line Intensities 



2.78E-02 
1.56E 02 



1.00 
-QS6- 



300 
-469- 



300 
-460- 



5 


2 


1.00E-02 


0.36 


6 


2 


6.94E-03 


0.25 


7 


2 


5.10E-03 


0.18 


8 


2 


3.91E-03 


0.14 


9 


i 


3.09E-03 


044- 



108 

75 

55 

42 

-43- 



60 
30 

8 
6 

-5- 



a Eq. (2.109). 

Ornstein and Burger [28-29] studied the relative emission intensities of Balmer and Paschen lines having the same initial 
states in order to eliminate the uncertainty of the number of atoms in each initial state. The results of the relative intensities from 
each state having the same initial number of atoms is given in Table 2.18. The calculated and experimental results agree very 
well. In contrast, standard quantum mechanics has many shortcomings in this result as well as in general 4 . 

Table 2.18. The parameter 5R and the calculated and experimental intensity ratios of selected Balmer and Paschen emission 

lines. 

fk « Sfti M^^/aW, Experimental 

' Intensity Ratio [28-29] Paschen,^ 
Balmer, n, 



1.56E-02 HflP ^ 2 ).. ( 4 _> 3 ) 2.25 

6.94E-03 

1.00E-02 



2.6 



" r I P f ( 5 ^ 2 ) : ( 5 -> 3 ) Z - 25 



^5- 



4.44E-03 

6.94E-03 ^,^2): (^3) 2.25 
3.09E-03 



*Eq. (2.109). 



4 Th e quantum m e chanical calculation of th e lin e int e nsiti e s is also bas e d on classical e l e ctrodynamics [31], but th e r e ar c many int e rnally inconsist e nt 
features that arise due to the intrinsic nonphysical aspects peculiar to quantum mechanics. The possibility that Al = +1 is not treated. The A coefficients 

are not symmetrical with respect to excitation and de-excitation as they must be. The — sin 9i dependence of the current dipole is ignored. The 

calculation of the current multipole based on integration of the products of wavefunctions over all space is not physical. The electron can not be 
"everywhere at once," and even the frequency times the average radial displacement during a transition results in an electron velocity that exceeds the 
speed of light. — The calculations are extraordinarily complicated involving hypergeometric series, and the results contain products of terms raised to 
enormously high and low powers (e.g. power of ~ + 20 for even the Balmer lines). The results do not match the experimental results by significant 
factors. 
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The radii of all one-electron atoms are given by Eq. (1.260). For He* , 



(2.114) 



Substitution of Eq. (2.114) into Eqs. (2.108) and (2.110) gives the electric dipole electronic transition probability from initial 
quantum states n i ,i,m s ,m l and radius r n to the final state with quantum numbers n f ,£ + l,m s ,m t and radius r n and the 

corresponding state lifetime, respectively: 




I 2m c c 3 



1 t, 



mc 24k 



eh 



\2 



-m- e 

V v "■ / J 

10<t> „-l 



1 1 



\ n f n ij 



(2.115) 



= 4.284 X10 lo 9U 
( 



-T 



2k 



4 T 



y« f \ ) eh 



r = 2m,c 



4ttj] 



-24nr 



2k Akiu, r —r 



-efr- 



4 h 



= mc 



(2.116) 



fV'f 



where 9{ is given by Eq. (2.109). The predicted lifetimes for He + are 1/16 those of atomic hydrogen. The equations for the 
excited-state lifetimes and line intensities can be condensed as given in Box 2.1. 



L I NE I NTENS I T I ES 

Using 



a = - 



AksJi 



(1) 



0" 

Allows the substitutions — 

■~ 2 h 



a, 



4K£ h 

e l m„ 



amc 



(2) 



and 



e = AksjxTic 



m- 

such that the equations for the excited-state lifetimes and line intensities can be condensed [30]. Eq. (2.108) can be written as 

1 1 Ak ( eh ] 1 

as r„, ^ r„. (4)_ 



z Zm e c 3 XAkm 
This can be transformed to 



(y*)" 



'*f- 
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1 _ 1 \p Q e ft a 



-* — 6m c \ c n \ 7im 



'* (V«*) V 



f 2 

e m e 
<\ 7tcJi 2 



1 jp 4ft£ ahcfr 2 al 



\nm„ 



(v-r 



4n:£ Q ahcm : 

A7Z£ a ft 2 



(5) 



1 , m.c a„ 



#«w 



6m„c m„ 



(v-) 



ft 



\ nf m J 



and the corresponding Eq. (2.110) becomes 

•A 



<■ -5 fl r nfK, 



mc I a„ 



as 



r , + r 



nj ni 



-(&- 



The result confirms that 



-4^- 



-VT 



Alternatively, Eq. (2.1 10) in condensed form is 

T = 6a 5 -^-r-U^) 2 = 3.734826x10" 10 j -(n f n, f 
m-e — — — — — — 



(8) 



And, Eq. (2.1 16) becomes 



6 ~- 5 -^ t -(« / k,.) 2 =2.334266x10" 11 5-(k / « ; ) 2 



16 



(9) 



Maxwell made an absolute measurement of the lifetime of excited states of He* formed by narrow-beam, electron- 
impact excitation [29, 32]. The excited He* ions were spread by a transverse electric field which did not appreciably affect the 
ionizing electron beam because a controlling longitudinal magnetic field was applied. The time-of-flight to radiating was 
recorded as the distance-of- flight and gave the probability distribution of the lifetimes of the excited states. By studying the 
spatial distribution of the light intensity, Maxwell inferred the mean lifetimes of the excited-state ions. For the n - 6 states of 
He* , an average lifetime of (1.1 + 0.2) X 10~ 8 s was observed. From Tables 2.4-2.8, the average life time of the n = 6 state of 

H is 1.48X 10~ 7 s, and from Eq. (2.116), the corresponding average lifetime of He* is 9.3X 10~ 9 s. The lifetimes of states of 
He* were found to be 1/16 those of H . The agreement between the experimental and calculated results is excellent. 

In addition to the electron electric dipole transitions, Eq. (2.107) can be applied to transitions with a multipole 
distribution in the radial direction such as in the case of nuclear decay given in the Nuclear and X-ray Multipole Radiation 
section. The transition probability in the case of the electric multipole moment given by Jackson [7] as 



Him ~~ 



-+3- 



1 _ power 



?(na )" 



(2.117) 



is [7] 



t energy 




\fta>\ 

In 



(2.118) 



C „i\ 



-■2k 



yh j 



£ + 1) 3 



, (kna n ) at 

'*. [(2/ + l)!!]^ i JU + 3, 1 V 0/ 

Eq. (2.1 18) gives very predictive results as shown by Jackson [7]. 



RESONANT LINE SHAPE 

The spectroscopic linewidth arises from the classical rise-time band-width relationship, and the Lamb shift is due to the radiation 
reaction force between the electron and the photon and conservation of energy and linear momentum involving recoil during 
emission. II follows from the Poynling Power Theorem (Eq. (7.43)) with spherical radiation thai the transition probabilities are 



©2010 BlackLight Power, Inc. All rights reserved. 



T5T 



Excited States of the One-Electron Atom (Quantization) 



given by the ratio of power and the energy of the transition [7]. The lifetime t for an electric dipole transition is derived in the 
State Lifetime and Line Intensities section. This rise-time gives rise to T, the spectroscopic line-width. The relationship 



between the rise-time and the band-width is given by Siebert [33]. 


r 2 =4 


\t 2 h\t)dt 

-co 


( 00 A 

\ th 2 (t)dt 

-co 


2" 


(2.119) 




J h\t)dt 


| h\t)dt 








-co 


v -» ) 







jf 2 \H(f)fdf 



(2.120) 



\ \ W)Uf 



By application of the Schwartz inequality, the relationship between the rise-time and the band-width is 5 
**1 



(2.121) 



h 
From Eq. (2.1 18), the line-width is proportional to the ratio of the Quantum Hall resistance, — , and, 7, the radiation resistance 

e 

of free space. 



w* 



(2.122) 



And, the Quantum Hall resistance given in the Quantum Hall Effect section was derived using the Poynting Power Theorem. 
Also, from Eq. (2.118), the line-width is proportional to the fine structure constant, a , 

(2.123) 

During a transition, the total energy of the system decays exponentially. Applying Eqs. (2.119) and (2.120) to the case of 
exponential decay, 




h(t) = e- a 'u(t) = i T u(t) 
1 



Hf)\- 



(2.124) 
(2.125) 



+ {2*f) 2 



where the rise-time, r , is the time required for /;(/) of Eq. (2.124) to decay to lie of its initial value and where the band-width, 
r , is the half-power bandwidth, the distance between points at which 



Hrk 



-jt- 



(2.126) 



FromEq. (2.119) [33], 

T = T 

FromEq. (2.120) [33], 

TUT 



(2.127) 
(2.128) 



From Eq. (2.127) and Eq. (2.128), the relationship between the rise-time and the band-width for exponential decay is 

jT = - (2.129) 

bosons obey Bose-Einstein statistics as given in the Statistical Mechanics section. The emitted radiation, the summation 



5 Eq. (2.121) is erroneously interpreted as a physical law of the indeterminate nature of conjugate parameters of atomic particles, such as position and 
momentum or energy and time. This so called Heisenberg Uncertainty Principle is not a physical law; rather it is a misinterpretation of applying the 

Schwartz Inequality to a probability-wave modal of a particle [^4], The mathematical consequence is that a particle, such as an electron, can have a 

continuum of momenta and positions with a continuum of energies simultaneously, which cannot be physical. This result is independent of error or 
limitations introduced by measurement. Jean U. Fourier was the first to discover the relationship between time and frequency compositions of physical 
measurables. Eq. (2.121) expresses the limitation of measuring these quantities since an impulse contains an infinity of frequencies, and no instrument 
has such bandwidth. Similarly, an exact frequency requires and infinite measurement time, and all measurements must be finite in length. Thus, Eq. 
(2.121) is a statement about the limitations of measurement in time and frequency. It is further a conservation statement of energy of a signal in the time 
and frequency domains. — Werner Heisenberg' s substitution of momentum and position for a s ingle particle, probability wave into thi s relationship says 
nothing about conjugate parameters of a particle in the absence of their measurement or the validity of the probability- wave model. In fact, this approach 
was shown to be flawed experimentally (See Wave-Particle Duality section and Refs. [8-1 1]). 
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of an ensemble of emitted photons each of an exact frequency and energy given by Eq. (4.8), appears as a wave train with 
effective length cIT . Such a finite pulse of radiation is not exactly monochromatic but has a frequency spectrum covering an 
interval of the order 1 . The exact shape of the frequency spectrum is given by the square of the Courier transform of the electric 
field. Thus, the amplitude spectrum is pr o p ortional to 



E(»)«J 



e- a K- im dt-. 



1 



a, -ta 



(2.130) 



The coefficient a t corresponds to the spectroscopic linewidth and also to a shift in frequency that arises from the radiation 
reaction force between the electron and the photon. The energy radiated per unit frequency interval is therefore 



dl(a) 



1 



(2.131) 



da 2^( flJ - £ » -Ao) +(r/2) 

where I is the total energy radiated. The spectral distribution is called a resonant line shape. The width of the distribution at 
half-maximum intensity is called the half-width or line-breadth and is equal to T . Shown in Figure 2.4 is such a spectral line. 
Because of the reactive effects of radiation the line is shifted in frequency. The small radiative shift of the energy levels of 
atoms was first observed by Lamb in 1947 [35] and is called the Lamb shift in his honor. 

Figure 2.4. Broadening of the spectral line due to the rise-time and shifting of the spectral line due to the radiative reaction. 
The resonant line shape has width T . The level shift is Aa . 





I 










£-,„, 


\ | 


\l 


dco 


N-r- 






j\ | 


l\ 






Aco \ 









CO, 



CO 



HYDROGEN LAMB SHIFT 



The Lamb shift corresponding to the transition energy from the P ll2 state to the S ll2 



quantum numbers n = 2, t = \, m t = and n = 2, 



state of the hydrogen atom having the 
0, m t = , respectively, is calculated from the radiation reaction force and 



the atom recoil energy due to photon emission. For a transition between initial and final states having quantum numbers n i and 

n f , respectively, the time-averaged power density in the radiation zone is given by Eq. (2.104). The total radiated power P 

given by integrating the Poynting power density (Eq. (2.104)) over the surface of a sphere at radius r is given by Eq. (2.105). 
The corresponding radiation reaction force is derived from the relativistically corrected fields of the radiated power. Consider 



that the power is proportional to ExH and then \HA (Eq. (2.104)). A radiation reaction force due to current flow to form the 

trigonometric current distribution of the 2P 1I2 state from the uniform 2S l/2 state given in Sections 6.6, 12.10, and 17.3 of Jackson 

[36] achieves the condition that the sum of the mechanical momentum and electromagnetic momentum is conserved. Since the 
change in angular momentum between the initial and final atomic states is conserved by the photon's angular momentum, the 
angular momentum, m, of the emitted photon follows from the time-averaged angular-momentum density given by Eq. (24.61) 
of Jackson [2] in cgs units: 

m = j— Re[rx(ExB*)]<& 4 =/j (2.132) 

The corresponding energy, E. is given from the Poynting power density [37]: 



E = f— Re(E x H*>fe 4 = ha 

J 4.77" 



(2.133) 



As shown by Eqs. (1.280-1.281) and Eq. (29.9), each of the magnetic and electric field is corrected by the product of the factors 
2n and a, respectively. Also, the field in excited states scales as \ln due to the corresponding central field from the 
superposition of the excited-state photon's and proton's fields (Eqs. (2.17)). Thus, using each relativistic and central field 
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correction given by 2k<x and 1 / 2 , respectively, and using the limit of r = r n 
respect to r , the radiation reaction power P m given hy Eq. (7.1 05) is 



with the radiation reaction perturbation with 



P u =(2*afr\JL- 



eh 



2) \2n\m e r 
The radiation reaction force F m is given by the power (Eq. (2.108)) divided by the electron velocity v (Eq. (1.35)): 

p 

f -im. 



(2.134) 



= (2m) 



2 48;r 



eh 



mr 



(2.135) 



mr 



■ (2na) 



2 i] eh 
48;r rn. r 3 



The radius of the hydrogen atom given by Eqs. (2. 4 2.5) and Eq. (1.253), with n = 2 , is r = 2a H . The radiation reaction force 

perturbs the force balance and consequently the radius between the electron and proton relative to the condition in its absence. 

The outward centrifugal force on the electron is balanced by the electric force and the magnetic force (Eqs. (1.253) and (2.4)), 
and the radiation reaction force (Kq. (2.135)) corresponding to the current flow to achieve the current distribution of the 2P l/2 



state: 



my 2 h 2 0.5e 2 h 2 



r mj* 4fts n r 2 m P r 3 



-(2ko) 



2 t] e 2 h 
48;r m„r 3 



(2.136) 



r -2a H -(2ko) 



h 



(2.137) 
(2.138) 



6m c 



r = 1.99999744^ 
where F.q. (1 .35) was used for the velocity and a H is the radius of the hydrog e n atom given by Eq. (1 .259). 



ENERGY CALCULATIONS 

The change in the electric energy of the electron liEf Ie Lamb due to the slight shift of the radius of the atom is given by the 
difference between the electric energies associated with the unperturbed and radiation - rcaction - forcc - pcrturbcd radius. — Each 



electric energy is given by t he substitution of the corresponding radius gi ve n by E q. (2.1 3 8) i n to Eqs. (1 .7,6 4) a nd ( 2 . 4) 



AE. 



'H Lamb 



-0.5e 2 



%ne n 



-- 6.95953 X1CT 25 J 



(2.139) 



wh e r e in th e unp e rturb e d radius giv e n by Eq. (2.5) is r = 2a H . 

In addition, the change in the magnetic energy AE" a ^ amb of the electron is given by Eqs. (1.161-1.162) with the 
substitution of the corresponding radii 



-AEt 



7T/i a e 2 h 2 ( 1 



1 



= 4^u //j 



1 1 



(2.140) 



4 .38 44 9 X10" 27 J 



where fi B is the Bohr magneton. 



The n = 2 state comprises an electron, a photon, and a proton having the analytical solution of Maxwell's equations 
given by Eq. (2.15). The recoil energy of this photon gives rise to an energy contribution to the Lamb shift that is calculated by 
applying conservation of energy and linear momentum to the emitted photon and atom. The photon emitted by an excited state 
atom carries away energy, linear momentum, and angular momentum. The initial and final values of the energies and 
momentum must be conserved between the atom, the electron, and the photon 6 . Consider an isolated atom of mass M having an 
electron in an excited state level at an energy E. The atom is moving with velocity V along the direction in which the excited- 



b Conservation of angular momentum is used to derive the photon's equation in the Equation of the Photon section. 
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state photon is to be emitted (the components of motion perpendicular to this direction remain unaffected by the emission and 
may be ignored). The energy above the "ground" state at rest is 

E + -MV 2 ) (2.141) 

When a photon of energy E hu is emitted, the atom and/or electron recoils and has a new velocity 

V + v (2.142) 

(which is a vector sum in that V and v may be opposed), and a total energy of 

-M(V + v) 2 (2.143) 

By conservation of energy, 

E+ } -M\ 2 =E hu + } -M{\ + y^- (2.144) 

so, that the actual energy of the photon emitted is given by 

E hu =E--M\ 2 -M\V 
h " 2 (2.145) 

Eho ~ E~ E R - E D 

The photon is thus deficient in energy by a recoil kinetic energy 

E R =-M\ 2 (2.146) 

which is independent of the initial velocity V, and by a thermal or Doppler energy 
E D = MvV (2.147) 



which depends on V; therefore, it can be positive or negative. 

Momentum must also be conserved in the emission process. The energy, E, of the photon is given by Eq. (4.8) 

ftt r 

E = hco = h— = hv = hf = h- (2.148) 

2k X 

From special relativity, 

E = hco = mc 2 (2.149) 

Thus, p, the momentum of the photon is 

p = mc = ^ (2.150) 

c 

where c is the velocity of light, so that 

MV=M{\ + \) + ^- (2.151) 

And, the recoil momentum is 

M\ = -^- (2.152) 

c 



Thus, the recoil energy is given by 



E 2 



(2.153) 
R 2Mc 2 

and depends on the mass of the atom and the energy of the photon. The Doppler energy, E D , is dependent on the thermal 
motion of the atom, and will have a distribution of values which is temperature dependent. A mean value, E D , can be defined 
which is related to E K , the mean kinetic energy per translational degree of freedom [38-39] 

E D ^-kT (2.154) 

M 



E D =2^E R ' = E hv ^ (27155T 

where k is Boltzmann's constant and T is the absolute temperature 7 . As a result, the statistical distribution in energy of the 
emitted photons is displaced from the true excited-state energy by -E„ and broadened by E n into a Gaussian distribution of 

width 2E D . The distribution for absorption has the same shape hut is displaced by +E R . 

For the photon of the hydrogen atom, the linear momentum of the emitted photon is balanced by the recoil momentum of 
the entire atom of mass m H , and the corresponding recoil energy adds to the energy due to the radiation reaction force. The 



' This relationship may also apply to an electron undergoing bonding as given in the Doppler Energy Term of Hydrogen-Type Molecular Ions section. 
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recoil energy E" c ^ mb for the electron in the « = 2 and the corresponding frequency shift Af" c ^ lnb of the hydrogen atom is given 

by Eg. (2.153): 

If. \ 2 

E^r = i=!22Z = 8.87591 X T0 =2r 7 (2.156) 



2m H c 



\2 



¥LT ~ = jfr^T - 13-40 MHz (2.157) 

Lit 2nm H c 

where E hu corresponds to the recoil energy (Eqs. (2.153) and (2.22)) is 

E hv =-13.5983 ev( \-\ J (2.158) 

wherein n = 2 8 . 

Then, the total energy of the hydrogen Lamb shift is given by the sum of Eqs. (2.139-2.140) and (2.156): 

a j?H Lamb a t?H Lamb , » r?H Lamb , j--H Lamb 

^ k ^total ~ ^^^de ^ L ^mag recoil 

= 6.95953 X 10~ 25 J-4.38449X 10~ 27 J + 8.87591X W 21 J (2.159) 

= 7.00445 X1CT 25 J 

The Planck relationship (Eq. (2. 148)) gives L\f" t ^ amb , the Lamb shift energy expressed in terms of frequency: 

A rrH Lamb 

¥ 1 oJ an "' = ■ — ^— [ = 1 057.09 MHz (2.1 60) 
h 

The experimental Lamb shift is [ 4 1] 

Af"J amb (experimental) = 1057.845 MHz (2.161) 

There is good agreement between the theoretical and experimental values given the 100 MHz natural linewidth the 2P state. 
The 0.07% relative difference is within the propagated errors in the fundamental constants of the equations. Tn addition to the 
Lamb shift, the spectral lines of hydrogen are Zeeman split by spin-orbit coupling and electron-nuclear magnetic interactions 
given in the Fine Structure and Hyperfine Structure sections, respectively. 



MUONIC HYDROGEN LAMB SHIFT 



The Lamb shift corresponding to the transition energy from the 2 P V2 state to the 2 S V2 state of the muonic hydrogen atom having 
the quantum numbers n = 2, I -I, m f =0 and n - 2, I = 0, m, = , respectively, is also calculated from the radiation reaction 
force and the atom recoil energy due to photon emission. The radiation reaction force F m of muonic hydrogen comprises three 
terms that follow from Eq. (2.135) and arise from lepton - photon - momentum transfer during the 2 P V2 — > 2 S m transition wherein 

the photon couples with the three possible states of the electron mass corresponding to the three possible leptons. The electron, 

muon, and tau masses are based on the relativistic corrections of the Planck, electric, and magnetic energies, respectively, as 

given in Eq. (32.48). The masses of the heavier leptons, the muon and tau are dependent on the first lepton's mass, the electron 

mass, and each can be considered a relativistic effect of the electron mass. Specifically, the muon is a resonant state of an 

electron given by a relativistic effect of the electron mass as given by Eqs. (36.5-36.6), wherein the muon decays to the electron: 

ti \2Gm e a 2 m 

2tz 2 - = 2ks<zcA — (2.162) 

m^c V ch 



h 

m =- 
c 



( 



K 2Gm e (asec) j 



= 1.8874 XW 2% kg (2.163) 



Likewise, the tau mass having a dependency on the electron mass is given by Eqs. (36.7-36.8): 



-t b \2GmX^fa A m t t ^ 

Ik \ =2sec,J— ^e (2.164) 

ch 

2 

m ^=-(—L-Y( l j 3 =^ 1604 y 10~ 27 % (7.165) 



c I 2Gm„ ) *v 2 sec a 



Thus, the radiation reaction force of relativistic origin is determined by the action on the electron mass with each mass hierarchy 
requiring an additional relativistic correction factor of 2na . Then, using Eqs. (2.135) and (32.48), the first radiation reaction 

term (2ko) regards the photon coupling to the electron whose mass is based on the Planck equation. The second term {2na) 



x As a further example, conservation of linear momentum of the photon is central to the Mossbauer phenomenon. See Mills patent [40]. 
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regards the relativistically corrected electric energy whereby the photon couples to the electron via the muon, and the third term 

\2na) regards the magnetic energy which is a relativistic correction to the electric energy whereby the photon couples to the 

electron via a possible tau state. The first and second radiation reaction terms are negative since the mass-energy of the electron 
and muon are less than or equal to the mass-energy of the bound particle in muonic H with the lower energy state being relative 
to the energy of the state involving an electron. The third term is positive since it is a loss term for a possible, but not obtained 
mass-energy state. The second and third terms involve lepton couplings between two and three leptons, respectively. 

Since the magnetic force between the muon and proton magnetic moment given by Eqs. (1.243-1.252) is also a 

relativistic electrodynamic force involving the lepton mass, it must be corrected by the ratio of the electron to muon mass. The 

radiation reaction force in the muonic hydrogen atom also perturbs the force balance between the muon and proton relative to the 

condition in its absence. The outward centrifugal force on the muon is balanced by the electric force and the mass-ratio- 

corrected magnetic force (Eqs. (1.253) and (2.4)), and the three-term-expanded radiation reaction force (Eg. (2.135)) 
corresponding to the current flow to achieve the current distribution of the 2S l/2 from the 2P l/2 state: 

• 2 -fc 2 A C 2 — fc 2 -, ~, ~ 2 * 



my 



h 1 



0.5e z 



m. 



m„r Ake.x m„ m P r 



f '">" 



-\(2na) +2{2n(x) -~b(2na) 



r) eh 
4%jt w„r 3 



(2.166) 



AjlSr, 



V ^ 

+ 

m, m„ 



-[faaf +2(2xaf -3(2^a) 4 ] 



~~ 77 en 

48tt m„ 



O.Se 1 



:2 ^-^ + [ (2. TO ) 2 +2 (2. TO ) 3 -3 (2. TO ) 4 ] 



(2.167) 



(2.168) 



6m c 



r = 2.0005735a = 9.6755983 X 10"X 

MP h 



(2.169) 
where Eq. (1.35) was used for the velocity, a H is the radius of the hydrogen atom given by Eq. (1.259), and a is defined as 

a H — - . The radius in the absence of the radiation reaction force is r = 2a = 9.6728246 Xl0a H . 
«h, — 



ENERGY CALCULATIONS 

The change in the electric energy of the muon l\E'^ Umh due to the slight shift of the radius of the atom is given by the 

difference between the electric energies associated with the unperturbed and radiation-reaction-force-perturbed radius. Each 
electric energy is given by the substitution of the corresponding radius given by Eq. (2.167) into Eqs. (1.264) and (2.4): 



t\E 



/jp Lamb 



-0.5e 2 



1 1 



-3.22846X10" 20 J 



(2.170) 



%7te^ 

wherein the unperturbed radius given by Eq. (2.5) and Eqs. (1.253-1.259) is r = 2a . 

In addition, the change in the magnetic energy AE^ Li " nb of the muon is given by Eqs. (1.161-1.162) with the substitution 
of the corresponding radii 



-^E-, 



fjp Lamb 



7tn,f h \ \ 1 



= 4*3Uo/4 



7 1 



(2.171) 



+ / 

33- 



= 2.03334 X 10 "J 

where n B is the muon Bohr magneton. 

For the photon of the muonic hydrogen atom, the linear momentum of the emitted photon is balanced by the recoil 
momentum of the entire atom of mass m , and the corresponding recoil energy adds to the energy due to the radiation reaction 



force. The recoil energy E; 



pp Lamb 



for the muon in the n = 2 state and the corresponding frequency shift Af r ^ a am of the muonic 



hydrogen atom is given by Eqs. (2.153): 



-<fip Lamb 



(Ej 



-3.41241 X 1Q- 11 J 



(2.172) 



J recoil 



2m ,p c 



A fPP Lamb ^ 

J recoil ^ 

2n 



Aco_{E^f 



2hm flp c 



= 514.99 GHz 



(2.173) 



where E hu corresponds to the recoil energy (Eqs. (2.153) and (2.22)) for muonic H is 
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£■„,, =-13.5983-^- e v\\-\\ = -2%\\.61 eV\\-\\ (2.174) 
a^ ^ n_J ^ n_J 

wherein « = 2. 

Then, the total energy of the muonic hydrogen Lamb shift corresponding to the transition 2 P [I2 — » 2 S m is given by the 

sum of Eqs. (2.170-2.172): 

A J?MP Lamb a T7MP Lamb . a j? MP Lamb , J7MP Lamb 

^ k ^total ^ L -====*fe ^^^ma g recoil 

= - 3.22846 X 10~ 20 J + 2.03334X 10~ 22 J - 3.41241 X 10~ 22 J (2.175) 

= -3.24225 X1(T 20 J 
The Planck relationship (Eq. (2.148)) gives lsf^ al Lamb , the magnitude of the muonic hydrogen Lamb shift energy corresponding 

to the transition 2 P 1/2 — > 2 S 1/2 expressed in terms of frequency: 



A J7MP Lamb 
' Xa total 



¥Z = — = 48,931.0 GHz (2.176) 

h 

The literature energies for E „ 2 , the 2 Py 2 ° 2 level shift with respect to the unperturbed 2 P in level, and, E ,., , the 



'if2 —"-'Vl 



2 S[ I2 ' lev e l shift with r e spect to the unp e rturb e d 2 S 1I2 l e v e l, ar e [ 4 2] 

£,^-2 ,„ =9.6243 meK = 1.54199 X10 21 J (2.177) 

2 - P 3/2 ~^ 2 M/2 

E^,, = 5.7037 meV = 9.13841 X 10~ 22 J (2.178) 

Then, using Eqs. (2.175) and (2.177-2.178), the total energy of the muonic hydrogen Lamb shift corresponding to the transition 
2 P 3/2 F = 2^ 2 S 1/2 F = lis 

A J?MP Lamb 2 P yr F=2-> 2 S la F=l _ . r-MP Lamb _ p r- 

^ total -'^ total C '2p[ l ; 2 ^2P m + ^Sff 

= -3.24225 X 10~ 20 J-1.54199X 10~ 21 .7 + 9.13841 X 10~ 22 J (2.179) 

= -3.30507 X10 20 J 
The Planck relationship (Eq. (2.148)) gives Af l ^ l L< " nb Pi!lF=2 ^ s y^ F=1 ^ the magnitude of the muonic hydrogen Lamb shift energy 
expressed in terms of frequency: 



\fPP Lamb L P m F=2-> A S l/2 F=l 
A/ total 



'^ r 'l Mal 



lip Lamb 2 P m F=2^> 2 S if2 F=l 



-■ 49,879.0 GHz (2.180) 



h 

The magnitude of the experimental muonic hydrogen Lamb shift matching the 2 S ll2 state lower than the 2 P ll2 and states 2 P 3I2 is 

-E42h- 

\fZ'' amhlFm F=2 ^ Sm F= ' (experimental) = 49,881.88 GH z (2.181) 

There is good agreement between the theoretical and experimental values given the 18.6 GHz natural linewidth of the IP state. 

The 0.0058% relative difference is within the measurement error and propagated errors in the fundamental constants of the 

equations . For example, the relative difference is . 0025% using the 2002 CODATA constants [43] . 

HYDROGEN SPIN-ORBIT COUPLING (FINE STRUCTURE) 

For the 2P level, the possible quantum numbers are n = 2, l = \, m e =0 and n = 2, i = \, m,=+\ corresponding to the states 
2 P m and 2 P 3I2 , respectively. Thus, for l = \, the electron may or may not possess orbital angular momentum in addition to spin 
angular momentum corresponding to m„ = ±1 and m, = 0, respectively. As a consequence, the energy of the 2P level is split 
by a relativistic interaction between the spin and orbital angular momentum as well as the corresponding radiation reaction force. 
The corresponding energy for the transition 2 P 1I2 — >• 2 P y2 is known as the hydrogen fine structure. 

The electron's motion in the hydrogen atom is always perpendicular to its radius; consequently, as shown by Eq. (1.37), 
the electron's angular momentum of Ti is invariant. Furthermore, the e lectron is nonradiativc due to its angular motion as shown 
in Appendix I and the Stability of Atoms and Hydrinos section. The radiative instability of excited states is due to a radial 
dipole term in the function representative of the excited state due to the interaction of the photon and the excited-state electron as 
shown in the Instability of Excited States section. The angular momentum of the photon given in the Equation of the Photon 
section is given by Eqs. (2.132) and (4.1). It is conserved for the solutions for the resonant photons and excited-state electron 
functions given in the Excited States of the One-Electron Atom (Quantization) section and the Equation of the Photon section. 
Thus, the electrodynamic angular momentum and the inertial angular momentum are matched such that the correspondence 

principle holds. It follows from the principle of conservation of angular momentum that — of Eq. (1.131) is invariant (See the 
m- e 

Determination of Orbitsphere Radii section). 
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A magnetic field is a relativistic effect of the electrical field as shown by Jackson [20]. No energy term is associated 
with the magnetic field of the electron of the hydrogen atom unless another source of magnetic field is present. In the case of 
spin-orbit coupling, the invariant h of spin angular momentum and orbital angular momentum each give rise to a corresponding 
invariant magnetic moment of a Bohr magneton, and their corresponding energies superimpose as given in the Orbital and Spin 
Splitting section. The interaction of the two magnetic moments gives rise to a relativistic spin-orbit coupling energy. The vector 
orientations of the momentum must be considered as well as the condition that flux must be linked by the electron in units of the 
magnetic flux quantum in order to conserve the invariant electron angular momentum of ti . The energy may be calculated with 

Q 

the additional conditions of the invariance of the electron's charge and charge-to-mass ratio = , 

m e 

As shown in the Electron g Factor section (Eq. (1.181)), flux must be linked by the electron orbitsphere in units of the 
magnetic flux quantum that treads the orbitsphere at v = c with a corresponding energy of 



2k' 

As shown in the Orbitsphere Equation of Motion for i - Based on the Current Vector Field (CVF) section, the Two-Electron 
Atoms section, and Appendix VI, the maximum projection of the rotating spin angular momentum of the electron onto an axis is 



E*T=2-^ Mk B (2-182) 



— h . From Eq. (2.65), the magnetic flux due to the spin angular momentum of the electron is [19] 
r 3 2mr 3 V4 



"e'2 



B= =s:} ^_ (21g3) 



wher e ju is th e magn e tic moment. The maximum proj e ction of the orbital angular mom e ntum onto an axis is Ti as shown in the 
Orbital and Spin Splitting section with a corresponding magnetic moment of a Boh r magneton ju g . Substitution of the magnetic 
moment of ju g corresponding to the orbital angular momentum and Eq. (2.183) for the magnetic flux corresponding to the spin 
angular momentum into Eq. (2.182) gives the spin-orbit coupling energy E sl0 . 



^S^l 



a I eh | /J eh 13 



2m e r V 4 

The Bohr magneton corresponding to the orbital angular momentum is invariant and the corresponding invariant electron charge 
e is common with that which gives rise to the magnetic field due to the spin angular momentum. The condition that the 
magnetic flux quantum treads the orbitsphere at v = c with the maintenance of the invariance of the electron's charge-to-mass 

ratio — and electron angular momentum of h requires that the radius and the electron mass of the magnetic field term of Eq. 
m e 

(2.184) be relativistically corrected. As shown by Eq. (1.280) and in Appendix I and the Determination of Orbitsphere Radii 

sections, the rclativistically corrected radius r * follows from the relationship between the electron wavelength and the radius. 

2nr = X (2.18 5) 

The phase matching condition requires that the electron wavelength be the same for orbital and spin angular momentum. Using 
Eq. (1.280) with v = c: 

r* = A (2.186) 

Thus, 

r* = — (2.187) 

2k 

The relativistically corrected mass m* follows from Eq. (2.187) with maintenance of the invariance of the electron angular 

momentum of ti given by Eqs. (1.35) and (1.37). 

ft 

mrx v = m e r (2.188) 

m e r 

With Eq. (2.187), the relativistically corrected mass m* is 

m* = 2Ktn e (2.189) 

With the substitution of Eq. (2.187) and Eq. (2.189) into Eq. (2.184), the spin-orbit coupling energy E,, c is given by 



2k 2k { 2m e j 



E, =2 

LK 



a eh 1 /i eh 13 a,Kfi Q e l h l 13 



2m„ 



, ,, r TV4 my V4 

2 ( 2 ™*n 2, 



(2.190) 



(The magnetic field in this case is equivalent to that of a point electron at the origin with A—ti of angular momentum.) 

V4 

In the case that n - 2 , the radius given by Eq. (2.5) is r = 2a . The predicted energy difference between the 2 P m and 
2 P 3/2 levels of the hydrogen atom, E sl0 , given by Eq. (2.190) is 
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E„o= S\ 3 T (2-191) 



ann^e h 13 



8w.V V4 



wherein 1 = 1 and both levels are equivalently Lamb shifted. 



E slo may be expressed in terms of the mass energy of the electron. The energy stored in the magnetic field of the 
electron orbitsphere (Eq. (1.183)) is 

B md±t 



(»OV 



(2.192) 



As shown in the Pair Production section with the v = c condition, the result of the substitution of aa = X c for r n , the 
relativistic mass, 2nm e , for m e , and multiplication by the relativistic correction, of 1 , which arises from Gauss' law surface 

int e gral and th e r e lativistic invarianc e of charg e is 

E mag =m.c 1 (2^3>- 

Thus, Eq. (2.191) can be expressed as 

= a [In) 2J3 = ? 24Q43 x 1Q -24 j (2.194) 



"8 ^Pr 

Using the Planck equation, the corresponding frequency, Af slo , is 

Af s/a = 10,927.02 MHz (2.195) 

As in the case of the 2 P ll2 — » 2 S ll2 transition, an additional term arises in the fine structure interval from the radiation 

reaction force involving electron-photon-momentum transfer during the 2 P U , — » 2 P^ n transition corresponding to the rotating 

orbital dipole that couples with the spin angular momentum. The radiation reaction force F m is given by Eq. (2.135) having the 

/3 
additional relativistic correction factor of 2na with an additional geometrical correction factor of J— matching the rotating 

projection of the spin angular momentum: 

F JH =(2«r) s -2-^lJ| (2.196) 

48;r m e r V 4 

The outward centrifugal force on the electron is balanced by the electric force and the magnetic force (bqs. (1.253) and (2.4)), 
and the radiation reaction force (Eq. (2.196)): 

m e v 2 _ h 2 _ 0.5e 2 h 2 , ^ rj e 2 h [3 



- 3 - 2 3 +(2aar) J ' " ,- (2.197) 

r « e r Aft£ a r m p r 48k m e r \ 4 

, -2u g (2 „ a) 3 * .P (±my 

6m e c V 4 
r = 1.99999990^ (2.199) 
wh ere E q . (1 .3 5) w as used fo r the ve locity and a H is the r adius of th e h ydrogen atom given by Eq. (1 .7. 59) . 

ENERGY CALCULATIONS 

The change in the electric energy of the electron AE" e FS due to the slight shift of the radius of the atom is given by the 

diff e renc e betw ee n th e el e ctric energies associated with th e unp e rturb e d and radiation-rcaction-forcc-pcrturbcd radius. — Each 
electric energy is given by the substitution of the corresponding radius given by Eq. (2.199) into Eqs. (1.264) and (2.4): 



&7T£ 



1 1 



= 2.76347X10^ J (2.200) 



wherein the unperturbed radius given by Eq. (2.5) is r Q - 2a H . 

In addition, the change in the magnetic energy AE"™ of the electron is given by Eqs. (1.161-1.162) with the substitution 
of the corresponding radii 

2*2 f , , \ 

-.„ ps _ Kftf Tl 



A/7""=- 



7r 

m„ 



1 1 



—3 3" 



= 4 mM 2 3 --- (2.201) 




= - 1.74098X10^.7 

where fi B is the Bohr magneton. — 
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Then, the total radiation reaction energy of the hydrogen fine structure A£^ s al is given by the sum of Eqs. (2.200- 

2.201): 

\E HFS - \e h FS + AF H FS 

= 2.76347 X 10~ 26 J -1. 74098 X 10~ 28 J (2.202) 

= 2.74606X10~ 26 J 
The Planck relationship (Eq. (2.148)) gives AfJUJ^ , the radiation reaction energy contribution expressed in terms of frequency: — 

\F HFS 



WZZ = — P" - 41 .44 MHz (2.203) 

h 

Then, the total energy of the hydrogen fine structure AZs^J 5 is given by the sum of Eqs. (2.194) and (2.202): 

ae hfs_ e +ae hfs 

= 7.24043 X 10~ 24 J + 2.74606 X 10~ 26 J (2.204) 

= 7.26789X10" 24 y 
The Planck relationship (Eq. (2.1 4 8)) gives Af" la FS , the fine structure energy expressed in terms of frequency: 

| Aff gfS | 

A f,"f = - — '— = 1 0, 968.46 MHz (2.205) 

h 

The experimental hydrogen fine structure is [41] 
Af^f (experimen t al) = 10,969.05 MHz (2.206) 

The large natural widths of the hydrogen 2F levels limits the experimental accuracy [44]; yet, given this limitation, the 
agreement between the theoretical and experimental fine structure (0.005% relative difference) is excellent and within the cited 
and propagated errors. 

HYDROG E N KN I GHT S H I FT 



In an external magnetic field, the unpaired electron of the hydrogen atom gives rise to a uniform magnetic field contribution at 
the nucleus which is given by Eq. (1.1 52). 

&— r (i r cosfl-i g sinfl) r^r n (2.207) 



m J» 



Multiplication of Eq. (2.207) by the permeability of free space, ju , and substitution of the Bohr radius of the hydrogen atom, 
a^ , given by Eq. (1.259) for r n of Eq. (2.207) gives the magnetic flux, B s , at the nucleus due to electron spin. 

_ B s =^4"i z =157.29 T (2.208) 
«A 

The shift of the NMR frequency of a nucleus by an unpaired electron is called the Knight Shift. The Knight Shift of the 

hydrogen atom is given by the magnetic flux (Eq. (2.208)) times the proton gyromagnetic ratio of 42.5775 MHzT' 1 . The 

experimental value is unknown; however, magnetic hyperfine structure shifts of Mossbauer spectra corresponding to magnetic 

fluxes of 100 Tor more due to unpaired electrons are common. 

SPIN - NUCLEAR COUPLING (HYPERFINE STRUCTURE) 

The radius of the hydrogen atom is increased or decreased very slightly due to the Lorentz force on the electron due to the 
magnetic field of the proton and its orientation relative to the electron's angular momentum vector. The additional small 
centripetal magnetic force is the relativistic corrected Lorentz force, F , as also given in the Two-Electron Atoms section and 

the Three- Through Twenty-Electron Atoms section. 

The orbitsphere with £ - is a shell of negative charge current comprising correlated charge motion along great circles. 

h 

The superposition of the vector projection of the orbitsphere angular momentum on the z-axis is L z =— (Eq. (1.128)) with an 

ft 
orthogonal component of L =— (Eq. (1.127)). The magnetic field of the electron at the nucleus due to L z after McQuarrie 

[19] is 

„ u a eh 
2m e r 
where Mo is trie permeability of free-space (AttX XQ 1 N I A 2 ). An electrodynamic force or radiation reaction force, a force 
dependent on the second derivative of the charge's position with respect to time, arises between the electron and the proton. 
This force given in Sections 6.6, 12.10, and 17.3 of Jackson [36] achieves the condition that the sum of the mechanical 
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momentum and electromagnetic momentum is conserved. 

The magnetic moment of the proton, ju P , aligns in the direction of L z , but experiences a torque due to the orthogonal 

component L CT . As shown in the Orbitsphere Equation of Motion for £ = Based on the Current Vector Field (CVF) section, 

the magnetic field of the orbitsphere gives rise to the precession of the magnetic moment vector of the proton directed from the 

71 

origin of the orbitsphere at an angle of 6 = — relative to the z-axis. The precession of fi p forms a cone in the nonrotating 
laboratory frame to give a perpendicular projection of 



Mpl= y~4 Mp {2210) 

after Eq. (1.129) and a projection onto the z-axis of 

^i =±i f (2.211) 

after Eq. (1.130). At torque balance, L also precesses about the z-axis at 90° with respect to // p|| . Using Eq. (2.209), the 
magnitude of the force F mag between the antiparallel field of the electron and /u p is 



F - 



// p xB 



•Pr? 4 (2.212) 

2m e r 

The radiation reaction force corresponding to photon emission or absorption is radial as given in the Equation of the Electric 
Field inside the Orbitsphere section. The reaction force on the electron due to the force of the electron's field on the magnetic 
moment of the proton is the corresponding relativistic central force, F \ which acts uniformly on each charge (mass)-density 

element ot the electron. The magnetic central torce is derived as follows from the Lorentz torce which is relativistically 
corrected. The Lorentz force at each point of the electron moving at velocity v due to a magnetic flux B is 

F M ^=evxB (2.213) 
Eqs. (2.212) and (2.213) may be expressed in terms of the electron velocity given by Eq. (1.35): 

^=— ^VT^h"^ (2.214) 

m e r 2r 2 

where B is the magnetic flux of the proton at the electron. (The magnetic moment m of the proton is given by Eq. (37.29), and 

the m agnetic, field of the proton follows from the relationship between the magnetic dipole field and the magnetic m oment m as 

given by Jackson [45] where m = jU r i z .) In the lightlike frame, the velocity v is the speed of light, and B corresponds to the 

time-dependent component of the proton magnetic moment given by Eq. (2.210). Thus, the central force is 

„ . eac ju n (3 

^=±—-^-^7 (2-215) 

where the relativistic factor from Eq. (1.249) is a (Eq. (1.205) also gives the velocity as ac), the plus sign corresponds to 
antiparallel alignment of the magnetic moments of the electron and proton, and the minus sign corresponds to parallel alignment. 
The outward centrifugal force (Eq. (1.241)) on the electron is balanced by the electric force (Eq. (1.242)) and the magnetic 
forces given by Eqs. (1.252) and (2.215): 

m e v 2 _ e 3 n 1 eac fi 

r 4xe r 2 mr 1 ~ 2 r 3 ' ^\4 
Using Eq. (1.35), 



± (2.216) 



e J^ ^4 „ p (2 , 217) 



m e r AnSff mr 



h _ e eac p 

mr 3 Akej- 1 ~ 2 r 3 ' " 1 "\4 



-o' 



■+ J -j = -r^-T ± ^ £ T /Wt ( 2 - 218 ) 



. ggcft Mp 



— ± '•"•'■ -=-l—r (2.219) 

M, 2 V4 4mr u _ 

r = u h iyr^ft MpJ- (2.220) 

, tna fi p [i 

r = a H + P A- (2.221) 

ec \4 

where ju e is the reduced electron mass given by Eq. (1.255), a H is the Bohr radius of the hydrogen atom given by Eq. (1.259), 

the plus sign corresponds to parallel alignment of the magnetic moments of the electron and proton, and the minus sign 
corresponds to antiparall e l alignm e nt. 
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ENERGY CALCULATIONS 

The magnetic energy to flip the orientation of the proton's magnetic moment, jLi r , from antiparallel to parallel to the direction of 
the magnetic flux B s of the electron (180° rotation of the magnetic moment vector) given by Eqs. (1.168), (2.209), and (2.210) 
is 



a /^proton spin 



ju eh 



■-4h 



ICi*i 



-fl a f<nf<i 



- i- + i- I = -1 .918365 X 10 ~ 2 V 



(2.2.22) 



2m t 



I4{r; 



4{r; 



where the Bohr magneton, ju B , is given by Eq. (1.131). 

The change in the electric energy of the electron due to the slight shift of the radius of the electron is given by the 
difference between the electric energies associated with the two possible orientations of the magnetic moment of the electron 
with respect to the magnetic moment of the proton, parallel versus antiparallel. Each electric energy is given by the substitution 
of the corresponding radius given by Eq. (2.221) into Eq. (1.264). The change in electric energy for the flip from antiparallel to 
parallel alignment, A E s Jf , is 



4 J- 



A£f, 



8;rg n 



= 9.597048 XW a J 



(2.223) 



In addition, the interaction of the magnetic moments of the electron and proton increases the magnetic energy, E , of 
the electron given by Eqs. (1.161-1.162). The term of E for the hyperfine structure of the hydrogen atom is similar to that of 
muonium given by Eq. (2.244) in the Muonium Hyperfine Structure Interval section: 



1+ — +a\ cos— 

3 { 3 



2^ 



7TjU e h 



2*2 ( j j 



m„ 



3 3 

r r 

v + - J 



T+ 



2_L cl 



4xMoM~b 



J L 



(2.224) 



. .-*0/"£ 3 

4 J l r + 



a. 74886 IX 10" 26 7 



where the contribution corresponding to electron spin gives the first term, 1, and the second term, | — | , corresponds to the 



rotation of the electron about the z-axis corresponding to the precession of L . The geometrical factor of — for the rotation is 

given in the Derivation of the Magnetic Field section in Chapter One (Eq. (1.140)) and by Eq. (11.391), and the energy is 
proportional to the magnetic field strength squared according to Eq. (1.154). The relativistic tactor from Eq. (1.249) and Eqs. 

(1.161) and (2.190) is a times cos— where the latter term is due to the nuclear magnetic moment oriented 9 = — relative to 

the z-axis. The energy is proportional to the magnetic field strength squared according to Eq. (1.154). 

The total energy of the transition from antiparallel to parallel alignment, AEfJ^ , is given as the sum of Eqs. (2.222- 



2.224): 



\ j-iS/N * i-'proton spin 

total maa 



■AE, 



■■ -1.918365 X W 2A J + 9.5970 4 8 X 10~ 25 7 + 1.7 4 8861 X W 26 J 



(2.225) 



= -9.41 1714 X10~ 25 J 
The energy is expressed in terms of wavelength using the Planck relationship, Eq. (2.148): 



2 SIN _ 



he 



■ = 21.10610 cm 



(2.226) 



AF 



The experimental value from the hydrogen maser is [46] 






:21.10611cm 



(2.227) 



The 21 cm line is important in astronomy for the determination of the presence of hydrogen. There is remarkable agreement 
between the calculated and experimental values of the hyperfine structure that is only limited by the accuracy of the fundamental 
constants in Eqs. (2.221-2.224). 
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MUONIUM HYPERFINE STRUCTURE INTERVAL 

Muonium (/J + e~, M) is t he hydrogenlike bound s t ate of a positive muon and an electron. The solu t ion of the ground s t a t e 

( 1 7 S l/2 ) hyperfine structure interval of muonium, A v Mu , is similar to that of the hydrogen atom. The electron binds to the muon 

as both form concentric orbitspheres with a minimization of energy. The outward centrifugal force (Eq. (1.241)) on the outer 
electron is balanced by the electric force (Eq. (1.242)) and the magnetic forces due to the inner positive muon given by Eqs. 
(1 . 252) and (2 . 215) . The resulting force balance equation is the same as that for the hydrogen atom given by Eq . (2 . 216) with 



the muon mass, m , replacing the proton mass, m . and the muon magnetic moment. » . replacing the proton magnetic moment. 



fi p . The radius of the electron, r 2 , is given by 
e 2 h 2 , eac u n 13 



my 



n 



(2.228) 



4?zg</ 2 



Using Eq. (1.35), 
h 2 



2 



h 1 



Atte. 



eacjt u /3 



, eac u a 

± ~r. TM, 



(2.229) 



M e , M 



AnSr, 



(2.230) 



2na u h 



(2 .7. 3 1) 



2na u tl /3 ,, 

" - = 5.31736859X10-" m 



(2.232) 



Ina fi 



k -a,,-- 



'*- '— = 5.317361 16X10"" m 



(2.233) 



where ju is the reduced muonium-electron mass given by Eq. (1.255) with the mass of the proton replaced by the mass of the 

muon, a^ is the Bohr radius of the muonium atom given by Eq. (1.259) with the reduced electron mass, // e (Eq. (1.255)), 

replaced by fi e . The plus sign corresponds to parallel alignment of the magnetic moments of the electron and muon, and the 

minus sign corresponds to antiparallel alignment. 
The radii of the muon, r, , in different spin states can be determined from r 7 , the radii of the electron (Eqs. (2.232- 

2.233)), and the opposing forces on the muon due to the bound electron. The outward centrifugal force (Eq. (1.241)) on the 
muon is balanced by the reaction forces given by Eq. (2.228): 



h 2 



-fthfi, 



eac Li„ /3 



(2.234) 



Using Eq. (1.35), 



h _ h eac fi a 
m/l — m/l 2 rl — > 'V4 



(2.235) 



m m eac 

m oti 



2K 



(2.236) 



'2 



(2.237) 



m m eac 
y m e 2h 2 ^°^V4 y 



Using Eqs. (2.232-2.233) for r 2 



2na /if, 3 



a.,± 



m„ m„eac 

r_ + r 



~27T 



MoM, 



(2.238) 
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Ina Up [3 



-- 8.9922565 X 1(T ' Z m 



(2.239) 



«„ 2« 




= 8.9922 4 822 Z lO" 12 m 



(2.2 4 0) 



where the plus sign corresponds to parallel alignment of the magnetic moments of the electron and muon and the minus sign 
corresponds to antiparallel alignment. 



ENERGY CALCULATIONS 

The magnetic energy, AE'^Z (A v Mu ) , to flip Llie orientation of the union's magnetic moment, jr , from antiparallel to parallel to 
the direction 01 the magnetic llux B s 01 the electron (1 80" rotation ol the magnetic moment vector) given by Eq. (2.222) is 

Y 1 1 A WC 



AE spa 

mag 



(AK M „): 



jU eh 1 3 



(m=- 



K r TV 



11) /3 



K f TJ- 



-L + -L I = -6.02890320 X VJ a J 



(2.241) 



wherein the muon magnetic moment replaces 


the proton ma 


gnetic moment and the electron Bohr 


magneton, 


M„, 


is given by Eq. 


(1.131). 
















An electric field equivalent to that of 


a point charge 


of magnitude 


+e at the origin only 


exists for r 


<r 


Z'i- 


Thus, the 



change in the electric energy of the electron due to the slight shift of the radius of the electron is given by the difference between 
the electric energies associated with the two possible orientations of the magnetic moment of the electron with respect to the 
magnetic moment of the muon, parallel versus antiparallel. Each electric energy is given by the substitution of the 
corresponding radius given by Eq. (2.231) into Eq. (1.264) or Eq. (2.223). The change in electric energy for the flip from 
antiparallel to parallel alignm ent^ Aff . c [Av Mu ), is 



^elM V Mu) = 



%7t£ n 



J 1_ 

r 2+ r 2 _ 



= 3. 02903048 Z10~ 24 J 



(2.242) 



For each lepton, the application of a magnetic field with a resonant Larmor excitation gives rise to a precessing angular 

JT 

momentum vector S of magnitude h directed from the origin of the orbitsphere at an angle of - — relative to the applied 

magnetic field. As given in the Spin Angular Momentum of the Orbitsphere Y^(6,<j)) with £ = section, S rotates about the axis 

of the applied field at the Larmor frequency. The magnitude of the components of S that are parallel and orthogonal to the 

% , /T 

applied lield (Eqs. (1.129-1.130)) are — and J—Tt, respectively. Since both the KF held and the orthogonal components shown 

in Figure 1.25 rotate at the Larmor frequency, the RF field that causes a Stern Gerlach transition produces a stationary magnetic 
field with respect to these components as described by Patz [47]. The corresponding central field at the orbitsphere surface 
given by the superposition of the central field of the lepton and that of the photon follows from Eqs. (2.10-2.17) and Eq. (17) of 
Box 1.1: — 



E = -^[%(e,t)i I+ Jte{Y?(0,t) t r«}i r 5(r-r l )] 



Axs^r 



(2.243) 



where the spherical harmonic dipole Y™(8,<f) = sm6 is with respect to the S - axis. The dipole spins about the S - axis at the 

angular velocity given by Eq. (1.36). The resulting current is nonradiative as shown in Appendix I: Nonradiation Condition. 
Thus, the field in the RF rotating frame is magnetostatic as shown in Figures 1 .28 and 1.29 but directed along the S-axis. 

The interaction of the magnetic moments of the leptons increases their magnetic energies given by Eqs. (1.161-1.162) 

with the mass of the corresponding lepton: 
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Emag.e \^ V Mu) ~ ' 



\ ( 2 ^T 

1+ — cos— 



a 



2+2 ( 

7Tju e n 



\ 1_ 

„3 „3 



, i 2 n , 

1 + 1 —cos — | +a 



=A23amUKJL 10" 



Att/^Hb 



1 1 



v>i 



(2.244) 



nfi a e % 



i r 



^stored I \ \_ 

a mag, t i\ Li - v Mu)- 



1 + 1 —cos— | +a 



. r 3 
vi+ 



= -TT-cos- +a 4^7^, — — r 

— VJ J-J j Mi t t=z 



'i- J 



(2.245) 



= 1. 36122030 X 10" 28 J 
where (1) the radii of the electron and muon are given by Eq. (2.232-2.233) and Eqs. (2.239-2.240)), respectively, (2) ji B is the 
muon Bohr magneton given by Eq. (1.131) with the electron mass replaced by the muon mass, (3) the first term is due to lepton 

(2 7l^\ 71 2 

spin, (4) the second term, —cos — is due to S, oriented 8 = — relative to the z-axis, wherein the geometrical factor of — 

corresponds to the source current of the dipole field (Eq. (2.243)) given in the Derivation of the Magnetic Field section (Eq. 
(1.140)) and by Eq. (11.391), and the energy is proportional to the magnetic field strength squared according to Eq. (1.154), and 
(5) the relativistic factor from Eq. (1.249) and Eqs. (1.161) and (2.190) is a . 

The energy of the ground state (l 2 ^) hyperfine structure interval of muonium, AE(Av Mu ) , is given by the sum of Eqs. 
(2.241-2.242) and (2.244-2.245): 



-6.02890320X 10~ 24 J + 3.02903048 X 10~ 24 J + 4.23209178X lO" 26 J + 1.36122030 X 10~ 28 J 
-2.95741568X10" 24 J 



(2.246) 



Using Planck's equation (Eq. (2.148)), the interval frequency, A v Mu , and wavelength, AA Mu , are 



Av Mu = 4.46330328 GHz 



(2.247) 



AX Mu = 6.71682919 cm 



The expe r imental hy p erfine structure interval of muonium [48] is 

A£(Av Mi ) = -2.957415336X 10~ 24 J 
A v Mu =4.463302765(53) GHz (\2ppm) 



(2.248) 



(2.249) 



M Mu =6.71 682998 cm 



There is remarkable (7 to 8 significant figure-) agreement between the calculated and experimental values of Av Uu that is only 
limited by the accuracy of the fundamental constants in Eqs. (2.239-2.240), (2.241-2.242), and (2.244-2.245) as shown by using 
diffe r ent COD ATA values [49-50]. 
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Chapter 3 



ELECTRON IN FREE SPACE 



CHARGE-DENSITY FUNCTION 

The radius of a spherical wavefront of light goes to infinity as it propagates from a spherically-symmetrical source such that its 
propagation in the far-field is given by the plane-wave equation: 

E = E e- ik ^ (3.1) 

Light and electrons display identical propagation and diffraction behavior. (This is expected because an electron is created from 
a photon as derived in the Pair Production section). Electrons behave as two-dimensional wavefronts with the de Broglie 
wavelength, A = h/ p , in double-slit experiments (Davisson-Germer experiment) [ 1 ] . The plane wave nature of free electrons is 
demonstrated in the Electron Scattering by Helium section 1 . The results of the double-slit experiment are derived classically in 
the Two-Slit Interference (Wave-Particle Duality) section. Analogous to the behavior of light, the radius of the spherically- 
symmetrical electron orbitsphere increases with the absorption of electromagnetic energy [2]. 

Consider an idealized hypothetical state. With the absorption of exactly the ionization energy, the atomic radius r goes to 
infinity, the electron momentum goes to zero, and the de Broglie relationship given by Eq. (1.15) predicts that the electron 
wavelength concomitantly goes to infinity corresponding to an infinitely large electron. The interaction radius of an infinitely 
large atom goes to infinity also. Such a state is not physical; so, let's consider the case observed. In order for the atom to 
become ionized to form a free electron, the atom must absorb energy greater than its ionization energy. The radius of the 
spherical shell (electron orbitsphere) goes to infinity as in the case of a spherical wavefront of light emitted from a symmetrical 
source, but it does not achieve an infinite radius. Rather it becomes ionized with the free election propagating with linear 
velocity, v. , and the de Broglie wavelength is finite as shown in Figure 3.1. The ionized electron is a plane wave that propagates 
as a wavefront with the de Broglie wavelength where the size of the electron is the de Broglie wavelength, A = h/p,as shown 
below. 

Figure 3.1. Time-lapsed image of electron ionization. With the absorption of a photon of energy in excess of the binding 
energy, the bound electron's radius increases and the electron ionizes as a plane-wave. 




' Particles such as the proton and neutron also demonstrate interference patterns during diffraction. The observed far-field position distribution is a picture 

In 
of the particles' transverse momentum distribution after the interaction. The momentum transfer is given by tik where k= — is the wave number. The 

A 

wavelength X is the de Broglie wavelength associated with the momentum of the particles which is transferred through interactions. An example is the 
interference pattern for rubidium atoms given in the Wave-Particle Duality is Not Due to the Uncertainty Principle Section. 
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The ionized electron traveling at constant velocity, v z , is nonradiative and is a two-dimensional surface having a total 
charge of e and a total mass of m. . The spacetime charge-density function of the ionized electron is solved as a boundary value 
problem as described previously for the bound electron in the One Electron-Atom section. The de Broglie wavelength 
relationship given by Eq. (1.38) must hold independent of the radius of the electron. The relationship between the electron 
orbitsphere radius and its wavelength, is given by Eq. (1.15). The integral of the magnitude of the angular momentum density is 
% (Eq. (1.37)) independent of the electron radius; thus, for both the bound electron and the free electron, the total magnitude of 
the angular momentum is h . The spacetime plane-wave charge-density function of the free electron is a solution of the classical 
wave equation (Eq. (1.56)). The current density function possesses no spacetime Fourier components synchronous with waves 
traveling at the speed of light; thus it is nonradiative. As shown below, the solution of the boundary value problem of the free 
electron is given by the projection of the orbitsphere into a plane that linearly propagates along an axis perpendicular to the 
plane. The velocity of the plane and the orbitsphere is given by Eq. (1.35) where the radius of the orbitsphere in spherical 
coordinates is equal to the radius of the free electron in cylindrical coordinates. 

Consider an electron orbitsphere of radius r . The boundary condition that the de Hroglie wavelength holds and the 
angular momentum is conserved as shown infra for any electron radius requires that the ionized electron is the projection of the 
orbitsphere into 7T(z), the Cartesian xy -plane that propagates linearly along the z-axis with the same linear velocity as the 
electron orbitsphere. The mass-density function, a m (p,<f>,z), of the electron with linear velocity along the z-axis of v z in the 

inertial frame of the proton 2 given by Eq. (1.35): 
h h n 



m e r n m/ m e p 



(3.2) 



is given by the projection into the xy-plane of the convolution, ® , of the xy-plane, 71 (z) , with an orbitsphere of radius r . The 
convolution is 



7T{z) ®5{r-r 9 ) = Jr 2 - z 2 8{r - ^ - z 2 ) (3.3) 

where the orbitsphere function is given in spherical coordinates. The equation of the free electron is given as the projection of 
Eq. (3.3) into the xy-plane which in cylindrical coordinates is 



° m (p,&z) = Njp (> 2 -p 2 S(z) for0<p<p 
o" m (A^z) = forp a <p 



(3.4) 



where N is the normalization factor for the charge and mass plane-wave defined by 71 



which represents a two- 



^7¥ 

dimensional disc or plane-lamina disc of radius p . The total mass is m e . Thus, the normalization factor N in Eq. (3.4) is 
given by 



m_. =N 



4 



p - p pdpd(j> 
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(3.6) 



3 
The mass-density function of a free electron is a two-dimensional disc (essentially zero thickness equal to its Schwarzschild 

radius r g = — j*- - 1.3525 X 1CT 57 m according to Eqs. (32.36) and (32.140b)). The mass-density distribution, o m {p,<j>,z), and 



charge-density distribution, < j e [p,^,z) , in the xy-plane at S(z) are 



2 The universe is electrically neutral and contains no antimatter according to the particle production equation (Eq. (3 1.172)) of the contracting phase of the 
oscillatory universe. Particle production proceeds through a neutron pathway that gives the number of electrons of the universe equal to the number of 
protons. The wavelength and the radius of the electron must depend on the velocity relative to the proton's inertial frame in order that relativistic 
invariance of charge holds and the universe is electrically neutral. 

In the case of an observer in an inertial frame with constant relative motion with respect to the direction perpendicular to the two-dimensional 
plane containing the free-electron, the de Broglie wavelength of the electron in both the proton frame (the special frame of origin of the free electron) and 
the second inertial frame are the same. The radius of the electron is also the same in both frames and is given by 



Po= — 



(1) 



where p^ is the electron momentum in the z-direction relative to the proton. There is no Lorentz contraction in the second frame since the electron is 
oriented perpendicular to the direction of relative motion. Eq. (1) further satisfies the conditions that the moving electron acquires velocity by acceleration 
with concomitant photon emission in quantized units of ft and that the electric field of the moving electron is no longer that of the electron at rest. 
Conservation of angular momentum and energy gives rise to the de Broglie relationship as given in the Classical Physics of the de Broglie Relationship 
section. 
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and 



<*"*(A«M)=" 

a m (p,0,z) = O 

a e (p,t,z) = — 

3 

a e (p,0,z) = O 



-m 



l~2 2 -> m e 



p_ 



<5(z) for 0< pip, 
for p„<p 



(3.7) 
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^\S{z) forO<p<p 
for p <p 



(3.8) 



tn e 

respectively, where — "— is the average mass density and — - is the average charge density of the free electron. The magnitude 
npi xp 

of each distribution is shown in Figure 3.2. The charge-density distribution of the free electron given by Eq. (3.8) and shown 
in Figure 3.2 has recently been confirmed experimentally [3, 4], Researchers working at the Japanese National Laboratory for 
High Energy Physics (KEK) demonstrated that the charge of the free electron increases toward the particle's core and is 
symmetrical as a function of <j> . 

Figure 3.2A. The angular-momentum-axis view of the magnitude of the continuous mass(charge)-density function in the xy- 
plane of a polarized free electron propagating along the z-axis and the side view of this electron. For the polarized electron, the 
angular momentum axis is aligned along the direction of propagation, the z-axis. 
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Figure 3.2B. The magnitude plotted along the z-axis of the mass(charge)-density function of the free electron traveling at 
10 5 mis relative to the observer. From Eq. (3.29), the radius of the xy-plane-lamina disc is \.\6X 1(T 9 m, and fromEqs. (3.7) 
and (3.8), the maximum mass density and charge density at p = are 3.25 X 1CT L1 kglm 2 and 0.0571 Clm 2 , respectively. 




This surface has an electric field equivalent to a point charge at the origin along the z-axis as shown in the Electric Field of a 
Free Electron section. 



ELECTRIC FIELD OF A FREE ELECTRON 

The electric potential of a free electron is given by Poisson's Equation for a charge-density function, p(x\y\z') 

«h,,,HJI , *w . 

and the charge-density function of the electron, Eq. (3.8): 



<D(x,j,z) = - 



1 



3** 



I i 



"H~ yl Jp 2 -x' 2 -y' 2 S(z')dx'dy'dz' 



-pa -4p;-r 



J{x-x') 2 + (y-y') 2 +z 2 



For x = y = z = 0, using #200 of Lide [5] gives, 
®{x, y,z) = -—4— j yjpt-p 2 dp = - 
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For r = *Jx 2 + y 2 + z 2 



»A 



cD(r)= 



4/E£ r 



(3.9) 



(3.10) 



(3.11) 



(3.12) 



Eq. (3.12) is equivalent to the potential of a point charge at the origin. The electric field, E, is the gradient of the electric 
potential given by Eqs. (3.10-3.12): 

E = -V<D (3.13) 

A schematic of the field is shown in Figure 3.3. 
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Figure 3.3. The electric field of a free electron. The lines are normal to the surface and approach that of a point charge at the 
center-of-mass in the far-field. 




CURRENT-DENSITY FUNCTION 

In general, the current-density function is the product of the charge-density function times the angular velocity function. If the 
intrinsic electron current was variable over time, then radiation would result, and the electron would be unstable. A current that 
changes over time is also inconsistent with the Lorentz invariant electron magnetic moment of one Bohr magneton. Thus, in 
order to for the current to be stable over time, the current must be constant and given by the product of the free-electron charge 
density (Eq. (3.8)) and a constant angular velocity. The magnitude of the angular velocity of the orbitsphere is given by Eq. 
(1.36): 

(0 = ^-r (3.14) 

Rather than being confined to a spherical shell, the free electron possesses time harmonic charge motion in the xy-plane at a 
constant angular frequency. That is, at each point on the free electron, the current moves along a flat current loop time 
harmonically. This holds for all points such that the current confined to a plane is constant. Since the charge density is 
determined, the boundary condition on the angular velocity is applied next to solve the current density function of the free 
electron. Consider the boundary condition that arises during the ionization of a bound electron to form a free electron. During 
ionization of the electron, the scalar sum of the magnitude of the angular momentum, h , must be conserved. The current- 
density function of a free electron propagating with velocity v_ along the z-axis in the inertial frame of the proton is given by 
the product of the charge density and the constant angular velocity. Since the mass to charge ratio of the electron is invariant, 
the corresponding boundary condition is that the angular momentum of h is conserved. The projection of the constant angular 
velocity of the orbitsphere into the plane of the free electron gives the angular velocity of the form 

w = N a ^- T (3.15) 

m e Po 

where N a is the normalization constant that gives h of angular momentum. The angular momentum, L, is given by 

Li, =m e p 2 a> (3.16) 

Consider the case that N = — such that 

2 

o = \-^-i (3-17) 

Substitution of the mass density, <? m , given by Eq. (3.7) and the angular frequency, co , given by Eq. (3.17) into Eq. (3.16) gives 
the angular momentum-density function L which is shown in Figures 3.4A and 3.4B. 

LL=iV^V^-T/> 2 (3-18) 
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Figure 3.4A. The plot as a function of p of the angular momentum density in the plane of a free electron having 
v 7 =100 mis. 
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Figure 3.4B. The cut-away, relief view of the angular momentum density in the plane of a free electron having 
v, =lQ0m/s. 




The total angular momentum of the free electron is given by integration over the two-dimensional disc having the angular- 
momentum density given by Eq. (3.18). Using integral #211 of Lide [5] gives: 

■5 ft 



Li 5 =f I^—Jpj-P^- jp 1 pdpd<j> 



= 7.71 



-Wo 

ft 5 



2 5 2 
3^° 



2 m e p- 



1 , 2 2 ]/ 2 2\ 3 '' 2 



(3.19) 



/o 



= 2/r- 



fr 5 2 



rt /215 A 

Thus, the constant angular velocity at each point on the two-dimensional lamina is given by Eq. (3.17). 



(3.20) 
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The intrinsic current-density function of the free electron is given by the product of the angular velocity co and the 
charge-density function given by Eqs. (3.17) and (3.8), respectively. The total current density 3{p,<j>,z,t) additionally 
comprises the component due to translational motion. The total current-density function is given by 



i(p,<j>,z,t) = 



-m 



r~2 — rs 



75 h 



2 m e pl 



'(*)+■ 



eh 

m e p 



5(z- 



m e p a 



■t)h 



(3.21) 



The intrinsic current is shown in Figure 3.5. 



Figure 3.5. The magnitude plotted along the z-axis of the current-density function, J, of the free electron traveling at 
10 5 ms' 1 relative to the observer. From Eq. (3.29), the radius of the xy-plane-lamina disc is 1.16X10 m , and from Eq. (3.21), 
the maximum current density at p = is 1.23 X \O u Am~ 2 . 
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The spacetime Fourier transform of Eq. (3.21) is [6-7] 

eh h 

sinc(.sp ) + 2;r<? S(o)-k »v ) 

4 ,3 m n 



3** ' 



m ePa 



2/r 



(3.22) 



where s is the wavenumber — . The condition for nonradiation of a moving charge-density function is that the spacetime 

P n 
Fourier transform of the current-density function must not possess components synchronous with waves traveling at the speed of 

light, that is synchronous with — or synchronous with — I — where e is the dielectric constant of the medium. The Fourier 

c c\s 

transform of the current-density function of the free electron is given by Eq. (3.22). Consider the radial part of, J ± , the Fourier 
transform of the current-density function where the z spatial dimensional transform is not zero: 
sin sp 



J ± ■* sinc(sp ) = - 



•'A 



(3.23) 



For time harmonic motion corresponding to the electron parameters co and s , Eq. (1.15), 

2 m = Z n (3.24) 

The charge motion of the free electron is angular, and consequently the radius undergoes Lorentz contraction as shown in the 
Special Relativistic Correction to the Ionization Energies section. Consider the wave vector of the sine function. When the 
velocity is c corresponding to a potentially emitted photon, s is the lightlike s° wherein 

s»v = s»c = fi> (3.25) 

The relativistically corrected wavelength given by Eq. ( 1 .280) is 

A, =4. (3-26) 

as also shown in Appendix I: Nonradiation Based on the Electromagnetic Fields and the Poynting Power Vector. Substitution of 
Eq. (3.26) into the sine function results in the vanishing of the entire Fourier transform of the current-density function. Thus, 

spacetime harmonics of — = k or — I — = k do not exist. Radiation due to charge motion does not occur in any medium when 
c c\e n 
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this boundary condition is met. Furthermore, consider the z spatial dimensional transform of, J L , the Fourier transform of the 
current-density function: 

Ti 

J ± a- Ittc §{m — k « v ) (3.27) 

m e p 

The only nonzero Fourier components are for 

K- a ^ (3JS>- 

v z cos 6 c 

where 8 is the angle between k z and \ z . Thus, no Fourier components that are synchronous with light velocity with the 

propagation constant |kj = — exist. Radiation due to charge motion does not occur when this boundary condition is met. It 

c 



follows from Eq. (3 .2) and Eq. (3 .24) that the wavelength of the free electron is 



4,= — = 2np (3.29) 



which is the de Broglie wavelength. 



Ti 

The free electron is a two-dimensional disc with a charge distribution given by Eq. (3.8) having a radius p given by Eq. (3.29). 
This distribution is a minimum energy, two-dimensional surface 3 . An attractive magnetic force exists between current circles in 
the xy-plane. The force balance equation is given by equating the centrifugal and the centripetal forces. 

The centripetal torce, V , between the current loops is the electrodynamic or radiation-reaction magnetic torce as given 

in the One Electron Atom — Determination of Orbitsphere Radii section and the Two-Electron Atoms section. Here, each 
infinitesimal point (mass or charge-density element) of the free electron moves azimuthally about the angular-momentum axis 
on a circle at the same angular velocity given by Eq. (3.17) at a radius Q<p<p a , and each point has the mass density and 
charge density given by Eqs. (3.7) and (3.8), respectively. Due to the relative motion of the charge-density elements of each 



3 The only in-plane force is the centripetal force. There is no field in the plane of the lamina; thus, there is no electrostatic self interaction. The 



continuous charge density function is a two-dimensional equipotential energy surface with an electric field that is strictly normal for z > z according to 

Gauss' law and Faraday's law where the free electron is defined by S(z — z 1. The relationship between the electric field equation and the electron 
source charge-density function is given by Maxwell's equation in two dimensions [8-9]. 

i i«(E -E )=- (if- 

s 

o 

where n is the normal unit vector, E and E are the electric fields on each side of the electron, and u is the surface charge density. This relation shows 

that only a 2-D geometry meets the criterion for a fundamental particle. This is the nonsingularity geometry that is no longer divisible. It is the dimension 
from which it is not possible to lower dimensionality. In this case, there is no electrostatic self-interaction since the corresponding potential is continuous 
across the surface according to Faraday's law in the electrostatic limit, and the field is discontinuous and normal to the charge according to Gauss' law [8- 

1 ], Th us, only the continuous current density fu nction n eed be considered. 

It was shown in the Electron g Factor section that as a requirement of the conservation of angular momentum, the magnetic moment of the 
electron can only be parallel or antiparallel to an applied magnetic field. Similarly, in order to conserve angular momentum, any internal change in the 
bound-electron current distribution and its corresponding angular momentum requires emission of a photon that carries angular momentum in its electric 
and magnetic fields only in discrete units of ti as given in the Equation of the Photon section. Conservation of angular momentum also requires that this 
condition be met for the free electron. Self interaction of the current of the free electron having the angular momentum distribution given in the Current- 
Densi t y Func t ion sec t ion and the S t eru-Gerlach Experimen t sec t ion requires t he emission of a pho t on having an angular momen t um tha t is a fr action of ti — 
which is not possible according to Maxwell's equations as given in the Excited States of the One-Electron Atom (Quantization) section. Thus, any self 

interaction is a radiation-reaction type wherein k is also the lightlike k° such that k = a> I c . Any such light-like interaction can only be central. Since 
the velocity of each point of the electron for a given p is the same, the current of the orbitsphere is confined to a circle in the v = c frame as well as the 
lab frame as given by Eq. (1.280). Since the current is orthogonal to the central vector at the same p for each circular current-density element, there is no 
self interaction, but there is an interaction between circular current-density elements for different values of p that balances the centrifugal force as given 
by Eq. (3.30) and Eqs. (3.37-3.38). 

As given by Eq. (3.15), the total angular momentum confined to the plane of the free electron is ti . The radiation reaction force requires 
conservation of the reaction photon's angular momentum of % . Thus, this force is only present for the free electron as opposed to the bound electron 
since the radial direction in the bound case is perpendicular to the surface and a photon of h of angular momentum may only be emitted through a release 

of energy due to the central field. 

Furthermore, since fundamental particles such as the electron are superconducting, nonresonant collisions cannot change the intrinsic angular 
momentum. Such collisions involve the entire particle. And, the intrinsic angular momentum remains unchanged, except when a resonant photon is 
emitted or absorbed according to the Maxwellian-based conservation rules given in the Excited States section and the Equation of the Photon section. 

Similar to the case of the electric field, a discontinuity in surface mass density gives rise to a discontinuity in the curvature of spacetime 

originating at the two-dimensional surface. Thus, in addition to the absence of electric self-interaction (Appendix II), the Virial theorem does not apply 
regarding gravitational self-interaction. The derivation of the gravitational field is given in the Gravity section. 
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electron current loop, a radiation reaction force arises between each loop. This force given in Sections 6.6, 12.10, and 17.3 of 
Jackson [11] achieves the condition that the sum of the mechanical momentum and electromagnetic momentum is conserved. 
The magnetic central force is derived from the Lorentz force, which is relativistically corrected. The magnetic field at the 
electron current loop at position p<p due to the electron current loop at position p follows from Eq. (1.130) after McQuarrie 
[12]: 

B = -^- (3.30) 



wherein the intrinsic angular momentum during photon interaction is the same as that of a bound electron as shown in the Steru- 
Gerlach Experiment section and Mo is the permeability of free-space (An: X 10" 7 N I A 1 ). The motion at each point of the 
electron loop at radius p<p in the presence of the magnetic field of the current loop at position p gives rise to a central force 
which acts at each point of the former. The Lorentz force at each point moving at velocity v is 

V mag =evxB = eptoxB (3r3T)- 

Substitution of Eq. (3.17) for w and Eq. (3.30) for B based on the angular momentum of the free electron of h gives 
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Furthermore, the term in brackets can be expressed in terms of the fine structure constant a . The radius of the electron loop in 
the light-like frame is X c . From Eq. (1.250) 

e M ° = 2ko. (3^3>- 

2 ™ e Po 

Based on the relativistic invariance of — corresponding to the invariance of fi B given by Eq. (1.131) as well as its invariant 

m e 

angular momentum of h, it can be shown that the relativistic correction to Eq. (3.32) is the reciprocal of Eq. (3.33). 
Specifically, as shown previously in the One Electron Atom — Determination of Orbitsphere Radii section and the Two-Electron 
Atoms section, the relativistic correction y ' due to the light speed electrodynamic central force is 

y'={27ia,y (3.34) 
Thus, Eq. (3.32) becomes 

^^^ (^ 



2 m e p 
Eq. (3.35) gives the force as a function of the radius p . 

The centrifugal force due to each point on each current loop about the angular-momentum axis is balanced by the 

centripetal force F mag . During the radiation reaction event, the centrifugal force, F ; cemrifmaI , at each point of the free electron of 

mass m i is given by 

,,2 

(3.36) 
-P-~ 
(An equation for F ma — that is also proportional to the angular frequency squared that parallels that of Eq. (3. 4 1) is given by 

expressing the magnetic flux in terms of the current given by the charge times the angular frequency [13].) The velocity v at 

each point follows from the angular velocity (Eq. (3.17)) and is given by 

5 2 . 

2m e p 

where p is the radius of the point. Substitution of Eq. (3.37) into Eq. (3.36) gives 



f =-Hh. 

i centrifugal 
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(3.38) 



V ~ "'en J 



The integral over the density gives the total lorce V cmtrifugal . As in the case ol F , V cmtrifugal tor the radiation reaction event is 
linear in p such that the force per unit area is equal over the two-dimensional lamina to maintain the constraints that the electron 
is an equipotential, minimum-energy surface and the corresponding energy is proportional to na> of a photon. Thus, F centrifugal , 

th e lin e ar factor for F cmtri , . , is giv e n by multiplication of Eq. (3.38) by , substitution of th e mass d e nsity (Eq. (3.7)) for m n 

Po 
and integration over the plane lamina: 
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— F cenlrifugd is also the magnitude of the total centrifugal force of the ensemble of current loops that is equally distributed 
throughout the plane lamina. It is also given by using Eq, (3.36) in anoth e r form: 



i centrifugal 
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(3.40) 



Substitution of the total angular momentum given by Eqs. (3.18-3.20), the angular velocity given by Eq. (3.17), and the total 
radius p into F.q. (3.40) gives F 



centrifugal ' 
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(3.41) 



Using Eq. (3.39) or Eq. (3.41), F t 
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is further given by the derivative of E rc 
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where £ M is given by Eq. (3.50). From Eqs. (3.42-3 . 43) and (3.35), the outward centrifugal force, F t 



(3.43) 
due to each point 



centrifugal 

on each curr e nt loop about the angular-momentum axis is balanced by the c e ntrip e tal force F ma — du e to the magnetic interactions 
between the current loops. 

Furthermore, the free electron possesses a total charge e , a total mass m e , and an angular momentum of h . The 

magnetic moment is given by Eq. (2.65); thus, 

-ekr- 



M B = = 9.274 X W" jr 

2m, 



(3.44) 



which is the Bohr magneton. Conservation of angular momentum with the linking of flux in discrete increments of the magnetic 
flux quantum gives rise to the spin quantum number, m s , and the g factor which is the same as given previously in the Electron 
g Factor section. The behavior of the free electron in a magnetic field is given in the Stern-Gerlach Experiment section. It is 
shown next that the intrinsic angular momentum of Ti is unchanged as the electron acquires linear velocity with a concomitant 
change in its de Broglie wavelength. 



CLASSICAL PHYSICS OF THE PE BROGLIE RELATIONSHIP 

As shown in Appendix IV, the plane-lamina of the free electron generates a spherical current-density pattern over time during 
the interaction with photons designated Y °(9,<f>). 
1 



The angular momentum of the photon given by 



m = 



[ Re[r x(ExB*)]dr 4 = % in the Photon section is conserved [14] for the solutions for the resonant photons and excited 



'OtKC 



state electron functions given in the Excited States of the One-Electron Atom (Quantization) section. It can be demonstrated that 
the resonance condition between these frequencies is to be satisfied in order to have a net change of the energy field [15]. In this 
case, the correspondence principle holds. That is the change in angular frequency of the electron is equal to the angular 
frequency of the resonant photon that excites the resonator cavity mode corresponding to the transition, and the energy is given 
by Planck's equation. — The same conditions apply to the free electron, and the correspondence between the principles of the 
bound and free electrons further hold in the case of the Stern-Gerlach experiment as given in the Stern-Gerlach Experiment 
section. 

The linear velocity of the free electron can be considered to be due to absorption of photons that excite surface currents 
corresponding to a decreased de Broglie wavelength where the tree electron is equivalent to a continuum excited state with 



©2010 BlackLight Power, Inc. All rights reserved. 



Electron in Free Space 1 79 

conservation of the parameters of the bound electron discussed supra. The relationship between the electron wavelength and the 
linear velocity is 

f = A= — = *-'=^ ^^- 

2k m e v z 6) z 

In this case, the angular frequency co z is given by 

e,,- h 2 (3^6>- 

™ e P o 

which conserves the photon's angular momentum of ft with that of the electron relative to its center of mass. The angular 

momentum conservation relationship of ft is the same as that of the bound electron given by Eq. (1.37) where the velocity is v z 

given by Eq. (3.2) and the radius is p given by Eq. (3.29). In addition, the electron kinetic energy T is given by 

m 1 , 1 ft 2 1 



2m e p ( 



The potential energy, E , corresponding to V mag is given by the integral over the radius: 



3~ r ; — T^ft 



n5— ft 



44 



pdp = —- 



2 m e pl Zm^ 



T) 4 m e p„ 



(3.48) 



The rotational kinetic energy, E m , of the free electron corresponding to the angular momentum given by Eqs. (3.18-3.20) is 
Using Eqs. (3.17), (3.20), and (3.49) gives 



1 , 1 * 5 ft 5 h 2 

E m =~Lca = -h- r = - r (3.50) 

2 2 2 m e p 4 m e p 

Similarly to Eq. (3.48), E rM is also given by the integral of the corresponding force, ^ cmtrifuml , given by Eq. (3.43). 

The total energy, E T , is given by the sum of the change in the free-electron translational kinetic energy, T , the rotational 
energy, E mt , corresponding to the current of the loops, and the potential energy, E , due to the radiation reaction force F , 
the magnetic attractive force between the current loops due to the relative rotational or current motion: 

E -T + E + E -LJL + lJL-lJL-LJL- TJ5W 

2m e p 4m e p 4 m e p 2 m e p 

Thus, the total energy, E T , of the excitation of a free-electron transitional state by a photon having ft of angular momentum and 

an e n e rgy giv e n by Planck's e quation of ft co is 

E T =T = -m e v 2 =--^—- = ^%co i (3.52) 

2 ' z 2 m c X 2 2 ' K ' 

where X is de Broglie wavelength. The angular momentum of the free electron of ft is unchanged, the energies in the currents 
in the plane lamina are balanced so that the total energy is unchanged, and the radius p changes to match the de Broglie 

wav e l e ngth and fr e qu e ncy at an incr e as e d v e locity. — At this v e locity, th e kin e tic e n e rgy match e s th e e n e rgy provid e d by th e 
photon wherein the de Broglie frequency matches the photon frequency and both the electron-kinetic energy and the photon 
energy are given by Planck's equation. 

Eq. (3.52) is identical to Eq. (2.22) that gives the relationship between the energy and frequency of a photon that causes a 
bound excited state and the corresponding change in the electron's kinetic energy. A photon of the same energy as Eq. (3.52) is 
emitted due to acceleration of the tree electron by an applied electric field to acquire the velocity v z in agreement with the 
Abraham-Lorentz equation of motion [16]. This relationship is identical to that of the binding energy and kinetic energy of the 
bound electron in the central field of the proton given in the Photon Absorption section. The exception is that the photon-bound- 
e l e ctron int e raction r e sults in a trapp e d photon with th e e l e ctron in a diff e r e nt orbit with a maintain e d e cc e ntricity of z e ro and a 
decreased angular and linear velocity; whereas, the eccentricity of the orbit for the photon-free-electron interaction goes to 
infinity corresponding to a hyperbolic orbit that approaches rectilinear motion with an increased linear velocity. 

The correspondence principle is the basis of the de Broglie wavelength relationship. Stated in other words, the de 
Broglie relationship is not an independent fundamental property of matter in conflict with physical laws as formalized in the 
wave-particle-duality-related postulates of quantum mechanics and the corresponding Schrodinger wave equation. Nothing is 
waving including probability. Th e r e lationship aris e s from th e corr e spond e nc e principl e that is bas e d on Maxw e ll's e quations 
and conservation of angular momentum and energy. The other fundamental misconceptions of quantum mechanics that serve as 
its foundations are the impossibility of explaining the Stern-Gerlach experimental results and the double-slit interference pattern 
of electrons classically. In contraction to widely accepted beliefs, these phenomena are also shown to be exactly predicted from 
first principles (Stern-Gerlach Experiment section and in the Two-Slit Interference (Wave-Particle Duality) section). 
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STERN-GERLACH EXPERIMENT 

The Stern Gerlach experiment demonstrates that the magnetic moment of the electron can only be parallel or antiparallel to an 

i . n % 

applied magnetic held. This implies a spin quantum number ot 1/2 corresponding to an angular momentum on the z-axis ot — . 

However, the Zeeman splitting energy corresponds to a magnetic moment of a Bohr magneton ju B and implies an electron 
angular momentum on the z-axis of h — twice that expected. This in turn implies that the gyromagnetic ratio is twice that 
expected for a classical magnetic moment generated by a current loop. Historically, this dilemma was felt to be inexplicable and 
could only be resolved by purely mathematical approaches rather than physics. It is shown infra that this is not the case. The 
Stern-Gerlach results are completely predictable from first principles, and the results are intuitive. 

The free electron arises during pair production and ionization. In both cases, the production photon or the ionizing 
photon carries h of angular momentum. The derivations of the parameters of the free electron given supra were made with the 
conservation of the photon angular momentum implicit. The vector and scalar parameters of the bound electron in a magnetic 
field given in the Orbitsphere Equation of Motion for I = Based on the Current Vector Field (CVF) section and the Magnetic 
Parameters of the Electron (Bohr Magneton) Stern-Gerlach Experiment section are also conserved in the case of a free electron 
in a magnetic field. 

Consider the case of a magnetic field applied to the free electron. The direction of the electron's intrinsic angular 



momentum of Ti and die corres p onding magnetic moment of p B can change orientation with the a p plication of a magnetic field 

or an electric field. It is also reoriented by interaction with photons. Randomly-directed fields and random photon interactions 
give rise to random orientations. Thus, in the absence of an applied orienting field or a specific procedure to produce a polarized 
state, the free electron is impolarized. The Bohr magneton of magnetic moment of the free electron corresponding to its h of 
angular momentum is initially in a random direction relative to the z-axis, the axis of an applied magnetic field. The center of 
mass of the electron propagates at the original constant velocity v z in Eq. (3.2). 

Then, a small diamagnetic azimuthal current in the plane of the lamina opposes an applied field according to Lenz's law 
as given for the bound electron in Box 1.1. Furthermore, the application of the magnetic field causes a resonant excitation of the 
Larmor precession as in the case of the bound electron wherein the energy arises from that stored in the applied magnetic field. 
The excitation can be described in terms of photons in the same manner as in the case of photon emission or absorption due to an 
applied electric field that causes the free electron to accelerate. The Larmor precession frequency is given by the product of the 

gyromagnetic ratio of the electron, — , and the magnetic flux B [17]. As in the case of the bound electron, the precessing free 
2m 

h 

electron is a spin- 1/2 particle (L z =—), but the stationary resultant angular momentum projection that is either parallel or 

antiparallel to the applied-field axis is % corresponding to a full Bohr magneton of magnetic moment. Here, each of the resonant 
photons which excites the Larmor precession and the intrinsic angular momentum of the free electron (Eq. (3.20)) contribute 
equally to the resultant z-axis projection. As shown in the Excited States of the One-Electron Atom (Quantization) section, 
conservation of the angular momentum of the photon of Ti gives rise to Ti of electron angular momentum in the excited state. 
The photon having the Larmor frequency corresponding to the energy given by Eq. (1.227) and % of angular momentum initially 
along an axis in the transverse (xy)-plane causes the electron and the photon to precess about both the z-axis and the transverse- 
axis. Then, as a time average the angular momentum of the precessing electron contributes one-half of its intrinsic angular 

h 
momentum of % to the projection on the z-axis, and the photon angular momentum also contributes — to the z-projection. 

As shown in Appendix IV, with the electron current in the counter clockwise direction, the Larmor precession of the 
angular momentum vector of the free electron is about two axes simultaneously, the (i x ,0i ,i z j -axis and the laboratory-frame z- 

axis defined by the direction of the applied magnetic field. The precessions are about the opposite axes with the current in the 
opposite direction. The motion generates CVFs equivalent to those of the bound electron given in the Orbitsphere Equation of 
Motion for I =0 Based on the Current Vector Field (CVF) section. Over one time period, the first motion sweeps out the 
equivalent of a BECVF, and the rotation about the z-axis sweeps out the equivalent of an OCVF. The combined motions sweep 
out the equivalent of the convolution of the BECVF with the OCVF, an angular - momentum distribution equivalent to Y ° (0, <f>) 

of th e bound e l e ctron. Th e Larmor e xcit e d pr e c e ssing e l e ctron can furth e r int e ract with anoth e r r e sonant photon that giv e s ris e 
to Zeeman splitting — energy levels corresponding to flipping of the parallel or antiparallel alignment of the electron magnetic 
moment of a Bohr magneton with the magnetic field. 

The parameters of the photon standing wave for the Larmor precession and the Zeeman effect of the free electron follow 
from those of the bound electron given in the Magnetic Parameters of the Electron (Bohr Magneton) section and Box 1.1. To 
cause the Larmor excitation and the spin-flip transition, the corresponding photon gives rise to surface currents in the plane of 
the free electron that are equivalent to the projection of the time- and spherically -harmonic dipole Larmor currents of the bound 
electron into the free-electron plane. The currents cause a precession of the disc to form a time-averaged bi-conical cavity that is 

azimuthally symmetrical about the (i x ,0i y ,i z J-axis (Figure 3.8). The time-averaged angular momentum and rotational energy of 
the currents that are phase-locked to the photon field is zero as given by Eqs. (1.76-1.77), but the photon's angular momentum is 
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ft corresponding to a magnetic moment of one Bohr magneton n B as shown for the case of the Larmor resonant excitation of a 
bound electron in Box 1.1. 

The h of angular momentum of the photon that excites the Larmor precession is initially along an axis in the transverse 
(xy)-plane. This causes a torque on the z-axis-directed ft of angular momentum of the electron and causes it to rotate into the 
xy -plane. This in turn causes a torque on the angular momentum of the photon. As a result the electron and the photon undergo 
mutual precession about both the (i s ,0i y ,i z )-axis and the z-axis. The motion is more easily analyzed by first considering a 

coordinate system that rotates about the z-axis. In the coordinate system rotating at the Larmor frequency (denoted by the axes 
labeled X RJ Y R , and Z R in Figure 3.6), the positive X R -component of magnitude h corresponding to the photon and a negative 

X R -component of magnitude — (Eq. (3.65)), corresponding to the current generated by the rotation of the free electron about 

the K x -axis, are stationary. The angular momentum vector of the free electron of magnitude h corresponding to a magnetic 
moment of one Bohr magneton j.i g is designated by S, . The photon's positive n of angular momentum along X R with a 
corresponding magnetic moment of ja b (Eq. (28) of Box 1.1) causes the S. to rotate about X R . As the Z R -axis precesses about 
the X^-axis, it causes a reactive torque such that the X s -axis also rotates about the Z^-axis. Consequently, the two vectors 
shown in Figure 3.6 precess about both the f i,,0i y ,i z ) -axis and the z-axis. 

Figure 3.6. The initial angular momentum components of the free electron and positive and negative X R components in the 
rotating coordinate system (X R , Y R , Z R ) that precesses at the Larmor frequency about Z R such that the vectors are stationary. 
The electron is initially in the X R Y R -plane. 




r 2 



For further convenience, a second primed Cartesian coordinate system refers to the axes that rotate with the (L^OIj.Lj- 

axis about the z-axis at the Larmor frequency wherein the x'y'-plane of the plane-lamina disc of the free electron aligns with the 
xy-plane time harmonically at this frequency. Then, each of the X R -, Y s , and Z^-axis is designated the x'-, y', and z'-axis, 
respectively. The initial corresponding precession of the plane lamina in the x'y'-plane about each of the z- and x-axes results in 
a precession about the (i s ,Oi y ,i z )-axis as shown in Figure 3.7. The electron precession motion about the (i x ,Oi y ,i z ) -axis which 
is stationary in the rotating frame generates a BECVF as given in Appendix IV which is a solid version of the BECVF for the 
case of the bound electron. The rotation of the BECVF in the laboratory frame generates the Yq(9,<1>) distribution. 
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Figure 3.7. In the Larmor-frequency rotating ( X R , Y M , Z R ) frame, the plane-laniina disc of the free electron rotates about the 
(t^Oi^lj-axis. The resultant angular momentum vector of yfzfi (red vector) having projections onto each of the Z s -axis 
(green vector) and the A^-axis (blue vector) of h is stationary on the rotating (i i ,0i y ,i I )-axis. The electron precession motion 
about the (i x ,0i y ,i z )-axis generates the free electron BECVF. The green and blue vectors can be assigned to the intrinsic 
electron and photon angular momentum at r = 0, respectively. These components rotate about the (i s ,0i y ,ij-axis and 

harmonically interchange at each one-half period of rotation. Thus, z-axis component of h comprises a time-averaged 

h 
contribution of — from each of the electron and the photon. 



(i x ,0i y ,i z ) 




The Lamior excitation comprises a double precession. The z-axis angular momentum projection before and after the 
excitation of the Larmor precession is h , and the energy of the photon to cause the precession of the [ \ , 0i y , i z J -axis about the 
z-axis at the Larmor frequency is given by Eq. (25) of Box 1.1. Therefore, only the torque balance of the precession of the 
electron about the (i x ,0i y ,i z )-axis in the Lannor-frequency rotating (Jf ss Y R , Z R ) frame (Figure 3.7) needs to be considered. 

The derivation of the corresponding current density about the x'-axis follows that for the bound electron given in the Magnetic 
Parameters of the Electron (Bohr Magneton) section. The magnetic moment (angular momentum) can be determined from the 
current (mass)-density function. The magnetic moment of a current loop of area Try' 1 due to a point charge element of charge e ; 
that has an angular velocity of co x . l^ is given by 



,2 a x , 

-e t y - 



(3.53) 



The angular momentum of a point mass element of mass m i at a distance y' from the rotation axis with an angular velocity of 
ex,, i s , is given by 

L„, = my 2 co x . i x , = I x co x . i 5 , (3.54) 

where I % is the moment of inertia. If the free electron simply rotated as a rigid plane-lamina disc with the mass density 
maintained in the plane as given by Eq. (3.7) and as shown in Figure 3.2, then the moment of inertia I x corresponding to a 
rotation of the disc about the x'-axis would be given by 



Pe v^o 



L.=2- 



-m 



i-V \rv j 

j j ^Po-{x a +y' 2 )y a dy'dx'i, 



(3.55) 



VA " 



= - J 5"i I f 2 ^{pl-x' 2 )-y a dy'dx<i, 

11 Po -fH, o 

Using die integral with respect to y' given by #210 of Lide [18], Eq. (3.55) becomes 
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3 m. 
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-dx 1 



(3.56) 
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Evaluation at the integration limits gives 



3 m„ 
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(3.57) 



Tlie multiplication and integration of each term followed by evaluation at the limits gives 
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(3.58) 
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which is 1/2 the moment of inertia of a uniform disc as shown by Fowles [19]. 

The angular momentum L^, follows from Eq. (3.54) as Eq. (3.58) times the constant angular velocity co x , i x , . It is shown 

i nfra that the to rque due to th e photon's angular m omentum of ft i n itial ly a long the x '- a xis does cause S to ro tate such that th e 



mass-density function and the magnitude of the angular momentum-density function about the x'-axis are the same as those 
about the z-axis given by Eqs. (3.7) and (3.17), respectively. 

By the perpendicular-axis theorem [19], the corresponding angular momentum about the x'-axis is 1/2 that about the z- 
axis. This is easily shown since Eq. (3.19) can be expanded as 



L i .-n^-^7 



■5 h 



-(x 2 + y 2 \pdpdtfi i z 



4^59)- 



-np Q 



2m.fi 



Then the angular momentum about the x'-axis is 



^r^ 



Li 



/ „ 2 ~~2 

-VA ~P ~ 



2 m e p 



(3.60) 



;KPo 



which is 1/2 that of Eq. (3.59) since the number of symmetrical axes of integration was reduced to 1/2. This result can also be 
shown directly . Then , the angular momentum along the x'-axis corresponding to a rotation of the mass of the electron about this 
axis during a Larmor excitation is given by 



Li =- 



m„ 5 



2 .'2 



| j j Jp 2 -(x' 2 + y 2 )-^y 2 dydx'i x , 



™ e p 



-i±my 



T57T 



J j p-x' 2 )-y' 2 y' 2 dy'dx'i x , 



with the mass density and co x , equivalent to that of Eq. (3.19) but directed around the x'-axis and pdpd</> was replaced by 
dy'dx'. Using the integral with respect to y' given by# 210 of Lide [18]. Eq. (3.61) becomes 
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(3.63) 
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The integration of each term with respect to x' followed by evaluation at the limits gives 
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* i, (3.64) 



i 



which is 1/2 the angular momentum of the free electron given by Eqs. (3.19-3.20). 

The torque N in rotating coordinates is given by [20] 

N = L + oi x ,xL (3.65) 

The electron's angular momentum of ft is cons e rv e d. Thus, the torque N on the el e ctron's angular momentum of ft due to the 
photon's angular momentum of h and corresponding magnetic moment of jU B is 

N p =wM x , (3.66) 

The torque N c corresponding to the centrifugal force F c for a rotating system is given by 

N. = r xF, = -mr 2 6)% = -I r .Q}% = -L^aA* (3.67) 

Substitution of Eq. (3.64) into Eq. (3.67) gives 

N e =-|ffli, (3.68) 

ft 
The rotating mass/charge density gives rise to an angular momentum of — (Eq. (3.64)) and a corresponding magnetic moment of 

— (Eq. (28) of Box 1.1) that opposes the magnetic moment of the photon. The corresponding torque is 

Nrl =-L T ,^,=-^, (3.69) 

The required torque balance is 

N_+N c +N x , =fiflJfi----| = (3.70) 



p 



-2-^- 



The result of Eq. (3.70) confirms the match of the mass - density function and magnitude of the angular frequency function of 
Eqs. (3.59-3.64) with those of Eq. (3.19). 

Thus, the application of a magnetic field causes a resonant excitation of the Larmor precession. The ft of angular 

momentum on the z'-axis and the ft of angular momentum on the x'-axis gives a resultant stationary projection of y2ft onto the 

(i^Oi ,Q-axis. The static projection of the resultant onto the z-axis is ft . The precessing electron can further interact with a 

resonant photon directed along the x-axis that rotates the z-axis-directed static projection of the resultant of ft such that it flips it 
to the opposite direction. Thus, absorption of an RF photon gives rise to a Zeeman transition corresponding to flipping of the 
parallel or antiparallel alignment of the electron magnetic moment of a Bohr magneton with respect to the magnetic field 
wherein the energy of the transition between Zeeman states is that of the resonant photon given by Eq. (1.227). 

The parameters of the photon standing wave for the Zeeman effect of the free electron follow from those of the bound 



electron given in the Magnetic Parameters of the Electron (Bohr Magneton) section and Box 1.1. The charge density of the free 
electron is given by the projection of the orbitsphere into a plane as given in the Charge-Density Function section. To cause the 
Larmor excitation and the spin-flip transition, the corresponding photon gives rise to surface currents in the plane of the free 
electron that are also equivalent to the projection of the time- and spherically-harmonic dipole Larmor currents of the bound 
electron into the free-electron plane. Specifically, the photon gives rise to a current on the surface of the disc that corresponds to 
a rotating time- and polar-harmonic dipole that phase-matches the mass (charge) density of Eqs. (3.7-3.8). 

The current of the free electron is initially azimuthally symmetrical about the z-axis. The resonant Larmor photon 
induces transient currents in the xy-plane to give rise to ft of angular momentum initially along the x-axis. The corresponding 
torque causes the electron to precess about the x - and z - axes giving rise to Larmor precession about the (i x , 0i y , i z j - axis and the 

z-axis at steady state depending on the initial direction of the free-electron magnetic moment relative to the applied magnetic- 
field direction. Thus, the currents cause a precession of the disc to form a time-averaged bi-conical cavity shown in Figure 3.8 

that is azimuthally symmetrical about the (i I ,0i ,i z | - axis, and this distribution further precesses about the z - axis to generate the 

Y \9,(j)) distribution. 

The photon-induced surface current satisfies the condition 

V-/ = (3.71) 

And, the radius, p , of the free el e ctron is unchanged. — The tim c -av c rag e d angular momentum and rotational energy of the 
currents that are phase-locked to the photon field are zero as given by Eqs. (1.76-1.77), but the photon's angular momentum is ft 
corresponding to a magnetic moment of one Bohr magneton ju s as shown for the case of the Larmor resonant excitation of a 

bound electron in Box 1.1. Thus, the electrostatic energy is constant, and only the magnetic energy need be considered as given 
by Eqs. (23-25) of Box 1.1. 
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The photon-field is central according to special relativity as given in the Equation of the Electric Field inside the 
Orbitsphere section. The corresponding central field at the free-electron surface follows from Eq. (17) of Box 1.1 and the force 
balance condition between the centrifugal force and the electric-field force: 

K = ^-^pl-plRe{Y:{8,<l>)e ia }i p S(p-p n )S{z<) (3^T 

where the spherical harmonic dipole Y" (9,<fi) = sin# is with respect to the xy-plane of the free electron and gives the magnitude 
at position p n in the plane, the centrifugal force is given by Eq. (3.67), and co is given by Eq. (3.17). The mass density given by 

Eq. (3.7) may be given in terms of spherical coordinates as follows: 

Let 

p = p„ cos (3.73) 

then 

*.(aA*)4^JH*^ =^sin* (3-74) 




2 7tp 

Force balance is maintained by the equivalence of the harmonic modulation of the charge and the mass where e/m e is invariant. 

The in - plane time — and polar - harmonic dipole further spins about the z - axis at the Larmor frequency, a> L . — By- 
considering the Larmor frequency component and the motion at the frequency given by Eq. (3.17), the free-electron motion in a 
magnetic field parallels that of the bound electron that also has two components of motion. The angular frequency about the 
rotation axis of the bound electron is given by Eq. (1.36), and the resulting dipole current rotates about the z-axis at the Larmor 
frequency. The parallels continue. In the free-electron frame rotating about the z-axis, the electric field of the dipole is 

V = ^-^ Ty lpZ-p 2 „ S mdsm{<p-cot)<>{p-p„)<>{z% (3.75) 

e 2 7ip 

corresponding to Eq. (18) of Box 1.1. From Eqs. (20) and (21), the corresponding photon surface current is equivalent to the 
projection of the charge of a uniformly-charged spherical shell rotating at constant angular velocity of a> about the z-axis into 
the free-electron plane. Given that the charge moving azimuthally and lime-harmonically at the constant frequency is equivalent 
to the planar projection of a spherical dipole, the resulting current is nonradiative as shown for this condition in Appendix I. The 

z-axis directed field in the laboratory frame and the field in frames rotating about the (i x ,0i ,i z )-axis are magnetostatic as 

shown in Figures 1.32 and 1.33 bul directed along the respective axis. The precession of the magneloslalic dipole results in 

magnetic dipole radiation or absorption during a Stern Gerlach transition. 

Consider next the physics of the free-electron Zeeman splitting based on the electron structure and corresponding 
behavior in magnetic and photon fields based on Maxwell's equations. The free electron is a two-dimensional plane lamina 
comprised of a series of concentric circular current loops in the xy-plane (p -plane) that circulate about the z-axis as given in the 
Current-Density Function section. Each current loop can be considered a great-circle basis element analogous to those given in 
the Orbitsphere Equation of Motion for 1 = Based on the Current Vector Field (CVF) section. The rotation of each such great 

circle about the (i x ,0i y ,i z )- axis by Ik during a period generates the equivalent of the current pattern of a BECVF. 
Furthermore, the rotation of the free-electron disc having a continuous progression of larger current loops along p forms two 
conical surfaces over a period that join at the origin and face in the opposite directions along the (i T ,0i ,Q-axis, the axis of 
rotation, as shown in Figure 3.8. At each position of < p , there exists a BECVF of that radius that is concentric to the one of 
infinitesimally larger radius to the limit at p = p . The BECVFs at each position p generated over a period by the precession 

abou t t lie n x ,0i y ,i z J-axisby In is given in Appendix IV. 

Over one time period, the first motion about the M x ,0i y ,i z ) -axis by 2n sweeps out the equivalent of a BECVF, and the 

rotation about the z-axis sweeps out the equivalent of an OCVF. The combined motions sweep out the equivalent of the 
convolution of the BECVF with the OCVF, an angular-momentum distribution equivalent to Y®{8,<f>) of the bound electron. A 
discrete representation from Appendix IV as a series of great circle current loops is shown in Figure 3.9 
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Figure 3.8. A view of one of the two conical surfaces 
formed by rotation of the plane-lamina disc comprised of 

concentric great circles about the (i,,0i ,i z )-axis that join at 

the origin and face in the opposite directions along the axis of 

rotation, the ( i^Oi^O -axis. 




Figure 3.9. A representation of the uniform current 
pattern of the Y °(9,</>) free electron motion over a period of 

both precessional motions shown with 30 degree increments 
of the angle to generate the free electron BECVF and 30 
degree increments of the rotation of this basis element about 
the z-axis. The perspective is along the x-axis. The great 
circle current loop that served as a basis element that was 
initially in the xy-plane of each free electron BECVF is 
shown as red. 
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Now, consider the dynamics when the processing electron further interacts with a resonant photon that gives rise to 
Zeeman splitting. As shown in Appendix IV, the combined rotations about the (i s ,0i y ,O-axis and the z-axis generates a 

distribution over a period of motion that is equivalent to the current pattern and angular momentum of Y o °($,0) of the bound 

electron. The absorbed Larmor-frequency-resonant photon provides ft of angular momentum along the x-axis that causes the 

Y^{9,(j)) distribution to rotate about the x-axis by it to flip the magnetic moment in the opposite direction while maintaining the 

distribution with the currents reversed. 

Since the Larmor precession sweeps out the form of the F °(f?,^) distribution for each position of p and the current of 

each concentric shell along p obeys superposition, the free electron in aggregate behaves as a shell of charge, current, and 

angular-momentum density of the free-electron radius p having a total magnitude of angular momentum of ft and the 

ti 
projection L. = — . Then, the resulting time-averaged azimuthally uniform spherical momentum density interacts with the 

external applied magnetic field in a manner that is equivalent to that of the orbitsphere equation of motion, Y^(9,<j>), of the 
bound electron of radius r n = p . Note the parallels between the bound and free electrons wherein the free electron angular 
momentum was considered as the plane projection of the constant angular momentum density of a bound electron confined to a 

ft 
spherical shell of radius p„ having a total magnitude of angular momentum of ft and the projection L_ =— (Eqs. (3.2-3.4) and 

(3.19-3.20)). 
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FREE-ELECTRON g FACTOR 

Since the projection of the time - averaged intrinsic free electron angular momentum and that of the resonant photon that excites 

, . , h , , 

the Larmor precession onto the z-axis are both — , and the angular motion distribution of the tree electron is spherically 

symmetric, the Larmor-excited free electron behaves equivalently to the bound electron in a magnetic field during a spin flip 

h 

transition. Flux must b e link e d in th e sam e mann e r m units of th e magn e tic flux quantum, O = . Cons e qu e ntly, th e g factor 

2e 

for the free electron is the same as that of the bound electron, and the energy of the transition between these states is that of the 
resonant photon given by Eq. (1 .227). 

Consider the bound electron. As demonstrated in the Orbitsphere Equation of Motion for t - Based on the Current 

h 

Vector Field (CVF) section, — of the orbitsphere angular momentum designated the static component is initially parallel to the 

n 
field. An additional — parallel component designated the dynamic component comes from the h of angular momentum along 

S . The angular momentum in the presence of an applied magnetic field is [21] 

L = rx(w e v + eA) (3.76) 

where A is the vector potential evaluated at the location of the orbitsphere. The circular integral of A is the flux linked by the 
orbitsphere. During a Stern-Gerlach transition a resonant RF photon is absorbed or emitted, and the h component along S 
reverses direction. Referring to Box 1.1, it is shown by Eqs. (29-32) that the dynamic parallel component of angular momentum 



corresponding to the vector potential due to the lightlike transition is equal to the "kinetic angular momentum" (r x mv) of 

Conservation of angular momentum of the electron requires that the static angular momentum component concomitantly flips. 

The static component of angular momentum undergoes a spin flip, and concomitantly the "potential angular momentum" 

ft. 

(rxeA) of the dynamic component must change by — ■ due to the linkage ot flux by the electron such that the total angular 

momentum is conserved. 

In the case of the free electron, the application of a further h component along the x'-axis with the absorption of a 
resonant photon causes the Y o °(£),0) distribution to flip about the x-axis to reverse the magnetic moment with respect to the 

applied magnetic field. The photon having h of angular momentum along the positive x'-axis of the free electron has an energy 

that is equivalent to that of the spin-flip transition given by Eq. (1.227). Here also, the dynamic parallel component of angular 

momentum corresponding to the vector potential due to the lightlike transition is equal to the "kinetic angular momentum" 

h 

(r x mv) of — . Conservation of angular momentum of the Y ° (0, <f>) distribution requires that the static angular momentum 

component concomitantly flips. The static component of angular momentum undergoes a spin flip, and concomitantly the 

h 
"potential angular momentum" (rxeA) of the dynamic component must change by — due to the linkage of flux by the 

electron such that the total angular momentum is conserved. 

n 
From Eq. (28) of Box 1.1, the — of intrinsic angular momentum after the field is applied corresponds to a magnetic 

moment on the applied-field-axis of — in the case of the free electron as well as the orbitsphere . — The resonant Larmor- 

Ji 7/ 

precession-angular-momentum contribution of — corresponds to another — of magnetic moment that gives a total magnetic 

moment along the applied-field-axis of /x s , a Bohr magneton. The additional contribution (Eq. (28)) arises from the angular 
momentum ot h on the N-axis and the x'-axis tor the orbitsphere and tree electron, respectively, thus, even though the 

ft 

magnitude of the vector projection of the angular momentum of the electron in the direction of the magnetic field is — , the 

h 
magnetic moment corresponds to h due to the — contribution from the dynamic component, and the quantized transition is due 

to the requirement of angular momentum conservation as given by Eq. (28) of Box 1.1. 

Eq. (22) of Box 1.1 implies a continuum of energies; whereas, Eq. (29) of Box 1.1 shows that the static-kinetic and 

ft 
dynamic vector potential components of the angular momentum are quantized at — . Consequently, as shown in the Electron g 



Factor section, the flux linked during a spin transition is quantized as the magnetic flux quantum: 
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h_ 

It 
Only the states corresponding to 



O =— (3.77) 

2e 



™ s =+\ (3.78) 

are possible due to conservation of angular momentum. It is further shown using the Poynting power vector with the 
r e quir e m e nt that flux is link e d in units of th e magn e tic flux quantum, that th e factor 2 of Eqs. (23) and (25) of Box 1.1 is 

replaced by the electron g factor . 

In summary, since the corresponding properties of the free electron are equivalent to those of the bound electron, 
conservation of angular momentum of the electron permits a discrete change of its "kinetic angular momentum" (r x my) with 

h h 

r e sp e ct to th e fi e ld of — , and concomitantly th e "pot e ntial angular mom e ntum" (rxeA) must chang e by — — (Eqs. (1.171- 

h 
1.174)). Consequently, flux linkage by the electron is quantized in units of the magnetic flux quantum, O = — , and the 

2e 

electron magnetic moment can be parallel or antiparallel to an applied field as observed with the Stern-Gerlach experiment (See 
Box 1.1 and in the Electron g Factor section). Rather than a continuum of orientations with corresponding energies, the energy, 

^Ema g ' of the spin flip transition corresponding to the m s =±— quantum number is given by Eq. (1.227): 

^T g =gM B B (3.79) 

The Stern-Gerlach experiment implies a magnetic moment of one Bohr magneton and an associated angular momentum 
quantum numb e r of 1/2. — Historically, this quantum numb e r is call e d th e spin quantum numb e r, m s , and that d e signation is 

maintained. 

The Stern Gerlach experiment was historically felt to be inexplicable in terms of classical physics. Past explanations 
based on associated postulates were purely mathematical. However, the observed electron parameters are explained physically. 

e eB 

Classical laws give (1) a gyromagnetic ratio of , (2) a Larmor precession frequency of , (3) the Stern-Gerlach 

2m " 2m 

experimental result of quantization of the angular momentum that implies a spin quantum number of 1/2 corresponding to an 

h 
angular momentum of — on the z-axis, and (4) the observed Zeeman splitting due to a magnetic moment of a Bohr magneton 

eh 

jU B = corresponding to an angular momentum of ti on the z-axis. Furthermore, the solution is relativistically invariant as 

2m e 

shown in the Special Relativistic Correction to the Ionization Energies section. Dirac originally attempted to solve the bound 
elect r on physically with stability with respect to radiation acco r ding to Maxwell's equations with the fu r the r const r aints that it 
was relativistically invariant and gave rise to electron spin [22]. He was unsuccessful and resorted to the current mathematical- 
probability-wave model that has many problems as discussed in Refs. [23-24]. 
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Chapter 4 



EQUATION OF THE PHOTON 



RIGHT AND LEFT HAND CIRCULAR AND ELLIPTICALLY POLARIZED PHOTONS 

The equation of the photon in free space is derived as a boundary value problem involving the transition from the ground state to 
an excited state of the hydrogen atom, — Th e "ground" stat e function of the hydrogen atom is an orbitsphcr c giv e n in the 
Orbitsphere Equation of Motion £ = Based on the Current Vector Field (CVF) section, and the excited-state function 
comprising the orbitsphere and a resonant trapped photon is given in the Excited States of the One-Electron Atom (Quantization) 
section. The orbitsphere CVF equations are given by Eqs. (1.78-1.98), and the CVFs are shown in Figures 1.4-1.11. The 
"trapped photon" of an excited state is given by Eq. (2.15). The latter gives rise to a corresponding phase-matched source 
current given by Eq. (2.11). During the transition from the excited state to the ground state, the excited-atomic-state angular 
momentum given by Eq. (2.66) and the emitted-photon angular momentum are quantized in unit of % such that Eq. (9.2) is 
obeyed. Since the change in angular momentum between the initial and final atomic states is conserved by the photon's angular 
momentum, the angular momentum, m, of the emitted photon follows from the time-averaged angular-momentum density given 
by Eq. (16.61) of Jackson [1] 

m = j"— Re[rx(ExB*)](fe 4 =7z (4.1) 

Thus, the photon equation is given by the superposition of two orbitsphere -type current-vector fields at the same radius — one 
with electric field lines, which follow great circles and one with magnetic field lines, which follow great circles. The magnetic 

^ 

current-vector field is rotated — relative to the electric current-vector field; thus, the magnetic field lines are orthogonal to the 



electric field lines 
VYE- ^° H (45)- 

m 

VX H = ^L (4.3) 

dt 
where the magnitude of the electric and magnetic fields are give by Eq. (4.1) with the boundary condition that photon angular 
momentum is h . 

A photon comprising a fi e ld - lin e patt e rn call e d a photon e l e ctric and magn e tic v e ctor field ( e &mvf) similar to th e 

orbitsphere is generated from two orthogonal great circle field lines shown in Figure 4.1 rather than two great circle current 
loops as in the case of the electron spin function. Consider the fields of the photon to be generated from two orthogonal great 
circles field lines, one for E and one for B. The Cartesian coordinate system wherein a first great circle magnetic field line lies 
in the x'z' -plane, and a second great circle electric field line lies m the y'z'-plane is designated the basis-set reference frame, and 
the xyz Cartesian-coordinate frame is the laboratory frame as given in the Orbitsphere Equation of Motion I = Based oil the 
Current Vector Field (CVF) section. 
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Figure 4.1. The stationary Cartesian coordinate system xyz wherein the first great circle magnetic field line lies initially in 
the xz-plane, and the second great circle electric field line lies initially in the yz-plane. The rotated coordinates are primed. 




Consider a point on each of the two orthogonal great-circle field lines, one and two, in the basis-set reference frame at 
time zero wherein initially the first loop lies in the xz-plane, and the second loop lies in the yz-plane. Point one is at x'=r r , 

y ' = , and z ' = and point two is at x ' = , y ' = , and z ' = r n . Let point one move clockwise on the great circle in the x'z'- 
plane toward the positive z'-axis, and let point two move counterclockwise on the great circle in the y'z'-plane toward the 
negative y'-axis, as shown in Figure 4. 1 , The equations of motion, in the sub-basis-set reference frame are given by 



point one (H FIELD): 
x 2 = r„ cos(«„r) 
point two (E FIELD): 



J 2 =0 



^ = 



■■-r n sm{aj) 



-2 = f„ sinKO 



i r !t cos(<a„f ) 



(4.4) 



(4.5) 



The right-handed-circularly-polarized photon electric and magnetic vector field (RHCP photon-e&mvf) and the left- 
handed-circularly-polarized photon electric and magnetic vector field (LHCP photon-e&mvf) are generated by rotating the great 

circles about the (i s ,i y ,0i z )-axis or the (i x ,-i r 0i z ) -axis by — , respectively. The corresponding primed Cartesian coordinate 

system refers to the axes that rotate with the great circles relative to the xyz-system and determines the basis-element reference 
frame. The fields are continuous on the spherical surface, but they can be visualized by a discrete-element representation 

wherein each element of the field-line density function is obtained with each incremental rotation of a series over the span of — . 

Thus, the two points, one and two, are on the first member pair of the orthogonal great circles of an infinite series that comprises 
a representation of a photon. 

The right-handed-circularly-polarized photon electric and magnetic vector field (RHCP photon-e&mvf) shown in Figure 
4,2 is generated by the rotation of the basis elements comprising the great circle magnetic field line in the xz-plane and the great 

circle electric field line in the yz-plane about the (i s ,i y ,0i z )-axis by — corresponding to the output of the matrix given by Eq. 
(4.6). 



RHCP PHOTON E FIELD and H FIELD: 

1 C0S6 1 sin^ 



1 C0S6 1 

— + — 

2 2 2 



1 cos <9 

2 2~~ 
sin# 



2 
cos 8 



1 

— + 
2 2 

sin# 



sinfi 1 
cos# 





r„cos^ 

^,sin^ 



r n cos/j> 



r x sin <f> 



(4.6) 



V2 4i 

The left-handed-circularly-polarized photon electric and magnetic vector field (LHCP photon-e&mvf) is generated by the 
rotation of the basis elements comprising the great circle magnetic field line in the xz-plane and the great circle electric field line 

in the yz-plane about the (i s ,-i v ,0i z )-axis by — corresponding to the output of the matrix given by Eq. (4.7). The mirror 

image of the RHCP photon-e&mvf, the left-handed circularly polarized photon-e&mvf, is shown with three orthogonal views in 
Figure 4.3. 
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LHCP PHOTON E FIELD and H FIELD: 



1 cos# 1 cos6 sin# 

- + — + — — - 

2 2 2 2 V2 



1 cos# 1 cos# sin# 
— + - + — p^ 

2 2 2 2 yfl 



sin6> 

IT 



sin 
V2 



COS0 



/ 


"0 




r„ cos^ 


\ 


• 


r„cos^ 


+ 







I 


r„ sin #1 


Ro) 


r„ sin ^ 


Blue/ 



(4.7) 



Figure 4.2. The field-line pattern given by Eq. (4.6) from three orthogonal perspectives of a RHCP photon-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 9 . (Electric field lines red; Magnetic field lines blue). 




Figure 4.3. The field-line partem given by Eq. (4.7) from three orthogonal perspectives of a left-handed circularly polarized 
photon-e&mvf corresponding to the first great circle magnetic field line, and the second great circle electric field line shown 
with 6 degree increments of the angle 6 . (Electric field lines red; Magnetic field lines blue). 
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FIELDS BASED ON INVARIANCE UNDER GAUSS' INTEGRAL LAW 

The angular velocity of the photon e&mvf is equal to the change in angular velocity of the electron orbitsphere for a de 
excitation from the energy level with principal quantum number n = n l to n = n f , where n t >n., given by Eg. (2.21) for « , = 1 . 

From Eq. (2.22), the photon is an electromagnetic wave that carries energy, E , given by 

E = hw ' (4.8) 

Given the relationships, Eqs. (4.2) and (4.3) for the electric and magnetic fields, the solution of the classical wave 

equation Eq. (1.45) requires that the linear velocity at each point along a great circle of the photon-e&mvf is c, 



c = 



1 



£ a/^o 



(4.9) 



and, that the velocity of the photon in the lab frame is c . Therefore, with the velocity addition property of special relativity, the 
velocity in all frames of reference is c including the rest frame. Thus, the zero rest mass concept of the photon can be discarded. 
1 he "mass" of the photon in any frame is actually momentum contained in its electric and magnetic fields as given by Eqs. 
(2.141) and (4.1). An additional consequence of the light speed in all frames is that the radius of the photon is invariant. The 
field lines in the lab frame follow from the relativistic invariance of charge as given by Purcell [2]. The relationship between the 
relativistic velocity and the electric field of a moving charge is shown schematically in Figure 4.4A and 4.4B. 

Figure 4.4A. The electric field of a moving point charge Figure 4.4B. The electric field of a moving point charge 



(v = -c)- 
3 



(v = f). 




The field invariance under Gauss' Integral Law also applies to the fields of the photon-e&mvf. From Eqs. (4.4-4.7) and 

as shown in Appendix V, the electric and magnetic fields are harmonic in space and time wherein c = X — is satisfied which is 

2k 

a solution of the wave equation for an electromagnetic wave, and the fields are orthogonal such that Faraday's and Ampere's 
Laws are satisfied. The photon equation in the lab frame (shown in Figures 4 .5 and 4 .6) of a right - handed circularly polarized 
photon-e&mvf is 

E = E [x + fy]e- A V** 



-^m- 



H 



with a wavelength of 

X = 2tz — 



\y-ix]e- JKz e- j °" ■ 



\y-ix\e- jt - z e- ia " 



(4.11) 



-ar 



The relationship between the photon-e&mvf radius and wavelength is 



2W=^ (4.12) 

In terms of Eqs. (4.4-4.7), E of the photon is given by the boundary condition that the angular momentum given by Eq. (4.1) is 

h ; thus, the energy is given by Planck's equation (Eq. (2.18)) as shown by Eqs. (2.56 2.6 4 ). The relationship between Planck's 
equation and Maxwell's equations is also consistent with regard to the energies of excited states as given by Eqs. (2.1 8-2.22). 
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Figure 4.5. The direction of rotation of the electric field 
lines of a right-handed circularly polarized photon-e&mvf as 
seen along the axis of propagation in the lab inertia! reference 
frame as it passes a fixed point. 




Figure 4.6. The electric field rotation as a function of z 
of a right-handed circularly polarized photon-e&mvf as seen 
transverse to the z-axis, axis of propagation, in the lab 
inertial reference frame at a fixed time wherein 2r^ mm = X 



mm 



7ft 



!L 



mm 



\j 



The cross-sectional area, a , transverse to the propagation direction of the photon is 

i. " 
2 



(4.13) 



The geometric cross section (Eq. (4.13)) is consistent with the Rayleigh scattering formula, which is derived from Maxwell's 
equations [3]. 

The photon-e&mvf may comprise basis element magnetic and electric field lines that are constant in magnitude as a 
function of angle over the surface, or the magnitude of the fields of the basis elements may vary as a function of angular position 
(0,4) on the photon-e&mvf. The general photon equation for the electric field in its frame is 



E fl ^ — - 



^^ £ O r phator. 



+ ±[Y:(0,0) + Re{Y™{8J)e^}]\s 



Ik 



(4.14) 



where r, 



LKC 



v B 


X ^ 

" Ik 


K 


*r, 


photon 


] photon 
phoion rj 


pnultm 


T 
photon 



, M is the radius of the photon-e&mvf and co n = is the photon angular velocity which is equal to A&>, the change 

in orbitsphere angular velocity given by Eq. (2.21) and the light speed changes the direction of the field lines to the transverse 
direction. 

Similarly photons are emitted when an electron is bound. Using Eq. (1.34) for the photon and the electron wave 
relationships for the initial conditions of an unbound electron at rest, the ratio of the linear velocity of the subsequently bound 
electron to the emitted free-space photon is given by 



(4.15) 



where the n subscripts refer to orbitsphere quantities and the far-right-hand-side relationship follows from Eq. (2.2) and Eq. 
(4.12). From Eq. (4.15), the relations between the free space photon wavelength, radius, and velocity and the corresponding 
parameters of a free electron as it is bound are: 

c c 

(1) r , lon , the radius of the photon-e&mvf, is equal to r n % — = na H n — , the electron orbitsphere radius given by Eqs. 

(2,2) and (2.5) times the product of n and the ratio of the speed of light c and v„ , the velocity of the orbitsphere given by Eq. 
(1.35), 

(2) X halm , the photon wavelength, is equal to X tl — , where L is the orbitsphere de Broglie wavelength, and 

1 'JTC 

(3) co photm = - — , the photon angular velocity, is equal to co n , the orbitsphere angular velocity given by Eq. (1 .36). 

A 
The magnetic field photon-e&mvf is given by Eqs. (4.14) and (4.2). In the case of Y" '(&,$) = in Eq. (4.14), a right- 
handed and a left-handed circularly polarized photon-e&mvf are superimposed to comprise a linearly polarized photon-e&mvf. 
A right-handed or left-handed circularly polarized photon is obtained by attenuating the oppositely polarized component. For 
Eq. (4.14), the power density per unit area, S, is 

S = ExB* (4.16) 
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LINEAR POLARIZED PHOTONS 

The linearly polarized photon is given by the superposition of the right-handed circularly polarized photon-e&mvf shown in 
Figure 4.2 and its mirror image, the left-handed circularly polarized photon-e&mvf, shown in Figure 4.3. The field-line pattern 
of a linearly polarized (LP) photon-e&mvf shown from the perspective of looking along the z-axis is shown in Figure 4.7. Thus, 
the LP photon-e&mvf is obtained by rotation of the basis-element-great-circle electric and magnetic fields lines about each of 

the (i s ,i y ,0i z )- and (i x ,-i y ,0O-axes by — . The analytical functions and matrices to generate the RHCP, LHCP, and LP 

photon-e&mvfs are given in Appendix V, and the RHCP, LHCP, and LP photon-e&mvfs are visually demonstrated by computer 
simulations [4]. The conditions whereby a photon becomes an electron and a positron are given in the Pair Production and the 
Leptons sections. 

Figure 4.7. The field-line pattern of a linearly polarized photon-e&mvf shown with 6 degree increments of the angle 6 from 
the perspective of looking along the z-axis. (Electric field lines red; Magnetic field lines blue). 



The linearly polarized photon-e&mvf equation in the lab frame is 

E = E n e Jt ' : e iM (4.17) 

In the case of Y.'"(&,<f>) * in Eq. (4.14), a right-handed and a left-handed elliptically polarized photon-e&mvf are superimposed 
to comprise a linearly polarized photon-e&mvf with the plane of polarization rotated relative to the case of Y f '"(8,</>) = . A 
right-handed or left-handed elliptically polarized photon is obtained by attenuating the oppositely polarized component. 

SPHERICAL WAVE 

Photons superimpose and the amplitude due to N photons is 

K^t^r^) (4..W 

When the observation point is very far from the source as shown in Figure 4.8, the distance in Eq. (4.18) becomes 

|r-r'|*r-f«r' (4.19) 

where f is the radial unit vector. Substitution of Eq. (4.19) into Eq. (4.18) gives 

-ikr N 

E w= £ r Z e " r HW ( 4 - 2 °) 

where we neglect f • r ' in the denominator, and 

k = vk (4.21) 

For an assembly of incoherent emitters 

|V r '/(0,0 = l (4.22) 

Thus, in the far field, the emitted wave is a spherical wave 
-*■ 

K, a ,=E (4.23) 

r 

which is shown by Bonham to be required in order to insure continuity of power flow for wavelets from a single source [5]. The 

Green Function, (Eq. (6.62) of Jackson [1]) is given as the solution of the wave equation (Eq. (6.58) of Jackson [1]). Thus, the 
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superposition of photons gives the classical result. As r goes to infinity, the spherical wave given by Eq. (4.23) becomes a 
plane wave. The double slit interference pattern is derived in Eqs. (8.15-8.23). From the equation of a photon (Eqs. (4.4-4.7), 
the wave-particle duality arises naturally. The energy is always given by Planck's equation; yet, an interference pattern is 
observed when photons add over time or space. 

Figure 4.8. Far field approximation. 



z 












|r -r"| = r- r • ^ ^^T 
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The photon spin angular momentum corresponding to the first term of Eq. (4.14) and the orbital angular momentum 
corresponding to the second term of Eq. (4.14) are conserved during electronic excitation as described in the Excited States of 
the One-Electron Atom (Quantization) section. And, the spin and orbital angular momentum of photons superimpose to give the 
classical result. For example, second harmonic generation has been obtained by Dholakia et al. [6] by use of Laguerre-Gaussian 
beams in a variety of mode orders. Each mode becomes doubled in frequency and transformed to a higher order, which is shown 
to be a consequence of the phase-matching conditions. The experiment is consistent with the interpretation that the orbital 
angular momentum of the Laguerre-Gaussian mode is directly proportional to the azimuthal mode index I where each photon 
possesses orbital angular momentum of ih in addition to any spin angular momentum due to its state of polarization. 

PHOTON TORPEDOES 

Recent evidence suggests that energy packets like photon torpedoes are creeping toward reality [7]. The possibility of solutions 
of the scalar wave equation and Maxwell's equations that describe localized, slowly decaying transmission of energy in 
spacetime has been suggested by several groups in recent years. These include exact pulse solutions (focus wave modes [8-9], 
electromagnetic directed energy pulse trains [10], splash modes [11], transient beams [12],), continuous-wave modes (Bessel 
beams [13]), and asymptotic fields (electromagnetic missiles [14], electromagnetic bullets [15], Gaussian wave packets [16]). 

A macroscopic surface current having a distribution given as an orbitsphere transition comprises a means to emit 

electromagnetic energy having electric and magnetic field lines which comprise a photon-e&mvf. In this case, energy is not 
diminished in intensity as the electromagnetic wave propagates through space. Thus, "photon torpedoes" can be realized. High 
power densities can be achieved by increasing the magnitude of the electric and magnetic fields of the photon where the energy 
is given by Eq. (1.263) and Eq. (1.154). Also, neutrino-type photons described in the Weak Nuclear Force: Beta Decay of the 
Neutron section represent a means to transfer energy without scattering or attenuation between matched emitters and receivers. 
Applications in both cases include power transfer, communications, and weapons. 



PHOTOELECTRIC EFFECT 

Electrons are ejected, and a photocurrent is observed when a clean surface of a metal such as sodium is irradiated with 
ultraviolet light in the wavelength range 2000-400 A in an evacuated vessel. The photoelectric current, which is the amount of 
charge arriving at a collection plate per unit time, is proportional to the rate of liberation of electrons from the metal surface; that 
is, if An e is the number of free electrons produced in the time interval At and i is the current, 

^■ = 1 ^24L 

Al e 

To determine the velocity with which the photoelectrons travel, a potential is applied to a grid mounted between the 

metal surface and the collection plate. The potential creates an electric field, which decelerates the photoelectrons. As the 

potential difference between the grid and the emitting metal is increased, a stopping voltage V s is observed, the value above 

which the electrons are stopped before they reach the plate and the current ceases to flow. At the stopping voltage, the initial 

kinetic energy of the photoelectrons liberated from the metal by the light has all been converted to potential energy; thus 
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1 

-mv-=eV, (4.25) 

2 

The number of electrons produced per second and their maximum kinetic energy as functions of the intensity / and frequency v 
of the incident light is determined by measuring i and V s . 

Physicists of the early 20 th century had a misconception regarding classical wave theory and the photoelectric effect that 
has been promulgated to the present. They erroneously predicted that the energy of the radiation should be continuously 
absorbed by the electrons in the metal. After an electron has absorbed an amount of energy in excess of its binding energy eV , 
it may be ejected from the surface. The adjustable potential V s is used to stop electrons whose energy exceeds eV by eV x or 
less. Since the intensity / of the light is the rate at which energy is propagated by the radiation waves, an increase in intensity 
should increase the average kinetic energy of ejected electrons which implies that the stopping voltage V s is proportional to /. 

It is experimentally observed that V s is proportional to the frequency of the light and independent of the intensity. As 
shown in Figure 4.9, if the frequency v is below a certain threshold value v , no photoelectric current is produced. At 
frequencies greater than v , the empirical equation for the stopping voltage is 

K=*(v-v t ) (4.26) 

where k is a constant independent of the metal used, but v varies from one metal to another. Although there is no relation 
between V s and the light intensity, it is found that the photoelectric current, and therefore the number of electrons liberated per 
second, is proportional to / . 

Figure 4.9. The stopping voltage V s of photoelectrons as a function of the frequency v of the incident light. 

V s 



v V 

These results are not in disagreement with expectations from the classical wave theory based on the equations of a 
photon (Eqs. (4.4-4.7)). The electric and magnetic fields of a photon carry h of angular momentum as given by Eq. (4.1), and 
the corresponding energy is given by Planck's equation (Eq. (4.8)). As shown in the Excited States of the One-Electron Atom 
(Quantization) section, the angular momentum of the photon is conserved [1] for the solutions for the resonant photons and 
excited state electron functions. It can be demonstrated that the resonance condition between these corresponding frequencies is 
to be satisfied in order to have a net change of the energy field [17]. Thus, the correspondence principle holds. That is the 
change in angular frequency of the electron is equal to the angular frequency of the resonant photon that excites the resonator 
cavity mode corresponding to the transition, and the energy is given by Planck's equation. In the case of photoelectrons, the 
resonant transition is from a bound state in the metal to a continuum level. Thus, a photon of energy hv strikes a bound 
electron, which may absorb the photon energy. If hv is greater than the binding energy (or work function) eV a , the electron is 

liberated. Thus, die threshold frequency v is given by 

v = ^ (4.27) 

h 

Since V n is a characteristic of the particular metal, which is used in the experiment, v depends upon the metal, in accordance 

with the experimentally observed result. 

For a photon of energy hv, the total energy of the excited electron is hv, with the excess over the potential energy eV g 

required to escape from the metal appearing as kinetic energy. Conservation of energy requires that the kinetic energy is the 
difference between the energy of the absorbed photon and the work function of the metal, which is the binding energy. The 
relationship is 

-mv 2 =hv-eV =eV s (4.28) 

which is identical to Eq. (4.26), with k = h I e . The photoelectric effect provides another means to determine Planck's constant 
h originally used by Planck for blackbody radiation and by Bohr for the hydrogen spectrum. 

Furthermore, since the energy of each photon is hv , the intensity of the radiation is not related to the energy of each 
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photon, but instead determines the number of photons striking the metal surface per second. The rate of electron ejection is 
expected to be proportional to the rate at which the photons impinge upon the metal surface; thus, an increase in light intensity is 
predicted to increase the photoelectric current, as observed. Because the amount of energy absorbed by an electron is hv 
regardless of the rate at which photons impinge on the surface, the kinetic energy of the ejected electrons should be independent 
of the intensity of the light. Thus, all of the predictions of the photon mechanism for the photoelectric effect are in agreement 
with the experimental results. 

COMPTON EFFECT 

An experiment that is related to the photoelectric effect is the Compton effect. This experiment, which provides more detailed 
information about the interaction of radiation and matter was performed in the early 1920's and analyzed by Compton in 1923. 
The experiment comprises the irradiation of a sample of material such as a paraffin hydrocarbon with X-rays or ^-rays, high- 
frequency radiation. The photons are scattered from bound electrons, which are ionized. The wavelength of the scattered 
radiation and the energy of the emitted electron are determined as a function of angle, relative to the incident beam. It is found 
that the radiation scattered from the material contains not only wavelengths equal to that of the incident radiation A , but also 
wavelengths of the order of a few hundredths of an Angstrom longer than X . The dependence of the scattered wavelength X' 
upon the angle 6 between the primary and scattered beams is found to be 



•T = /! + £ sin 2 — (4.29) 

where k is a constant. 

Physicists of the early 20 th century had a misconception regarding classical wave theory and the Compton effect that has 
been promulgated to the present. They erroneously predicted that the wavelength of the radiation would increase based on the 
Doppler effect since an electron in the sample would be accelerated by the impinging radiation and would therefore emit waves 
with longer wavelengths. The Doppler effect does not correctly explain the observations, however, since (a) the Doppler shift is 
proportional to the wavelength of the primary radiation and (b) the Doppler shift increases with the electron velocity and 
therefore shoidd increase with time, since the electrons are accelerated continuously while they absorb energy during the 
irradiation. Neither of these predictions is corroborated by the experimental results, not as a consequence of the failure of 
classical theory, but because of an erroneous misconception about the nature of the photon and its interaction with matter. As 
was the case for the photoelectric effect, the observations can be explained quantitatively by the photon theory of radiation given 
supra and the laws of conservation of energy and momentum for particles including photons and electrons. 

According to Eqs. (2.139-2.141), the incident photon with wavelength X and frequency v = cl X has a momentum 
hv I c . Correspondingly, the scattered photon, which has a longer wavelength X , and therefore a lower frequency v' = c' I A' , 
has a lower momentum hv' I c . Since v is in the X-ray region ( X ~ 1 - 1 A) , the energy ( hv ~ 1 000 eV ) is so much greater 

than the binding energy of the electrons (=sl0 eV) that to a first approximation the latter be neglected. Thus, the electron is 
ejected in the direction <j> with a momentum mv, which is calculable from an energy and momentum balance for the process as 
shown in Figure 4,10. The classical equations of conservation of energy and of the two components of the linear momentum are: 

hv = hv' +— m e v 2 (energy) (4.30) 

hv hv' 

— = — cos 9 + mv cos tj> (x component of momentum) (4.3 1) 

c c 

hv' 
0= — sin 6-m t v sin <f> (v component of momentum) (4.32) 

c 

Figure 4.10. The Compton effect based on conservation of energy and momentum of a scattered photon and an electron. 

hv' 



In 
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Eliminating v and from these equations, introducing A by the definition A - c I v , and making the approximation that 
AX » A 2 , gives 

AA = X-A = 2— sin 2 f-l (4.33) 

m e c \2) 

in agreement with Eq. (4.29). For A in Angstroms, Eq. (4.33) gives 

Al = 0.0485 sin 2 | — J (4.34) 

If the ejected electron is treated relativistically with its total energy given by Eq. (34.17): 



e = ( m y + P y f 2 = m e c 2 J\ + fg (4.357 

and the kinetic energy is obtained by subtracting the rest energy m e c 2 , Eq. (4.33) can be derived without using the 
approximation that X « A . The maximum shift is seen to occur for 6 = n , where AA - 0.0485 A. 

The photon mechanism was tested by using y -rays of energy « 1 6 eV , and the scattered photon and the Compton 
electron were recorded by means of scintillation counters. Cross and Ramsey [18] found that the angles <j> and 9 for an electron 

and a photon which were simultaneously detected were within ±1° of those required by the conservation laws (Eqs. 4.30-4.32)). 

The analysis of the photoelectric and Compton effects shows that the particle viewpoint and Newtonian mechanics lead 
to a simple and quantitatively correct interpretation of these experiments, and that predictions based upon the classical wave 
th e ory ar e not wrong, but must b e und e rstood from th e natur e of th e photon giv e n by Eqs. ( 4 . 4-4 .7). Individual photons b e hav e 
as particles with energy given by Planck's equation (Eq. (4.8)). As shown by Eqs. (4.18-4.23), photons superimpose to give a 
spherical wave which gives rise to certain other phenomena such as diffraction and interference which are typically ascribed to 
wave theory with waves as an independent aspect of photons. The character exhibited by radiation, whether wave-like or 
particle-like, depends upon the type of experiment that is done. If the interaction of radiation with matter produces a measurable 
change in the matter, such as the ejection of an electron, the phenomenon appears to require the photon theory for its 
interpretation. If the interaction produces a measurable change in the spatial distribution of the radiation, such as diffraction at a 
slit, but produces no measurable change in the matter, invoking the wave theory seems appropriate as shown in the Classical 
Scattering of Electromagnetic Radiation section. Superficially, these results suggest that a synthesis of the two points of view is 
required which takes into account the nature of the experiment being analyzed; that is, the measuring process itself must be 
included in the theory. In actuality, both particle and wave aspects arise naturally from the particle-like photons which 
superimpose in time or space to form a wave which accounts precisely for the wave-particle duality of light. 

Other interactions involving electromagnetic radiation and matter are given classically wherein the photon carries h of 
angular momentum in its electric and magnetic fields as given by Eq. (4.1) with a corresponding energy given by Planck's 
equation (Eq. (4.8)). Bremsstrahlung radiation is given classically as radiation due to acceleration of charged particles by 
Jackson [19]. Cherenkov radiation occurs when charges moving at constant velocity in a medium different from vacuum 
possess spacetime Fourier components of the current that are synchronous with a wave traveling at the speed of light as given by 

a radiative condition derived from Maxwell's equations by Haus [20"|. That is spacetime harmonics of — - { — = k do exist for 

which the Fourier transform of the current-density function is nonzero [20J. 

Although Einstein did not anticipate the physics of the lifetimes of excited states as given in the State Lifetimes and Line 
Intensities section, lasing, or laser devices, the concept of stimulated emission originated in 1917, ten years before the 
Schrodinger equation was postulated, when Einstein proposed that Planck's formula for blackbody radiation could better curve 
fit the data if an ensemble of atoms with quantized energy levels underwent stimulated as well as spontaneous emission [21]. 
Stimulated emission can occur for an inverted population in a suitable resonator cavity to such an extent that amplification or 
lasing occurs. The maser and its extension to shorter wavelengths, the laser, are predicted by Maxwell's equations 1 as shown by 
Lamb [23] and Townes [24], respectively. From this approach, Townes invented first the maser, and he latter extended his work 
to optical wavelengths with the invention of the laser. The B kl coefficient for lasing can be calculated from the A kl coefficient 

using Eq. (6) of Carmicha c l [25], The A u coefficient giv e n by Eq. (2.108) is calculated from the cxcitcd-stat c e lectron source 
current in the State Lifetimes and Line Intensities section. 



1 The development of the laser was impeded by quantum mechanics since its existence disproves the Heisenberg Uncertainty Principle as discussed by 

Carver Meade [Z2\ : 

As late as 1956, Bohr and Von Neumann, the paragons of quantum theory, arrived at the Columbia laboratories of Charles Townes, who was in the 

process of describing his invention. With the transistor, the laser is one of the most important inventions of the twentieth century. Designed into 

every CD player and long distance telephone connection, lasers today are manufactured by the billions. At the heart of laser action is perfect 

alignment of the crests and troughs of myriad waves of light. Their location and momentum must be theoretically knowable. But this violates the 

holiest canon of Copenhagen theory: Heisenberg Uncertainty. Bohr and Von Neumann proved to be true believers in Heisenberg's rule. Both denied 
that the laser was possible. When Townes showed them one in operation, they retreated artfully. 
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HYDRINO THEORY - BLACKLIGHT PROCESS 



BLACKLIGHT PROCESS 



Classical physics (CP) gives closed-form solutions of the hydrogen atom, the hydride ion, the hydrogen molecular ion, and the 
hydrogen molecule and predicts corresponding species having fractional principal quantum numbers. The nonradiative state of 
atomic hydrogen, which is historically called the "ground state" forms the basis of the boundary condition of CP to solve the 
bound electron. CP predic t s a reac t ion involving a resonant, nonradiative energy tr ansfer from o t herwise stable a t omic hydrogen 
to a catalyst capable of accepting the energy to form hydrogen in lower - energy states than previously thought possible called a 

hydrino atom designated as H - JL where a H is the radius of the hydrogen atom. Specifically, CP predicts that atomic 

L p \ 

hydrogen may undergo a catalytic reaction with certain atoms, excimers, ions, and diatomic hydrides which provide a reaction 
with a net enthalpy of an integer multiple of the potential energy of atomic hydrogen, E h = 27.2 eV where E h is one Hartree. 

Specific species (e.g. He + , Ar + , Sr + , K, Li , HCl , and NaH ) identifiable on the basis of their known electron energy levels 
are required to be present with atomic hydrogen to catalyze the process. The reaction involves a nonradiative energy transfer of 
an integer multiple of 27.2 eV from atomic hydrogen to the catalyst followed by g-13.6 eV continuum emission or g-13.6 eV 
transfer to another H to form extraordinarily hot, excited-state H and a hydrogen atom that is lower in energy than unreacted 
atomic hydrogen that corresponds to a fractional principal quantum number. That is, in the formula for the principal energy 
levels of the hydrogen atom: 

e 2 13.598 eV 

E n=~ 2q (5J)- 

n &7t£ a H n 

n =1,2,3,... (5.2) 

where a H is the Bohr radius for the hydrogen atom (52.947 pm), e is the magnitude of the charge of the electron, and e o is the 

vacuum permittivity, fractional quantum numbers : 

« = 1,— ,—,—,..., — ; /? < 137 is an integer (5.3) 

2 3 4 p 

replace the well known parameter n = integer in the Rydberg equation for hydrogen excited states. Then, similar to an excited 

state having the analytical solution of Maxwell's equations given by Eq. (2.15), a hydrino atom also comprises an electron, a 

proton, and a photon as given by Eq. (5.27). However, the electric field of the latter increases the binding corresponding to 

desorption of energy rather than decreasing the central field with the absorption of energy as in an excited state, and the resultant 

photon-electron interaction of the hydrino is stable rather than radiative 

1 

The n = 1 state of hydrogen and the n = — states of hydrogen are nonradiative, but a transition between two 

integer 

nonradiative states, say « = 1 to n = 1 / 2 , is possible via a nonradiative energy transfer. Hydrogen is a special case of the stable 

states given by Eqs. (5.1) and (5.3) wherein the corresponding radius of the hydrogen or hydrino atom is given by 
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(5.4) 



where p = h 2,3. ... . In order to conserve energy, energy must be transferred from the hydrogen atom to the catalyst in units of 



m-212eV , m = 1,2,3,4,.... 
and the radius transitions to — 



m + p 



(5.5) 
The catalyst reactions involve two steps of energy release: a nonradiative energy transfer to 



the catalyst followed by additional en e rgy rel e as e as the radius decreases to th e corresponding stabl e final state. — Thus, the 
general reaction is given by 



m-212eV + Cat q+ + H 



P 



■Cat 



(<?+ 



-re+H- 



(m + P). 



+ m212eV 



(5-6) 



H- 



(m + p) 



-+H 



(m + p) 



-[(p + m) 2 -p 2 ]-\3.6 eV-m-21.2 eV 



Cat (q+r)+ + re -> Cat q+ + m-212eV 



(5.7) 
(5-8) 



And, the overall reaction is 



H 



■ H 



(m + p) 



-[(p + m) 2 -p 2 ]-l3.6eV 



(5.9) 



q , r , m, and p are integers. H s 



{m + p) 



has the radius of the hydrogen atom (corresponding to p = 1 ) and a central field 



equivalent to (m + p) times that of a proton, and H 



[m + p) 



is the corresponding stable state with the radius of 



(m + p) 



that 



of H . As the electron undergoes radial acceleration from the radius of the hydrogen atom to a radius of 



this distance, 



(m + p) 



energy is released as characteristic light emission or as third-body kinetic energy. The emission may be in the form of an 

912 



extreme-ultraviolet continuum radiation having an edge at [(p + m) -p -2m]-\3.6 eV or 



nm and 



[(p + m) -p -2m] 

extending to longer wavelengths. In addition to radiation, a resonant kinetic energy transfer to form fast H may occur. 
Subsequent excitation of these fast H(n = \) atoms by collisions with the background H 2 followed by emission of the 

corresponding H (n - 3) fast atoms gives rise to broadened Balmer a emission. 

As given in Disproportionation of Energy States section, hydrogen atoms H(\l p) p = 1,2,3, ...137 can undergo further 

transitions to lower-energy states given by Eqs. (5.1) and (5.3) wherein the transition of one atom is catalyzed by a second that 
resonantly and nonradiatively accepts ot - 27.2 eV with a concomitant opposite change in its potential energy. — The overall 
general equation for the transition of H(\l p) to H(\l(p + m)) induced by a resonance transfer of m-212 eV to H(l/ p') 

given by Eq. (5.87) is represented by 

H(\/p') + H(\/p)^H + H(\/(p + m)) + [2pm + m 2 -p' 2 + \]-\3.6eV (5.10) 

Hydrogen atoms may serve as a catalyst wherein m = 1 , m = 2, and m = 3 for one, two, and three atoms, respectively, acting as 

a catalyst for another. The rate for the two-atom-catalyst, 2H , may be high when extraordinarily fast H as reported previously 

[1-8] collides with a molecule to form the 2H wherein two atoms resonantly and nonradiatively accept 54.4 eV from a third 
hydrog e n atom of the collision partners. By the same mechanism, the collision of two hot H 2 provide 3 H to serve as a catalyst 



of 3-27.2 eV for the fourth. The EUV contiuua at 22.8 um and 10.1 nm, extraordinary (MOO eV) Balmer a line broadening, 
highly excited H states, the product gas H 2 (l / 4) , and large energy release is observed consistent with predictions [1-13]. 

The catalyst product, H(\l p) , may also react with an electron to form a hydrino hydride ion H~(l/p), or two 

H (l / p) may react to form the corresponding molecular hydrino H 2 (\l p). Specifically, the catalyst product, H(\l p), may 

also react with an electron to form a novel hydride ion H~ (l / p) with a binding energy E B (Eq. (7.74)) derived in the Hydrino 

Hydride Ion section: 
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E.=- 



h 2 yjs(s + l) xju e 2 h 2 



1 + yjs(s + V y 



w. 



-a* 



1 + yjsjs + l) 



(5.11) 



8// e a, 



e"0 



tf„ 



V l r j y 

where /? = integer > 1 , 5 = 1/2, /? is Planck's constant bar, // o is the permeability of vacuum, m e is the mass of the electron, ju e 

mjn„ 



is the reduced electron mass giveii by ju e 



m. 



where m is the mass of the proton, a a is the Bohr radius, and the ionic 



I m„ 



radius is )\ - - (1 h ^s{s + \)\ (Eq. (7.73)). From Eq. (5.11), the calculated ionization energy of the hydride ion is 0.75 4 18 eV , 

and the experimental value given by Lykke [14] is 6082.99±0.15 cm' 1 (0.75418 eV). The binding energies of hydrino hydride 
ions were confirmed by XPS [10-13, 15-16]. 

Upfield - shifted NMR peaks are direct evidence of the existence of lower - energy state hydrogen with a reduced radius 

r e lativ e to ordinary hydrid e ion and having an incr e as e in diamagn c tic shi e lding of th e proton. Th e shift is giv e n by th e sum of 
that of an ordinary hydride ion H~ and a component due to the lower -energy state (Eq. (7.88)): 



AB T 
—B- 



-_Mo_ 



\2m e aA\ + ^js{s + 1JJ 



(1 + a2np) = -(29.9 + 1 31 p) ppm 



(5.12) 



where for H p = and p = integer > 1 for H {Up) and a is the fine structure constant. The predicted peaks were observed 

by solid and liquid proton NMR [1-13, 15-17]. 

H(\l p) may react with a proton and two H(\l p) may react to form H 2 (\l p) and H 2 (\l p), respectively. The 

hydrogen molecular ion and molecular charge and current density functions, bond distances, and energies were solved in the 
Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section from the Laplacian in ellipsoidal 
coordinates with the constraint of nonradiation. 



o, m t (r ? d t) i (f m | { R n f ) , o? m ( i & 5 = q 



-iSA^f- 



The total energy E T of the hydrogen molecular ion having a central field of +pe at each focus of the prolate spheroid molecular 
orbital is (Eqs. (11.192-11.193)) 



—le 1 - 
\ Aits Ala,, 



\2h\ 



( 4 In 3 1 2 In 3) 



1 i p\ 



m. 



r =p- 



^s o a H 



mc 



pe 



pe 



(5.14) 



3, 



4^„ 



2a H 



3 (t. ? 



= -/16.13392 eV -p 3 0.\ 18755 eV 
where p is an integer, c is the speed of light in vacuum, and ju is the reduced nuclear mass. The total energy of the hydrogen 
molecule having a central field of +pe at each focus of the prolate spheroid molecular orbital is (Eqs. (1 1.240-1 1.241)) 
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= - J p 2 31.351eF- j p 3 0.326469eF 

The bond dissociation energy, E D , of the hydrogen molecule H 2 (\l p*) is the difference between the total energy of the 
corresponding hydrogen atoms and E T 



E D =E(2H(l/p))-E T 

where [18] 

E(2H(\/p)) = -p 2 27.20eV 

E D is given by Eqs. (5.16-5.17) and (5.15): 



(5-16) 
(5.17) 



= -p £ 21.20eV-E T 

= -p 2 21.20 eV-(-p 2 31.351 eV - /r 0.326469 eV) 

= » 2 4 .151 cV + » 3 0.326 4 69 cV 



(5.18) 



Th e calculated and experimental paramet e rs of II 2 , D 2 , II 2 , and D 2 are given in Tabl e 11.1. 

The NMR of catalysis-product gas provides a definitive test of the theoretically predicted chemical shift of H 2 (l / 4) . In 
general, the l H NMR resonance of H 2 (\l p} is predicted to be up field from that of H 2 due to the fractional radius in elliptic 

AD 

coordinat e s wh e r e in th e e l e ctrons ar c significantly clos e r to th e nucl e i. Th e pr e dict e d shift, — , for H 2 (l / p) is giv e n by th e 

B 



sum of that of H 2 and a term that depends on p = integer > 1 for H 2 (l / p) (Eq. (11 .433)): 



-AS,. 



4-^2 In 



-(\ + 7tap) 



(5.19) 



-^- 



■-Mo 



&-+ 



36a» 



^ = -(2&M + 0.64p)ppm 
B 



(5.20) 



wh e r e for H 2 p = 0. Th e e xp e rim e ntal absolut e H 2 gas - phas e r e sonanc e shift of - 28.0 ppm [19 - 22] is in e xc e ll e nt agr ee m e nt 

with the predicted absolute gas-phase shirt of -28.01 ppm (Eq. (5.20)). The predicted NMR peak lor the favored product 
H 2 (1/4) was observed by solid and liquid NMR including on cryogenically collected gas from plasmas showing the predicted 

continuum radiation and fast H [8]. 

The vibrational energies, E M , for the v-0 to v = l transition of hydrogen-type molecules H 2 (\/p) are (Eq. (11.223)) 



£ va)=/ , 2 0.515902e^ 
where p is an integer and the experimental vibrational energy for the v = to u = 1 transition of H 2 , E H , 



(u=0-»u=l) ' 



(5.21) 
is given by 



Beutler [23] and Herzberg L24J. 

The rotational energies, £ M , for the J to 7+1 transition of hydrogen-type molecules H 2 (U p) are (Eq. (12.74)) 

£ ro ,=£ J+1 -£ J =y[j + l] = /(j + l)0.01509 e F (5.22) 

where p is an integer, I is the moment of inertia, and the experimental rotational energy for the J = to J = 1 transition of 
H 2 is given by Atkins [25]. Ro-vibrational emission of 7^ (1/4) was observed on e-beam excited molecules in gases and 

trapped in solid matrix [12]. 

The p 2 dependence of the rotational energies results from an inverse p dependence of the internuclear distance and the 

corr e sponding impact on the mom e nt of in e rtia I . Th e pr e dict e d int e rnucl e ar distanc e 2c' for H 2 {\l p) is 
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Id = ^- (5.23) 
P 

The data from a broad sp e ctrum of investigational techniqu e s strongly and consistently indicates that hydrog e n can exist 

in lower-energy states than previously thought possible and support the existence of these states called hydrino, for "small 

hydrogen", and the corresponding hydride ions and molecular hydrino. Some of these prior related studies supporting the 

possibility of a novel reaction of atomic hydrogen, which produces hydrogen in fractional quantum states that are at lower 

energies than the traditional "ground" ( n - 1 ) state, include extreme ultraviolet (EUV) spectroscopy, characteristic emission 

from catalysts and the hydride ion products, lower-energy hydrogen emission, chemically-formed plasmas, Balmer a line 

broadening, population inversion of H lines, elevated electron temperature, anomalous plasma afterglow duration, power 

generation, and analysis of novel chemical compounds [1-13, 15-17, 26-35], 

ENERGY TRANSFER MECHANISM 

Consider the excited energy states of atomic hydrogen given by Eq. (5.1) with n = 2,3, 4,... (Eg. (5.2)). The n = \ state is the 
"ground" state for "pure" photon transitions (the n = \ state can absorb a photon and go to an excited electronic state, but it 
cannot release a photon and go to a lower-energy electronic state). However, an electron transition from the n = 1 state to a 
lower-energy state hydrino state is possible by a nonradiative energy transfer such as multipole coupling or a resonant collision 
mechanism. Processes that occur without photons and that require collisions are common. For example, the exothermic 
chemical reaction of H + H to form H 2 does not occur with the emission of a photon. Rather, the reaction requires a collision 

with a third body, M , to remove the bond energy: H + H + M—>H 2 +M* |36J. The third body distributes the energy from the 
exothermic reaction, and the end result is the H 2 molecule and an increase in the temperature of the system. Further exemplary 
of an inelastic collision with resonant energy transfer is the Franck-Hertz experiment wherein an excited state atom [37] is 
formed. Additionally, some commercial phosphors are based on nonradiative energy transfer involving multipole coupling. For 
example, the strong absorption strength of Sb 3 ' ions along with the efficient nonradiative transfer of excitation from Sb 3 ' to 
Mn 2 * are responsible for the strong manganese luminescence from phosphors containing these ions [38] 1 . Another example of 
resonant, nonradiative energy transfer involves atomic hydrogen wherein resonant energy transfer from excited Ne" 2 excimer 

formed in high pressure microhollow cathode discharges to hydrogen atoms in the ground state occurs with high efficiency to 
give predominantly Lyman a and Lyman /? emission [39-41] in the absence of excimer emission observed with p ure neon 
plasmas. Thus, the normal emission is consequently quenched as H emits. 

Similarly, the n = 1 state of hydrogen and the n = states of hydrogen are nonradiative, but a transition between 

integer 

two nonradiative states is possible via a nonradiative energy transfer, say n — \ to n - 1 / 4 . In these cases, during the transition 
the F£ electron couples to another electron transition, electron transfer reaction, or inelastic scattering reaction that can absorb the 
exact amount of energy that must be removed from the hydrogen atom to initiate the transition. These reactions comprise a 

An e xampl e of nonradiative energy transfer is th e basis of comm e rcial fluor e sc e nt lamps. Consid e r Mn* which wh e n e xcit e d som e tim e s 

emits yellow luminescence. The absorption transitions of Mn * are spin-forbidden. Thus, the absorption bands are weak, and the Mn * ions cannot be 
efficiently raised to excited states by direct optical pumping. Nevertheless, Mn * is one of the most important luminescence centers in commercial 
phosphors. — For example, the double-doped phosphor Ca s (PO t ) 3 F : Sb 3 * ,Mn* is used in commercial fluorescent lamps where it converts mainly 
ultraviolet light from a mercury discharge into visible radiation. When 75S6 A mercury radiation falls on this material, the radiation is ahsorhad by the 
Sb 3 * ions rather than the Mn 2 * ions. Some excited Sb 3 * ions emit their characteristic blue luminescence, while other excited Sb 3 * ions transfer their 
energy to Mn 2 * ions. These excited Mn 2 * ions emit their characteristic yellow luminescence. The efficiency of transfer of ultraviolet photons through 
the Sb * ions to the Mn * ions can be as high as 80%. The strong absorption strength of Sb * ions along with the efficient transfer of excitation from 

Sb * to Mn * are responsible for the strong manganese luminescence from this material. 

This type of nonradiative energy transfer is common. The ion which emits the light and which is the active element in the material is called the 
activator; and the ion that helps to excite the activator and makes the material more sensitive to pumping light is called the sensitizer. Thus, the sensitizer 
ion absorbs the radiation and becomes excited. Because of a coupling between sensitizer and activator ions, the sensitizer transmits its excitation to the 
activator, which becomes excited, and the activator may release the energy as its own characteristic radiation. The sensitizer to activator transfer is not a 
radiative emission and absorption process, rather a nonradiative transjer. The nonradiative transter may be by electric or magnetic multipole interactions. 
In the transfer of energy between dissimilar ions, the levels will, in general, not be in resonance, and some of the energy is released as a phonon or 
phonons. In the case of similar ions the levels should be in resonance, and phonons are not needed to conserve energy. 

Sometimes the host material itself may absorb (usually in the ultraviolet) and the energy can be transferred nonradiatively to dopant ions. For 

example, in YVO t : Eu* , the vanadate group of the host material absorbs ultraviolet light, then transfers its energy to the Eu * ions which emit 
characteristic Eu* luminescence. 
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resonant energy sink generally referred to as an energy hole. Thus, a catalyst is a source of an energy hole because it provides a 
net positive enthalpy of reaction of m-21.2 eV (i.e. it absorbs or provides an energy sink of m-21.2 eV). The reaction of 
hydrogen-type atoms to lower-energy states may also be referred to as a transition reaction. The certain atoms or ions that serve 
as transition reaction catalysts resonantly accept energy from hydrogen atoms and release the energy Lo the surroundings Lo 
effect electronic transitions to hydrino states comprising energy levels corresponding to fractional quantum numbers in the 
Rydberg formula. The catalysis of hydrogen involves the nonradiative transfer of energy from atomic hydrogen to a catalyst to 
form an intermediate (Eg. (5.7)) that may then release the additional energy by radiative and nonradiative mechanisms. Thus, as 
a consequence of the nonradiative energy transfer, the hydrogen atom becomes unstable and emits further energy until it 
achieves a lower-energy nonradiative state having a principal energy level given by Eqs. (5.1) and (5.3). Characteristic 
continuum radiation and extraordinary (>100 eV) Balmer a line broadening corresponding to fast H observed from mixed 
hydrogen plasmas containing a hydrino catalyst [1-8] are signatures of the reaction to form hydrinos. The latter release may 
occur via a collisional or nonradiative energy transfer from the corresponding formed metastable intermediate to yield the fast 
H(n = 1) . Th e m echanism of energy re lease m ay be akin to a quenching re actio n [47 .- 43] t hat is selection ru le dependent. 



ENERGY HOLE CONCEPT 



For a spherical resonator cavity, the nonradiative boundary condition and the relationship between the electron and the photon 
give the "allowed" hydrogen energy states that are quantized as a function of the parameter n . That is, the nonradiative 
boundary condition and the relationship between an allowed radius and the photon standing wave wavelength (Eq. (2.1)) give 
rise to Eq. (2.2), the boundary condition for allowed radii and allowed electron wavelengths as a function of the parameter n . 
Each value of n corresponds to an allowed t ransition caused by a resonan t pho t on, which exci t es t he t ransition in the orbitsphere 
resonator cavity from the initial to the final state. In addition to the traditional integer values (1, 2, 3,...) of n , fractional values 
are allowed by Eq. (2.2) which correspond to transitions between energy states with an increase in the central field (effective 
charge) and decrease in the radius of the orbitsphere. This occurs, for example, when the orbitsphere couples to another 
resonator cavity, which can absorb energy. This is the absorption of an energy hole by the hydrogen-type atom. The 
absorption of an energy hole destroys the balance between the centrifugal force and the increased central electric force. 
Consequently, the electron undergoes a transition to a stable lower energy state. Thus, the corresponding reaction from an initial 
energy state to a lower energy state requiring an energy hole is called a transition reaction and the resonant energy acceptor 
including a catalyst that is unchanged in the over all reaction to form hydrinos can generally be consider a source of energy 
holes. 

From energy conservation, the energy hole of a hydrogen atom, which excites resonator modes of radial dimensions 



m + \ 

m-21.2 eV, (5.24) 

where m- 1,2,3,4,.... 

After resonant absorption of the energy hole, the radius of the orbitsphere, a H , shrinks to — — and after t cycles of transition, 

m + \ 

the radius is — B — . In other words, the radial ground state field can be considered as the superposition of Fourier components. 
mt + 1 

The removal of negative Fourier components of energy m-21.2 eV , where m is an integer, increases the positive electric field 

inside the spherical shell by m times that of a proton charge. The resultant electric field is a time harmonic solution of 

Laplace's Equations in spherical coordinates. In this case, the radius at which force balance and nonradiation are achieved is 



where m is an integer. In decaying to this radius from the "ground" state, a total energy of [(m + 1) — 1 ]T3.6 eV is 



released. The process is called the Atomic BlackLight Process. 

For the hydrogen atom, the radius of the ground state orbitsphere is a H . This orbitsphere contains no photonic waves 
and the centrifugal force and the electric force balance including the electrodynamic force, which is included by using the 
reduced electron mass as given by Eqs. (1.254), (1.259), and (1.260) is 

2 2 

m* — rr^ z7^ 

(5.25) 



a H 47is a 2 H 

where v x is the velocity in the "ground" state. It was shown in the Excited States of the One-Electron Atom (Quantization) 
section that the electron orbitsphere is a resonator cavity, which can trap electromagnetic radiation of discrete frequencies. The 
photon electric field functions are solutions of Laplace's equation. The "trapped photons" decrease the effective nuclear charge 
or nuclear charge factor Z eff to 1 / n and increase the radius of the orbitsphere to na H . The new configuration is also in force 

balance. 
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h 1 1 -e 2 
— -^— (5.26) 



4flg„r„ 



Similarly a transition to a hydrino state occurs because the effective nuclear charge increases by an integer, m , when 

Eqs. (5.26-5.28) are satisfied by the introduction of an energy hole. The source of energy holes may not be consumed in the 
transition reaction; therefore it serves as a catalyst. The catalyst provides energy holes and causes the transition from the initial 

radius = and an effective nuclear charge of p to the second radius — M — and an effective nuclear charge of p + m . Energy 
p p + m 

conservation and the boundary condition that "trapped photons" must be a solution to Laplace's equation determine that the 

energy hole to cause a transition is given by Eq. (5.24). As a result of coupling, the hydrogen atom nonradiatively transfers 

m-21.2 eV to the catalyst. 

Stated another way, the hydrogen atom absorbs an energy hole of m-21.2 eV . — The energy hole absorption causes a 

standing electromagnetic wave ("photon") to be trapped in the hydrogen atom electron orbitsphere having the same form of 

Maxwellian solution of electromagnetic radiation of discrete energy trapped in a resonator cavity as for excited states given in 

the Excited States of the One-Electron Atom (Quantization) section. As shown previously, the photonic equation must be a 

solution of Laplace's equation in spherical coordinates. The "trapped photon" field comprises an electric field, which provides 

force balance and a nonradiative electron current. Following that given for excited states (Eq. (2.15)), the solution to this 

boundary valu e problem of th e radial photon e l e ctric fi e ld is giv e n by 



E e{na H )" 1 



rpko.onnj.n, ^ J M) 
1 



-^{e^)+-[YS{e,<f)+^{Yp{e,<f)^'\ 



5{r-r n ) (5.27) 



P 
2<p<\31 
£ =l,2,...,/?-l 
m e =-£,-£ +[,...,0,...,+ £ 
I 
2 
The quantum numbers of the electron are p , £ , m f , and m s as described in the Excited States of the One-Electron Atom 

(Quantization) section wherein the principal quantum number of excited states is replaced by n = — . It is apparent from this 

p 

equation that given an initial radius of - JL and a final radius of — — , the central field is increased by m with the absorption of 

p p + m 

an energy hole of m-21.2 eV . The potential energy decreases by this energy; thus, energy is conserved. However, the force 
balance equation is not initially satisfied as the effective nuclear charge increases by m . Further energy is emitted as force 
balance is achieved at the final radius. By replacing the initial radius with the final radius, and by increasing the charge by m in 
Eq. (5.26). 



((p + m)e) 



[p + mf^ = [p + m\ ^ ' ?- (528T 
m e a H Ax£ a a H 

force balance is achieved and the electron is non-radiative. The energy balance for m = 1 is as follows. An initial energy of 

27.2 eV is transferred as the energy hole absorption event. This increases the nuclear charge (effective nuclear charge factor) 

by one elementary charge unit and decreases the potential by 27.2 eV . More energy is emitted until the total energy released is 

[(j3 + l) 2 - /> 2 ]T3.6 eV . The potential energy diagram of the electron is given in Figure 5.1. 
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Figure 5.1. Potential Energy well of a Hydrogen Atom. 
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The energy hole (rn-21.2 eV) required to cause a hydrogen atom to undergo a transition reaction to form a given hydrino atom 



(H 



) as well as the corresponding radius (- 



^m + lj ' (m + 1) 

of s e v e ral stat e s of atomic hydrog e n ar e giv e n in Tabl e 5.1. 



), effective nuclear charge factor (Z e/r =m + l) and energy parameters 
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Table 5.1 . Principal quantum number, radius, potential energy, kinetic energy, effective nuclear charge factor, energy hole 
required to form the hydrino from atomic hydrogen (n=l), and hydrino binding energy, respectively, for several states of 
hydrogen. ~~ 

H(n) R V(eW) T(eW) Z eJf Energy Binding Energy 

—i— a„ -27.2 — 1±6 1 Br6 

2 27.2 54.4 



1 

2 
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-108.8 
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The size of the electron orbitsphere as a function of potential energy is given in Figure 5.2. 

Figure 5.2. Quantized sizes of hydrogen atoms where n is an integer for excited states and n= y . for hydrino states where 
p is an integer. 
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CATALYSTS 

A source of energy holes that is not consumed in the reaction serves as a catalyst that provides a net positive enthalpy of reaction 
of m-27.2 eV (i.e. it resonantly accepts the nonradiative energy transfer from hydrogen atoms and releases the energy to the 
surroundings to affect electronic transitions to fractional quantum energy levels). K can serve as a catalyst since the ionization 
of K to K 3+ is about 81.6 eV (3-27.2 eV ). As a consequence of the nonradiative energy transfer, the hydrogen atom becomes 
unstable and emits further energy until it achieves a lower-energy nonradiative state having a principal energy level given by 
Eqs. (5.1) and (5.3). Thus, the catalysis releases energy from the hydrogen atom with a commensurate decrease in size of the 
hydrogen atom, r„—na H where n is given by Eq. (5.3). For example, the catalysis of H(n = \) to H(n = \/4) releases 

204 eV , and the hydrogen radius decreases from a H to — a H . Specifically, the first, second, and third ionization energies of 

potassium are 4.34066 eV , 31.63 eV , 45.806 eV , respectively [18]. The triple ionization (/ = 3) reaction of K to K } * , then, 
has a net enthalpy of reaction of 81 .7767 eV , which is equivalent to m =3 in Eq. (5.24). 



81.7767 eV+K(m)+H 



->K^ +3e~ + H 



(P + 3) 



+ [(p + 3f-p 1 ]-\3.6eV 



K 1+ +3e- -> AT(m) + 81.7767 eV 
And, the overall reaction is 



If 



P 



-+H 



(p + 3) 



+ [(p + 3) 2 -p 2 ]-\3.6eV 



(5.29) 
(5.30) 

(5.31) 



The potassium-atom catalyst ( K ) and the 3 + ion ( K u ) that arises from the resonant energy transfer are solved in the Three- 
Through Twenty-Electron Atoms section and are shown in Figure 5.3. 

Figure 5.3. Cross Section of Charge-Density Functions of AT and K'* Shown in Color Scale. The elections of 
multielectron atoms exist as concentric orbitspheres ("bubble-like" charge-density functions) of discrete radii, which are given 
by r„ of the radial Dirac delta function, S(r— r n ) and serve as resonator cavities during the resonant nonradiative energy transfer 
that gives rise to ionization. Each s orbital is a constant current-density function which gives rise to spin, and the charge-density 
of each p orbital is a superposition of a constant and a spherical and time harmonic function. The corresponding charge-density 
wave on the surface gives rise to election orbital angular momentum that superimposes the spin angular momentum. The insert 
on the right shows the atom and ions at a lower magnification to view the outer 4s electron of K . 
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He* , Ar* , Sr* , Li , K , and NaH are predicted to serve as catalysts since they meet the catalyst criterion — a chemical 
or physical process with an enthalpy change equal to an integer multiple of the potential energy of atomic hydrogen, 27.2 eV . 
Sp e cifically, a catalytic syst e m is provid e d by th e ionization of t e l e ctrons from an atom e ach to a continuum e n e rgy l e v e l such 
that the sum of the ionization energies of the t electrons is approximately m-21.2 eV where m is an integer. One such 
catalytic system involves lithium atoms. The first and second ionization energies of lithium are 5.39172 eV and 75.64018 eV , 
respectively |18J. The double ionization (t = 2) reaction of Li to Li 1 * then, has a net enthalpy of reaction of 81.0319 eV , 
which is equivalent to 3-27.2 eV . 



81.0319 eV + Li{m) + H 



-*Lr + 2e~+H 



(p + 3) 



+ [Cp + 3) 2 - j p 2 ]-13.6eK 



Li 2 * +2e ->£/(«) + 81 .03 19 eV 



(5.32) 
(5.33) 



And, the overall reaction is 



H 



■H 



+p+iy 



+ [( j p + 3) 2 - j p 2 ]-13.6eF 



(5.34) 



where m = 3 in Eq. (5.24). The energy given off during catalysis is much greater than the energy lost to the catalyst. The 
energy released is large as compared to conventional chemical reactions. For example, when hydrogen and oxygen gases 
undergo combustion to form water 



^2(s) + ^ 2 ( g )^H 2 0(l) 



-&&)- 



the known enthalpy of formation of water is AH f = -286 kJ I mole or 1 .48 eV per hydrogen atom. By contrast, each ( n = 1 ) 
ordinary hydrogen atom undergoing a catalysis step to n = — releases a net of 40 . 8 eV . Moreover, further catalytic transitions 

may occur: n= >—, > — , >—, and so on. Once catalysis begins, hydrinos autocatalyze further in a process called 

disproportionation discussed in the Disproportionation of Energy States section. 

Hydrog e n catalysts capabl e of providing a n e t e nthalpy of r e action of approximat e ly m - 21.2 eV wh e r e m is an int e g e r 

to produce a hydrino (whereby t electrons are ionized from an atom or ion) are given in Table 5 . 2 . The atoms or ions given in 
the first column are ionized to provide the net enthalpy of reaction of m-21.2 eV given in the tenth column where m is given in 
the eleventh column. The electrons, that participate in ionization are given with the ionization potential (also called ionization 
energy or binding energy). The ionization potential of the n th electron of the atom or ion is designated by IP n and is given by 

the CRC [181. That is for example, Li + 5. 39172 eV^Lt +e" and Li* +75.6402 eV ^ Li 2 * +e~. The first ionization 
potential, IL\ - 5.39172 eV , and the second ionization potential, IP 2 = 75.6402 eV , are given in the second and third columns, 
respectively. The net enthalpy of reaction for the double ionization of Li is 81.0319 eV as given in the tenth column, and 
m - 3 in Eq. (5.24) as given in the eleventh column. 
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Table 5.2. Hydrogen Catalysts. 



Catalys 


t 1P1 


1P2 


1P3 


1P4 


1P5 


1P6 


1P7 


IPS 


Enthalpy 


m 


Li 


5.39172 


75.6402 














81.032 


-4 



Be 
K 
Ca 
Ti 



9.32263 
4.34066 
6.11316 
6.8282 



18.2112 

31.63 

11.8717 

13.5755 



45.806 

50.9131 

27.4917 



67.27 
43.267 



99.3 



27.534 1 

81.777 3 

136.17 5 

190.46 7 



V 

-Gr— 
Mn 
Fe 
Fe 
Co 
Co 



6.7463 

6.7666 -1 

7.43402 

7.9024 

7.9024 

7.881 

7.881 

7.6398 



14.66 
16. -1 857 



29.311 
30.96 



46.709 65.2817 



162.71 6 
5 -1 .212 — 2- 



15.64 

16.1878 

16.1878 

17.083 

17.083 

18.1688 



33.668 

30.652 

30.652 

33.5 

33.5 

35.19 



51.2 

54.8 

51.3 

51.3 

-^4r9- 



79.5 
76.06 



107.94 
54.742 
109.54 
109.76 
189.26 
191.96 



Ni 
Cu 
Zn 
Zn 



7.6398 
7.72638 
9.39405 
9.39405 



18.1688 
20.2924 
17.9644 
17.9644 



35.19 



39.723 



54.9 



59.4 



76.06 



82.6 



108 



108 



134 



174 



299.96 11 

28.019 1 

27.358 1 

625.08 23 



As 
-Se- 



9.8152 
9.75238 



18.633 
21.19 



28.351 50.13 62.63 
30.8204 — 42r945 — 68t3— 



127.6 
81.7 



155.4 



297.16 
410.11 



11 



Kr 
Kr 
Rb 
Rb 
Sr 

^m- 

Mo 
Mo 
Pd 
Sn 



13.9996 
13.9996 

4.17713 
4.17713 
5.69484 
6.75885 



24.3599 
24.3599 
27.285 
27.285 
11.0301 
-44^32 



36.95 

36.95 

40 

40 

42.89 

25.04 



52.5 
52.5 
52.6 
52.6 

57 
-^8r3- 



64.7 
64.7 
71 
J71 

71.6 
50.55 



78.5 
78.5 
84.4 
84.4 



111 

99.2 

99.2 



136 



271.01 
382.01 
378.66 
514.66 
188.21 



10 
14 
14 
19 

7 



134. 9 7 5- 

220.10 8 

489.36 18 

27.767 1 

165.49 6 



7.09243 
7.09243 
8.3369 
7.34381 



16.16 
16.16 
19.43 
14.6323 



27.13 
27.13 



46.4 
46.4 



54.49 
54.49 



68.8276 
68.8276 



125.664 143.6 



30.5026 40.735 72.28 



Te 



9.0096 
9.0096 



18.( 
-4ft< 



27.96 

20.198 
20.198 
21.624 



27.61 

55.57 



1 

-2- 

27.051 1 

138.89 5 

216.49 8 

134.15 5 



Cs 
Ce 
Ce 
Pr 



3.8939 
5.5387 
5.5387 
5.464 



23.1575 
10.85 
10.85 
10.55 



36.758 65.55 
36.758 65.55 
38.98 57.53 



77.6 



Sm 
-6d- 

Dy 
Pb 
Pt 

He + 

Na + 



5.6437 

6.15 

5.9389 

7.41666 

8.9587 



11.07 

12.09 

11.67 

15.0322 

18.563 

54.4178 

47.2864 

27.285 



23.4 
20.63 
22.8 
31.9373 



41.4 

-44 

41.47 



81.514 

82.87 

81.879 

54.386 

27.522 

54.418 



71.6200 98.91 



217.816 8 



Fe 3+ 
Mo 2 
Mo 4 
In 3+ 



27.285 — h- 
54.8 2 
27.13 1 
54.49 2 
_54 2_ 



27.13 



54.8 



54 



54.49 



Ar + 

2K + to K 
and K 2+ 

2Ba 2+ to Ba 
and Ba 3 



27.62 
11.03 
31.63 



10 



42.89 



37.3 



27.62 1 

-53:92 2- 

27.28 1 

27.3 1 



4.34 
5.21 



Argon ions can provide a net enthalpy of a multiple of that of the potential energy of the hydrogen atom. The second 
ionization energy of argon is 27.63 eV . The reaction Ar + to Ar 2+ has a net enthalpy of reaction of 27.63 eV , which is 
equivalent to m = 1 in Eq. (5.24). 



27.63 p.V+ Ar + + H 



-± 4r 2+ - 



JL 



- [(p + \) - p ]-U .6 eV 



(5 - 36) 



P 

Ar 2+ +e" -^Ar + +27.63 eV 
And, the overall reaction is 



.O+i). 



JL 



JL 



+[(/7 + i) 2 - /? 2 ]-i 3.6< ?r 



(5.37) 



(S - 38) 



p\ L(/> +1 )_ 

Strontium ions can also provide a net enthalpy of a multiple of that of the potential energy of the hydrogen atom. The 
second and third ionization energies of strontium are 11.03013 eV and 42.89 eV , respectively [18]. The ionization (t = 2) 
reaction of Sr' to Sr 3 ' , then, has a net enthalpy of reaction of 53.92 eV , which is equivalent to m = 2 in Eq. (5.24). 
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53.9 eV + Sr + +H 



-+Sr i+ +2e~ +H 



(j> + 2). 



+ [(p + 2f-p 2 ]-\3.6eV 



Sr 3+ +2e- -+Sr + + 53.9 eV 



(5.39) 
-(SAO)- 



The overall reaction is 



H 



■H 



(P + 2) 



+ [(P + 2f-p 2 ] ■ 13.6 eV 



(5.41) 



Helium ions can serve as a catalyst hecanse the second ionization energy of helium is 54.417 eV , which is equivalent to 

2-27.2 eV . In this case, 54.417 eV is transferred nonradiatively from atomic hydrogen to He' which is resonantly ionized. 
The electron decays to the «=l/3 state with the further release of 54.417 eV as given in Eq. (5.46). The catalysis reaction is 

-108.8 eV 



54.417 eV + He + +H[a H ]^>He 1+ +e~+H 



-i^r 



He 2+ +e" -^He + +54.417 eV 
And, the overall reaction is 
a K 



H[a H ]^>H 



+ 108.8 eV 



(5.43) 



45A4±- 



3 

It is well known that electric fields obey superposition. Thus, the electric field of an absorbed photon superimposes that 
of the proton such that the electron of H moves to a higher-energy excited state at a radius that is greater than that of the n=l 
state. Similarly, in order to conserve energy, the resonant nonradiative energy transfer from H to the catalyst of m-27.2 eV 
results in an increased interaction between the electron and the central field that is equivalent to m+1 times that of a proton. The 

increased interaction then causes the radius to decrease with the further release of energy. Since the reactions given by F.qs. 

(5.42-5.44) involve two steps of energy release, it may be written as follows: 

a K 



54.417 eV + He + +H[a H ] -> He 1 * +e" +H* 



-54.4 eV 



(5.45) 



-H^ 



a„ 



=rff L 



a„ 



-54AeV 



(5.47) 



3 J L 3 

He 2+ +e" -^He + +54.417 eV 
And, the overall reaction is 



H[a H ] ^ H 



+ 54AeV + 54AeV 



-iSASy 



wherein H* 



3 
has the radius of the hydrogen atom and a central field equivalent to 3 times that of a proton and H 



the corresponding stable state with the radius of 1/3 that of H. As the electron undergoes radial acceleration from the radius of 
the hydrogen atom to a radius of 1/3 this distance, energy is released as characteristic light emission or as third-body kinetic 
energy. Characteristic continuum emission starting at 22.8 nm (54.4 eV) and continuing to longer wavelengths is predicted for 
this transition reaction as the energetic hydrino intermediate decays. The emission has been observed by EUV spectroscopy 
recorded on pulsed discharges of helium with hydrogen [8], Alternatively, a resonant kinetic energy transfer to form fast H 
m a y o ccur consistent w i t h the observation of e x traordinary Balmer a l i ne broadening corresponding to h igh- k inetic energy H 



[1-8]. 

In another example, a catalyst may be provided by the transfer of t electrons between participating ions. The transfer of 
t electrons from one ion to another ion provides a net enthalpy of reaction whereby the sum of the ionization energy of the 
electron donating ion minus the ionization energy of the electron accepting ion equals approximately m-2'IU.eV where t and 
m are each an integer. — Two potassium ions can provide a net enthalpy of a multiple of that of the potential energy of the 
hydrogen atom. The second ionization energy of potassium is 31.63 eV ; and K + releases 4.34 eV when it is reduced to K . 
The combination of reactions K + to K 2+ and K + to K , then, has a net enthalpy of reaction of 27.28 eV , which is equivalent to 
m = \ in Eq. (5.2 4 ). 



+ [(/> + 1) 2 -/] ■ 13.6 eV 



27.2&eV + K + +K + +H 



>K + K L 



-H 



(p + \) 



K + K l 



> K + +K + + 27.28 eV 



(5.49) 
(5.50) 



The overall reaction is 



-O-r 



-[(P + I) l -P l ~\ ■ 13.6 eV 



H 



-^H 



.(/> + l). 



(5.51) 



Certain molecules may also serve to affect transitions of H to form hydrinos. In general, a compound comprising 
hydrogen such as MH , where M is an element other than hydrogen, serves as a source of hydrogen and a source of catalyst. A 
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catalytic reaction is provided by the breakage of the M -H bond plus the ionization of t electrons from the atom M each to a 
continuum energy level such that the sum of the bond energy and ionization energies of the t electrons is approximately 
m ■ 21.2 eV - where m is an integer. — One such catalytic system involves sodium hydride. — The bond energy of NaH is 

1.9245 eV [44], and the first and second ionization energies of Na are 5.13908 eV and 47.2864 eV , respectively [18]. Based 
on these energies NaH molecule can serve as a catalyst and H source, since the bond energy of NaH plus the double 
ionization (t = 2 ) of Na to Na 2+ is 54.35 eV (2-27.2 eV). The concerted catalyst reactions are given by 



54.35 eV + NaH -> Na 2+ + 2e~ +H 



+ [3 2 -l 2 ]-13.6eF (5.52) 



Na 2+ +2e~+H^>NaH + 54.35 eV (5.53) 

And, the overall reaction is 



H^H 



+ [3 -l 2 ]-13.6eF (5.54) 

With m = 2, the product of catalyst NaH is #(l/3) that reacts rapidly to form if (1/4), then molecular hydrino, 

H 2 (1 /4) , as a preferred state. Specifically, i n the case of a h igh hyd rogen atom concentration, the fu rther transition given by 
Eq. (5.10) of #(1/3) (p = 3) to #(1/4) (/> + « = 4) with H as the catalyst (p' = 1 ; m = 1 ) can be fast: 

#(l/3)^ L ->#(l/4) + 95.2eF (5.55) 

The corresponding molecular hydrino # 2 (l/4) and hydrino hydride ion #~(l/4) are preferred final products [8-13, 15-17] 
consistent with observation since the p = 4 quantum state has a multipolarity greater than that of a quadrupole giving #(l 1 4) a 
long theoretical lifetime [8-12] for further catalysis. 

ENERGY HOLE AS A MULTIPOLE EXPANSION 

The potential energy (Eq. (1.261)) of the hydrino states of radius — having a central field of magnitude p is 
P 

-p 2 -21.2eV (5.56) 

where p is an integer. The potential energy is given as the superposition of £ energy-degenerate quantum states corresponding 
to a multipole expansion of the central electromagnetic field. Based on the selection rules given in the Excited States of the One- 
Electron Atom (Quantization) section that are enabled by multipole coupling, one multipole moment of all those possible, need 
be excited to stimulate the below "ground" state transition. The total number, N , of multipole moments where each 
corresponds to an £ and m, quantum number of an energy level corresponding to a principal quantum number of p is 

N = f. f, 1 = 7, 21 + 1 = / (5-57) 

1=0 m,=-l e=o 

Thus, the energy hole to stimulate a transition of a hydrogen atom from radius —%- to radius — — with an increase in the 

p p + \ 

central field from p to p + \ where p is an integer is 

Gp + 1) 2 ' 27.2 l ,-27.2cV (5.58) 

(p + lf 

Eq. (5.58) obeys superposition such that the energy hole for the excitation of m multipoles is m-21.2 eV . Energy conservation 
occurs during the absorption of an energy hole For a hydrogen atom with a principal quantum number of p having a radius of 

— , the absorption ot an energy hole ot m-2'l.2eV instantaneously decreases the potential energy by m-2'1.2 eV . The 
P 
calculation of the instantaneous electric field of the photon standing wave corresponding to the absorbed energy hole is 
determined by the conservation of the potential energy change due to the absorption of the energy hole of equal but opposite 
energy. It is given by the summation over all possible multipoles of the integral of the product of the electric field of the photon 
standing wave and the multipoles of the electron charge-density function. The multipole of the photon standing wave and each 
multipole of the electron charge-density function correspond to an I and m t quantum number. 



©2010 BlackLight Power, Inc. All rights reserved. 



218 



Chapter 5 



DISPROPORTIONATION OF ENERGY STATES 

Hyd r ogen and hyd r inos may serves as catalysts. — As given infra hyd r ogen atoms 11(1/ p) p = 1,2,3,...137 can unde r go 

transitions to lower-energy states given by Eqs. (5.1) and (5.3) wherein the transition of one atom is catalyzed by a second that 
resonantly and nonradiatively accepts m-27.2 eV with a concomitant opposite change in its potential energy. The overall 
general equation for the transition of H(\l p) to //(l/(m + /?)) induced by a resonance transfer of m- 27.2 eV to H(l/p'} is 

represented by (Eq. (5.87)) 

H(\l p') + H(\l p)^> H + H(\I (m + p)) + [2pm + m 2 - p' 2 + l]-\3.6 eV (5.59) 

Thus, hydrogen atoms may serve as a catalyst wherein m = \, m = 2, and m = 3 for one, two, and three atoms, respectively, 

acting as a catalyst for another. The rate for the two- or three-atom-catalyst case would be appreciable only when the H density 

is high. But, high H densities are not uncommon. A high hydrogen atom concentration permissive of 2H or 3H serving as the 

energy acceptor for a third may be achieved under several circumstances such as on the surface of the Sun and stars due to the 

temperature and gravity driven density, on metal surfaces that support multiple monolayers, and in highly dissociated plasmas, 

especially pinched hydrogen plasmas. Additionally, a three-body H interaction is easily achieved when two H atoms arise with 
the collision of a hot H with H 2 . This event can commonly occur in plasmas having a large population of extraordinarily fast 

H as reported previously [1-8]. This is evidenced by the unusual intensity of atomic H emission. In such cases, energy transfer 
can occur from a hydrogen atom to two others within sufficient proximity, b e ing typically a few angstroms as giv e n in the 
Dipole-Dipole Coupling section. — Then, the reaction between three hydrogen atoms whereby two atoms resonantly and 
nonradiatively accept 54.4 eV from the third hydrogen atom such that 2H serves as the catalyst is given by 

a„ 



54.4 eV + 2H + H^> 2Z/+ „ + 2e+H* 



+ 54.4 eV 



(5.60) 



H' 



-># 



+ 54AeV 



2H + fa3l + 2e~ -^2H + 54.4 eV 



(5.61) 
(5.62) 



And, the overall reaction is 



H^-H 



a H 



+ [3 2 -l 2 ]-13.6er 



(5.63) 



-ff* 



has the radius of the hydrogen atom (corresponding to the 1 in the denominator) and a central field equivalent to 3 



2 + 1 



times that of a proton, and H 



3 



is the corresponding stable state with the radius of 1/3 that of H. As the electron undergoes 



radial acc e l e ration from th e radius of th e hydrog e n atom to a radius of 1/3 this distanc e , e n e rgy is r e l e as e d as charact e ristic light 
emission or as third-body kinetic energy. The emission may be in the form of ail extreme-ultraviolet continuum radiation having 
an edge at 54.4 eV (22.8 nm) and extending to longer wavelengths. Alternatively, H is the lightest atom; thus, it is the most 

a. 



probable fast species in collisional energy exchange from the H intermediate (e.g. H * 



^+1 



). Additionally, H is unique with 



regard to the energetic transition state intermediate (generally represented by H * 



m + p 



) in that all these species are energy 



states of hydrogen with corresponding harmonic frequencies. Thus, the cross section for H excitation by a nonradiative energy 
transfer to form fast H is predicted to be large since it is a resonant process. Efficient energy transfer can occur by common 
through-space mechanisms such as dipole-dipole interactions as described by Forster's theory infra. Consequently, in addition to 
radiation, a resonant kinetic energy transfer to form fast H may occur. Alternatively, fast H is a direct product of H or hydrino 
serving as the catalyst or source of energy holes as given by Eqs. (5.60), (5.65), (5.70), and (5.83) wherein the acceptance of the 
r e sonant e n e rgy transf e r r e gards th e pot e ntial e n e rgy rath e r than th e ionization e n e rgy. Cons e rvation of e n e rgy giv e s a proton of 
the kinetic energy corresponding to one half the potential energy in the former case and a catalyst ion at essentially rest in the 
latter case. The H recombination radiation of the fast protons gives rise to broadened Balmer a emission that is 
disproportionate to the inventory of hot hydrogen consistent with the excess power balance. Conservation of momentum in the 
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formation of fast protons also gives rise to hot hydrinos that heat H. Subsequent excitation of these fast H (n - 1) atoms by 
collisions with the background H 2 followed by emission of the corresponding H (n- 3) fast atoms gives rise to broadened 

Banner a emission but of less intensity than directly formed hot protons that emit by recombination. With increasingly lower- 
energy states formed over time as the reaction progresses, very large kinetic energies are predicted throughout the cell. Only 
isotropic non-directional broadening of hydrogen atomic lines is predicted with an increase in fast H with time. These features 
have been confirmed experimentally [1-8], especially regarding closed hydrogen plasmas or water vapor plasmas that become 
predominantly H plasmas in time [1-3]. Overall, the EUV continuum radiation, pumping of H excited states, and fast H were 
observed with hydrogen plasmas wherein 2H served as the catalyst [8]. Thus, the predictions corresponding to transitions of 

atomic hydrogen to form hydrinos was experimentally confirmed . 

The predicted product of 2H (Eqs. (5.60-5.63)) catalyst reaction is ff(l/3). Tn the case of a high hydrogen atom 

concentration, the further transition given by Eq. (5.59) of// (1/3) (p = 3) to Z/(l/4) (m + p = 4) with H as the catalyst 
(/>' = !; m = 1 ) can be fast: 



H(\I3) — S-^H(l/4) + 952W 

In another H -atom catalyst reaction involving a direct transition to 



(5.64) 



state, two hot //, molecules collide and 



dissociate such that three H atoms serve as a catalyst of 3-27.2 eV for the fourth. Then, the reaction between four hydrogen 
atoms whereby three atoms resonantly and nonradiatively accept 81.6 eV from the fourth hydrogen atom such that 3H 



serves 



as the catalyst is given by 

8\.6eV + 3H + H^>3H} asl +3e-+H* 



+ 81.6 eV 



(5.65) 



H- 



-^H 



-122.4 eV 



3HjL+3e" 



•3# + 81.6eF 



(5.66) 
(5.67) 



And, the overall reaction is 



H^-H 



+ [4 2 -l 2 ]-13.6eF 



The extreme-ultraviolet continuum radiation band due to the H * 



(5.68) 



intermediate of Eq . (5 . 65) is predicted to have short 



3 + 1 



wavelength cutoff at 122 .4 eV (10.1 nm) and extend to longer wavelengths. This continuum band was confirmed 



experimentally [9]. In general, the transition of H to H 



p = m + \ 



due by the acceptance of m-27.2 eV gives a continuum 



band with a short wavelength cutoff and energy E, 



p=m+l 



given by 



p=m+l 



■m-l3.6eV 



91.2 



J5WT 



nm 






and extending to longer wavelengths than the corresponding cutoff. 



Consistent with Eq. (5.69) with m = 1, a 91.2 nm continuum in argon plasma with trace hydrogen was observed where 
the catalyst reaction Ar + to Ar 2+ has a net enthalpy of reaction of 27.63 eV [26]. Two hydrogen atoms may react to give the 
same continuum band by a reaction similar to those given by Eqs. (5.60-5.63). The reaction whereby one H resonantly and 
nonradiatively accepts 27.2 eV from the other hydrogen atom such that it serves as the catalyst is given by 



21.2 eV + H + H^H* +e+H 



+ 21.2eV 



-i^my 



(5.71) 



H : 



■H 



fast 



+ 13.6 eV 



ff + ^+e- 



■H + 21.2eV 



(5-72) 
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And, the overall reaction is 
a 



H^H 



+ [2 z -l z ]-l3.6eV 



-xsjyy 



The emission from Eq. (5.71) may be in the form of an extreme-ultraviolet continuum radiation having an edge at 13.6 eV (91.2 

nm) and extending to longer wavelengths. This band was also observed in pulsed pure hydrogen plasmas using the normal 

incidence spectrometer, but temporal studies are required in order to eliminate the background hydrogen molecular band. These 

bands were eliminated previously in the argon plasma with trace hydrogen [8-9, 26J wherein H is highly dissociated. 

Considering the 91.2 nm continuum shown in Figures 17 and 31 of Ref. [26] and the results shown in Figures 3-8 of Ref. [9], 

hydrogen may emit the series of 10.1 nm, 22.8 nm, and 91.2 nm continua. 

Since the products of the catalysis reaction (e.g. Eqs. (5.42-5.44)) have binding energies of m-27.2 eV , they may further 



serve as catalysts. Thus, further catalytic transitions may occur: n ■ 



T 



i — i — r 



, and so on. Thus, lower-energy hydrogen 



3 4 4 5 

atoms, hydrinos, can act as catalysts by resonantly and nonradiatively accepting energy of m-27.2 eV from another H or 
hydrino atom (Eq. (5.2 4 )). — The process can occur by several mechanisms: metastable excitation, resonance excitation, and 
ionization energy of a hydrino atom is m-27.2 eV (Eq. (5.24)). The transition reaction mechanism of a first hydrino atom 



affected by a second hydrino atom involves the resonant coupling between the atoms of m degenerate multipoles each having 
27.2 eV of potential energy. (See the Energy Hole as a Multipole Expansion section). 

The energy transfer of m-27.2 eV from the first hydrino atom to the second hydrino atom causes the central field of the 



first to increase by m and the electron of the first to drop m levels lower from a radius of — to a radius of ■ 



The second 



p p + m 

lower-energy hydrogen is excited to a metastable state, excited to a resonance state, or ionized by the resonant energy transfer. 
The resonant transfer may occur in multiple stages. For example, a nonradiative transfer by multipole coupling may occur 

wherein the central field of the first increases by m , then the electron of the first drops m levels lower from a radius of —%- to a 
P 

radius of — — with further resonant energy transfer. The energy transferred by multipole coupling may occur by a mechanism 
p + m 

that is analogous to photon absorption involving an excitation to a virtual level. Or, the energy transferred by multipole coupling 
during the electron transition of the first hydrino atom may occur by a mechanism that is analogous to two-photon absorption 
involving a first excitation to a virtual level and a second excitation to a resonant or continuum level [45-47]. Similarly to the 
case with H as the catalyst, the transition energy greater than the energy transferred to the second hydrino atom may appear as a 
characteristic light emission in a vacuum medium or extraordinary fast H. 



The transition of the hydrino intermediate from its radius to the corresponding hydrino radius gives rise to continuum 
radiation. By time rev e rsal symm e try, th e hydrino can s e rv e as a catalyst to accept th e en e rgy differ e nce b e tw ee n its stat e and a 
corresponding intermediate state at the radius of the intermediate wherein the decay to the hydrino radius releases the transferred 
energy. The release may be as continuum radiation or fast H. 



For example, H 



may serve as a source of energy holes for H 



In general, the transition of H 



-to- 



ff 

Jjy 



p + m 



induced by a resonance transfer of m-27.2 eV (Eq. (5.24)) with a metastable state excited in H 



is represented 



m-27.2 eV + H 



+ H 



*1r 
P 



-*H< 



+ H> 



+ m- 27.2 eV 



p + m 



(5.74) 



-£h 



H* 



H* 



->// 



■m-27.2 eV 



a t 



p + m 



-P- 



a i 



p + m 



+ (p + m) -p 2 -m-27.2 eV 



(5-75) 
(5.76) 



where p , p' , and m are integers and the asterisk represents an excited metastable state. And, the overall reaction is 



H 



P 



-^H 



a K 



p + m 



+ [(p + mf-p 2 ] ■ 13.6 eV 



(5.77) 
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The short-wavelength cutoff energy of the continuum radiation given by Eq. (5.69) is the maximum energy release of the 



iiydrmo intermediate as it decays. For example, both the reaction of H with H 



as the source of an energy hole of 



3-27.2 eV to form H 



and the reaction of H 



with H 



as the source of an energy hole of 27.2 eV to form 



H 



gives rise to a cutoff of 10.1 nm (122.4 eV) wherein the magnitude of the potential energy of H 



is greater than 



m ■ 27.2 eV for each case. 
In another mechanism, the transition of H 



AB-4P 



induced by a multipole resonance transfer of m - 27.2 eV 



p + m 



(Eq. (5.24)) and a transfer of [(p 1 ) 2 -(p'-m') ] ■ 13.6 eV -m-27.2 eV with a resonance state of H 



p'-m' 



excited in 



is represented by 



H 



H 



a H 
[p'\ 


+ H 


a H 
. P . 


-+H 


a H 
p'-m' 


+ H 


a H 
p + m 



+ [{{p + mf - p 2 )-(p a -(p'-m') 2 )] ■ 13.6 eV 



(5.78) 



where p , p ' , m , and m ' are integers. 



In two other mechanisms, the hydrino atom that serves as the source of the energy hole may be ionized by the resonant 



energy transfer. Consider the transition cascade for the pth cycle of the hydrogen-type atom, H 



, with the hydrogen-type 



atom, H 



that is ionized as th e sourc e of e n e rgy hol e s that caus e s th e transition. Th e e quation for th e absorption of an 



energy hole of m ■ 27.2 eV (Eq. (5.24)) equivalent to the binding energy of H 



is represented by 



m-27.2 eV + H 









u H 

Vp'\ 


+ H 


_ p _ 



-+H + +e+H- 



-eh, 



p + m 



+ m-27.2eV 



(5.79) 



H' 



-Or 



H 



p I m 



H + +e^+H 



-Or 



p I m 



+ 13.6 eV 



{p + m,y - p 1 -m-27.2 eV 



(5.80) 



1 



And, the overall reaction is 



(5.81) 



-[2pm + m 2 - p' 7 +l\-\3.6 eV 



H 



H 



-*H 



1 



+ H 



{p + m) 



(5.82) 



wherein m-27.2 eV = p' -13.6 eV . 

Alternatively, the energy transfer may affect the potential energy of the acceptor rather than the total energy such that 
energy conservation gives rise to a hot proton with the ionization of the energy acceptor atom. The transition reaction equation 



for the pth cycle transition cascade of the hydrogen-type atom, H 



, with the hydrogen-type atom, H 



that is ionized 



w i t h the absorption of an energy h ole of m ■ 7.7. 7 , e.V (E q. ( 5. 24)) equivalent to i t s potential energy, is represented by 



m-27.2 eV + H 



H 



H' 



-*H 



p + m 



H + fasl +e-^H 



p + m 



■H^+e+H* 



p + m 



+ m- 27.2 eV 



+ (p + m) - p 2 -m-27.2 eV 



(5.83) 
(5-84) 



1 



-(m + l)-\3.6eV 



(5.85) 



And, the overall reaction is 



©2010 BlackLight Power, Inc. All rights reserved. 



222 



Chapter 5 



H 



a H 
P' 


+ H 


a H 
-P- 


-+H 


a H 
1 


+ H 


a H 
(p + m) 



-\lpm 



+ m -m + 



\]-U.6eV 



(5.86) 



wherein m ■ 27.2 eV = p a ■ 27.2 eV . Consider all stable states of hydrogen and their ability to serve as a source of energy holes 
regarding a general reaction involving a transition of hydrogen to a lower-energy state caused by another hydrogen or hydrino. 
In the case that H is the source of energy hole involving either mechanism (Eq (5.82) or Eq. (5.86)), the reaction is given by 



H([/p') + H([/p)^H + H([/(m + p)) + [2pm + m 2 -p a + []-[3.6eV (5.87) 

where p , p' , and m are integers with m = p ' = 1 . 

The laboratory results of the formation of hydrinos with emission of continuum radiation has celestial implications. 
Hydrogen self-catalysis and disproportionation may be reactions occurring ubiquitously in celestial objects and interstellar 

medium comprising atomic hydrogen. Stars are sources of atomic hydrogen and hydrinos as stellar wind for interstellar 

reactions wherein very dense stellar atomic hydrogen and singly ionized helium, He + , serve as catalysts in stars. Hydrogen 
continua from transitions to form hydrinos matches the emission from white dwarfs, provides a possible mechanism of linking 



the temperature and density conditions of the different discrete layers of the coroual/chromospheric sources, and provides a 
source of the diffuse ubiquitous EUV cosmic background with a 10.1 nm continuum matching the observed intense 11.0-16.0 
nm band in addition to resolving the identity of the radiation source behind the observation that diffuse H a emission is 
ubiquitous throughout the Galaxy and widespread sources of flux shortward of 912 A are required. Moreover, the product 
hydrinos provides resolution to the identity of dark matter [8-9]. 



DIPOLE-DIPOLE COUPLING 

The process referred to as the Atomic BlackLight Process descrihed in the Hydrino Theory — BlackLight Process section 
comprises the transition of ordinarily stable hydrogen atoms with n = 1 in Eq. (5.1) to lower-energy stable states via an initial 
resonant nonradiative energy transfer to an acceptor comprising a source of an energy hole. Comparing the implications of the 
source-current-to-stability relationship (Eqs. (2.23-2.25) and (6.7-6.9)) of Rydberg transitions to excited n = 1,2,3,... states as 

opposed to th e tra nsitions to h ydrino states h avi n g n - 1 ,— ,—,—, ...,— , it can be a ppreciated th at the fo rmer tr ansitions directly 

2 3 4/>" 

involve photons; whereas, the latter do not. Transitions are symmetric with respect to time. Current-density functions, which 
give rise to photons are created by photons by the reverse process. Excited energy states correspond to this case. And, current- 
density functions, which do not directly give rise to photons are not created by photons by the reverse process. Hydrino energy 
states correspond to this case . But, radiationless processes generally classified as atomic collisions involving an energy hole i 



: can 



cause a stable H state to undergo a transition to a lower-energy stable state. Examples of radiationless energy transfer 
mechanisms are given in the Energy Transfer Mechanism section. 

Since the initial state in each case is not a radiative multipole as described in the Excited States of the One-Electron Atom 
(Quantization) section, the transitions to lower energy states of hydrogen are forbidden. However, forbidden transitions can 
become allowed by coupling. For example, forbidden electronic transitions in transition metal complexes couple to vibrational 
transitions with a dramatic increase in the absorption cross section that results in absorption. This is well known as vibronic 
coupling [48]. In addition to direct physical collision, several interactions can be generally classified as "collisions" that perturb 
the current density function of a hydrogen atom. Catalyst ions can electrostatically polarize the current density of the hydrogen 
atom. Similarly induced polarization may occur by the same mechanism that gives rise to van der Waals forces. In addition, all 
hydrogen atoms and hydrinos have a single unpaired electron that can interact through a magnetic dipole interaction. Once the 
current density function is altered energy transfer may occur between the hydrogen atom or hydrino and the catalyst. 



In an otherwise radiative system containing two fluorescent species such that the emission spectrum of one (the "donor") 
overlaps the absorption spectrum of the other (the "acceptor"), the excitation energy of the donor atoms may be transferred by a 
resonance Coulombic electromagnetic interaction mechanism over relatively large distances to the acceptor species (energy 
hole) rather than the donors radiating into free space. The total Coulombic interaction may be taken as the sum of terms 
including dipole-dipole, dipole-quadrupole, and terms involving higher order multipoles. Multipole-multipole resonance such as 
dipole-dipole resonance initially occurs in the electro and magnetostatic limit rather than involving transverse fields as in the 
case of pure radiation coupling. The Forster theory [49-53] is general to dipole-dipole energy transfer, which is often 
predominant. A modification of Forster theory applies to the case of transitions to or between hydrino states. The mechanism 



for the coupling between the n = \l p (p = 1,2,3, ...)-state electron of the hydrogen atom and the catalyst may involve direct 
coupling between existing multipoles, or the catalyst may induce a multipole in the reactant H or hydrino atom. Mechanisms for 
the catalyst to induce a multipole in the electron current include collisional perturbations and polarizations by electric or 
magnetic field interactions. 

The hydrogen-type electron orbitsphere is a spherical shell of negative charge (total charge - —e ) of zero thickness at a 
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distance r n from the nucleus (charge = +Ze ). It is well known that the field of a spherical shell of charge is zero inside the shell 
and that of a point charge at the origin outside the shell [54], The electric field of the proton is that of a point charge at the 



origin. 


And, the superposition, 


E 


of the electric fields of the electron and the 


proton 


is 


that of a 


point 


charge 


inside the shell 


and zero outside. 

e 




for r < r n 












(5.88) 




An:E Q r 2 



E = for r > r n (5.89) 

The magnetic field of the electron, H , is derived in the Derivation of the Magnetic Field section: 

eh 
H = r (i r cos0-i fl sin0) forr<r„ (5.90) 



rnj„ 



eh 
H= - (i ) 2cos6 > -i sin6') for r > r u (5-91) 



2m/ 

Power flow is governed by the Poynting power theorem, 

d 



V»(ExH) = — ^ 



~m^i 



:U H » H 



~dt^I 



-g„E»E 



J»E (5.92) 



it tollows fromEqs. (5.88-5.92) that V »(ExH) is zero until an interaction occurs between a hydrogen-type atom and a catalyst. 
Here, a nonradiative transition can couple to one that is radiative. As given in Jackson [55], each current distribution can be 
written as a multipole expansion. A catalytic interaction or collision gives rise to radiative terms including a dipole term. (There 
is at least current in the radial direction until force balance is achieved again at the next nonradiative level). Forster's theory [ 4 9] 
gives the following equation for n(R), the nonradiative transfer rate constant 

, , 9000(lnlOW 2 <5 D 7 ,_, ,_ x dv 

where e A (v) is the molar decadic extinction coefficient of the acceptor (at wave-number v), f D (v 7 ) is the spectral distribution 
of the fluorescence of the donor (measured in quanta and normalized to unity on a wave-number scale), N A is Avogadro's 
number, r D is the mean lifetime of the excited state, <£> D is the quantum yield of the fluorescence of the donor, n is the 
refractive index , R is the distance between the donor and acceptor, and k is an orientation factor which for a random 



distribution equals 



tr 



Adaptation of Forster's theory gives the transfer rate constant. In this case, the form of the equation is the same except 
that s A (y) is th e molar d e cadic e n e rgy acc e ptor cross s e ction (at wav e- numb e r v), f D (y) is th e sp e ctral distribution of th e 

transferred energy of the donor (measured in quanta and normalized to unity on a wave-number scale), t d is the mean lifetime 
of the transition, and a: is a factor dependent on the mutual orientation of the donor and acceptor transition moments which for a 

random distribution e quals . O d is th e transition probability of th e donor that is d e p e nd e nt on e stablishing a radiativ e stat e 

in both the acceptor and donor via the nonradiative resonant energy transfer. <£> D is analogous to the excitation probability to a 

doubly excited state. 

The collision of two hydrino atoms will result in an elastic collision, an inelastic collision with a hydrogen-type 
molecular reaction, or an inelastic collision with a disproportionation reaction as described in the Disproportionation of Energy 
States section. An estimate of the transition probability for electric multipoles is given by Eq. (16.104) of Jackson [56]. For an 
electric dipole £ = \, and Eq. (16.104) of Jackson is 

J- J^-}^( k a)\o (5J>4^ 

z E {hc)\6 y ' 

where a is the radius of the hydrogen-type atom, and k is the wave-number of the transition. Substitution of 

k = — (5.95) 

c 

intoEq. (5.94) gives 



1 1 2\ r \ 2 
1 I e \n [ a x 



x-z — I he J 16 1 c 



(5.96) 
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From Eq. (5.96), the transition probability is proportional to the frequency cubed. Thus, the disproportionation reaction of 
hydrinos is favored over molecular bond formation because it is the most energetic transition for the donor hydrino atom, and 
bond formation further requires a third body to remove the bond energy. 

In one example wherein nonradiative energy transfer occurs between two hydrino atoms, the mean lifetime of the 

transition of Eq. (5.93), t d , is taken as the vibrational period of the corresponding dihydrino molecule that serves as a model of 
the transition state. The lifetime follows from Eq. (11.223) and Planck's Equation (Eq. (2.139)). The distance between the 
donor and acceptor, R, is given by the internuclear distance which is twice c' of Eq. (11 . 203), and the orientation factor, k , 
equals one because of the spherical symmetry of the hydrino atoms. Electronic transitions of hydrino atoms occur only by an 
initial nonradiative energy transfer, and the transition probability based on a physical collision approaches one in the limit. 
Thus, (£> D , is set equal to one. Ideally, in free space, the overlap integral between the frequency-dependent energy acceptor 
cross-section and the transferred energy of the donor (energy of m ■ 27.2 eV given by Eq. (5.24)) is also one. 

Consider the following disproportionate reaction where the additional energy release for the transition given by m = \, 
m' = 2 and p = 2 in hqs. (5.79-5.82) involving the absorption oi an energy hole ot 27.21 eV , m = 1 in Eq. (5.24), is 13.6 eV . 



H 



-^H 



(5.97) 



The transfer rate constant, n[R) , for Eq. (5.97) using Eq. (5.93) is 



n{R) = 



9000(lnl0)(l) 2 l 



128a: 5 (l) 4 (6.02 X 10 23 )(l.77X 1(T 15 )(3.73X 10' n ) 6 (6.91X 10 7 )' 



- = 8X 10 21 sec" 



(5.98) 



According to the adaptation of Forster's theory [53], the efficiency E of such nonradiative energy transfer given by the product 
of the transfer rate constant and the mean lifetime of the transition may be expressed by 



E = - 



1 



T+ 



R* 



(5.99) 



R%=(8.8X W 1 ')jrf'-<t> D K l 



where r is the distance between the donor and the acceptor, J is the overlap integral between the frequency-dependent energy 
acceptor cross section and the transferred energy of the donor, and rj is the dielectric constant. In the case that the radius of Eq. 
(5.98) is a fraction of the Bohr radius, the efficiency of energy transfer may be high and approaches one in the limit. 

The reaction rate of oxygen with carbon and hydrocarbons is very low at room temperature; however, once the material 
is ignited, the oxidation reaction can be very fast. This is due to the formation of free radicals that cause a chain reaction known 
as pyrolysis, which dominates the reaction rate. The formation of hydrinos by a first catalyst such as He* , Li , or K gives rise 
to subsequent disproportionation reactions to additional lower energy states. Analogously, the latter reactions may dominate the 
power released if a substantial concentration of hydrinos may be maintained as shown in the Power Density of Gaseous 
Reactions section. 



INTERSTELLAR DISPROPORTIONATION RATE 

Disproportionation may be the predominant mechanism of hydrogen electronic transitions to lower energy levels of interstellar 
hydrogen and hydrinos. The reaction rate is dependent on the collision rate between the reactants and the coupling factor for 
resonant energy transfer. The collision rate can be calculated by determining the collision frequency. The collision frequency, 
/ , and the mean free path, £ , for a gas containing n u spherical particles per unit volume, each with radius r and velocity v is 
given by Bueche [57]. 

f = 47rj2n u r 2 v (5.100) 



-4— 



1 



(5.101) 



4;rv2« a r 2 
The average velocity, v avg , can be calculated from the temperature, T , [57]. 

J , 3_ 



— m H v L„ =—kT 

2 g 2 



(5.102) 



where k is Boltzmann's constant. Substitution of Eq. (5.102) into Eq. (5.100) gives the collision rate, / r -,, in terms of the 



temperature, T , the number of hydrogen or hydrino atoms per unit volume, n H , and the radius of each hydrogen atom or 
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hydrmo, — — . 
£_ 



f M =4^„ H ^-^ 



(5.103) 

The rate constant of the disproportionation reaction, k mjn , , to the transition reaction, Eqs. (5.79-5.82), is given by the product of 
the collision rate per atom, Eq. (5.103), and the coupling factor for resonant energy transfer, g mm , . 



lp 47Ty/2n H 



( \ 2 

' a, ' 



(5.104) 



Using an upper limit of the coupling factor g m —, for resonant energy transfer consistent with the efficiencies of dipole - dipole 
resonant energy transfers [49-53], an estimate of the rate constant of the disproportioiiatioii reaction, k mm , p , Lo cause the 
transition reaction, Eqs. (5.79-5.82), is given by substitution of g m m , - 1 into Eq. (5.104): 



= 4n-J2n 



a„\ l3kT 



~sec~ 



(5.105) 



The rate of the disproportionation reaction, r m m , , to cause the transition reaction, Eqs. (5.79-5.82), is given by the product of the 
rate constant, k m<p given by Eq. (5.105), and the total number of hydrogen or hydrino atoms, N H . 



■N„ 4 !T-yj2l 



3kT transitions 



(5.106) 



m u 



sec 



The factor of one half in Eq. (5.106) corrects for double counting of collisions [58]. The power, P mm , p , is given by the product 
of the rate of the transition, Eq. (5.106), and the energy of the transition, Eq. (5.82): 



P^\2mp + m 2 - p' 2 + \]X2.2XlO- 1& W 



(5.107) 



V ^/2 



where V is the volume. 



The reaction of atomic hydrogen or hydrinos to lower-energy states releases energy intermediate that of typical chemical 
reactions and nuclear reactions. However, in order to be consequential as a power source celestially in processes such as heating 
the corona of the Sun [9] or terrestrially as an alternative to conventional sources such as combustion or nuclear power [10 - 12], 
the rate of the reaction must be nontrivial. A hydrino is formed by reaction of atomic hydrogen with a source of energy holes, 
and hydrinos may subsequently undergo transitions to successively lower states in reactions involving the initial source of 
energy holes or by disproportionation. Once it starts, the latter process has the potential to be a predominant source of power 
depending on the maintenance of a substantial concentration of hydrinos in steady state. The power contribution can be 
conservatively calculated considering only a single relative low-energy transition. 
The disproportionation reaction rate, r m -, , Eqs. (5.79-5.82), is dep e ndent on the collision rate between th e r c actants and 

the efficiency of resonant energy transfer. It is given by the product of the rate constant, k m m , ,(Eq. (5.105)), the total number of 

hydrogen or hydrino atoms, N H , and the efficiency, E , of the transfer of the energy from the donor hydrino atom to the energy 

hole provided by the acceptor hydrino atom given by Eq. (5.99). Thus, the rate of the disproportionation reaction, r mm , p , to 

cause a transition reaction is 



■.en^&iJz*-]. r— 



(5.108) 



The factor of one half in Eq. (5.108) corrects for double counting of collisions [58]. The power, P mm , , is given by the product 
of the rate of the transition, Eq. (5.108), and the energy of the disproportionation reaction (Eq. (5.82)). 



r Ni, A — r 

■ E — M;r 



ir 



^ 



2pm + m 2 -p' 2 + l ■ 2.2X1 0' 18 W 



(5.109) 



P 



where V is the volume. For a disproportionation reaction in the gas phase with <£> D and the overlap integral both equal to one, 
the energy transfer efficiency is one as given by Eq. (5.99). The power given by substitution of 
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E = l,p = 2,m = l,m' = 2, V = \ m 3 , N = 1 X 10 19 , T = 615K 



(5.110) 



into Eq. (5.109) is 


P m , m >, P =™kW 

corresponding to 100 mW / cm 3 
Next, the power due to a 


reaction involving 


a catalvst 


such 


as an 


atom to form 


hydrinos is 


considered. 


In the 


case 


(5.111) 
that the 



reaction of hydrogen to lower-energy states occurs by the reaction of a catalytic source of energy holes with hydrogen or hydrino 
atoms, the reaction rate is dependent on the collision rate between the reactants and the efficiency of resonant energy transfer. 
The hydrogen-or-hydrino-atom/catalyst-atom collision rate per unit volume, Z [a -, , for a gas containing n H hydrogen or 



H\ -o- Catalyst 
P J 



hydrino atoms per unit volume, each with radius -&- and velocity v H and n c catalyst atoms per unit volume, each with radius 



Catalyst 



and velocity v c is given by the general equation of Levine [58] for the collision rate per unit volume between atoms of 



two dissimilar gases. 



H\ -O- | Catalyst 



-■ n\ + 7" Cata i yst 
P J 



[( V ") 2+ ( V c) 2 ] n H»C 



(5.112) 







& is avg "> 1 5 3_| J_^ 


\m H vl g =\kT (5.113) 


where k is Boltzmann's constant. Substitution of Eq. (5.102) into Eq. (5.100) gives the collision rate per unit volume, 
Z Yn n , in terms of the temperature, T . 


H 




Catalyst 



H\ -JL I Catalyst 



= k\ — + r r 



Catalyst 



3kT 



1 1 

— + — 
y m H m CJ 



(5.114) 



The rate of the catalytic reaction, r , to cause a transition reaction is given by the product of the collision rate per unit volume, 



Z r -, , the volume, V , and the efficiency, E , of resonant energy transfer given by Eq. (5.99). 

H\ -B- Catalyst 



E n X ^ + r, 



Catalyst 



M£- 



1 1 



N H N C 



(5.115) 



The power, P m , is given by the product of the rate of the transition, Eq. (5.115), and the energy of the transition, Eq. (5.9). 



p - Fir » i r 

m,p ^'^ T 'Catalyst 



4 t 



-MJ£, 



^-^-[2mp + m 1 ]-2.2XlO- lh W 



lkT\ — + — 
m„ m r 



V 



(5.116) 



In the exemplary case that the efficiency is E = 10 4 , the power for the Li catalyst reaction given by Eqs. (5.32-5.34) with the 
substitution of 



E=W,p = l, m = 3, V = \m\ N H =?>X\tf\ N c =3X\d u 
m c =\A5X 10" 26 kg, r c =1.35A r 10" 10 m, T = 615K 



(5.117) 



intoEq. (5.116) is 

P m , p =144 kW 

corresponding to 1 44 m W I cm 3 . 



(5.118) 
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HYDRINO CATALYZED FUSION (HCF) 

The electric field of a hydrogen atom is zero for r > r n , where r n is the radius of the electron orbitsphcrc (Sec Figure 1 .32). 

Thus, as th e orbitspher e shrinks with transitions to low e r-energy states, approaching nuclei achiev e a small e r internucl e ar 
distance (between two deuterium or tritium atoms, for example) corresponding to a smaller electric barrier compared to n = 1 
state atoms. Specifically, the internuclear separation in the corresponding hydrino molecules is l/p that of ordinary molecular 

hydrogen as given in the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Tons section. As the 

internuclear separation decreases, fusion is more probable. In muon catalyzed fusion [60-61], for example, the internuclear 
separation is reduced by about 200 (the muon to electron mass ratio) and the fusion rate increases by about 80 orders of 

magnitude. Once a deuterium hydrino atom is formed by a catalyst, further catalytic transitions n= >•— , > — , >•— , 

2 3 3 4 4 5 

and so on may occur to a substantial extent. The radius and the internuclear separation can be reduced to 1/137 that formed from 
the n -1 state atoms (Eqs. (6.13) and (11.2)). This muon catalyz e d fusion-lik e process, which may yield detectable rat e s, is 
called Hydrino Catalyzed Fusion (HCF). 

It is important to note that tritium, 3 H , and protons, l H , may dominate the products of HCF. In conventional high 
temperature fusion such as that of the Sun and magnetic confinement, deuterium nuclei collide randomly and produce about 50% 
3 H plus l H and about 50% 3 He plus a neutron. In HCF, however, the nuclei are moving slowly and will collide in the most 
favored coulombic arrangement — with the two protons as far from each other as possible. Thus, for HCF, more 3 H is predicted 
to be produced than 3 He . 

MOLECULAR BLACKLIGHT PROCESS 

BELOW "GROUND" STATE TRANSITIONS OF HYDROGEN-TYPE MOLECULES AND 
MOLECULAR IONS 

As is the case with the hydrogen atom, higher and lower molecular energy states are equally valid wherein the central field of 
molecular hydrogen ions and molecules can also be a reciprocal integer or an integer value of that of the ordinary stales 
corresponding to molecular excited states and molecular hydrino states as given in the Diatomic Molecular Energy States section 
and the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section, respectively. The photon 
changes the effective charge at the MO surface where the central field is ellipsoidal and arises from the protons at the foci and 
the "trapped photon" as effectively at the foci of the MO. Force balance is achieved at a series of two-dimensional ellipsoidal 
equipotential surfaces. The "trapped photons" are solutions of the Laplacian in ellipsoidal coordinates, Eq. (1 1.27). Thus, each 
molecular state comprises two electrons, two protons, and a photon, but the excited states are radiative; whereas, the hydrino 
states are stable. Excited and hydrino electronic states are created when photons of discrete frequencies are trapped in the 
ellipsoidal resonator cavity of the MO by resonant photon absorption and resonant nonradiative energy transfer, respectively. 



ENERGY HOLES 



From Eqs. (11.207) and (11.208), the magnitude of the elliptic field corresponding to a below "ground state" transition of the 
hydrogen molecule is an integer. The potential energy equations of hydrogen-type molecules are 

y e = - p " pl in-" +% (ZZg (srw 

8-Tg \/« 2 — b 1 a — \rV — tr 

V p= 1= ( 5 ' 12 °) 

87T£ Va -b 

where 

a = ^- (5.121) 



P 

1 



(5.122) 



WT" 

c' = sla 2 -b 2 =^- (5.123) 

2p 

and where/) is an integer. The quantum number/? is a scaling parameter of the molecular dimensions and energies. In the latter 

case it corresponds to the effective nuclear charge factor. U sing the convention defined in the Energy Hole Concept section, this 

factor Z effective is given by Z effeaive = V = p where the principal quantum number n = y . From energy conservation, the 
resonance energy hole of a hydrogen-type molecule which causes the transition 

H 2 \lc ' = ^A^H 2 \2c ' = ^\ eTT24T 

p p + m. 
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is 



mp 2 X 48.6 e^ (5.125) 

where m and p are integers. During the transition, the elliptic field is increased from magnitude p to magnitude p + m. The 



corresponding potential energy change equals the energy absorbed by the energy hole. 




Energy hole = -V e -V p = mp 2 X 48.6 eV 


(5.126) 


Further energy is released by the hydrogen-type molecule as the internuclear distance "shrinks.' 


The total energy, E T , released 



during the transition is 



E=-\3,.6eV 



2(m + P f^2-(m + P f^2 + {m + P ^ \n^-(m + P f^2 



(5.127) 



2p L 4l-p L 4l+ — 



V2~\ V2+1 



-13.6eF 



In 



l fl 



2 ; V2-1 

A schematic drawing of the total energy well of hydrogen-type molecules and molecular ions is given in Figure 5.4. The 
e xoth e rmic r e action involving transitions from on e pot e ntial e n e rgy l e v e l to a low e r l e v e l is also h e r e aft e r r e f e rr e d to as th e 
Molecular BlackLight Process . 

Figure 5.4. The total energy well of hydrogen- type molecules and molecular ions. 




ATTa V!~a 

2 

Inlernuclear Distance (a„) 



A hydrogen-type molecule with its electrons in a lower than "ground state" energy level corresponding to a fractional 
quantum number is hereafter referred to as a rlihyrlrino molecule. The designation for a rlihyrlrino molecule of internuclear 



s. 



*Ma 



distance, 2c' = -, where p is an integer, is H 2 

P 

as a function of total energy is given in Figure 5.5. 



2c' = 



. A schematic drawing of the size of hydrogen-type molecules 
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Figure 5.5. The size of hydrogen-type molecules as a function of total energy where n= y for dihydrino states,/? is an 
integer, and 2c' is the internuclear distance. 
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The magnitude of the elliptic field corresponding to the first below "ground state" transition of the hydrogen molecule is 
2 times the magnitude of a reference field defined by two elementary charges e ata distance of 2c' from each other. From 
energy conservation, the resonance energy hole of a hydrogen molecule, which excites the transition of the hydrogen molecule 

with internuclear distance 2c' = V2a to the first below "ground state" with internuclear distance 2c' = —j=a„ is given by Eqs. 

V2 

(5.1 19-5.123) where the elliptic field is increased from magnitude one to magnitude two: 
-2e 2 , a + sa 1 -b 1 



&KeJa 2 -b- a-*Ja 2 -b 2 

2 

= 19.24 eV 



= -67.836 eV 



(5.128) 



(5.129) 



Sm a \a 2 -b 2 
Energy hole = -V c -V p = 48.6 eV (5.130) 

In other words, the elliptic "ground state" field of the hydrogen molecule can be considered as the superposition of 
Fourier components. The removal of negative Fourier components of energy 

mXA%.6eV (5.131) 

where m is an integer, increases the positive electric field inside the ellipsoidal shell by m times the charge of a proton at each 
focus. The resultant electric field is a time harmonic solution of the Laplacian in ellipsoidal coordinates. The corresponding 
potential energy change equals the energy absorbed by the energy hole. 



Energy hole = -V e -V =mX 48.6 eV 



(5.132) 



Further energy is released by the hydrogen molecule as the internuclear distance "shrinks." The hydrogen molecule with 
internuclear distance 2c' = \2a e is caused to undergo a transition to the below "ground state" level, and the internuclear distance 

for which force balance and nonradiation are achieved is 2c' = . In decaying to this internuclear distance from the "ground 



\ + m 



state," a total energy of 
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-13.6 eV 



2(l + m) 2 V2-(l + m) 2 V2 + (1 + w)2>/I lln^l-(l + m) 2 V2 
_ _ 2 — x/2— 4 



(5.133) 



+ 13.6 eV 



' 2 V2-V2 + ^nin^-V2 
2 V2-1 



is released. 



CATALYTIC ENERGY HOLES FOR HYDROGEN-TYPE MOLECULES 

An efficient catalytic- system that hinges on the coupling of three resonator cavities involves iron and lithium. For example, the 
fourth ionization energy of iron is 54. S p.V . This energy hole is obviously too high for resonant absorption. However, J,i* 
releases 5.392 eV when it is reduced to Li . The combination of Fe 3+ to Fe A+ and LC to Li , then, has a net energy change of 
49.4 eV . 

\l2a„ 



49AeV + Fe 3 ' +Li' + H 2 \ [ 2c' = V2a ]->Fe 4 ' +Li + H 2 



-Ic^-- 



+ 95.7 eV 



(5.134) 



Li + Fe 4 



■ Li + + Fe 3+ +49.4 eF 



(5.135) 



And, the overall reaction is 



H 7 2c' = yj2a a -> H, 



■ \J2a 



2c'-- 



+ 95.7 eV 



(5.136) 



Note that the energy given off as the molecule shrinks is much greater than the energy lost to the energy hole. And, the energy 
released is large compared to conventional chemical reactions. 

An efficient catalytic system that hinges on the coupling of three resonator c avities involves scandium . For example, the 

fourth ionization energy of scandium is 73.47 eV . This energy hole is obviously too high for resonant absorption. However, 
Sc 3+ releases 24.76 eV when it is reduced to Sc 2+ . The combination of Sc 3+ to 5c 4+ and Sc 3+ to Sc 2+ , then, has a net energy 
change of 48.7 eV . 

V2a n 



48.7 eV + Sc u + Sc u +H 2 \lc' = V2a ] -> Sc 4+ + Sc n + H 2 



-2z^ 



+ 95.7 eV 



(5.137) 
(5.138) 



Sc 2+ +Sc i+ ^Sc 3+ +Sc 3+ - 
And, the overall reaction is 



H 2 2c' = v2a„ 



■48.7 eV 



Sa 



■H, 



2c'- 



+ 95.7 eV 



(5.139) 



An efficient catalytic system that hinges on the coupling of three resonator cavities involves gallium and lead. For 
example, the fourth ionization energy of gallium is 64.00 eV . This energy hole is obviously too high for resonant absorption. 
However, P b 2+ releases 15.03 eV when it is reduced to Pb + . The combination of Ga 3+ to G« 4+ and Pb 2+ to P b + , then, has a 
net energy change of 48.97 eV . 



48 



.97 e V + Ga 3+ + Pb 2+ + H 2 \lc ' = J2a ] -» Ga 4+ + Pb + + H 2 



Ga " + + Pb + -> Ga 3+ + Pb 2+ + 48.97 eV 
And, the overall reaction is — 




+ 95.7 eV 



(5.140) 



(5.141) 



H 2 \2c' = -l2a ~\ i ^H 2 




+ 95.7 eV 



(5.142) 



The rate of an electronic transition of a molecule is a function of the change in internuclear distance during the transition. 
Transitions between electronic states that have equivalent internuclear distances at some point during their vibrational cycles 
have much greater rates than transitions that require the energy level of the electrons to change as well as the internuclear 
distance to change simultaneously. As shown in Figure 5.4, the transition from the n = 1 state to the n = 1 / 2 state of molecular 
hydrogen is not favored for this reason. A more likely transition pathway is a vibrational excitation of molecular hydrogen 
( n = 1 ) that breaks the bond, followed by a transition reaction of each of the hydrogen atoms via a 27.2 eV energy hole catalyst 
as given in the Hydrino Theory — BlackLight Process section, followed by reaction of the two hydrino atoms (« = l/2)to form a 
dihydrino molecule ( n = 1 / 2 ). 
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STABILITY OF ATOMS AND HYDRINOS 



The central field of the proton corresponds to integer one charge. Excited states comprise an electron with a trapped photon. In 
all energy states of hydrogen, the photon has an electri c field that superposes with the field of the proton . In the n - 1 state , the 
sum is one, and the sum is zero in the ionized state. In an excited state, the sum is a fraction of one (i.e. between zero and one). 
Derivations from first principles given in the Excited States of the One-Electron Atom section demonstrate that each "allowed" 

fraction corresponding to an excited state is . Following the derivation given in the Excited States of the One-Electron 

integer 

Atom (Quantization) section, the relationship between the electric field equation and the "trapped photon" source charge-density 
function is given by Maxwell's equation in two-dimensions. 

n. (E 1 -E 2 ) = — (6.1) 

where n is the radial normal unit vector, Ej = (Ej is the electric field outside of the orbitsphere), E 2 is given by the total 
electric field at r n = na H , and a is the surface charge-density. The electric field of an excited state is fractional; therefore, the 
source charge function is fractional. It is well known that fractional charge is not "allowed." The reason given in the Instability 
of Excited States section is that fractional charge typically corresponds to a radiative current-density function. The excited states 
of the hydrogen atom arc examples. They arc radiative; consequently, they arc not stable. Thus, an excited electron decays to 
the first nonradiative state corresponding to an integer field, n = 1 (i . e . a field of integer one times the central field of the proton) . 
Specifically, the superposition of <J pholm (Eq. (2.23)) and <J ekaro „ (Eq. (2.24)) is equivalent to the sum of a radial electric dipole 
represented by a doublet function and a radial electric monopole represented by a delta function given in Eq. (2.25). Due to the 

radial doublet, excited states are radiative since spacetime harmonics of — = k or — I— = k do exist for which the spacetime 

— e— c \c 

Fourier transform of the current density function is nonzero. 

Equally valid from first principles are electronic states where the magnitude of the sum of the electric field of the photon 
and the proton central field are an integer greater than one times the central field of the proton. These states are nonradiative. A 
catalyst can effect a transition between these states as described in the Hydrino Theory — BlackLight Process section. 

The condition for radiation by a moving charge is derived from Maxwell's equations. To radiate, the spacetime Fourier 
transform of the current-density function must possess components synchronous with waves traveling at the speed of light [1]. 
Alternatively, 
For non-radiative states, the current-density function must not possess spacetime Fourier components that are 



synchronous with waves traveling at the speed of light. 



As given in the One-Electron Atom section, the relationship between the radius and the wavelength of the electron is 

v„=4X ' (6-2) 

v.=2^./.=^/, (63L 

2xr K = 4 (6.4) 

Consider the wave vector of the sine function of Eq. (40) of Appendix I, the Spacetime Fourier Transform of the Electron 
Function. When the velocity is c corresponding to a potentially emitted photon 

s„ »v„ =s n »c = 0„ (6.5) 



the relativistically corrected wavelength (Eq. (1 .280)) is given by 
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r„ = X n (6.6) 

Substitution of Eg. (6.6) into the sine function results in the vanishing of the entire Fourier transform of the current-density 

function. Thus, spacetime harmonics of — = k or — - I — = k do not exist for which the Fourier transform of the current- 



density function is nonzero. 

In the case of below "ground" (fractional quantum number) energy states, the sum of the source current corresponding to 

the photon and the electron current results in a radial Dirac delta function as shown in the Stability of Atoms and Hydrinos 
section. Whereas, in the case of above "ground" or excited (integer quantum number) energy states, the sum of the source 
current corresponding to the photon and the electron current results in a radial doublet function which has Fourier components of 

— *- = k . Thus, excited states are radiative as shown in the Instability of Excited States section, 
c 

STABILITY OF "GROUND" AND HYDRINO STATES 

For the below "ground" (fractional quantum number) energy states of the hydrogen atom, <J pholo „ , the two-dimensional surface 



charge due to the "trapped photon" at the electron orbitsphere, is given by Eqs. (5.27) and (2.1 1). 

Y:(0J)--\Y:(0J) + Rc{Y;(0J)e'^' 
n L 



A7t{r n y 



8{r-r n ) n = 1,111... (^ 



2 3 4' 



And, o dearon , the two-dimensional surface charge of the electron orbitsphere is 



-ow 



[r;(^^) + Re{r(^^)^'}] ( y(r-r„) (6J^ 



The superposition of o pkotm (Eq. (6.7)) and a e]eanm , (Eq. (6.8)) where the spherical harmonic functions satisfy the conditions 
given in the Bound Electron "Orbitsphere"section is a radial electric monopole represented by a delta function. 



T^rXT-, 



lr:(^) + (i + l|Rc{37(^y" 



S{r-r n ) ,,-1,1,1,1,... -(fc9)- 



Mr„) 2 



2 3 4 

In the case of lower-energy states or hydrino states, the superposition given by Eq. (6.9) involves integer charge only. Whereas, 
in the case of excited states, the superposition given by Eq. (2.25) involves the sum of a delta function with a fractional charge 
(radial monopole term) and two delta functions of charge plus one and minus one which is a doublet function (radial dipole 
term). As given in the Spacetime Fourier Transform of the Electron Function section, the radial delta function does not possess 
spacetime Fourier components synchronous with waves traveling at the speed of light. Thus, the below "ground" (fractional 
quantum number) energy states of the hydrogen atom are stable. The "ground" (n = 1 quantum number) energy state is just the 
first of the nonradiative states of the hydrogen atom; thus, it is the state to which excited states decay based on the nature of 
photon and corresponding electron source current of excited as opposed to the hydrino states as given in the Excited States of the 
One-Electron Atom (Quantization) section and Hydrino Theory — BlackLight Process section, respectively. The stability is also 
shown using the Poynting power theorem applied to the electric and magnetic fields from the electron source current as shown in 
Appendix I. 



NEW 

Hydrogen atoms can undergo transitions to energy states below the n = 1 state until the potential energy of the proton is 
converted to kinetic energy and total energy (the negative of the binding energy), and a state is formed, which is stable to both 

radiation and nonradiative energy transfer. The potential energy V of the electron and the proton separated hy the radial 

distance radius r x is. 

-e 2 
V = —^- (6.10) 

Atvs^ 

where the radius t\ is the proton radius given by Eq. (29.1) 

r p =1.3Xl(T 15 m (6.11) 

Substitution of Eq. (6.1 1) into Eq. (6.10) gives the total potential energy V of the electron and the proton 

_ 2 

y= e =l.lX10 6 eV (6.12) 

4?r£ r p 

In the present case of an inverse squared central field, the binding energy and the kinetic energy are each equal to one half the 
potential energy [2] in the electron frame, and the lab-frame relativistic correction is given by correcting the radius as given in 
the Special Relativistic Correction to the Ionization Energies section. The relativistic invariance of the magnetic moment fi B 

and angular momentum h of the electron may be used to characterize the limiting v = c case as shown in the One-Electron 
Atom — D e termination of Orbitsphere Radii section. Considering the consequ e nces of special relativity, the size of a hydrogen 
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atom in the true ground state is significantly larger than the size of a muonic atom and is limited not to be less than % , the 
electron Compton wavelength bar, 

; ; fi 

X = r = = aa a (6.13) 

m e c 

X = r = -^— = -^- = 6.14Xl(T 14 m (6.14) 

y m e c In 

since the tangential electron velocity (Eq. (1.35)) is the speed of light at this radius. Eq. (1.35) and Eq. (1.254) gives the 
relationship between the electron speed and the speed of light, which gives the limit on the quantum state p as 



- = apZ p =1,2,3... (6.15) 

c 

With Z = l, p<Y51 due to the limiting speed of light. lnEq.(6.13) X, is the radius in the electron frame, and X, inEq.(6.14) 

is the radius in the laboratory frame according to iiq. (1.28U). hrom Eq. (6.14), the proton radius given by iiq. (6.1 1) cannot be 

reached. 

As shown in the Spacetime Fourier Transform of the Electron Function section and the Special Relativistic Correction to 

the Ionization Energies section, there can be no radiation from the electron at light speed in the laboratory inertial frame. 

Nonradiative energy transfer is also forbidden since this requires the impossible formation of a photon standing wave at light 

a*. 



speed relative to the electron at light speed. Electronic transitions below the H 



state are not possible since no energy 



transfer mechanism is possible. 

However, for this electronic state, it may be possible for the proton to decay to gamma rays with the capture of the 
electron. With electron capture, the electron orbitsphere superimposes that of the proton, and a neutral particle is formed that is 
energy deficient with respect to the neutron. To conserve spin, electron capture requires the concurrent capture of an electron 
antineutrino with decay to a photon and an electron neutrino as given in the Gravity section. Disproportionation reactions to the 
lowest-energy states of hydrogen followed by electron capture with gamma ray emission may be a source of nonthermal g-ray 
bursts from interstellar reg i ons [3]. A branch of the decay path may also be similar to that of the tt° meson. Gamma and pair 
production decay would result in characteristic 511 keV annihilation energy emission. This emission has been recently been 
identified with dark matter [4-5]. Alternatively, the diffuse 511 keV radiation by interstellar medium is consistent with the role 
of hydrino as dark matter in pair production from incident cosmic radiation [6-8]. 

Hydrinos pres e nt in neutron stars may facilitate IICF. This may be th e mechanism of gamma e mission by n e utron stars. 

With sufficient energy/mass release, a chain reaction of neutron decay to release electron antineutrinos, which react with 
hydrinos according to Eq. (24.173) may be the cause of g-ray bursts. Another more likely mechanism based on a particle of the 
Planck Mass is given in the Gravity section. 

SPIN-NUCLEAR AND ORBITAL-NUCLEAR COUPLING OF HYDRINOS 

The "trapped photon" given by Eq. (5.27) is a "standing electromagnetic wave" which actually is a circulating wave that 
propagates along each great circle current loop of the orbitsphere. The time-function factor, k(t) , for the "standing wave" is 
identical to the time-function factor of the orbitsphere in order to satisfy the boundary (phase) condition at the orbitsphere 
surface. Thus, the angular frequency of the "trapped photon" has to be identical to the angular frequency of the electron 
orbitsphere, co n . Furthermore, the phase condition requires that the angular functions of the "trapped photon" have to be 
identical to the spherical harmonic angular functions of the electron orbitsphere. 

Photons obey Maxwell's equations. At the two dimensional surface of the orbitsphere containing a "trapped photon," the 
relationship between the photon's electric field and its two-dimensional charge density at the orbitsphere is 

n»(E 1 -E 2 ) = — (6.16) 

Thus, the photon's electric field acts as surface charge. According to Eq. (6.16), the "photon standing wave" in the electron 
orbitsphere resonator cavity gives rise to a two dimensional surface charge at the orbitsphere two dimensional surface. The 
surface charge is given by Eq. (6.16) for a central field strength equal in magnitude to that of a central charge pe . This surface 
charge possesses the same angular velocity as the orbitsphere; thus, it is a current with a corresponding magnetic field. The 
rotational parameters of the surface current of the "photon standing wave" are given in the Rotational Parameters of the Electron 
(Angular Momentum, Rotational Energy, Moment of Inertia) section. The solution to Legendre's equation given by Eq. (1.66) is 
the maximum term of a scries of solutions corresponding to the m and I values [9-10], From Eq. (1.72), L, the amplitude of 
the orbital angular momentum along the z-axis is 



L = ±/L i z (6.17) 

V^ + l 

Therefore, from Eq. (2.65), the corresponding magnetic moment is 
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-2m, 



i±i. 



■-±H t 



L±l. 



(6.18) 



where ju B is the Bohr magneton. The magnetic moment gives rise to a magnetic field at the nucleus, which superimposes that 
due to spin. Thus, from Eqs. (2.189) and (6.18), the central force after the derivations in the Spin-Nuclear Coupling (Hyperfine 
Structure) section is 



rHr 



K ag = ±eac^f p P 



4- 



4+4- 



(6.19) 



where the plus corresponds to antiparallel alignment of the magnetic moments of the electron and proton, and the minus 
corresponds to parallel alignment. The outward centrifugal force (Eq. (1.241)) on the electron is balanced by the electric force 

(Eq. (1.242)) and the magnetic force given by Eq. (6.19) 

i2 nrf, r— >» 



jny- 



pe 



T^r 



ilx. 



(6.20) 
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where the central field of the hydrino atom has a magnitude that is equivalent to p times that of the "ground" state (n- p- 1 ) 
hydrogen atom and m p is the mass of the proton. Using Eq. (1.35), 



V 



pe 



K 



Ane •„/■ 
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(6.21) 
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(6.22) 
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where o^ is the radius of the hydrogen atom and the plus corresponds to parallel alignment of the magnetic moments of the 
electron and proton, and the minus corresponds to antiparallel alignment. 



ENERC 

The magnetic energy AF. . ok to flip the orientation of the proton's magnetic moment, p p , from parallel to antiparallel to the 
direction of the magnetic flux B s due to electron spin and the magnetic flux B o due to the orbital angular momentum of the 
electron (180° rotation of the magnet moment vector) given by Eqs. (1.128), (2.234), (2.222), and (6.18) is 



AE. 



pp a eh 



magdipole 



f J p\l 4 
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— + 
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1 1 

— + — 
r. r 



-2pp oJ u B p p J- 
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1 1 

— + — 



(6.23) 



where the Bohr magneton, p B , is given by Eq. (1.131), the radius of the hydrino atom is — , and the central field of the hydrino 



atom has a magnitude that is equivalent to p times that of the "ground" state (n = p = 1 ) hydrogen atom. 

The change in the electric energy of the electron due to the slight shift of the radius of the electron due to spin-nuclear 
and orbital-nuclear interactions is given by the difference between the electric energies associated with the two possible 
orientations of the magnetic moment of the electron with respect to the magnetic moment of the proton, parallel versus 
antiparallel. The electric energy is given by the substitution of the corresponding radius given by Eq. (6.22) into Eq. (1.264) 



where Z = p . The change in electric energy for the flip from antiparallel to parallel alignment, Afi^, 



, is 



-AEl 



-pe 



1 1 
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In addition, the interaction of the magnetic moments of the electron and proton increases the magnetic energy of the 
electron given by Eq. (2. 198). The change in the magnetic energy of the electron AE^ °' N due to the slight shift of the radius 
of the electron due to spin-nuclear and orbital-nuclear interactions is 

k\ J 7rp n e 2 fr 2 1 1 1 



-&-E* 



=■ 1+ — +a\ cos— 
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(6.25) 
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The orbital rotational energy arises from a spin function (spin angular momentum) modulated by a spherical harmonic angular 



function (orbital angular momentum). The amplitude of the orbital rotational energy E t 

h 2 



rotational orbital 



2m e r n 
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However, the time-averaged mechanical angular momentum and rotational energy associated with the traveling charge-density 
wave on the orbitsphere is zero: 

g^pQ (6-27) 

\£ 'rotational orbital )~^ (6.28) 

Thus, a term corresponding to Eq. (6.26) was not added to Eq. (6.25). Only the coupling of the dynamic angular momentum to 
the radiative reaction need be considered as given in Eqs. (6.19) and (6.23). 

The total energy of the transition from antiparallel to parallel alignment due to spin-nuclear and orbital-nuclear 

(6.29) 



interactions, AE^, °' N , is given as the sum of Eqs. (6.23-6.25): 
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(6.30) 



For the case that £ = . the hydrino hyperfine structure radius and energy AE^, given by Eqs. (2.195) and (2.199) respectively. 



are the same as those of ordinary hydrogen with p = 1 in Eqs. (6.22) and (6.31): 
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(6.31) 
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The frequency, / , can be determined from the energy using the Planck relationship, Eq. (2.139). 
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(6.32) 



From Eqs. (6.22), (6.30), (6.31), and the Planck relationship, Eq. (2.139), the energy, the wavelength, and the frequency 

corr e sponding to th e spin - nucl e ar and orbital - nucl e ar coupling e n e rgy of th e hydrino atom with th e low e r e n e rgy stat e quantum 

a 
numbers p and I and with the radius — are given in Table 6.1. 

P 



Table 6.1 ■ The spin-nuclear coupling energy of the hydrino atom with the lower energy state quantum numbers p and £ and 
a„ 



with the radius 



Energy 



Wavelength 
(cm) 



Wave Number 



Frequency 
(GHz) 



(J X\0 li ) 



(on 1 ) 



0.094117 
2.2736 
5.4890 



21.106 
0.87369 
0.36189 



0.047380 
1.1446 
2.7633 



1.4204 
34.314 
82.840 



12.806 
30.916 
33.718 
42.520 
102.65 



0.15512 
0.064253 
0.058914 
0.046718 
0.019351 



6.4466 
15.564 
16.974 
21.405 
51.677 



193.27 
466.58 
508.87 
641.71 
1549.2 



111.96 



0.017743 



56.360 



1689.6 



116.17 
106.81 
257.86 
281.23 



0.017100 
0.018598 
0.0077036 
0.0070635 



58.480 
53.769 
129.81 
1 4 1.57 



1753.2 
1611.9 
3891.6 

4 2 44 .2 



7.91.81 



00068074 



146.90 



4403.9 



297.87 



0.0066688 



149.95 



4495.5 
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A COEFFICIENT 

An estimate of the transition probability for magnetic multipoles is given by Eq. (16.105) of Jackson [11]. For a magnetic dipole 
£ = l, and Eq. (16.105) of Jackson is 
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(6.33) 



where x M is the mean life of the magnetic multipole. Substitution of 



^^ 



into Eq. (6.33) gives 
1 ( „ \ 2 f 
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From Eq. (6.35), the transition probability is proportional to the frequency cubed. The experimental A coefficient for hydrogen 
H{n = \) [12] is 

A = 2.%1 XW 15 s e c' 1 (6.36) 

The frequencies for the spin/nuclear hyperfine transition of hydrogen H (n = l) and hydrino H(n = \l$) are given in Table 6. 1 . 

The A coefficient for hydrino H(n = \l2) is given by Eq. (6.35) and Eq. (6.36) and the frequencies of Table 6.1. 



~A =- 3 
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INTENSITY OF SPIN-NUCLEAR AND ORBITAL-NUCLEAR COUPLING 



Th e int e nsity, I , of spin - nucl e ar and orbital - nucl e ar coupling transitions of hydrinos can b e calculat e d from th e column d e nsity 
of hydrino atoms, N(H) , and the A coefficient, A ul . The column density is given by the product of the number of hydrino 

atoms per unit volume, n H , and the path length, £ , which is calculated in steradians from its integral. 



-T- 



-T- 



(6.38) 



4tz 4tz 

wherein A ul is given by Eq. (6.37). The number of hydrino atoms per unit volume, n H , can be estimated from the experimental 
results of the integrated continuum emission for a selected transition from a celestial source. The number of electronic 
transitions per atom per second, k x (Eq. (5.105)), estimated to be equivalent to the number of photons per atom per second (A ul 
(Eq. (6.38)) for the hydrino transition). — Equating intensities of integrated photon flux (Eq. (6.38)) and the rate of the 
disproportionation reaction, r mm , p Eq. (5.106), gives 



I = J -A.,N(H) = - ^n a (K 



"4?T 



-jr 



3kT 



mm 



(6.39) 



m u 



where N(H) = n H £ is the column density and g m = 1 (the result is equivalent to Forster's theory for the efficiencies of dipole- 
dipole resonant energy transfers). N(H), the column density of hydrino atoms, H\ - JL , can calculated along the selected 

' LeJ 

sight-line and substituted into Eq. (6.38) to give the intensity of the spin-nuclear and orbital-nuclear coupling transitions of 
hydrinos as a function of the path length, £ , which is calculated in steradians from its integral. 
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TWO-ELECTRON ATOMS 



As is the case for one-electron atoms shown in the corresponding section, two-electron atoms can also be solved exactly. Two- 
electron atoms comprise two indistinguishable electrons bound to a nucleus of +Z , Each electron experiences a centrifugal 

force, and the balancing centripetal force (on each electron) is produced by the electric force between the electron and the 
nucleus and the magnetic force between the two electrons causing the electrons to pair. 



DETERMINATION OF ORBITSPHERE RADII 

As shown in the One-Electron Atom section, bound electrons are described by a charge-density (mass-density) function, which 
is the product of a radial delta function (f(r) = S(r-r ll )), two angular functions (spherical harmonic functions), and a time 
harmonic function. Thus, an electron is a two-dimensional spherical current-density surface that can exist in a bound state at 
only specified distances from the nucleus. More explicitly, the uniform current-density function Y®{9,<j>) (Eqs. (1.27-1.29)) 

called the electron orbitsphere (shown in Figure 1.22) Lhal gives rise Lo the spin of the electron is generated from two currenl- 
vector fields (CVFs). — Each CVF comprises a continuum of correlated orthogonal great circle current - density elements (one 
dimensional "current loops"). The current pattern comprising each CVF is generated over a half-sphere surface by a set of 
rotations of two orthogonal great circle current loops that serve as basis elements about each of the (-i x ,i ,0i z ) and 



i" 



-± 



— ■=\ 1 .,— r =\,\ T -axis; the span being n radians. Then, the two CVFs are convoluted, and the result is normalized to exactly 



generate the continuous uniform electron current density function Y o °(6),0) covering a spherical shell and having the three 

ft ft 
angular m omentum components of L OT = + / — - a n d L z =— (F i g ure 1.7. 3) 1 , 



4 z 2 

Each one-electron orbitsphere is a static two-dimensional spherical shell of moving negative charge ( total charge = -e ) 



of zero thickness at a distance r n from the nucleus ( charge = +Ze ). It is well known that the field of a spherical shell of charge 
is zero inside the shell and that of a point charge at the origin outside the shell [1] (See Figure 1.32). Thus, for a nucleus of 
charge Z , the force balance equation for the electron orbitsphere is obtained by equating the forces on the mass and charge 
d e nsiti e s. Th e c e ntrifugal forc e of each e l e ctron is giv e n by 

(7.1) 



" centrifugal , 2 

Anr 



where r n is the radius of elec t ion n 2 which has veloci t y \ a . In order to be nomadia t ive, t he velocity for eveiy poin t on t he 
orbitsphere is given by Eq. (1.35). 



v „=- 



ft 



(7.2) 



Helium can be formed by the binding of two electrons simultaneously to He . It can also be formed by the binding of 
an electron Lo He* . — The same boundary condition that helium is has no spin applies in both cases. — The forces must be 
consistent with the binding of both electrons at the same radius such that their currents corresponding to spin are identical mirror 



+ / — designates hoth the positive and negative vector directions along an axis in the xy-plane. 



2 In this section, n = 1 or 2 for electron one and electron two, respectively, not to be confused with the previous use of n as the principal quantum 
number. 
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images and consequently identically cancel. This implies that the forces at balance are equivalent for the two electrons. As an 
approach to the helium solution using these constraints, now consider electron 1 initially at r-r x - — - (the radius of the one - 

Ake Ti 2 
electron atom of charge Z given in the One-Electron Atom section where a = — r- 2 — and the spin-nuclear interaction 

e m e 

corresponding to the electron reduced mass (Eq. (1.255)) is not used here since the electrons have no field at the nucleus upon 

— € 

p a iring) a nd electron 2 initi a lly a t r n =<x> . E a ch electron c a n be tre a ted a s -e ch a rge a t the nucleus with E = .for r > r n 

Ane^r 

and E = for r < r n where r n is the radius of the electron orbitsphere. The centripetal force is the electric force, ¥ e!e , between 

the electron and the nucleus. Thus, the electric force between electron 2 and the nucleus is 

~T _(Z-\)e 2 



* ete(electron 2) 7 2 \' •-*) 

where e is the permittivity of free-space. The second centripetal force, F , on the electron 2 (initially at infinity) from 
electron 1 (at r x ) is the magnetic force. Each infinitesimal point (mass or charge-density element) of each orbitsphere moves on 

a great circle, and each point has the charge density — — - . Due to the relative motion of the charge-density elements of each 

Anr n 

electron, a radiation reaction force arises between the two electrons. This force given in Sections 6.6, 12.10, and 17.3 of Jackson 

[2] achieves the condition that the sum of the mechanical momentum and electromagnetic momentum is conserved 3 . The 

magnetic central force is derived from the Lorentz force that is relativistically corrected. 

The magnetic force is derived by first determining the interaction of the two electrons due to the field of the outer 

electron 2 acting on the magnetic moments of electron 1 and vice versa. Insight to the behavior is given by considering the 

physics of a single bound electron in an externally applied uniform magnetic field. As shown in the Resonant Precession of the 

Spin-l/2-Current-Density Function Gives Rise to the Bohr Magneton section, the angular momentum of the orbitsphere in the 

ft ft 

magnetic field of an external applied field b\ z comprises the static — projection on the z-axis (Eq. (1.128)) and the — vector 

component in the xy-plane (Eq. (1.127)) that precesses about the z-axis at the Larmor frequency, <a L . A resonant excitation of 

the Larmor precession frequency gives rise to a trapped photon with h of angular momentum along the precessing S-axis. As 
shown in Box 1.1, the photon standing wave is phase-matched to a spherical harmonic source current, a spherical harmonic 
dipole Y t m (&,$) = sin with respect to the S-axis. The dipole spins about the S-axis at the angular velocity given by Eq. 

(1.36). 

In the coordinate system rotating at the Larmor frequency (denoted by the axes labeled X R , Y R , and Z R in Figure 7.1), 

h h 

the X R -component of magnitude — and S of magnitude % are stationary. — The — angular momentum along X R with a 

corresponding magnetic moment of — (Eq. (28) of Box 1.1) causes S to rotate in the Y R Z R -plane to an angle of = — such 

h h 

that the torques due to the Z K -component of — and the orthogonal X R -component of — are balanced. Then the Z K -component 

71 % 71 13 

due to S is iftcos— = ± — , and the Y„ -component of S is ifisin — = ±J—h. 
3 2 R 3 V4 



3 The angular momentum of the two electrons cancels with pairing, and the conserved angular momentum is carried with the h of angular momentum of 
the photon corresponding to the radiation reaction force and energy. The energy of the Coulombic field is also conserved with the emission of photons of 
quantized energy wherein the radial acceleration during binding gives rise to the radiation as given in the Excited States of the One-Electron Atom 
(Quantization) section. 
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Figure 7.1. The angular momentum components of the orbitsphere and S in the rotating coordinate system X R , l^,,and Z R 
that precesses at the Larnior frequency about Z R such that the vectors are stationary. 




X, 



As shown in Figure 7.2, S forms a cone in time in the nonrotating laboratory frame with an angular momentum of h that 

is the source of the known magnetic moment of a Bohr magneton (Eq. (2.65)) as shown in the Magnetic Parameters of the 

h 
Electron (Bohr Magneton) section. The projection of this angular momentum onto the z-axis of — adds to the z-axis component 

before the magnetic field was applied to give a total of ft . Thus, in the absence of a resonant precession, the z-component of the 

h 
angular momentum is — , but the excitation of the precessing S component gives ft — twice the angular momentum on the z- 

axis. 

Figure 7.2. The angular momentum components of the orbitsphere and S in the stationary coordinate system. S and the 
components in the xy-plane precess at the Larmor frequency about the z-axis. 




tL 

4 

I 

2 

ft 

2 



7T 7t 

In summary, since the vector S that precesses about the z-axis at an angle of 6 = — and an angle of $ = — with respect 

to L Tv , given by Eq. (1.127) and has a magnitude of ft, the S projections in theX^ Y R -plane and along the Z fl -axis (Eqs. (1.129- 
1.130)) are 
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S,=±hzo^ = ±^i ZR (7^T 

The plus or minus sign of Eqs. (7.4) and (7.5) corresponds to the two possible vector orientations. 

Consider the case that the external field is due to electron 2 on the moments of electron 1 and vice versa. In the limit, the 
magnetic moments of electrons 1 and 2 will cancel as they spin pair to form an energy minimum. In this case, the radii will be 
equal (i.e. r x = r 2 ). Cases other than the bound case correspond to excited states, which are solved for helium in the Excited 
States of Helium section. These states correspond to the atom having trapped photons. The central magnetic force to determine 
the bound state with r x = r 2 is derived by first determining the magnetic moments and fields of the interacting electrons from the 
corresponding angular momenta due to the trapped photons. 
Unlik e th e c xt c rnal - appli c d - fi c ld cas e , e ach of th e two int e racting e l e ctrons hav e two orthogonal compon e nts of angular 

ft % 

momentum. Each has — along the principal-axis (Eq. (1.128)) and — along an axis in the transverse-plane (Eq. (1.127)). For 

each electron, torque balance is also achieved when a photon standing wave is phase-matched to a spherical harmonic source 
current, a spherical harmonic dipole Y™ {0,<f) = sin with respect to the S-axis. The dipole spins about the S-axis at the 

angular velocity given by Eq. (1.36) as in the external-applied-field case, but the orientations are as shown in Figures 7.3A and 

7.3B rather than that shown in Figures 7.1 and 7.2. 

h 
In the stationary coordinate system of electron 2 (denoted by the axes labeled X , Y , and Z in Figure 7.3A), the ef— 

h 
intrinsic angular momentum is along X , the — of intrinsic angular momentum is along Y , and the photon angular momentum 

71 

vector S 2 of magnitude h is in the XZ -plane at an angle of 8 = — relative to the Z-axis. The Z-axis projection of S 2 is 

6 

J h 

—H , and the X -axis projection of S 2 is — . 

h 
In the stationary coordinate system of electron 1 (denoted by the axes labeled X', Y', and Z' in Figure 7.3B). the — of 

H 

intrinsic angular momentum is along X', the — of intrinsic angular momentum is along Y', and the photon angular momentum 

71 

vector Sj of magnitude ti is in the 7'Z'-plane at an angle of 8 = — relative to the 7'-axis. The Z'-axis projection of Sj is 



— h , and the 7'-axis projection of Sj is — . 

The torques from the corresponding magnetic moments given by Eq. (2.65) are balanced in the absence of Larmor 
precession for the angular momentum projections of electron 2 shown in Figure 7.3A relative to those of electron 1 shown in 

r fi t t it 

Figure 7.3B. The photonic — -X-axis projection of S 2 with a corresponding magnetic moment of -■££- cancels the 

h 
superposition of the — of intrinsic angular momentum of electrons 1 and 2 along X' and X , respectively, each with a 

ti ti 
corr e sponding magn e tic mom e nt of (Eq. (2.65)). Th e of intrinsic angular mom e ntum of e lectron 2 along Y giv e s ris e to 

a magnetic field corresponding to — in the direction of the J—h Z'-axis projection of Sj of electron 1. The — of intrinsic 

fi 
angular mom e ntum of e l e ctron 1 along Y' and th e y'-axis proj e ction of S, of giv e s ris e to a magn e tic fi e ld corr e sponding to 

/3~ 
/j b in the direction of the J—h Z -axis projection of S 2 of electron 2. 
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Figure 7.3. The relative angular momentum components of electron 1 and electron 2 to determine the magnetic interactions 
and the central magnetic force. (A) The orbitsphere and S, of electron 2 in the stationary coordinate system X, Y,Z that is 

designated the unprimed spherical coordinate system relative to the Z-axis as shown. The photon angular momentum vector S 5 

of magnitude ft is in the XZ-plane at an angle of 9 = — relative to the Z-axis. (B) The angular momentum components of the 

6 

orbitsphere and S, of electron 1 in the stationary coordinate system X',Y',Z' that is designated the primed spherical coordinate 
system relative to the Z'-axis as shown. The photon angular momentum vector S, of magnitude h is in the Y'Z -plane at an angle 

71 

of & = — relative to the F'-axis. 

3 




h photon 



n 



' — spin electron 2 
4 



spin electron 2 
photon 
h photon 




— ti photon 



- — spin electron 2 



* — spin electron 2 



* — photon 

* ti photon 



When the electrons pair, the photon is emitted as the corresponding excited state decays and the orientation of the 
magnetic moments of electron 1 relative to those of electron 2 rotate as shown in Figure 7.4 compared to Figures 7.3A and 7.3B. 
In the paired orientation, the angular momenta and the corresponding magnetic fields identically cancel. 
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Figure 7.4. The angular momentum components of the superimposed orbitspheres of electron 1 and 2 in the stationary 
coordinate system X, Y,Z when binding occurs and the magnetic moments cancel. 
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The magnetic central force is due to the interaction of the magnetic field of the electron 2 and the current dipole of the 
photon at the radius of electron 1 and vice versa. Considering the angular momentum vectors given in Figures 7.3A and 7.3B, 

the magnetostatic magnetic flux of electron 2 and electron 1 corresponding to — and jj s , respectively, follow from Eqs. 

(1.132) and (1.133) and after McQuarrie [3]: 

B = -^^-(i,.cos0-i B .sin0) 



2m e r 1 

B = ^£*_(i,2cos0 + i fl sin0) 

1m j' 



(7.6) 

(7.7) 



where /li is the permeability of free-space ( 4/r X 1 7 N I A 2 ) and the coordinates of the magnetic field due to electron 2 acting 

on the magnetic moments of electron 1 is designated as the primed system and the magnetic field of electron 1 acting on the 
magnetic moments of electron 2 is designated as the unprimed system. It follows from Eq. (1.131), the relationship for the Bohr 
magneton, and relationship between the magnetic dipole field and the magnetic moment m [4] that Eqs. (1.132) and (1.137) are 

the equations for the magnetic field due to a magnetic moment of one half a Bohr magneton, m =— -i z and one Bohr magneton, 

m = //„!„, respectively, where i z =i r cos6'-i 6 ,sin^. In each case, the spherical harmonic dipole Y'" (&,$) = sin 6 spins about 

the S-axis at the angular velocity given by Eq. (1.36). Thus, angular velocity w and linear velocity v projections onto each 
Z(Z ') -axis are 

% 



co = 



mj?\A™' 



The Lorentz force density at each point moving at velocity v given by Eq. (7.9) is 
e 



F = 



-vxB 



(7.8) 
(7.9) 

(7.10) 



Substitution of Eq. (7.9) and Eqs. (7.6-7.7) into Eq. (7.10) while maintaining the designation of the coordinates of the magnetic 
field of electron 2 acting on the magnetic moments of electron 1 as the primed system and the coordinates of the magnetic field 
of electron 1 acting on the magnetic moments of electron 2 as the unprimed system gives 



/ 



F = 

mg 



Axr, 



— sin $i,,x— — r (i . cos 6- i„, sin 0) 



— sin 6\, x — - — r (i„2cos<? + l fl sin#) 

4 * 2m,r v ' B 



(7.11) 



As shown in Eqs. (7.16-7.24), the relativistic form of Eq. (7.1 1) results in the equivalence of the velocity at the two radii; thus, t\ 
may be substituted for r 2 in the velocity factor of the second term to give 
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F =- 

mag 



2*2 

ju e n 



4m^ 



sin &i f x (i^, cos - i fl , sin #) 



+ sin 



#v^* 



*#+i 



^ 



- sin # cos 9\ , + sin 2 6>i,., 
+2sin#cos6>i,, + sin 2 9\„ 



(7-12) 



1 ju e ti 
Anr 2 2?- 1 m 2 r 2 3 V 4 



The i r , unit vector is transformed to i r by substituting 9 with # + — in the second term of Eq. (7.12): 



1 ju e 2 tl 2 
Ann 2 2r,m 2 rl 



- sin 9 cos 9i a , + sin 2 1 6> + — 



+ 2sinffcos6 > i fl + sin fli 



ju e 2 ti 2 



-sin(9cos6>i a , + (sin 2 9 + cos 2 6>j i, 



4;rr, 2 2r,m 2 rl 



2 
2*2 



+2sin6>cos<9i,. 



(7.13) 



4 — jU e ft 



— (-sin^cosfi'i,,, +2sin6 l cos6 , i e +i r ) 



-4tWv 



1 2 3 

1 -r ] m e r 2 
j t 



^° - — sin 20L, + sin 2f?L + i. 



4^r 2 2r 1 m e r 2 



The F mag i s and F i e , average to zero over the surface for < 9 < k . The relativistic correction given infra, is based on 

quantized-angular-momentum conservation with the emission of a photon. The relativistic correction for the lightlike frame 
causes the circumferential distances on the surface to dilate to the radial dimension alone as given infra, and in the Special 
Relativistic Correction to the Ionization Energies section. This causes the angular force to vanish since it averages to zero such 
that only the radial force remains. — Since there is no net angular force on the electron, only the resultant radial force need be 
considered: 



F = 

mag 



ju e 2 ti 2 



Anr 2 2r l m e r 2 



(7.14) 



Eq. (7.1 4 ) may be written in the form 



4- 



-e-ftr 

2m e r l 



-t£ 



-yjs(s + l)i r 



F_ = — 



Anr' 



(7.15) 



where s = 1 / 2 and <Js(s + 1) = . /— is the historical designation of the spin-angular momentum magnitude factor. 

Furthermore, the term in brackets can be expressed in terms of the fine structure constant a . The radius of the electron 
orbitsphere in the v = c frame 4 is X c , where v = c corresponds to the magnetic field front propagation velocity which is the 
same in all inertial frames, independent of the electron velocity as shown by the velocity addition formula of special relativity 



[5]. FromEq. (1.35) and Eqs. (1.179 - 1.180) 



c2/ v =2m i 



2mr, 



(7.16) 



where v-c. Based on the relativistic invariance of the electron's magnetic moment of a Bohr magneton fi B given by Eq. 
(1.131) as well as its invariant angular momentum of h , it can be shown that the relativistic correction to Eq. (7.15) is — times 

the reciprocal of Eq. (7.16). As shown previously in the One-Electron Atom — Determination of Orbitsphere Radii section, the 
radius term in the brackets of Eq. (7.15) is relativistically corrected due to invariance of charge under Gauss' Integral Law [6]. 
The radius of the electron relative to the y = r. frame, r* , is re1at.ivist.ica.11y corrected as follows. The wave equation relationship 



In 



(7.17) 



It can be demonstrated that the velocity of the electron orbitsphere satisfies the relationship for the velocity of a wave by 
substitution of Eqs. (1.15) and (1.36) into Eq. (7.17), which gives Eq. (1.35). The result of the substitution into Eq. (7.17) of c 
for v„ , X n given by Eq. (2.2): 

2n(nr^) = 2nr n = n\ - X n (7.18) 



4 For the radiation-reaction force, v in Eq. (7.10) is not the electron velocity relative to the laboratory frame. 
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with r x given by Eq. (1.260): 

_^ 

n Z 



-(T^T 



for X , and of (o n given by Eq. (1 .36) 
ft 



co., -- 



(7.20) 



for w is 



,*, 



,r'a, 



c = 2n!—?*- — (7.21) 

2n 



r*a a 



Zti _ Z^jc ju h 




y* = ^—= » ""» — ~-^ = z— p- — = aZ (7.22) 

m e ca m e A7is h An* ~ * 

where y* is the relativistic factor corresponding to the radius, c is given by Eq. (1.178), and a is given by Eq. (2.123). It 
follows from Eq. (7.22) that the radius r x of Eq. (7.15) must be corrected by the factor [aZj . 

Due to relativistic invariance of — corresponding to the invariance of ju B , the correction of the electron mass of the 

m e 

bracketed term of Eq. (7.15) is 2n as given in the One-Electron Atom — Determination of Orbitsphere Radii section (Eq. 

(1.273)). By correcting the radius and the mass, the relativistic correction y' due to the light speed electrodynamic central force 

is 

y'=\2naZ-\ (7.23) 
wh e r e v = c 5 . Thus, is substituted for the t e rm in brack e ts in Eq. (7.15). Thus, Eq. (7.15) becomes 

The radiation-reaction force between the two electrons that achieves the condition that the sum of the mechanical 
momentum and electromagnetic momentum is conserved can also be derived from the relativistically invariant relationship 
between momentum and energy. As shown in the Excited States of the One-Electron Atom (Quantization) section and the 
Excited States of Helium section, in general, for a macroscopic multipole with a single m value, a comparison of Eq. (2.62) and 
Eq. (2.55) shows that th e r e lationship b e tw ee n th e angular mom e ntum M z , e n e rgy U , and angular fr e qu e ncy <o is giv e n by Eq. 

-(2*3): 

dM^ = mdU (?25) 
dr CO dr 
independent of r where m is an integer. Furthermore, the ratio of the square of the angular momentum, M 2 , to the square of 
the energy , U 1 , for a pure ( I , m ) multipole follows from Eq . (2 . 55) and Eqs . (2 . 60-2 . 62) as given by Eq . (2 . 64) : 

w~ (7 - 26) 

From Jackson [7]. the quantum mechanical interpretation is that the radiation from such a multipole of order ( £ , m) carries off 
mti units of the z component of angular momentum per photon of energy fiw . However, the photon and the electron can each 
possess only % of angular momentum which requires that Eqs. (7.25-7.26) correspond to a state of the radiation field containing 
m photons. Then, the magnetic energy due to the interaction of the magnetic moment of each electron and the magnetic field of 
the opposite member of the pair is quantized in terms of the magnetic field as well as the magnetic moment as opposed to being a 
continuous function of magnetic flux B in the case of the energy due to an applied field. In the applied - field case, the energy 
A£ of interaction of a magnetic moment m and flux B is given by Eq. (1 .168) 

AE mag = m B = mB cos G (7.27) 

In the case of the interaction of the magnetic moments of two electrons of two-electron atoms, Eq. (7.27) does not apply due to 
the result of Eq. (7.26). 



The quantized energy for an electron AE S J™ to switch from parallel to antiparallel to an applied field B is given by Eq. 



(1.168) 



5 The same relativistic correction is obtained by consideration of the kinetic and vector potential components of the angular momentum in the light-like 
frame as shown in Box 1 . 1 . 
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^Z = 2ju B i z B = 2ju B B cos 6 = 2ft B B = 2ftco L (7.28) 
where co L is the Larmor frequency given by Eg . (2) of Box 1 . 1 . In the case of the interaction between the two electrons, the 
frequency must satisfy Eq. (7.26). From Eq. (7.8), the angular velocity & is 

& = jL ^^ (7 " 29) 

m/ 2 V4 

Ene r gy is conse r ved between the electric and magnetic ene r gies of the helium atom as shown by Eq. (7.42). — Since cha r ge is 
relativistically invariant under Gauss' Integral Law, the relationships between the parameters of Eqs. (7.25) and (7.26) due to 
quantization of angular momentum h and energy fico requires the normalization of the energy U by the central field Z such 
that the magnetic-force dependence on the nuclear charge is the reciprocal of that of the electric force. Then, the radial electric 

field has a magnitude proportional to Z and the magnetic interaction has a magnitude of such that the corresponding 

magnetic energy U is decreased by the factor of — - corresponding to the electric energy given by Eqs. (1.263-1.264). Using 

Eqs. (7.26) and (7.29) with m = 2 for the magnetic dipole interaction and the invariance of charge gives 
tia> L h 1 J3 
2Z ~ 2Zm/ V 4 
The corresponding magnetic force is given as the gradient of the energy: 

1 , in] 1 8*E% 1 £j3. 

mas \7zrl l mag > Anr, 1 8r r 4*/^ Zm/ V 4 ' ^^ 

The outward centrifugal force on electron 2 (Eqs. (7.1-7.2)) is balanced by the electric force (Eq. (7.3)) and the magnetic 
force (on electron 2) (Eqs. (7.24) and (7.3 1)): 



Agf™=--^= , .- (7.30) 



m e v 2 e (Z-l)e 1 



+^ 



Anr 2 r 2 Anr 2 4jr£ r 2 4jir 2 Zm/ 2 



■js(s + \) (L32X 



From Eq. (1.35) and Eq. (7.2) 



h 2 



v^^r (7.33) 



Then, 

~ ~~my 2 ft 2 (z-iy n? 



r 2 m/l AkejI Zm/l 
Solving for r 2 , 



yls(s + l) (7.34) 



4<* + V 



s = - (7.35) 



Z-l z(z-i) 

That is, the final radius of electron 2, r 2 , is given by Eq. (7.35); this is also the final radius of electron 1. The energies and radii 
of several two-electron atoms are given in Table 7.1. 

(Since the density factor always cancels, it will not be used in subsequent force balance equations). 

ENERGY CALCULATIONS 



The electric work to bring electron 2 to r 2 = r x is given by the integral of the electric force from infinity to r x , 


^ (2-\)e l 
work(electnc,electron2) = 

And, the electric energy is the negative of the electric work, 


(7.36) 


E(electric)-~ (Z ~ l)e 


(7.37) 



8^£ rj 
The potential energy of each electron at r = r x , is given as 

r=- (z - 1)g2 -^zr 

AKS a r x 

1 , 
The kinetic energy is — m e v , where v is given by Eq. (1.35). 

t=--0— (739f- 



2 2 

m./ x 
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The magnetic work is the integral of the magnetic force from infinity to r x , 

n w -/((magnetic, electron!) = -— — — — -^(sh-I) (7.40) 
2 Z m e r y 

CONSERVATION OF ENERGY 

Energy is conserved. Thus, the potential energy (electron 2 at r, ) with the nucleus plus the magnetic work (electron 2 going 

from infinity to r x ) must equal the sum of the negative of the electric work (electron 2 going from infinity to r t ) and the kinetic 

energy (electron 2 at r y ). This is shown below with Eq. (7.41) and Eq. (7.42). 

- -(Z-l)e 2 1 1 h 1 r- — - 1 h 2 nAU 

V(electron 2 at /;) = — — + T Js{s + \) T ( 1A[ ) 

8^e >\ 2 Z m e t\ 2 m e t\ 

and using r x from Eq. (7.35), 

V(electron 2 at r x ) = - - - )e (7.42) 

A7t£ a r x 

This is also the potential energy of electron 1 where their potential energies are indistinguishable when r y =r 2 , but once one is 

excited they are distinguishable 6 . 



6 Th e d e cr e as e in th e c e ntral forc e of e l e ctron 1 from that corr e sponding to Z to that corr e sponding to Z — 1 as giv e n by Eq. (7. 4 2) allows th e pot e ntial 
energies of the two electrons to match upon pairing. This is possible according to Maxwell's equations by the relationship between the two-dimensional 
surface charge density of each binding electron and the field: 

"•( E i- E 2 )=- (^ 

Whenever there is a potential energy difference in any perfect conductor, current will flow to redistribute the charge and, thus, the field lines, until an 
equipotential is achieved. This is true even in the case of the two-dimensional layer of charge of paired electrons. However, in this case, the orientation of 
the field lines changes since current flow in the radial direction is not possible. Reverse-directed field lines partially cancel the central field of the nucleus 
at the shell such that the equipotential condition is met for the shell. 

In the case of helium for example, the two spin-paired electrons comprise a single two-dimensional shell (zero thickness) at radius 0.566987a . 
They satisfy Maxwell's source charge equation (Eq. (1)) and Gauss' law (Eq. (33.6)) while achieving a minimum energy, equipotential surface with one 
half of the combined field lines directed radial inward and one half directed radial outward from the surface of the shell. The inward-directed lines are 
cancelled by those of the +2e charged nucleus. The result is that each electron of the superposition of the two comprising the shell of -2e total charge 
experiences a central field of +e . The minimum energy is achieved by spin pairing with a significant reduction in the radius of the initial electron 2 due to 
the spin pairing force (Eq. (7.24)) in Eq. (7.34) relative to the pure Lorentz force (Eq. (7.15)). Using r } = 0.5a from Eq. (1.260) as a first-order 

approxima t ion of t he mul t ibody unpaired-elec t ron problem, t he corresponding radius wi t hou t spin pairing is 0.999a . Using Eq. (7.37), t he corresponding 
binding energy of electron 2 is 13.61 eV compared to the case with spin pairing of 24.58750 eV . Thus, spin pairing lowers the total energy of the system 
of interacting electrons by 10.98 eV even though the electrons become indistinguishable upon pairing. 

As a consequence of the spin-pairing interaction and associated stabilization, it is not possible to assign an independent energy to any single 
electron of He . Rather, the total system must be considered. Only for a one-electron atom is the electron's energy equal to the total energy. Specifically, 

the electrons of He in the ground state are paired in the same shell and are indistinguishable. That does not mean that the ionization of He to He* is 
twice 24.58750 eV . Both electrons cannot be ionized from the position r x = r 2 = 0.566987a to a continuum level without becoming unpaired since 
paired free electrons at the same position is energetically unobtainable. In excited states, the electrons are distinguishable; yet, dependent in terms of their 
positions and energies. With photon absorption, one electron moves to a greater radius and the other moves closer to the nucleus. It is a sequential 
quantized process as shown in the Excited States of Helium section. In the limit, the total energy of the photon required for one of the initially 

indistinguishable electrons to be ionized with the other moving to the radius of 0.5a is 2 4 .58750 eV — (Eqs. (7. 44 7. 4 6)). The corresponding He* ion has 
an ionization energy of 54.423 e.V (Eqs. (1 .260) and (1 .264))). Thus, the total binding energy of He in the ground state is 24.58750 eV + 54.423 eV . 

An energy balance can be assigned to the two electrons. From Eq. (1.264), the binding energy of He* is 

E B (a* )= 54.423 eV (2) 

The spin pairing of the two electrons with the binding of an electron 2 to He* with an electron 1 causes an energy change corresponding to the central 
field at electron 1 to decrease by an integer such that both electrons are bound with the same force and are equivalent. The binding or ionization energy 
change given by Eq. (1.264) is 

Ze 2 e 2 ( 2 1 ) 

AE =-A = - — = -30.42654 eV (3) 

" %nsr %7iea V0.5 0.566987 y 1 

1 

where the radius of He (Eq. (1.260)) is 0.5a and the radius of He is 0.566987a (Eq. (7.35)). From Eq. (7.45), the electric energy of either of the 
equivalent electrons at r x =r 2 = 0.566987a is 

2 

E(electric) = = -23.996467 eV (4) 

%ks 0.566987a 

9 

With the contribution of the magnetic energy (Eqs. (7.44) and (7.46))), the binding energy of either of the equivalent electrons of helium (Eqs. (7.44- 
7.46)) is 
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IONIZATION ENERGIES 

During ionization, power must be conserved. Power flow is governed by the Poynting power theorem, 



V»(ExH) = 



dt 



T/ ' oH»H 



d 



dt 



-g E»E 



J»E 



-043^ 



Energy is superposable; thus, the calculation of the ionization energy is determined as a sum of the electric and magnetic 
contributions. Energy must be supplied to overcome the electric force of the nucleus, and this energy contribution is the negative 



of the electric work given by Eq. (7.37). Additionally, the electrons are initially spin-paired at 



■ 0.566987« producing no 



magnetic fields; whereas, following ionization, the electrons possess magnetic fields and corresponding energies. For helium, 
the contribution to the ionization energy is given as the energy stored in the magnetic fields of the two electrons at the initial 
radius where they become spin-unpaired. Part of this energy and the corresponding relativistic term corresponds to the 
precession of the outer electron about the z-axis due to the spin angular momentum of the inner electron. These terms are the 
same as those of the corresponding terms of the hyperfine structure interval of muonium as given in the Muonium Hyperfine 
Structure Interval section. Thus, for helium, which has no electric field beyond r x the ionization energy is given by the general 
formula: 



Ionization Energy(IIe) - -E(electric) + E(magnetic) 



T™ 



—cos— +a 



W 



(7.44) 



(7.45) 



2U3 



where, 



E(electric) - 



(Z-l)e 2 

— ?,7TE n r , 



E(magnetic) ■ 



2^jU e h _ &7tfi ti B 



(7.46) 



Eq. (7.46) is derived for each of the two electrons as Eq. (1.161) of the Magnetic Parameters of the Electron (Bohr Magneton) 
section with the radius given by Eq. (7.35). By substituting the radius given by Eq. (7.35) into Eq. (1.35), the velocity v is given 



J2y_ 



arc(Z-l) 



AkeJ j 



±_ 



T- 



(7.47) 



V Z-1 Z(Z-1)J V Z^ 

with Z > 1 where Eqs. (1.204) and (1.208) were used. For increasing Z, the velocity becomes a significant fraction of the speed 
of light; thus, special relativistic corrections were included in the calculation of the ionization energies of two-electron atoms 
given in Table 7.1. The relativistic corrections follow from those given in the Special Relativistic Correction to the Ionization 
Energies section wherein the nuclear-electron magnetic interactions as well as the electron-electron interactions of two-electron 
atoms must be included to be precise. 

For a nuclear charge Z greater than two, a central electric field equal to that an elementary charge quanta of Z - 2 exists 
outside of the orbitsphere of the unionized atom. During ionization, the energy contribution of the expansion of the orbitsphere 
of the ionized electron (electron 2) from r y to infinity in the presence of the electric fields present inside and outside of the 
orbitsphere is calculated as the J »E term of the Poynting theorem. This energy contribution can be determined by designing an 
energy cycle and considering the individual contributions of each electron (electron 1 and electron 2) in going from the initial 
unionized to the final ionized state. Consider two paired orbitspheres. Expansion of an orbitsphere in the presence of an electric 
field which is positive in the outward radial direction requires energy, and contraction of an orbitsphere in this field releases 
energy. Thus, the contribution of the J • E term to ionization is the difference in the energy required to expand one orbitsphere 



E b {h,)= 24.58741 eV (5) 

With the ionization of either electron 1 or electron 2, the central field of the unionized electron, say electron 1, increases by one. The electric and magnetic 
fields are conservative, and the energy E B (e 1 ) ot the unionized electron is given by the negative ot the sum ot liqs. (3) and (4): 

E b (e )= -(AE B + E{electric)\= - (-30.42654 eV - 23.996467 ev\= 54.423 eV (6)~ 

which matches Eq. (2). Thus, the total ionization energy of helium E BT {He) given by the sum of the first and second ionization energies is 

E BT (He)= B\ + IP 2 = 54.423 eV + 24.58741 eV = 79.01 1 eV (7) 

where IP is the ionization potential. 

The central field lines of the nucleus of two-electron atoms end equally on each election. Thus, the difference in energy of election 1 before and 

after pairing given by Eq. (3) can be considered the energy of pairing that is conserved upon unpairing of the electrons such that the binding energy is 
increased by the negative of Eq. (3). In general, the matched potential of the binding electrons is that which achieves a minimum energy of the atom, ion, 
molecular ion, or molecule and obeys Maxwell's source charge equation (Eq. (1)) and Gauss' law (Eq. (33.6)) for the total charge and total fields across 
the shell comprised of two or more electrons bound by at least one of spin- and orbital- interactions. Further examples of the application of the equal 
potential condition for the binding of multi-electrons per shell are the cases of the hydride ion, three- through twenty-electron atoms, and molecules given 
in the corresponding sections. 
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(electron 2) from r x to infinity and to contract one orbitsphere (electron 1) from infinity to r y . The energy contribution for the 

expanding orbitsphere follows the derivation of Eq. (1.225) of the Electron g Factor section as follows (the vector direction is 
taken to give a positive dissipated energy). 

DISSIPATED ENERGY 

The J • E energy over time is derived from the central electric field from the nucleus against which electron 2 expands and the 
current of the expanding electron 2 wherein the latter is dependent of the magnetic field of the inner electron 1 . The magnetic 
field of electron 1 gives rise to a Lorentz force on electron 2. and the dissipative current density of electron 2 depends on this 
force wherein the superconducting condition given by Eq. (1.187) is maintained with the electric field of electron 1. The 
magnitude of the magnetic flux at electron 2 due to electron 1 is given by that of the Bohr magneton at the origin that follows 
from McQuarrie [3]: 

B = -^L ( 7.4 8) 

2m/^ 

The magnetic force on electron 2 due to the magnetic field of electron 1 is the Lorentz force given by Eq. (1.183). Substitution 
of Eq. (1.35) for v and Eq. (7.48) for the magnetic flux into Eq. (1.183) gives 

I? = M ° e Tl i (7 49) 

mae 2,n 2 et2 4 ^^- 

Furthermore, the velocity of electron 1 is proportional to the nuclear charge as given by Eqs. (1.35) and (1.257). Thus, in order 
to maintain the superconducting condition given by Eq. (1.187), the magnetic force corresponding to B must be given by 

f — 1 ^ %1 i TTSOV 

^-zW 1 - — 

The expansion of the orbitsphere of electron 2 produces a current. The current over time At J is 

AtJ = AtaE f (7.51) 

where J is the current density, At is the time interval, a is the conductivity, and E , is the effective electric field defined as 
follows: 

F = q(0J)E f (7.52) 

where F is the magnetic force given by Eq. (7.50), and q(9,<t>) is the angular charge density given as follows: 

g(M-T- P^- 

An: 

The orbit expands in free space; thus, the relation for the conductivity is 

Ata = e (7.54) 

The electric field provided by the nucleus for the expanding orbitsphere is 

«-<p% ' aW 

4ne r 2 
where e is the permittivity of free space (8.854 X 1CT 12 C 2 1 N-m 2 ). Using Eqs. (7.50-7.55), the J»E energy density over 
time for the expansion of electron 2 with the contraction of electron 1 is 

Z 2m e r 2 



The J • E energy over time is the volume integral of the energy density over time 
[MJ«E)L TOr „ ai - Jf } (Z : 2) pS r 2 smedrded ^- (7J^ 

TA/ri.FM {Z-2)2xp e 2 h 2 

, , . (7-7.) 

The J • E energy over time involving the electric field external to the orbitsphere of electron 2 is times the 

magnetic energy stored in the space external to the orbitsphere as given by Eq. (1.170). The left and right sides of the Poynting 
theorem must balance. Given the form of the J • E energy over time involving the electric field external to the orbitsphere of 
electron 2 and given that the electric field inside of the orbitsphere is Z - 1 times the electric field of a point charge, the J • E 

energy over time involving the electric field internal to the orbitsphere of electron 2 is times the magnetic energy stored 

inside of the orbitsphere as given by Eq. (1.159). This energy is 
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[MJ • E)]^ ,-„_, - (Z " 1)4 ffT (7.59) 



Thus, the total ,T»E energy over time of electron 2 is the sum ofF.qs. (7.5S) and (7.59). 



The J • E energy over time of electron 1 during contraction from infinity to r x is negative, and the equations for the 

external and internal contributions are of the same form as Eqs. (7.58) and (7.59) where the appropriate effective charge is 
substituted. The J »E energy over time involving the electric field external to the orbitsphere of electron 1 is 

Z im e r x 
And, the J • E energy over time involving the electric field internal to the orbitsphere of electron 1 is 

[A/(J.E)] eneiEy; , term; =--^!L-^ - (7.61) 

The difference, A , between the J • E energy over time for expanding electron 2 from r x to infinity and contracting electron 1 

from infinity to r x is times the stored magnetic energy given by Eq. (7.46). 



7,7rfi v e 2 ti 2 



ITGZy 



2 ..3 



Z m £ j x 



Thus, the ionization energies are given by 



Ionization Energy = -Electric Energy Magnetic Energy (7.63) 



The energies of several two-electron atoms are given in Table 7.1 . 


The relativistic factor y* 


involving the spin pairing between 


the two electrons 


is derived 


in the Special Relativistic Effect on 


the Electron Radius and the Relativistic Ionization Energies 


section. 
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Table 7.1 . Relativistically corrected ionization energies for some two-electron atoms. 



JJL 



Electric Magnetic Velocity 



"T 



Theoretical Experimental Relative 



Atom 



, .. N „ Energy b 
"W (eV) 



0.566987 23.996467 
0.35566 76.509 



Energy ( 



(m/s) ( 



Ionization Ionization Error n 



Energies * 
(eV) 
24.58750 

75.665 



He 
-12- 



(eV) 

0.590536 
2.543 



3.85845E+06 
6.15103E+06 



1.000021 
1.00005 



Energies § 
(eV) 
24.58741 

75.64018 



-0.000004 
-0.0003 



J?£i 



0.26116 156.289 



6.423 



S.37668E+06 1.00010 



154.699 



153.89661 -0.0052 



S 3+ 5 0.20670 263.295 12.956 1.05840E+07 1.00016 260.746 259.37521 -0.0053 

C 4+ 6 0.17113 397.519 22.828 1.27836E+07 1.00024 393.809 392.087 -0.0044 

jy5+ 7 0.14605 558.958 36.728 1.49794E+07 1.00033 553.896 552.0718 -0.0033 

~(f+ 8 0.12739 747.610 55.340 1.71729E+07 1.00044 741.023 739.29 -0.0023 



Ne* 
Na> 



9 0.11297 

10 0.10149 



963.475 
1206.551 



11 0.09213 1476.840 



79.352 
109.451 
146.322 



1.93649E+07 
2.15560E+07 
2.37465E+07 



1.00057 
1.00073 
1.00090 



955.211 
1196.483 
1464.871 



953.9112 
1195.8286 
1465.121 



-0.0014 
-0.0005 
0.0002 



M „io+ 12 0.08435 1774.341 

~Afi+ 13 0.07778 2099.05 

5z -i2+ 14 0.07216 2450.98 

pl3+ 



15 0.06730 
T6 0.06306 



2830.11 
3236.46 



190.652 

243.13 

304.44 

375.26 

456.30 



2.59364E+07 
2.81260E+07 
3.03153E+07 
3.25043E+07 
3.46932E+07 



1.00110 
1.00133 
1.00159 
1.00188 
1.00221 



1760.411 

2083.15 

2433.13 

2810.42 

3215.09 



1761.805 
2085.98 
2437.63 
2816.91 

3223.78 



0.0008 
0.0014 
0.0018 
0.0023 
0.0027 



Cl 15+ 
Ar l6 + 
K 17+ 



T7 0.05932 3670.02 
18 0.05599 4130.79 



548.22 
651.72 
767.49 
896.20 



3.68819E+07 
3.90705E+07 
4.12590E+07 
4.34475E I 07 



1.00258 
1.00298 
1.00344 
1.00394 



3647.22 
4106.91 
4594.25 
5109.38 



3658.521 

4120.8857 

4610.8 

5128.8 

5674.8 



0.0031 
0.0034 
0.0036 
0.0038 
0.0039 



19 0.05302 



4618.77 



-26 — 0.05035 5133.96 

-24 0.04794 5676.37 1038.56 4.56358E+07 1.00450 — 5652.43 



~CcT 

j£20+ 22 0.04574 6245.98 1195.24 
y2i+ 23 0.04374 6842.81 1366.92 
22± 24 0.0 4 191 7 4 66.85 155 4 .31 



-€r 



4.78241E+07 
5.00123E+07 
5.22005E+07 



1.00511 
1.00578 
1.00652 



6223.55 
6822.93 
7 4 50.76 



6249 
6851.3 

7 4 81.7 



0.0041 
0.0041 
0.00 4 1 



23± 25 0.04022 8118.10 1758.08 5.43887E+07 1.00733 8107.25 



8140.6 



0.0041 



Fe 24+ 26 0.03867 8796.56 1978.92 5.65768E+07 1.00821 8792.66 8828 0.0040 
Co 25+ 27 0.03723 9502.23 2217.51 5.87649E+07 1.00917 9507.25 9544.1 0.0039 
_^8 0.03589 107.35.17. 7474.55 6.0957.9K+07 1.0107.7. 107.51.33 107.88.8 0.0036 






29 0.03465 10995.21 2750.72 6.31409E+07 1.01136 11025.21 11062.38 



0.0034 



a From Eq. (7.35). 
b From Eq. (7.45). 
c From Eq. (7.46), except Eq. (7.44) for neutral He . 



d From Eq. (7.47). 

c FromEq. (1.281) with the velocity given by Eq. (7.47). 

^ FromEq. (7.44) for neutral atom helium, and ions fromEq. (7.63) with E (electric) of Eq. (7.45) relativistically corrected by y according to Eq. (1.281). 



£ From theoretical calculations for ions Ne + to Cu + [8-9]. 



(ExperimenLal-llieorelical)/experiinenLal. 



The agreement between the experimental and calculated values of Table 7.1 is within the experimental capability of the 
spectroscopic determinations at large Z, which relies on X-ray spectroscopy. In this case, the experimental capability is three to 
four significant figures, which is consistent with the last column. The helium atom isoelectronic series is given in Table 7.1 [8- 
9] to much higher precision than the capability of X-ray spectroscopy, but these values are based on theoretical and interpolation 
t e chniqu e s rath e r than data alon e . Ionization e n e rgi e s ar e difficult to det e rmin e sinc e th e cut-off of th e Rydb e rg s e ri e s of lines at 
the ionization energy is often not observed, and the ionization energy must be determined from theoretical calculations, 
interpolation of He isoelectronic and Rydberg series, as well as direct experimental data. 

The theoretical values for low Z can be improved by calculating the spin-nuclear relativistic factor, which corresponds to 
the reduced mass for one-electron atoms given in the Determination of Orbitsphere Radii section. 



HYDRIDE ION 

The hydride ion comprises two indistinguishable electrons bound to a proton of Z = +1 . Each electron experiences a centrifugal 
force, and the balancing centripetal force (on each electron) is produced by the electric force between the electron and the 
nucleus. In addition, a magnetic force exists between the two electrons causing the electrons to pair. 
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DETERMINATION OF THE ORBITSPHERE RADIUS, R N 

Consider the binding of a second electron to a hydrogen atom to form a hydride ion. The second electron experiences no central 
electric force because the electric field is zero outside of the radius of the first electron. However, the second electron 
experiences a magnetic force due to electron 1 causing it to pair with electron 1 . Thus, electron 1 experiences the reaction force 
of electron 2 which acts as a centrifugal force. The force balance equation can be determined by equating the total forces acting 
on the two bound electrons taken together. The force balance equation for the paired electron orbitsphere is obtained by 
equating the forces on the mass and charge densities. The centrifugal force of both electrons is given by Eq. (7.1) and Eq. (7.2) 
wh e r e th e mass is 2m e . El e ctric fi e ld lin e s e nd on charg e . Sinc e both e l e ctrons ar c pair e d at th e sam e radius, th e numb e r of 
field lines ending on the charge density of electron 1 equals the number that end on the charge density of electron 2. The electric 
force is proportional to the number of field lines; thus, the centripetal electric force, F de , between the electrons and the nucleus is 

±? 

f \k(dectron 1,2) = , 2 ( 7 -64) 

where £ is the permittivity of free space. The outward magnetic force on the two paired electrons is given by the negative of 
Eq. (7.24) where the mass is 2m e . The outwa r d centrifugal fo r ce and magnetic forces on elect r ons 1 and 2 are balanced by the 
electric force 

1 2 

ft _ 2 1 



2m r , 4fl"g n r , Z 2m r : 



■yjs(s + l) (7.65) 



where Z - 1 . Solving for r 2 



: ao(i + V-*( 5 + 1 )); s = - (7.66) 



2 

where a is given by Eq. (1.256). That is, the final radius of electron 2, r 2 , is given by Eq. (7.66); this is also the final radius of 
electron 1. 



IONIZATION ENERGY 

Since the hydrogen atom is neutral, the ionization energy of the hydride ion is determined from the magnetic energy balance. 
During ionization, electron 2 is moved to infinity. By the selection rules for absorption of electromagnetic radiation dictated by 
conservation of angular momentum, absorption of a photon causes the spin axes of the antiparallel spin-paired electrons to 
become parallel. The unpairing energy, E jri (magnetic) , is given by Eq. (7.46) and Eq. (7.66) multiplied by two because the 

magnetic energy is proportional to the square of the magnetic field as derived in Eqs. (1.154-1.161). The magnetic energy of 
electron 1 following ionization of the hydride ion, E dearon lfmal (magnetic) , is given by Eq. (1.161) and Eq. (1.260). 

In addition, a third ionization energy term arises from the interaction of the two electrons during ionization. A magnetic 
force exists on the electron to be ionized due to the spin-spin interaction. The energy to move electron 2 to a radius which is 
infinitesimally greater than that of electron 1 is zero. In this case, the only force acting on electron 2 is the magnetic force. Due 
to conservation of energy, the potential energy change to move electron 2 to infinity to ionize the hydride ion can be calculated 
from the magnetic force of Eq. (7.65). The magnetic work, E work , is the negative integral of the magnetic force (the second 

term on the right side of Eq. (7.65)) from r 2 to infinity, 

E magwork = Jt-^tV^ + IV'- (7-67) 
J 2m r 

r 2 e 

where r 2 is given by Eq. (7.66). The result of the integration is 

^magwork ~ r- . -,2 *■ ' •"°/ 

Am c al \ + yjs(s + \) 



where s = — . By moving electron 2 to infinity, electron 1 moves to the radius r l =a H , and the corresponding magnetic energy, 

E dearon lfmaI (magnetic) , is given by Eq. (7.45). In the present case of an inverse squared central field corresponding to the 

reaction force on electron 1, the magnitude of the binding energy is one half the magnitude of the potential energy [10], which is 
equivalent to that of Eq. (7.6S). Thus, the ionization energy is given by subtracting the two magnetic energy terms from one half 

m e m 
the magnetic work (Eq. (7.68)) wherein m e is the electron reduced mass ju e = - — due to the electrodynamic magnetic 
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energy that arises from the force between the unpaired electrons and the nucleus which follows from Eqs. (1.253-1.255) and Eq. 
(7.67) 7 . The electrodynamic force goes to zero as the two electrons pair due to the cancellation of the electron currents and 
magnetic fields. Thus, the corresponding reduced mass only appears in the E magwort term and in the magnetic energy of the free 

hydrogen atom term, E deamn lfmal (magnetic) . Thus, the ionization energy of the hydride ion is given by 
Ionization Energy = -E magwort - E e!eamn lfim , (magnetic) - E mpairing (magnetic) 



(7-69) 



ti 2 yjs(s + \) 7tpi a e 2 h 2 



8fi e a 2 [l + yJs(s + \)] m e \ a H a 3 [l + ^ + l)] 



From Eq. (7.69), the calculated ionization energy of the hydride ion is U.75418 eV. 
The experimental value given by Lykke [11] is 6082.9910.15 cot ' (0.75418 eV). 



Without deriving the details of the nuclear structure of the deuterium nucleus and its magnetic moment, the 

electrodynamic magnetic energy term of the deuterium hydride ion due to the corresponding force between the interacting 
electrons and the nucleus with two nucleons may be taken as twice that of hydrogen, which has only one nucleon. From Eqs. 



(1.253-1.255) and Eq. (7.68), the corresponding reduced electron mass in Eq. (7.69) is ju e 



2m, 
- + m „ 



From Eq. (7.69), the calculated ionization energy of the deuterium hydride ion is 0.75471 eV. 



The experimental value given by Lykke [11] is 6086.2 ±0.6 cm~ ' (0.75457 eV). 



7 The electrodynamic force between the unpaired electrons and the nucleus which follows from Eqs. (1.253-1.255) goes to zero as the two electrons pair 
due to the cancellation of the electron currents and magnetic fields. During ionization, the corresponding energy due to the unpaired electrons is given by 



E 



electrotfynamic niagwork _ » ( _ 

2m r 2m r 



yls( S +l)-\-?—yJs(s + l)dr~ (1) 



where the mass in Eq. (1.246) is 2m . Eq. (7.67) with the inclusion of the electrodynamic energy given by Eq. (1) is 

-*= (3)- 



:J — V^TTO 



( 1 1 ^ 



^magwork 



a yjs(s + \) 



Thus, Eq. (7.68) with the electrodynamic energy is given by 

fi Js(s + i) 

magwork - - ■ •*) •■ J 



4/ <t ,ao[l + V^ + l)] 



where the reduced electron mass is 



m „ 
"- + m 



(4) 
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HYDRINO HYDRIDE ION 

The hydrino atom 7/(1/2) can form a stable hydride ion. The central field is twice that of the hydrogen atom, and it follows 
from Eq. (7.65) that the radius of the hydrino hydride ion H~ (« - 1 / 2) is one half that of atomic hydrogen hydride, H~ (n - 1) , 
given by Eq. (7.66). 

^=^(l + ^(, + l));s = l O70)_ 

The energy follows from Eq. (7.69) and Eq. (7.70) where due to the invariance of el m and ft for lower-energy states as well as 
excited states as shown in the Spin-Orbit Coupling section, the relativistic correction to the binding of the electron to a hydrogen 
atom or hydrino atom is the energy stored in the magnetic field of the hydrogen atom. 



Ionization Energy ■■ 



-±E 



electron 1 final 



(magnetic) - E . . . (magnetic) 



n 












(7.71) 


V^+i) 


K/j^h 2 


( 1 2 2 1 






2 2 

m p 


3 1 










1 + Js(s + 1) 


a H ^ 


1 + Js(s + 1) 






ififil 


2 




< 

\ 1 


2 


1 — ^ 





From Eq. (7.71), the calculated ionization energy of the hydrino hydride ion H (n = 1/2) is 3.047 eV which corresponds to a 
wavelength of X = 407 nm . 

— In g e neral, the central field of hydrino atom II [n -1/ p); p -integer is p times that of the hydrogen atom. Thus, the 
force balance equation is 



h 2 



^e 2 

2 1» 



imr,, 



A 7tE,,i 



-2J2, 



flW 



-Js(s + 1) 



(7.72) 



^1 ^ *""e'2 

where Z = 1 because the field is zero for r>r t . Solving for r 2 , 



:^(l + ^(7Ti)); 5 : 



(7.73) 



From Eq. (7.73), the radius of the hydrino hydride ion H (n -1/ p); p - integer is — that of atomic hydrogen hydride, 

v 



H {n - 1) , given by Eq. (7.66). The energy follows from Eq. (7.69) and Eq. (7.73). 



Ionization Energy = —E 



magwork electron 1 final 



(magnetic) - E ... (magnetic) 



-VTTZJ 



h 2 yjs(s + \) x/j e 2 h 



2fc2 / 



1± 



y . v(*+i) ' 



-y . v(*+i) 



&Me a 

From Eq. (7.74), the calculated ionization energy of the hydrino hydride ion H(n =11 p) as a function of p is given in Table 
7.2. 
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Table 7.2. The ionization energy of the hydrino hydride ion H [n = 1 / p) as a function of/?. 



Hydride Ion 



Cal. Ionization 



Cal. Wavelength 





(«J a 


Energy (eV) b 


(nm) 


H~{n = 1) 


1.8660 


0.7542 


1644 


H-(n = \/2) 


0.9330 


3.047 


406.9 


H~(n = l/3) 


0.6220 


6.610 


187.6 


H~(n = \/4) 


0.4665 


11.23 


110.4 


















H (« = l/6) 


0.3110 


22.81 


54.35 


H-(n = \ll) 


0.2666 


29.34 


42.25 


//"(« = 1/8) 


0.2333 


36.09 


34.46 


//"(« = 1/9) 


0.2073 


42.84 


28.94 


/r(«=i/io) 


0.1866 


49.38 


25.11 


/r(n = l/ll) 


0.1696 


55.50 


22.34 


if (« = 1/12) 


0.1555 


60.98 


20.33 


/T(w = l/13) 


0.1435 


65.63 


18.89 


/T(« = l/14) 


0.1333 


69.22 


17.91 


/r(« = l/15) 


0.1244 


71.55 


17.33 


#"(w = l/16) 


0.1166 


72.40 


17.12 


//"(« = 1/17) 


0.1098 


71.56 


17.33 


//"(k = 1/18) 


0.1037 


68.83 


18.01 


H'{n = \l\9) 


0.0982 


63.98 


19.38 


//"(« = 1/20) 


0.0933 


56.81 


21.82 


/T(« = l/2l) 


0.0889 


47.11 


26.32 


//"(» = 1/22) 


0.0848 


34.66 


35.76 


# («-l/^3) 


0811 


19^6 


64 36 


/T(w = 1/24) 


0.0778 


0.6945 


1785 


7T(k = 1/25) 




not stable 





' from Eg. (7.73). 



b > c from Eq. (7.74). 

HYDRINO HYDRIDE ION NUCLEAR MAGNETIC RESONANCE SHIFT 

The proton gyromagnetic ratio y I 2k is 

y p I 2k = 42.57602 MHz T' 1 (7.75) 

The NMR frequency / is the product of the proton gyromagnetic ratio given by Eq. (7.75) and the magnetic flux B . 

f = y p l 2 kB = 42 . 576 02 M H z T B (7 .76) 

A typical flux for a superconducting NMR magnet is 1.5 T . According to Eq. (7.76) this corresponds to a radio frequency (RF) 
of 63.86403 MHz . With a constant magnetic field, the frequency is scanned to yield the spectrum. Or, in a common type of 

NMR spectrometer, the radiofrequency is held constant (e.g. 60 MHz ), the applied magnetic field H (H = — ) is varied over 

M% 

small ranp e, and the frequency of enemy absorption is recorded at the various values for H„ . The 



quency ot energy ahsorption is recorded at the various values tor H . The spectrum is typically 

scanned and displayed as a function of increasing H . The protons that absorb energy at a lower H give rise to a downfield 
absorption peak; whereas the protons that absorb energy at a higher H give rise to an upfield absorption peak. The electrons of 
th e compound of a sampl e influ e nc e th e fi e ld at th e nucl e us such that it d e viat e s slightly from th e appli e d valu e . For th e cas e 
that the chemical environment has no NMR effect, the value of H at resonance with the radiofrequency held constant at 
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60 MHz is 

2nf (2x)(60 MHz) 



rH- (7r77)- 



H n y /< n 42.57 '602 MHz T~ 



In the case that the chemical environment has a NMR effect, a different value of H is required for resonance. This chemical 

shift is proportional to the electronic magnetic flux change at the nucleus due to the applied field which in the case of each 

hydrino hydride ion is a function of its radius. 

The change in the magnetic moment, Am , of each electron of the hydride ion due to an applied magnetic flux B is [16] 

eVB 
Am = -— - (7.78) 

Am e 

The two electrons are spin-paired and the velocities are mirror opposites. Thus, the change in velocity of each electron treated 
individually (Eq. (10.3)) due to the applied field would be equal and opposite. However, as shown in the Three Electron Atom 
section, the two paired electrons may be treated as one with twice the mass where m e is replaced by 2m e in Eq. (7.78). in this 

case, the paired electrons spin together about the applied field axis, the z-axis, to cause a reduction in the applied field according 
to Lenz's law. Then, the radius in Eq. (7.78) corresponds to the coordinate p in cylindrical coordinates since it is perpendicular 
to the direction of the applied field along the z-axis. The integral over the entire flux linked by the hydride ion orbttsphere is 
given by 



\{ri- z yz 

^ . 

8m„ 2~r, 5 8m„ 



Am = -^ = -!&» OT9! 



where r\ is the radius of the hydride ion [17]. The change in magnetic flux AB at the nucleus due to the change in magnetic 
moment, Am , given by Eq. (7.79) follows from Eq. (1 .132). 

Aw 
AB^p— n^cosfl-ipSinfl) forr<^, (7.80) 

r i 

AT? 
where // is the permeability of vacuum. Substitution of Eq. (7.79) into Eq. (7.80) gives the absolute upfield chemical shift — 

B 

of/7~(l/l) relative to a bare proton: 

^J= n / e V- =r- P 29.9ppm (7=81)- 

° \2m e aA\ + ^s(s + \)\ 

where p = 1 for H~ (l / 1) . 
~~ It follows from Eqs. (7.73) and (7.81) that the diamagnetic flux (flux opposite to the applied field) at the nucleus is 

inversely proportional to the radius, r x = — -11 + Js{s + Y) I. For resonance to occur, AH , the change in applied field from that 

given by Eq. (7.77), must compensate by an equal and opposite amount as the field due to the electrons of the hydrino hydride 

4en, 

According to Eq . (7 . 73), the ratio of the radius of the hydrino hydride ion H~ (1/ p) to that of the hydride ion H~ (l/l) 

is the reciprocal of an integer p . It follows from Eqs. (7.75-7.81) that compared to a proton with no chemical shift, the ratio of 
AH for resonance of the proton of the hydrino hydride ion H~ {Up) to that of the hydride ion H~ (l/l) is a positive integer. 
That is, if only the radius is considered, the absorption peak of the hydrino hydride ion occurs at a valve of AH that is a 
multiple ot p times the value that is resonant lor the hydride ion compared to that ot a proton with no shirt. However, a hydrino 
hydride ion is equivalent to the ordinary hydride ion except that it is in a lower energy state. The source current of the state must 
be considered in addition to the reduced radius. 

As shown in the Stability of "Ground" and Hydrino States section, for the below "ground" (fractional quantum number) 

energy states of the h ydrogen atom, a hmon , t he two-dimensional surface charge due to the "trapped photon" at the electron 

orbitsphere and phase-locked with the electron orbitsphere current, is given by Eqs. (6.7) and (6.8). 



^0# 



Y:(d,0)-±[Y:(d,0) + R e {Y;(dJ)e^-'}] 



S(r-rJ (7.82) 



1 1 1 



«= — = 1, 

p 2'3'4' 

And, <7 ekclro „ , the two-dimensional surface charge of the electron orbitsphere is 



Y:(d,<f>) + Re\Y;(d,<?,)e ,ma "'\]S(r-r n ) (7.83) 



AK{r n f 



©2010 BlackLight Power, Inc. All rights reserved. 



262 Chapter 7 

The superposition of <J pholon (Eq. (7.97)) and <J ekarm , (Eq. (7.83)) where the spherical harmonic functions satisfy the conditions 
given in the Bound Electron "Orbitsphere" section is 



V(M + l 1+ -l Re K(^K 



S(r-r n ) tTMf 



e.ecron ^J 
1,111 

p 2. 3 4 



n 



The ratio of the total charge distributed over the surface at the radius of the hydride ion of the hydrino hydride ion H (l/_p) to 
that of the hydride ion H~ (l / 1) is an integer p , and the corresponding total source current of the hydrino hydride ion is 
equivalent to an integer p times that of an electron. The "trapped photon" obeys the phase-matching condition given in Excited 
States of the One-Electron Atom (Quantization) section, but does not interact with the applied flux directly. Only each electron 
does; thus, Av of Purcell [16] that gives rise to the change in the magnetic moment, Am, of Eq. (7.78) must be corrected by a 
factor of 1 / p corresponding to the normalization of the electron source current according to the invariance of charge under 
Gauss' Integral Law. As also shown by Eqs. (7.17-7.23) and (7.73), the "trapped photon" gives rise to a correction to the change 
in magnetic moment due to the interaction of each electron with the applied flux. The correction factor of 1 / p consequently 

cancels the NMR effect of the reduced radius for H~(\l p) in Eq. (7.81), which is consistent with general observations on 
diamagnetism [18]. This is consistent with the E dmtron lfiml (magnetic) term of Eq. (7.69). 

The cancellation of the chemical shift due to the reduced radius or the reduced semiminor and semimajor axes in the case 
of ir (1 / p) and II 2 (1 / p) , respectively, by the corresponding source current is exact except for an additional relativistic effect. 

The relativistic ettect tor H~[\l p) arises due to the interaction ot the currents corresponding to the angular momenta ot the 

"trapped photon" and the electrons and is analogous to that of the fine structure of the hydrogen atom involving the 2 P 3I2 — 2 P m 
transition. The derivation follows that of the fine structure given in the Spin-Orbit Coupling section. 

— of the electron , the electron angular momentum of fr , and the electron magnetic momentum of fx H are invariant for 

any electronic state. The same applies for the paired electrons of hydrino hydride ions. The condition that flux must be linked 
by the electron in units of the magnetic flux quantum in order to conserve the invariant electron angular momentum of % gives 
the additional chemical shift due to relalivislic effects. Using Eqs. (2.159-2.160), Eq. (2.168) may be written as 



anp^e h p eh ji^eh p 



4 2m„ 2m e a V 4 



^ = aln2 ^_p^_ ^ = a2 „ 2 B (7 . 85) 



From Eq. (7.85) and Eq. (1.226), the relativistic stored magnetic energy contributes a factor of a2n . The relativistic change in 
flux AB Xfi may be calculated using Eq. (7.80) and the relativistic factor of Ijta which is the same as that given by Eq. (1.250): 

Aw 
SR SR = -2xap — ^-(i,. cos(9-i„ sin<9) for r <r n (7.86) 



AD 

Thus, using Eqs. (7.73), (1.19), and (7.86), the upfield chemical shift — — due to the relativistic effect of the ion H~{\l p') 

B 

corresponding to the lower-energy state with principal quantum energy state p is given by 

^ = -Inan, . Pe \ , (7.87) 



I2m e a (l + ^js(s + l)) 



A/? 

The total shift — — for H (Up) is given by the sum of that of H (l/'l) given by Eq. (7.81) plus that given by Eq. (7.87): 
B 

^ = -Mo S -Q + Inap) = -(29.9 + 131 p) ppm (7.88) 



-^ °12m e aJl i Js(s i l)) 



where p = integer > 1 . 

Alkali and alkaline earth hydrides and hydrino hydrides have been characterized by NMR [19-22] where the field was 
fixed and the NMR frequency was scanned. The experimental frequency of H~(l/l) compared to that of a proton and the 

upfield shifted peaks of H~ (l / p) were consistent with Eqs. (7.8 1) and (7.88), respectively. For example, l H MAS NMR was 
performed on novel hydrino hydride compound KH*Cl synthesized with K as the catalyst, and the spectrum was compared to 
that of KH [19-20]. The l H MAS NMR spectrum of KH * CI relative to external tetramethylsilane (TMS) showed a resonance 
at 1 .3 ppm that matched ordinary hydride ion. A large distinct upfield resonance at -4.4 ppm identified a novel hydride ion of 
KH*Cl . The experimental absolute resonance shitt of TMS is -31.5 ppm relative to the proton's gyromagnetic frequency [23- 
24]. The KH experimental shift of +1.3 ppm relative to TMS corresponding to absolute resonance shift of -30.2 ppm matches 
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very well the predicted shift of H~(l/l) of -30 ppm given by Eq. (7.81). The novel peak at -4.4 ppm relative to TMS 

corresponding to an absolute resonance shift of - 35.9 ppm indicates that p = 4 in Eq. (7.88). — 7T(l/ 4 ) is the hydride ion 

predicted by using K as th e catalyst according to Eqs. (5.29-5.3 1). This assignment was further supported by th e XPS sp e ctrum 
of KH * I that was also synthesized by using K as the catalyst. It differed from that of KI by having additional features at 9. 1 
eV and 11.1 eV [22]. The XPS peaks centered at 9.0 eV and 11.1 eV that do not correspond to any other primary element peaks 
corresponded to the //'(« = 1/4) E b =\\2eV hydride ion (Eq. (7.74)) in two different chemical environments where E b is 

the predicted vacuum binding energy. 

Extreme ultraviolet spectroscopy was performed on the potassium catalysis reaction [25]. Intense extreme ultraviolet 
(EUV) emission was observed from incandescently heated atomic hydrogen and the atomized potassium catalyst that generated 
an anomalous plasma at low temperatures (e.g. «10 3 K) and at an extraordinary low field strength of about 1-2 V/cm. No 
emission was observed with potassium or hydrogen alone or when sodium replaced potassium with hydrogen. Emission was 
observed from K 3 ' that confirmed the resonant nonradiative energy transfer of 3-27.2 eV from atomic hydrogen to atomic 
potassium. The catalysis product, a lower-energy hydrogen atom, was predicted to be a highly reactive intermediate which 
further reacts to form a novel hydride ion. The predicted hydride ion of hydrogen catalysis by atomic potassium is the hydride 
ion 77(1/4) . This ion was observed spectroscopically at llOnm corresponding to its predicted binding energy of 11 . 2 eV . 

HYDRINO HYDRIDE ION HYPERFINE LINES 

For the ordinary hydride ion H~ , a continuum is observed at shorter wavelengths of the ionization or binding energy referred to 
as the bound-free continuum. For typical conditions in the photosphere. Figure 4.5 of Stix [26] shows the continuous absorption 
coefficient g c (/l) of the Sun. In the visible and infrared spectrum, the hydride ion 77 ~ is the dominant absorber. Its free-free 

continuum starts at X = 1.645 jum, corresponding to the ionization energy of 0.745 eV for H~ with strongly increasing 
absorption towards the far infrared. The ordinary hydride spectrum recorded on the Sun is representative of the hydride 
spectrum in a very hot plasma. 

Hydride ions formed by the reaction of hydrogen or hydrino atoms with free electrons with a kinetic energy distribution 
give rise to the bound-free emission band to shorter wavelengths than the ionization or binding energy due to the release of the 
electron kinetic energy and the hydride ion binding energy. As shown by Eq. (7.74) compared to Eq. (7.71), the energies for the 
formation of hydrino hydride ions are much greater, and with sufficient spectroscopic resolution, it may be possible to resolve 
hyperfine structure in the corresponding bound - free band due to interactions of the free and bound electrons. The derivation of 
the hyperfine lines follows. 

Consider a free electron binding to a hydrino atom to form a hydrino hydride ion. The total angular momentum of an 
electron is % . During binding of the free electron, the bound electron produces a magnetic field at the free electron given by Eq. 
(1.133). Thus, for radial distances greater than the radius of the hydride ion, the magnetic field is equivalent to that of a 
magnetic dipole of a Bohr magneton at the origin. The energy of interaction of a magnetic dipole with the magnetic field of the 
bound e lectron E ss , th e spin-spin en e rgy, is given by Eq. (1.227) — the product of the e lectron g factor given by Eq. (1.226), the 
magnetic moment of the free electron, a Bohr magneton given by Eq. (1.131), and the magnetic flux which follows from Eq. 
(1.133). 

-efr 



r- 



^W,y 



(7.89) 



where ju is the permeability of free space, r is the radius of the hydride ion H (n=\l p) given by Eq. (7.73), and p is an 

integer. E ss for //'(!/ 2) is given by 

E ss =0.011223 eV (7.90) 

where the radius given by Eq. (7.73) is 

^=0.93301^ ' (7.91) 

where p = 2 . From Eqs. (7.71) and (7.73), the binding energy E D of 77~ (l / 2) is 

E B -3.0 4 71 eV ( 4 069.0 A) (7. 92) 

When a free electron binds to the hydrino atom 77(1/2) to form a hydride ion 77 ~ (1/2), a photon is emitted with a minimum 
energy equal to the binding energy (E B =3.0471 eV). Any kinetic energy that the free electron possesses must increase the 

energy of the emitted photon. The interaction of the two electrons quantizes this emission by the same mechanism as that 
observed in the Stern Gerlach experiment — quantization of flux linkage. — Superconducting Quantum Interference Devices 
(SQUIDs) or wire loops linked to SQUIDs also show quantization of flux and the corresponding energies as shown in the 
Schrodinger Fat Cats — Another Flawed Interpretation section. 
In the Stern-Gerlach experiment, a magnetic field is applied along the z-axis called the spin axis. The superposition of 
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ft ft 

the vector projection of the orbitsphere angular momentum on the z-axis is — with an orthogonal component of — . Excitation 

of a resonant Larmor precession gives rise to ft on an axis S that precesses about the spin axis at an angle of 8 = — . S rotates 

about the z-axis at the Larmor frequency. S ± , the transverse projection (J^-axis of Figure 1.25), is ±A—ft, and S^ the 

ft 
proj e ction onto th e axis of the appli e d magn e tic fi e ld (z - axis), is ± — -. — As shown in th e Spin Angular Mom e ntum of th e 

ft ft 

Orbitsphere Y^(0,<j>) section, the superposition of the — z-axis component of the orbitsphere angular momentum and the — z- 

axis component of S gives ft corresponding to the observed electron magnetic moment of a Bohr magneton, jU B . As given in 

h 
the Electron g Factor section, the electron links flux in units of the magnetic flux quantum CD = — during a Stern-Gerlach 

2e 

transition, which conserves the angular momentum of the electron of ft . Due to the field of the bound electron, the free electron 
possessing kinetic energy will precess about the z-axis as it orbits the bound electron giving an additional component of angular 
mom e ntum. A r e sonanc e e xists wh e n th e transv e rs e proc e ssional angular mom e ntum along th e Y R - axis of Figur e 1 .25 is an 

ft 
integer number of . such that its projection onto the S-axis is ft. In order to conserve angular momentum of both 

J.s(s + \) 
electrons as the bound electron links an integer number of fluxons due to the free electron, the corresponding fluxon energy E^ 

ft 
due the free electron's 7 s -axis component of j , = follows from Eq. (1.226) wherein the angular momentum 

% 

corresponding to the bohr magneton, ft , is replaced by j . — = — = , and the magnetic flux density B is given by the ratio of the 

— V^ +1 ) 

flux to the area. 



E =j(g-2) , ^ B = j(g-2) i Mb (l®2.) = f( g -2) ■ Mb B 



(7.93) 



-f(s-2) 



Mb 



M s+1 ) 



eft 
2m, 



where j is an integer, a - 1 / 2 , and A is the area linked by the integer number of fluxons as given in the Electron g Factor 
section. The additional angular momentum due to the kinetic energy of the binding free electron is conserved in rotational 
energy of the resulting hydride ion. The flux linkage energy applies to each of the two electrons; thus, a factor of two in Eq. 
(7.87) is required. This is analogous to mutual induction. The electrons flip in opposite directions and conserve angular 
momentum by linking flux in integer units of the magnetic flux quantum, which corresponds to the term (g-2). With the 

radius given by Eq. (7.85), the fluxon energy E a of H~ (l / 2) for both electrons is given by 



E =j 2 2(g-2) 



Mb 



M s+l ) 



eft 
K 2m eJ 



:/3.00213Xl(T 5 eV (7.94) 



Th e e n e rgi e s of th e hyp c rfin c lin e s E HF , ar c giv e n by th e sum of th e binding e n e rgy (Eqs. (7.71) and (7.92)), th e spin - spin 

energy (Eqs. (7.89) and (7.90)), and the fluxon energy (Eqs. (7.93) and (7.94)). 

e hf= e ® + E SS + E B =(/3.00213X 1(T 5 +0.011223 + 3.0471) eV 

T-, = , (J is an integer) (7.95) 

=(/3.00213X10~ 5 + 3.0583) eV 

The observation of bound-free hyperfme peaks requires an electron-binding threshold with a large cross section. 
Ordinary hydride ion does not have a fine structure transition; thus, it shows only a hydride binding energy continuum [27] . The 
existence of fine structure transitions in H(\I2) provides a mechanism to observe a peak corresponding to the formation of a 

free hydride ion by the binding of an electron. The predicted energy difference between the 1 / 2P m , 1 / 2S V7 and 1 / 2P V7 levels 
of the hydrogen atom, the fine structure splitting given by Eq. (2.168), is 

E slo = 8a 5 {2x) 2 m e c 2 J- = 2.8922 X 10" 3 eV (7.96) 

From Eq. (2.69) and the Spin-Nuclear Coupling section, the spin-orbit coupling is proportional to the applied flux due to spin 
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and orbital angular momenta. With the requirement of the quantization of flux in integer units of the magnetic flux quantum 
during binding as shown in the Electron g Factor section, the corresponding emission is at a longer wavelength having an energy 
of the binding energy minus an integer times the tine structure energy. The peak due to the binding energy (Eq. (7.92)) with 
excitation of the fine structure splitting (Eq. (7.93)) is given by 



e b s io= e b ~ E s ,o =3.0471 eF-2.8922X 1(J 3 eF = 3.0442 eV (4, =4071.7 A) (7.97) 

The l/2P m , \l2P m , and l/2S m levels are also split by spin-nuclear and orbital-nuclear coupling. — \I2S V2 \l2P m and 
1 / 2P y2 — 1 / 2P V2 transitions occur b e tw ee n hyp c rfin c l e v e ls; thus, th e transition e n e rgy is th e sum of th e fin e structur e and th e 
corresponding hyperfme energy. The hyperfine splittings of H(l/2) given in the Spin-Nuclear Coupling section are 

1.197 X 10" 4 eV and 3.153 X 10" 4 eV for I = and I = 1 , respectively. In addition to a continuum, the binding of an electron 
to H(\l 2) has a resonance emission with excitation of transitions between hyperfine levels of the fine structure levels. 

The catalyst product of Rb + and two K + , H (1/2), was predicted to be a highly reactive intermediate which further 

reacts to form a novel hydride ion H~ (l / 2) . This hydride ion with a predicted binding energy of 3.0471 eV was observed by 

high - resolution visible spectroscopy as a continuum threshold at 3.0 4 7 eV {X air =4 068 A), and a structured, strong emission 

peak was observed at 4071 A corresponding to the fine structure and hyperfine structure of //(l/2) [28]. The experimental 

//~(l/2) peak at 4070.6 A (air wavelength) was used to calculate the peak positions of the bound-free hyperfine lines. 

Substitution of the corresponding energy of 3.0451 eV into Eq. (7.95) for E B gives 

E HF =E <D + E ss +E B = (j 2 3.00213X 10 5 + 0.01 1223 + 3.0451) eV 

(j is an integer) (7.98) 

= (/3.00213X 10~ 5 + 3.0563) eV 

Bound-free hyperfine structure lines of H~(\I2) were predicted with energies E HF given by Eq. (7.98) as an inverse 

Kydberg-type series from 3.U563 eV to 3.1U12 eV — the hydride binding energy peak plus one and five times the spm-spin 
energy, respectively. The high-resolution visible plasma emission spectra in the region of 3995 A to 4060 A matched the 
predicted emission lines for j = 1 to j = 39 with the series edge at 3996.3 A up to 1 part in 10 4 [28]. The structure of these 
peaks matched that of H~(l/2) which corresponded to the predicted hyperfine splitting. All species present in the reaction or 

possible contaminants were eliminated as the source ot the 4U/1 A peak, the series ot 39 lines, and the series edge. In particular, 
nitrogen, air, and hydrogen were eliminated. 

The high-resolution, visible spectroscopy results were supported by the NMR of the reaction product. A novel peak at - 
1.5 ppm relative to TMS corresponding to an absolute resonance shift of -33.0 ppm indicates that, p = 2 in Eq. (7.88) [20, 22]. 

g~(l/2) is the hydride ion predicted by using K + 1 K + as the catalyst according to Eqs. (5.49-5.51). — In addition to 

spectroscopy on the H~(l/2) hydride ion product, the energetic reaction of K + IK* catalyst with atomic hydrogen has been 

characterized. Each of the ionization of Rb + and cesium and an electron transfer between two K + ions (K + 1 K + ) provide a 
reaction with a net enthalpy of an integer multiple of the potential energy of atomic hydrogen, 27.2 eV . The corresponding 
Group I nitrates provid e these reactants as volatilized ions dir e ctly or as atoms by undergoing decomposition or reduction to the 
corresponding metal. The presence of each of the reactants identified as providing an enthalpy of 27.2 eV formed a low-applied 
temperature, extremely low-voltage plasma in atomic hydrogen called a resonant transfer or rt-plasma having strong vacuum 
ultraviolet (VUV) emission. In contrast, magnesium and aluminum atoms or ions do not ionize at integer multiples of the 
potential energy of atomic hydrogen. Mg(NO i ) or ^/(/Y0 3 ) did not form a plasma and caused no emission [19, 28-33]. 

Anomalous afterglow durations of plasmas formed by catalysts providing a net enthalpy of reaction within thermal energies of 
m -27.28 eV including hydrogen-potassium mixtures were observed [19, 31-33]. Emission from rt-plasmas occurred even when 
the electric field applied to the plasma was zero. 

For further characterization, the width of the 6563 A Balmer a line on light emitted from rt-plasmas was recorded. 
Significant line broadening of 18, 12, and 12 eV was observed from a rt-plasma of hydrogen with KNO } , RbN0 3 , and CsN0 3 , 
respectively, compared to 3 eV from a hydrogen microwave plasma. These results could not be explained by Stark or thermal 
broadening or electric field acceleration of charged species since the measured field of the incandescent heater was extremely 
weak, 1 V/cm , corresponding to a broadening of much less than 1 eV . Rather the source of the excessive line broadening is 
consistent with that of the observed VUV emission, an energetic reaction caused by a resonant energy transfer between hydrogen 
atoms and K + 1 K + , Rb + , and cesium, which serve as catalysts. 

KN0 3 and RbN0 3 formed the most intense plasma. Remarkably, a stationary inverted Lyman population was observed 
in the case of an rt-plasma formed with potassium and rubidium catalysts. These catalytic reactions may pump a cw H I laser as 
predicted by a collisional radiative model used to determine that the observed overpopulation was above threshold [29-30]. 
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CLASSICAL PHOTON AND ELECTRON SCATTERING 



CLASSICAL SCATTERING OF ELECTROMAGNETIC RADIATION 

Light is an electromagnetic disturbance that is propagated by vector wave equations that are readily derived from Maxwell's 
equations. — The Hclmholtz wave equation r e sults from Maxwell's equations. — The Hclmholtz e quation is lin e ar; thus, 
superposition of solutions is allowed. Huygens' principle is that a point source of light will give rise to a spherical wave 
emanating equally in all directions. Superposition of this particular solution of the Helmholtz equation permits the construction 
of a general solution. An arbitrary wave shape may be considered as a collection of point sources whose strength is given by the 
amplitude of the wave at that point. The field, at any point in space, is simply a sum of spherical waves. Applying Huygens' 
principle to a disturbance across a plane aperture gives the amplitude of the far field as the Fourier transform of the aperture 
distribution, i.e., apart from constant factors, 

~ lk -(£x + r/y) d^dij (8.1) 



y/(x,y) = llA(^,?])exp 



H e r e A(J;,rj) d e scrib e s th e amplitud e and phas e distribution across th e ap e rtur e and y/(x,y) d e scrib e s th e far fi e ld [1] wh e r e / 
is the focal length. 



J>EI_1 



Tn many diffraction and interference problems, it proves convenient to make use of the Dirac delta function. This function is 
defined by the following property: let /(£) be any function (satisfying some very weak convergence conditions which need not 
concern us here) and let 8{E, -£") be a delta function centered at the point E, ' ; then 



rnm=rm=Tt?) 



(a < t, ' < b); otherwise 



-t&2r 



We note, therefore, that 
\8{i;-E.<)di; = \ 



(8.3) 



th e Fouri e r transform of th e d e lta function is giv e n by 



K*) = J<^-£')exp 



■ikxg 



d£. 



(8.4) 



which by d e finition of the delta function becomes 



i//(x) = exp 



f 



(8.5) 



The amplitude is constant and the phase function 






depends on the origin. 
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THE ARRAY THEOREM 

A large number of interference problems involve the mixing of similar diffraction patterns. That is, they arise in the study of the 
combined diffraction patterns of an array of similar diffracting apertures. This entire class of interference effects can be 
described by a single equation, the array theorem. This unifying theorem is easily developed as follows: Let y/(^) represent the 
amplitude and phase distribution across one aperture centered in the diffraction plane, and let the total diffracting aperture 
consist of a collection of these elemental apertures at different locations l; n . We require first a method of representing such an 
array. The appropriate representation is obtained readily by means of the delta function. Thus, if an elemental aperture is 
positioned such that its center is at the point £ n , the appropriate distribution function is y/(J;-i; n ) . The combining property of 
the delta function allows us to represent this distribution as follows: 

<K£-£) = Jv(£ -«)*(« -£)<*« (8-6) 

The integral in Eq. (8.6) is termed a "convolution" integral and plays an important role in Fourier analysis. Thus, if we wish to 
repres e nt a larg e number N of such apertures with differ e nt locations, we could write the total apertur e distribution *¥{£) as a 
sum, i.e., 

no=iv(t-{«) ( 8 - 7 ) 

Or in terms of the delta function we could write, combining the features of Eqs. (8.6) and (8.7), 

^ = !>(£" «)<?(«-£¥« (8.8) 
Eq. (8.8) may be put in a more compact form by introducing the notation 

4«) =!>(«- 4) (^r 

thus, Eq. (8.8) becomes 

x ¥(Z) = \y/(Z-a)A(a)da (8.10) 

which is physically pleasing in the sense that A(a) characterizes the array itself. That is, A(a) describes the location of the 
apertures and >//(£,) describes the distribution across a single aperture. We are in a position to calculate the far field or 
Fraunhofer diffraction pattern associated with the array. We have the theorem that the Fraunhofer pattern is the Fourier 
transform of the aperture distribution. Thus, the Fraunhofer pattern ^(x) of the distribution ¥(£) is given by 

'i'(x)-J^(^)cxp ^ 2 ^- x ^ (&uy 

substituting from Eq. (8.10) gives 

y (x) - [ JJ K<f - a)A(a)da] cxp f ~ 2 ^f " X j <f g (&12±- 

A very important theorem of Fourier analysis states that the Fourier transform of a convolution is the product of the individual 
Fourier transforms [1]. Thus, Eq. (8.12) may be written as 

W(x) = ft(x)A(x) (8.13) 

where y/(x) and A(x) are the Fourier transforms of y/{^) and A(a). Eq. (8.13) is the array theorem and states that the 
diffraction pattern of an array of similar apertures is given by the product of the elemental pattern \j/(x) and the pattern that 

would be obtained by a similar array of point sources, A{x) . Thus, the separation that first arose in Eq. (8.10) is retained. To 
analyze the complicated patterns that arise in interference problems of this sort, one may analyze separately the effects of the 
array and the effects of the individual apertures. 

APPLICATIONS OF THE ARRAY THEOREM 

TWO-SLIT INTERFERENCE (WAVE-PARTICLE DUALITY) 

Photons supe r impose such that in the fa r field, the emitted wave is a spherical wave whe r e the total electric field is given by Eq. 
JAJ2Q. 

-ikr 

K a ,=E (8.14) 

r 

which is shown by Bonham to be required in order to insure continuity of power flow for wavelets from a single source [2]. The 

Green Function, (Eq. (6.62) of Jackson [3]) is given as the solution of the wave equation (Eq. (6.58) of Jackson [3]). Thus, the 

superposition of photons gives the classical result. As r goes to infinity, the spherical wave given by Eq. (4.23) becomes a 

plane wave. The double slit interference pattern is derived in Eqs. (8.15-8.23). From the equations of a photon given in the 

Equation of the Photon section, the wave-particle duality arises naturally. The energy is always given by Planck's equation as 

also shown i n th e Equation of the Ph oton section; ye t, an i n ter fe rence pattern is observed wh en photons add over time or space. 

Similarly, rather than a point, the electron is an extended particle which may impinge on a double slit one electron at a 
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time. As shown in the Electron in Free Space section, the ionized electron is a plane-lamina disc of charge (mass)-density given 
by Eqs. (3.7-3.8) and current (momentum)-density given by Eqs. (3.19) and (3.20) with a radius p such that 2xp = A. wherein 

\ is the de Broglie wavelength. In the case that the electron de Broglie wavelength (Eq. (3.24)) and therefore the size of the 

electron is comparable to the slit size and/or separation, the resulting intensity pattern of electrons striking a detector beyond the 
slits is equivalent to a wave interference pattern. This result arises even though the electrons are not physically interacting with 
each other. Nothing is actually interfering. As in the case of the photon, the wave-particle duality nature of the electron arises 
classically. 

The electron-slit interaction is mediated by photons, each of which have quantized angular momentum in units of h . 

This angular momentum and the % of angular momentum of the electron is conserved during the interaction such that the de 
Broglie relationship holds as given in the Classical Physics of the de Broglie Relationship section. For photon diffraction, the h 
of angular momentum of the photon is conserved during an interaction directly. In each case, the pattern in the far-field is a map 
of the conserved momentum density of the particles incident on the slit or slits. 

Wc use Eq. (8.13) to describe the simplest of interference exp e riments, Young's double-slit exp e riment in one 

dimension. The individual aperture will be described by 

Y(£) = (C \%\<a\ | £ |> a) = rec(Z; \ a) (8.15) 

Here C is a constant representing the amplitude transmission of the apertures. This is essentially a one-dimensional problem and 
the diffraction integral may be written as 

*(x) = jV(£)exp(^^ = c] expp*p^ (8.16) 

The integral in Eq. (8.16) is readily evaluated to give 

. ( kax ^ 



W(x) = 


-cf 

ikx 


exp 


-ikax ^| 
f J 


-exp 


' +ikax ^) 

. f Jj 


= 2aC 


Sm l f J 
(kax\ 














I f J 



(8-17) 

sin ~ 

The notation sincfi 1 = is frequently used and in terms of this function ^(x) may be written as 

Y(x) = 2aCsinc[^-| (8.18) 

Thus, the result is that the elemental distribution in the Fraunhofer plane is Eq. (8.18). The array in this case is simply two delta 
functions; thus, 

A(£) = 5(Z-b) + S(£ + b) (8.19) 
The array pattern is, therefore, 

Eq. (8.20) is readily evaluated by using the combining property of the delta function, thus, 

- ,, s (2nibx\ {-2nibx\ (2nbx\ 

A(x) = exp\ +e*P — =2cos =H (8.21) 



. /if J \ M ) \ M 

Finally, the diffraction pattern of the array of two slits is 

.7.^ n , ^ ■ (2nax\ (2nbx\ , n ... 

^(x) = AaC sine cos (8.22) 

The intensity is 

/(x) = 16 a 2 Cw(^)cos 2 (^l (8^7 

From Eq. (8.23), it is clear that the resulting pattern has the appearance of cosine-squared fringes of period Xf lb with an 

envelope sine 2 (2;rax / Af). 

In the case of photon diffraction, the far field interference pattern given by Eqs. (8.22-8.23) is due to conservation of 
angular momentum of the photon interaction with the slits. The pattern is not due to constructive and destructive inference of 
photon electric fields. Photons cannot be created or destroyed by superimposing. If this were true, it would be possible to cool a 
room or to cloak an object by illumination. Constructive and destructive interference violates the first and second laws of 
thermodynamics ' . — The correct physics is based on conservation of th e ti of photon angular momentum and tico of photon 



1 Similarly, the constructive and destructive interference of probability waves makes no sense. Nor does negative probability or probability that is based 
on noncausality . The interference pattern is a map of the momentum density. This physical basis applies to photon and particle diffraction as given infra. 
wherein the particle, photon, and consequently the slit interaction is quantized in units of tl . The double-slit experiment is predicted by classical laws 
that dispel the belief that quantum weirdness must be invoked to explain the double-slit experiment. 
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energy. 

The incident photons have a size compare to their wavelength as given in the Equation of the Photon section. A 
diffraction partem is observed when the slit dimensions are comparable to the photon wavelength. The physical basis of the 
mechanism is that each photon interacts with the slit apparatus to give rise to an electron or polarization current. Each photon is 
reemitted, and the regions of high and low intensity due to more or less photons impinging at locations of the detector are 
generated, as the number of photons diffracted grows large. The pattern is based on conservation of the momentum of the slit- 
source currents and re-emitted photon distribution. Here, in the case of each incident and diffracted photon, the transverse 
displacement is related to the change in the transverse component of the angular momentum of the photon. The corresponding 
pattern is representative of the aggregate momentum distribution of slit-apparatus current induced by many photon interactions. 
The same physics of momentum conservation in the electric and magnetic radiation fields determines the radiation pattern of a 
multipole source as given in the Excited States of the One-Electron Atom (Quantization) section. Photon diffraction is shown 
schematically in Figure 8.1. 

Figure 8.1 . (A) The incident photon is emitted from a source and travels to the slit apparatus in the distance. The photon's 
electric and magnetic fields are confined on its two-dimensional surface. (B) The photon contacts the double slit apparatus. (C) 
The photon's electric and magnetic fields give rise to electron or polarization currents at both slits (blue). As in the case with the 
application of a voltage to an object, there is an effect at a distance. The transition of the photon's fields from incident to 
transmitted is shown translucently. (D) The slit's currents cause reemission of a photon in the direction of the detector in the far 
field. (E) The transverse displacement of the reemitted photon conserves the angular momentum of the source current. The 
superposition of reemitted photons from the interaction of many incident photons over time forms a photon field characteristic of 
the slits as their source. The source is equivalent to a uniform-electric-field silhouette of the slits given by Eqs. (8.15) and 
(8.19). (F) In the far field, the distribution of photons corresponding to the intensity pattern is the Fourier transform of the slit 
pattern. 




Eq. (8.22) also applies to two-slit diffraction of other particles as well as photons wherein the amplitude reflects the 
transverse momentum density of the particles. The proton and neutron as well as photons and electrons demonstrate interference 
patterns during diffraction. An example is the interference pattern for rubidium atoms given in the Wave-Particle Duality is Not 
Due to the Uncertainty Principle Section. Particle-particle interactions may be involved, and in other cases the interference 



©2010 BlackLight Power, Inc. All rights reserved. 



Classical Photon and Electron Scattering 27 1 

pattern arises without fundamental-particle-particle interaction. In these cases, the pattern-generating interaction can be 
attributed to that between the particle and the diffraction apparatus with conservation of the angular momentum of the particle 
and any photons involved in mediating the interaction. 

Conservation of the photon's angular momentum of ti gives rise to the de Droglie relationship of the electron as given in 

the Classical Physics of the de Broglie Relationship section. This result also applies to other fundamental particles. Since all 
particle-slit interactions are mediated by photons, and the angular momentum change must be conserved in the far-field, the 
corresponding amplitude function that arises from the electron-aperture function is equivalent to that of a corresponding photon- 
front aperture function. Both amplitude functions are given by Eq. (8.22). 

The distribution pattern observed with diffracting electrons is equivalent to that for diffracting light. Note that Eq. (8.16) 
represents a plane wave. In the case of the Davison-Germer experiment, the intensity is given by Eq. (8.13) as the product of the 
Fourier transforms of the elemental pattern corresponding to a plane wave of wavelength X = hl p and the array pattern of the 
nickel crystal. 

In general, the observed far-field position distribution is a picture of the particle transverse momentum distribution after 

the interaction. As shown in the Classical Wave Theory of Electron Scattering section, the phase of the amplitude of the 
angular-momentum-distribution function contains the term (k ; -k s )-r ; , where k ; -k s is proportional to the momentum change 

of the incident particle upon scattering, since Sk. is the initial momentum and hk s is the final momentum of the scattered 
particle such as an electron. The wavelength, A , is the de Broglie wavelength associated with the momentum of the particle 

Ik 
which is transferred through interactions corresponding to the wavenumber k = — . Since the two-slit aperture pattern is the 

A. 

convolution of the single-slit pattern with two delta functions, the intensity of the two-slit experiment is given as cosine squared 
fringes of the single - slit pattern as given by Eq. (8.23) wherein the extended particle interacts with both slits with conservation 

of m omentum to give the m odulation of the single-slit m omentum pattern. 

The energy is proportional to the square of the momentum. The conservation of power flow requires that the intensity 
distribution representing the number of particles incident on the detector at a given position is given by the amplitude of the 
momentum-distribution function squared. 
During electron diffraction, the initially unpolarized electron becomes polarized to minimize the energy of interaction 



with the slit such that the angular momentum of the polarized free electron is parallel or antiparallel to the direction of 
propagation. If the forward momentum is unchanged, then the electron is detected at x = in the far field. However, the 
interaction with the slit can cause momentum transfer to the transverse direction that can be mediated by photons having h of 
angular momentum. Each photon provides a torque to change the direction of the angular momentum vector; concomitantly, the 
linear momentum is redirected to have a transverse component, the momentum transfer trom the z-axis to the transverse or x- 
axis hi the far field depends on the strength and the time duration of a photon-generated to r que as given in the Stern-Gerlach 
Experiment subsection of the Free Electron section. The spatial distribution of the electron positions is determined by the 
conservation of momentum. With sufficient application of torque the angular momentum vector is reversed. The interaction of 
the free electron with the slit to reverse the angular momentum corresponds to a sign change of the amplitude, and periodic 
reversals of the angular momentum gives rise to maximum and minima of the amplitude. Since the magnitude of the angular 
momentum change depends on the strength and duration of the torque, which has a finite half-life, the amplitude decreases 
steeply as a function of transverse momentum. 



The following mathematical development of scattering is adapted from Bonham [4] with the exception that the CP model is a 
Fourier optics derivation for an exact elemental pattern, a plane wave, and an exact array pattern, an orbitsphere. In contrast, 
Bonham derives similar scattering equations for an incident plane wave via an averaged probability density function description 
of the electron, the Born model. 

In scattering experiments in which Fraunhofer diffraction is the most important mode for scattering, measurements are 
made in momentum or reciprocal space. The data is then transformed in terms of real space, where the structure of the scatterer 
is expressed in terms of distances from its center of mass. There are, fortunately, well known mathematical techniques for 
making this transformation. If we are given a model of the scattering system, we can, in general, uniquely calculate the results to 
be expected in reciprocal space for scattering from the model. Unfortunately, the converse — deducing the nature of the scatterer 
uniquely by transforming the experimental results obtained in reciprocal space — is not always possible. But, as we will see, 
certain possibilities can be eliminated because they violate fundamental physical laws such as Special Relativity. 

In classical optics, a diffraction pattern results whenever light is scattered by a slit system whose dimensions are small 

compared to the wavelength of light. In order to develop a mathematical model for diffraction scattering, let us represent the 

amplitude of an incident plane wave traveling from left to right as e' (k ' r ~°" ) , where the absolute magnitude of the wave vector k 

l Ik „__,__j ,— ^ 

is k| = — . The quantity 2 is the wavelength of the incident radiation and /zk is the momentum p . The vector r represents 

A 

the position in real space at which the amplitude is evaluated, and a> and t are the angular frequency and time, respectively. A 
plane wave traveling in the opposite direction is e~ ,( - k ' r+M) where the sign of k • r changes, but not the sign of t . That is, we may 
reflect a wave from a mirror and reverse its direction, but we cannot change the sign of the time since that would indicate a 
return to the past. The intensity of a classical wave is the square magnitude of the amplitude, and thus the intensity of a plane 
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wave is constant in space and time. If a plane wave is reflected back on itself by a perfectly reflecting mirror, then the resultant 
amplitude is e iiyL ' r ~ m) +e -'( kr+ <*) = e -' tt *2cosk-r, and the intensity is / = 4cos 2 k-re ; "V'' 1 * which is independent of time and 
given as 4cos 2 k-r which clearly exhibits maxima and minima dictated by the wavelength of the radiation and the position in 
space at which intensity is measured. 

In an experiment, we measure the intensity of scattered particles, which is related to plane waves in a simple fashion. To see 
this, consider a collimated plane-wave source, whose width is small compared to the scattering angle region where the scattering 
is to be investigated, i n cident upon a diffraction grating. If w e i n tegrate th e i n cident i n tensity over a time i n terval At , w e obtain 
a number proportional to the energy content of the incident wave. We may safely assume in most cases that the scattering power 
of the diffraction image does not change with time, so that a constant fraction of the incident radiation and hence constant energy 
will be transferred into the scattered wave. We further assume that the effect of the diffraction grating on the incident radiation 
occurs only in a region very close to the grating in comparison to its distance from the detection point. For elastic scattering (no 
energy transfer to the grating), once the scattered portion of the wave has left the field of influence of the scatterer, all parts of 

the scattered amplitude at the same radial distance from the scatterer must travel at the velocity of the incident wave. For 

simplicity, we neglect resonance effects, which can introduce significant time delays in the scattering process even if the waves 
are scattered elastically. The effects of resonance states on the scattering at high energies, is usually negligible and hence will 
not be discussed here. In the case of inelastic scattering, in which waves are scattered with various velocities, we can focus our 
attention successively on parts of the outgoing scattered r adiation that have velocities falling within a ce r tain nar r ow band, and 
the following argument will hold for each such velocity segment. The result of the integration of a constant-velocity segment of 
the scattered intensity over the volume element, 

R+AR x 2k 

J r 2 drjsm0ddjd® (8.24) 

R 

is proportional to the energy content in that portion of the scattered wave, and the result must be independent of R . — This 
restriction, which is a direct consequence of conservation of energy, then demands that the outgoing scattered waves have in 
polar coordinates the form 

ikR 

V x (R,0,4>) = o f{0,4>) (&25>- 

K 

where the term II R is a dilution ettect to guarantee energy on an ever-spreading wave. 

*¥ sc only describes the scattered amplitude after the scattered wave has left the field of influence of the scatterer and is 
thus an asymptotic form. The function f(8,<p) is called the scattered amplitude and depends on the nature of the scatterer. The 
classical theory tells us that the scattered intensity is proportional to the square magnitude of the scattered amplitude; so, the 

I .. . n . h 

intensity will be directly proportional to f — . 

Let us next consider the expression for the scattering of a plane wave by a number of disturbances in some fixed 

arrangement in space. Consider the sca.tterers comprising a n ucleus a nd electrons; this w ould correspond to a plane w ave 

scattered by an atom. 

We shall choose the center of mass of the scatterer as our origin and shall for the most part consider dilute-gas electron 
scattering in the keV energy range, where the electron wavelength A lies in the range 0.03 A < A < 0.1 A . The scattering 
experimental conditions are such that to a high degree of approximation, at least 0.1% or better, we can consider the scattering as 
a singl e e lectron scattered by a single atom. Note also that no laboratory to c e nter-of-mass coordinate system transformation is 
r e quir e d b e caus e th e ratio of th e e l e ctron mass to th e mass of th e targ e t will b e on th e ord e r of 10~ 3 or small e r. 

Let us consider an ensemble of scattering centers as shown in Figure 8.2. 
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Figure 8.2. An ensemble of scattering centers. 
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We may write the total scattered amplitude in the first approximation as a sum of amplitudes, each of which is produced by 
scattering from one of the single scattering centers. In this view, we generally neglect multiple scattering, the re-scattering of 
portions of the primary scattered amplitudes whenever they come in contact with other centers, except in the case of elastic 
scattering in the heavier atoms. Clearly a whole hierarchy of multiple-scattering processes may result. The incident wave may 
experience a primary scattering from one center, a portion of the scattered amplitude may re-scatter from a second center, and 
part of this amplitude may in turn be scattered by a third center (which can even be the first center), and so on. 

An incident plane wave will obviously travel a distance along the incident direction before scattering from a particular 
center, depending on the instantaneous location of that center. To keep proper account of the exact amplitude and phase of the 
incident wave at the instant it scatters from a particular center, we select our origin, as mentioned previously, to lie at the center 
of mass. The phase of the scattered wave depends on the total distance traveled from the center of mass to the detector. We can 
now write the scattered amplitude as 



4> =y 

x total £^ 



'exp^l-^+lR-rJ)] 



R 



ftip.4) 



(8.26) 



where z l + |R-r ; | is the distance traveled from a plane perpendicular to the incident direction and passing through the center of 
mass and f % U),$\ is the scattered amplitude characteristic of the l-ih scattering center. It should be clear at this point that the 



term 



exp[/*|R-r,|J 

|R-r,| 



f, (0,$) is made up of a plane wave in the scattered direction with the dilution factor 



R-r, 



to account 



for energy conservation and with allowances made through J] (0,4) for any special influence that the scatterer may have on the 

scattering because of the detailed structure of the scatterer. The additional term e' fc ' enters whenever two or more scattering 
centers are encountered and accounts for the fact that the instantaneous location of our scattering centers may not coincide with 
planes of equal amplitude of the incident plane wave. That is, in a two-center case, the first particle may scatter a plane wave of 
amplitude +1 while at the same time a second scatterer may encounter an amplitude of -1. The amplitudes of the incident plane 
wave which the various particles encounter depend on their separation from each other along the z-axis and on the wavelength of 
the incident radiation. By adding to the phase, the projections of the various r, vectors onto the incident direction, referred to 
the same origin, this problem is automatically corrected. As long as our composite scatterer is on the order of atomic 
dimensions, the magnitude of R will be enormously larger than either z, or r r This allows us to expand iR-i}! in a binomial 



expansion through first-order terms as R - 



R^ 

|r| 



In the denominator, the first-order correction term R can be neglected but 



not in the phase. 

To see this, suppose that R is jc X lO 6 



and -J — r-r ( is nil. Clearly jr/2 would seem negligible compared to tt X 10 s , 

but look what a difference the value of a sine or cosine function has if ntl is retained or omitted from the sum of the two terms. 
The product kz, may be rewritten as k, r,, where the subscript i on k denotes the fact that k. is a vector parallel to the incident 
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direction magnitude k = — . Similarly, since -. — r is a unit vector whose sense is essentially in the direction of the scattered 
A R 

electron, we may write k-. — r-r, as k s -r, where k s is a wave vector in the scattering direction. The phase of Eq. (8.26) now 

contains the term (k ; -k s )-r,, where k ; -k s must be proportional to the momentum change of the incident particle on 
scatt e ring, sinc e ftk. is th e initial mom e ntum and hk s is th e final mom e ntum of th e scatt e r e d e l e ctron. This v e ctor diff e r e nc e is 
lab e led by the symbol s . Th e asymptotic total amplitude is now expr e ssible as 



Y. 



R 



■!,<?"■ MM) 



(8.27) 



Let us first apply Eq. (8.27) to scattering from atoms. We will consider the theoretical side of high-energy electron scattering 
and X-ray scattering from gaseous targets as well. In the X-ray case, the intensity for an X-ray scattered by an electron is found 
ex perimental ly t o be a constant, usual ly d enoted by I cl , w hich v aries i n versely a s the square of th e m ass of the scatlerer wh ere 



I cl is the Thompson X - ray scattering constant. This means that X - rays are virtually un-scattered by the nucleus, since the ratio 



of electron to nuclear scattering will be greater than 



m„ 



1 X 10' 
9X1 (T 2 



- 10 6 , where m is the proton rest mass and m e is the 



electron rest mass. The total amplitude for X-ray scattering by an atom can then be written as 



total » ci *f-> 



(8.28) 



where rj cl is a phase factor introduced because of a possibility that the X-ray scattered amplitude may be complex. The intensity 
can be written as 

C al =IAN + iie Sr,i ) (8.29) 

l*k l*k 

where r lk =r ; -r k is an inter-electron distance. Both expressions, Eqs. (8.28) and (8.29), correspond to a fixed arrangement of 
electrons in space. For electrons, the intensity of scattering by another charged particle proceeds according to the Rutherford 



experimental law / = 



Tz 2 



, where Z is the charge of the scatterer and I e is a characteristic constant. Note that both I d and I e 



include the — - dilution factor and depend on the incident X-ray or electron beam flux I and on the number N of target 
particles per cubic centimeter in the path of tire incident beam as the product I N . We may take 
f l (0,0) = -Jl^\ — exp[j^(Z)], where t](Z) is again an unknown phase shift introduced because of the possibility that the 

amplitude may be complex. In the X-ray case for scattering by an atom, the intensity is independent of the phase r/ cl , and we 

need not investigate it further. In electron scattering, this term is different for electrons and nuclei since they contain charges of 
opposite sign and usually different magnitude. The amplitude for this case is 

N 



T t. 



-JL 



f e m\ 



Ze yiT,(Z)+is- r „) + y, e (; 7 (-l)+;sT,.) 



(8.30) 



which for an atom simplifies further, since the nuclear position vector r n is zero because the nucleus lies at the center of mass. 
The term i](Z) is the nuclear phase and 7(-l) is the phase for scattering by an individual electron. The notation -1 signifies a 
unit negative charge on each electron as opposed to +Z on the nucleus, where Z is the atomic number. The intensity with 



r n = becomes 

Ca, =f J rV 2 +2zJcos[ 7 (Z)-,7(-l)- S .rJ + Ar + £f>^ 



(8.31) 



t*j t*j 



Note that the last two terms on the right in Eq. (8.31) are identical to those in Eq. (8.29). 



According to Huygeus' principle, the function ^e"' r ' of Eq. (8.30) represents the sum over each spherical wave source 

arising from the scattering of an incident plane wave from each point of the electron function where the wavelength of the 
incident plane wave is given by the de Broglie equation X = hl p . The sum is replaced by the integral over p and of the 
single point element aperture distribution function. The single point element aperture distribution function, a(p, <j>, z) , for the 
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scattering of an incident plane wave by an atom is given by the convolution of a plane wave function with the electron 
orbitsphere function. The convolution is a(p,0,z) = 7T(z)<g)[S(r-r o )]Y e m (9,<f) where a(p,<j>,z) is given in cylindrical 
coordinates, p(z), the xy-plane wave is given in Cartesian coordinates with the propagation direction along the z-axis, and the 
orbitsphere function, [S(r - r )]Y t m (0,0), is given in spherical coordinates. Using cylindrical coordinates, 

% ^' = \\ \ a(p > *' z ) e ~ i[spmsi ^ )+WZ] p 2 P d P d <t>dz (8.32) 

tt -m 

The general Fourier transform integral is given in reference [5], 

For an aperture distribution with circular symmetry, F(s) , the Fourier transform of the aperture array distribution 
function, A(z), is [5]: 



JV r ' =2k\ J a(p,z)J (sp)e- mz pdpdz (8.33) 



= JA(z)e- iW2 dz (8.34) 

o 
^FXs) (K3TT 

ft^V — ; 

The same derivation applies for the two-point term ^^V sr,i of Eq. (8.31). The sum is replaced by the integral over p and 

<j> of the single point element autocorrelation function, r(p,</>,z) , of the single point element aperture distribution function. 
For circular symmetry [5], 

r( A f, z) = a(p, <j), z) ® a(p, <j), z) (8.36) 



and 



N N 



YL e **" = lK \ J r(p,z)J n (sp)e- iwz pdpdz (8.37) 

i*j i*j -oo 

= JR(z) e - iwz dz (8.38) 



and 



R(z) = A{z)A{z) (8.39) 

For closed shell atoms in single states such as rare gases, Y(9,(/>) , the spherical harmonic angular function of the electron 

function is a constant, and only two expressions are possible from all orders of averaging over all possible orientations in space. 

For the X-ray case the scattered intensities are 

C = 7 C< [J A(z)e- wz dzf = I cl F(sf (8.40) 





and 




I?=UN + JR(z)e-' wz dz] 


(8-41) 





while tor electrons, the scattered intensities are 




red 

and 




{Z 2+ 2Z cos[?7(Z) - tj(-1)]F(s) + F(s) 2 } 


(8.42) 



red 



\ {Z 2 + 2Z cos[rj(Z) - ?](-l)]F(s) + N + j R{z)e~ iwz dz} (8.43) 



where the subscript 1 denotes an amplitude derivation and 2 an intensity derivation. The aperture function of the nucleus is a 
delta function of magnitude Z , the nuclear charge. — The Fou r ie r t r ansform is a constant of magnitude Z as appea r s in Eqs. 
(8.42) and (8.43). — Note that the Fourier convolution theorem proves the equivalence of Eq. (8.40) and Eq. (8.41) and the 
equivalence of Eq. (8.42) and Eq. (8.43). 

The aperture array distribution function, A(z), Eq. (8.34), corresponds to the electron radial distribution function of 

Bonham, and the aperture array autocorrelation function R(z), Eq. (8.38), corresponds to the electron pair correlation function 
of Bonham [ 4 ], 
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ELECTRON SCATTERING EQUATION FOR THE HELIUM ATOM BASED ON THE 
ORBITSPHERE MODEL 

The closed form solution of all two electron atoms is given in the Two Electron Atom section. In the helium ground state, both 
electrons orbitspheres are at a radius 

^=0.567^ (8.44) 

The helium atom comprises a central nucleus of charge +2e which is at the center of an infinitely thin spherical shell comprising 
two bound electrons of -2e . Thus, the helium atom is neutrally charged, and the electric field of the atom is zero for 
/■ > 0.567a . The Rutherford scattering equation for isolated charged particles does not apply. The appropriate scattering 

equation for helium in the ground state can be derived as a Fourier optics problem as given in the Classical Scattering of 
Electromagnetic Radiation section. The incident plane-wave free electron given in the Electron in Free Space section scatters 
from the helium atom by time-symmetrically deforming onto and from the surface of the helium atom as shown in Figure 8.3 
such that the far field intensity pattern of many electrons is modeled by Huygens's Principle. 

Figure 8.3. The time-symmetrical elastic scattering behavior of a free from a helium atom. 
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The aperture distribution function, a(p,<p,z), for the scattering of an incident plane wave by the He atom is given by the 
convolution of the plane wave function with the two electron orbitsphere Dirac delta function of radius = 0.567a and 

2 



charge/mass density of 



a(pJ,z) = 7T(z) 



4;r(0.567rt r 
2 



• . For radial units in terms of a,. 



^[^(r-0.567a )] 



(8.45) 



4ff(0.567a ) 

where a{p,ip,z) is given in cylindrical coordinates, 7l{z), the xy-plane wave is given in Cartesian coordinates with the 

2 



propagation direction along the z-axis, and the He atom orbitsphere function, 



4;r(0.567fl„) 



i\8{r -0.567 '«„)], is given in 



spherical coordinates. 

a(p4,z) = - 



4;r(0.567a ) 
For circular symmetry [5], 



- V(0.567« (J ) 2 -z 2 dXr - > /(0.567« o ) 2 -:r) 



F(s) = - 



4/r(0.567aJ 
Eq. (8.47) may be expressed as 
4/r 



-2k\ \ 7(°- 567a o) 2 - - 1§ (P ~ V(0-567a n ) 2 - z 2 )J (sp)e- hvz pdpdz 



F(s)-- 



4;r(0.567a u ) 



r j (zS-zV (^*? -J 2 )**"* ; -„=0.567a 



(8.46) 



(8.47) 



(8.48) 



©2010 BlackLight Power, Inc. All rights reserved. 



Classical Photon and Electron Scattering 



277 



Substitute — = -cos(? 

z„ 



z 
5^ 



Attz, 



F(s) = ^\ f sin 3 0J o (sz o sm0)e iz ° wmse d0 

A.7TV J 



Substitution of the recurrence relationship, 



(8.49) 



2J i ( x ) t-^ 

J (x) = ^^--J 2 (x) ; x = sz sin6> 

into Eq. (8.49), and, using the general integral of Apelblat [6] 



(8.50) 



j(sm0y +i J u (bsm0)e' a "' ! "'d0 = 



with a = z w and b = z s gives: 



-2^- 



a 2 +b 2 



a 2 +b 2 



J„ 



2 J-^ 2 ^2 



(a 2 + b 2 ) 



(8.51) 



F(s) = 



In 



(z w) 2 +(z s) 2 



(8-52) 



(z w) 2 +(z s) 2 



J 3/2 [((z w) 2 + (z o5 ) 2 ) 1/2 ]- 



2 , / \2 



(z w) + (z s) 



j 5l2 [((z wf + (z sfr]\ 



The magnitude of the single point element autocorrelation function, | r(p, </>, z) \ , is given by the convolution of the magnitude of 

the single point element aperture distribution function. a(p,(f),z) . with its self. 

r(p, 4>, z) | = | a(p, <t>, z) | ® | a(p, 4, z) | (8.53) 

The Fourier convolution theorem permits Eq. (8.53) to be determined by Fourier transformation. 



^(0.567a f-z 2 e- mn dz 

"0 . 

J x (0.567a w) 



\x{p,<j>,z)\= e' 



r(p,^z)| = -e"Hsin(w.z) 



dw 



dw\ + C 



(8-54) 
(8.55) 



where C is an integration constant for which R(p) equals zero at r = 1.134a 




0<z< 2z ; z =0.567a 

Eq. (8.56) was derived from a similar transform by Bateman [7]. The electron elastic scattering intensity is given by a constant 
times the square of the amplitude given by Eq. (8.52). 
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RESULTS 

The magnitude of the single point element aperture distribution function, a(p,0,z), convolved with the function 8{z- 0.567 a,,) 
is shown graphically in Figure 8.4 in units of a . The function was normalized to 2. 

The magnitude of the single point element autocorrelation function, r(p,0,z), convolved with the function 
S(z-lA2>4a ) is shown graphically in Figure 8.5 in units of « . The function was normalized to 2 and the constant of 
0.352183 was added to meet the boundary condition for the convolution integral. 

The experimental setup for the measuring the intensity of elastically scattered 500 eV electrons from an atomic beam of 
helium is shown in Figure 8.6. 

The experimental results of Bromberg [8], the extrapolated experimental data of Hughes [8], the small angle data of 
Geiger [9], and the semi-experimental results of Lassettre [8] for the elastic differential cross section for the elastic scattering of 
electrons by helium atoms are shown graphically in Figure 8.7. The elastic differential cross section as a function of angle 
numerically calculated by Khare [8] using the first Bom approximation and first-order exchange approximation also appear in 
Figure 8.7. 



Figure 8.4. The magnitude of the single point element 
aperture distribution function, a(p,0,z), convolved with the 
function S{z- 0.567 a Q ) in units of a . 



Figure 8.5. The magnitude of the single point element 
autocorrelation function, r(p,<f>,z), convolved with the 
function S(z-\.l3>4a 9 ) is shown graphically in units of a Q . 





Figure 8.6. The incident electron and electron beams intersect and the scattered free electrons are detected in the far field. 
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Figure 8.7. The experimental results of Bromberg [8], the extrapolated experimental data of Hughes [8], the small angle 
data of Geiger [9], and the semi-experimental results of Lassettre [8] for the elastic differential cross section for the elastic 
scattering of electrons by helium atoms and the elastic differential cross section as a function of angle numerically calculated by 
Kliare [8] using the first Bo r n approximation and first-order exchange approximation, 
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These results, which are based on a quantum mechanical model, are compared with experimentation [8, 9]. The closed-form 
function (Eqs. (8.57) and (8.58)) for the elastic differential cross section for the elastic scattering of electrons by helium atoms is 
shown graphically in Figure 8.8. The scattering amplitude function, F(s) (Eq. (8.52)), is shown as an insert. 



Figure 8.8. The closed form function (Eqs. (837) and (8.58)) for the elastic differential cross section for the elastic scattering 
of electrons by helium atoms. The scattering amplitude function, F(s) (Eq. (8.52)), is shown as an insert. 
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DISCUSSION 

The magnitude of the singl e point c lement autocorrelation function, r(p,^,z), convolved with the function S(z — 0.567a ) 
(Figure 8.5) and the elect r on p air correlation function, P(f) , of Bonham [10] are simila r . — Acco r ding to Bonham [10], the 
electron radial distribution function, D(r) , calculated from properly correlated CI wave functions for He is similar in shape to 
the P(r) function but its maximum occurs at a value of r almost exactly half of that for P(r) . Thus, the function D(r) is 
similar to th e magnitud e of th e singl e point e l e m e nt ap e rtur e distribution function, a(r,0,z), (Figur e 8. 4 ), D(r) and P(r) l e ad 
to a most probable structure for the He atom in which the electrons and the nucleus are collinear with the nucleus lying between 
the two electrons [4]. This is an average picture that is an ad hoc modification of the true model involving a three-point-body 
atom and a point-particle incident electron for which it is impossible to get neutral scattering, let alone the observed pattern 
shown in Figure 8.7. Furthermore, even with this unjustified modification, it is apparent from Figure 8.7 that the modified 
quantum mechanical calculations fail completely at predicting the experimental results at small scattering angles; whereas, Eq. 
(8.57) predicts the correct scattering intensity as a function of angle. Another problem for the quantum mechanical model is that 
the helium wave equation used to calculate the scattering is not the solution of the Schrodinger equation for the helium atom that 
gives the correct ionization energy. Since it involves three bodies, the exact solution is impossible to be obtained. Many 
solutions have been obtained with great effort using various perturbation and adjustable-parameter methods as given by 
McQuarrie [11]. Such solutions are very dubious in that they are non-unique, not based on physical laws, and are better 
classified as curve fitting techniques in that they use up to 1000 adjustable parameters to obtain the ionization energy [11]. 

In the far field, the solution of the Schrodinger equation for the amplitude of the scattered plane wave incident on a three 
dimensional static potential field U(r) is identical to Eq. (8.26) only if one assumes a continuous distribution of individual 

scattering points and replaces the sum over I in Eq . (8 . 26) with an integral over the scattering power j\ of point i replaced by 

the instantaneous value of the potential at the same point. This result is the basis of the failures of Schrodinger' s interpretation 
that *¥(x) is the amplitude of the electron over three-dimensional space in some sense since the entire electron must correspond 
to each point £ and the superseding interpretation of Born that ^(x) represents a probability function of a point electron. The 
Born interpretation can only be valid if the speed of the electron is equal to infinity. (The electron must be in all positions 
weighted by the probability density function during the time of the scattering event). The correct aperture function for the Born 
interpretation is a Dirac delta function, S(r) , having a Fourier transform of a constant divided by s 2 which is equivalent to the 
case of the point nucleus (Rutherford Equation). The Born interpretation must be rejected because the electron velocity cannot 
exceed c without violating special relativity. 

Solutions to the Schrodinger equation involve the set of Laguerre functions, spherical Bessel functions, and Newmann 

functions. From the infinite set of solutions to real problems, a linear combination of functions and the amplitude and phases of 
these functions are sought which gives results that are consistent with scattering experiments. The Schrodinger equation is a 
statistical model representing an approximation to the actual nature of the bound electron. Statistical models are good at 
predicting averages as exemplified by the reasonable agreement between the calculated and experimental scattering results at 
large angles. However, in the limit of zero scattering angle, the results calculated via the Schrodinger equation are not in 
agreem e nt with e xp e rim e ntation. In the limit, the "blurr e d" repres e ntation cannot b e av e rag e d, and only the e xact description of 
the electron will yield scattering predictions which are consistent with the experimental results. 

Also, a contradiction arises in the quantum mechanical scattering calculation. For hydrogen electron orbitals, the n = oo 
orbital is equivalent to an ionized electron. According to the quantum mechanical scattering model, the incident ionized electron 
is a plane wave. However, substitution of n = co into the solution of the Schrodinger equation yields a radial function that has 
an infinite number of nodes and exists over all space. The hydrogen-like radial functions have n-£-\ nodes between r = 
and r = oo. In fact, as n— »co the Schrodinger equation becomes the equation of a linear harmonic oscillator [12]. The 
wavefunction shows sinusoidal behavior; thus, the wavefunction for the free electron can not be normalized and is infinite. In 
addition, the angular momentum of the free electron is infinite since it is given by -l(l + l)ft 2 where P.— »co. The results of the 

Davison-Germer experiment confirm that the ionized electron is a plane wave . In contrast , for the present orbitsphere model, as 
n goes to infinity the electron is a plane wave with wavelength A = hi p as shown in the Electron in Free Space section. 

Although there are parallels in the mathematical derivations wherein the Schwartz inequality is invoked, the physics of 
the Heisenberg Uncertainty Principle is quite distinct from the physics of the rise-time/band-width relationship of classical 
mechanics [13] as given in the Resonant Line Shape and Lamb Shift section. The Heisenberg Uncertainty Principle is derived 
from the probability model of the electron by applying the Schwartz inequality [14] Lo obtain the "iiidefiiiiLeness" in the 
conjugate electron position and momentum in the absence of measurement; whereas, the physical rise-time/band-width 
relationship of classical mechanics is an energy conservation statement according to Parseval's Theorem. The Born model of 
the electron violates Special Relativity. The failure of the Born and Schrodinger model of the electron to provide a consistent 
representation of the states of the electron from a bound state to an ionized state to a scattered state also represents a failure of 
the dependent Heisenberg Uncertainty Principle. 

In contrast, the Maxwellian, exact orbitsphere model provides a continuous representation of all states of the electron 
including the ionized state as a plane wave having the de Broglie wavelength as given in the Electron in Free Space section. 
Using the exact, unique solution of the helium atom given in the Two-Electron Atom section, in a closed-form solution, the 
Maxwellian model predicts the experimental results of the electron scattering from helium for all angles. The solution of the 
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helium atom is further proven to be correct since it is used to solve up through twenty-electron atoms in the Three- Through 
Twenty-Electron Atoms section and 100 excited-state energy levels in the Excited States of Helium section. In the former case, 
the physical approach was applied to multielectron atoms that were solved exactly disproving the deep-seated view that such 
exact solutions cannot exist according to quantum mechanics. The predictions from general solutions for one through twenty- 
electron atoms are in remarkable agreement with the experimental values known for 400 atoms and ions. In the latter case, the 
results given for any given n and I quantum number in the equations agree remarkably well — up to 6 significant figures where 
the data is obtainable to that accuracy. These consistent results and the failure of the true quantum mechanical model as well as 
the unphysical Born approximation disprove the nature of the electron as a point particle which further disproves the primary 
assumption of quantum mechanics. The results directly prove that the electron is an extended particle and specifically show, in 
the case of the helium atom, that the electron function comprises two paired, electron orbitspheres at a radius given by Eq. (8.44) 
as derived in the Two-Electron Atom section. Furthermore, the deep-seated notion that probability waves are required to explain 
the nature of the double-slit experiment is dispelled by classical predictions using the correct nature of the electron considered 
next. 

PHYSICS OF CLASSICAL ELECTRON DIFFRACTION RESOLVES THE WAVE- 
PARTICLE DUALITY MYSTERY OF QUANTUM MECHANICS 

The beginning of the Wave-Pa r ticle Duality section describes how ea r ly 20 1 century theoreticians p r oclaimed that light and 
atomic particles have a wave-particle duality that was unlike anything in our common everyday experience. The wave-particle 
duality is the central mystery of quantum mechanics — the one to which all others could ultimately be reduced. The current 
mental picture of the two-slit experiment is shown in Figures 42.1-42.4. The classical depiction of the two-slit-experiment 
shown in Figures 8.9-8.11 is very similar to the depiction of the quantum notion of the wave-particle duality shown in Figure 
42.4. In fact, the mathematics of the quantum mechanical and classical pictures is essentially identical including the relationship 
b e tw ee n th e transv e rs e mom e ntum and position giv e n by Eqs. (8.60) and (8.61). How e v e r, what is v e ry diff e r e nt is th e physics. 
Consider the quantum conundrum due to the nature of the photon and electron being point particles. If each electron passes 
individually through one slit, with what does it "interfere?" Although each electron arrives at the target at a single place and a 
single time, it seems that each has passed through — or somehow felt the presence of both slits at once. Thus, the electron is 
understood in terms of a wave-particle duality as represented in Figure 42.4. 
Here, the point electron or photon is everywhere at once — rather than being local Lo the slits of nanometer dimensions it 



exits as a probability wave of equal amplitude from positive to negative infinity, simultaneously! It is incident to and 
transmitted through both slits simultaneously, "guided" by the probability wave over all space with a phase that depends of the 
Heisenberg Uncertainty Principle: 

AxAp>- (8.59) 

The phase contains the term (k ; -k s )-r ; , where Ap = k ! -k i is interpreted as the contribution to the uncertainty in the 

momentum of the incident particle on scattering, since fck ; is the initial momentum and hk s is the final momentum of the 

scattered particle such as an electron. In the classical picture, the phase also contains the term (k ; -kj-r,, where k ; -k s is the 

physical momentum change of the incident particle on scattering, since /jk ; . is the initial momentum and fik s is the final 

momentum of the scattered particle. In both cases, Ax corresponds to the transverse displacement of the particle due to 
diffraction. 

Furthermo r e, each electron only goes through one slit classically, but it is imprinted with the wave character of the 

photon that it creates across both slits due to its interaction with the slit. An electromagnetic wave exits. Quantum mechanics 
reproduces the mathematics that corresponds to this physical electromagnetic wave by invoking a nonsensical waving 
probability. Thus, it is stuck with the unfortunate result that the "wave-particle duality is unlike anything in our common 
everyday experience." Physics can now be reinstated over mysticism for this simple experiment based on an understanding of 
the physical nature of fundamental particles. An outline of the classical explanation of the observations made on the double-slit 
experiment is shown in Figures 8.9A-F, 8.10, and 8.1 1. 
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Figure 8.9. The electron-slit interaction is mediated by electron-induced radiation of photons from the split aperture that 
causes transverse electron displacements with the photon-momentum distribution imprinted onto that of the diffracting electrons 
such that the transverse momentum distribution in the far-field is a result of this interaction and is characteristic of the slit 
pattern. (A) The approaching charged electron interacts with both slits by inducing slit minor currents (blue). (B) The slit's 
electron mirror currents that mediate its interaction with the approaching charged electron cause emission of photons. (C) The 
superposition of the photons forms a photon field characteristic of the slits as its source. (D) The electron angular momentum 
vector precesses about that of an absorbed photon from the slit photon field. (E) The photon is readmitted and the electron 
gained transverse momentum depending on the strength and duration of the electron's interaction with the photon field wherein 
the photon's angular momentum is conserved according to the change in the electron's de Broglie wavelength. (F) Rather than 

uncertainty in position and momentum according to the Uncertainty Principle: AxAp > - , Ap is the physical momentum change 

of the incident electron and Ax is the physical distance change from the incident direction such that the electron distribution in 
the far field is the Fourier transform of the slit pattern. 
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Consider a beam of electrons propagating in the z-axis direction. The electron is a plane-wave with momentum kji 
initially along the z-axis only. The h of angular momentum of the free electron is perpendicular to the plane lamina and is 
initially in a random orientation relative to the z-axis. To minimize the energy of interaction, the slit polarizes the electron such 
that its angular momentum becomes aligned parallel or antiparallel to the z-axis (Figure 8.9 A). The slit is comprised of matter 
having electrons that can provide image charges due to the electric field of the incident electron (Figure 8.9A). The slit's 
electron-mirror currents that mediate its interaction with the approaching charged electron cause emission of photons (Figure 
8.9B). When one interacts with the electron (Figure 8.9C), the electron angular-frequency change corresponding to the elctron- 
de-Broglie-wavelength change matches the frequency of the photon as given in the Classical Physics of the de Broglie 
Relationship section. The result of this interaction over time is the reorientation and transverse displacement of the electron's 
angular elastic diffraction, the energies are low, and the photons are large, encompassing and emanating from both slits. Each 
photon has a quantized angular momentum of Ti . The ti of angular momentum of the electron precesses about the % of angular 
momentum vector of the absorbed photon to cause a momentum transfer from the z-axis to the transverse axis. The photon is 
reemitted (Figure 8.9E), and the electron gained transverse momentum depending on the strength and duration of the electron's 
interaction with the photon field wherein the photon's angular momentum is conserved according to the change in the electron's 
de Broglie wavelength. 

Over time, the electron beam statistically produces a uniform distribution across the slits. (Here, the statistics are 
deterministic and local/causal unlike the quantum mechanical case.) The photon pattern is also uniform across the slit. Since the 
electron and each photon that mediates the slit-electron interaction have quantized angular momentum in units of ti , the photon 
far-field pattern is imprinted on the electron beam pattern over time. The resulting transverse-momentum map is given by the 
Fourier transform of the two-slit aperture which arises classically from a consideration of conservation of power flow. The 
amplitude is periodically positive and negative corresponding to the cyclical reversal of the electron angular momentum as 
shown in Figure 8.10. The amplitude decreases from the center line due to the requirement of an increasing momentum transfer 
along the transverse axis from the center line with a decreasing probability for a long-duration photon-electron interaction or 
coupling with multiple photons to achieve increasing transverse momentum transfer. 

Figure 8.10. The amplitude of the transverse electron momentum is a sine function due to the decreasing probability of 
photon interactions causing a periodic reversal of the electron's angular momentum vector with an increasing transverse 
momentum transfer. 




Since the number of electrons hitting a given position over time goes as the electron kinetic energy, the intensity pattern is given 
by the square of the amplitude. The predicted result shown in Figure 8.1 1 is the observed classical double slit interference 
pattern. 

Figure 8.11. The classically predicted far-field electron distribution of the two-slit experiment matches that observed. 
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EQUATIONS OF CLASSICAL DIFFRACTION 

Consider the double slit electron diffraction experiment shown in Figure 8.9. The interaction with the slit can cause momentum 
transfer to the transverse direction that, can he mediated by photons having h of ang ula r momentum. Tf the forward momentum 
is unchanged, then the electron is detected at x = in the far field. However, momentum transfer from the z-axis to along the x- 
axis in the far field may occur depending on the strength and the time duration of a photon-generated torque as given in the 
Stern-Gerlach Experiment subsection of the Free Electron section. Also see Patz [15] and Slichter [16]. The spatial distribution 
of the electron position is determined by the conservation of momentum. Thus, the electron source at the aperture is analogous 
to an antenna, and the spatial electron - density pattern has as a parallel to the radiation pattern of the antenna as given by Kong 
[17]. If each point on the electron across a diffraction slit can act as a point source of a spherical wave according to Huygens' 
Principle, then the momentum pattern in the far field is given as the Fourier transform of the momentum-aperture function, and 
the electron density is given as the square of the amplitude of the Fourier transform. 

Thus, the result of the double-slit experiment given by Eq. (8.23) can be interpreted as the positions of the electrons due 
to cons e rvation of mom e ntum following a s e mi-elastic interaction with the slit apparatus. — The interaction is a time-dynamic 
equipotential and the forces statistically 2 cause the electrons over time to propagate as spherical waves from each point of a 
Laplacian surface according to Huygens' Principle. The incident pattern over time is determined by the superposition of the 
position and momenta of the incident individual electrons. The Fourier transform result given by Eq. (8.23) can be shown to 
arise by considering the diffraction of each electron individually. 

The free electron is unpolarized, but the minimum energy constraint with slit-interrelations causes the polarization of the 
incident electrons. The angular momentum of the polarized electron may be parallel or antiparallel (negative direction) with 
respect to the z-axis. As shown in the Electron in Free Space section, there is a correspondence between the properties of the 
states of the free electron based on interactions with photons and those of bound-excited-state electrons. The time- and spherical 
harmonic current-density functions of bound and free-electron states comprise source currents for electromagnetic fields that are 
solutions of the wave equation as given in the Electron Source Current section. As shown in the Selection Rules section, 
multipole fields of an electron follow the same Maxwellian physics as that of a macroscopic radiating source. The radiation of a 
multipole of order (I , m t ) carries mh units of the z component of angular momentum comprised of h per photon of energy 

hco . 

The distribution as a function of the position of the detector must conserve the angular momentum of the electron having 

an intrinsic angular momentum of % and an induced multipole of order (£, m f ). The asymptotic electron-momentum total 

amplitude in the far field due to the scattering interactions of N electrons with the slit mediated by photons with % of angular 
momentum follows from Eq. (8.27) given in the Classical Wave Theory of Electron Scattering section and Eq. (8.32) in the 
Classical Wave Theory Applied to Scattering from Atoms and Molecules section. Consider the assembly of N coherently 
scattered electrons. The slit-electron interaction is an energy minimum or equipotential. The angular terms of Eq. (8.27) sum to 

N 

unity. According to Huygens' principle, the function ^e""' of Eq. (8.32) represents the sum over each spherical wave source 

i=l 

arising from the scattering of an incident plane wave from each point of the slit where the wavelength of the incident plane wave 
is giv e n by the dc Broglic equation X = hl p. (The Green Function of Eqs. (8.25-8.27), is also giv e n by Eq. (6.62) of Jackson 
[3] as the solution of the wave equation (Eq. (6.58) of Jackson [3]) as given in the Spherical Wave subsection of the Equation of 
the Photon section.) The sum is replaced by the integral over S, of the single point element aperture distribution function. For 
the case of a single slit, the aperture function is given by Eq. (8.15). Then, the amplitude of the scattering in the far field given 
by Eq. (8.32) is 



N 



ikS, ■ x ^ _ r ( -ik£, ■ x 



*(x) = !>*'• = J^)exp(-^p j/£ = C\ exp[^p j*£ (8-60) 

wherein the phase contains the term (k ; -k s )-r ; , where k ; -k s is proportional to the momentum change of the incident particle 
on scattering, since 7zk ; is the initial momentum and hk s is the final momentum of the scattered electron. This vector 
difference labeled by the symbol s is given by 



-is-r. 



(8.61) 



The single-slit-momentum-amplitude pattern is then given by Eq. (8.22). The intensity of electrons is proportional to their 
kinetic energy which carry the electrons to the analyzer where it was shown by Bonham to be required in order to insure 
continuity of power flow for wavelets from a single source [4] and was used as the basis of Eqs. (8.27) and (8.32). The intensity 
pattern of electrons is then given as the square of the amplitude and, thus, the square of the momentum which is proportional to 
the electron energy. It follows that the single-slit pattern is given as the square of Eq. (8.18) and the double-slit pattern is given 



2 Here, the underlying physics is deterministic. Quantum mechanics postulates that the electron is a point-particle-probability wave wherein its sampling 
or measurement creates the statistics corresponding to a stochastic reality. — In general, the theory of statistics is based on deterministic but unknown 
information. The concepts of quantum mechanics of an underlying distribution in a state of indeterminism as well as negative probability are nonsensical 
and are not a part of this classical result. 
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by Eq. (8.23). 

The double-slit experiment may be modeled physically, and a computer simulation outlined in the Computer Simulation 
of Classical Electron Diffraction section is posted on the web [18]. The interaction of each incoming electron with the slit or 
slits causes a redistribution of the incident momentum that is shown visually as a corresponding trajectory from the aperture to 
the detector. The algorithm uses TV electrons that statistically form a uniform distribution at the aperture. To get the points of 
impact, the momentum-distribution pattern is calculated using Eq. (8.22) that arise from classical statistics. For diffraction at a 
single slit, the transverse-momentum-density map is given by 

2aCsin(k-x) (8.62) 

a 
which is spatially diluted according to k • x and scaled according to the far field factor of — . The sine dependence of Eq. (8.62) 

is equivalent to that of the dot product of the plane lamina of the free electron with the z - axis. Each incident electron that is 
initially polarized by the slit interaction precesses due to the photon mediated, interaction-generated torque to reorient the plane 
lamina wherein the cross section of the interaction is proportional to this dot product. The sine dependence can easily be 
appreciated by considering that the interaction is concentrated at one end of the plane-lamina free electron when it is oriented 
perpendicularly to the slit; whereas, it is evenly distributed throughout the plane lamina when it is perpendicular to the slit. 

The intensity of the one-slit pattern is then given as the square of the amplitude. Since the two-slit aperture pattern is the 

convolution of the single-slit pattern with two delta functions, the intensity of the two-slit experiment is given as cosine squared 
fringes of the single-slit pattern as given by Eq. (8.23) wherein the extended electron interacts with both slits with conservation 
of momentum to give the modulation of the single-slit momentum pattern. Thus, the superposition of electrons gives the 
classical result. The double-slit interference pattern associated with the wave-particle duality arises naturally whether electrons 
add over time or space. 

CP pr e dicts that th e angular mom e ntum of e l e ctrons or photons p e riodically r e v e rs e s dir e ction as a function of th e 

transverse distance in the far field of the one-, two- or n-slit diffraction experiment. The pattern is not due to constructive 
interference of electron- or photon-probability waves; rather it is a map of the transverse momentum. The intensity is given by 
the amplitude squared, since energy and, thus, the number of electrons or photons is proportional to the amplitude of the 
momentum squared. The amplitude varies from a maximum to a minimum at which point the angular momentum of the photon 
or electron reverses direction, then it goes to a maximum again over a periodic cycle. The amplitude decreases away from the 
longitudinal axis of the slit in the transverse direction since the probability of multiple reversals is low. The amplitude also 
decreases when there is a large change in the angular momentum that is redirected to a transverse momentum component 
corresponding to a large torque or a long interaction time. 

This can be tested with electrons, by polarizing a beam using a Stern-Gerlach analyzer before the slit to select only 
electrons polarized parallel or antiparallel to the z-axis (the propagation direction of the beam). These electrons are then 
analyzed in the far field with a second Stern-Gerlach-type analyzer, which determines the polarization as a function of position 
in the transverse plane or along a transverse axis. Alternate polarization as a function of transverse distance confirms this 
mechanism of the n-slit pattern. Recently, it was shown that the induction of surface currents on a metal sheet parallel to the 
propagation direction of the electron beam of a double-slit experiment interfered with the pattern as expected [19-20]. 
Furthermore, the double slit experiment has been demonstrated on a macroscopic scale using droplets bouncing on a vertically 
vibrated bath [21]. Here the localized droplets are coupled to surface waves generated in the bath and random transverse 
deviations imposed by restrictions of two slits results in a double slit pattern over many flights of droplets to a detector 
analogous to the transverse deviations of localized electrons or photons during flight due to interactions with the slits and 
corresponding currents and electromagnetic waves described here. 

REFERENCES 

1 . G. O. Reynolds, J. B. DeVelis, G. B. Parrent, B. J. Thompson, The New Physical Optics Notebook, SPIE Optical Engineering 
Press, (1990). 
~3r. — R. A. Bonliam, M. Fink, High Energy Electron Scattering, ACS Monograph, Van Nostrand Reinhold Company, New York, 
(1974), pp. 1-3. 

3. J. D. Jackson, Classical Electrodynamics, Second Edition, John Wiley & Sons, New York, (1975), pp. 739-779. 

4. R. A. Bonham, M. Fink, High Energy Electron Scattering, ACS Monograph, Van Nostrand Reinhold Company, New York, 
(1974). ' " " ~~ " ~ 

5. R. N. Bracewell, The Fourier Transform and Its Applications, McGraw-Hill Book Company, New York, (1978), pp. 252- 
253. 

6. A. Apelblat, Table of Definite and Infinite Integrals, Elsevier Scientific Publishing Company, Amsterdam, (1983). 

7. H. Bateman, Tables of Integral Transforms, Vol. I, McGraw-Hill Book Company, New York, (1954). 

8. P. J. Bromberg, "Absolute differential cross sections of elastically scattered electrons. I. He, N 2; and CO at 500 eV," The 
Journal of Chemical Physics, Vol. 50, No. 9, (1969), pp. 3906-3921. 

9. J. Geiger, "Elastische und unelastische streuung von elektronen an gasen," Zeitschrift fur Physik, Vol. 175, (1963), pp. 530- 
542. 

10. E. M. Peixoto, C. F. Bunge, R. A. Bonham, "Elastic and inelastic scattering by He and Ne atoms in their ground states," 
Physical Review. Vol. 181, (1969). pp. 322-328. 



©2010 BlackLight Power, Inc. All rights reserved. 
~286 Chapter 8 

1 1. D. A. McQuarrie, Quantum Chemistry, University Science Books, Mill Valley, CA, (1983), p. 291. 

12. H. Margenau, G. M. Murphy, The Mathematics of Chemistry and Physics, D. Van Nostrand Company, Inc., New York, 
(1943), pp. 363-367. " ' 

13. W. McC. Si e bert, Circuits, Signals, and Systems, Th e MIT Pr e ss, Cambridge, Massachusetts, (1986), pp. 488-502. 

14. D. A. McQuarrie, Quantum Chemistry, University Science Books, Mill Valley, CA, (1983), p. 139. 

15. S. Patz, Cardiovasc Interven Radiol, (1986), 8:25, pp. 225-237. 

16. C. P. Slichter, Principles of Magnetic Resonance, Harper & Row, New York, (1963), pp. 1-44. 

17. L. C. Shi, J. A. Kong, Applied Electromagnetism, Brooks/Cole Engineering Division, Monterey, CA, (1983), pp. 170-209. 

18. Mathematica modeling of R. Mills' theory by B. Holverstott in "Computer Simulation of Classical Electron Diffraction," 
posted at www.blacklightpower.com. 

19. D. Castelvecchi, Science News, Vol. 171, (2007), p. 292. 

20. P. Sonnentag, F. Hasselbach, "Measurement of decoherence of electron waves and visualization of the quantum-classical 
transition," Phys. Rev. Letts., Vol. 98, May 18, (2007), 200402-1-200402-4. 

21. Y. Couder and a. Fort, "Single-particle diffraction and interference at a macroscopic scale," Phys. Kev. Letts., Vol. 97, 
(2006), pp. 154101-1-154101-4. 



©2010 BlackLight Power, Inc. All rights reserved. 



287 



Chapter 9 



EXCITED STATES OF HELIUM 



Bound electrons are described by a charge-density (mass-density) function that is the product of a radial delta function 
( f(r) = S(r-r r )). two angular functions (spherical harmonic functions), and a time harmonic function. Thus, a bound electron 
is a dynamic "bubble-like" charge and current-density function. The two-dimensional spherical surface can exist in a bound 
state at only specified distances from the nucleus. More explicitly, the uniform current-density function Y°{0,(j>) (Eqs. (1.27- 

1 .29)) called the electron orbitsphere that gives rise to the spin of the electron is generated from two current-vector fields 
(CVFs). Each CVF comprises a continuum of correlated orthogonal great circle current-density elements (one dimensional 
"current loops"). The current pattern comprising each CVF is generated over a half-sphere surface by a set of rotations of two 

orthogonal great circle current loops that serve as basis elements about each of the f-i x ,i ,0i 2 J and — =i x ,— =i y ,i z -axis; 

the span being n radians. Then, the two CVFs are convoluted, and the result is normalized to exactly generate the continuous 
uniform electron current density function Y o "(0,0) covering a spherical shell and having the three angular momentum 

~~ h h 

components of L = + / — and L z =— (Figure 1.23) 1 . 

The spin function of the electron corresponds to the nonradiative n = 1 , £ =0 state which is well known as an s state or 
orbital. (See Figure 1.1 for the charge function and Figure 1 .22 for the current function.) In cases of orbitals of excited states 
with the I quantum number not equal to zero and which are not constant as given by Eq. (1.27), the constant spin function is 
modulated by a time and spherical harmonic function as given by Eq. (1.29) and shown in Figure 1.2. The modulation or 
traveling charge-density wave corresponds to an orbital angular momentum in addition to a spin angular momentum. These 
states are typically referred to as p, d, f, etc. orbitals. 

Each orbitsphere is a spherical shell of negative charge ( total charge = -e) of zero thickness at a distance r n from the 

nucleus ( charge = +Ze ). It is well known that the field of a spherical shell of charge is zero inside the shell and that of a point 

charge at the origin outside the shell [1] (See Figure 1.32). The field of each electron can be treated as that corresponding to a 

—e 

-e charge at the origin with E = for r>r n and E = for r<r n where r n is the radius of the electron orbitsphere. Thus, 

An:s Q r 

2e 

as shown in the Two-Electron Atoms section, the central electric fields due to the helium nucleus are E = and 

47rs r 

E = for r < r x and r x <r < r 2 , respectively. Tn the ground state of the helium atom, both electrons are at. r y - r 2 - 0.567a . 

Ans r 

When a photon is absorbed, one of the initially indistinguishable electrons called electron 1 moves to a smaller radius, and the 
other called electron 2 moves to a greater radius. In the limiting case of the absorption of an ionizing photon, electron 1 moves 
to the radius of the helium ion, r x = 0.5a , and electron 2 moves to a continuum radius, r 2 = co . When a photon is absorbed by 
the ground state helium atom it generates an effective charge, Z Peff , within the second orbitsphere such that the electrons move 
in opposite radial directions while conserving energy and angular momentum. We can determine Z Peff of the "trapped photon" 

electric field by requiring that the resonance condition is met for photons of discrete energy, frequency, and wavelength for 
electron excitation in an electromagnetic potential energy well. 



+ / — designates both the positive and negative vector directions along an axis in the xy-plane. 
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It is well known that resonator cavities can trap electromagnetic radiation of discrete resonant frequencies. The 
orbitsphere is a resonator cavity that traps single photons of discrete frequencies. Thus, photon absorption occurs as an 
excitation of a resonator mode. The free space photon also comprises a radial Dirac delta function, and the angular momentum 

of the photon given by m = J Re[rx(ExB*)]tfe 4 = h in the Photon section is conserved [2] for the solutions for the resonant 

photons and excited state electron functions as shown for one-electron atoms in the Excited States of the One-Electron Atom 
(Quantization) section. The correspondence principle holds. That is the change in angular frequency of the electron is equal to 
the angular frequency of the resonant photon that excites the resonator cavity mode corresponding to the transition, and the 
energy is given by Planck's equation. It can be demonstrated that the resonance condition between these frequencies is to be 
satisfied in order to have a net change of the energy field [3]. 

In general, for a macroscopic multipole with a single m value, a comparison of Eq. (2.62) and Eq. (2.55) shows that the 
relationship between the angular momentum M z , energy U , and angular frequency w is given by Eq. (2.63): 

g£ m dU (93y 

dr 03 dr 

independent of r where m is an integer. Furthermore, the ratio of the square of the angular momentum, M 2 , to the square of 

th e e n e rgy, U 2 , for a pur e (I, m) multipol e follows from Eq. (2.55) and Eqs. (2.60 - 2.62) as giv e n by Eq. (2.6 4 ): 

M- 2 - — rt£ 

TF'V <9 ' 2) 

From Jackson [4], the quantum mechanical interpretation is that the radiation from such a multipole of order (£ , m) carries off 
mh units of the z component of angular momentum per photon of energy %co . However, the photon and the electron can each 
posses only % of angular momentum which requires that Eqs. (9.1-9.2) correspond to a state of the radiation field containing m 
photons. 

As shown in the Excited States of the One-Electron Atom (Quantization) section during excitation the spin, orbital, or 
total angular momentum of the orbitsphere can change by zero or ± % . The selection rules for multipole transitions between 
quantum states arise from conservation of the photon's multipole moment and angular momentum of h . In an excited state, the 
time-averaged mechanical angular momentum and rotational energy associated with the traveling charge-density wave on the 
orbitsphere is zero (Eqs. (1.76-1.77)), and the angular momentum of Ti of the photon that excites the electronic state is carried 
by the fields of the trapped photon. The amplitudes of the rotational energy, angular momentum, and moment of inertia that 
couple to external magnetic and electromagnetic fields are given by Eqs. (1.71), (1.72), and (1.73), respectively. Furthermore, 
the electron charge - density waves arc nonradiativc due to the angular motion as shown in the Appendix I: Nonradiation 
Condition. Rut, excited states are r adiative due to a r adial dipole that arises fr om the presence of the trapped photon as shown i n 
the Instability of Excited States section corresponding to m = 1 in Eqs. (9.1-9.2). 

Then, as shown in the Excited States of the One-Electron Atom (Quantization) section and the Electron Mechanics and 
the Corresponding Classical Wave Equation for the Derivation of the Rotational Parameters of the Electron section, the total 
number of multipoles, N ls , of an energy level corresponding to a principal quantum number n where each multipole 

corresponds to an I and m, quantum number is 

N t,s=Y. Z l = 2^ + l = (^ + l) 2 =^ 2 + 2^ + l = « 2 (9.3) 

1=0 m,=-l 1=0 

Any given state may be due to a direct transition or due to the sum of transitions between all intermediate states wherein the 
multiplicity of possible multipoles increases with higher states. Then, the relationships between the parameters of Eqs. (9.1) and 
(9.2) due to transitions of quantized angular momentum h , energy fiw , and radiative via a radial dipole are given by substitution 
of m = 1 and normalization of the energy U by the total number of degenerate multipoles, n 2 . This requires that the photon's 
electric field superposes that of the nucleus for r y <r <r 2 such that the radial electric field has a magnitude proportional to el n 

at the electron 2 where n = 2,3,4,... for excited states such that U is decreased by the tactor of 1/ n 2 . 



Energy is conserved between the electric and magnetic energies of the helium atom as shown by Eq. (7.42). The helium 
atom and the "trapped photon" corresponding to a transition to a resonant excited state have neutral charge and obey Maxwell's 
equations. Since charge is relativistically invariant, the energies in the electric and magnetic fields of the electrons of the helium 
atom must be conserved as photons are emitted or absorbed. The corresponding forces are determined from the requirement that 
the radial excited-state electric field has a magnitude proportional to el n at electron 2. 

The "trapped photon" is a "standing electromagnetic wave" which actually is a traveling wave that propagates on the 
surface around the z-axis, and its source current is only at the orbitsphere. The time-function factor, k(t) , for the "standing 
wave" is identical to the time-function factor of the orbitsphere in order to satisfy the boundary (phase) condition at the 
orbitsph e r e surfac e . Thus, th e angular fr e qu e ncy of th e "trapp e d photon" has to b e id e ntical to th e angular fr e qu e ncy of th e 
electron orbitsphere, co n , given by Eq. (1.36). Furthermore, the phase condition requires that the angular functions of the 
"trapped photon" have to be identical to the spherical harmonic angular functions of the electron orbitsphere. Combining k(t) 

with the (j) -function factor of the spherical harmonic gives e '^ m ^ a '"'' for both the electron and the "trapped photon" function. 

The photon "standing wave" in an excited electronic state is a solution of Laplace's equation in spherical coordinates 
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with source currents given by Eq. (2.1 1) "glued" to the electron and phase-locked to the electron current density wave that travel 
on the surface with a radial electric field. As given in the Excited States of the One-Electron Atom (Quantization) section, the 
photon field is purely radial since the field is traveling azimuthally at the speed of light even though the spherical harmonic 
function has a velocity less than light speed given by Eq. (1.35). Th e photon field does not change the nature of the electrostatic 
field of the nucleus or its energy except at the position of the electron. The photon "standing wave" function comprises a radial 
Dirac delta function that "samples" the Laplace equation solution only at the position infinitesimally inside of the electron 
current-density function and superimposes with the proton field to give a field of radial magnitude corresponding to a charge of 
eln where » = 2,3,4,.... 

The electric field of the nucleus for r x <r <r 2 is 



A7i£ a r 



(9.4) 



From Eq. (2.15), the equation of the electric field of the "trapped photon" for r = r 2 where r 2 is the radius of electron 2, is 



E. 



4ji£ r 2 
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8(r-r n ) 



(9.5) 
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The total central field for r = r 2 is given by the sum of the electric field of the nucleus and the electric field of the "trapped 
photon." 



E =E 

total nucleus 
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photon 



(9.6) 



Substitution of Eqs. (9.4) and (9.5) into Eq. (9.6) gives for r x <r <r 2 , 
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(9.7) 



For r = r~ and m = , the total radial electric field is 



E„ 



T 



(9.8) 



n 47ts r 
The result is equivalent to Eq. (2.17) of the Excited States of the One-Electron Atom (Quantization) section. 

In contrast to shortcomings of quantum-mechanical equations, with classical physics (CP), all excited slates of the helium 
atom can be exactly solved in closed form. — The radii of electron 2 are determined from the force balance of the electric, 
magnetic, and centrifugal forces that corresponds to the minimum of energy of the system. The excited-state energies are then 
given by the electric energies at these radii. All singlet and triplet states with I = or i ^ are solved exactly except for small 
terms corresponding to the magnetostatic energies in the magnetic fields of excited-state electrons, spin-nuclear interactions, and 
the very small term due to spin-orbit coupling. In the case of spin-nuclear interactions, a He which includes the reduced electron 

mass according to Eqs. (1.252-1.255) was used rather than a as a partial correction, and a table of the spin-orbit energies was 
calculated for i = \ to compare to the effect of different i quantum numbers. For over 100 states, the agreement between the 
predicted and experimental results is remarkable. 



1 = (Is 2 ylsHnsj) 



With i = , the electron source current in the excited state is a constant function given by Eq. (1.27) that spins as a globe about 
the an axis: 

e 



p(,,o,m j jo o][i?(M n r(gv 



%nr 



^k9f 



As given in the Derivation of the Magnetic Field section in Chapter One and by Eq. (11.391), the current is a function of sin# 
which gives rise to a correction of 2/3 to the field given by Eq. (7.6) and, correspondingly, the magnetic force of two-electron 
atoms given by Eq. (7.24). The vector orientations of the electrons and the derivation of the magnetic force is given in Appendix 



VI. The balance between the centrifugal and electric and magnetic forces follows from Eq. (7.32): 



4£ 



4—^ 



2 1 h 2 



■Js(s + 1) 



m e r 2 n 4ji£ Q r 2 3 n 2m e r 2 



(9.10) 



with the exceptions that the electric and magnetic forces are reduced by a factor of — since the corresponding charge from Eq. 

n 

e 1 

(9.8) is — and the magnetic force is further corrected by the factor of 2/3. With s = — , 
n 2 



n = 2,3,4, 



(9.11) 
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The excited-state energy is the energy stored in the electric field, E de , given by Eqs. (1 .263), (1.264), and (10.102) which 
is the energy of electron 2 relative to the ionized electron at rest having zero energy: 

1 e 2 

(9ri2r 



n 8ft£ r 2 
where r 2 is given by Eq. (9.11) and from Eq. (9.8), Z = l/« in Eq. (1.264). The energies of the various singlet excited states of 

helium with £ = appear in Table 9.1 . 

As shown in the Special Relativistic Correction to the Ionization Energies section the electron possesses an invariant 

charge-to-mass ratio ( — ) angular momentum of h , and magnetic moment of a Bohr magneton (ju B ). This invariance feature 
m e 

provides for the stability of multielectron atoms as shown in the Two-Electron Atoms section and the Three- Through Twenty- 
Electron Atoms section. This feature also permits the existence of excited states wherein electrons magnetically interact. The 
electron's motion corresponds to a current which gives rise to a magnetic field with a field strength that is inversely proportional 
to its radius cubed as given in Eq. (9.10) wherein the magnetic field is a relativistic effect of the electric field as shown by 
Jackson [5]. Since the forces on electron 2 due to the nucleus and electron 1 (Eq. (9.10)) are radial/central, invariant of r x , and 

ind e p e nd e nt of i\ with th e condition that r x < r 2 , r 2 can b e d e t e rmin e d without knowl e dg e of r x . But, onc e r 2 is d e t e rmin e d, i\ 
can b e solv e d using th e e qual and opposit e magn e tic forc e of e l e ctron 2 on e l e ctron 1 and th e c e ntral Coulombic forc e 
corresponding to the nuclear charge of 2e . Using Eq. (9.10), the force balance between the centrifugal and electric and 
magnetic forces is 

m v 2 h 1 2e 2 1 h 2 



r x m c r x 4^s r x 3« m c r 2 



Js{s + \) (9.13) 



With s = -, 

2 

r? -[1*1^+^=0 n = 2^ 4^. (9^r 

where r 2 is given by Eq. (9.1 1) and r x and r 2 are in units of a He . To obtain the solution of cubic Eq. (9.14), let 

,rl (9.15) 



6« 3 



S- 



Th en, Eq. (9 . 14) becomes 



1 3 -2gr, + g = 11 = 2,3,4,... (9.16) 

and the roots are 

r n =A + B (9.17) 

A+B A-B 



r„ = + - 

12 2 2 



^3 (9rrar 



'13 ' 



-^-^^3" (9.19) 



where 



A = l \_L + Jil-«ll =klTz (9.20) 

A ' 2 V 4 27 V 2 



and 



5 _3pL fiL_SjL JL3/ F 



„ - ( 9 - 21 ) 

2 H 27 12 

The complex number z is defined by 

z = -l + J^g-l= re ifl =r(cos<9 + ;sini9) (9.22) 

where the modulus, r , and argument, 9 , are 

r ^lk ^ 

-an4 

6> = - + sin" 1 (l/r) (9.24) 
respectively. The cube roots are 
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^ = ^e i0n =^\cos- + ism- 



iff = !Tre- mn =lTr 



z =<Jre =<Jr\ cos ism — 

3 3 



e . . e 



(9.25) 



So, 



—r\ cos — + i sin — 




(9.27) 



(9.28) 



and 



B = i\— r\ cos /sin — 

2^3 3 

The real and physical root is 




(9.29) 



i/„„\K 



Table 9.1 . Calculated and experimental energies of He I singlet excited states with £ = (Is — >• Ls w) ) 



K/J 



Ora) 



Term 
Symbol 



NIST 
He I Energy 



Levels 

-ievy 



Difference 

CP-NIST 

ieV) 



Relative 
Difference 



CP 



(CP-NIST) 



2 0.501820 
-3 0.500302 



1.71132 
2.71132 



ls2s ! S 



He I Energy Levels 

ten 



ls3s J S 



-3.97465 
-1.67247 



-3.97161 
-1.66707 



-0.00304 
-0.00540 



0.00077 
0.00324 



~4 0.500088 

5 0.500035 

6 0.500016 



3.71132 
4.71132 
5.71132 



ls4s X S 
ls5s ! S 
ls6s ! S 



-0.91637 
-0.57750 
-0.39698 



-0.91381 

-0.57617 
-0.39622 



-0.00256 
-0.00133 
-0.00076 



0.00281 
0.00230 
0.00193 



7 


0.500009 


6.71132 


8 


0.500005 


7.71132 


9 


0.500003 


8.71132 


10 


0.500002 


9.71132 


11 


0.500001 


10.71132 



ls7s X S 
ls8s ! S 
ls9s 1 S 
lslOs^ 
lslls X S 



■0.28957 


-0.2891 


-0.00047 


0.00163 


■0.22052 


-0.2202 


-0.00032 


0.00144 


■0.17351 


-0.1733 


-0.00021 


0.00124 


■0.14008 


-0.13992 


-0.00016 


0.00116 


■0.11546 


-0.11534 


-0.00012 


0.00103 



Avg- 



-0.00144 



0.00175 



a Radius of the inner electron 1 from Eq. (9.29). 

b Radius of the outer electron 2 from Eq. (9.11). 

*- Classical physics (CP) calculated energy levels given by the electric energy (Eq. (9.1 

d Exp e rim e ntal NIST lev e ls [6] with the ionization pot e ntial d e fin e d as z e ro. 



2TT 



: (Theoretical-Experimental)/Experimental. 



TRIP! 



' = (] s 2 ^]s l { n sf) 



For the I = singlet state, the time-averaged spin angular momentum of electron 2 is zero as given in Appendix VI . A triplet 
state requires the further excitation to unpair the spin states of the two electrons. The angular momentum corresponding to the 
excited state is h and the angular momentum change corresponding to the spin-flip is also h as given in the Magnetic 
Parameters of the Electron (Bohr Magneton) section. Then, the triplet state comprises spin interaction terms between the two 
electrons plus a contribution from the unpairing photon. As shown in the Resonant Precession of the Spin-l/2-Current-Density 
Function Giv e s Ris e to th e Bohr Magn e ton s e ction, th e e l e ctron spin angular mom e ntum giv e s ris e to a trapp e d photon with ft of 
angular momentum along an S -axis. Then, the spin state of each of electron 1 and 2 comprises a photon standing wave that is 
phase-matched to a spherical harmonic source current, a spherical harmonic dipole Y™ (8,0) = sin (9 with respect to the S-axis. 

The dipole spins about the S - axis at the angular velocity given by Eq. (1.36) with h of angular momentum. — To conserve 

angular momentum, electron 2 rotates in the opposite direction about S , the axis of the photon angular momentum due to the 

2 
spin, and this rotation corresponds to — ft of angular momentum relative to S. The corresponding angular momentum 



components of electron 2 due to spin, unpairing, and rotation are 
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S,= 



—h+A—tt — J—h 

4 \4 3\4 



= Uh 



(9.30a) 



h h 2% 



4i 



7 \2 ' 2 3 2/ F 3 2" F 



(9.30b) 



The corresponding angular momentum components of electron 1 are h and J— ft, respectively. The magnetic interaction of 
— r4 

each e lectron is equivalent to the magnetic field corresponding to a magnetic moment of jU B interacting with an align e d 
4 /J 



magnetic momentum of —A—/j b ■ Since the triplet electron-electron interactions are twice those of the singlet case, the triplet 
magnetic force for electron 2 is twice that of the singlet states as shown in Appendix VI: 



-r 



n 4n£ r 2 



- + 2 



2 1 h 2 



3 n 2m e r 1 



yls(s + \) 



(9.31) 



With s = 



1 




n =2,3,4,... 



(9.32) 



The excited-state energy is the energy stored in the electric field, E de , given by Eq. (9.12) where r 2 is given by Eq. (9.32). The 
energies of the various triplet excited states of helium with i = U appear in Table 9.2. 

Using r 2 (Eq. (9.32)), r x can be solved using the equal and opposite magnetic force of electron 2 on electron 1 and the 

central Coulombic force corresponding to the nuclear charge of 2e . Using Eq. (9.31), the force balance between the centrifugal 
and el e ctric and magnetic forces is 



^ 



-2-M 



■sjsis + 1) 



mjr} AkBct} 3« mrl 



(9.33) 



With s = -, 



r,-\ -!=r' \r,+-!=r'=0 



where r 2 is given by Eq. (9.32) and r x and r 2 are in units of a He . To obtain the solution of cubic Eq. (9.34), let 

3« a 



^^r 

Then, Eq. (9.34) becomes 
r?-2gr 1 + g = 



(9.34) 



(9.35) 



n = 2,3,4,... 



Using Eqs. (9.16-9.29), the real and physical root is 

-e\ cos V3sin — 

!3 3 3 



(9.36) 



(9.37) 
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Table 9.2. Calculated and experimental energies of He I triplet excited states with £ = (Is —>ls \ns) ) 



Term 
Symbol 



NfST 

He I Energy 

Levels 

m 



Difference 

CP-NIST 

(eV) 



Relative 
Difference 

(CP-NIST) 



(%) 



(a He) 



CP 
lie I Energy Levels 



^y) 


2 


0.506514 


1.42265 


ls2s 3 S 


-4.78116 


-4.76777 


-0.01339 


0.00281 


3 


0.500850 


2.42265 


Ic'ic 3 <5 


-1.87176 


-1.86892 


-0.00284 


0.00152 



0.500225 



3.42265 



ls4s J S 
ls5s 3 S 



ls6s J S 

ls7s 3 S 



-0.99366 



-0.99342 



-0.00024 



0.00024 



0.500083 



4 . 4 2265 



0.61519 



0.615 4 1 



0.00022 



0.00036 



6 0.500038 

7 0.500019 



5.42265 
6.42265 



-0.41812 
-0.30259 



-0.41838 
-0.30282 



0.00026 
0.00023 



-0.00063 
-0.00077 



-8 0.500011 



7.42265 



-0.22909 



-0.22928 



0.00019 



-0.00081 



ls8s J S 



9 


0.500007 


8.42265 


ls9s 3 S 


-0.17946 


-0.17961 


0.00015 


-0.00083 


10 


0.500004 


9.42265 


lsl0s 3 S 


-0.14437 


-0.1445 


0.00013 


-0.00087 


11 


0.500003 


10.42265 


lslls 3 S 


-0.11866 


-0.11876 


0.00010 


-0.00087 












Avg. 


-0.00152 


-0.00006 



a Radius of the inner electron 1 from Eq. (9.37). 

b Radius of the outer electron 2 from Eq. (9.32). 

c Classical physics (CP) calculated energy levels given by the electric energy (Eq. (9.12)). 

d Experimental NIST levels [6] with the ionization potential defined as zero. 



e (Theoretical-Experimental)/Experimental. 

SINGLET EXCITED STATES WITH I * 

With i ^ , the electron source current in the excited state is the sum of constant and time-dependent functions where the latter, 
given by F.q. (1 .7.9 ), tr avels about th e z- a xis, Th e current due to th e ti me dependent term of Eq, (1 . 7 , 9) c orresponding to p, d, f, 



etc. orbital s is 

mw„ e 



J = 



2k Anr r 
mo),, e 



N[S(r-r n )]R e {Y;(d,<t>)}[u{t)xr] = 



mcd„ 



2k 4kk 



-N'[S(r -r n )](P e m (cos d)cos(m0 + mcoj))[uxr] 



(9.38) 



if 



lS(r-r n )](P e m (cos0)cos(m0 + m6)j))sm00 



2k Akk 



where to keep the form of the spherical harmonic as a traveling wave about the z-axis, co n =mco n and N and N' are 
normalization constants. The vectors are defined as 

- uxr uxr 



uxf sin 8 



u = z = orbital axis 



(9.39) 



(9.40) 



' denotes the unit vectors u = t- t , non-unit vectors are designed in bold, and the current function is normalized. 

m 



Jackson [7] gives the general multipole field solution to Maxwell's equations in a source-free region of empty space with 

the assumption of a time dependence e"°"' : 



B = Y a E {Z,m)f e {kr)X /m -ja M (l,m)Vx gl [kr)X /ln 



"T9*rr 



E = I 



-a E (l,m)Vxf l (kr)X /m +a M (l,m)g,(kr)X, 



where the cgs units used by Jackson are retained in this section. The radial functions f t (kr) and g t (kr) are of the form: 



g,(/tr) = ^V ) +4 (2) V 2) 
X f m is the vector spherical harmonic defined by 



(9.42) 
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X,,.,(M = 



V^ + l) 



L*UM 



(9.43) 



where 



L = i(rxV) (9.44) 

The coefficients a E U,m) and a M (£.m) of Eg. (9.41) specify the amounts of electric (£.m) multipole and magnetic (l.m) 



multipole fields^ and are determined hy sources and boundary conditions as are the relative proportions in F.q. (9.47). Jackson 
gives the result of the electric and magnetic coefficients from the sources as 

4xk 2 r,.„. f 8 r . ,, m i/fc, 



^^'E^rP^v^^^^^^r 



49=45^ 



and 



a M (£,m) = 



-Ank 1 



v/^+l) 



J-MW: 



L-|- + VxM|a? 3 x 



(9.46) 



respectively, where the distribution of charge p(\,t), cnrrerrt J(x,/), and intrinsic magnetization M[\,l) are liarmoiiically 
varying sources: p(x)e~ a "' , J(x)e~" v , and M(x)e~" v . From Eq. (9.38), the charge and intrinsic magnetization terms are zero. 
Since the source dimensions are very small compared to a wavelength (&r max « 1), the small argument limit can be used to give 
the magnetic multipole coefficient a M (£,m) as 



l + \ 



—Airk l+2 ( t + lY — Awk l+2 



(2l + \)\ 



(9.47) 



-^fi- 



(21 I 1)! 
2^! 



where (2^ + l)!! = (2^ + l)(2^-l)(2^-3)-(5)-(3)-(l) = 



and the magnetic multipole moments are 



M, 



= -7irf^ v 



rx J 



rf x 



(9.48) 



OY 



M, 



= -[?•%, V-Mrf 3 



From Eq. (1.140), the geometrical factor of the surface current-density function of the orbitsphere about the z-axis is — 

W 



Using the geometrical factor, Eqs. (9.47-9.48), and Eqs. (24.101) and (24.102) of Jackson [8], the multipole coefficient 
a Mag (£,m) of the magnetic force of Eq. (7.24) is 



-3- 



a Mag(t> m )-- 



1 



? + l 



(2£ + \)\\£ + 2 l y £ 

For singlet states with £ ^ 0, a minimum energy is achieved with conservation of the photon's angular momentum of % when 
the magnetic moments of the corresponding angular momenta relative to the electron velocity (and corresponding Lorentz forces 
given by Eq. (7.10)) superimpose negatively such that the spin component is radial ( i r -direction) and the orbital component is 



central ( —\ r -direction). The amplitude of the orbital angular momentum L 



rotational orbital 



, given by Eq. (1.76) is 



I, = Jm\ =h 



£(£ + !) 



_=A 



(9 - 50) 



r + 27+T 



l + \ 



Thus, using Eqs. (7.24), (9.8), (9.49-9.50), and Eq. (36) of Appendix VI, the magnetic force between the two electrons is 
3 
1 9 



1 



• (21 + 1) !! 1 + 2^ £ ) 2m e r 



+ 1Y 1 h l 



<Js(s + l)- 



trt 



(9-51) 



and the torce balance equation from Eq. (7.32) which achieves the condition that the sum of the mechanical momentum and 
electromagnetic momentum is conserved as given in Sections 6.6, 12.10, and 17.3 of Jackson [9] is 

3 

2 *2 

mj a_ 



_L 



f!>^\ m 



i-„ m^ n A n-Erf i «(2 l + l) !!l, £ J i + 2 2 m e r\ s \£ + \ 



ts 
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(9.52) 
1 



With s-- 




■■ 2,3,4,... 



(9.53) 



The excited- state energy is the energy stored in the electric field, E de , given by Eq. (9.12) where r 2 is given by Eq. (9.53). The 
energies of the various singlet excited states of helium with i # appear in Table 9.3. 

Using r 2 (Eq. (9.53)), r x can be solved using the equal and opposite magnetic force of electron 2 on electron 1 and the 
central Coulombic force corresponding to the nuclear charge of 2e. Using Eq. (9.52), the force balance between the centrifugal 
and electric and magnetic forces is 



my 



h 2 



2e 2 



1 

■ + — 



( £ + 1 

m/ x AnSt/l ' «(2l + l)!![ £ 



1 1 h 1 



- 2 2 mr„ 



V^W— 



(9.54) 



With s = -, 

2 



n%r x r 2 



-(2£ + \)\\ 



4+i 



{l + 2) 



^t 



«4r, 



(9.55) 



( 2/+1 )! ihrr ( £+2 ) = ° 



4+4 



3 



H+ 



n =2,3,4,... 
where r 2 is given by Eq. (9.53) and r x and r 2 are in units of a He . To obtain the solution of cubic Eq. (9.55), let 



„4,- 3 . ( t V' 2 . 


s- 

3 


r/3 m 


•( 2 ^ + lJ"[— J i^ + 2 J (9.56) 


then, Eq. (9.55j uecomes 


r>-2gr l + g = n = 2,3,4,... (9.57) 

Three distinct cases arise depending on the value of £ . For £ = 1 or £ = 2 , g of Eq. (9.56) is negative and ^4 and 5 of Eqs. 
(9.20) and (9.21), respectively, are real: 



— i-fM'-i* 



and 



5 = -^-^ 3 /Jl-— e-1 



-2t^ 



(9.58) 



(9.59) 



The only real root is 



m = k x = }I = M ill+ Jl- — e - 2 ■ 1- — g -1 }• 



~2T 



~2T 



(9.60) 



while r 12 and r 13 are complex conjugates. When £ = 3 the magnetic force term (2nd term on RHS) of Eq. (9.52) is zero, and the 
force balance trivially gives 



r, -0.5a,, 



-4^My 



When ^ = 4,5,6... all three roots are real, but, the physical root is r 13 . In this case, note that k>5, ^>4; so, the factor g ofEq. 
(9.56) is large (> 10 8 ). Expanding r a for large values of g gives 
1 1 



n -i \ , - . I . I 



2 16g 



^fr 2 ^ 



-(9*2)- 
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Table 9.3. Calculated and experimental energies of He I singlet excited states with £ * . 



n £ 


1 


r 2 


Term 




NIST 


Difference 


Relative 




(<%J a 


b 
( a He) 


Symbol 


CP 


He I 
Energy 

d 


CP-NIST 

(eV) 


e 

Difference 










He I Energy Levels 


Levels 

f„TA 




(CP-NIST) 


{en 


2 1 


0.499929 


2.01873 


1S2P 1 ? 


-3.36941 


-3.36936 


-0.0000477 


0.0000141 


3 2 


0.499999 


3.00076 


Is3d l D 


-1.51116 


-1.51331 


0.0021542 


-0.0014235 


3 1 


0.499986 


3.01873 


ls3p 1 P° 


-1.50216 


-1.50036 


-0.0017999 


0.0011997 


4 2 


0.500000 


4.00076 


ls4d [ D 


-0.85008 


-0.85105 


0.0009711 


-0.0011411 


4 3 


0.500000 


4.00000 


ls4f 1 F° 


-0.85024 


-0.85037 


0.0001300 


-0.0001529 


4 1 


0.499995 


4.01873 


ls4p 1 P° 


-0.84628 


-0.84531 


-0.0009676 


0.0011446 


5 2 


0.500000 


5.00076 


IsSdh) 


-0.54407 


-0.54458 


0.0005089 


-0.0009345 


5 3 


0.500000 


5.00000 


ls5f 1 F° 


-0.54415 


-0.54423 


0.0000764 


-0.0001404 


5 4 


0.500000 


5.00000 


ls5g l G 


-0.54415 


-0.54417 


0.0000159 


-0.0000293 


5 1 


0.499998 


5.01873 


, r , i r o 


-0.54212 


-0.54158 


-0.0005429 


0.0010025 


6 2 


0.500000 


6.00076 


— Is6d l D 


-0.37784 


-0.37813 


0.0002933 


-0.0007757 



6 3 
6 4 



0.500000 
0.500000 



5.00000 
5.00000 



-6—5 0.500000 



6.00000 



lsef^ 

ls6g X G 
ls6h 1 H° 



-0.37788 
-0.37788 



-0.37793 
-0.37789 



-0.37788 



-0.37788 



0.0000456 

0.0000053 

-0.0000045 



-0.0001205 
-0.0000140 



0.0000119 



6 1 


0.499999 


6.01873 


ls6p T 


-0.37671 


-0.37638 


-0.0003286 


0.0008730 


7 2 


0.500000 


7.00076 


ls7d X D 


-0.27760 


-0.27779 


0.0001907 


-0.0006864 


7 3 


0.500000 


7.00000 


ls7f 1 F° 


-0.27763 


-0.27766 


0.0000306 


-0.0001102 


7 4 


0.500000 


7.00000 


ls7g l G 


-0.27763 


-0.27763 


0.0000004 


-0.0000016 



7 


5 


0.500000 


7.00000 


ls7h 1 H° 


-0.27763 


-0.27763 


0.0000006 


-0.0000021 


7 


6 


0.500000 


7.00000 


ls7i h 


-0.27763 


-0.27762 


-0.0000094 


0.0000338 


7 


1 


0.500000 


7.01873 


ls7 P 1 P° 


-0.27689 


-0.27667 


-0.0002186 


0.0007900 














Avs. 


0.0000240 


-0.0000220 



a Radius of the inner electron 1 from Eq. (9.60) for £ = 1 or £ = 2 , Eq. (9.61) for £ = 3 , and Eq. (9.62) for £ = 4, 5, 6... . 

b Radius of the outer electron 2 from Eq. (9.53). 

c Classical physics (CP) calculated energy levels given by the electric energy (Eq. (9.12)). 

d Experimental NIST levels [ 6 ] with the ionization potential defined as zero. 

e (Theoretical-ExperimentalV Ex perimental. 



TRIPLET EXCITED STATES WITH £ = 

For triplet states with £ * , a minimum energy is achieved with conservation of the photon's angular momentum of h when the 
magnetic moments of the corresponding angular momenta superimpose negatively such that the spin component is central and 
the orbital component is r adial. Furthermo r e, as given for the t r i p let states with £ = , the spin component in Eqs. (9.51) and 
(9.52) is doubled. Thus, the force balance equation derived in Appendix VI is given by 

3 
1 



,2 



w 



„2 



1 



» + l 



1 1 h 2 



Ijs(s + Y)- 



i9r63)- 



With s 



r, m/l nAnScxl n(2£ + \)\\ 
1 



? + 2 2m r J 



l + \ 



3 






4 1 fl + lf 


f,/3 


\ i \ 


(2^ + l)!!^ + 2^ £ ) 


hfr- 


V^+i J 


n =2,3,4,... 







(9.64) 



The excited-state energy is the energy stored in the electric field, E de , given by Eq. (9.12) where r 2 is given by Eq. (9.64). The 
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energies of the various triplet excited states of helium with I * appear in Table 9.4. 

Using r 2 (Eq. (9.64)), r x can be solved using the equal and opposite magnetic force of electron 2 on electron 1 and the 

central Coulombic force corresponding to the nuclear charge of 2e . Using Eq. (9.63), the force balance between the centrifugal 
and electric and magnetic forces is 



m y tT 2e 2 



ATZSn 



.(21 + 1) ! 



+1Y' 1 1 h 2 



J 1 + 2 2 mr. 



2yls(S + l)-J— 



^+i- 



(9.65) 



e'2 V 



With s = -, 

2 



n&r.r, 



( ? ' + 1 ) " 7TT ( f + ? ) 



l + \ 



v .4 \* + l, 



«4r, 



(9.66) 



( 2/ + 1 ) !! 7TT ( / + 2 )-° 



' + 1 



l + \ 



n = 2,3,4,... 
where r 2 is given by Eq. (9.6 4 ) and r\ and r 2 are in units of a He . To obtain the solution of cubic Eq. (9.66), let 

U3 



{H 



— (2/+i)i(tttI ( i+2 ) 



' + 1 



l + \ 



(9.67) 



Then, Eq. (9.66) becomes 

1 ? -2gr, + g = n = 2,3,4,... 

Using Eqs. (9.16-9.29), the real and physical root is 



(9.68) 



e rz . e 

cos v3sin — 

V 3 3" 



(9.69) 



/ 



Table 9.4. Calculated and experimental energies of He I triplet excited states with £ 4- 
n P r. k — 



Term 



NIST 



Difference 



Relative 



(<* He) 



(a He) 



Symbol 



He I Energy CP NIST 



CP 
He I Energy Levels 



Levels 
(eV) 



(eV) 



Difference 



(CP-NIST) 











(oV\ 










2 1 


0.500571 


1.87921 


l^n 3p0 


-3.61957 


-3.6233 


0.0037349 


-0.0010308 


2 1 
2 1 


0.500571 
0.500571 


1.87921 
1.87921 


is^p r 2 
ls2p 3 P°i 
ls2p 3 P° 


-3.61957 
-3.61957 


-3.62329 
-3.62317 


0.0037249 
0.0036049 


-0.0010280 
-0.0009949 


3 1 


0.500105 


2.87921 


ls3p 3 P U 2 


-1.57495 


-1.58031 


0.0053590 


-0.0033911 


3 1 
3 1 

3 2 


0.500105 
0.500105 
0.500011 


2.87921 
2.87921 
2.98598 


ls3p 3 P°i 
ls3p 3 P° 


-1.57495 
-1.57495 
-1.51863 


-1.58031 
-1.58027 
-1.51373 


0.0053590 

0.0053190 

-0 0049031 


-0.0033911 

-0.0033659 

0.0032391 


3—2— 


0.500011 


2.98598 


1SJU Dj 
— i.ij 3. ._ 


-1.51863 


-1.51373 


-0.0049031 


0.0032391 



3 2 0.500011 

4 1 0.500032 
Tl 0.500032 



2.98598 
3.87921 
3.87921 



ls3d J Di 
ls4p 3 P° 2 
1s4p 3 P°i 



-1.51863 
-0.87671 
-0.87671 



1.51373 


-0.0049031 


0.0032391 


0.87949 


0.0027752 


-0.0031555 


0.87949 


0.0027752 


-0.0031555 



4 1 0.500032 

4 2 0.500003 

-4-^ 0.500003 



3.87921 
3.98598 
3.98598 



ls4p 3 P°o 
ls4d 3 D 3 



-0.87671 
-0.85323 
-0.85323 



-0.87948 
-0.85129 
-0.85129 



0.0027652 
-0.0019398 
-0.0019398 



-0.0031442 
0.0022787 
0.0022787 



ls4d"D 2 
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(a He) 



(a He) 



Term 
Symbol 



NIST 
He I Energy 



Difference 
CP-NIST 



Relative 
Difference 



-Xevy 



CP 



Levels 

-xevy 



(CP-NIST) 



He I Energy Levels 
(eV) 



4 2 0.500003 3.98598 



ls4d J Di 



-0.85323 



-0.85129 



-0.0019398 



0.0022787 



4 3 0.500000 



3.99857 



ls4f 3 F°3 



-0.85054 



-0.85038 



-0.0001638 



0.0001926 



4 3 

4 3 

-4—1- 



0.500000 
0.500000 
0.500013 



3.99857 
3.99857 
■1 .87921 



ls4f 3 F° 4 
ls4f 3 F° 2 
ls5p 3 P° 2 



-0.85054 
-0.85054 
- 0.55762 



-0.85038 
-0.85038 
- 0.55916 



-0.0001638 

-0.0001638 

0.0015352 



0.0001926 

0.0001926 

- 0.0027 4 56 



-5-^ 0.500013 4.87921 



5 1 

5 2 



0.500013 
0.500001 



4.87921 
4.98598 



ls5p 3 P°i 
ls5p 3 P° 
ls5d 3 D 3 



-0.55762 
-0.55762 
-0.54568 



-0.55916 
-0.55915 
-0.54472 



0.0015352 

0.0015252 

-0.0009633 



-0.0027456 

-0.0027277 

0.0017685 



5 


2 


0.500001 


4.98598 


5 


2 


0.500001 


4.98598 


5 


3 


0.500000 


4.99857 


5 


i 


0.500000 


4.99857 



ls5eTD 2 
ls5d 3 Di 
ls5f 3 F° 3 



ls5f 3 F° 4 



■0.54568 


-0.54472 


-0.0009633 


0.0017685 


•0.54568 


-0.54472 


-0.0009633 


0.0017685 


■0.54431 


-0.54423 


-0.0000791 


0.0001454 


•0.5443 1 


-0.54423 


-0.0000791 


0.0001454 



5 3 
5 4 
5 4 



0.500000 
0.500000 
0.500000 



4.99857 
4.99988 
4.99988 



ls5f 3 F° 2 
ls5g 3 G 4 



ls5g J G 5 



-0.54431 
-0.54417 
-0.54417 



-0.54423 
-0.54417 
-0.54417 



-0.0000791 
0.0000029 
0.0000029 



0.0001454 
-0.0000054 
-0.0000054 



-4-A 0.500000 



4 .99988 



ls5g ^3 
ls6p 3 P° 2 
ls6p 3 P°i 



- 0.5 44 17 



- 0.5 44 17 



0.0000029 



- 0.000005 4 



6 1 
6 1 



0.500006 
0.500006 



5.87921 
5.87921 



-0.38565 
-0.38565 



-0.38657 
-0.38657 



0.0009218 
0.0009218 



-0.0023845 
-0.0023845 



6 


1 


0.500006 


5.87921 


ls6p 3 P° 


-0.38565 


-0.38657 


0.0009218 


-0.0023845 


6 


2 


0.500001 


5.98598 


ls6d 3 D 3 


-0.37877 


-0.37822 


-0.0005493 


0.0014523 


6 


2 


0.500001 


5.98598 


ls6d 3 D 2 


-0.37877 


-0.37822 


-0.0005493 


0.0014523 


*- 


-9— 


0.500001 


5.98598 




-0.37877 


-0.37822 


-0.0005493 


0.0014523 



-6S 0.500000 



5.99857 
5.99857 
5.99857 



ls6f 3 F° 3 
ls6f 3 F° 4 
1s6f 3 F° 2 



-0.37797 
-0.37797 
-0.37797 



-0.37793 
-0.37793 
-0.37793 



-0.0000444 
-0.0000444 
-0.0000444 



0.0001176 
0.0001176 
0.0001176 



6 3 
6 3 



0.500000 
0.500000 



6 4 0.500000 



5.99988 



Is6g- , G 4 
ls6g 3 G 5 
ls6g G3 



-0.37789 



-0.37789 



-0.0000023 



0.0000060 



6 4 
6 4 



~fT^~ 



0.500000 
0.500000 
0.500000 



5.99988 
5.99988 
5.99999 



ls6h 3 H° 4 



-0.37789 
-0.37789 
-0.37789 



-0.37789 
-0.37789 
-0.37788 



-0.0000023 
-0.0000023 
-0.0000050 



0.0000060 
0.0000060 
0.0000133 



6 5 

6 5 

7 1 



0.500000 
0.500000 
0.500003 



5.99999 
5.99999 

6.8797.1 



ls6h 3 H° 5 
ls6h 3 H° 6 
ls7p 3 P°2 



-0.37789 
-0.37789 
-0.7.87.50 



-0.37788 
-0.37788 
-07.8309 



-0.0000050 

-0.0000050 

00005858 



0.0000133 

0.0000133 

-00070697 



-3—1- 



0.500003 



6.87921 



ls/p 3 P°i 
ls7p P 
ls7d 3 D 3 
1 s7d 3 D 2 



- 0.28250 



- 0.28309 



0.0005858 



- 0.0020692 



7 1 

7 2 
7 2 



0.500003 
0.500000 
0.500000 



6.87921 
6.98598 
6.98598 



-0.28250 
-0.27819 
-0.27819 



-0.28309 
-0.27784 
-0.27784 



0.0005858 
-0.0003464 
-0.0003464 



-0.0020692 
0.0012468 
0.0012468 



7 2 

7 3 

-t*— 3- 



0.500000 
0.500000 
0.500000 



6.98598 
6.99857 
6.99857 



ls7d J Di 
ls7f 3 F° 3 



ls7f J F 4 



-0.27819 
-0.27769 
-0.27769 



-0.27784 
-0.27766 
-0.27766 



-0.0003464 
-0.0000261 
-0.0000261 



0.0012468 
0.0000939 
0.0000939 
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n 


£ 


1 


1 


Term 
Symbol 


CP 

He I Energy Levels 
(eV) 


NIST 

He I Energy 

Levels 

(eV) 


Difference 
CP-NIST 

(eV) 


Relative 
Difference 

(CP-NIST) 


7 


3 


0.500000 


6.99857 


ls7f 3 F° 2 


-0.27769 


-0.27766 


-0.0000261 


0.0000939 


7 


4 


0.500000 


6.99988 


ls7g 3 G 4 


-0.27763 


-0.27763 


-0.0000043 


0.0000155 


7 


4 


0.500000 


6.99988 


ls7g 3 G 5 


-0.27763 


-0.27763 


-0.0000043 


0.0000155 


7 


4 


0.500000 


6.99988 


ls7g 3 G 3 


-0.27763 


-0.27763 


-0.0000043 


0.0000155 


7 


5 


0.500000 


6.99999 


ls7h 3 H°5 


-0.27763 


-0.27763 


0.0000002 


-0.0000009 


7 


5 


0.500000 


6.99999 


ls7h 3 H° 6 


-0.27763 


-0.27763 


0.0000002 


-0.0000009 


7 


5 


0.500000 


6.99999 


ls7h 3 H° 4 


-0.27763 


-0.27763 


0.0000002 


-0.0000009 


7 


6 


0.500000 


7.00000 


ls7 i 3 I 5 


-0.27763 


-0.27762 


-0.0000094 


0.0000339 


7 


6 


0.500000 


7.00000 


ls7i 3 I6 


-0.27763 


-0.27762 


-0.0000094 


0.0000339 


7 


6 


0.500000 


7.00000 


ls7i 3 I 7 


-0.27763 


-0.27762 
Avg. 


-0.0000094 
0.0002768 


0.0000339 
-0.0001975 



a Radius of the inner electron I from Eq. (9.69). 

b Radius of the outer electron 2 from Eq. (9.64). 

c Classical physics (CP) calculated energy levels given by the electric energy (Eq. (9.12)), 

d Experimental NIST levels [6] with the ionization potential defined as zero. 

e (Theoretical- Experimental/Experimental. 

ALL EXCITED HE I STATES 

The combined energies of the various states of helium appear in Table 9.5. A plot of the predicted and experimental 
energies of levels assigned by NIST [6] appears in Figure 9.1. 

Figure 9.1 . A plot of the predicted and experimental energies of levels assigned by NIST [6]. 




CP Energy Levels for He I (eV) 

For over 100 states, the r- squared value is 0.999994, and the typical average relative difference is about 5 significant figures, 
which is within the error of the experimental data. The agreement is remarkable. The color scale, translucent views of the charge 
densities of exemplary spherical harmonics that modulate the time-independent spin function are shown in Figure 9.2. For 
£ 1 , the modulation functions propagate about the z-axis as spatially and temporally harmonic charge-density waves. 
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Figure 9.2. Exemplary color scale, translucent views of the charge-densities of the inner and outer electrons of helium 
excited states. The outer-electron orbital function modulates the time-constant (spin) function, (shown for t = 0; three- 
dimensional view). The inner electron is essentially that of He* (nuclei red, not to scale). 




He ls2s l S 



ls3s 'S 



ls4s 'S 




Is3d 'l> 



1s4d 'D 



The hydrino states given in the Hydrino Theory — BlackLight Process section are strongly supported by the calculation of 
the helium excited states as well as the hydrogen excited states given in the Excited States of the One-Electron Atom 
(Quantization) section since the electron-photon model is the same in both the excited states and in the lower-energy states of 
hydrogen except that the photon provides a central field of magnitude n in the hydrino case and \ln in the excited-state case. 

Table 9.5. Calculated and experimental energies of states of helium. 



n 


i 


r 


r 2 

b 


Term 

Symbol 


CP 
He I EnergyLevels 
(eV) 


NIST 
He I Energy 

Levels 
(eV) 


Difference 
CP-NIST 

ieV) 


Relative 
Difference 

(CP-NIST) 


l 





0.56699 


0.566987 


ls2' S 


-24.58750 


-24.58741 


-0.000092 


0.0000038 


2 





0.5065 14 


1.42265 


ls2s 3 S 


-4.78116 


-4.76777 


-0.0133929 


0.0028090 


2 





0.501820 


1.71132 


ls2s *S 


-3.97465 


-3.97161 


-0.0030416 


0.0007658 


2 


I 


0.500571 


1.87921 


ls2p 3 P° 2 


-3.61957 


-3.6233 


0.0037349 


-0.0010308 


2 


l 


0.500571 


1.87921 


ls2p 3 P° 1 


-3.61957 


-3.62329 


0.0037249 


-0.0010280 


2 


l 


0.500571 


1.87921 


ls2p 3 P° 


-3.61957 


-3.62317 


0.0036049 


-0.0009949 


2 


l 


0.499929 


2.01873 


ls2p 1 P° 


-3.36941 


-3.36936 


-0.0000477 


0.0000141 


3 





0.500850 


2.42265 


ls3s 3 S 


-1.87176 


-1.86892 


-0.0028377 


0.0015184 


3 





0.500302 


2.71132 


ls3s X S 


-1.67247 


-1.66707 


-0.0054014 


0.0032401 


.1 


! 


0.500105 


2.87921 


ls3p 3 P° 2 


-1.57495 


-1.58031 


0.0053590 


-0.0033911 


3 


I 


0.500105 


2.87921 


ls3p 3 P°i 


-1.57495 


-1.58031 


0.0053590 


-0.0033911 


3 


I 


0.500105 


2.87921 


ls3p 3 P° 


-1.57495 


-1.58027 


0.0053190 


-0.0033659 


3 


2 


0.500011 


2.98598 


ls3d 3 D 3 


-1.51863 


-1.51373 


-0.0049031 


0.0032391 
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n £ 



("He)' 



(1 He) 



Term 
Symbol 



NIST 
He I Energy 



Difference 
CP-NIST 



Relative 
Difference 



CI" Levels 

c 

He 1 LnergyLevels ieV) 

m 



-Ten 



(CP-NIST) 



3 2 
"3 — 2- 



0.500011 
0.500011 



2.98598 
2.98598 



ls3d J D 2 



1s3cTDi 



-1.51863 
-1.51863 



-1.51373 
-1.51373 



-0.0049031 
-0.0049031 



0.0032391 
0.0032391 



"1 T 

3 1 

4 
4 



0.499999 
0.499986 
0.500225 
0.500088 



3.00076 
3.01873 
3.42265 
3.71132 



IsSd'D 
lsSpV 
ls4s 3 S 
1s4s l S 



■1.51116 


-1.51331 


0.0021542 


-0.0014235 


■1.50216 


-1.50036 


-0.0017999 


0.0011997 


■0.99366 


-0.99342 


-0.0002429 


0.0002445 


■0.91637 


-0.91381 


-0.0025636 


0.0028054 



4 


1 


0.500032 


3.87921 


ls4p 3 P° 2 


-0.87671 


-0.87949 


0.0027752 


-0.0031555 


4 


1 


0.500032 


3.87921 


ls4p 3 P°i 


-0.87671 


-0.87949 


0.0027752 


-0.0031555 


4- 


-+- 


0.500032 


3.87921 


ls4p 3 P° 


0.87671 


0.87948 — 


— 0.0027652 


0.0031442 


4- 


-ir 


0.500003 


3.98598 


1 oAH 3 TV 


-0.85323 


-0.85129 


-0.0019398 


0.0022787 



4 


2 


0.500003 


3.98598 


4 


2 


0.500003 


3.98598 


4 


2 


0.500000 


4.00076 



ls4d j D 2 
ls4d 3 Di 
ls 4 d 3 D 



■0.85323 


-0.85129 


-0.0019398 


0.0022787 


■0.85323 


-0.85129 


-0.0019398 


0.0022787 


■0.85008 


-0.85105 


0.0009711 


-0.0011411 



4 3 

4 3 

4 3 

4 3 

4 1 

5 



0.500000 
0.500000 
0.500000 
0.500000 
0.499995 
0.500083 



3.99857 
3.99857 
3.99857 
4.00000 
4.01873 
4.42265 



ls4f 3 F° 3 
ls4f 3 F° 4 



ls4f 3 F° 2 
ls4f 1 F u 
ls4p 1 P° 
ls5s 3 S 



-0.85054 
-0.85054 
-0.85054 



-0.85038 
-0.85038 
-0.85038 



-0.0001638 
-0.0001638 
-0.0001638 



0.0001926 
0.0001926 
0.0001926 



■0.85024 


-0.85037 


0.0001300 


-0.0001529 


■0.84628 


-0.84531 


-0.0009676 


0.0011446 


■0.61519 


-0.61541 


0.0002204 


-0.0003582 



5 0.500035 4.71132 



1s5s X S 



-0.57750 



-0.57617 



-0.0013253 



0.0023002 



5 1 
5 1 

S — 3- 



0.500013 
0.500013 
0.500013 



4.87921 
4.87921 
4 .87921 



ls5p 3 P° 2 
ls5p 3 P°i 
ls5p 3 P° 



-0.55762 
-0.55762 
- 0.55762 



-0.55916 
-0.55916 
- 0.55915 



0.0015352 
0.0015352 
0.0015252 



-0.0027456 
-0.0027456 
- 0.0027277 



S — 2 — 0.500001 4.98598 i S 5d 3 D 3 

ls5d 3 D 2 



-0.54568 
-0.54568 
-0.54568 



-0.54472 
-0.54472 
-0.54472 



-0.0009633 
-0.0009633 
-0.0009633 



0.0017685 
0.0017685 
0.0017685 



5 2 
5 2 



0.500001 
0.500001 



4.98598 
4.98598 



Is5d-T>i 



5 2 0.500000 5.00076 i^ ^ D 



-0.54407 



-0.54458 



0.0005089 



-0.0009345 



5 3 

5 3 

-5 — 3" 



0.500000 
0.500000 
0.500000 



4.99857 
4.99857 
4.99857 



ls5f 3 F° 3 

ls5f 3 F° 4 
-fce- 



-0.54431 
-0.54431 
-0.54431 



-0.54423 
-0.54423 
-0.54423 



-0.0000791 
-0.0000791 
-0.0000791 



0.0001454 
0.0001454 
0.0001454 



ls5fF" 2 



"3 3" 
5 4 
5 4 



0.500000 
0.500000 
0.500000 



5.00000 
4.99988 
4.99988 



IsSfV 
ls5g 3 G 4 
1 s 5 S 3 G 5 



-0.54415 
-0.54417 
-0.54417 



-0.54423 
-0.54417 
-0.54417 



0.0000764 
0.0000029 
0.0000029 



-0.0001404 
-0.0000054 
-0.0000054 



_5 4_ 

5 4 

5 1 

6 



0.500000 
0.500000 
0.499998 
0.500038 



4.99988 
5.00000 
5.01873 
5.42265 



ls5g 3 G 3 
lsSg^ 
IsSpV 



ls6s J S 

±7 



-0.54417 
-0.54415 
-0.54212 
-0.41812 



■0.54417 


0.0000029 


-0.0000054 


■0.54417 


0.0000159 


-0.0000293 


•0.54158 


-0.0005429 


0.0010025 


-0.41838 


0.0002621 


-0.0006266 



-6—0 — 0.500016 5.71132 



-0.39698 
-0.38565 
-0.38565 



-0.39622 
-0.38657 
-0.38657 



-0.0007644 
0.0009218 
0.0009218 



0.0019291 
-0.0023845 
-0.0023845 



6 1 
6 1 



0.500006 
0.500006 



5.87921 
5.87921 



ls6sS 
ls6p 3 P° 2 
ls6p 3 P°i 



6 1 0.500006 5.87921 



ls6p 3 P°o 



-0.38565 



-0.38657 



0.0009218 



-0.0023845 
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n £ 



("He)' 



(1 He) 



Term 
Symbol 



NIST 
He I Energy 



Difference 
CP-NIST 



Relative 
Difference 



CI" Levels 

c 

He 1 LnergyLevels ieV) 

m 



-Ten 



(CP-NIST) 



6 2 
6 2 



0.500001 
0.500001 



5.98598 
5.98598 



ls6d J D 3 



Is6d-T> 2 



-0.37877 
-0.37877 



-0.37822 
-0.37822 



-0.0005493 
-0.0005493 



0.0014523 
0.0014523 



6 2 
6 2 
6 3 



0.500001 
0.500000 
0.500000 



5.98598 
6.00076 
5.99857 



-0.37877 
-0.37784 
-0.37797 



-0.37822 
-0.37813 
-0.37793 



-0.0005493 
0.0002933 
-0.0000444 



0.0014523 
-0.0007757 
0.0001176 



1s6cTDi 
1s6f 3 F° 3 



6 3 0.500000 5.99857 



ls6f 3 F° 4 



-0.37797 



-0.37793 



-0.0000444 



0.0001176 



6 3 
6 3 
6 4 



0.500000 
0.500000 
0.500000 



5.99857 
6.00000 
5.99988 



ls6f 3 F° 2 
lsef^ 



-0.37797 
-0.37788 
-0.37789 



-0.37793 
-0.37793 
-0.37789 



-0.0000444 
0.0000456 
-0.0000023 



0.0001176 
-0.0001205 
0.0000060 



6 


4 


0.500000 


5.99988 


6 


4 


0.500000 


5.99988 


6 


4 


0.500000 


6.00000 


6 


5 


0.500000 


5.99999 



ls6g J G 4 
ls6g 3 G 5 
ls6g 3 G 3 
^g^ 
ls6h 3 H°4 
ls6h 3 H° 5 
ls6h 3 H° 6 



■0.37789 


-0.37789 


-0.0000023 


0.0000060 


■0.37789 


-0.37789 


-0.0000023 


0.0000060 


■0.37788 


-0.37789 


0.0000053 


-0.0000140 


■0.37789 


-0.37788 


-0.0000050 


0.0000133 



6 5 
6 5 



0.500000 
0.500000 



5.99999 
5.99999 



-0.37789 
-0.37789 



-0.37788 
-0.37788 



-0.0000050 
-0.0000050 



0.0000133 
0.0000133 



6 5 

~6 r 

7 
7 



0.500000 
0.499999 
0.500019 
0.500009 



6.00000 
6.01873 
6.42265 
6.71132 



ls6h 1 H U 

iVp 

1s7s 3 S 
1s7s*S 



-0.37788 
-0.37671 
-0.30259 
-0.28957 



-0.37788 
-0.37638 
-0.30282 
-0.2891 



-0.0000045 

-0.0003286 

0.0002337 

-0.0004711 



0.0000119 

0.0008730 

-0.0007718 

0.0016295 



j L 

7 1 
7 1 

7 2 



0.500003 
0.500003 
0.500003 
0.500000 



6.87921 
6.87921 
6.87921 
6.98598 



ls7p 3 P° 2 
ls7p 3 P°i 

ls7p P o 



-0.28250 
-0.28250 
-0.28250 
-0.27819 



-0.28309 
-0.28309 
-0.28309 

-0.27784 



0.0005858 

0.0005858 

0.0005858 

-0.0003464 



-0.0020692 

-0.0020692 

-0.0020692 

0.0012468 



ls7d J D 3 



7 2 
7 2 
7 2 



0.500000 
0.500000 
0.500000 



6.98598 
6.98598 
7.00076 



ls7d J D2 
ls7d 3 Di 
ls7d 1 D 



-0.27819 
-0.27819 
-0.27760 



-0.27784 
-0.27784 
-0.27779 



-0.0003464 

-0.0003464 

0.0001907 



0.0012468 

0.0012468 

-0.0006864 



JZ 3 0.500000 6.99857 



ls7f 3 F°3 
ls7f 3 F° 4 
ls7f 3 F° 2 
ls7f 1 F° 



-0.27769 



-0.27766 



-0.0000261 



0.0000939 



7 3 

7 3 

1 3~ 



0.500000 
0.500000 
0.500000 



6.99857 
6.99857 
7.00000 



■0.27769 


-0.27766 


-0.0000261 


0.0000939 


•0.27769 


-0.27766 


-0.0000261 


0.0000939 


■0.27763 


-0.27766 


0.0000306 


-0.0001102 



7 4 
7 4 
7 4 



0.500000 
0.500000 
0.500000 



6.99988 
6.99988 
6.99988 



ls7g 3 G 4 
ls7g 3 G 5 



ls7g ' , G 3 



-0.27763 
-0.27763 
-0.27763 



-0.27763 
-0.27763 
-0.27763 



-0.0000043 
-0.0000043 
-0.0000043 



0.0000155 
0.0000155 
0.0000155 



^7-^ — 0.500000 7.00000 



7 5 

7 5 

"7 5~ 



0.500000 
0.500000 
0.500000 



6.99999 
6.99999 
6.99999 



ls7g 1 G 
ls7h 3 H° 5 
ls7h 3 H° 6 
1s7h 3 H° 4 



-0.27763 
-0.27763 
-0.27763 
-0.27763 



-0.27763 
-0.27763 
-0.27763 
-0.27763 



0.0000004 
0.0000002 
0.0000002 
0.0000002 



-0.0000016 
-0.0000009 
-0.0000009 
-0.0000009 



7 5 

7 6 

-7 — 6- 



0.500000 
0.500000 
0.500000 



7.00000 
7.00000 
7.00000 



ls7h 1 H° 
ls7i 3 I 5 



ls7i J I 6 



-0.27763 
-0.27763 
- 0.27763 



-0.27763 
-0.27762 
- 0.27762 



0.0000006 
-0.0000094 
- 0.000009 4 



-0.0000021 
0.0000339 
0.0000339 
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n £ 


1 
(a )" 


{a )" 


Term 
Symbol 


^e/e 


NIST 
He I Energy 


Difference 
CP-NIST 


Relative 

e 

Difference 




V. "/fe / 


\ u He> 




CP 

c 


Levels 


(eV) 












He 1 EnergyLeveis 
(eV) 


(e^) 




(CP-NIST) 


7 6 
7 — 6- 


0.500000 
0.500000 


6.78349 
7.00000 


ls7i 3 I 7 

1„-,:1 T 


-0.27763 
-0.27763 


-0.27762 
-0.27762 


-0.0000094 
-0.0000094 — 


0.0000339 
0.0000338 



-1 — 1 — 0.500000 7.01873 

8 0.500011 7.42265 
8 0.500005 7.71132 

~9 0.500007 8.42265 



ls7p P 
ls8s 3 S 
ls8s X S 

1s9s 3 S 



-0.27689 
-0.22909 

-0.22052 
-0.17946 



0.27667 


-0.0002186 


0.0007900 


-0.22928 


0.0001866 


-0.0008139 


-0.2202 


-0.0003172 


0.0014407 


-0.17961 


0.0001489 


-0.0008291 



9 0.500003 8.71132 

10 0.500004 9.42265 
10 0.500002 9.71132 



ls9s 1 S 
lsl0s 3 S 
lslOs : S 



-0.17351 
-0.14437 
-0.14008 



-0.1733 
-0.1445 
-0.13992 



-0.0002141 

0.0001262 

-0.0001622 



0.0012355 

-0.0008732 

0.0011594 



11 0.500003 10.42265 



lslls'S 
lslls X S 



-0.11866 



-0.11876 



.00010 37 



- .00087 34 



11 0.500001 10.71132 



-0.11546 



-0.11534 
Avg. 



-0.0001184 
-0.000112 



0.0010268 
0.0000386 



a Raflins fifths inner electron 1 nf singlet exrited states with / = from Eq (9 79); triplet excited states with / = frnm P.q (9 37); singlet excited states 
with £*Q from Eq. (9.60) for £ = 1 or £ = 2 and Eq. (9.61) for £ = 3 , and Eq. (9.62) for £ = 4, 5, 6... ; triplet excited states with £ * from Eq. 



- from Eq. (9.32); singlet excited states 



(9.69), and Is 2 S fromEq. (7.35). 
b Radius of the outer electron 2 of singlet excited states with £ - from Eq. (9.11); triplet excited states with 
with t*0 from Eq. (9.53); triplet excited states with t*0 from Eq. (9.64), and Is 2 's from Eq. (7.35). 

° Classical physics (CP) calculated excited-state energy levels given by the electric energy (Eq. (9.12); and the energy level of Is 2 S is given by Eqs. 

(7.44-7.46). 

d Experimental NIST levels [6] with the ionization potential defined as zero. 
e (Theoretical-Experimental)/Experimental. 



Due to (1) the invariance of each of — of the electron, the electron angular momentum of fr , and ju B from the spin angular and 

m e 

orbital angular momentum, (2) the condition that flux must be linked by the electron orbitsphere in units of the magnetic flux 



quantum, and (3) the maximum projection of the spin angular momentum of the electron onto an axis is A—Ti , the magnetic 



energy term of the electron g-factor gives the spin-orbit coupling energy E slo (Eq. (2.168)): 






ju eJt 



3 _ anfi^e h |3 



(9.70) 



2n\2m e; 



1[lnm *\k) 



m.r 



For the n=2 state of hydrogen, the radius is r = 2a , and the predicted energy difference between the 2 P 3I2 and 2 P m levels of 
the hydrogen atom due to spin-orbit interaction is 



-^7T= 



a7TjLi e ft \3 



-^tvt 



8m e a 



As in the case of the P m — » S ll2 transition, the photon-momentum transfer for the P vl — >■ P ln transition gives rise to a small 
frequency shift derived after that of the Lamb shift with Am t --1 included. The energy, E FS , for the 2 P y2 — » 2 P ll2 transition 
called the fine structure splitting is given by Eq. (2.179): 



a 5 (2x) 2 



m-e- 



+ \ 13.5983 eV 1 



V 



4^-1 \4 



1 + H-J- 



(9.72) 



2ju e c 2 



2m H c 



= 4.5190X10 - 5 eV + 1.75407 X 10" 7 eV = 4.53659 X 10 5 eV 
where the first term corresponds to E slo given by Eq. (9.71) expressed in terms of the mass energy of the electron (Eq. (2.172)) 
and the second and third terms correspond to the electron recoil and atom recoil, respectively. The energy of 
4.53659 X 10~ 5 eV corresponds to a frequency of 10,969.4 MHz or a wavelength of 2.73298 cm . The experimental value of 
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the 2 P y2 — 2 P V2 transition frequency is 10,969.1 MHz . The large natural widths of the hydrogen 2p levels limits the 
experimental accuracy; yet, given this limitation, the agreement between the theoretical and experimental fine structure is 
excellent. Using r, given by Eq. (9.53), the spin-orbital energies were calculated for 1 = 1 using Eg. (9.70) to compare to the 

effect of different £ quantum numbers. There is agreement between the magnitude of the predicted results given in Table 9.6 
and the experimental dependence on the £ quantum number as given in Table 9.5. 

Table 9.6. Calculated spin-orbital energies of He I singlet excited states with £ = \ as a function of the radius of the outer 
e l e ctron. 



Term Symbol 



spin-orbit 



(%) 



coupling 



2.01873 
3.01873 



lslpV 
IsSp 1 ? 



4.01873 



i^d- 



0.0000439 
0.0000131 
0.0000056 



ls4p P 



5.01873 
6.01873 
7.01873 



lsSp'p 
^P 
ls7p 1 P° 



0.0000029 
0.0000017 
0.0000010 



a Radius of the outer electron 2 from Eq. (9.53). 



b The spin-orbit coupling energy of electron 2 from Eq. (9.70) using r 2 from Eq. (9.53). 
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THREE- THROUGH TWENTY-ELECTRON ATOMS 



Three- through twenty-electron atoms are solved in this section with supporting material on the magnetic forces given in the 
Two-Electron Atoms section and Appendix VI. The charge-density functions of one- through twenty-electron atoms and their 
corresponding positive ions are shown in Figures 10.1 and 10.2, respectively. The electrons of multielectron atoms and ions 
exist as concentric orbitspheres ("bubble-like" charge-density functions) of discrete radii that are given by r n of the radial Dirac 

delta function, 8(r — r n ) as shown by the exemplary sectional view of the potassium atom in Figure 10.3. 



As is the case tor one and two-electron atoms shown in the corresponding sections, three through ten-electron atoms can also be 
solved exactly using the results of the solutions of the preceding atoms. For example, three-electron atoms can be solved exactly 
using the results of the solutions of the one and two-electron atoms. 

THE LITHIUM ATOM 

For Li + , there are two spin-paired electrons in an orbitsphere with 



1 



-fW^- 



as given by Eq. (7.35) where r n is the radius of electron n which has velocity v n . The next electron is added to a new 

orbitsphere because of the repulsive diamagnetic force between the two spin-paired electrons and the spin-unpaired electron. 
This repulsive diamagnetic force is due to the interaction of the magnetic field of the outer spin-unpaired electron on the electron 
current of the two spin-paired electrons of the inner shell. The diamagnetic force on the outer electron is determined by first 
considering th e central force on each el e ctron of th e inner shell due to the magnetic flux B of the outer electron that follows 
fromPurcell [1] 



F= 2« e v„Av . 

r 

where i„ is defined as the radial vector in the direction of the central electric field of the nucleus and 



(10.2) 



Av_ eB 

r 2m„ 



(10.3) 
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Figure 10.1. Charge-Density Functions Shown in Color Scale of One- Through Twenty-Electron Atoms. The electrons of 
multielectron atoms exist as concentric orbitspheres ("bubble-like" charge-density functions) of discrete radii, which are given 
by r„ of the radial Dirac delta function, 8(r-r n ). The electron configuration for one through twenty-electron atoms that 
achieves an energy minimum is: Is < 2s < 2p < 3s < 3p < 4s wherein each s orbital is a constant current-density function which 
gives rise to spin, and the charge-density of each p orbital is a superposition of a constant and a spherical and time harmonic 
function. The corresponding charge-density wave on the surface gives rise to electron orbital angular momentum that 
superimposes the spin angular momentum. To achieve an energy minimum, electrons of an atom with the same principal and t 
quantum numbers align parallel until each of the m f levels are occupied, and then pairing occurs until each of the m t levels 
contain paired electrons. 
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Figure 10.2. Charge-Density Functions Shown in Color Scale of One- Through Twenty-Electron-Plus-One Ions. The 
electrons of multielectron ions also exist as concentric orbitspheres ("bubble-like" charge-density functions) of discrete radii 
which are given by /;, of the radial Dirac delta function, S(r - ;;, ) , and the electron configuration follows the same principles as 
that for one through twenty-electron atoms: Is < 2s < 2p < 3s < 3p < 4s wherein electrons of an ion with the same principal and 
I quantum numbers align parallel until each of the m t levels are occupied, and then pairing occurs until each of the m, levels 
contain paired electrons. 
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Figure 10.3. A sectional view of the potassium atom showing the radii of the paired l s, paired 2s, three sets of paired 2p, 
paired 3s, and three sets of paired 3p inner electrons and the unpaired 4s outer electron. 




The velocity v K is given by the boundary condition for no radiation as follows: 

n 

where r x is the radius of the first orbitsphere; therefore, the force on each of the inner electrons is given as follows: 
„ heB. 



(1 0.4) 



(10.5) 



The change in magnetic moment, Am , of each electron of the inner shell due to the magnetic flux B of the outer electron is [l 



Am ■■ 



2 2 n 

e r, B 
4m. 



(10.6) 



The diamagnetic force on the outer electron due to the two inner shell electrons is in the opposite direction of the force given by 
Eq. (10.5), and this diamagnetic force on the outer electron is proportional to the sum of the changes in magnetic moments of the 
two inner electrons due to the magnetic flux B of the outer electron. The two electrons are spin-paired and the velocities are 
mirror opposites. Thus, the change in velocity of each electron treated individually (Eq. (10.3)) due to the magnetic flux B 
would be equal and opposite. However, the two paired electrons may be treated as one with twice the mass where m e is 
replaced by 2m e in Eq. (10.6). In this case, the paired electrons spin together about the field axis to cause a reduction in the flux 

according to Lenz's law. It is then apparent that the force given by Eq. (10.5) is proportional to the flux B of the outer electron; 
whereas, the total of the change in magnetic moments of the inner shell electrons given by Eq. (10.6) applied to the combination 
of the inner electrons is proportional to one eighth of the flux, B . Thus, the force on the outer electron due to the reaction of the 
inner shell to the flux of the outer electron is given as follows: 
ti eB , 



tliamagirelic 



8tj m r 



(10.7) 



where r, is the radial distance of the first orbitsphere from the nucleus. The magnetic flux, B , is supplied by the constant field 
inside the orbitsphere of the outer electron at radius r, and is given by the product of ju times Eq. (1 .1 52). 



B = 



fj u eti 



The result of substitution of Eq. (10.8) into Eq. (10.7) is 



F 

diamagnetic 



2m, k 



t. 



Amr.r: 



(10.8) 



(10.9) 



The term in brackets can be expressed in terms of the fine structure constant, a . From Eqs. (1.176-1.180) 
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e Mo 
2 ™ e r 3 



= 2na- 



(10.10) 



it is demonstrated in the Two-Electron Atoms section that the relativistic correction to Eq. (10. 9) is — times the reciprocal of 
Eq. (10.10). Z for electron three is one; thus, one is substituted for the term in brackets in Eq. (10.9). 

The force must be corrected for the Js(s + \) = J— vector projection of the velocity onto the z-axis as given in the Two- 



Electron Atoms section and Appendix VI. Thus, Eq. (10.9) becomes 

h 1 



diamagnelic 



AimIr 



<Js(s + \)i 



(10.11) 



THE RADIUS OF THE OUTER ELECTRON OF THE LITHIUM ATOM 

The radius for the outer electron is calculated by equating the outward centrifugal force to the sum of the electric and 
diamagnetic forces as follows: 



sls(s + l) 



(10.12) 



r 3 Atte^ 4m e r 3 2 r 1 



With 



(Eq. (1.35)), 1=4, -—T= 
2 6 , 



1 



(Eq. (7.35)), and s = -, 



we solve for 



/3/4 



lUA- 



(10.13) 



4 -- 



r 3 = 2.5559 a 



From Eq. (1.264), the magnitud e of th e en e rgy stor e d in th e el e ctric field is 

J- 

■ = 5.318eK 



8^£" r 3 



(10.14) 



Th e magn e tic fi e ld of the outer e lectron changes the angular v e locities of the inner e lectrons. However, the magnetic field of the 
outer electron provides a central Lorentz force that exactly balances the change in centrifugal force because of the change in 
angular velocity [1]. Thus, the electric energy of the inner orbitsphere is unchanged upon ionization. The magnetic field of the 
outer electron, however, also changes the magnetic moment, m , of each of the inner orbitsphere electrons. From Eq. (10.6), the 
change in magnetic moment, Am , (per electron) is 



A m =-^-5- ft . 



(10 IS) 



4m e 

where B is the magnetic flux of the outer electron given by the product of fi times Eq. (1.152). 
B = /ke% 



(10.16) 



Substitution of Eq. (10.16) and 2m e for m e (because there are two electrons) into Eq. (10.15) gives 



Am = — 



e 2 Mo 



ehr. 



4&h 



■e'3 J -""e'i 



(10.17) 



Furthermore, we know from Eqs. (10.9) and (10.1 1) that the term in brackets is replaced by ^s{s + 1) . 



ehr. 



Am = 4" •n/*C* + 1) 



Amn 



(10.18) 



Substitution of Eq. (10.1) for r y , Eq. (10.13) for r 3 , and given that the magnetic moment of an electron is one Bohr magneton 
according to Eq. (1.131), 

ft B ~ (10.19) 

2m„ 



the fractional change in magnetic moment of an inner shell electron, Am, , is given as follows: 
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ehrfyjs(s + l) 
Am r. 




(10.20) 


Am f ~ eh 


2m e 

1 r 2 




z£-ft 


(10.21) 



With Tj given by Eq. (10.1), r 3 given by Eq. (10.13), and s = — , the fractional change in magnetic moment of the two inner shell 
electrons is 



Am, 



(10.22) 



/7 



Am 7 =0.016767 

We add one (corresponding to m f ) to Am, which is the fractional change in the magnetic moment. The energy stored in the 
magnetic field is proportional to the magnetic field strength squared as given by Eq. (1.144); thus, the sum is squared 



(1.016767) =1.033815 



(10.23) 



Thus, the change in magnetic energy of the inner orbitsphere is 3.382 % , so that the corresponding energy AE is 

AE mag = (0.033815)(2.543 eV) = 0.08599 eV (10.24) 

where the magnetic energy of the inner electrons given in Table 7.1 is 2.543 eV . Then the ionization energy of the lithium atom 
is given by Eqs. (10.13-10.14) and (10.24): 

(Z-2)e 2 



E (ionization; Li) = - 



8?r£ r 2 



AE_ 



(10.25) 



= 5.3230 eV + 0.08599 eV = 5.4090 eV 

The experimental ionization energy of lithium is 5.392 eV [2-3]. 



THREE ELECTRON ATOMS WITH A NUCLEAR CHARGE Z>3 

Three-electron atoms having Z > 3 possess an electric field of 



(Z-y)e . 

4xe r 2 



(10.26) 



for r>r im For three-electron atoms having Z>3, the diamagnetic force given by Eq. (10.11) is unchanged. However, for 

three-electron atoms having Z > 3 , an electric field exists for r > r 3 . This electric field gives rise to an additional diamagnetic 

force term which adds to Eq. (10.11). The additional diamagnetic force is derived as follows. The diamagnetic force repels the 
third (outer) electron, and the electric force attracts the third electron. Consider the reverse of ionization where the third electron 
is at infinity and the two spin-paired electrons are at r y - r 2 given by Eq. (7.35). 

Power must be conserved as the net force of the diamagnetic and electric forces cause the third electron to move from 
infinity to its final radius. Pow e r flow is giv e n by th e Poynting Pow e r Th e or e m: 



V»(ExH) = -— 
dt 



|/PT«H 



-§_ 
' dt 



-£ n E»E 



J.E 



(10.27) 



During binding, the radius of electron three decreases. The electric force 



(10.28) 



A ne.x, 



increases the stored electric energy which corresponds to the power term, 



2 ° 



of Eq. (10.27). The diamagnetic 



d- 

force given by Eq. (10.7) changes the stored magnetic energy which corresponds to the power term, 

dt 



^qH«H 



of Eq. 
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(10.27). An additional diamagnetic force arises when Z -3 > . This diamagnetic force corresponds to that given by Purcell [1] 
for a charge moving in a central field having an imposed magnetic field perpendicular to the plane of motion. The second 
diamagnetic force F diamagnedc 2 is given by 



' diamagnetic 2 r 

where Av is derived from Eg. (10.3). The result of substitution of Av into Eg. (10.29) is 



(10.29) 



2 m. e.r, B 



(10.30) 



diamagnetic 2 



2m, 



The magnetic flux, B , at electron three for r <r 3 is given by the product of ju a times Eg. (1.152). The result of the substitution 
of th e flux into Eg. (10.30) is 



2m e r 3 



F = —2 

diamagnetic 2 



The term in brackets can be expressed in terms of the fine structure constant, a . From Egs. (1.176-1.181) 



A e Mo 



Im „n 



= 2naZ, 



(10.31) 



(10.32) 



1 



It is demonstrated in the Two-Electron Atoms section that the relativistic correction to Eg. (10.31) is — times the reciprocal of 

Eg. (10.32). Consider the case wherein Z x of Eg. (10.32) is different from Z = Z, of Eg. (7.22) in order to maintain relativistic 

invariance ol the electron angular momentum and magnetic moment. The relativistic correction to Eg. (1U.31) can be considered 
the product of two corrections — a correction of electron three relative to electron one and two, and electron one and two relative 
to electron three. In the former case, Z y and Z 2 =1 which corresponds to electron three. In the latter case, Z x =Z-3, and 

Z 2 = Z - 2 which corresponds to r 3 + , infinitesimally greater than the radius of the outer orbitsphere and r~ , infinitesimally less 



than the radius of the outer orbitsphere, respectively, where Z is the nuclear charge. Thus, 



Z-2 



is substituted for the term in 



brackets in Eg. (10.31). The force must be corrected for the Js(s + l) =Jj— vector projection of the velocity onto the z-axis as 
given in the Two-Electron Atoms section and Appendix VI. Thus, Eg. (10.31) becomes 



(Z-3)r x r 



diamagnetic 2 



■yjs(s + \)i 



(7 ~ 4 , . ■ r (10-33) 

(Z-2)m e r 3 

As given previously in the Two Electron section, this force corresponds to the dissipation term of Eg. (10.27), J«E. The~ 
current J is proportional to the sum of one for the outer electron and two times two — the number of spin-paired electrons. For 
the inner electrons, the factor of two arises because they possess mutual inductance which doubles their contribution to J . 
(Recall the general relationship that the current is egual to the flux divided by the inductance.) Thus, the second diamagnetic 
force is 



Z-3 (l + 4)rX 



<Js(s + l)i 



1 



(10.34) 



(10.35) 



diamagnetic 2 



diamagnetic 2 



Z-2 
Z-3 
Z-2 



rX 



■10V3/4i 
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THE RADIUS OF THE OUTER ELECTRON OF THREE-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>3 

The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric and diamagnetic 
forces as follows: 



m e v\ (Z-2)e 2 h 1 



r 3 Axe^r 2 4m E r 3 2 r 1 



V4? + i)- 



Z-3 
Z-2 



nh 2 



■10^(5 + 1) 



(10.36) 



23EH 



With 



(Eq. (1.35)), ?i-a 



2—3- 



(Eq. (7.35), and ^ - — , we solve for r 3 using the quadratic formula or 



m.K, 



z-\ z(z-i) 



reiteratively. 



1 + 



J Z—2r 



-10. 



(Z-2) V4 



-a 4?f 
The quadratic equation corresponding to Eq. (10.37) is 



(10.37) 



2 


r 3 




"Z-3" 
Z-2 


^i 


■ =0 


(10.38) 


1 










3 




£ 






(Z-2) V4 
a 4^ _ 




(Z-2 

a 


) V4 

4rj 







The solution of Eq. (10.38) using the quadratic formula is 



Z-3 



ft±& 



iZ-^ 



+ a n 



Z-2 



iz=?y- 



iZ-l± 



Ar, 



Ar, 



Ar, 



r y in units of a 



(10.39) 



[ + \ 1 + 4 — 



2^3 „J3_ 



r^O.P (Z-2)- 



(2-2)- 



/3/4 
4k 



Z-2 



4/; 



rj in units of a 



(10.40) 



(2-2)- 



73/4 
4r 



11^1 + 4(2-3)^/-- 



Z^T 



Z-2 



in units of a 



(10.41) 



tz^r- 



17, 1 A 



l±.l + 4(Z-3) 



/3/4 



Z-\ Z(Z-l) 



4 Z-2 



/3/4 



Z-l z(z-i) 



(10.42) 



The positive root of Eq. (10. 4 2) must be taken in order that r 3 > . 
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THE IONIZATION ENERGIES OF THREE-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>3 

The energy stored in the electric field, E(electric) , is 



E(electric) - - 



{z-iy 

8K£ r 3 



(10.43) 



where r 3 is given by Eq. (10.42). The magnetic field of the outer electron changes the velocities of the inner electrons. 

However, the magnetic field of the outer electron provides a central Lorentz field which balances the change in centrifugal force 
because of the change in velocity. Thus, the electric energy of the inner orbitsphere is unchanged upon ionization. The change 
in the velocities of the inner electrons upon ionization gives rise to a change in kinetic energies of the inner electrons. The 
change in velocity, Av , is given by Eq. (10.3) 

Av = ^- (10.44) 

2m-e 

Substitution of the flux, B , given by the product of // andEq. (1.152), into Eq. (10.43) is 

„2j 



Av = 



eVo 



r{h 



(10.45) 



2m e r 1 ]mX 
It is demonstrated in the One-Electron Atom section and the Two-Electrons Atom section (at Eq. (7.23)) that the relativistic 

correction to Eq. (10.45) is — times the reciprocal of the term in brackets. In this case, Z corresponding to electron three is 

one; thus, on e is substituted for th e t e rm in brackets in Eq. (10.45). Thus, Eq. (10.45) becomes, 

-rrtt 



Av = 



nm. 



(10.46) 



where is r x given by Eq. (7.35), and r 3 is given by Eq. (10.42). The change in kinetic energy, AE T , of the two inner shell 
electrons is given by 
i- 



AE T =2-m.Av 



(10.47) 



The ionization energy is the sum of the electric energy, Eq. (10.43), and the change in the kinetic energy, Eq. (10.47), of the 
inner electrons. 



E(Ionization) = E(Electric) + E T 



(10.48) 



The relativistic correction to Eq. (10.48) is given by (1) relativistically correcting the radius of the inner paired electrons r x , (2) 
using the relativistically corrected r x to determine r 3 which is then relativistically corrected. The relativistically corrected r x is 
given by dividing the radius given Eq. (7.35) by y of Eq. (1.281) 



y]s(s+rf 
Z-l Z(Z-l) 



1 






2k 



-, s- 



(10.49) 



2k. 1- 



/ 


fvYl 


1- 


- 


V 


UJJ 



+ COS 



p^ 



2^ 



where the velocity is given by Eq. (1.35) with the radius given by Eq. (7.35). Similarly, the relativistically corrected r 3 is given 
by dividing the radius given Eq. (10.41) by y* of Eq. (1.281) 



(Z-2)- 



73/4 



l + Jl + 4 (Z-3)r 1 10 A /-- 



Z-3 



Z-2 



-, Tj in units of a 



(10.50) 



r 3 = — = - 
7 



2k 



2k A\ 



sin 





f 


/ \ 2 ^ 


3/2" 






( 


r \ 2 ^ 


3/2 


K 


1- 


"I 




+ COS 


K 


i- 


") 




2 
V 


VcJ J 




[A 


\c) ) 





where r x is given by Eq. (10.49) and the velocity is given by Eq. (1.35) with the radius given by Eq. (10.42). The ionization 

energies are given by Eq. (10.48) wherein the relativistically corrected radii given by Eqs. (10.49-10.50) are used in the sum of 
the electric energy, Eq. (10.43), and the change in the kinetic energy, Eq. (10.47), of the inner electrons. The ionization energies 
for several three-electron atoms are given in Table 10.1 . 
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Table 10.1. Ionization energies for some three-electron atoms. 



JLe ZL_ 



Electric 



-k^- 



-&E-. 



Theoretical Experimental Relative 



Atom 



-fa^) (j^f- 



Energy 



(m/s) 



T 



Ionization Ionization 



Error 



(eV) 



Li 



3 0.35566 2.55606 5.3230 1.6571E+04 1.5613E-03 



Energies Energies 
(eV) (eV) 

5.40390 5.39172 



Se* 4 — 0.26116 1.49849 — 18.1594 4.4346E+04 1.1181E-02 18.1706 18.21116 



-0.00226 
0.00223 



C 3+ 

N 4+ 



-5 — 0.20670 1.07873 — 37.8383 7.4460E+04 3.1523E-02 37.8701 



37.93064 
64.4939 
97.8902 
138.1197 



0.00160 
0.00158 
0.00178 
0.00208 



-0* 



6 0.17113 

7 0.14605 
-8 — 0.12739 



0.84603 
0.69697 
0.59299 



64.3278 

97.6067 

137.6655 



1.0580E+05 
1.3782E+05 
1.7026E+05 



6.3646E-02 
1.0800E-01 
1.6 4 83E - 01 



64.3921 

97.7160 

137.8330 



^±- 



-9 — 0.11297 0.51621 18 4 .5001 2.0298E+05 2.3 4 25E - 01 — 18 4 .7390 185.186 



0.002 4 1 



7V e 7+ 10 0.10149 0.45713 238.1085 2.3589E+05 3.1636E-01 
Na* + 11 0.09213 0.41024 298.4906 2.6894E+05 4.1123E-01 
- 9+ 12 .08 4 35 .3 72 10 3 65.6 46 9 3 .0210 E+0 5 5.1890E-01 



-Mg- 



238.4325 239.0989 0.00279 
298.9137 299.864 0.00317 
366.1836 367.5 0.00358 



13 0.07778 0.3 4 4 7 4 39.5790 3.3535E+05 6.39 4 2E - 01 — 44 0.2 4 39 442- 



Si n+ 14 0.07216 
P 12+ 15 0.06730 
v^t 16 006306 



0.00397 



0.31381 520.2888 3.6868E+05 7.7284E-01 521.0973 523.42 0.00444 
0.29102 607.7792 4.0208E+05 9.1919E-01 608.7469 611.74 0.00489 
0.27132 702.0535 4.3554E+05 1.0785E+00 703.1966 707.01 0.00539 



-Ct 



17 0.05932 0.25412 803.1158 4.6905E+05 1 .2509E+00 804.4511 809.4 



0.0061 1 



V 5+ 18 0.05599 0.23897 910.9708 5.0262E+05 1.4364E+00 912.5157 918.03 0.00601 

K 16+ 19 0.05302 0.22552 1025.6241 5.3625E+05 1.6350E+00 1027.3967 1033.4 0.00581 

Ca 17+ 20 0.05035 0.21350 1147.0819 5.6993E+05 1.8468E+00 1149.1010 1157.8 0.00751 



Sc ls+ 21 0.04794 
Ti 19+ 22 0.04574 
r/ 2 »+ 23 0.04374 



0.20270 1275.3516 6.0367E+05 2.0720E+00 1277.6367 1287.97 
0.19293 1410.4414 6.3748E+05 2.3106E+00 1413.0129 1425.4 
0.18406 1552.3606 6.7135E+05 2.5626E+00 1555.2398 1569.6 



Cr 21+ 24 0.04191 0.17596 1701.1197 7.0530E+05 2.8283E+00 1704.3288 1721.4 



0.00802 
0.00869 
0.00915 
0.00992 



Mn 21+ 25 0.04022 

Fe 23+ 26 0.03867 

Co 24+ 27 0.03723 
28 



Cu 



0.16854 1856.7301 7.3932E+05 3.1077E+00 1860.2926 1879.9 

0.16172 2019.2050 7.7342E+05 3.4011E+00 2023.1451 2023 

0.15542 2188.5585 8.0762E+05 3.7084E+00 2192.9020 2219 

0.03589 0.14959 2364.8065 8.4191E+05 4.0300E+00 2369.5803 2399.2 



26 + 29 0.03465 0.14418 2547.9664 8.7630E+05 4.3661E+00 2553.1987 2587.5 



0.01043 
-0.00007 
0.01176 
0.01235 
0.01326 



a Radius of the paired inner electrons of three-electron atoms from Eq. (10.49). 
" Radius of the unpaired outer electron of three-electron atoms from Eq. (10.50). 
c Electric energy of the outer electron of three-electron atoms from Eq. (10.43). 

" Change in the velocity of the paired inner electrons due lo the unpaired ouler electron of three-electron atoms from Eq. (10.46). 

e Change in the kinetic energy of the paired inner electrons due to the unpaired outer electron of three electron atoms from Eq. (10. 4 7). 

f Calculated ionization energies of three-electron atoms fromEq. (10.48) for Z > 3 and Eq. (10.25) fori;. 
§ From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 
" (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.1 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures, which is consistent with the last column. The lithium atom 
isoelectronic series is given in Table 10.1 T2-31 to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of Li isoelectronic and Rydberg series, as well as direct experimental 
data. 
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FOUR-ELECTRON ATOMS 

Four electron atoms can be solved exactly using the results of the solutions of one, two, and three electron atoms. 



RADII OF THE OUTER ELECTRONS OF FOUR-ELECTRON ATOMS 

For each three-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35): 



• i 'i t/fi 



1 



Z-l z(z-i) 



(10.51) 



and ail unpaired electron with a radius r 3 given by Eq. (10.42). — For Z > 4 , t he nex t electron which binds to form t he 
corresponding four-electron atom becomes spin-paired with the outer electron such that they become indistinguishable with the 
same radius r 3 =r 4 . The corresponding spin-pairing force F mag is given by Eq. (7.24): 



F. =±JL .Js(s + l)i 



(10.52) 



Z m e r; 

~ The central forces given by Eq. (10.36) and Eq. (10.52) act on the outer electron to cause it to bind wherein the electric 

force on the outer-most electron due to the nucleus and the inner three electrons is given by Eq. (10.28) with the appropriate 
charge and radius: 

„ _(Z-3)e 2 



-Amsj^r 



(10.53) 



for r>r 3 _ 

In addition to the paramagnetic spin-pairing force between the third electron initially at radius r 3 , the pairing causes the 
diamagnetic interaction between the outer electrons and the inner electrons given by Eq. (10.11) to vanish, except for an 
electrodynamic effect for Z > 4 described in the Two - Electron Atoms section, since upon pairing the magnetic field of the outer 
electrons becomes zero. Therefore, the corresponding force F 2 is in the same direction as the spin-pairing force and is given 

by substitution of Eq. (7.6) with the radius r 4 into Eq. (10.5): 



heB _ ju e h . 



mag 2 



2m £ r 1 lm]r x rl 
Then, from Eqs. (10.54) and (7.6-7.24), the paramagnetic force is given by 

l h 1 ' 



(10.54) 



™^-^ ;y/s(s + 1)1, (10-55) 

Z m e r x r; 

The outward centrifugal force on electron 4 is balanced by the electric force and the magnetic forces (on electron 4). The radius 
of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.53)), diamagnetic 
(Eqs. (10.11) and (10.35) for r 4 ), and paramagnetic (Eqs. (10.52) and (10.55)) forces as follows: 



m e v 4 _(Z-3)e 2 


- " Js(s + \) + n - Js(s + Y) - 


Z-3 


~rfr 1 ft 2 , 

-1—10^ + 1)+ tMs + D 


(10.56) 


r 4 <\7te Q r 4 


4m e r 4 r x Zm e r 4 r x 


_Z-2 A 


r 4 m e Zm e r 4 





% 1 

Substitution of v 4 = (Eq. (1.35)) and s =— into Eq. (10.56) gives: 

mr. ' 2 



h 1 (Z-3K 



h l 



3 



h l 



3 Z-3 r,h 



m^+ 



(10.57) 



m e r 4 4x£ r 4 4m e r 4 r x \4 Zm e r 4 r x \A \_Z-2]r 4 m e \4 Zm e r 4 \A 



r (Z-y)e 2 (1 Q h 2 (P\ 1 fZ-3] r x h 2 



-m— 



±= 



^fr 



(10.58) 



v 4^g 



4 Z j m e r 1 Al 4 )r 2 \Z-2\r A 4 m„ \4 m/ A \ 



The quadratic equation corresponding to Eq. (10.58) is 



(z-3y 



1 \) h 



Z-3 



r,h z 



m 



(10.59) 



V 4 ^ £ o 



4 Z J m e r x V 4 



m r V 



Z J 



Z-2 
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3 



Z-3 
Z-2 






(10.60) 



^(Z-3)e 2 



1__ J_ 

4 Z)m e r x \4 



V 4 



(z-3)e 2 n n r 3 

4ne„ I 4 Z)mr,\4 



Z-2 



z ; 



kIO. 



'4 /- 



-(^=3)- 



4 — t- 



\'4 



tZ-3)- 



4 — 5- 



(10.61) 



4 Z > , 



14 z; / , 



V "o v^ ^ / 'i y V, "o v -1 " "/ 'i / 

The solution of Eq. (10.61) using the quadratic formula is: 



> 



Z ~ 3 ^F 



(Z-3HT- 1 



4 Zh 



x ±a 



- + 4- 



Z-2 



4Z=5> 



1 1 



(z-s)- ! ^- 1 



4 Z n 



4 Z r 



-, i\ in units of a (10.62) 

where r x is given by Eq. (10.51) and also Eq. (7.35). The positive root of Eq. (10.62) must be taken in order that r 4 > . The 
final radius of electron 4, r 4 , is given by Eq. (10.62); this is also the final radius of electron 3. The radii of several four-electron 
atoms are given in Table 10.2. 



ENERGIES OF THE BERYLLIUM ATOM 

The energy stored in the electric field, E(electric) , is given by Eq. (10.43) with the appropriate charge and radius: 
(Z-3)e 2 



E(electric) = 



%7is Q r A 



(10.63) 



The ionization energy is given by the sum of the electric energy and the diamagnetic and paramagnetic energy terms. The 
magnetic energy, E (magnetic) , for an electron corresponding to a radius r n given by Eq. (7.46) is 



E(magnetic) - 



2 3 

mr 



(10.64) 



Since there is no source of dissipative power, J»E of Eq. (10.27), to compensate for any potential change in the magnetic 
moments, Am , of the inner electrons due to the ionization of an outer electron of the beryllium atom, there is a diamagnetic 
energy term in the ionization energy for this atom that follows from the corresponding term for the lithium atom. This term is 
given by Eqs. (10.15-10.24) wherein r x is given by Eq. (10.51) with Z = 4 and r 3 = r 4 is given by Eq. (10.62). Thus, the change 

in magnetic energy of the inner orbitsphere is 5.144 % , so that the corresponding energy AE mag is 

AE mas = 0.05144 X 6.42291 eV = 0.33040 eV (10.65) 

where the magnetic energy of the inner electrons is 6.42291 eV . In addition, there is a paramagnetic energy term E(magnetic) 
corresponding to the ionization of a spin-paired electron from a neutral atom with a closed s-shell. The energy follows from that 
given for helium by Eqs. (7.44) and (7.46) wherein the electron radius for helium is replaced by the radius r 4 of Eq. (10.62). 
Then, the ionization energy of the beryllium atom is given by Eqs. (7.44), (7.46), (10.25), and (10.62-10.65): 



w • • „x (Z-3)e 2 Inu^n 2 ,, 
E(ionization; Be) = v — i ^ h&E^, 



-■ 8.9216 eV i 0.03226 eV i 0.330 4 eV = 9.28 4 30 eV 



(10.66) 



8;re- r 4 



The experimental ionization energy of beryllium is 9.32263 eV [3]. 
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THE IONIZATION ENERGIES OF FOUR-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>4 

The ionization energies tor the four-electron atoms with Z > 4 are given by the sum of the electric energy, E{electric) , given by 
hq. (iu.63) and the magnetic energies. The paramagnetic energy term corresponding to the ionization of a spin-paired electron 
from an atom with an external electric field is given by Eqs. (7.46) and (7.63) wherein the electron radius for helium is replaced 
by the radius r 4 of Eq. (10.62): 

Ionization Energy = -Electric Energy -I Magnetic Energy W^T 



Once the outer electrons of four-electron atoms with Z > 4 become spin unpaired during ionization, the corresponding 
magnetic field changes the velocities of the inner electrons in the same manner as shown for the case of the outer electron of 
three-electron atoms with Z > 3 . The magnetic effect is calculated for the remaining electron 3 at the radius r 4 corresponding to 
condition of the derivation of Eq. (10.67) that follows from Eqs. (7.46) and (7.63). Thus, change in velocity, Av, in the four- 
electron-atom case is that of three-electron atoms given by Eq. (10.46) wherein the electron radius r 3 is replaced by the radius r 4 

of Eq. (10.62). 

Since the velocities of electrons one and two decrease during ionization in the case of four-electron atoms rather than 
increase as in the case of three-electron atoms, the corresponding kinetic energy decreases and the kinetic energy term given by 
Eq. (10.47) is the opposite sign in Eq. (10.48). Thus, the ionization energies of four-electron atoms with Z > 4 given by Eqs. 
(10.48) and (10.67) with the electric energy (Eq. (10.63)), the magnetic energy (Eq. (10.64)), and the change in the kinetic 
energy of the inner electrons (Eq. (10.47)) are 

E(Ionization) - -Electric Energy - — Magnetic Energy - E T (10.68) 

The ionization energies for several four-electron atoms are given in Table 10.2. Since the radii, r 4 , are greater than 10% of a 

corresponding to a velocity of less than 1.5xl0 7 mis, the relativistic corrections are negligible and are not included in Table 
10.2. 
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Table 10.2. Ionization energies for some four-electron atoms. 



^e- 



Elcctric Magnetic 



^i^ 



-fcjr Theoretical — Experimental — Relative 



A tom 



K) 



K) 



En e rgy En e rgy (m/s X i(T 5 ) teVy 



Ionization Ionization 



Error 



(eV) 



(eV) 



Energies 
(eV) 



Energies 
(eV) 



Be 



0.26116 1.52503 



8.9178 



0.03226 



0.4207 



0.0101 



9.28430 9.32263 



0.0041 



B + 



0.20670 1.07930 25.2016 



0.0910 



0.7434 



0.0314 25.1627 25.15484 



~5 0.17113 0.84317 48.3886 0.1909 1.0688 0.0650 48.3125 

7 0.14605 0.69385 78.4029 0.3425 1.3969 0.1109 78.2765 

8 0.12739 0.59020 115.2148 0.5565 1.7269 0.1696 115.0249 



47.8878 
77.4735 
113.899 
157.1651 



-0.0003 
-0.0089 
-0.0104 
-0.0099 
-0.0088 



C I+ 

yv 3+ 
o 4+ 



7° 



0.11297 — 0.51382 158.8102 



0.8434 



2.0582 



0.2409 158.5434 



Na 7+ 
Mg 8+ 



-ifl — 0.10149 — 0.45511 209.1813 



1.2138 
1.6781 
2.2469 



2.3904 

2.7233 
3.0567 



0.3249 208.8243 — 207.2759 



-0.0075 
-0.0061 
-0.0049 
-0.0036 



11 
12 



0.09213 
0.08435 



0.40853 
0.37065 



266.3233 
330.2335 



0.4217 
0.5312 



265.8628 
329.6559 






-13 — 0.07778 — 0.33923 400.9097 



2.9309 



3.3905 



0.6536 400.2017 



264.25 
328.06 
398.75 



-+4 — 0.07216 — 0.31274 478.3507 



3.7404 
4.6861 
5.7784 
7.0280 



3.7246 
4.0589 
4.3935 
4 .7281 



0.7888 477.4989 — 476.36 

0.9367 561.5464 560.8 

1.0975 652.3436 652.2 

1.2710 7 4 9.8899 — 7 4 9.76 



-0.0024 
-0.0013 
-0.0002 
- 0.0002 



p 11+ 15 0.06730 
S 12+ 16 0.06306 
^ 17 — 0.05932 



-et 



0.29010 562.5555 
0.27053 653.5233 
0.253 44 751.2537 



4S — 0.05599 — 0.23839 855.7 4 63 



-At m± — 

K 15+ 19 0.05302 

Ca 16+ 20 0.05035 

Sc 11+ 21 0.04794 



8. 44 5 4 



5.0630 



1. 4 57 4 85 4 .18 4 9 — 85 4 .77 



0.0007 



0.22503 967.0007 10.0410 5.3979 
0.21308 1085.0167 11.8255 5.7329 
0.20235 1209.7940 13.8094 6.0680 



1.6566 965.2283 968 
1.8687 1083.0198 1087 
2.0935 1207.5592 1213 



0.0029 
0.0037 
0.0045 



Jt 



Cr* 



22 0.04574 


23 0.04374 


24 0.04191 


25 0.04022 


26 0.03867 


27 0.03723 


28 0.03589 


29 0.03465 



0.19264 1341.3326 16.0032 

0.18383 1479.6323 18.4174 

0.17579 1624.6929 21.0627 

0.16842 1776.5144 23.9495 



6.4032 


2.3312 


1338.8465 


1346 


0.0053 


6.7384 


2.5817 


1476.8813 


1486 


0.0061 


7.0737 


2.8450 


1621.6637 


1634 


0.0075 


7.4091 


3.1211 


1773.1935 


1788 


0.0083 


7.7444 


3.4101 


1931.4707 


1950 


0.0095 


8.0798 


3.7118 


2096.4952 


2119 


0.0106 


8.4153 


4.0264 


2268.2669 


2295 


0.0116 


8.7508 


4.3539 


2446.7858 


2478 


0.0126 



Co 2 

Ni 1 ' 
Cu 2 



0.16165 1935.0968 27.0883 

0.15540 2100.4398 30.4898 

0.14961 2272.5436 34.1644 

0.14424 2451.4080 38.1228 



a Radius of the paired inner electrons of four-electron atoms from Eq. (10.51). 



" Radius of the paired outer electrons of four-electron atoms from Eq. (10.62). 

c Electric energy of the outer electrons of four-electron atoms from Eq. (10.63). 

d Magnetic energy of the outer electrons of four-electron atoms upon unpairing from Eq. (7.46) and Eq. (10.64). 

c Change in the velocity of the paired inner electrons due to the unpaired outer electron of four-electron atoms during ionization from Eq. (10.46). 



' Change in the kinetic energy of the paired inner electrons due to the unpaired outer electron of four-electron atoms during ionization from Eq. (10.47). 

§ Calculated ionization energies of four-electron atoms from Eq. (10.68) for Z > 4 and Eq. (10.66) for Be. 

n From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 

1 (Experimental-theoretical)/experimental. 



The agreement between the experimental and calculated values of Table 10.2 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. The beryllium atom 
isoelectronic series is given in Table 10.2 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of Be isoelectronic and Rydberg series, as well as direct experimental 
data. 
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2P-ORBITAL ELECTRONS BASED ON AN ENERGY MINIMUM 

For each four-electron atom having a central charge of Z times that, of the proton , there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eg. (7.35) (Eg. (10.51)) and two indistinguishable spin-paired 
electrons in an orbitsphere with radii r 3 and r 4 both given by Eg. (10.62). For Z > 5 , the next electron which binds to form the 
corresponding five-electron atom is attracted by the central Coulomb field and is repelled by diamagnetic force due to the spin- 

paired inner electrons such that it forms an unpaired orbitsphere at radius r 5 . 

The central Coulomb force, F Je , acts on the outer electron to cause it to bind wherein this electric force on the outer-most 

electron due to the nucleus and the inner four electrons is given by Eg. (10.28) with the appropriate charge and radius: 

for r > r A - The same form offeree eguation also applies to six through ten-electron atoms as well as five-electron atoms: 

^=^~K (10.70) 

for r > r nX where n corresponds to the number of electrons of the atom and Z is its atomic number. In each case, the magnetic 

field of the binding outer electron changes the angular velocities of the inner electrons. However, in each case, the magnetic 
field of the outer electron provides a central Lorentz force which exactly balances the change in centrifugal force because of the 
change in angular velocity [1]. The inner electrons remain at their initial radii, but cause a diamagnetic force according to 

Lenz's law. 

The diamagnetic force, F dicima?netic , for the formation of an s orbital given by Eg. (10.1 1) with the appropriate radii is 

h 2 i 

diamagnetic = ~~ ~ V 5 + ^r (10.71) 

a tm/ n r 3 

However , with the formation of a third shell, a nonuniform distribution of charge is possible that achieves an energy 

minimum. Minimum energy configurations are given by solutions to Laplace's Eguation. The general form of the solution (Eg. 
(10.449)) is 

1>M,i») = ii B t y^Y;(0,0) (10.72) 

1=0 m=-l 

As shown in the Excited States of the One-Electron Atom (Quantization) section, this general solution in the form of a 
source matching the wave-eguation gives the functions of the resonant photons of excited states. From Egs. (2.15-2.16): 



_ e(na H ) 1 

rpkoton n,l, m ^ ^ +2) 

n =1,2,3,4,... 



-Y:(d^) + -[Y:{0,^ + Rc{Y:(d^)e^'}] 



S(r-r n ) (10.73) 



£=l,2,...,n-l 
m = -£,-l+l,...,0,...,+ £ 
E i mtai i s tne sum °f the "trapped photon" and proton electric fields, 



-E _ e , e(nq „) 1 



y:(^) + -^[y:(dj)+\<c{y;(dj)e"^'}] 



S(r-r n ) (10.74) 

n L , , . 

As shown in the Bound Electron "Orbitsphere" section and the Instability of Excited States section, the angular part of the 
charge-density functions are eigenfunctions of Eg. (1.59), match the angular functions of the inhomogeneous Helmholtz 
eguation, and include the time-harmonic function factor (Egs. (1.27-1.29)) that comprises the electron source current of the 
corresponding electromagnetic waves. The latter are solutions ot the wave-eguation (Egs. (1.1)) and arise with a change in 
electron radius: 
£ = 



»«<" 4 ^ r 2 4ne r ( ' +2) 



pir^O^-^lSir-rJ^i^ + Yf'iW)] (TTI75r 
iiKr 



^#0 
p(r , r?^ , Q = ^ J [^(r-r„)][y (r?^) + Re{^(ff (ffl,;))^(r? , ^)}] (10 - 76) 

p(r^,^0 = ^ J [^(r-r„)][7 (^,^) + Re{7;(^,^) e ; ""'"'}] (10.77) 

where to keep the form of the spherical harmonic as a traveling wave about the z-axis x(R z ) is the representation of the 
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rotational matrix about the z-axis R z (Eq. (1.82)) in the space of functions x(R z (a) n t))Y e m (0,0) = Y ( m (0,0 + ma> n t) and 
R e fc" 1 (0,0)e' ma "' I - P, m (cos6 > )cos(w(?) i mcoj) . In th e cas e s that m * , Eq. (10.77) is a trav e ling charg e- d e nsity wav e that 
moves on the surface of the orbitsphere about the z-axis with frequency co n and modulates the orbitsphere corresponding to i = 
at mco n . These functions comprise the well known s, p, d, f, etc. orbitals wherein the constant function 7 ° (8,0) corresponds 
to the spin function having spin angular momentum and the modulation function Refe" (0,<f>)e" nm "'\ corresponds to the orbital 

function having orbital angular momentum as given in the Bound Electron "Orbitsphere" section and the Rotational Parameters 
of the Electron (Angular Momentum, Rotational Energy, Moment of Inertia) section. 

Similar to the phenomenon observed for spherical conductors [4-5], spherical harmonic charge-density waves may be 
induced in the inner electron orbitspheres with the addition of one or more outer electrons, each having an orbital quantum 
number £ * as given by Eq. (10.77). Wi t h Z > 5, an energy minimum is achieved when the fi f th t hrough t enth electrons of 
each five through ten-electron atom fills a p orbital with the formation of orthogonal complementary charge - density waves in the 
inner shell electrons. To maintain the symmetry of the central charge and the energy minimum condition given by solutions to 
Laplace's equation (Eq. (10.72)), the charge-density waves on electron orbitspheres at r x and r 3 complement those of the outer 
orbitals when the outer p orbitals are not all occupied by at least one electron, and the complementary charge-density waves are 
provided by electrons at r 3 when this condition is met. Since the angular harmonic charge-density waves are nonradiative as 
shown in Appendix I: Nonradiation Condition, the time-averaged central field is inverse r -squared even though the central field 
is modulated by the concentric charge-density waves. The modulated central field maintains the spherical harmonic orbitals that 
maintain the spherical-harmonic phase according to Eq. (10.72). For £ = 1 and m = ±\, the spherical harmonics Y" (0,0) given 

by Eqs. (1.30-1.31) are 

y^sin^cos^ (10.78) 

Y ly =sm0s\n0 (10.79) 

wherein the x and y designation corresponds, respectively, to the historical p x and p y probability-density functions of 

quantum mechanics. The p x and p charge-density waves rotate in the same direction such that their individual contributions 

to the diamagnetic force add, or they rotate in opposite directions such that their contributions cancel. In addition, for 1 = 1 and 
m = 0, the spherical harmonic Y" (0,0) is 

^ z = cosfl (10.80) 

wherein the z designation corresponds to the historical p z probability-density function of quantum mechanics. 

As shown by Eq. (10.9), the diamagnetic force is dependent on the integral of the charge-density squared over the surface 
of the orbitsphere with the further constant of the invariance of charge under Gauss's integral law. The correction to the force 
due to a time and spatially-dependent spherical harmonic current-density wave is given by the normalization term for spherical 
harmonics given by Eq. (3.53) of Jackson [61 and Eq. (6-76) of McQuarrie [71: 

U + \m\)\ 

X ' u (10.81) 



ggggg^ -Z v^ J, i i\. , 2 Jjfr + l)i, (10-82) 



(2^ + l)(^-|m|)! 

Since the spin function is constant and the orbital function is a traveling wave, only the latter contributes to the diamagnetic and 
paramagnetic-force contributions of an unpaired electron. Substitution of Eq. (10.81) into Eq. (10.11) gives the contribution of 
each orbital to the diamagnetic force, F diamagnelic , which is summed over the orbitals: 

(l + \m\)l 
'(2l + \)(l- \ m \ )\4m e r*> 

where the contributions from orbitals having \m\ = 1 add positively or negatively. 

For each five-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin- 
paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 
electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), and an unpaired electron in an orbitsphere at r 5 given 
by Eq. (10.1 13). For Z > 6 , the next electron which binds to form the corresponding six-electron atom is attracted by the central 
Coulomb field and is repelled by diamagnetic force due to the spin-paired inner electrons. A paramagnetic spin-pairing force to 
form a filled s orbital is also possible, but the force due to the spin-pairing of the electrons (Eq. (7.24) with the radius r 6 ) reduces 
the energy of the atom less than that due to the alternative forces on two unpaired p electrons in an orbitsphere at the same radius 

In general, a nonuniform distribution of charge achieves an energy minimum with the formation of a third shell due to the 
dependence of the magnetic forces on the nuclear charge and orbital energy (Eqs. (10.52), (10.55), and (10.93)). The outer 
electrons of atoms and ions that are isoelectronic with the series boron through neon half- fill a 2p level with unpaired electrons 
at nitrogen, then fill the level with paired electrons at neon. Thus, it is found that the purely postulated Hund's Rule and the 
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Pauli Exclusion Principle of the assignment of unique quantum numbers to all electrons are not "weird spooky action " 
phenomena unique to quantum mechanics that require all electrons in the universe to have instantaneous communication and 
coordination with no basis in physical laws such as Maxwell's equations. Rather they are phenomenological consequences of 

those laws. 

Each outer 2p electron contributes spin as well as orbital angular momentum. The former gives rise to spin pairing to 
another 2p electron when an energy minimum is achieved. The corresponding force, ¥ mag 2 , given by Eq. (10.52) is: 

4 — ft 



F ^i4zr^ +1 ) i r ( 10 - 83 )~ 

Z tn e r„ f% 

The orbital angular momenta of spin-paired electrons may add to double the spin-pairing force of each individual p electron such 
that the resultant force is four times that of Eq. (10.83) in agreement with the energy (and force) relationship of magnetic fields 
(Eq. (1-154)): 

K « g 2-l 4 K V4 y^)i; («**»)- 

Z m e r n r 3 

Or, the orbital angular momenta of spin-paired electrons may add negatively to cancel such that F 2 due to the contribution 

fr om spin-pairing alone is equivalent to th at given by Eq. (1 . 8 3 ) . 

The electron velocity given by Eq. (1.35) is 

v„=— (10.85) 

m e r„ 

The velocity (Eq. (1.35)) and angular frequency (Eq. (1.36)) are determined by the boundary conditions that the angular 

momentum density at each point on the surface is constant and the magnitude of the total angular momentum of the orbitsphere 

L must also be constant. The constant total is h given by the integral 



m= \ -\rxm e \\5(r-r n )dx 4 =m e r n = h (10.86) 

J Anr m e r n 

The integral of the magnitude of the angular momentum of the electron is ti in any inertial frame and is relativisUcally invariant 

as a Lorentz scalar L, = h. — The vector projections of the orbitsphere spin angular momentum relative to the Cartesian 

coordinates are given in the Spin Angular Momentum of the Orbitsphere Y^(9,<j>) with £= section. The orbital and spin 

angular momentum of excited states is also quantized in units of h as shown in the Orbital and Spin Splitting section. The 

orbital m oment of i n ertia, I or bital , corresponding to orbital quantum n umber £ (E q. (1 . 147)) is 

i 



orbital 



1(1 + 1) 

!? 2 + 2^ + l 



"V-A/777 (10 - 87) 

The spin and orbital angular momentum can superimpose positively or negatively: 

L z total = L z S pin +L z orbital (TOSST" 

Thus, the contribution of the orbital angular momentum to the paramagnetic force is also that given by Eq. (10.83): 

F^ 2 =-7-^->/^i)i r (10-89) 
z m e r n r 3 

And, the total force is given as the sum over the orbital and spin angular momenta that may add positively or negatively to 

achieve an energy minimum while maintaining the conservation of angular momentum. 

The amplitude of the corresponding rotational energy, E rotational orbital , given by Eq. (1.71) is 



-r? : 

rotational orbital 



2m r' 



1(1 + 1) ' 
l 2 +2/ + l 



2mr l \l + \ 



(10.90) 



Since the orbital rotational energy arises from a spin function (spin angular momentum) modulated by a spherical harmonic 
angular function (orbital angular momentum), the time-averaged orbital rotational energy having an amplitude given by Eq. 
(1.71) (Eq. (10.90)) is zero: 

{^rotational orbital / ~ " (10.91) 

However, the orbital energy is nonzero in the presence of a magnetic field. 
N-electron atoms having Z > n possess an electric field of 

E = g^L 0O92L 

4n;£ r 

for r>r n _ Since there is a source of dissipative power, J»E of Eq. (10.27), the magnetic moments of the inner electrons may 
change due to the outer electron such that the energy of the n-electron atom is lowered. The diamagnetic force, ^ diamasnelic 2 , due 
to a relativistic effect with an electric field for r > r n (Eq. (10.35)) is dependent on the amplitude of the orbital energy. Using 
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the orbital energy with £-1 (Eq. (10.90)), the energy m e Av 2 of Eq. (10.29) is reduced by the factor of 



42) 
_2 



due to the 



contribution of the charge-density wave of t he inner electrons at r 3 . Thus, F e 



is given by 



diamagnetic 2 



diamagnetic 2 



Z-(n-\) 



2 



r 3 h l 



\0^s(s + \)i 



(10.93) 



Using the forces given by Eqs. (10.70), (10.82-10.84), (10.89), (10.93), and the radii r 3 given by Eq. (10.62), the radii of 

the 2p electrons of all five through ten-electron atoms may be solved exactly. The electric energy given by Eq. (10.102) gives 



the corresponding exact ionization energies. F eIe and F c 



diamagnetic 2 



given by Eqs. (10.70) and (10.93), respectively, are of the same 



form for all atoms with the appropriate nuclear charges and atomic radii. F 



diamagnetic 



given by Eq. (10.82) and F 2 given by 



Eqs. (10.83-10.84) and (10.89) are of the same form with the appropriate factors that depend on the minimum-energy electron 
configuration. The general equation and the summary of the parameters that determine the exact radii and ionization energies of 
all five through ten-electron atoms are given the General Equation For The Ionization Energies of Five Through Ten-Electron 
Atoms section and in Table 10.9. 



TIVE- 

Five-electron atoms can be solved exactly using the results of the solutions of one, two, three, and four-electron atoms. 



ATOM 

For each four-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)) and two indistinguishable spin-paired 

electrons in an orbitsphere with radii r 3 and r^ both given by Eq. (10.62). For Z > 5 , the next electron which binds to form the 
corresponding five-electron atom is attracted by the central Coulomb field and is repelled by diamagnetic force due to the spin- 
paired inner electrons such that it forms an unpaired orbitsphere at radius r 5 . The resulting electron configuration is ls 2 2s 2 2p 1 , 

and the orbital arrangement is 
2p state 



t 



(10.94) 



1 -1 
corresponding to the ground state 2 P XI2 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 

electron due to the nucleus and the inner four electrons is given by Eq. (10.70) with the appropriate charge and radius: 



(Z-4)e 2 



(10.95) 



for r > r. 



The single p orbital of the boron atom produces a diamagnetic force equivalent to that of the formation of an s orbital due 

to the induction of complementary and spherically symmetrical charge-density waves on electron orbitspheres at r x and r 3 in 
order to achieve a solution of Laplace's equation (Eq. (10.72)). The inner electrons remain at their initial radii, but cause a 
diamagnetic force according to Lenz's law that is two times that of Eqs. (10.11) and (10.71) since the two electrons at r x = r 2 act 
on the two electrons at r % = r 4 which in turn act of the outer electron. F A .„ gfe is also given by Eq. (10.82) with the appropriate 
radii when the contributions from the three orthogonal spherical harmonics are summed over including those induced: 

2h 2 



diamagnetic 



4m„r, r. 



■^(s + lX 



(10.96) 



The charge induction forms complementary mirror charge-density waves which must have opposing angular momenta 



''mag 2 " 



such that momentum is conserved. In this case, F 2 given by Eq. (10.89) is zero: 

(10.97) 

— The outward c entrifugal force on electron 5 is balanced by the ele c tric force and the magnetic force (on ele c tron 5) . The 
radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.95)) and 
diamagnetic (Eq. (10.96)) forces as follows: 



mv. 



(Z-4)e 2 
4as r 2 



2h 2 



4m e r 5 r 3 



yjs(s+r) 



(10.98) 
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Substitution of v. 



— (Eq. (1.35)) and s = - into Eq. (10.98) gives: 

«/. 2 



(Z-4)e 2 



(10.99) 
(10.100) 



4ne c ,r 2 



t 



r 3 in units of a 



JZ^J- 



2k 



3 J 



Substitution of ^- = 1.07930 (Eq. (10.62) with Z = 5) into Eq. (10.100) gives 
er n 



n =1.670003 5 leu 



(10.101) 



In general, the energy stored in the electric field, E(electric) , is given by Eq. (10.43) with the appropriate charge and 



radius: 



(Z-(n-l))e 2 

8as r n 



E(electric) - 



(10.102) 



where n corresponds to the number of electrons of the atom and Z is its atomic number. The ionization energy is given by the 
sum of the electric energy and the energy corresponding to the change in magnetic-moments of the inner shell electrons. Since 
there is no source of dissipative power, J»E of Eq. (10.27), to compensate for any potential change in the magnetic moments, 
Aw , of the inner electrons due to the ionization of the outer electron of the boron atom, there is a diamagnetic energy term in the 
ionization energy for this atom that follows from the corresponding term for the lithium atom. Since the diamagnetic force for 
the boron atom (Eq. (10.96)) is twice that of the corresponding force (Eq. (10.11)) of the lithium atom, this term is given by 
twice that of Eqs. (10.15-10.24), with Z = 5, r 3 given by Eq. (10.62), and r 5 given by Eq. (10.101). Thus, the change in 
magnetic energy of the inner orbitsphere at r 3 is 85.429321 % , so that the corresponding energy AE is 

AE mag = 2(0.85429321 X 0.09100214 eV) = 0.15548501 eV (10.103) 

where the magnetic energy of the inner electrons is 0.09100214 eV (Eqs. (10.64) and (10.101)). Then, the ionization energy of 
the boron atom is given by Eqs. (10.101-10.102) and (10.103): 



E '{ionization; B) - 



(Z-4)e 2 



+AE- 



S,7T£ r 5 



(10.104) 



= 8.147170901 eV + 0.15548501 eV = 8.30265592 eV 
The experimental ionization energy of the boron atom is 8.29803 eV [3]. 



CHARGE Z>5 

Five-electron atoms having Z > 5 possess an external electric field given by Eq. (10.92). In this case, an energy minimum is 
achieved w ith conservation of m omentum w hen th e orbital angular m omentum is such that F. , is m inimized w hile F 



diamagnetic 



mag 2 



is maximiz e d. From Eq. (10.82), th e diamagn e tic forc e , F diamagnelic , is giv e n by th e sum of th e contributions from the p x , p , and 
p z orbitals corresponding to m = 1, -1, and 0, respectively: 



dmmugneiu 



2 2 1 
= -!- + - + - 



h 2 



V^i)i,=- t 



h 2 



V4v + i)i 



(10.105) 



3 3 3 J 4m e r 2 r 3 



3 ) 4m„r 5 r 3 



With Z > 5 , the charge induction forms complementary mirror charge-density waves such that the angular momenta do not 
cancel. From Eq. (10.89), F mag 2 corresponding to the orbital angular momentum of the single p x electron is 



1 h 1 



yjs(s I l)i, 



(10.106) 



mag 2 



Z m/ 5 r 3 



The second diamagnetic force, V diamagnetic 2 , due to the binding of the p-orbital electron having an electric field outside of its 
radius is given by Eq. (10.93): 



r- 



I0js(s + l)i, 



(10.107) 



diamagnetic 2 



Z-4 



m/. 



In the case that Z > 5 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.95)) and diamagnetic (Eqs. (10.105) and (10.107)), and paramagnetic (Eq. (10.106)) forces as follows: 
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m e v 2 5 (Z-4)e 2 



5h 2 



4ns ly 



-42* 



-Ms + \)- 



^Zm-, 



-y[s(S + J)- 



Z-5 

Z-4 



V2l r,ti 2 



10^(5 + 1) 



7^ 



(10.108) 



Substitution of v 5 = (Eq. (1.35)) and s = — into Eq. (10.108) gives: 

mr. 2 



(Z-4)e 



5ft 2 



3 ft 2 



4^£- r 5 z \2m e r 2 r i \4 Zm e r 2 r 3 \4 LZ-4_, V 



3 Z-5 f 1= £\gL 10 ,' 3 



(10 .10 9) 



2 )r 5 m e 



The quadratic equation corresponding to Eq. (10.109) is 
'(Z-4)e 2 (5 \\ h 2 \l\ 2 h 2 



Z-5~|(, V2~V^\- /3 



10J--0 



(10.110) 



v 4 ^o 



12 Z ) m e r 3 V 4 , 



Z-4 



2 I m„ 



m.. 






Z-5 

Z-4 



sTi 



r 3 10. 



^TT 



(10.111) 



4^-4)e 



5 — n r 3 



iZ-4)e 



§ — n r 3 



V 4 ^ 



12 Zj/»,r 3 \4, 



v 4^ 



12 Z 7 m k \ 4 , 



The solution of Eq. (10.1 1 1) using the quadratic formula is: 



(Z-4)e 2 



n r 



47T£r, C42 Z 7 «/, V 4 



(Z-4)e 2 

4;r£„ 



n n 2 



12 Z j m e r 3 v 4 



-#b 



Z-5 

^-4- 



^ 



" e ' 3 '■'y; 



^°JL 



+4- 



(2-4)e 



t^nr 



4;z£ ^12 Z)m e r- i \4j 



(10.112) 



(7-4)- 



5 1 ^VTi 



- 24 ^)r 3jJ 






(2-4)- 



24 2ZJ r 3 



3 y 



20V3 



Z-5 



.^2 
-2- 






nvr 



(2-4)- 



24 2Z J k 



- , r 3 in units of a 



(10.113) 



where r 3 is given by Eq. (10.62). The positive root of Eq. (10.1 13) must be taken in order that r 5 > . The radii ol several iive- 
electron atoms are given in Table 10.3. 

The ionization energies for the five-electron atoms with Z > 5 are given by the electric energy, E(electric) , (Eq. 

(10.102) with the radii, r 5 , given by Eq. (10.1 13)): 



E(Ionization) = -Electric Energy ■ 



(2-4K 
&7T£ r 5 



(10.114) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured five-electron 
atoms are given in Table 10.3. 
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Table 10.3. Ionization energies for some five-electron atoms. 



J5_e ZL 



IT- 



1.07930 
0.84317 



Th eoretical Experimental Relative 



Atom 



-eO- 



0.20670 
0.17113 



-eO- 



1.67000 
1.12092 



Ionization Ionization 



Error 



B 



-er 



Energies 
(eV) 
8.30266 

24.2762 



Energies 
(eV) 
8.29803 

24.38332 



-0.00056 
0.0044 



-#" f- 

F 4+ 9 
Nc 5+ 10 



0.1 4 605 



0.69385 



0.87858 



4 6. 4 585 



4 7. 44 92 4 



0.0209 



0.12739 
0.11297 
0.10149 



0.59020 
0.51382 
.45 511 



0.71784 
0.60636 
0.52486 



75.8154 
112.1922 
1 55.53 7 3 



77.41353 
1 14.2428 
157 .93 



0.0206 
0.0179 
.0 1 52 



-JVa^ 



JJ 0.09213 



0.40853 



0.46272 



205.8266 



208.5 



0.0128 



Mg< 

At 
St 



12 0.08435 

13 0.07778 
44 0.07216 



0.37065 
0.33923 
0.31274 



0.41379 
0.37425 
0.34164 



263.0469 
327.1901 
398.2509 



265.96 

330.13 
401.37 



0.0110 
0.0089 
0.0078 



AS 0.06730 



0.29010 



. 3142 7 476 .2258 



479.46 



0.0067 



S n+ 


16 


0.06306 


0.27053 


0.29097 


561.1123 


564.44 


0.0059 


Cl n+ 


17 


0.05932 


0.25344 


0.27090 


652.9086 


656.71 


0.0058 


V 3+ 


18 


0.05599 


0.23839 


0.25343 


751.6132 


755.74 


0.0055 


K u+ 


19 


0.05302 


0.22503 


0.23808 


857.2251 


861.1 


0.0045 



Ca 15+ 


20 


0.05035 


0.21308 


0.22448 


969.7435 


974 


0.0044 


Sc 16+ 


21 


0.04794 


0.20235 


0.21236 


1089.1678 


1094 


0.0044 


n m 


22 


0.04574 


0.19264 


0.20148 


1215.4975 


1221 


0.0045 



K 18 + 


23 


0.04374 


0.18383 


0.19167 


1348.7321 


1355 


0.0046 


c> 19+ 


24 


0.04191 


0.17579 


0.18277 


1488.8713 


1496 


0.0048 


M« 20+ 


25 


0.04022 


0.16842 


0.17466 


1635.9148 


1644 


0.0049 


Fe 2u 


26 


0.03867 


0.16165 


0.16724 


1789.8624 


1799 


0.0051 


Co 22+ 


27 


0.03723 


0.15540 


0.16042 


1950.7139 


1962 


0.0058 


Nt + 


28 


0.03589 


0.14961 


0.15414 


2118.4690 


2131 


0.0059 


Cu 24+ 


29 


0.03465 


0.14424 


0.14833 


2293.1278 


2308 


0.0064 



a Radius of the first set of paired inner electrons of five-electron atoms from Eq. (10.51). 

" Radius of the second set of paired inner electrons of five-electron atoms from Eq. (10.62). 

c Radius of the outer electron of five-electron atoms from Eq. ( 1 0. 1 1 3) for Z > 5 and Eq. ( 1 0. 1 1 ) for B. 

"■ Calculated ionization energies of five-electron atoms given by the electric energy (Eq. (10.114)) for Z > 5 and Eq. (10.104) forS. 

e From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 

* (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.3 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. The boron atom 
isoelectronic series is given in Table 10.3 [2 - 3] to much higher precision than the capability of X - ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of B isoelectronic and Rydberg series, as well as direct experimental data. 
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SIX-ELECTRON ATOMS 

Six-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, and five-electron atoms. 



ATOM 

For each five-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r y and r 2 both given by F.q. (7JL5) (F.q. (10.51)), two indistinguishable spin-paired 

electrons in an orbitsphere with radii r } and r 4 both given by Eq. (10.62), and an unpaired electron in an orbitsphere at r 5 given 
by Eq. (10.113). For Z > 6 , the next electron which binds to form the corresponding six-electron atom is attracted by the central 
Coulomb field and is repelled by diamagnetic force due to the spin-paired inner electrons. A paramagnetic spin-pairing force to 
form a filled s orbital is also possible, but the force due to the spin-pairing of the electrons (Eq. (7.24) with the radius r 6 ) reduces 
the energy of the atom less than that due to the alternative forces on two unpaired p electrons in an orbitsphere at the same radius 
r 6 . The resulting electron configuration is ls 2 2s 2 2p 2 , and the orbital arrangement is 
2p state 
t t (10.115) 



4- 



-0- 



4- 



corresponding to the ground state 3 P . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 

electron due to the nucleus and the inner five electrons is given by Eq. (10.70) with the appropriate charge and radius: 

(Z-5)e\ 






4as r s 



(10.116) 



for r>n 



The two orthogonal electrons form charge-density waves such that the total angular momentum of the two outer electrons 



is conserved which determines the diamagnetic force according to Eq. (10.82). F 



diamagnetic 



J3_ 



diamagnetic 



\5 J Am/ 6 r 3 



(10.117) 



corresponding to m-\. 

The charge induction forms complementary mirror charge-density waves which must have opposing angular momenta 



such that momentum is conserved. In this case, F mag 2 given by Eq. (10.89) is zero: 
F , =0 

mag 2 



(10.118) 



The outward c e ntrifugal forc e on e lectron 6 is balanced by th e el e ctric force and th e magnetic forc e s (on electron 6). The 

radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.116)) and 
diamagnetic (Eq. (10.1 17)) forces as follows: 



m e v 2 _(Z-5)e 2 



4xe„K 6m r, k 



y]s( S + l) 



(10.119) 



±0i* 



Substitution of v ly 

h 2 (Z-5)e 2 



6 (Eq. (1.35)) and s=- into Eq. (10.1 19) gives: 

mn 2 



-m-n 



„3 



■e'6 



4^V'6 



6»V'6 h V 4 



(10.120) 



'<>'/■ 



(Z-5)- 



-, r 3 in units of a 



(10.121) 



Substitution of -2- = 0.843 17 (Eq. (10.62) with Z = 6 ) into Eq. (10.121) gives 



r 6 =1.20654a 



(10.122) 
The ionization energy of the carbon atom is given by the electric energy, E(electric) , (Eq. (10.102) with the radius, r 6 , 



given by Eq. (10.122)): 

Eiionization; C) = -Electric Energy = = 11 .2767 1 eV 

%KS a r 6 



(10.123) 



where r 6 = 1.20654a (Eq. (10.122)) and Z = 6 . The experimental ionization energy of the carbon atom is 1 1.2603 eV [3]. 
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THE IONIZATION ENERGIES OF SIX-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>6 

Six-electron atoms having Z >6 possess an external electric field given by Eq. (10.92). In this case, an energy minimum is 
achieved with conservation of momentum when the orbital angular momentum is such that F diam ic is minimized while F 2 

is maximized. From Eq. ( 1 . 82), the diamagnetic force, F dlamagmlic , is given by the sum of the contributions from the p x , p , and 

p z orbitals corresponding to m - 1, - 1, and 0, respectively: 



2—2 — 1 



yjs(s + l)i 



-# 



Js(s + l)i 



diamagnetic 



3 + 3 + 3j4mr 2 r 3 



3 J 4m e r 6 r 3 



(10.124) 



With Z > 6 , the charge induction forms complementary mirror charge-density waves such that the angular momenta do 
not cancel. From Eq. (10.89), F 2 corresponding to the orbital angular momentum of the two p electrons in addition to 
complementary charge-density waves is 



mag 2 



„ 1 2% 2 r- — - 1 Ah 1 i- — - 
= 2— —yjs(s + Y)i T =— — y]s(s + Y)i r 



Z m„K r , 



Z mn r . 



(10.125) 



The second diamagnetic force, V c 



, due to the binding of the p-orbital electron having an electric field outside of 



diamagnetic 2 



its radius, is given by Eq. (10.93): 



Z- 6 \(, JJ^rJ i 2 



1-^T -S-IOV^ + I)^ 



(10.126) 



diamagnetic 2 



Z-5 



In the case that Z > 6 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.1 16)), diamagnetic (Eqs. (10.124) and (10.126)), and paramagnetic (Eq. (10.125)) forces as follows: 



-1? 



~r~W 



mX (Z-5)e A 



5¥ 



V,v(,v + 1)+- 



A¥ 



y . v( . y+i)- 



Z-6 



^/,v(. v + 1) 



(10.127) 



4?re r 6 I2m e r 6 r 3 

h 



Zm c r 6 r 3 
1 



Z-5 



2 ) m e r 6 



Substitution of v 6 = (Eq. (1.35)) and s =— into Eq. (10.127) gives 



(Z-5K 



"5T 



-AV 



Z-5 



-& 



Ktr 



mn 



Aks^I \2m e r 2 r } V 4 Zm e r 6 2 r 3 V 4 



■10. 



(10.128) 



The quadratic equation corresponding to Eq. (10.128) is 



(Z-5K 

V 4 ^o 



2l 

12 Zjm e r 3 '\4j 



"T 



m. 



^Z7=^ 
Z-5 



-& 



m 



■10.|- = 



(10.129) 



~JT 



h A 



W z-t 



nlH 



m„ 



m„ Z-5 



(Z-5)e 2 ( 5 A\h 2 p 
Ans a \\2 Z)m e r 3 \A 



(Z-5)e 2 (S A\h 2 (3 
v Ane a \\2 z)m^\4 



(10.130) 



The solution of Eq. (10.130) using the quadratic formula is: 
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^ 



(z-5y 



24 Z 



U Z^ f 



; T u) 



vv 



(Z-5)- 



"iWT ±a ° 



24 Z 



^k/t 



_*£ 



\ ~\ 



3 y 



Z-5 



^^ 



(2-5)- 



i]A 



5 



24 Zj r 3 



-,r 3 in units of a Q 



(10.132) 



where r 3 is given by Eq. (10.62). The positive root of Eq. (10.132) must be taken in order that r 6 >0. The final radius of 

electron 6, r 6 , is given by Eq. (10.132); this is also the final radius of electron 5. The radii of several six-electron atoms are 

given in Table 1 0.4. 

The ionization energies for the six-electron atoms with Z > 6 are given by the electric energy, E(electric) , (Eq. (10.102) 

with the radii r 6 , given by Eq. (10.132)): 

(Z-5)e 2 



E(Ionization) = -Electric Energy - 



&ns r 6 



(10.133) 



Since the relativistic corrections were 


small, the nonrelativistic ionization energies for experimentally measured six-electron 


atoms are given in Table 10.4. 
Table 10.4. Ionization energies for 


some six-electron atoms. 








6e Z 


1 


r i 


r 6 


Theoretical 


Experimental 


Relative 


Atom 


(a Y 


(«o) 


(a )° 


ionization 

Energies 

(eV) 


ionization 

Energies " 

(eV) 


Error 


C 6 


171H 


84317 


1 70654 


11 77671 


11 7603 


-0 0015 


N + V 


0.14605 


0.69385 


0.90119 


30.1950 


29.6013 


-0.0201 



2+ 8 

F 3+ 9 

Afe 4+ 10 

Afa 5+ 11 



0.12739 
0.11297 
0.10149 
0.09213 



0.59020 
0.51382 
0.45511 
0.40853 



0.74776 
0.63032 
0.54337 
0.47720 



54. 
86, 

125, 
171, 



5863 
.3423 
1986 
0695 



54. 

87, 
126, 
172, 



9355 
1398 

21 

.18 



0.0064 
0.0092 
0.0080 
0.0064 



Mg 6+ 


12 


0.08435 


0.37065 


0.42534 


223.9147 


225.02 


0.0049 


Al 7+ 


13 


0.07778 


0.33923 


0.38365 


283.7121 


284.66 


0.0033 


Sf + 


14 


0.07216 


0.31274 


0.34942 


350.4480 


351.12 


0.0019 



c/ 11+ 

Ar 12+ 

r 3+ 



15 


0.06730 


0.29010 


0.32081 


424.1135 


424.4 


16 


0.06306 


0.27053 


0.29654 


504.7024 


504.8 


17 


0.05932 


0.25344 


0.27570 


592.2103 


591.99 


18 


0.05599 


0.23839 


0.25760 


686.6340 


686.1 


19 


0.05302 


0.22503 


0.24174 


787.9710 


786.6 


20 


0.05035 


0.21308 


0.22772 


896.2196 


894.5 



0.0007 
0.0002 
-0.0004 
-0.0008 
-0.0017 



-0.0019 
-0.0024 
-0.0022 



5c 15+ 
Ti 16+ 



21 

22 



0.04794 
0.04574 



0.20235 
0.19264 



0.21524 
0.20407 



1011 

1133 



,3782 
4456 



1009 

1131 



"23 0.04374 



0.18383 



0.19400 1262.4210 



-12T50- 



-0.0019 



18+ 24 0.04191 

Mn 19+ 25 0.04022 

F e 2i> + 26 0.03867 

Co 21 ' 27 0.03723 



0.17579 
0.16842 
0.16165 



0.18487 1398.3036 



1539 
1689 



-0.0017 
-0.0014 
-0.0011 



0.17657 
0.16899 



1541, 
1690. 



0927 
7878 



0.15540 



0.16203 1847.3885 



4**6- 



-0.0008 



M 22+ 28 0.03589 0.14961 0.15562 2010.8944 20H- 

Cw 23+ 29 0.03465 0.14424 0.14970 2181.3053 2182 



0.0001 
0.0003 



a Radius of the first set of paired inner electrons of six-electron atoms from Eq. (10.51). 
P Radius of the second set of paired inner electrons of six - electron atoms from Eq. (10.62). 



: Radius of the two unpaired outer electrons of six-electron atoms from Eq. (10.132) for Z > 6 and Eq. (10.122) for C. 
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d Calculated ionization energies of six-electron atoms given by the electric energy (Eq. (10.133)). 

e From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 



(Experimental-theoretical)/experimental. 



The agreement between the experimental and calculated values of Table 10.4 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. The carbon atom 
isoelectronic series is given in Table 10.4 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of C isoelectronic and Rydberg series, as well as direct experimental data. 



Seven-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, and six-electron 
atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE 

For each six-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 

electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), and two unpaired electrons in an orbitsphere at r 6 
given by Eq. (10.132). For Z > 7 , the next electron which binds to form the corresponding seven-electron atom is attracted by 
the central Coulomb field and is repelled by diamagnetic force due to the spin-paired inner electrons. A paramagnetic spin- 
pairing force is also possible, but the force due to the spin-pairing of the electrons (Eq. (7.24) with the radius r 7 ) reduces the 
energy of the atom less than that due to the alternative forces on three unpaired p electrons in an orbitsphere at the same radius 

r 7 . The resulting electron configuration is ls 2 2s 2 2p i , and the orbital arrangement is 

2p state 
JL JL J_ (10.134) 

1 — ^1 

corresponding to the ground state A S" I2 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner six electrons is given by Eq. (10.70) with the appropriate charge and radius: 



F efe =^R (10-135) 
4xs r 7 



for r > r 6 . 

The energy is minimized with conservation of angular momentum when the angular momenta of the two orthogonal p x 
and p y electrons cancel such that the diamagnetic force (Eq. (10.82)), V dia e£c , is 

F — " = {l)^r^^ (iai36) 

corresponding to m = . 

From Eq. (10.89), F 2 corresponding to the orbital angular momentum of the p z electron is 

F mag2 =^-^V^ + l)i r (10-137) 

Z m/ 7 r 3 

The outward centrifugal force on electron 7 is balanced by the electric force and the magnetic forces (on electron 7). The 

radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.135)), 
diamagnetic (Eq. (10.136)), and paramagnetic (Eq. (10.137)) forces as follows: 

m e v 2 (Z-6)e 2 h 2 r- — — h 2 r- — — ,ini*> \ 

-^ = —. J —-- — V^ + l)+- — V*0 + 1) (10.138) 

r 7 47T£ r 7 Y2m e r 7 r i Lm e r 7 r 3 

h 1 

Substitution of v 7 - (Eq. (1.35)) and s - — into Eq. (10.138) gives: 

m e r 7 2 



mr 7 4ns^r„ \2mr 7 n\4 Zmr„r 3 \4 
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m. 



(10.140) 



( Z- 6) e 2 tt 



47TS n 



I2m e r 3 v 4 Zm e r 3 \ 4 



-, r 3 in units of a 



(10.141) 



(Z-6)- --- 



J L 



12 Z n 



Substitution of -2- = 0.69385 (Eq. (10.62) with Z = 7 ) into Eq. (10.141) gives 

«o 

r 7 = 0.93084a (10.142) 

The ionization energy of the nitrogen atom is given by the electric energy, E(electric) , (Eq. (10.102) with the radius, r 7 , 
given by Eq. (10.142)): 



Eiionization; N) = -Electric Energy = — — = 14.61664 eV 



(10.143) 



8^£' r 7 
where r 7 = 0.93084a (Eq. (10.142)) and Z = 7 . The experimental ionization energy of the nitrogen atom is 14.53414 eV [3]. 



Seven-electron atoms having Z > 7 possess an external electric field given by Eq. (10.92). In this case, an energy minimum is 
achieved with conservation of momentum when the orbital angular momentum is such that F,. ,. is minimized while F , 

O diamagnetic mag 1 



is maximized. From Eq. (10.82), the diamagnetic force, F t 



diamagnetic 



, is given by the sum of the contributions from the p x , p , and 



p z orbitals corr e sponding to m = 1 , - 1 , and 0, r e sp e ctiv e ly: 



diamagnetic 



__ 2 2 J_ 

3 3 3 J 4m/,V, 



h 2 



Js(s + Y)i T =-\- 



3 ) 4m„r 7 r 3 



V^ + l)i r 



(10.144) 



With Z >6, the charge induction forms complementary mirror charge-density waves such that the angular momenta do 
not cancel. From Eq. (10.89), F ~ corresponding to the orbital angular momentum of the three p electrons in addition 
complementary charge-density waves is 



mag 2 



= 2— —js(s + Y)i 



Z m e r;r 3 



(10.145) 



The second diamagnetic force, F. 
its radius is given by Eq. (10.93): 

Z-7~|f J2")r,h 2 



, ic 2 , due to the binding of the p-orbital electron having an electric field outside of 



\0js(s + \)\ 



(10.1 4 6) 



diamagnetic 2 



Z-6 



2 ) m„r, 



In the case that Z > 7 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.135)), diamagnetic (Eqs. (10.10.144) and (10.146)), and paramagnetic (Eq. (10.145)) forces as follows: 



(Z-6)e 2 



5h 2 



■V^+i)- 



6n 2 



V^J + 1)- 



Z-7 



4~2 



rfi 2 



■lO-y/sO+l) 



(10.147) 



4ne n r 2 \2m r r 2 r 3 



Zm f r 7 r ? 



Z-6 



2 j m/, 



fr 1 

Substitution of v 7 = (Eq. (1.35)) and s =— into Eq. (10.147) gives: 



-if (Z-6K 



Sff 



-6ft 



^z-^r 



& 



4k8„ 



\2m,i 



4 — Zm.r'n V 4 



■?=& 






-10J- 



(10.148) 



The quadratic equation corresponding to Eq. (10.148) is 



(Z-6)e 2 



Z-7 



1= 



^ r £mJL 



(1 0.1 49 ) 



V 4 ^o 



12 Z ) mr % V 4 , 



Z-6 



2 J m„ 
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-m- 



Z-l 
Z-6 



1- 



VI 



r 3 10. 



(Z-6) fc 

4xe n 



5 6) V 3 



(Z-6K 

4n£ n 



6) h l 3 



T = ° 



(10.150) 



12 Z J m„n V 4 , 



12 Z J m„n V 4 , 



The solution of Eq. (10.150) using the quadratic formula is: 



OT„ 






(Z-6)e 2 
4^-£-„ 



6 S 2 



12 Z y w c r 3 V 4 



^ 



6) r 



(Z-6)e 2 
v 4k£ ^12 Zjm e r 3 \4 



±4. 



m„ 



Z-l 
Z-6 



VI 



rJO, 



(Z-6)e z 



5 61ft 



^ 4ft£ ^12 Z)m e r 3 \4j 



(10.151) 



2,\S 



(Z-6)- 



24 Z J r, 



3 >y 



V^ 



\±«o 



(2-6)- 



24 Z 



^oV? 



^ Z-7lf. Jl 



\ \ 



J h 



Z-6 



J_ J 



(2-6)- 



5 3"|V3 



24 Z 



'3 j 



r, m wmta of q 



(10.152) 



where r 3 is given by Eq. (10.62). The positive root of Eq. (10.152) must be taken in order that r 7 >0. The final radius of 
electron 7, r 7 , is given by Eq. (10.152) ; this is also the final radius of electrons 5 and 6. The radii of several seven-electron 

atoms are given in Table 10.5. 

The ionization energies for the seven-electron atoms with Z > 7 are given by the electric energy, E(electric) , (Eq. 
(10.102) with the radii, r 7 , given by Eq. (10.152)): 



E(Ionization) = -Electric Energy ■■ 



(z-ey 



(10.153) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured seven-electron 
atoms are given in Table 10.5. 
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Table 10.5. Ionization energies for some seven-electron atoms. 



JZ-e- 



— ir- 
(a ) 



Theoretical Experimental — Relative 



Atom 



4^o3~ 



-&&- 



Ionization Ionization 



Error 



Energies 
(eV) 



Energies 
(eV) 



N 



-IT 

Ne 
Na 4 



1 0.14605 
-8 0.12739 



0.69385 
0.59020 



0.93084 
0.78489 



14.61664 
34.6694 



14.53414 
35.1173 



-0.0057 
0.0128 



■9 0.11297 

?+ 10 0.10149 
4+ 11 0.09213 
^42 0.08 4 35 



0.51382 
0.45511 
0.40853 
0.37065 



0.67084 
0.57574 
0.50250 
0. 44 539 



60.8448 

94.5279 

135.3798 

183.2888 



62.7084 

97.12 
138.4 
3^76 — 



0.0297 
0.0267 
0.0218 
0.0186 



-Mg 



-lit 
St 



43 0.07778 



0.33923 
0.31274 
0.29010 
0.27053 



0.39983 
0.36271 
0.33191 
0.30595 



238.2017 
300.0883 
368.9298 
444.7137 



241.76 
303.54 
372.13 
447.5 



0.0147 
0.0114 
0.0086 
0.0062 



14 
15 



0.07216 
0.06730 



46 0.06306 



-€£' 



47 0.05932 



.2 5344 



0.28376 



527.4312 



529.28 



0.0035 



Ar l 



18 
19 



0.05599 
0.05302 



(V 3+ 20 0.05035 



0.23839 
0.22503 
0.21308 



0.26459 
0.24785 
0.23311 



617.0761 
713.6436 
817.1303 



618.26 

714.6 

817.6 



0.0019 
0.0013 
0.0006 



Sn u+ 21 0.04794 



0.20235 



0.22003 



927.5333 



927.5 



0.0000 



Ti 15+ 22 0.04574 0.19264 0.20835 1044.8504 1044 
V l6 + 23 0.04374 0.18383 0.19785 1169.0800 1168 
q 17+ 24 0.04191 0.17579 0.18836 1300.2206 1299 



-0.0008 
-0.0009 
-0.0009 



M« 18+ 


25 


0.04022 


0.16842 


0.17974 


1438.2710 


1437 


-0.0009 


Fe l9+ 


26 


0.03867 


0.16165 


0.17187 


1583.2303 


1582 


-0.0008 


Co 20 * 


27 


0.03723 


0.15540 


0.16467 


1735.0978 


1735 


-0.0001 


Ni 2U 


28 


0.03589 


0.14961 


0.15805 


1893.8726 


1894 


0.0001 



Cu 22+ 29 0.03465 



0.14424 



0.15194 2059.5543 



2060 



0.0002 



a Radius of the first set of paired inner electrons of seven-electron atoms from Eq. (10.51). 

" Radius of the second set of paired inner electrons of seven-electron atoms from Eq. (10.62). 

c Radius of the three unpaired paired outer electrons of seven-electron atoms fromEq. (10.152) for Z > 7 and Eq. (10.142) foriV. 

" Calculated ionization energies ot seven-electron atoms given by the electric energy (Eq! (1U. Hi)). 



e Fiom theoietical calculations, iuleipolalioii ofisoeleclioiiic and speclial seiies, and experimental data [2-3]. 

* (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.5 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. The nitrogen atom 
isoelectronic series is given in Table 10.5 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of N isoelectronic and Rydberg series, as well as direct experimental data. 
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EIGHT-ELECTRON ATOMS 

Eight electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, and seven electron 
atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE OXYGEN 
ATOM 

tor each seven-electron atom having a central charge ot Z times that ot the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 
electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), and three unpaired electrons in an orbitsphere at r 7 
given by Eq. (10.152). For Z > 8 , the next electron which binds to form the corresponding eight-electron atom is attracted by 
Hie central Coulomb field and is repelled by diamagnetic force due Lo the spin-paired inner electrons. A paramagnetic spin- 
pairing force that results in the formation of a filled s orbital is also possible, but the force due to the spin - pairing of the electrons 
(Eq. (7.24) with the radius r 8 ) reduces the energy of the atom less than that due to the alternative forces on two paired electrons 
in a p x orbital and two unpaired electrons in p and p z orbitals of an orbitsphere at the same radius r g . The resulting electron 

configuration is Is 2 2s 7 2 p 4 , and the orbital arrangement is 
2p state 

t 4- JT T_ (10.154) 

1 -1 
corresponding to the ground state J P 2 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner seven electrons is given by Eq. (10.70) with the appropriate charge and radius: 

F„=-^gli r 00.155) 

for r>r 1 . 

The energy is minimized with conservation of angular momentum by the cancellation of the orbital angular momentum 
of a p x electron by that of the p electron with the pairing of electron eight to fill the p x orbital. Then, the diamagnetic force is 

that of N given by Eq. (10.136) corresponding to the p z -orbital electron (Eq. (10.82) with m = 0) as the source of 
diamagnetism with an additional contribution from the uncanceled p x electron (Eq. (10.82) with m = \). V diamagnaic for the 
oxygen atom is 

1 ^ n Jsis I l)i r = A 2 M* ' I) 1 , (10-156) 



diamagnetic 



3 3 J 4m e r 8 r 3 4m e r s r 3 



From Eqs. (10.83) and (10.89), F mag 2 is 

F^ 2 =(1 + 1)^—51- V^ + ^r =T^-V^ + l)i r (10-157) 
Z w e r 8 r 3 Z m e r % r 3 

corr e sponding to th e spin - angular - momentum contribution alon e of the p x e l e ctron and th e orbital angular mom e ntum of th e p z 

electron, respectively. 

The outward centrifugal force on electron 8 is balanced by the electric force and the magnetic forces (on electron 8). The 
radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.155)), 
diamagnetic (Eq. (10.156)), and paramagnetic (Eq. (10.157)) forces as follows: 

my 2 (Z-l)e 2 h 2 r— — — Ih 2 i— — — .,„..„, 

-^ JL = - A '- — — V4* + l)+- —yjs(s + l) (10.158) 

r s 4 ^o r s 4 "V"8 r 3 Zt n e r s r 3 

% 1 
Substitution of v 8 = (Eq. (1.35)) and s= — into Eq. (10.158) giv e s: 

mjk ? 

■^= ( 4^-^M^M (10.159, 



m e r s 4xe r s Am/ % r 3 V 4 Zm^ r 3 V 4 

*2 



(Z-iy h l 3 2h 2 

47T£ 4m e r 3 V 4 Zm e r 3 V 4 



(10.160) 
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(Z-7)- -- 



1 2 



, r 3 in units of a Q 



(10.161) 



4 Z r. 



Substitution of ^- = 0.59020 (Eq. (10.62) with Z = 8) into Eq. (10.161) gives 
a n 



(10.162) 



The ionization energy of the oxygen atom is given by the negative of E(electric) given by Eq. (10.102) with the 
appropriate charge and radius: 



(7 H\n 

Eiionization; O) = -Electric Energy = — = 13.60580 eV 
%m& 



(10.163) 



where r 8 = a (Eq. (10.162)) and Z = 8 . The experimental ionization energy of the oxygen atom is 13.6181 eV [3]. 

THE IONIZATION ENERGIES OF EIGHT-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>8 

Eight-electron atoms having Z >8 possess an external electric field given by Eq. (10.92). In this case, an energy minimum is 



achieved with conservation of momentum when the orbital angular momentum is such that F. 



is minimized while F, 



mag 2 



is maximized. From Eq. (10.82), the diamagnetic force, ^ diamagnelic , is given by the sum of the contributions from the p x , p , and 
p v orbitals corresponding to m =1,-1, and 0, respectively: 



2 2 1 

+ 



h 2 



yjs(s + l)i r =- 



h 2 



3 ) 4m e r 8 r 3 



Js(s + 1)K 



(10.164) 



diamagnetic \ ^ ' ^ ' ^ I yl „. „2 , 

The filled p orbitals with the maintenan c e of symmetry according to Eq . (10 . 72) requires that the diamagnetic force is 



only due to the electrons at r 3 . From Eqs. (10.84) and (10.89). F ; is 



Kag2 =(4 + 1 + 1) 



js(s + \)i r = 



6% 2 



Z m/ % r 3 



Z m e r s r 3 



yl<S + l)i T 



(10.165) 



corresponding to the spin and orbital angular momenta of the paired p x electrons and the orbital angular momentum of each of 
the p and p z electrons, respectively. 

The second diamagnetic force, F f 
its radius is given by Eq. (10.93): 

~Z-%~\{, -j2\rJi 



due to the binding of the p-orbital electron having an electric field outside of 



4- 



-\0^s(s + \)\ 



(10.166) 



diamagnetic 2 



Z-7 I 2 )mji 

V Jet, 



In the case that Z > 8 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.155)), diamagnetic (Eqs. (10.164) and (10.166)), and paramagnetic (Eq. (10.165)) forces as follows: 



m e v 2 (Z-l)e 1 



5/T 



<Js(s + l)- 



6/f 



Js(s + 1)- 



Z-8 



V2 | r 3 fi 



0js(s + Y) 



(10.167) 



Ansj-l Um e r 2 r 3 



Zm e r s r 3 



Z-7 



2 I m/ s 

J e 8 



h 1 

Substitution of v 8 = (Eq. (1.35)) and s = — into Eq. (10.167) gives: 

ntjft — 2 



47T£ r 2 



Stf 



-&t 



Z-7 



"^ 



rft 



12w e r 8 r 3 V4 Zw e r 8 r 3 \4 



-10J- 



(10.168) 



The quadratic equation corresponding to Eq. (10.168) is 



(Z - l)e l ( 5 6"| ti 1 /3 ) 2 _#_ 



V2 \r 3 n 



Z-8 



4= 



10. - = 



(10 . 169) 



V 4 ^o 



12 Z ) m/ 3 V 4 , 



Z-7 



2 J m e 



-m- 



JtL, 



Z-8 

Z-7 



1- 



&' 



rAO 



47T£„ 



3 6-Vfr 



47Z£ n 



5 6) r 3 



■ = 



(10.170) 



12 Z)m/ 3 \4j 



12 Z J mj 3 \ 4 , 

e 3 / 



The solution of Eq. (10.170) using the quadratic formula is: 
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(Z-T)e 1 ( 5 6^pi 



47T£„ 



tn. 



12 Z J m e r 3 V 4 . . 



iz-iy 



.\ U* 



\z. 



~4m. 



12 Z 



K- 7.-9. 



M- 



nTU, 



o V 



J'"e'l I^J 



¥A- 



Z-l 



v 2 / 



(Z-7)e 2 f 5 6"\ h 



4^g„ 



12— Z 1 



(10.171) 




^ 



5 3^>/3 



24 Z J r, 



20a/3 



Z-8 

Z^T 



'.-£ 



v Z 



(2-7)- 



1)^1 



24 Zj r 3 



3 J 



- , r 3 in units of a 



(10.172) 



where r 3 is given by Eq. (10.62). The positive root of Eg. (10.172) must be taken in order that r s >0. The final radius of 
electron 8, r 8 , is given by Eq. (10.172); this is also the final radius of electrons 5, 6, and 7. The radii of several eight-electron 
atoms are given in Table 10.6. 
The ionization energies for the eight-electron atoms with Z > 8 are given by the electric energy, E (electric) , (Eq. 



(10.102) with the radii, r 8 , given by Eq. (10.172)): 



E(Ionization) = -Electric Energy = 



(Z-l)e 1 
8^e r 8 



(10.173) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured eight-electron 
atoms are given in Table 10.6. 



©2010 BlackLight Power, Inc. All rights reserved. 



336 



Chapter 10 



Table 10.6. Ionization energies for some eight-electron atoms. 



_8_e ZL 



— t— 



0.59020 



Th eoretical Experimental Relative 



Atom 



-&& 



-^co- 



lonization Ionization 



Error 



O 8 0.12739 



1.00000 



Energies 
(eV) 
13.60580 



Energies 
(eV) 
13.6181 






-9 0.11297 

43 0.101 4 9 



0.51382 
0. 4 5511 



0.7649 
0.651 4 



35.5773 
62.6611 



34.9708 
-63^15 — 



0.0009 

-0.0173 

0.012 4 



Na 6 



11 0.09213 
Mg 4+ 12 0.08435 
^ — 13 0.07778 



-At 



0.40853 
0.37065 
0.33923 



0.5592 
0.4887 



97.3147 
139.1911 



0.4338 188.1652 



98.91 
141.27 
190.49 



0.0161 
0.0147 
0.0122 



44 0.07216 



Sf 

P 7 + 15 0.06730 
S* 16 0.06306 

-Gf± U 0.05932 



0.3127 4 



0.3901 2 44 .1735 



2 4 6.5 



0.009 4 



0.29010 
0.27053 
.25 344 



0.3543 
0.3247 



307.1791 
377.1579 



0.2996 45 4 .09 40 



309.6 

379.55 
455.63 



0.0078 
0.0063 
.00 34 



-A^ 



A& 0.05599 



0.7.3839 



0.7.787. 5 37 . 97 56 



538.96 



0.0018 



K n+ 19 0.05302 

Ca n+ 20 0.05035 

S c n+ 21 0.04794 

Tj u + 22 0.04574 



0.22503 


0.2597 


628.7944 


629.4 


0.0010 


0.21308 


0.2434 


726.5442 


726.6 


0.0001 


0.20235 


0.2292 


831.2199 


830.8 


-0.0005 


0.19264 


0.2165 


942.8179 


941.9 


-0.0010 



j/ 15 + 23 


0.04374 


0.18383 


0.2051 


1061.3351 


1060 


-0.0013 


6> 16+ 24 


0.04191 


0.17579 


0.1949 


1186.7691 


1185 


-0.0015 


Mn ll+ 25 


0.04022 


0.16842 


0.1857 


1319.1179 


1317 


-0.0016 



Fe n+ 


26 


0.03867 


0.16165 


0.1773 


1458.3799 


1456 


Co m+ 


27 


0.03723 


0.15540 


0.1696 


1604.5538 


1603 


Ni 20+ 


28 


0.03589 


0.14961 


0.1626 


1757.6383 


1756 


Cu 2U 


29 


0.03465 


0.14424 


0.1561 


1917.6326 


1916 



-0.0016 
-0.0010 
-0.0009 
-0.0009 



a Radius of the first set of paired inner electrons of eight-electron atoms from Eq. (10.51). 

" Radius of the second set of paired inner electrons of eight-electron atoms from Eq. (10.62). 

c Radius of the two paired and two unpaired outer electrons of eight-electron atoms from Eq. (10.172) for Z > 8 and Eq. (10.162) for O. 

"■ Calculated ionization energies of eight-electron atoms given by the electric energy (Eq. (10.173)). 

e From t heore t ical calcula t ions, in t erpola t ion of isoelec tr ouic and spec t ral series, and experimen t al da t a [2-3], 



_L 



(Experimental - theoretical)/experimental. 



The agreement between the experimental and calculated values of Table 10.6 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z that relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. The oxygen atom 
iso c l c ctronic s c ri e s is giv e n in Tabl e 10.6 [2 - 3] to much high e r pr e cision than th e capability of X - ray sp e ctroscopy, but th e s e 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of O isoelectronic and Rydberg series, as well as direct experimental data. 
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NINE-ELECTRON ATOMS 

Nine electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, and eight 
electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE 
FLUORINE ATOM 

For each eight-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphcrc with radii r\ and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishabl e spin-paired 

electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), and two paired and unpaired electrons in an 

orbitsphere at r 8 given by Eq. (10.172). For Z > 9 , the next electron which binds to form the corresponding nine-electron atom 

is attracted by the central Coulomb field and is repelled by diamagnetic force due to the spin-paired inner electrons. A~ 
pa r amagnetic s p in-pai r ing fo r ce that r esults in the fo r mation of a filled s o r bital is also p ossible, but the force due to the spin- 
pairing of the electrons (Eq. (7.24) with the radius r 9 ) reduces the energy of the atom less than that due to the alternative forces 

on an unpaired electron in a p orbital and two pairs of electrons of opposite spin in p x and p z orbitals of an orbitsphere at the 
same radius r 9 . The resulting electron configuration is ls 2 2s 2 2p : , and the orbital arrangement is 
2p state 
t i t I t (10.174) 

1 -1 

corresponding to the ground state 2 P 3I2 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner eight electrons is given by Eq. (10.70) with the appropriate charge and radius: 

*>^& <*"*- 

for r > r s . 

The energy is minimized and the angular momentum is conserved with the pairing of electron nine to fill the p z orbital 
when the orbital angular momenta of each set of p x and p, spin-paired electrons adds negatively to cancel. Then, the 
diamagnetic force (Eq. (10.82)), F dimmgTmtic , is 

F di „ c = -ff ItI^T-V^+IX (10.176) 



v 3 ) 4m e r 9 r 3 
corresponding Lo m = -\ for the unpaired p electron. 



From Eqs. (10.83) and (10.89), V mag 2 is 

K ag2 =(l + l + l)^W^ + l)i r =^-^-V*(* + l)i r ( 10 - 177 ) 

Z m e r 9 r 3 Z m e r 9 r 3 

corresponding to the spin-angular-momentum contribution alone from each of the p r and p v orbitals and the orbital-angular- 

momentum contribution of the p electron, respectively. 

The outward centrifugal force on electron 9 is balanced by the electric force and the magnetic forces (on electron 9). The 
radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.175)), 
diamagnetic (Eq. (10.176)), and paramagnetic (Eq. (10.177)) forces as follows: 

-*-*- = —. ~ — —js(s + \)+- ^V4* + 1 ) (10.178) 

r 9 Aks q t 9 om e r 9 r 3 Zm e r 9 r 3 

h 1 
Substitution of v 9 = (Eq. (1.35)) and s= — into Eq. (10.178) gives: 



_1 
fl 2 (Z-8)e 2 h 2 /3 3h 2 13 



m/l 47t£ Q r 2 6m e r 9 r 3 \ 4 Zm e r 9 r 3 \ 4 



(10.179) 



(Z-8)e 2 r /3 3ti 



4ks 6m e r 3 \ 4 Zm e r 3 V 4 



(10.180) 
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(Z-8)- T~ 



1 



, r 3 in units of a 



(10.181) 



6 Z ) k 



Substitution of ^- = 0.51382 (Eq. (10.62) with Z = 9) into Eq. (10.181) gives 
a n 



r 9 = 0.78069a 



(10.182) 



The ionization energy of the fluorine atom is given by the negative of E (electric) given by Eq. (10.102) with the 
appropriate charge and radius: 

(Z-8)e 2 



E (ionization; F) - -Electric Energy - 



8xs r 9 



= 17.42782 eV 



(10.183) 



where r 9 = 0.78069a (Eq. (10.183)) and Z = 9 . The experimental ionization energy of the fluorine atom is 17.42282 eV [3]. 

THE IONIZATION ENERGIES OF NINE-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>9 

Nine-electron atoms having Z > 9 possess an external electric field given by Eq. (10.92). In this case, an energy minimum is 
achieved with conservation of momentum when the orbital angular momentum is such that F diama nelic is minimized while F ma 2 

is maximized. From Eq. (10.82), the diamagnetic force, F diamagnelic , is given by the sum of the contributions from the p x , p , and 

p, orbitals corresponding to m = \, -1, andO, respectively: 



diamagnetic 



111 

3 3 3 J 4»i.kV, 



ft 2 



>M*+i)v 



% 2 



3 ) 4m e r 9 r 3 



Js(s + Y)i r 



(10.184) 



The fi lled p orbitals w i t h th e m aintenance of sy m met ry a ccording to Eq. (1 0.72) re quires th at th e diamagnetic fo rce is 

only due to the electrons at r 3 . From Eqs. (10.84) and (10.89). F 2 is 



mag 2 



= (4 + 4 + 1) 



l h 2 

Z m/ 2 r 3 



yjs(s + l)l 



1 9h 2 

Z m e r 2 r 3 



>/*<> + l)i, 



(10.185) 



co rr esponding to the spin and o r bital angula r momenta of the pai r ed p x and p z elect r ons and the o r bital angula r momentum of 
the unpaired p electron, respectively. 

The second diamagnetic force, F diamagmtic 2 , due to the binding of the p-orbital electron having an electric field outside of 
its radius is given by Eq. (10.93): 



4l ) rJi 



Z-9 



I0yjs(s i l)i 



(10.186) 



diamagnetic 2 



z-i 



2 )m/ 9 



In the case that Z > 9 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.175)), diamagnetic (Eqs. (10.184) and (10.186)), and paramagnetic (Eq. (10.185)) forces as follows: 



myl (Z-cV)e 2 



sr 



V^+i)- 



9r 



V4 * +i)- 



Z-9 



S\ r 3 h 



0yjs(s+l) 



(10.187) 



4x£ r 9 



\2m e r 9 r 3 



Zm e r 9 r 3 



Z-8 



2 )m e r 9 



Substitution of v 9 = (Eq. (1.35)) and s = — into Eq. (10.187) gives: 



-BWr 



(Z-8)g 

4x£ r 2 



Stt 



~9ft 



-£=9- 
Z-8 



& 



^ . *■>■ 



— +- 



Ylm e r 9 r 3 V 4 Zm/ 9 r 3 V 4 



1- 



-f— 10. - 
r*m, V 4 



(10.188) 



The quadratic equation corresponding to Eq. (10.188) is 



(Z-8)e 2 ( 5 9)h 2 3 



4ns n 



IT 



m. 



-J2 



^i o /l = o 



12 Z)m e r 3 \4 



Z-9 
Z-8 



m. 



Z-9 
Z-S 



V2" 



rJO. 



(10 .189) 



(Z-8)e 

v 4^ 



-5 — 9\^t 



\'9 / 



(Z-8)e 

v 4 ^o 



5 9-V^r 



= 



(10.190) 



12 Z ) m/, \ 4 , 

e i y 



12 Z J mj 3 \ 4 , 

e 3 y 
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The solution of Eq. (10.190) using the quadratic formula is: 



5 9 \ h 1 /P 



^(Z-8)e 2 



4fls \\2 Z)m e r 3 \4 



(z - &y 

4ne„ 



5 — 9-Y-ft 



12 Z ) mr % V 4 . 



+4- 






Z-9 
Z-8 



V 2 



r, 10. 



(Z-8)e 2 f5 9^ ft 2 <3 



4^g„ 



i2 — Z Jmr, V4 



« ' ^y 



j g_^|>/3 



(10.191) 



^=$- 



24 2Z ) r 3 



3 y 



^=^- 



9_)^_ 



\±«0 



24 2ZJ r, 



3 J 



20yf3 



z-=<P' 



^z-=% 



1- — r, 



/_ J 



_swfA_Al^ 



(2-8)- 



24 2Zj r 3 



3 y 



-, ? 3 in units of a a 



(10.192) 



where r 3 is given by Eq. (10.62). The positive root of Eq. (10.192) must be taken in order that r 9 >0. The final radius of 
electron 9, r 9 , is given by Eq. (10.192); this is also the final radius of electrons 5, 6,7, and 8. The radii of several nine-electron 

atoms are given in Table 10.7. 

The ionization energies for the nine-electron atoms with Z > 9 are given by the electric energy, E{electric) , (Eq. 
(10.102) with the radii, r 9 , given by Eq. (10.192)): ~~ 

(Z-8)e 2 



E(Ionization) = -Electric Energy - 



%ns Q r 



(10.193) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured nine-electron 
atoms are given in Table 10.7. 
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Table 10.7. Ionization energies for some nine-electron atoms. 



9e Z 


r x 


r 3 


r 9 


Theoretical 


Experimental 


Relative 


Atom 


Uo) 8 


(a ) 


Uo)° 


Ionization 

Energies 

(eV) 


Ionization 

Energies " 
(eV) 


Error 


F 9— 


0.11297 — 


— 0.51382 — 


— 0.78069 


17.42782 


17.42282 


-0.0003 



,2+ 



40 0.10149 

AV + 11 0.09213 
Mg 3+ 12 0.08435 

43 0.07778 



-AP 



04^11 


64771 


4^ 0P1 


40 %3^8 


-0 0^6 


0.40853 


0.57282 


71.2573 


71.62 


0.0051 


0.37065 


0.50274 


108.2522 


109.2655 


0.0093 


0.33923 — 


— 0.44595 


152.5469 


153.825 


0.0083 



44 0.07216 



P 6+ 15 0.06730 

S 7+ 16 0.06306 

_0?± 17 0.05932 



0.31274 



0. 4 0020 



203.9865 



205.27 



0.0063 



0.29010 
0.27053 
0.25344 



0.36283 
0.33182 
0.30571 



262.4940 
328.0238 
400.5466 



263.57 
328.75 
400.06 



0.0041 

0.0022 

-0.0012 



4r 9+ 


18 


0.05599 


0.23839 


0.28343 


480.0424 


478.69 


-0.0028 


K 10+ 


19 


0.05302 


0.22503 


0.26419 


566.4968 


564.7 


-0.0032 


Ca 11+ 


20 


0.05035 


0.21308 


0.24742 


659.8992 


657.2 


-0.0041 


Sc u+ 


21 


0.04794 


0.20235 


0.23266 


760.2415 


756.7 


-0.0047 


Ti 13+ 


22 


0.04574 


0.19264 


0.21957 


867.5176 


863.1 


-0.0051 



yU + 


23 


0.04374 


0.18383 


0.20789 


981.7224 


976 


-0.0059 


Cr 15 + 


24 


0.04191 


0.17579 


0.19739 


1102.8523 


1097 


-0.0053 


Mn 16+ 


25 


0.04022 


0.16842 


0.18791 


1230.9038 


1224 


-0.0056 



Fe"+ 


26 


0.03867 


0.16165 


0.17930 


1365.8746 


1358 


-0.0058 


CV 8+ 


27 


0.03723 


0.15540 


0.17145 


1507.7624 


1504.6 


-0.0021 


M 19+ 


28 


0.03589 


0.14961 


0.16427 


1656.5654 


1648 


-0.0052 


C» 20+ 


29 


0.03465 


0.14424 


0.15766 


1812.2821 


1804 


-0.0046 



a Radius of the first set of paired inner electrons of nine-electron atoms from Equation (10.51). 

" Radius of the second set of paired inner electrons of nine-electron atoms from Equation (10.62). 

c Radius of the one unpaired and two sets of paired outer electrons of nine-electron atoms from Eq. (10.192) for Z > 9 and Eq. (10.182) for F. 

" Calculated ionization energies of nine-electron atoms given by the electric energy (Eq. (10.193)). 

e From theoretical calculations, interpolation of isoclcctronic and spectral series, and experimental data [2 - 3], 



[ (Experimental-theoretical)/experimental. 



The agreement between the experimental and calculated values of Table 10.7 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. — The fluorine atom 
isoelectronic series is given in Table 10.7 [2 - 3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of F isoelectronic and Rydberg series, as well as direct experimental data. 
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TEN-ELECTRON ATOMS 

Ten electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, and 
nine-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE NEON 
ATOM 

For each nine-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphcrc with radii r\ and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishabl e spin-paired 

electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), and two sets of paired and an unpaired electron in an 

orbitsphere at r 9 given by Eq. (10.192). For Z > 10, the next electron which binds to form the corresponding ten-electron atom 

is attracted by the central Coulomb field and is repelled by diamagnetic force due to the spin-paired inner electrons. A~ 
pa r amagnetic s p in-pai r ing fo r ce that r esults in the fo r mation of a filled s o r bital is also p ossible, but the force due to the spin- 
pairing of the electrons (Eq. (7.24) with the radius r w ) reduces the energy of the atom less than that due to the alternative forces 

on three pairs of electrons of opposite spin in p x , p and p z orbitals of an orbitsphere at the same radius r 10 . The resulting 

electron configuration is ls 2 2s 2 2p c , and the orbital arrangement is 
2p state 

t__i 1_A LJ: (10.194) 

1 -1 

corresponding to the ground state ^ . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner nine electrons is given by Eq. (10.70) with the appropriate charge and radius: 

17 -( Z_9 ) e ^ (10.195) 



4*% 



for r>r 9 _ 



The energy is minimized and the angular momentum is conserved with the pairing of electron ten to fill the p orbital 
when the orbital angular momenta of each set of the p T , p , and p. spin-paired electrons add negatively to cancel. Then, the 
di a m a gnet i c force (Eq . (10 . 87,)) , ¥ dlamagaetlc , is zero: 



F*» fc =0 (10.196) 

From Eq. (10.83), F m(lg 2 is 

^, =(l+1+l)-^-^/^i)i r =\ -^-^(* + 1)i r 00 . 197) 

Z m e r w r 3 Z m e r m r 3 

corresponding to the spin-angular-momentum contribution alone from each of the p x , p , and p z orbitals. 

The outward centrifugal force on electron 10 is balanced by the electric force and the magnetic forces (on electron 10). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.195)), 
diamagnetic (Eq. (10.196)), and paramagnetic (Eq. (10.197)) forces as follows: 

m/ w _(Z-9)e\ 2h 2 



4xs Q r 10 Zm e r m r, 



■Jsjs + V) (10.198) 



W I 

Substitution of v 10 = (Eq. (1.35)) and s = — into Eq. (10.198) gives: 



JL.SZ2-U *fc (.0.199) 



mr m 4xs n r m Zmr m n V 4 



m. 



10 (Z-9)e 2 { 3h 2 jl 
4m? 7m e r 3 \ 4 



(10.200) 



, r 3 in units of a Q (10.201) 



(Z-9) + |l4 
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Substitution of -2- = 0.4551 1 (Eq. (10.62) with Z = 10 ) into Eq. (10.201) gives 

«o 

r, n =0.63659a n 



(10.202) 



The ionization energy of the neon atom is given by the negative of E{electric) given by Eq. (10.102) with the 
appropriate charge and radius: 

(Z-9)e 2 



E (ionization; Ne) = -Electric Energy - 



lm&<>- 



= 21.37296 eV 



(10.203) 



where r 10 = 0.63659a (Eq. (10.202)) and Z = 10 . The experimental ionization energy of the neon atom is 21.56454 eV [3]. 



THE IONIZATION ENERGIES OF TEN-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>10 

Ten-electron atoms having Z >10 possess an external electric field given by Eq. (10.92). In this case, an energy minimum is 



achieved with conservation of momentum when the orbital angular momentum is such that F. 
is maximized. From Eq. (10.82), the diamagnetic force, F dh 



is minimized while F, 



mag 2 



diamagnetic 



, is given by the sum of the contributions from the p x , p , and 



p 7 orbitals corresponding to m =1,-1, and 0, respectively: 



diamagnetic 

The filled 



2 1 

— + - 
3 



3 J 4m e r w r 3 



Js(s + l)i r =- 



p orhirals with the maintenance of symmetry according to F,q. (10.77.) requires that the diamagn 



3 ) 4m e r l l r 3 



(10.204) 
eric force is 



only due to the electrons at r 3 . From Eq. (10.84), F 2 is 



mag 2 



:(4 + 4 + 4) 



1 



Z m e r m r 3 



>}s(s + V)i 



1 12ft 2 
Z m e r^r 3 



Js(s + l)i 



(10.205) 



corresponding to the spin and orbital angular momenta of the paired p x , p , and p z electrons. 

The second diamagnetic force, F diMM . c 2 , due to the binding of the p-orbital electron having an electric field outside of 
its radius is given by Eq. (10.93): 



diamagnetic 2 



Z-10 -v/2^1 r 3 h 



1 0^ + 1)1, 



(10.206) 



Z-9 



2 mr, n 



In the case that Z > 1 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.195)), diamagnetic (Eqs. (10.204) and (10.206)), and paramagnetic (Eq. (10.205)) forces as follows: 



my, c 



(Z-9)e 2 



5h l 



<Js(s i 1) 



12/r 



<Js(s i 1) 



Z-10 



V2I nti 



&Js(s 1 1) 



(10.207) 



4xs r 10 



12w e r 10 r 3 



z m/ w r 3 



Z-9 



Substitution of v,„ = 



(Eq. (1.35)) and s = - into Eq. (10.207) gives: 

mr m 2 



-# (Z - 9y 



Sft 1 



3*?_ 



42* 



Z - 10 
Z-9 



-& 



*# 



4xe n r , l 



+ - 



\2mj\j\ V 4 — Zmr , j\ 



■10. 



(10.208) 



J '10'"* 



The quadratic equation corresponding to Eq. (10.208) is 



(Z-9)e 2 



5 12) ft 



3 I 2 _K_ 

Lw Lxa 



Z-10 



yll\j( 



-M 



(10.209) 



4ne n 



T2 Z J m r, \ 4 , 



Z-9 



V 



2 1 m e 



m„ 



m„ 



Z-10 
Z-9 



I 2 



r,10. 



-(Z-4> 

— 4m?r 



, 2 ( 



5 — V2A-k 






, 2 f 



-4 — 12^ h 2 



- = 



(10.210) 



42 — Z J m„n V 4 



12 Z)m/ 3 \ / \ 
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The solution of Eq. (10.210) using the quadratic formula is: 



r {Z-9)e 2 



vv 



A7TE n 



12 zjmr, \4 



(Z 9)c 2 
v 4 ^o 



^ — 124-fc 



12 Z J«/, V 4 



+4- 






Z-10 
Z-9 



1- 



^ 



r 3 10. 



^Z=S)e 



2 /" 



5 12 "l h 1 13 



4ss,j y2 — Z J « e r 3 \ 4 



5__6_ > |>^ 



(10.211) 



^=^= 



24 Z) r 3 



3 y 



^=s^ 



6_)J5_ 



\ -"o 



24 Z; r q 



3 y 



20^ 



Z-10 



-Z~=9- 



1- 



^ 



\ A 



J J 



-,,-(±-1^ 



(2-9)- 



24 Zy 1 r 3 



3 y 



> 3 in K«ito o/ a 



(10.212) 



where r 3 is given by Eq. (10.62). The positive root of Eq. (10.212) must be taken in order that r 10 >0. The final radius of 
electron 10, r 10 , is given by Eq. (10.62); this is also the final radius of electrons 5, 6, 7, 8, and 9. The radii of several ten- 

electron atoms are given in Table 10.8. 

The ionization energies for the ten-electron atoms with Z > 1 are given by the electric energy, E (electric) , (Eq. 
(10.102) with the radii, r 10 , given by Eq. (10.212)): 

(Z-9)e 2 



E(Ionization) = -Electric Energy - 



8^10 



(10.213) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured ten-electron 
atoms are given in Table 10.8. 
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Table 10.8. Ionization energies for some ten-electron atoms . 



W-e- 

Arnm 


^^ 


1 




1o 


Theoretical 
Ionization 


Experimental 
Ionization 


Relative 






{<) 


(«o) 


{<) 


Energies 
(eV) 


Energies e 
(eV) 




Ne 


10 


0.10149 


0.45511 


0.63659 


21.37296 


21.56454 


0.00888 


Na + 


11 


0.09213 


0.40853 


0.560945 


48.5103 


47.2864 


-0.0259 


Mg" 


12 


0.08435 


0.37065 


0.510568 


79.9451 


80.1437 


0.0025 


Al 3+ 


13 


0.07778 


0.33923 


0.456203 


119.2960 


119.992 


0.0058 


Si 4+ 


14 


0.07216 


0.31274 


0.409776 


166.0150 


166.767 


0.0045 


P b+ 


15 


0.06730 


0.29010 


0.371201 


219.9211 


220 .421 


0.0023 


s 6+ 


16 


0.06306 


0.27053 


0.339025 


280.9252 


280.948 


0.0001 


Cl 1+ 


17 


0.05932 


0.25344 


0.311903 


348.9750 


348.28 


-0.0020 


Ar* + 


18 


0.05599 


0.23839 


0.288778 


424.0365 


422.45 


-0.0038 


K 

€x^- 




0.05035 — 


U.zzjUj 

— 0.21308 — 


— 0.251491 


DUO.Uool 

595.1070 


jUj.5 

591.9 


-U.UU4J 

0.0054 



Sc u 
Ti n 



-e^ 



21 0.04794 


0.20235 


22 0.04574 


0.19264 


^3 04374 


18383 


24 0.04191 


0.17579 



0.236251 691.0866 687.36 -0.0054 
0.222761 794.0151 787.84 -0.0078 

0.210736 903.8853 836 -0.0088 

. 19 995 1020.6910 1010.6 -0. 010 



Mn 15+ 25 0.04022 0.16842 0.19022 1144.4276 1134.7 -0.0086 
Fe 16+ 26 0.03867 0.16165 0.181398 1275.0911 1266 -0.0072 
Co" + 27 0.03723 0.15540 0.173362 1412.6783 1397.2 -0.01 1 1 



-M 



28 0.03589 



0.14961 



0.166011 1557.1867 1541 



-0.0105 



Cu 1 ' 

Zn 2{ 



29 
30 



0.03465 
0.03349 



0.14424 
0.13925 



0.159261 
0.153041 



1708.6139 
1866.9581 



1697 
1856 



-0.0068 
-0.0059 



a Radius of the first set of paired inner electrons of ten-electron atoms from Equation (10.51). 

" Radius of the second set of paired inner electrons of ten-electron atoms from Equation (10.62). 

c Radius of three sets of paired outer electrons often electron atoms from Eq. (10.212) for Z > 10 and Eq. (10.202) for Ne. 



" Calculated ionization energies of ten-electron atoms given by the electric energy (Eq. (10.213)). 

e From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 

* (Experimental-theoretical)/experimental. 

~~ The agreement between the experimental and calculated values of Table 10.8 is well within the experimental capability 

of the spectroscopic determinations, including the values at large Z, which rely on X-ray spectroscopy. — In this case, the 
experimental capability is three to four significant figures, which is consistent with the last column. The neon atom isoelectronic 
series is given in Table 10.8 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these values are based 
on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine since the cut-off 
of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be determined from 
theoretical calculations, interpolation of Ne isoelectronic and Rydberg series, as well as direct experimental data. 



GENERAL EQUATION FOR THE IONIZATION ENERGIES OF FIVE THROUGH 



Using the forces given by Eqs. (10.70), (10.82-10.84), (10.89), (10.93), and the radii r 3 given by Eq. (10.62), the radii of the 2p 
electrons of all five through ten-electron atoms may be solved exactly. The electric energy given by Eq. (10.102) gives the 
corresponding exact ionization energies. A summary of the parameters of the equations that determine the exact radii and 
ionization energies of all five through ten-electron atoms is given in Table 10.9. 



F„. and F. 



diamagnetic 2 



given by Eqs. (10.70) and (10.93), respectively, are of the same form for all atoms with the 
appropriate nuclear charges and atomic radii. F dja a!c given by Eq. (10.82) and F mag 2 given by Eqs. (10.83-10.84) and (10.89) 

are of the same form with the appropriate factors that depend on the electron configuration wherein the electron configuration 
must be a minimum of energy. 

For each n-electron atom having a central charge of Z times that of the proton and an electron configuration 
ls 2 2s 2 2p"~ 4 , there are two indistinguishable spin-paired electrons in an orbitsphere with radii r\ and r 2 both given by Eqs. 
(7.35) and (10.51): 
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(10.214) 



Z-l Z(Z-l) 



two indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62): 



Z " 3 W 5 



z ; 



(Z-3)- | l- 1 



4 Zh 



-±a„ 



Z-2 



^=3> 



1 1 



(z-s)- ! !- 1 



4 ZJ r 



(10.215) 



4 ZJ k 



r x in units of a a 
where r x is given by Eq. (10.214), and « -4 electrons in an orbitsphere with radius r n given by 



B ")T3 



nT±«o 



4- 



^-(.-fl.-ffA^ 



8 2ZJ r 3 



3 /y 



(Z-(b-I))- 



8 2Z 



3 y 



20>/3 



Z — n 

Z-(n-l) 



>/2 



•\ A 



-*- 



^ 



(Z-(h-I))- - 



■« — 2Z 



J '3 J 



(10.216) 



r 3 in units of a 

A 

where r 3 is given by Eq. (10.215), the parameter A given in Table 10.9 corresponds to the diamagnetic force, F diamagnelic , (Eq. 
(10.82)), and the parameter B given in Table 10.9 corresponds to the paramagnetic force, F 2 (Eqs. (10.83-10.84) and 
(10.89)). The positive root of Eq. (10.216) must be taken in order that r n > . The radii of several n-electron atoms are given in 

Tables 10.3-10.8. 

The ionization energy for the boron atom is given by Eq. (10.104). The ionization energies for the n-electron atoms are 
given by the negative of the electric energy, E(electric) , (Eq. (10.102) with the radii, r n , given by Eq. (10.216)): 



E(Ionization) = -Electric Energy - 



(z-(w-i)K 



8xs r n 



(10.217) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured n-electron atoms 
are given by Eqs. (10.217) and (10.216) in Tables 10.3-10.8. " 
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Table 10.9. Summary of the parameters of five through ten-electron atoms. 



Atom Type 


Electron Ground 


Orbital 


Diamagnetic 


Paramagnetic 




Configuration State 


Arrangement 


Force 


Force 




Term' 


of 2p Electrons 
(2p state) 


Factor 

A* 


Factor 




Neutral 5 e Atom 


ls'-ls'-lp 1 ^R" 


T 







-B- 



Neutral 6 e Atom ls 2 2s 2 2p 2 

C 



1 





-l 


-^2— 


a 


1. 

1 


_L 




-l 


2 
1 






Neutral 7 e Atom 



T^ZT^—J 3^0" 



"T T T 



u- 



\s L 2s L 2p 



Neutral 8 e Atom ls 2 2s 2 2p 4 

O 



1 -1 

tit t 

1 -1 



Neutral 9 e Atom 



~F 

Ne 
Ne 



\s 2 2s 2 2p 5 2 P° 2 



t I t I t 



1 -1 

Neutral 10 e Atom ls 2 2s 2 2p 6 \ t__ t__ t__ 

1 -1 



5 elon 


ls 2 2s 2 2p 1 


2 p 


t 


5 




6 elon 


ls 2 2s 2 2p 2 


3 P 

r 


1 -1 

JL _t 

1 -1 


3 
5 
3 


1 
4 


7 elon 


l" 2 ?.s 2 ?p 3 


4<j0 


t t t 


5 




8 elon 


\s 2 2s 2 2p 4 


3 P 


1 -1 

tit t 

1 C\ 1 


3 

5 
3 


6 
6 


9 e Ion 


ls 2 2s 2 2p 5 


2 p 

r 3l2 


t i t i — t — 


5 





10 e Ion 



2o„2 6 



\s 2 2s l 2p 



X 



1 -1 

t I t 4 t 4 



-T 



"0- 



^r 



9 

12 



a The theoretical ground state terms match those given by NIST [8]. 

b Eq. (10.82). 

c Eqs. (10.83-10.84) and (10.89). 



ELEVEN-ELECTRON ATOMS 

Eleven-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, and ten-electron atoms. 



ATOM 

For each ten-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and n both given by Eg. (7.35) (Eg. (10.51)). two indistinguishable spin-paired 
electrons i n an orbitsphere w i t h ra dii r 3 a nd r A both given by Eg . (10 .67.), and three sets of paired electrons i n an orbitsphere at 
r 10 given by Eq. (10.212). For Z > 1 1 , the next electron which binds to form the corresponding eleven-electron atom is attracted 
by the central Coulomb field and is repelled by diamagnetic forces due to the 3 sets of spin-paired inner electrons such that it 

forms an unpaired orbitsphere at radius r u . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 

electron due to the nucleus and the inner ten electrons is given by Eq. (10.70) with the appropriate charge and radius: 



— 47T£ r 2 ' 



(10.218) 



for r > r m 
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The spherically symmetrical closed 2p shell of eleven-electron atoms produces a diamagnetic force, F diamagllelic , that is 

equivalent to that of a closed s shell given by Eg. (10.1 1) with the appropriate radii. The inner electrons remain at their initial 
radii, but cause a diamagnetic force according to Lenz's law that is 

F^«,- c - -—^-V^ + l)*, ( 10 - 219 ) 

4m e r n r 10 

In addition to the spin-spin interaction between electron pairs, the three sets of 2p electrons are orbitally paired. The 
single s orbital of the sodium atom produces a magnetic field at the position of the three sets of spin-paired 2p electrons. In 
order for the electrons to remain spin and orbitally paired, a corresponding diamagnetic force, V diamagnetic 3 , on electron eleven 
from the three sets of spin-paired electrons is given by 



--..■■ 



e p h 



i.2 



(10 . 220) 



2 m e r m J m e r n 



corresponding to the p x and p electrons with no interaction from the orthogonal p z electrons (Eq. (10.84)). As demonstrated 

by Eqs. (7.15-7.23), the maintenance of the invariance of the electron's angular momentum of h , mass to charge ratio, — , and 
m, 

corresponding magnetic moment of a bohr magneton, ju B , requires that the term in brackets is be replaced by — corresponding 

to the relativistic correction given by Eq. (7.23). Thus, V diamagnetic 3 is given by 

F^„ afc 3 = eIjSjW^K ( io - 22i > 

L "Vii 

where the vector projection of the spin interaction of Js (s + 1) = J— is given in the Two-Electron Atoms section and Appendix 

^Ft 

The outward centrifugal force on electron 11 is balanced by the electric force and the magnetic forces (on electron 11). 

The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.218)) 

and diamagnetic (Eqs. (10.219) and (10.221)) forces as follows: 

OTV, 2 , (Z-10)e 2 H 2 r- - 8/j 2 /- - ^ „ „„™ 

LJL ~ ~ " 2 V^ 1 1 ) - sV^ 1 1 ) (10-222) 

1i 47re r n 4m e r n r w Zm e r u 

h l 

Substitution of v n = (Eq. (1.35)) and s = — into Eq. (10.222) gives: 

m e r n 2 

t£ (Z-10)e 2 £ S mi /£. 



A ns,,r u 4 m„r u r m V 4 — Zm.r u \ 4 



(10.223) 



k if 



, 8 3 
1+ zV4 



(10.224) 



(Z-lO)e 2 r 



Atie q 4m e r w \ 4 

v ZV4 



r 10 in units of a (10.225) 



(Z-IO)-J-^ 
Ar 



Substitution of -^ = 0.56094 (Eq. (10.212) with Z = 1 1 ) into Eq. (10.225) gives 



r n = 2.65432a (10.226) 
The ionization energy of the sodium atom is given by the negative of E(electric) given by Eq. (10.102) with the 
appropriate charge and radius: 



(Z-10)e 2 



E (ionization; Na) = -Electric Energy = — — ~JHZ— - 5.12592 eV (10.227) 

&x£ r n 

where r u = 2.65432a (Eq. (10.226)) and Z = 11. The experimental ionization energy of the sodium atom is 5.13908 eV [3]. 
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THE IONIZATION ENERGIES OF ELEVEN-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>1 1 

Eleven-electron atoms having Z>11 possess an external electric field given by Eq. (10.92). Since there is a source of 
dissipative power, J»E of Eq. (10.27), the magnetic moments of the inner electrons may change due Lo the outer electron such 
that the energy of the eleven-electron atom is lowered. The orbital angular momenta of the paired p x and p electrons give rise 
to the paramagnetic force given by Eq. (10.89), which is also equivalent to that given by Eq. (10.55): 



1 4/T 



yls(s + l)i r 



(10.228) 



mag 2 7 2 

Z m/ n r m 



The diamagnetic force, F diamagnak 2 , due to a relativistic effect with an electric field for r>r n (Eq. (10.35)) may be 
det e rmin e d by considering the corresponding forc e du e to th e binding of a 2p el e ctron. It was shown in the Five-El e ctron Atom 
section, that F^,.^^,.,,., , for five through ten - electron atoms, is dependent on the amplitude of the orbital energy. Using the 



diamagnetic 2 



orbital energy with 1 = 1 (Eq. (10.90)), the energy m e Av 2 of Eq. (10.29) is reduced by the factor of 



1- 



S 



v 



due to the 



/ 



contribution of the charge-density wave of the inner electrons at r 3 . Thus, ^ diamasmetic 2 is given by Eq. (10.93). Conversely, the 



binding of a 3s electron increases the energy m e Av 2 of Eq. (10.29) by the factor of 
"Z-lllf, 42\r, B h 



v 



such that F diamagnelic 2 becomes 



J 



diamaenetic z 1 — t^ t~/S — n ^S 1 ; 

.Z-IOJ^ 2 )m e r u 



1+— R^1Q j,v(, v + 1) i, 



V.v(. v + 1) l 



(10.229) 



In the case that Z > 1 1 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.218)), diamagnetic (Eq. (10.229)), and paramagnetic (Eq. (10.228)) forces as follows: 



-m^ — (Z-10)e 2 



-ft* 



Js(s + \)- 



-4ft 1 



*Js(s + l) 



4xe r* 4m e r 2 r w 



Zm e r n r m 



Z-lllf' j2\r.Ji 2 



(10.230) 



8ft 2 



<Js(s i 1) 



4+ 



\Qjs(s + \) 



Zm e r u 



Z-W}{ 2 )m.r* 



Substitution of v., 



— (Eq. (1.35)) and s = - into Eq. (10.230) gives: 



ft 2 (Z-10)e 2 



3 



4ft 2 



m/ n 4ne r* 4/m/^o V 4 Zm e r 1 2 1 r 10 \4 Zm/ n \\ 



8ft 2 



Z-ll 
Z-10 



v 2 ) m A 



iojl 



(10.231) 



the quadratic equation corresponding to Eq. (10.23 1) is 



(Z-10)e 2 

v, 4 ^n 















( nr^ 


















o 3 






1 


4^ 


\ ^ 


P 




ft 2 


I ^ 




[Z-lll 


f 


4 


' z, 


)m e r m 


h 


li- 


m p 


1 + — — 
V Z J 


r u~ 


Z-10 


V 



1+ 



4~2 



'^ioJI 



= 



(10.232) 





( ofi] 


ft 2 


I V4 





1 + — ^ 


m r 


V z ) 



Z-ll 
Z-10 



s L 



m. V4 



(10.233) 



'ii f 



(Z-10y (\ 4\ h 



^ u f, 



(z-ioy p 4) ^ \i 



v 4 ^o 



4 Z j m„r m "V 4 I I 4;r£ - 



4 Z j m c r 10 V 4 
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The solution of Eq. (10.233) using the quadratic formula is: 



1 + - 



(Z-10)e 2 



1 4^i h 



v 4 ™ 



4 Z)m A j4j 



1 + 
«A Z 



(Z-10)e 2 



4^f„ 



1 4) h 



4 Z )mj\ 



Z-ll 



T+ 



y/2)r, ,h 



Ttr. 



■vio ' ^ y 



Z-10 



+4- 



(Z-10)e 2 
4^s„ 



1 41 h 



4 Zj»vi 



(10.234) 



4>/3 



\*^ 




(Z-10)- 



2^V3 



8 Z r t 



'io y 



r 10 zk units of a 



(10.235) 



where r 10 is given by Eq. (10.212). The positive root of Eq. (10.235) must be taken in order that r n > . The radii of several 

eleven-electron atoms are given in Table 10.10. ~~ 

The ionization energies for the eleven-electron atoms with Z>11 are given by the electric energy, E (electric) , (Eq. 

(10.102) with the radii, r n , given by Eq. (10.235)): 

(Z-10)e 2 



E(Ionization) = -Electric Energy ■■ 



%xs r n 



(10.236) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured eleven-electron 
atoms are given in Table 10.10. 
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Table 10.10. Ionization energies for some eleven-electron atoms. 



11 e 



— T w 

-tttfr 



Theoretical Experimental — Relative 



Atom 



to^> ta^T 



-t^r 



Ionization Ionization 



Error 



Energies 
(eV) 



Energies 
(eV) 



Na 11 0.09213 0.40853 0.560945 2.65432 



5.12592 



5.13908 



Al 2+ 
Si 3+ 



12 0.08435 0.37065 0.510568 1.74604 15.5848 



15.03528 



0.0026 
-0.0365 



13 0.07778 0.33923 0.456203 1.47399 27.6918 

14 0.07216 0.31274 0.409776 1.25508 43.3624 
P 4+ 15 0.06730 0.29010 0.371201 1.08969 62.4299 

S^ 16 0.06306 0.27053 0.339025 0.96226 84.8362 



Ar 1 



28.44765 


0.0266 


45.14181 


0.0394 


65.0251 


0.0399 


88.0530 
14.1958 


0.0365 
— 0.0319 



17 0.05932 0.25344 0.311903 0.86151 — 110.5514 1 

18 0.05599 0.23839 0.288778 0.77994 139.5577 143.460 0.0272 

19 0.05302 0.22503 0.268844 0.71258 171.8433 175.8174 0.0226 

20 0.05035 0.21308 0.251 4 91 0.65602 207.3998 211.275 0.0183 



-ea" 



-fe" 

Ti" 



-& 



21 0.0 4 79 4 0.20235 0.236251 0.6078 4 2 4 6.2213 2 4 9.798 



0.01 4 3 



22 0.04574 0.19264 0.222761 0.56631 288.3032 291.500 

23 0.04374 0.18383 0.210736 0.53014 333.6420 336.277 

2 4 . 041 91 0. 17579 .19995 0. 49 8 34 3 82.2350 384.168 



0.0110 
0.0078 
0.0050 



-Mr£ 



7.5 0.0407.7. 0.16847. 0.1907.7. 0.47016 4340801 435.163 



0.007.5 



Fe 15+ 26 0.03867 
Co 16+ 27 0.03723 
M 17+ 28 0.03589 



0.16165 0.181398 0.44502 
0.15540 0.173362 0.42245 
0.14961 0.166011 0.40207 



489.1753 489.256 0.0002 
547.5194 546.58 -0.0017 
609.1111 607.06 -0.0034 



-Cut 



29 
30 



0.03465 
0.03349 



0.14424 
0.13925 



0.159261 
0.153041 



0.38358 
0.36672 



673.9495 
742.0336 



670.588 
738 



-0.0050 
-0.0055 



a Radius of the first set of paired inner electrons of eleven-electron atoms from Eq. (10.51). 

" Radius of the second set of paired inner electrons of eleven-electron atoms from Eq. (10.62). 

c Radius ofthree sets of paired inner electrons of eleven-electron atoms from Eq. (10.212). 

d Radius of unpaired outer electron of el even -electron atoms from Eq. (1 CL23_5j for Z > 1 1 and Eq. (1 0.7.76) for Na. 



e Calculated ionization energies of eleven-electron atoms given by the electric energy (Eq. (10.236)). 

* From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 

§ (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.10 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z, which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures, which is consistent with the last column. The sodium atom 
isoelectronic series is given in Table 10.10 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of Na isoelectronic and Rydberg series, as well as direct experimental 
data. 



ro i vis 

Twelve-electron atoms can be solved exactly using the results of the solutions of one, two, three; four, five, six, seven, eight, 
nine, ten, and eleven-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE 
MAGNESIUM ATOM 

For each eleven-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 

electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired electrons in an orbitsphere at r 10 
given by Eq. (10.212), and an unpaired electron in an orbitsphere at r n . For Z > 12, the next electron which binds to form the 
corresponding twelve-electron atom is attracted by the central Coulomb field and the spin-pairing force with the unpaired 3 s 
inner electron and is repelled by diamagnetic forces due to the 3 sets of spin-paired inner electrons such that it forms an unpaired 
orbitsphere at radius r 12 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
el e ctron du e to the nucl e us and th e inn e r e l e v e n e l e ctrons is giv e n by Eq. (10.70) with th e appropriat e charg e and radius: 
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Kk ~ 



(Z-ll)e 2 



(10.237) 



for r > r, , 



The outer electron which binds to form the corresponding twelve-electron atom becomes spin-paired with the unpaired 
inner electron such that they become indistinguishable with the same radius r n = r 12 corresponding to a filled 3s shell. The 

corresponding spin-pairing force F is given by Eg . (7 . 24) : 



Z mr„ 



■<Js(s + 1)1 



The spherically symmetrical closed 2p shell of twelve-electron atoms produces a diamagnetic force, F 



diamagnetic 



(10.238) 
, that is 



equivalent to that of a closed s shell given by Eq. (10.1 1) with the appropriate radii. The inner electrons remain at their initial 
radii, but cause a diamagiielic force according Lo Lenz's law thai is 



h 2 



diamagnetic 



4 m e r 12 r w 



yl<s + l)i T 



(10.239) 



In addition to the paramagnetic spin-pairing force between the eleventh electron initially at radius r n , the pairing causes 

the diamagnetic interaction between the outer electrons and the inner electrons given by Eq. (10.11) to vanish, except for an 
electrodynamic effect for Z>12 described in the Two-Electron Atoms section, since upon pairing the magnetic field of the 
outer electrons becomes zero. Using Eq. (10.55), F mag 2 due to the three 2p orbitals is given by: 



-3 — r 



mag 2 



-Js(s + l)i. 



(10.240) 



In addition to the spin-spin interactions between electron pairs, the three sets of 2p electrons are orbitally paired. The s 
electrons of the magnesium atom produce a magnetic field at the position of the three sets of spin-paired 2p electrons. In order 



for the electrons to remain spin and orbitally paired, the corresponding diamagnetic force, F e 



(Eq. (10.221)), on electron 



' diamagnetic 3 



tw e lv e from th e thr ee sets of spin-pair e d el e ctrons is given by 



" diamagnetic 3 



1 12ft 2 
Z m/ n 



^{s + l)\ r 



(10.241) 



corresponding Lo the p x , p , and p z electrons. 

~~ The outward centrifugal force on electron 12 is balanced by the electric force and the magnetic forces (on electron 12). 

The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.237)), 
diamagnetic (Eqs. (10.239) and (10.241)) and paramagnetic (Eqs. (10.238) and (10.240)) forces as follows: 



-m^., 



(z-iiy 



-yjs{s + l)- 



3ft 2 - 



-yjs( S + l) 



+ns,r v , 4mr, , r u 



Zm.r,,r u 



(10.242) 



12ft 2 



Zm,K, 



■^jsjs + 1)- 



Zm,r: 



-y.sfr+1) 



ft i 

Substitution of v 12 = (Eq. (1 .35)) and s - — into Eq. (1 0.242) gives: 



ft 2 (Z-ll)e 2 



3ft 2 



12ft 2 



(10.2 4 3) 



m„r„ 



4;rg r 1 2 4w e r 1 2 2 r 10 \4 Zw e r 1 2 r 10 V4 Zm/ n \A Zm/ n ^ A 



11. 



1 + - 



-m-\ 



(z-ny ( i — 3^-ft 2 — p 

4x£ n 



(10.244) 



4 Z J m e r w V 4 



TT 



a n ~t+~ z 



(Z-ll)- 



1 3^4 



, r 10 in units of a 



(10.245) 



4 Z I r. 
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Substitution of -&- = 0.51057 (Eq. (10.212) with Z = 12 ) into Eq. (10.245) gives 
& 

K, =1.793 86a„ 



(10.246) 



The ionization energy of the magnesium atom is given by the electric energy, E '{electric) , (Eq. (10.102) with the radius, 
r n , given by Eq. (10.246)): 



E (ionization; Mg) = -Electric Energy = 



(Z ny 

%K£ n r^ 



= 7.58467 eV 



(10.247) 



where r 12 =1.79386a (Eq. (10.246)) and Z = 12. The experimental ionization energy of the magnesium atom is 7.64624 eV 
[3]. 



CHARGE Z>1 2 

Twelve-electron atoms having Z>12 possess an external electric field given by Eq. (10.92). Since there is a source of 
dissipative power, J»E of Eq. (10.27), the magnetic moments of the inner electrons may change due to the outer electron such 
that the energy of the twelve-electron atom is lowered with conservation of angular momentum. Ut the possible forces based on 
Maxwell's equations, those that give rise to ail energy minimum are used to calculate the atomic radii and energies. With this 
constraint, the only paramagnetic force is that given by Eq. (10.89) due to the spin angular momenta of the paired 2p z , p , and 

p z electrons interacting with equivalently with each of the 3 s electrons. This force, which is also equivalent to that given by Eq. 
(10.145), is: 



-i — w- 



mag 2 ry 2 

Z m e r l2 r w 



<Js(s + 1)1 



(10.248) 
From Eq. (10.229), the diamagnetic force, V diamagnelic 2 , due to a relativistic effect with an electric field for r>r n (Eq. 



(10.35)) is 



diamagnetic 2 



Z-12 
Z-ll 



7T 



^lio^7i)i r 



(10.249) 



In the case that Z > 12 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.237)), diamagnetic (Eq. (10.249)), and paramagnetic (Eq. (10.248)) forces as follows: 
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(Z-ll)e 2 

4ne 4 
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4m e r u r l0 Zm e r l2 r w 
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m e r n 


(10.250) 



n 1 

Substitution of v 12 = (Eq. (1.35)) and s = — into Eq. (10.250) gives: 

m,r„ 2 
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(10.251) 



The quadratic equation corresponding to Eq. (10.251) is 
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^wfi- 



: =ir 



(10.253) 



(Z-ll)e 2 (\ 6^1 h 



4x£ n 



4 Zjm e r 10 \4 y 



'12 f 



(Z-ll)e 2 (\ 6) h 



AK£ n 



4 Z)m/ m ^A 



©2010 BlackLight Power, Inc. All rights reserved. 



Three- Through Twenty-Electron Atoms 



353 



The solution of Eq. (10.253) using the quadratic formula is: 
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(10.254) 
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(10.255) 



where r 10 is given by Eq. (10.212). The positive root of Eq. (10.255) must be taken in order that r 12 > . The radii of several 

twelve-electron atoms are given in Table 10.1 1. 

The ionization energies for the twelve-electron atoms with Z>12 are given by the electric energy, E (electric ) , (Eq. 



(10.102) with the radii, r 12 , given by Eq. (10.255)): 



E (Ionization) = -Electric Energy = 



(Z-ll)e 2 
Sxe r n 



(10.256) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured twelve-electron 
atoms are given in Table 10. 1 1 . 
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Table 10.11. Ionization energies for some twelve-electron atoms. 



12 e 



Theoretical Experimental 



Relative 



Atom 



-ta^r 



~tK) tKT 



-tt- 



Ionization 



Ionization 



Error 



Energies 
(eV) 



Energies 
(eV) 



Mg 



12 0.08435 



0.37065 



0.51057 



1.79386 



7.58467 



7.64624 



0.0081 



At 


13 


0.07778 


0.33923 


0.45620 


1.41133 


19.2808 


Si i+ 


14 


0.07216 


0.31274 


0.40978 


1.25155 


32.6134 


P 3+ 


15 


0.06730 


0.29010 


0.37120 


1.09443 


49.7274 


5* 4+ 


16 


0.06306 


0.27053 


0.33902 


0.96729 


70.3296 



18.82856 
33.49302 
51.4439 
72.5945 



ST 
K 1+ 

r, 8+ 

Ca 



T7 0.05932 



0.25344 



0.31190 



0.86545 



94.3266 



97.03 



-0.0240 
0.0263 
0.0334 
0.0312 
0.0279 



-IS 0.05599 



0.23839 
0.22503 
0.21308 
0.20235 



0.28878 
0.26884 
0.25149 
0.23625 



0.78276 121.6724 



124.323 
154.88 
188.54 
225.18 



0.0213 
0.0164 
0.0118 
0.0071 



19 

20 

-31- 



0.05302 
0.05035 
0.0 4 79 4 



0.71450 
0.65725 
0.60857 



152.3396 
186.3102 

223.5713 



22 



0.0 4 57 4 



_^+ — 

V n+ 23 0.04374 

12+ 24 0.04191 

Mn 13+ 25 0.04022 



0.1926 4 



0.22276 



0.56666 26 4 .1138 



265.07 



0.0036 



0.18383 
0.17579 
0.16842 



0.21074 
0.19995 
0.19022 



0.53022 
0.49822 



307.9304 
355.0157 



0.46990 405.3653 



308.1 
354.8 
403.0 



0.0006 
-0.0006 
- .00 5 9 



-Fe^ 



-26 0.038 67 



0.1 616 5 



0.1 8140 



0. 4446 6 458. 97 58 



457 



-0.0043 



Co 15+ 27 0.03723 0.15540 0.17336 0.42201 515.8442 511.96 
M 16+ 28 0.03589 0.14961 0.16601 0.40158 575.9683 571.08 
C» 17+ 29 0.03465 0.14424 0.15926 0.38305 639.3460 633 



-0.0076 
-0.0086 
-0.0100 



JZfC 



30 0.03349 



0.13925 



0.15304 



0.36617 705.9758 



698 



-0.0114 



a Radius of the first set of paired inner electrons of twelve-electron atoms from Eq. (10.51). 

" Radius of the second set of paired inner electrons of twelve-electron atoms from Eq. (10.62). 

c Radius of three sets of paired inner electrons of twelve-electron atoms from Eq. (10.212). 

"■ Radius of paired outer electrons of twelve-electron atoms from Eq. (10.255) for Z > 12 and Eq. (10.246) forMg. 

e Calculated ionization energies of twelve-electron atoms given by the electric energy (Eq. (10.256)). 

f From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 

§ (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.1 1 is well within the experimental capability 

of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures, which is consistent with the last column. The magnesium atom 
isoelectronic series is given in Table 10.11 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of Mg isoelectronic and Rydberg series, as well as direct experimental 
data. 



3P-ORBI 

For each thirteen through eighteen-electron atom having a central charge ot Z times that of the proton, there are two 
indistinguishable spin-paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two 
indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired 
electrons in an orbitsphere at r 10 given by Eq. (10.212), and two indistinguishable spin-paired electrons in an orbitsphere with 
radii r u and r 12 both given by Eq. (10.255). For Z > 12, the next electron which binds to form the corresponding n-electron 

atom (13<«<18) is attracted by the central Coulomb field and is repelled by diamagnetic forces and attracted by paramagnetic 
forces due to the 3 sets of spin-paired inner 2p electrons and two spin-paired inner 3 s electrons such that it forms an orbitsphere 
comprising all of the 3p electrons at radius r n . The resulting electron configuration is Is 2 2s 2 2 p 6 3s 2 3p"~ n . 

The central Coulomb force 
electron due to the nucleus and the inner n-\ electrons is given by Eq. (10.70): 

v (Z-(n-l))e 2 ; 



F eIe , acts on the outer electron to cause it to bind wherein this electric force on the outer-most 



(10.257) 



^X£ r „ 
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for r > r nl where n corresponds to the number of electrons of the atom and Z is its atomic number. In each case, the magnetic 

field of the binding outer electron changes the angular velocities of the inner electrons. However, in each case, the magnetic 
field of the outer electron provides a central Lorentz force which exactly balances the change in centrifugal force because of the 
change in angular velocity [1]. The inner electrons remain at their initial radii, but cause a diamagnetic force according to 
Lenz's law. 

As shown in the 2P-Orbital Electrons Based on an Energy Minimum section the quantum numbers £ = \ m-±l and 
1 = 1 m - correspond to spherical harmonics solutions, ¥f (0,<f), of Laplace's equation designated the 2p x ,2p y , and 2 p z 

orbitals, respectively. Similarly, for 13 < n < 18 , the energy may be lowered by filling 3p orbitals in the same manner to achieve 
an energy minimum relative to other configurations and arrangements. In general, a nonuniform distribution of charge achieves 
an energy minimum with the formation of a fifth shell due to the dependence of the magnetic forces on the nuclear charge and 
orbital energy (Eqs. (10.70), (10.258-10.264), and (10.268)). The outer electrons of atoms and ions that are isoelectronic with 
the series aluminum through argon half-fill a 3p level with unpaired electrons at phosphorous, then fill the level with paired 
electrons at argon. 



Similarly to the case of the 2p orbitals, spherical harmonic charge-density waves may be induced in the inner electron 
orbitspheres with the addition of one or more outer electrons to the 3p orbitals. An energy minimum is achieved when the 
thirteenth through eighteenth electrons of each thirteen through eighteen-electron atom fills a 3p orbital with the formation of 
orthogonal complementary charge-density waves in the inner shell 2p and 3 s electrons. To maintain the symmetry of the central 
charge and the energy minimum condition given by solutions to Laplace's equation (Eq. (10. 72)), the charge-density waves on 
electron orbitspheres at r 10 and r u complement those of the outer orbitals when the outer 3p orbitals are not all occupied by at 

least one electron, and the complementary charge-density waves are provided by electrons at r 12 when this condition is met. In 

the case of the 3p electrons, an exception to the trends in 2p orbital forces arises due to the interaction between the 2p, 3s, and 3p 
electrons due to magnetic fields independent of induced complementary charge-density waves. The spin and angular momenta 
of the 2p electrons give rise to corresponding magnetic fields that interact with the two 3 s electrons. The filled 2p orbitals with 
the maintenance of symmetry according to Laplace's equation (Eq. (10.72)) requires that the 2p as well as the 3s electrons 
contribute forces to the 3p electrons due to the electrons at r 10 acting on the electrons at r 12 which complies with the reactive 



force . ^ Mastic 2 > havin g the factor I 1 + — \ and given by Eq. (10.229). 

The total orbital contribution to the diamagnetic force, F diamagnelic , given by Eq. (10.82) is: 



{l + \m\)l n 



F w ^=-X, ,/,,/, \ ft — V'fr + W (10.258) 



' (2£ + l)(i -\m\)l 4m e r*r u 

where the contributions from orbitals having |m| = l add positively or negatively. From Eq. (10.204), the diamagnetic force, 
^jM UBii iKc ■ contribution from the 2p electrons is given by the sum of the contributions from the p x . p . and p^ orbitals 
corresponding to m =1,-1, and 0, respectively: 

'— ■ -(I + f 4)^4:^* ■ -(j)^^ 71 *- <10 - 259) 

where r 12 is given by Eq. (10.255). Due to the 2p - 3s - 3p interaction, the 3s electrons provide spin or orbital angular momentum 
in order conserve angular momentum of the interacting orbitals. In the case that an energy minimum is achieved with 3s orbital 
angular momentum, the diamagnetic force, F d . a afc , contribution is given by Eqs. (10.82) and (10.258) where m = 1, -1, or 

corresponding to induced charge-density waves. The contribution from the 3 s orbital is added to the contributions from the 3p 
and the 2p orbitals until the 3p orbitals are at least half filled. Then the diamagnetic force is only due to 3p and 3 s electrons 
since the induced charge-density waves only involve the inner-most shell, the 3 s orbital. 

As given by Eq. (10.89), the contribution of the orbital angular momentum of an unpaired 3p electron to the 
paramagnetic force, F 2 , is 

F^ 2 = t - 2 V*("l)*, (10-260) 

g m e r n r u 

Each outer 3p electron contributes spin as well as orbital angular momentum. The former gives rise to spin pairing to another 3p 

electron when an energy minimum is achieved. In the case that the orbital angular momenta of paired 3p electrons cancel, the 

contribution to F 2 due to spin alone given by Eq. (10.83) is equivalent to that due to orbital angular momentum alone (Eq. 

(10.260)). Due to the 2p-3s-3p interaction, the 3s electrons can also provide a paramagnetic force, F 2 , contribution given by 

Eqs. (10.82) and (10.260) due to spin angular momentum corresponding to induced charge-density waves. 

N-electron atoms having Z>n possess an electric field given by Eq. (10.92) for r>r n _ Since there is a source of 
dissipative power, J»E of Eq. (10.27), the magnetic moments of the inner electrons may change due to the outer electron such 
that the energy of the n-electron atom is lowered. V diamagltelic , is given by Eqs. (10.82) and (10.258). Due to the 2p-3s-3p 
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interaction, the 2p level contributes to the forces even when the filling of the 3p level is half or greater, and the 3 s electrons may 
provide orbital angular momentum in order conserve angular momentum of the interacting orbitals. In the case that an energy 



minimum is achieved with 3 s orbital angular momentum, the diamagnetic force, F £ 



diamagnetic 



contribution is given by Eqs. (10.82) 



and (10.258) where m = 1, -1, or corresponding to induced charge-density waves. The contribution from the 3s orbital is 
added to the contributions from the 3p and the 2p orbitals. 

Due to the 2p-3s-3p interaction with Z> n, F 2 has a contribution from the 2p, 3s, and 3p orbitals. The filled 2p 

orbitals with the maintenance of symmetry according to Eq. (10.72) requires that the diamagnetic force, F 2 , contribution is 

l h 2 



K ag2 =(4 + 4 + 4) 



Z m e r n r 12 



V 5 + l)i r =— — yls(s + \)i 

Z mr r„ 



(10.261) 



corresponding to the spin and orbital angular momenta of the paired 2 p y , p , and p 7 electrons (Eg. (10.205)). The 3 s electrons 
can provide a F 2 contribution of 



mag 2 

1 Ah 2 
mag2 Zmr 2 r y 



X* + l)i, 



(10.262) 



corresponding to coupling to the spin and induced orbital angular momentum wherein the orbitals interact such that this 
contribution superimposes negatively or positively to the contributions from the 2p and 3p orbitals. — Each outer 3p electron 
contributes spin as well as orbital angular momentum. Each unpaired 3p electron can spin and orbitally pair with a 2p orbital. 
The corresponding force, F 2 , contribution given by Eq. (10.84) is: 

„ 3 Ait- 



mag 2 



Z mr„ r. 



-Js(s + l)v 



(10.263) 



The 3p electrons spin-pair upon further filling of the 3p orbital. Two spin-paired 3p electrons interacting with two spin-paired 



2p orbital electrons double the corresponding force, F mag 2 , contribution: 

3—1 



-V^ + l)i 



mag 2 



7 , ,-,- , , (10-264) 

Z "Vn >n 

The sum of the magnitude of the angular momentum of the electron is h in any inertial frame and is relativistically 
invariant. The vector projections of the orbitsphere spin angular momentum relative to the Cartesian coordinates are given in the 
Spin Angular M omentum of the Orbitsphere Y^ {8 ,f) w ith 1=0 s ection. Th e magnitude of the z-axis projection of the spin 
angular mom e ntum, \ L Z I , th e mom e nt of in e rtia about th e z - axis, I z , and th e rotational e n e rgy about th e z - axis, E, 

given by Eqs. (1.51-1.55) are 
h _h 

<t-r 2 



\L.\ = I- 



rotational spin " 



(10.265) 



z spin 



h 1 



4" "27" 
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(10.266) 



(30.267) 



N-electron atoms having Z>n possess an electric field given by Eq. (10.92) for r>r n _ Since there is a source of 

dissipative power, J»E of Eq. (10.27), the magnetic moments of the inner electrons may change due to the outer electron such 
that the energy of the n-electron atom is lowered. As shown in the P-Orbital Electrons Based on an Energy Minimum section for 



diamagnetic 2 



given by Eq. (10.93), the corresponding diamagnetic force tor 2p electrons, b 



diamagnetic 2 



, due to a relativistic ettect 



with an electric field for r>r n (Eq. (10.35)) is dependent on the amplitude of the orbital energy. Using the orbital energy with 

£ = 1 (Eq. (30.90)), the energy m e Av 2 of Eq. (30.29) is reduced by the factor of 3 due to the contribution of the charge- 

density wave of the inner electrons at r 12 . In addition, the two 3s electrons contribute an energy factor based on Eq. (1.55) since 
the filled 2p orbitals with the maintenance of symmetry according to Eq. (10.72) requires that the diamagnetic force is due to the 
electrons at r 10 acting on the electrons at r 12 which complies with the reactive force, F diamagmtic 2 , given by Eq. (10.229). Thus, 

F,. , , for 3p electrons with Z > n is given by 



diiimagnelic 2 



Z-n 



2 2 



^Ll0^+l)i r 



diamagnetic 2 



7 I ,x - ,. ■„ ^-v-.v-, (10.268) 

The total diamagnetic and paramagnetic forces are given as the sum over the orbital and spin angular momenta that may 
add positively or negatively while maintaining the conservation of angular momentum. Of the possible forces based on 
Maxwell's equations, those which give rise to an energy minimum are used to calculated the atomic radii and energies. — In- 
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general, an energy minimum is achieved by minimizing F diamagnelic while maximizing F 2 with conservation of angular 

momentum. 

Using the forces given by Eqs. (10.257-10.264), (10.268), and the radii r„ given by Eg. (10.255), the radii of the 3p 

electrons of all thirteen through eighteen-electron atoms may be solved exactly. The electric energy given by Eq. (10.102) gives 
the corresponding exact ionization energies. F efe and F rfiflm tfc 2 given by Eqs. (10.257) and (10.268), respectively, are of the 

same form for all atoms with the appropriate nuclear charges and atomic radii. ~F d!a c£c given by Eq. (10.258) and F , given 

by Eqs. (10.260-10.264) are of the same form with the appropriate factors that depend on the minimum-energy electron 
configuration. The general equation and the summary of the parameters that determine the exact radii and ionization energies of 
all thirteen through eighteen-electron atoms are given the General Equation For The Ionization Energies of Thirteen Through 
Eighteen-Electron Atoms section and in Table 10.18. 



TOMS 

Thirteen-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, and twelve-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE 
ALUMINUM ATOM 

For each twelve-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r y and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 

electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired electrons in an orbitsphere at r 10 

given by Eq. (10.212), and two indistinguishable spin-paired electrons in an orbitsphere with radii r u and r 12 both given by Eq. 

(10.255). For Z > 13 , the next electron which binds to form the corresponding thirteen-electron atom is attracted by the central 
Coulomb field and is repelled by diamagnetic forces due to the 3 sets of spin-paired inner 2p electrons and two spin-paired inner 
3s electrons such that it forms an unpaired orbitsphere at radius r 13 . The resulting electron configuration is \s z 2s 2 2p"3s 2 3p l , 
and the orbital arrangement is 
3p state 

t (10.269) 

1 -1 
corresponding to the ground state 2 Py 2 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner twelve electrons is given by Eq. (10.70) with the appropriate charge and radius: 

I^PS (10-270)1 

for r>r u . 

As in the case of the boron atom given in the Five-Electron Atom section, the single p orbital of the aluminum atom 
produces a diamagnetic force equivalent to that of the formation of an s orbital due to the induction of complementary and 
spherically symmetrical charge-density waves on electron orbitspheres at r 10 and r 12 in order to achieve a solution of Laplace's 
equation (Eq. (10.72)). The inner electrons remain at their initial radii, but cause a diamagnetic force according to Lenz's law 
that is given by Eq. (10.96) with the appropriate radii. In addition, the contribution of the diamagnetic force, F diamagnelic , due to 

the 2p electrons is given by Eqs. (10.105) and (10.259) as the sum of the contributions from the p x , p , and p z orbitals 
corresponding to m = 1, -1, and 0, respectively. Thus, F d . a afc is given by 

F„„„ =- (l + ^ + D-^js^K =-f^ > |_5l_ > /^i)i r (10.271) 
13 3 3)4m p r n r l7 \3 ) 4m r r n r l7 

The charge induction forms complementary mirror charge-density waves which must have opposing angular momenta 

such that momentum is conserved. In this case, F 2 given by Eq. (10.260) is zero: 

F^ 2 =0 (10.272) 

The outward centrifugal force on electron 13 is balanced by the electric force and the magnetic force (on electron 13). 

The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.270)) 
and diamagnetic (Eq. (10.271)) forces as follows: 

-h 2 
tu 4kek\ 4m.r,\r„ 
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Substitution of v., 



-^— (Eq. (1.35)) and s = - into Eq. (10.273) gives: 

mj„ 2 



■e'Yi 
2 



(Z-12)e 



\W 



(10.274) 
(10.275) 



°0'13 

a n 



12m e r u r n V 4 



r n in units of a 



11 



WW- 



I2r„ 



Substitution of -^ = 1.41133 (Eq. (10.255) with Z = 13) into Eq. (10.275) gives 
a- n 



r 13 = 2.28565a 



(10.276) 

The energy stored in the electric field of the aluminum atom, E(electric) , is given by Eq. (10.102) with the appropriate 
with the radius, r 13 , given by Eq. (10.276)): 



E (electric; AT)-- 



(Z-\2)e l 



- 5.95270 eV 



(10.277) 



8ns r u 
where r 13 = 2.28565a (Eq. (10.276)) and Z = 13 . The ionization energy is given by the sum of the electric energy and the 

energy corresponding to the change in magnetic-moments of the inner shell electrons. Since there is no source of dissipative 
power, J »E of Eq. (10.27), to compensate for any potential change in the magnetic moments, Am , of the inner electrons due to 
the ionization of the outer electron of the aluminum atom, there is a diamagnetic energy term in the ionization energy for this 
atom that follows from the corresponding term for the lithium atom given by Eqs. (10.15-10.24), with Z = 13, r 12 given by Eq. 

(10.255), and r 13 given by Eq. (10.276). Thus, the change in magnetic energy of the inner orbitsphere at r 12 is 76.94147 % , so 



that the corresponding energy AE mag is 

AE mag =0.7694147 X 0.04069938 eV = 0.0313147 eV (10.278) 

where the magnetic energy of the inner electrons is 0.04069938 eV (Eqs. (10.64) and (10.276)). Then, the ionization energy of 
the aluminum atom is given by Eqs. (10.276-10.278): 



E (ionization; Al)= _ + A F,„ 



: 5.95270 eV + 0.03ni5eV = 5.98402 eV 



(10.279) 



&x£ r 13 



The experimental ionization energy of the boron atom is 5.98577 eV [3]. 



Thirteen-electron atoms having Z > 13 possess an external electric field given by Eq. (10.92). In this case, an energy minimum 



is achieved with conservation of momentum when the orbital angular momentum is such that F e 



diamagnetic 



is minimized while 



mag 2 



is maximized. From Eq. (10.258), the diamagnetic force, F t 



diamagnetic 



is given by the sum of the contributions from the 



2p x , p , and p z orbitals corresponding to m = 1, -1, and 0, respectively: 



diamagnetic 



2 2 1 
+ — + 



3 3 



h l 



3J4m e r u r u 



Js(s + \)i 



h l 



3J4m e r l3 r u 



yjs(s + l)i 



wherein the contribution due to the 3 p x (m = 1) is canceled by the mirror charge-density wave with m 



(10.280) 
: -1 induced in the 3 s 



orbital according to Eq. (10.258). 

With Z > 1 3 , the charge induction forms complementary mirror charge-density waves such that the angular momenta do 
not cancel. The filled 2p orbitals with the maintenance of symmetry according to Eq. (10.72) requires that the diamagnetic force 



is du e to th e e l e ctrons at r 10 acting on th e e l e ctrons at r 12 which compli e s with th e r e activ e forc e , F. 



diamagnetic 2 ' 



giv e n by Eq. 



(10.249). From Eq. (10.261), F mag 2 is 



mag 2 



= (4 + 4 + 4) 



1 



mag 2 

h 1 



Z m e r u r l2 



^s(s + \)i T =— —Js(s + \)\ T 



Z m e r u r a 



(10.281) 



corresponding to the spin and orbital angular momenta of the paired 2p x , p , and p z electrons wherein the contribution due to 
the 3 p x (m = 1) is canceled by the mirror charge-density wave with m = -1 induced in the 3 s orbital according to Eq. 
(10.262). 
The diamagnetic force, F dimmsmkL 2 , d ue to the binding of the 3p-orbital electron having an electric field outside of its 

radius is given by Eq. (10.268): 



©2010 BlackLight Power, Inc. All rights reserved. 



Three- Through Twenty-Electron Atoms 



359 



diamagnetic 2 



Z-13 
Z-12 



4l_ J_ 
-J 2- 



r 12 ft 



10^(5 + l)i 



(10.282) 



In the case that Z > 1 3 , the radius of the outer el e ctron is calculat e d by equating the outward centrifugal force to the sum 

of the electric (Eq. (10.270)) and diamagnetic (Eqs. (10.280) and (10.282)), and paramagnetic (Eq. (10.281)) forces as follows: 



m e v 2 n (Z-\2)e 2 



4^g„/i, 



5h2 n — n un2 n — n 

y]s(s + 1) + — yjs(s + 1) 



I2mr,,r, 



Zmr ri r„ 



Z-13 
Z-12 



yf2 1 



^llO^TT) 



Substitution of v,, = 



(Eq. (1.35)) and s = — into Eq. (10.283) gives: 



(10.283) 



13 



m.r„ 



•V13 

h 2 (Z-12)e 2 



5h 2 



-3- 



Ansj-, 



2 
12ft 2 



I2m„r,ir„ V 4 Zmj,\r„ 



Z-12 



Z-12 



y/2 1 



r„h 



2 JlX 



10 



(10.284) 



mr. 



e' [3 



0'13 



The quadratic equation corresponding to Eq. (10.284) is 





f(Z-12)e 2 


f 5 - 12 )*" 


I] 


>_*L 


"Z-13" 


(.-£♦11 


^V£ = 


(10.285) 




t 4^o 


1^12 Z )m e r n 


Uj 


m e 


[Z-12 J 


2 2 

v z z y 


w e V4 








Z-13 
Z-12 



>/2 lVft 2 



1- — + 

2 2 



10 a, 
w. V4 



(Z-12K ( 5 — rr\ r — rj 



\ '13 f 



(Z-12)e 2 f 5 — 121 ft 



(10.286) 



~3rc£n 



T2 ZjWT, 



An£„ 



\T2 A )m e r n \A j 



y ...o v lz - ^ y m /i2 ■ ■ y v 

The solution of Eq. (10.286) using the quadratic formula is: 



-m- 



(Z-12)e 2 

47T£ n 



12 
Z 



/y 



(Z-12> 
4;r£„ 



^ — tt\-h 



\± 



12 Z ) m e r n V 4 



+4- 






Z-13 
Z-12 



,-££ 

2 2 



r 12 10. 



(Z - 12)e 

4;Tg» 



2 / 



-5 — 12 1 ft 



~N f. 2 



12 — Z y m„r, V 4 



y^tl 



(10.287) 



6T>/r 



3 6T>/f 



-±a„ 



(Z-12)- 



24 Z ) k 



12 yy 



(*-12)- 



20^3 



Z-13 

Z-12 



A 



^/7 — 1 



\ A 



24 Z r, 



'12 / 



1- — + 

2 2 
v y J 



'12 



(^-12)- 



5 6lV3^| 



24 Z r 



'12 / 



(10.288) 



, r 12 in units of a 

L 

where r 12 is given by Eq. (1 0.255). The positive root of Eq. (1 0.288) must be taken in order that r 13 > . The radii of several 

thirteen-electron atoms are given in Table 10.12. 

The ionization energies for the thirteen-electron atoms with Z >13 are given by the electric energy, E '(electric) , (Eq. (10.102) 
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with the radii, r 13 , given by Eq. (10.288)): 



E(Ionization) = -Electric Energy = 



(Z-19> 2 



(10.289) 



^e.r . , 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured thirteen-electron 
atoms are given in Table 10.12. 



Table 10.12. Ionization energies for some thirteen-electron atoms. 



13 e 
Atom 



K) K) K) K) 1 



r 13 Theoretical Experimental 
. . e Ionization Ionization 

K) _ . f _ . g 

Energies Energies 

(§Y) (eV) 



Relative 

h 

Error 



ST 



13 0.07778 0.33923 0.45620 1.41133 2.28365 



5.98402 



14 0.07216 0.31274 

15 0.06730 0.29010 

16 0.06306 0.27053 



0.40978 1.25155 
0.37120 1.09443 
0.33902 0.96729 



1.5995 17.0127 
1.3922 29.3195 
1.1991 4 5.3861 



5.98377 
16.34585 
30.2027 

4 7.222 — 



0.0003 
-0.0408 
0.0292 
0.0389 



-O^ — 17 0.05932 0.253 44 0.31190 0.865 4 5 3^0473 6 4 .957 4 



-67v8- 



0.0 4 19 



Ar 5+ 18 0.05599 0.23839 
K 6+ 19 0.05302 0.22503 



Ca 1+ 


20 


0.05035 


0.21308 


0.25149 0.65725 


0.7555 


144.0664 


147.24 


0.0216 


Sc s+ 


21 


0.04794 


0.20235 


0.23625 0.60857 


0.6913 


177.1443 


180.03 


0.0160 


Tt 


22 


0.04574 


0.19264 


0.22276 0.56666 


0.6371 


213.5521 


215.92 


0.0110 


v w + 


23 


0.04374 


0.18383 


0.21074 0.53022 


0.5909 


253.2806 


255.7 


0.0095 


Cr ll + 


24 


0.04191 


0.17579 


0.19995 0.49822 


0.5510 


296.3231 


298.0 


0.0056 


Mn n + 


25 


0.04022 


0.16842 


0.19022 0.46990 


0.5162 


342.6741 


343.6 


0.0027 


Fe 13+ 


26 


0.03867 


0.16165 


0.18140 0.44466 


0.4855 


392.3293 


392.2 


-0.0003 


Co u+ 


27 


0.03723 


0.15540 


0.17336 0.42201 


0.4583 


445.2849 


444 


-0.0029 


M 15+ 


28 


0.03589 


0.14961 


0.16601 0.40158 


0.4341 


501.5382 


499 


-0.0051 



Cu 16+ 29 0.03465 0.14424 
Z« 17+ 30 0.03349 0.13925 



0.15926 0.38305 0.4122 561.0867 557 -0.0073 

0.15304 0.36617 0.3925 623.9282 619 -0.0080 



a Radius of the paired Is inner electrons of thirteen-electron atoms from Eq. (10.51). 

" Radius of the paired 2s inner electrons of thirteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of thirteen-electron atoms from Eq. (10.212). 

" Radius of the paired 3s inner electrons ol thirteen-electron atoms from Eq. (10.255). 

e Radius of the unpaired 3p outer electron of thirteen-electron atoms from Eq. (10.288) for Z > 13 and Eq. (10.276) forAl. 

* Calculated ionization energies of thirteen-electron atoms given by the electric energy (Eq. (10.289)) for Z > 13 and Eq. (10.279) for Al. 

§ From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2 - 3], 



n (F,xperimenta1-theoretical)/experimental. 



The agreement between the experimental and calculated values of Table 10.12 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z, which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures, which is consistent with the last column. — The aluminum atom 
isoelectronic series is given in Table 10 . 12 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of Al isoelectronic and Rydberg series, as well as direct experimental 
data. 
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FOURTEEN-ELECTRON ATOMS 

Fourteen electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, twelve, and thirteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE SILICON 
ATOM 

For each thirteen-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphcrc with radii r\ and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishabl e spin-paired 

electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired electrons in an orbitsphere at r 10 

given by Eq. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii r n and r 12 both given by Eq. 

(10.255), and an unpaired electron in an orbitsphere with radius r 13 given by Eq. (10.288). For Z > 14, the next electron which 

binds to form the corresponding fourteen-electron atom is attracted by the central Coulomb field and is repelled by diamagnetic 
forces due to the 3 sets of spin-paired inner 2p electrons and two spin-paired inner 3 s electrons. A paramagnetic spin-pairing 
force to form a filled s orbital is also possible, but the force due to the spin-pairing of the electrons (Eq. (7.24) with the radius 
r 14 ) reduces the energy of the atom less than that due to the alternative forces on two unpaired 3p electrons in an orbitsphere at 

the same radius r u . Th e resulting el e ctron configuration is Is 2 2s 2 2 p 6 3s 2 3 p 2 , and the orbital arrangement is 

3p state 

JL JL (10.290) 

1 ^T~ 
corresponding to the ground state 3 P„ . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner thirteen electrons is given by Eq. (10.70) with the appropriate charge and radius: 

F^=^-^K (10.2917 

47rvn 

for r>r u . 

As in the case of the carbon atom given in the Six-Electron Atom section, the two orthogonal 3p electrons form charge- 
density waves such t hat t he to t al angular momentum of the two outer elec t rons is conserved which de t ermines t he diamagne t ic 
force according to Eq. (10.82) (Eq. (10.258)). The contribution is given by Eq. (10.1 17) corresponding to m - 1 . In addition, 
the contribution of the diamagnetic force, T dia e£c , due to the 2p electrons is given by Eq. (10.105) (Eq. (10.259)) as the sum of 

the contributions from the 2 p x , p and p z orbitals corresponding to m =1,-1, and 0, respectively. Thus, F dia etjc is given 



-*r 



F„,. „„„.„=- - + - + - + - 



2 2 2 1) ft 1- — — m h 



d ' amag " e " C ~ U 3 3 3j4« e r> 12 — " ^J4m e r 2 r i2 



Js(s + \)i r = - 1 1 ]_L— ^(j + l^ (10.292) 



The charge induction forms complementary mirror charge-density waves which must have opposing angular momenta 
such that momentum is conserved. In this case, F mclg 2 given by Eq. (10.89) (Eq. (10.260)) is zero: 

F mag2 =0 (10-293) 
The outward centrifugal force on electron 14 is balanced by the electric force and the magnetic forces (on electron 14). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.291)) 
and diamagnetic (Eq . (10 . 292)) forces as follows : 



m/ VA (Z-13> 2 lit 



yjs(s + \) (10.294) 



4x£ r 2 4 12m e r 2 4 r 12 



h 1 

Substitution of v 14 = (Eq. (1.35)) and s = — into Eq. (10.294) gives: 



r *i T 14 
h2 /-* nv . 2 



-r — (Z-13K nt 



m e r u 4xs Q r u I2m e r u r n 



Js(s + 1) (10.295) 



^ 



r„ in units of a n (10.296) 



(Z-13) ^ 

12r 

Substitution of ^- = 1 .25 1 55 (Eq. (1 0.255) with Z = 1 4 ) into Eq. (1 0.296) gives 
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r 14 =1.67685a (10.297) 

The ionization energy of the silicon atom is given by the electric energy. E(electric) , (Eg. (10.102) with the radius. r 14 . 

given by Eg. (10.297)): 



E (ionization; Si) = -Electric Energy ■■ 



(Z-13)e 2 
8^ r 14 



= 8.11391 eV 



(10.298) 



where r 14 = 1 . 67685« (Eg . (10 . 297)) and Z = 14 . The experimental ionization energy of the silicon atom is 8 . 15169 eV [3] . 



THE IONIZATION ENERGIES OF FOURTEEN-ELECTRON ATOMS WITH A 
NUCLEAR CHARGE Z>14 

Fourteen-electron atoms having Z > 14 possess an external electric field given by Eg. (10.92). In this case, an energy minimum 
is achieved with conservation of momentum when the orbital angular momentum is such that V di mlk is minimized while 

F ma 2 is maximized. With a half-filled 3p shell, the diamagnetic force due to the orbital angular momenta of the 3p electrons 
cancels that of the 2p electrons. Thus, F diam ic is minimized by the formation of a charge-density wave in the 3 s orbital 
corresponding to m = -1 in Eg. (10.258) to form the eguivalent of a half-filled 3p shell such that the contribution due to the 2p 
shell is canceled. From Eg. (10.258), the diamagnetic force, F diamagjmk: , is given by the sum of the contributions from the 3 p T 

and p z orbitals corresponding to m = 1 and 0, respectively, and the negative contribution due to the charge-density wave with 
m = -1 induced in the 3s orbital according to Eg. (10.258): 

'?. 1 2^ a 2 r-. — 77. rn a 2 



-*Js(s + \)i, 



-^js(s + l)i T 



(10.299) 



diamagnetic 



3 — 3 — 3J4m„r 2 r , 



From Eg. (10.261), F 2 corresponding to the spin and orbital angular momenta of the paired 2p x , p , and p z 
electrons is 



4 & 



-■Js(s + Y)i 



i 12a 2 



-Js(s + l)i 



mag 2 



:(4 + 4 + 4) 



Z mr,,r. 



Z mr,.n 



(10.300) 



and the contribution from the 3p shell is 

-V*(* + l)i r =— —Js(s + lX 



F^2 =(4 + 4-4) 



Z mr.jy 



Z m. 



(10.301) 



'14'12 ^ '"e'14'12 

corresponding Lo the 3 p x and p z electrons wherein the coiiLribuLioii due Lo the 3 p x (in - 1) electron is canceled by the minor 
charge-density wave with m = -1 induced in the 3s orbital (Eg. (10.262)). Thus, the total of ¥ mag 2 is 
1 16ft 2 



mag 2 ry 2 

Z m e r 14 r l2 



sjs(s + l)y 



(10.302) 



The diamagnetic force, V diamaglletic 2 , due to the binding of the 3p-orbital electron having an electric field outside of its 
radius is given by Eg. (10.268): 



Z-14 



4l \\r,tf 



1- — + - 



10^(5 + 1)1, 



(10.303) 



diamagnetic 2 



Z-13 



2 m„r,. 



In the case that Z > 14 , the radius of the outer electron is calculated by eguating the outward centrifugal force to the sum 
of the electric (Eg. (10.291)), diamagnetic (Egs. (10.299) and (10.303)), and paramagnetic (Eg. (10.302)) forces as follows: 



m y,. 



(Z -13)e 2 
4^g n r 2 



\2mr,r v 



-V^+i)- 



AMI 



Zmr,,r r 



-M s+{ ) 



(10.304) 



Z-14 



Z-13 



. V2 1 | r n h 2 r— — 



2 mr. 



Substitution of 



h 1 

v u = (Eg. (1.35)) and s = - into Eg. (10.304) gives: 

mr. 2 



h l _(Z-13K 



-fr 



A€tf 



Z-14 



/ 



>/2 1 



4«£„ 



\2mr,r„ \4 Zm, 



Z-13 



-10J- 



(10.305) 



The guadratic eguation corresponding to Eg. (10.305) is 
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(Z-13)e 2 

AfWn 



1_ 16 ] h 2 



12 — Z- 



OT-* 



e'12 ' ^ J 



Z-14 
Z-13 



>/2 1 



5^10jl = 



(10.306) 






Z-14 
Z-13 



1^1 

2 2 






r 12 10. 



14 I (7 11\ 1 

(Z-\i)e 



1 161 h 



3 V 14 f(Z-13) e 2 



1 161 h 



(10.307) 



v 4^g 



12 Z ) m e r n V 4 



4;zs„ 



12 Z ; w e r 12 V 4 



The solution of Eq. (10.307) using the quadratic formula is: 



m. 



(Z-13)e 2 ( 1 16") ft 






4;z£ n ^12 Z J mr„ V4, 



(Z-13).? 2 



61 ft 2 h 



7T 



,-^t 



Ane n 



12 Z 



J 4 

'12 ' y 



+4 






Z-14 

Z-13 



1 

+ — 
2 2 



r 12 10. 



'"* ^ 2 f\ 16^ ft 2 /P 



(Z-13)e 2 



4fl£„ 



12 Z 



(10.308) 



(Z-13)- 



1 8^|a/3 



24 Z 



'12;; 



iZ^f 



1 8l>/3 



Y±«o 



Z-14 



~^2 T 



24 Z r 



20V3 



Z-13 



(2-13)- 



- + - r, 



24 zjr„ 



r 12 z« wwte of a 



(10.309) 



where r 12 is given by Eq. (10.255). The positive root of Eq. (10.309) must be taken in order that r 14 >0. The final radius of 
electron 14, r 14 , is given by Eq. (10.309); this is also the final radius of electron 13. The radii of several fourteen-electron atoms 

are given in Table 10.1 3. 

The ionization energies for the fourteen-electron atoms with Z > 14 are given by the electric energy, E (electric) , (Eq. 



(10.102) with the radii r 14 , given by Eq. (10.309)): 



E(Ionization) = -Electric Energy - 



(Z-13)e 2 
— %ne n r . . 



(10.310) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured fourteen- 
electron atoms are given in Table 10.13. 
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Table 10.13. Ionization energies for some fourteen-electron atoms. 



OiLe Z^ 



T r 3 To M2 T \V 

Atom ^ j3 c d « 

to w to to to^ 



Theoretical Experimental — Relative 



Ionization Ionization 



Error 



Energies Energies 
(eV) (eV) 



Si 14 0.07216 0.31274 0.40978 1.25155 1.67685 



8.11391 



8.15169 



7? 15 0.06730 0.29010 0.37120 1.09443 1.35682 20.0555 



19.7694 

34.790 

53.4652 

75.020 

99. 4 



0.0046 
-0.0145 



^S* 16 0.06306 0.27053 

Cf + 17 0.05932 0.25344 



0.33902 0.96729 1.21534 33.5852 



0.0346 
0.0453 
0.0388 
0.0273 



Ar 4 



0.31190 0.86545 1.06623 51.0426 
18 0.05599 0.23839 0.28878 0.78276 0.94341 72.1094 



19 0.05302 0.22503 0.2688 4 0.71 4 50 0.8 44 3^ 



96.6876 



Ca 6+ 20 0.05035 0.21308 0.25149 0.65725 0.76358 124.7293 127.2 



0.0194 



Sc 1+ 21 0.04794 0.20235 
T f + 22 0.04574 0.19264 
T/9+ 23 . 04374 . 18383 



0.23625 0.60857 0.69682 156.2056 158.1 0.0120 
0.22276 0.56666 0.64078 191.0973 192.10 0.0052 
. 71074 . 53077 . 59313 779 . 3905 730 ,5 . 0048 



-G^ 



24 0.04191 0.17579 0.19995 0.49822 0.55211 271.0748 270.8 



-0.0010 



Mk 11+ 25 0.04022 0.16842 

Fe 12+ 26 0.03867 0.16165 

Co 13+ 27 0.03723 0.15540 

M 14+ 28 0.03589 0.14961 



0.19022 0.46990 0.51644 316.1422 

0.18140 0.44466 0.48514 364.5863 

0.17336 0.42201 0.45745 416.4021 

0.16601 0.40158 0.43277 471.5854 



314.4 


-0.0055 


361 


-0.0099 


411 


-0.0131 


464 


-0.0163 



Cw 15+ 29 0.03465 0.14424 0.15926 0.38305 0.41064 
Z« 16+ 30 0.03349 0.13925 0.15304 0.36617 0.39068 


530.1326 
592.0410 


520 
579 


-0.0195 
-0.0225 


a Radius of the paired Is inner electrons of fourteen-electron atoms from Eq. (10.51). 



" Radius of the paired 2s inner electrons of fourteen-electron atoms fromEq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of fourteen-electron atoms from Eq. (10.212). 

^ Radius of the paired 3s inner electrons of fourteen-electron atoms fromEq. (10.255). 

e Radius of the two unpaired 3p outer electrons of fourteen-electron atoms from Eq. (10.309) for Z > 14 and Eq. (10.297) 



for Si. 



[ Calculated ionization energies of fourteen-electron atoms given by the electric energy (Eq. (10.3 10)). 

g From theoretical calculations, interpolation of isoclcctronic and spectral scries, and experimental data [2-3], 



" (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.13 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three Lo four significant figures which is consistent with the last column. — The silicon atom 



isoelectronic series is given in Table 10.13 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of Si isoelectronic and Rydberg series, as well as direct experimental 
data. 



FIFTEEN-ELECTRON ATOMS 

Fifteen-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, twelve, thirteen and fourteen-electron atoms. 



RADIUS AND IONIZATION 
PHOSPHOROUS ATOM 



ENERGY OF THE OUTER ELECTRON OF THE 



For each fourteen-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin- 
paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 
electrons in an orbitsphere with radii r 3 and r A both given by Eq. (10.62), three sets of paired electrons in an orbitsphere at r 10 
given by Eq. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii r n and r 12 both given by Eq. 
(10.255), and two unpaired electrons in an orbitsphere with radius r u given by Eq. (10.288). For Z>15, the next electron 

which binds to form the corresponding fifteen-electron atom is attracted by the central Coulomb field and is repelled by 
diamagnetic forces due to the 3 sets of spin-paired inner 2p electrons and two spin-paired inner 3s electrons. A paramagnetic 
spin-pairing force to form a filled s orbital is also possible, but the force due to the spin-pairing of the electrons (Eq. (7.24) with 
the radius r 15 ) reduces the energy of the atom less than that due to the alternative forces on three unpaired 3p electrons in an 
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orbitsphere at the same radius r 15 . The resulting electron configuration is Is 2 2s 2 2/? 6 3s 2 3/? 3 , and the orbital arrangement is 

3p state 

t t t - (10.311) 

1 -1 

corresponding to the ground state 4 S 3 ° /2 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer - most 

electron due to the n ucleus and the i n ner fo urteen electrons is given by F,q. (1 ,70) w i t h the appropriate charge and r adius: 



F„-i». (.0-3.2, 

Ans r l5 



for r > r 14 , 



Th e diamagn c tic forc e , F diamagllelic , is only du e to 3p and 3s e l e ctrons wh e n th e 3p sh e ll is at l e ast half fill e d sinc e th e 

induced charge-density waves only involve the inner-most shell, the 3s orbital. Thus, V diam ic , is given by Eq. (10.259) as the 



sum of the contributions from the 3> p z , p , and p z orbitals corresponding to m = 1, -1, and 0, respectively: 

F^ g «,- c --f| + |- | !l,?l. ^/^)ir- f!L *l, 4^)K m^y 



v 3 3 3J4m e r u r 12 1,3 ) 4m e r 15 r 12 

The energy is minimized with conservation of angular momentum when the spin angular momentum of the 3 s orbital 
superimposes negatively with the orbital angular momentum of the 3p orbitals. From Eq. (10.260), F mag 2 corresponding to the 

orbital angular momentum of the 3 p T , p , and p 7 orbitals minus the contribution from the 3 s orbital is 

Z m e r l5 r l2 Z m e r i5 r 12 

The outward centrifugal force on electron 15 is balanced by the electric force and the magnetic forces (on electron 15). 

The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.312)), 

diamagnetic (Eq. (10.313)), and paramagnetic (Eq. (10.314)) forces as follows: 

my 2 (Z-14)e 2 5h 2 r- — - 2h 2 r- — - „„„.,« 

^^ = i- '—-- —J s {s + \)+-—-J s {s + \) (10.315) 

Is ^ols 12m e /- 15 ?- 12 Zm e r l5 r n 

h l 

Substitution of v 15 = (Eq. (1.35)) and s = — into Eq. (10.315) gives: 

m e r 15 2 

h 2 (Z-U)e 2 5h 2 {3 2% 2 J3 ,,.,,„ 
T = ^T-7 J -2 ,,,. 2 Jt+ ,. 2 i<T (1°-31 6 ) 



-rfhfr, 4 xe n r,, \2mr,,r„ V 4 — Zmr,,r„ V 4 



e'15'12 
2 



(Z 


-14)e 2 


. 


5h 2 


t 


2h 2 


J! 


47T£ 


\im/ l2 


V4 


Zm e r 12 


V4 






a 






, r 12 in units ( 


iz. 


-14)-| 


[± 


--) 


I 






U2 


z) 


r n 







(10.317) 



(10.318) 



Substitution of ^- = 1.09443 (Eq. (10.255) with Z = 15) into Eq. (10.318) gives 
a 

r 15 =1.28900a (10.319) 

The ionization energy of the phosphorous atom is given by the electric energy, E (electric) , (Eq. (10.102) with the 

radius, r 15 , given by Eq. (10.319)): 

(Z-14)e 2 

Eiionization; P) = -Electric Energy = = 10.5554 eV (10.320) 

^s n r t , 

where r 15 =1.28900a (Eq. (10.319)) and Z = 15. The experimental ionization energy of the phosphorous atom is 10.48669 eV 

[3]. 
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THE IONIZATION ENERGIES OF FIFTEEN-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>1 5 

Fifteen-electron atoms having Z > 15 possess an external electric field given by Eq. (10.92). In this case, an energy minimum is 
achieved with conservation of momentum when the orbital angular momentum is such that F diam ic is minimized while F 2 

is maximized. With a half- filled 3p shell, the diamagnetic force due to the orbital angular momenta of the 3p electrons cancels 
that of the 2p electrons. Thus, the diamagnetic force (Eq. (10.258)), F ( 



diamagnetic 



is zero: 



F =0 

diamagnetic 



(10.321) 
From Eqs. (10.205) and (10.261), F 2 corresponding to the spin and orbital angular momenta of the paired 2 p x , p , 



and p z electrons is 



F^ 2 =(4 + 4 + 4) 



J hi 



-V^+ix = 



1 12ft 2 



-yls(s + l)i T 



(10.322) 



Z mr . j , . 



Z mj , .r . 



and the contribution from the 3p level is 

l ft 2 



mag 2 



:(4 + 4 + 4) 



Z mr , ,r , . 



V^+l)i r 



i i2r 

Z mji.n 



-Js(s + l)i T 



(10.323) 



"e'15'12 " '"e'15'12 

corresponding to the 3 p x , p , and p z electrons. Thus, the total of F, 



+s- 



mag 2 



mag 2 



1 24ft 2 
z m e r*r u 



,]s(s + \)i 



(10.324) 



The diamagnetic force, F c 



, due to the binding of the 3p-orbital electron having an electric field outside of its 



diamagnetic 2 



radius is given by Eq. (10.268): 



d la magnetic 2 



Z-15 
Z-14 



2 2 



r„h 



^io^TI)i 



(10.325) 



In the case that Z > 1 5 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 

of the electric (Eq. (10.312)), diamagnetic (Eqs. (10.321) and (10.325)), and paramagnetic (Eq. (10.324)) forces as follows: 



2 




"Z-15" 
Z-14 


2 2 
i ^ ^i 


f2 




m e v l5 


(Z 14)<2 zATl 1 

= T- + 1 — -Js(s + Y)- 

Axe n r x , Zm/ X ,r n 


>n io /wv i n 


(10.326) 


^ 


4 lU-y/^A 1 I) 



Substitution of v„ 



(Eq. (1.35)) and s = - into Eq. (10.326) gives: 



(Z-14)e 2 24ft 2 



te„ 



Zmr'r„ 



Z-15 



Z-14 



1- 



4~2 1 



-+ — 



r„% 



10. - 



(10.327) 



The quadratic equation corresponding to Eq. (10.327) is 



(Z-14)e 2 24ft 2 
v 4 ^o 



Zm e r n V 4 



ft 2 



r i5 r i5- 

m„ 



Z-15 

Z-14 



4i i 



53*lio. 



= 



(10.328) 



ft 2 rz-i5ir, ^ 1 



^rro. 



m„ 



»j„ 



Z-14 



(Z-14)e 2 24ft 2 |3 



A/ r s n 



-Zrrr, 



(Z-14)e 2 24ft 2 3 



Aj T Sr, 



-Zm- 



■ = 



(10.329) 



The solution of Eq. (10.329) using the quadratic formula is: 









^(Z-14)e 2 24ft 2 IP 
Zm e r 12 V 4 y 



4^e„ 



(Z-14)e 2 , 24ft 2 /3 



-r 



Z-15 



1^+^ *,10. 



4^e„ 



Zw e r 12 V 4 



m„ Z-14 



+4- 



/ (Z-14)e 2 24ft 2 IP 
4xe Zm e r l2 V 4 



(10.330) 
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n*£L 



uS 



\±«o 



(2-14) + 



vv 



Zr 



12 yy 



' r Z-15lf, V2 1 A 



(Z-14)- 



-Z* 



T2"7 



^W^ 



T— 



V .Z-14 JV 



z J 



g-14)-M 

V ^ r 12 



r 12 w w»z'& of a 



(10.331) 



where r 12 is given by Eq. (10.255). The positive root of Eq. (10.331) must be taken in order that r 15 > . The final radius of 
electron 15, r 15 , is given by Eq. (10.331); this is also the final radius of electrons 13 and 14. The radii of several fifteen-electron 
atoms are given in Table 10.14. 
The ionization energies for the fifteen electron atoms with Z > 1 5 are given by the electric energy, E{clectric) , (Eq. 



(10.102) with the radii r 15 , given by Eq. (10.331)): 



E(Ionizatiori) = -Electric Energy = 



(Z-14)e 2 



(10.332) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured fifteen-electron 
atoms are given in Table 10.14. 

Table 10.14. Ionization energies for some fifteen-electron atoms. 



45-e- 









Theoretical Experimental — Relative 



Atom 



(a ) (a a ) 



(«„) 



Ionization Ionization 

Energies Energies 
JeV) (eV) 



Error 



15 



17 



0.06730 0.29010 
0.06306 0.27053 



0.37120 1.09443 1.28900 
0.33902 0.96729 1.15744 



10.55536 

23.5102 
38.2331 
57.0335 



10.48669 

23.3379 

39.61 

59.81 



-0.0065 



-0.0074 
0.0348 
0.0464 



S + 

Cl 2+ 



0.05932 0.25344 0.31190 0.86545 1.06759 



Ar 3+ 18 0.05599 0.23839 0.28878 0.78276 0.95423 



-of 



19 0.05302 0.22503 0.26884 0.71450 0.85555 79.5147 



82.66 



0.0381 



20 0.05035 0.21308 0.25149 0.65725 0.77337 105.5576 



108.78 
138.0 
170.4 
205.8 



0.0296 
0.0210 
0.0134 
0.0059 
- 0.0003 



Sc 6+ 21 0.04794 0.20235 
Tf + 22 0.04574 0.19264 
-y*± — 23 0.0 4 37 4 0.18383 0.2107 4 0.53022 0.5985 4 20 4 .5855 



0.23625 0.60857 0.70494 135.1046 

0.22276 0.56666 0.64743 168.1215 

2107 4 0.53022 Q soss a ?f 



Cr 9+ 2 4 0.0 4 191 0.17579 0.19995 0. 4 9822 0.55652 2 ^4 . 4 799 244-^ 



Mn w+ 25 0.04022 0.16842 

Fe 11+ 26 0.03867 0.16165 

Co 12+ 27 . 03723 . 15540 

M 13+ 28 0.03589 0.14961 



0.19022 0.46990 0.52004 287.7926 

0.18140 0.44466 0.48808 334.5138 

0.17336 . 42201 . 45985 384.6359 

0. 16 6 01 .40 1 58 .4 3474 4 38. 1 529 



286.0 


-0.0063 


330.8 


-0.0112 


379 


-0 0149 


430 


-0.0190 



14+ 



CV ,+ 29 0.03465 0.14424 0.15926 0.38305 0.41225 495.0596 
Z« 15+ 30 0.03349 0.13925 0.15304 0.36617 0.39199 555.3519 



484 
542 



-0.0229 
-0.0246 



1 Radius of the paired Is inner electrons of fifteen-electron atoms from Eq. (10.51). 



" Radius of the paired 2s inner electrons of fifteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of fifteen-electron atoms from Eq. (10.212). 

"■ Radius of the paired 3s inner electrons of fifteen-electron atoms from Eq. (10.255). 

e Radius of the three unpaired 3p outer electrons of fifteen-electron atoms from Eq. (10.331) for Z > 15 and Eq. (10.319) 

* Calculated ionization energies of fifteen-electron atoms given by the electric energy (Eq. (10.332)). 

§ irom theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-i\. 

k (Experimental-theoretical)/experimental. 



for P. 
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The agreement between the experimental and calculated values of Table 10.14 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. The phosphorous atom 
isoelectronic series is given in Table 10.14 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of P isoelectronic and Rydberg series, as well as direct experimental data. 

SIXTEEN-ELECTRON ATOMS 

Sixteen-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, twelve, thirteen, fourteen, and fifteen-electron atoms. 

RADIUS Al 



ATOM 

For each fifteen-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r A and r 7 both given by Eg. (7.35) (Eg. (10.51)), two indistinguishable spin-paired 

electrons in an orbitsphere with radii r 3 and g , both given by Eg. (10.62), three sets of paired electrons in an orbitsphere at r 10 

given by Eg. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii r n and r 12 both given by Eg. 

(10.255), and three unpaired electrons in an orbitsphere with radius r 15 given by Eg. (10.331). For Z >16, the next electron 

which binds to form the corresponding sixteen - electron atom is attracted by the central Coulomb field and is repelled by 
diamagnetic forces due to the 3 sets of spin-paired inner 2p electrons and two spin-paired inner 3s electrons. A paramagnetic 
spin-pairing force to form a filled s orbital is also possible, but the force due to the spin-pairing of the electrons (Eq. (7.24) with 
the radius r 16 ) reduces the energy of the atom less than that due to the alternative forces on a set of paired and two unpaired 3p 

electrons in an orbitsphere at the same radius r^. The resulting electron configuration is \s 1 2s 2 2p 6 3s 2 3p'' , and the orbital 

arrangement is 

3p state 

t I A L_ (10.333) 

1 -1 

corresponding to the ground state 3 P 2 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner fifteen electrons is given by Eg. (10.70) with the appropriate charge and radius: 

for r>r l5 . 

The diamagnetic force, F dla a!c , is only due to 3p and 3s electrons when the 3p shell is at least half filled since the 
induced charge-density waves only involve the inner-most shell, the 3s orbital. The energy is minimized with conservation of 
angular momentum when the induced orbital angular momentum of the 3 s orbital superimposes positively with the orbital 
angular momenta of the other 3 p x and the 3 p z -orbital electrons and the orbital angular momentum of one of the spin-paired 
3 p x electrons is canceled by the 3 p electron. Thus, F diamagnalc , is given by Eg. (10.258) as the sum of the contributions from 
the 3 p x and /? orbitals corresponding to m = 1 and 0, respectively, and the induced contribution from the 3s orbital 
corresponding to m = : 

-Jll I) %2 n — iv ( 4 ) n 

l ' diamagne " c " 1 3 + 3 + 3 J 4m e r 2 6 r 12 ^ + K " U J 4m e ^ 6 r 12 

The energy is minimized with conservation of angular momentum when the spin angular momentum the 3s orbital 

superimposes negatively with the spin angular momentum of the 3 p x orbital-electron and the orbital angular momentum of the 

3 p z -orbital electron. From Eq. (10.260), F 2 corresponding to the orbital angular momentum of the 3 p x , p , and p z orbitals 
minus the contribution from the 3 s orbital is 

K« S 2 =(l + l-l)-^-^-V^+i)*r = ^-^~y{^+W~ (10-336) 
Z m e r 16 r 3 Z m e r l6 r n 

The outward centrifugal force on electron 16 is balanced by the electric force and the magnetic forces (on electron 16). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.334)), 
diamagnetic (Eq. (10.335)), and paramagnetic (Eq. (10.336)) forces as follows: 



F*™^ - -(t + T + tIt^W^ + I)*, - -f^l— ^-V^+i)i, (10-335) 
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mX (Z-15)e 2 At' 



-A6 ^^i>4 1^4% ' Z ^Zl6 r i2 



^4^+1)+ — ^— Vj(* + 1) (10.337) 



Substitution of v 16 = — — — (Eq. (Lib)) and s - — into Eq. (ID. 33V) gives: 
m e r l6 - ■ 2 



hl -^-^ ** l 3 - + -^,F (10-338) 



Au£ r 16 I2m/\^r„ V 4 — 2m, 

1_ 

n%_ 

(Z-15)e 2 An 2 \3 



(10.339) 



4^o 12m e r 12 V 4 Zm e r 12 V 4 



(*-1*)- 



'3 

4 n\ 4 



, r 12 z» ww'te o/ a (10.340) 



12 z; r 12 

Substitution of -^ = 0.96729 (Eq. (10.255) with Z = 16 ) into Eq. (10.340) gives 
«o 
r 16 =1.32010a (10.341) 

The ionization energy of the sulfur atom is given by the electric energy, E(electric) , (Eq. (10.102) with the radius, r ift , 

given by Eq. (10.341)): 

E(ionization; S) = -Electric Energy = — — — — = 1 0.30666 eV (1 0.342) 

8rcg< /i6 

where r 16 = 1.3201Qa (Eq. (10.341)) and Z = 16 . The experimental ionization energy of the sulfur atom is 10.36001 eV [3]. 

THE IONIZATION ENERGIES OF SIXTEEN-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>1 6 

Sixteen-electron atoms having Z > 16 possess an external electric field given by Eq. (10.92). In this case, an energy minimum 
is achieved with conservation of momentum when the orbital angular momentum is such that F diamagnetic is minimized while 

F 2 is maximized. With a half-filled 3p shell, the diamagnetic force due to the orbital angular momenta of the 3p electrons 
cancels that of the 2p electrons. Thus, F diamamet!c is minimized by the formation of a charge-density wave in the 3 s orbital 
corresponding to m = 1 in Eq. (10.258) that cancels the orbital angular momentum of one of the 3/> a electrons to form the 
equivalent of a half-filled 3p shell. Then, the contribution due to the 2p level is canceled. From Eq. (10.82), the diamagnetic 
force, F diam Uc , is given by the sum of the contributions from the 3 p and p z orbitals corresponding to m - - 1, and 0, 

respectively, and the negative contribution due to the charge-density wave with m = 1 induced in the 3s orbital (Eq . (10 . 258)): 

^ gn ^=-{\ + \-^ T ^4^)K=-{^ T ^4^)K dO-343) 

U 3 3JAm e r l6 r l2 \3)Am/ x( r xl 

From Eq. (10.261), F ma 2 corresponding to the spin and orbital angular momenta of the paired 2p x , p , and p z 

el e ctrons is 

F mag 2 =(4 + 4 + 4)1-^-^ + 1)1 =-7^r-V^ + % (10344) 

Z m e r l6 r n Z m e r l6 r 12 

and the contribution from the 3p level is 

F^2 =(8 + 4 + 4-4)1-^-^ + 1)1, =l-^-^s{s + \)K (10.345) 

Z »Wn Z »Wn 

corresponding to the 3 p x (Eq. (10.264)) and p z (Eq. (10.263)) electrons wherein the contribution due to the 3 p x (m = 1) 
electron is canceled by the mirror charge-density wave with m = 1 induced in the 3s orbital (Eq. (10.262)). Thus, the total of 

¥ mag2 1S 

1 2AT? / 
F^ 2 =l^T-^+0i r (10-346) 

z m e r l6 r n 

The diamagnetic force, F diamagnelic 2 , due to the binding of the 3p-orbital electron having an electric field outside of its 



radius is given by Eq. (10.268): 
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diamagnetic 2 



Z-16 

Z-15 



V2 



1 

+ — 
2 2- 



k,/j 



i^Vio^7T)i 



(10.347) 



In the case that Z > 1 6 , the radius of the outer electron is calculated by equating the outward c e ntrifugal forc e to the sum 

of the electric (Eq. (10.334)), diamagnetic (Eqs. (10.343) and (10.347)), and paramagnetic (Eq. (10.346)) forces as follows: 



m e v 2 6 (Z-I5)e 2 



47zs n r,, 



%1 rr—r: 24h2 n — u 

yjs(s + l)+— — js(s + l) 



\2mr,,r. 



Zmr.,r v , 



Z-16 

Z-15 



( J5 O-* 2 



^io^TI) 



Substitution of v., = 



(Eq. (1.35)) and s= — into Eq. (10.3 4 8) gives: 



(10.348) 



"Vl6 

ft 2 _ (Z-I5)e 2 

... ..3 ~~ 



MtBrXt 



12m , 



2 
24ft 2 



3 

4 — Zmr . i 



Z-16 

Z-1 5 



yfj 1_ 

"~2~ + 2 



^ioJI 



J'"e'l6 



(10.349) 



The quadratic equation corresponding to Eq. (10.3 4 9) is 



r {Z-\5)e 2 

47T£ n 



1 24) ft 



12 Z ) mr. 



h 1 



Z-16 

Z-15 



a/2 l^k„7z 2 



- + ■ 

2 2 



10J-=0 
m„ \4 



~^2 1 



(10.350) 



r z-16 



n^. 



m e LZ-15_, V 



16 ^z-isy 

4?zg n 



1 24 



12 Z J m k 



Vl6 '(z-isy 



4^g n 



1 24 



12 Z )m./; 



(10.351) 



The solution of Eq . (10 . 351) using the quadratic formula is: 



m„ 



(Z-15)e 2 (1 241 « P 



v , 4 ^o 



12 ZT»J^ V4 y/ 



(Z-15)e 2 



V 4 ^o 



1 24) % 



12 Zjm £ r 12 \4j 1 



Z-16 



V 



^2J 



-w- 



Z-15 



1- — + 

7 7- 



r 12 10, 



+4- 



v 



(Z-15)e 2 
4^s„ 



1 24) a 2 
12 zjm„^, 



(10.352) 



{Z - 15) - 



1 12"\>/3 



24 Z r, 



S> + a 

V 15 ,-a-^r ' 

V V 24 Z ^12J I 



20>/3 



' r Z-16"" 



Z-15 



\ A 



, ^ 1 
1 - + - K 



-2 2 



/ J 



f (z _ 15 >-fi-!?)*l 



24 Z j r; 



12 y 



r 12 iw ww'to q/* a 



(10.353) 



where y; 7 is given by Eq. (10.255). The positive root of Eq. (10.353) must be taken in order that r^ >0. The final radius of 

electron 16, r 16 , is given by Eq. (10.353); this is also the final radius of electrons 13, 14, and 15. The radii of several sixteen- 

electron atoms are given in Table 10.15. 

The ionization energies for the sixteen-electron atoms with Z>16 are given by the electric energy, E '(electric) , (Eq. 

(10.102) with the radii r m , given by Eq. (10.353)): 
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E(Ionization) = -Electric Energy = 



(Z-15)e 2 



(10.354) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured sixteen-electron 
atoms are given in Table 10.15. 

Table 10.15. Ionization energies for some sixteen-electron atoms. 



I6e 



Theoretical Experimental 



Relative 



Atom 



(a ) (a ) (a ) (a ) (a ) 



Ionization 

f 
Energies 

(eV) 



Ionization 

Energies 
(eV) 



Error 



16 0.06306 0.27053 0.33902 0.96729 1.32010 



10.30666 



10.36001 



0.0051 



-Gi± 17 0.05932 0.25344 0.31190 0.86545 1.10676 24.5868 



23.8 14 



-0.0324 



Ar l+ 
K 3+ 

Ca 4 + 



18 0.05599 

19 0.05302 

20 0.05035 



0.23839 
0.22503 
0.21308 



0.28878 0.78276 
0.26884 0.71450 
0.25149 0.65725 



1.02543 
0.92041 
0.82819 



39.8051 
59.1294 
82.1422 



40.74 
60.91 
84.50 



0.0229 
0.0292 
0.0279 



S c 5+ 21 0.04794 0.20235 0.23625 0.60857 0.75090 108.7161 110.68 



0.0177 



Ti 6+ 22 0.04574 0.19264 

V 7+ 23 0.04374 0.18383 

p 8+ 24 0.04191 0.17579 

Mn 9+ 25 0.04022 0.16842 



0.22276 0.56666 0.68622 138.7896 

0.21074 0.53022 0.63163 172.3256 

0.19995 0.49822 0.58506 209.2996 

0.19022 0.46990 0.54490 249.6938 



140.8 


0.0143 


173.4 


0.0062 


209.3 


0.0000 


248.3 


-0.0056 



Fe w+ 


26 0.03867 0.16165 


0.18140 0.44466 0.50994 


293.4952 


290.2 


-0.0114 


Co n+ 


27 0.03723 0.15540 


0.17336 0.42201 0.47923 


340.6933 


336 


-0.0140 


M 12+ 


28 0.03589 0.14961 


0.16601 0.40158 0.45204 


391.2802 


384 


-0.0190 



Cu li+ 29 0.03465 0.14424 0.15926 0.38305 0.42781 445.2492 435 
Z« 14+ 30 0.03349 0.13925 0.15304 0.36617 0.40607 502.5950 49(T 



-0.0236 
-0.0257 



a Radius of the paired Is inner electrons of sixteen-electron atoms from Eq. (10.51). 

" Radius of the paired 2s inner electrons of sixteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of sixteen-electron atoms from Eq. (10.212). 

" Radius of the paired 3s inner electrons of sixteen-electron atoms from Eq. (10.255). 

e Radius of the two paired and two unpaired 3p outer electrons of sixteen-electron atoms from Eq. (10.353) for Z > 16 and Eq. (10.341) for S. 

f Calculated ionization energies of sixteen-electron atoms given by the electric energy (Eq. (10.354)). 

S From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 



" (Experimental-theoretical)/experimental. 



The agreement between the experimental and calculated values of Table 10.15 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is three to four significant figures which is consistent with the last column. — The sulfur atom 
isoelectronic series is given in Table 10.15 [2-3] to much higher precision than the capability of X-ray spectroscopy, but these 
values are based on theoretical and interpolation techniques rather than data alone. Ionization energies are difficult to determine 
since the cut-off of the Rydberg series of lines at the ionization energy is often not observed, and the ionization energy must be 
determined from theoretical calculations, interpolation of S isoelectronic and Rydberg series, as well as direct experimental data. 



Seventeen-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, twelve, thirteen, fourteen, fifteen, and sixteen-electron atoms. 



RADI 



For each sixteen-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin-paired 
electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 

electrons in an orbitsphcrc with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired electrons in an orbitsphcrc at r 10 
given by Eq. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii r u and r n both given by Eq. 
(10.255), and two paired and two unpaired electrons in an orbitsphere with radius r 16 given by Eq. (10.353). For Z >17 , the 
next electron which binds to form the corresponding seventeen-electron atom is attracted by the central Coulomb field and is 
repelled by diamagnetic forces due to the 3 sets of spin-paired inner 2p electrons and two spin-paired inner 3 s electrons. A 
paramagnetic spin-pairing force to form a filled s orbital is also possible, but the force due to the spin-pairing of the electrons 
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(Eq. (7.24) with the radius r 17 ) reduces the energy of the atom less than that due to the alternative forces on two sets of paired 
electrons and an unpaired 3p electron in an orbitsphere at the same radius r 17 , The resulting electron configuration is 
Is 2 2s 2 2 p 6 3 s 2 3 p 5 , and the orbital arrangement is 



3p state 
t i t I 



t 



(10.355) 



1 e — A 

corresponding Lo the ground slate 1 Py 1 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner sixteen electrons is given by Eq. (10.70) with the appropriate charge and radius: 
— s (Z-16)c 2 ; 



$ nc,r„ 



(10.356) 



for r > r 16 . 

The diamagnetic force, F djamagneljc , is only due to 3p and 3s electrons when the 3p shell is at least half filled since the 
induced charge-density waves only involve the inner-most shell, the 3s orbital. Thus, V diamagmlic , is given by Eq. (10.258) as the 
contribution from the 3 p orbital corresponding to m - -1 with the cancellation of the orbital angular momenta of the spin- 
paired 3 p x and p z electrons: 

„ 0>\ ai. 



diamagnetic 



OJ4m e r„r n 



Js{s + l)i r 



(10.357) 



The energy is minimized with conservation of angular momentum when the spin angular momentum of the 3 s orbital 
superimposes negatively with the angular momenta of the 3p orbitals. From Eq. (10.260), F mag 2 corresponding to the sum of the 

spin angular momenta of the 3 p x and 3 p z orbitals and the orbital angular momentum of the 3 p orbital, minus the contribution 

from the 3 s orbital is 



mag 2 



= (1 + 1 + 1-1) 



l h 1 

Z m e r 2 r n 



yJs(_S + l)i 



i in 1 

Z m e r 2 r 12 



Js(s + l)i 



(10.358) 



Th e outward c e ntrifugal forc e on e l e ctron 17 is balanc e d by th e e l e ctric forc e and th e magn e tic forc e s (on e l e ctron 17). 

The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.356)), 
diamagnetic (Eq. (10.357)), and paramagnetic (Eq. (10.358)) forces as follows: 



mX _(Z-16)e 2 



2ft 2 



Axe n r„ \2m„r„r„ 



yls(.S + l)- 



2ti 2 



_Zm £ r a r a 



4s(s + \) 



(10.359) 



SubstiLutiou of - 



h (Eq. (1.35)) and s = - into Eq. (10.359) gives: 



m e r x 
fi L (Z-16)e 



2ft 2 



-M-f^ 



4 nc n r„ 



+ - 



2 
2% 2 



\2mr„r„ V 4 — Zmr^r^ 



(10.360) 



-a 1 



m. 



(Z-\6)e 2 2h 2 /3 2ft 1 



Ane n 



\2m„, 



% Zmj\. 



(10.361) 



(Z-16)- 



2 2 



12 Z k 



r u in units of a 



(10.362) 



Substitution of -^ = 0.86545 (Eq. (10.255) with Z = 17 ) into Eq. (10.362) gives 



r 17 =1.05158a 



(10.363) 
The ionization energy of the chlorine atom is given by the electric energy, Eielectric) , (Eq. (10.102) with the radius, r 17 , 



given by Eq. (10.363)): 

E (ionization; CI) = -Electric Energy = = 12.93841 eV 



(10.364) 



where r u = 1.05158a (Eq. (10.363)) and Z = 17 . The experimental ionization energy of the chlorine atom is 12.96764 eV [3], 
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THE IONIZATION ENERGIES OF SEVENTEEN-ELECTRON ATOMS WITH A 
IARGEZ>1 7 

SeveiiLeeii-elecLron atoms having Z>17 possess an external electric field given by Eq. (10.92). — In this case, au energy 
minimum is achieved with conservation of momentum when the orbital angular momentum is such that F diam ic is minimized 

while F 2 is maximized. With a filled 3p shell, the diamagnetic force due to the orbital angular momenta of the 3p electrons 
cancels that of the 2p electrons. Thus, V diamaglletic is minimized by the formation of a charge-density wave in the 3s orbital 
corresponding to two electrons with m = -1 in Eq. (10.258) to form the equivalent of a filled 3p level such that the contribution 
due to the 2p level is canceled. From Eq. (10.82), the diamagnetic force, F ditm ^ , is given by the contribution due to the 
charge-density wave with m = -1 induced in the 3s orbital according to Eq. (10.258): 



diamagnetic 



h l 



sls(s + l)l 



(10.365) 



3 J 4m e r l7 r l2 



From Eqs. (10.205) and (10.261), F 2 corresponding to the spin and orbital angular momenta of the paired 2p x , p , 



and p, electrons is 



mag 2 



:(4 + 4 + 4) 



1 tf 

Z m e r ii r U 



■sl s(s + l)i 



i nr 

Z m e r*r n 



js(s + l)i 



(10.366) 



and the contribution from the paired 3p x , p , and p z electrons given by Eq. (10.264) is 



1 Tt 



1 24h L 



K « S 2 -(8 + 8 + 8) 



Z m e r„r u 



<Js(s + l)i T 



z m e Ki r n 



<Js(s + l)i r 



(10.367) 



wherein the contribution due to the charge-density wave with m = -1 induced in the 3s orbital (Eq. (10.262)) provides the 
equivalent of a filled 3 p orbital and adds a negative contribution of 



1 4r 



mag 2 



Js(s + \)i 



(10.368) 



Z m £ r 17 r 12 



Thus, the total of ¥ mag 2 is 
„ 1 32ft 2 



yls(s + i)i T 



(10.369) 



mag 2 



Z m /n r n 



The diamagnetic force, F. 
radius is given by Eq. (10.268): 



diamagnetic 2 



, due to the binding of the 3p-orbital electron having an electric field outside of its 



Z-17 



S — T 



r^h- 



\Q^s{s + \)i 



■ ■■ ■■•■■ ■ 



Z-16 



TTTTT. 



(10.370) 



In the case that Z > 1 7 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.356)), diamagnetic (Eqs. (10.365) and (10.370)), and paramagnetic (Eq. (10.369)) forces as follows: 



(Z-16V 

4«4o1 2 7 



-2ft 2 



■M s + ~) +^r^—yj<s + 1)' 

/ w i f — v 



" e V 17 _ 



12m, 



;'17'12 



Zm p r^r n 



(10.371) 



Z-17 



42 . r n h 2 



10y] s(s i 1) 



Z-16 



2 2 J»yi 4 7 



h l 

Substitution of v 17 = (Eq. (1 .35)) and s - — into Eq. (10.371) gives: 

mr„ 2 



h l _(Z - 16)e / 



-2^ 



-42ft 2 - 



Z - 17 



/ 



■ v/2 1 



Ax£ n > \ '. 



12m., 



4 — Zmju> \ , 



Z-16 



-10, 



(10.372) 



J "V17 



The quadratic equation corresponding to Eq. (10.372) is 



(Z-16)e 2 



2 32) h 



3 | 2 __r 



Z-\l 



J2 1 



r„% 



10 



(10.373) 



A7TS n 



12 Z )mr. 



Z-16 



2 2 i m e 



m. 






Z-\l 
Z-16 



2 2 



r 12 10. 



(Z - 16)c 
— A nc n 



-2 — 32^1 h 



(Z - 16)c 2 (2 — 32^ h 2 — 5 



■ = 



(10.374) 



43 — Z 



J "Vl2 



A 7TC n 



V2 — Z ) m e r l2 V 4 
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The solution of Eq. (10.374) using the quadratic formula is: 



-4B- 



(Z-16)e 2 
Ane n 



2 32) ft 2 /P 



12 Z 



(Z - 16)e 2 

v 4^ 



5 — 321 h 



12 Z 



+4-, 






Z-17 
Z-16 

(Z-16)e 2 



l-^ + I 

2 2 



> 



r 12 10. 



-32 



\ 



4^-g,, 



vi2 — Z )m e r n V4y 



(10.375) 



T WVJJ 



(Z-16)- 



12 Z ) r, 



'i2 yy 



(Z-16)-|XZ^ 



JT 



T2 — Z 



~20>/T 



Z-17 



-^2—t 



\ \ 



J '\2 



Z-16 



- + ■ 
2 2 



(Z-16)- 



1 16^V3 



T2 ZT^ 



'12 y 



-, r 1 2 iw units of a u 



(10.376) 



where r 12 is given by Eq. (10.255). The positive root of Eq. (10.376) must be taken in order that r 17 > . The final radius of 

electron 17, r 17 , is given by Eq. (10.376); this is also the final radius of electrons 13, 14, 15, and 16. The radii of several 

seventeen-electron atoms are given in Table 10.16. 
~~ The ionization energies for the seventeen-electron atoms with Z > 17 are given by the electric energy, E(electric) , (Eq. 



(10.102) with the radii r 17 , given by Eq. (10.376)): 



E(Ionization) = — Electric Energy = 



(Z-16)e 2 



(10.377) 



8^0^17 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured seventeen- 
electron atoms are given in Table 10.16. 
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Table 10.16. Ionization energies for some seventeen-electron atoms. 



17e 



Theoretical Experimental — Relative 



Atom 



~CC> tK) tK) tK) ta^r 



Ionization Ionization 



Error 



Energies 
(eV) 



Energies 
(eV) 



CI 17 0.05932 0.25344 0.31190 0.86545 1.05158 12.93841 12.96764 0.0023 

-JF — 18 0.05599 0.23839 0.28878 0.78276 0.98541 27.6146 27.62967 0.0005 



Ca 

Sc 4+ 



19 0.05302 0.22503 0.26884 0.71450 0.93190 43.8001 



45.806 



0.0438 
0.0457 
0.0365 
0.0295 



3+ 20 0.05035 0.21308 0.25149 0.65725 0.84781 

21 0.04794 0.20235 0.23625 0.60857 0.77036 

^ 22 0.0 4 57 4 0.1926 4 0.22276 0.56666 0.7037 4 



64.1927 67.27 
88.3080 91.65 
116.0008 119.53 



-Ti 

-p*± — 23 0.0 4 37 4 0.18383 0.2107 4 0.53022 0.6 4 701 1 4 7.2011 14&6- 



0.0226 



Cr 7+ 24 0.04191 0.17579 
M? 8+ 25 0.04022 0.16842 
Fe 9+ 26 . 03867 . 16165 



0.19995 0.49822 0.59849 
0.19022 0.46990 0.55667 
0.18140 0.44466 0.52031 



181.8674 184.7 
219.9718 221.8 
261.4942 262.1 



0.0153 
0.0082 
0.0023 



-G# 



27 .0 372 3 .155 40 . 17 336 .422 01 .48843 306. 419 5 3H5_ 



- .00 47 



M 1 



28 0.03589 0.14961 



Cu n+ 29 0.03465 0.14424 
Zn l3+ 30 0.03349 0.13925 



0.16601 0.40158 0.46026 
0.15926 0.38305 0.43519 
0.15304 0.36617 0.41274 



354.7360 352 
406.4345 401 
461.5074 454_ 



-0.0078 
-0.0136 
-0.0165 



a Radius of the paired Is inner electrons of seventeen-electron atoms from Eq. (10.51). 



" Radius of the paired 2s inner electrons of seventeen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of seventeen-electron atoms from Eq. (10.212). 

d Radius of the paired 3s inner electrons of seventeen-electron atoms from Eq. (10.255). 



e Radius of the two sets of paired and an unpaired 3p outer electron of seventeen-electron atoms from Eq. (10.376) for Z > 17 and Eq. (10.363) for CI. 

Calculated ionization energies of seventeen-electron atoms given by the electric energy (Eq. (10.377)). 
8 From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 

(Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.16 is well within the experimental capability 

of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is about two to four significant figures which is consistent with the last column. Ionization energies are 
difficult to determine since the cut-off of the Rydberg series of lines at the ionization energy is often not observed. Thus, the 
chlorine atom isoelectronic series given in Table 10.16 [2-3] relies on theoretical calculations and interpolation of the CI 
isoelectronic and Rydberg series as well as direct experimental data to extend the precision beyond the capability of X-ray 
spectroscopy. But, no assurances can be given that these techniques are correct, and they may not improve the results. The error 
given in the last column is very reasonable given the quality of the data. 



ITOMS 



Eighteen-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, twelve, thirteen, fourteen, fifteen, sixteen, and seventeen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE ARGON 
ATOM 

For each seventeen-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin- 
paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 

electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired electrons in an orbitsphere at r 10 
given by Eq. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii r n and r 12 both given by Eq. 
(10.255), and two sets of paired and an unpaired electron in an orbitsphere with radius r 17 given by Eq. (10.376). For Z > 18, 
the next electron which binds to form the corresponding eighteen-electron atom is attracted by the central Coulomb field and is 
repelled by diamagnetic forces due to the 3 sets of spin-paired inner 2p electrons and two spin-paired inner 3 s electrons. A 
paramagnetic spin-pairing force to form a filled s orbital is also possible, but the force due to the spin-pairing of the electrons 
(F,q. (7.24) with the radius r ls ) reduces the energy of the atom less than that due to the alternative forces on three sets of paired 

3p electrons in an orbitsphere at the same radius r 18 . The resulting electron configuration is Is 2 2s 2 2 p 6 3s 2 3 p 6 , and the orbital 
arrangement is 
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3p state 

t i t I t I (10.378) 

] J 

corresponding to the ground state l S . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due to the nucleus and the inner seventeen electrons is given by Eg. (10.70) with the appropriate charge and radius: 

V *- (Z ~ 17) ? K (10-379) 

4xe r m 

for r > r u . 

As in the case on the neon atom, the energy of the argon atom is minimized and the angular momentum is conserved with 

the pairing of electron eighteen to fill the 3 p orbital when the orbital angular momenta of each set of the 3 p x , p , and p, 

spin-paired electrons adds negatively to cancel. Then, the diamagnetic force (Eq. (10.258)), F diamaglletic , is given by the induced 
orbital angular momentum of the 3 s orbital alone which conserves angular momentum. 



o> 



-& 



-V.*0 + l)i r (10.380) 



F 

diamagnetic 



3 ) 4 mr 2 r v 



\3J * "Vli'\l 



From Eq. (10.260), F m ^ 2 is 

1 h 2 i 1 Ah 2 i 

F ^ 2 =(l + l + l + l)-^^V^Tl)i r =^^^V^TT)i r (10-381) 

corresponding to the spin-angular-momentum contribution alone from each of the 3 p x , p , and p z orbitals and the spin angular 

momentum of the 3s orbital. 

The outward centrifugal force on electron 18 is balanced by the electric force and the magnetic forces (on electron 18). 
The radius of the oute r electron is calculated by equating the outward centrifugal fo r ce to the sum of the elect r ic (Eq. (10.379)), 
diamagnetic (Eq. (10.380)), and paramagnetic (Eq. (10.381)) forces as follows: 

my 2 (Z-n)e 2 h 2 /— — — Ah 2 r- — — „„.,„^ 

-^ = — '—-- — V^l)+— —Ms^V) (10.382) 

r 18 4^£- r 18 12m e r 18 r 12 Zm e r lfs r l2 

% 1 

Substitution of v 18 = (Eq. (1.35)) and s = — into Eq. (10.382) gives: 

"yts 3 

n 2 _(Z-17)e 2 H 2 /3 + _«^ |3 (10 . 383) 



4^? r 18 12« e r 18 r 12 V 4 Zm e r lg r n \ A 



18 (Z-17)e 2 h 2 /3 | Ah 2 J3 
Ax£ l2m e r n \A Zm/ n \A 



m " (10.384) 



r 12 in units of a (10.385) 



(Z-17)- 



1 
1 4)^4 



12 Z) r 12 



Substitution of -^ = 0.78276 (Eq. (10.255) with Z = 18) into Eq. (10.385) giv e s 

a 

r 18 = 0.86680a (10.386) 

The ionization energy of the argon atom is given by the electric energy. E(electric) , (Eq. (10.102) with the radius, r ia . 

given by Eq. (10.386)): 

E {ionization; Ar) = -Electric Energy = = 15.69651 eV (10.387) 

8^ r 18 

where r 18 - 0.86680a u (Eq . (10 . 386)) and Z - 18 . The experimental ionization energy of the argon atom is 15.75962 eV [3] . 
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THE IONIZATION ENERGIES OF EIGHTEEN-ELECTRON ATOMS WITH A NUCLEAR 
CHARGE Z>1 8 

Eighteen-electron atoms having Z > 18 possess an external electric field given by Eq. (10.92). In this case, an energy minimum 
is achieved with conservation of momentum when the orbital angular momentum is such that F c 



diamagnetic 



is minimized while 



mag 2 



is maximized. With a filled 3p shell, the diamagnetic force due to the orbital angular momenta of the 3p electrons cancels 



that of the 2p electrons. Thus, the diamagnetic force (Eq. (10.258)), F ( 



diamagnetic 



, is zero: 



F =0 

diamagnetic ^— 



(10.388) 



From Eqs. (10.205) and (10.261), F mag 2 corresponding to the spin and orbital angular momenta of the paired 2 p x , p y 
and p z electrons is 

1 ft 2 ; ; tz. 1 \2h 2 



K n s , -(4+4 + 4)4^ 2 - A /^7i)i r = J.-Jig-J^TI) i 



Z mrir. 



Z mr 2 r„ 



(10.389) 



"e'18'12 ~ "Vl8'l2 

the contribution from the 3p level (Eq. (10.264)) is 

1 h 2 i- — - 1 24ft 2 



mag 2 



:(8 + 8 + 8) 



Z mr.ir,. 



-yjsjs + l)^ 



Z mr,ir„ 



Js(s + V)i 



(10.390) 



"e'18'12 ~ "Vl8'l2 

and the contribution due to the spin and induced orbital angular momentum of the 3 s orbital that achieves conservation of 
angular momentum given by Eq. (10.262) is 



i 4ft 2 



mag 2 



Z mj; s r. 



-Js(s + l)i r 



(10.391) 



Thus, the total of F mag 2 is 
1 40ft 2 



mag 2 ry 2 

z m e r ls r 12 



yjs(s + l)i r 



(10.392) 



The diamagnetic force, F. 
radius is given by Eq. (10.268): 



diamagnetic 2 



, due to the binding of the 3p-orbital electron having an electric field outside of its 



" diamagnetic 2 



Z-18 
Z-17 



2 2 



^io^TI)i r 

mr, a 



(10.393) 



In the case that Z > 18, the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 

of the electric (Eq. (10.379)), diamagnetic (Eqs. (10.388) and (10.393)), and paramagnetic (Eq. (10.392)) forces as follows: 



m.v* (Z-17)e 2 



40ft 2 



*ts- 



A nF.,,r, 



0'18 



7mr,„r v 



■yjs(s + l)- 



Z-18 
Z-17 



\-£ + * 



i^ioV^TI) 



(10.394) 



Substitution of v, Q = 

"Vl8 

ft 2 (Z-17)e 2 



18 (Eq. (1.35)) and s = - into Eq. (10.394) gives: 

mr,„ 2 



40ft 2 



mrl 



3 Z-tt 



iJL^M^qJL 



2 J m e r m 



(10.395) 



4^e r lg 



Zm e r ls r u 



Z-17 



'18 (T18 e'18'1^ • " l— - ' _i y 

The quadratic equation corresponding to Eq. (10.395) is 



(Z-17)e 2 40ft 2 



AfT£ n 



Zm e r 12 



\ 



Z-18 



Z-17 



Z - 18 



•s/2 ]_" 

^ 

-^5 — 3- 



^10 ' 3 



(10.396) 



JM, 



Z-17 



- + ■ 

2 2 



r 12 10. 



18 /■ , - 

'(Z-17)e 2 40ft 2 



Aft£ n 



Zmr„ 



f (Z-\l)e 2 AOh 2 



Aft£ n 



Zm.r„ 



(10.397) 
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The solution of Eq. (10.397) using the quadratic formula is: 



-H 



-M- 



^(Z-17)e 2 40ft 2 /P 



W 



47T£ n 



Zm e r 12 V 4 



(Z - 17K i 40r 1 3 
4ne„ 



Zmj xl V 4 



+4- 






Z-18 
Z-17 



2 2 



r 12 10 



^ (Z-17)e 2 40ft 2 /P 



4x£,, 



Zw.k,, V 4 



(10.398) 



2TK/T 



2TK/T 



"±«n 



(2-17) + 



Zr, 



12 y 



(Z-17) + 



^Z/f 



~20>/T 



-Z-U 



f 



-4^ 



\ \ 



12 J 



z-n 



2 2 



r (Z-l7U 20 ^ 



~7r 



12 J 



-, r i2 in units of a u 



(10.399) 



where r 12 is given by Eq. (10.255). The positive root of Eq. (10.399) must be taken in order that r 18 > . The final radius of 

electron 18, r 18 , is given by Eq. (10.399); this is also the final radius of electrons 13, 14, 15, 16, and 17. The radii of several 

eighteen-electron atoms are given in Table 10.17. 
~~ The ionization energies for the eighteen-electron atoms with Z > 1 8 are given by the electric energy, E(electric) , (Eq. 



(10.102) with the radii r 18 , given by Eq. (10.399)): 



E(Ionization) = — Electric Energy = 



(Z-17)e 2 



(10. 4 00) 



8^18 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured eighteen- 
electron atoms are given in Table 10.17. 
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Table 10.1 7. Ionization energies for some eighteen-electron atoms. 



18e 


Z 


1 


h 


1o r i2 


Is 


Theoretical 


Experimental 


Relative 


Atom 




( a y 


b 


c d 

(a 3 ) (a a ) 


( a y 


ionization 

f 


ionization 

a 


Error 














Energies 
(eV) 


Energies 
(eV) 




Ar 
K + 


18 
19 


0.05599 
0.05302 


0.23839 
0.22503 


0.28878 0.78276 
0.26884 0.71450 


0.86680 
0.85215 


15.69651 
31.9330 


15.75962 
31.63 


0.0040 
-0.0096 


Ca 2+ 


20 


0.05035 


0.21308 


0.25149 0.65725 


0.82478 


49.4886 


50.9131 


0.0280 



Sc l+ 21 0.04794 0.20235 

Ti i+ 22 0.04574 0.19264 

y s+ 23 0.04374 0.18383 

Cr 6+ 24 0.04191 0.17579 



0.23625 0.60857 0.76196 71.4251 

0.22276 0.56666 0.70013 97.1660 

0.21074 0.53022 0.64511 126.5449 

0.19995 0.49822 0.59718 159.4836 



73.4894 


0.0281 


99.30 


0.0215 


128.13 


0.0124 


160.18 


0.0043 



Mn 1+ 


25 0.04022 0.16842 


0.19022 0.46990 0.55552 


195.9359 


194.5 


-0.0074 


Fe s+ 


26 0.03867 0.16165 


0.18140 0.44466 0.51915 


235.8711 


233.6 


-0.0097 


Co 9+ 


27 0.03723 0.15540 


0.17336 0.42201 0.48720 


279.2670 


275.4 


-0.0140 



Cu n+ 
Zn n+ 



28 0.03589 0.14961 

29 0.03465 0.14424 

30 0.03349 0.13925 



0.16601 0.40158 


0.45894 


326.1070 


321.0 


-0.0159 


0.15926 0.38305 
0.15304 0.36617 


0.43379 
0.41127 


376.3783 
430.0704 


369 
419.7 


-0.0200 
-0.0247 



a Radius of the paired Is inner electrons of eighteen-electron atoms from Eq. (10.51). 

b Radius of the paired 2s inner electrons of eighteen-electron atoms from Eq. (10.62). 

u Radius of the three sets of paired 2p inner electrons of eighteen-electron atoms from Eq. (10.212). 

^ Radius of the paired 3s inner electrons of eighteen-electron atoms from Eq. (10.255). 

e Radius of the three sets of paired 3p outer electrons of eighteen-electron atoms fromEq. (10.399) for Z >18 andEq. (10.386) for Ar . 



Calculated ionization energies of eighteen - electron atoms given by the electric energy (Eq. (10. 4 00)). 



g From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 



n (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.17 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies oil X-ray spectroscopy. — In this case, the 



experimental capability is about two to four significant figures which is consistent with the last column. Ionization energies are 
difficult to determine since the cut-off of the Rydberg series of lines at the ionization energy is often not observed. Thus, the 
argon atom isoelectronic series given in Table 10.17 [2-3] relies on theoretical calculations and interpolation of the Ar 
isoelectronic and Rydberg series as well as direct experimental data to extend the precision beyond the capability of X-ray 
spectroscopy. But, no assurances can be given that these techniques are correct, and they may not improve the results. The error 
given in the last column is very reasonable given the quality of the data. 



GENERAL EQUATION FOR THE IONIZATION 
THROUGH EIGHTEEN-ELECTRON ATOMS 



ENERGIES OF THIRTEEN 



Using the forces given by Eqs. (10.257-10.264). (10.268), and the radii r n given by Eq. (10.255), the radii of the 3p electrons of 
all thirteen through eighteen-electron atoms may be solved exactly. The electric energy given by Eq. (10.102) gives the 
corresponding exact ionization energies. A summary of the parameters of the equations that determine the exact radii and 
ionization energies of all thirteen through eighteen-electron atoms is given in Table 10.18. 



*'„,„ and * 



diamagnetic 1 



given by Eqs. (10.257) and (10.268), respectively, are of the same form tor all atoms with the 



appropriate nuclear charges and atomic radii. V diamagnetic given by Eq. (10.258) and F 2 given by Eqs. (10.259-10.264) are of 

the same form with the appropriate factors that depend on the electron configuration wherein the electron configuration must be 
a minimum of energy. 

For each n-electron atom having a central charge of Z times that of the proton and an electron configuration 
ls'''2s 7 '2p''3s 7 '3p"~ n , there are two indistinguishable spin-paired electrons in an orbitsphere with radii r x and r 2 both given by 
Eq. (7.35) and (10.51): 

[3 



i- 



Z-l Z(Z-l) 
two indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62): 



(10.401) 
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\2 



^-a- 



a 1- 



1- 



Z— 0- 



i;10. 



(-3.-IHR: 4 



\±«0 



- + 4- 



(Z-3)- 



J__ 1^ 

4— ^ 



(-3)-iHJi 4 



^ (10402) 

L 

r x in units of a 
where ^ is given by Eqs. (10.51) and (10.401), three sets of paired indistinguishable electrons in an orbitsphere with radius r 10 
given by Eq. (10.212): 




, r 3 in units of a 



(10.403) 



where r, is given by Eqs. (10.62) and (10.402), two indistinguishable spin-paired electrons in an orbitsphere with radius r„ 
given by Eq. (10.255): 




10 J ) 



\ ±a o 



(Z-ll)- 



I_2>>/3 



8 Z)r x 



10 J 



20S 



Z-12 
Z-ll 



1 + 



&' 



i — 3-W3" 



(z-ii)- 



Z K 



'10 J 



-, r 10 in units of a 



(10.404) 



whe r e r w is given by Eq. (10.212), and n -12 elect r ons in a 3p orbitsphere with radius r n given by 



1 



2Z)r„ 



(z-(«-i))- 



-±&n 



(Z-(k-I))- 



8 2zjr 12 



20V3 



Z-(k-I) 



V2 1 

'^2~ + 2 






(Z -(»-!))- 



^ 5 ^| V3 



"A 



2Z Jk 



'12 y 



r 12 in units of a 



(10.405) 



where r 12 is given by Eqs. (10.255) and (10.404), the parameter A given in Table 10.18 corresponds to the diamagnetic force, 
iiv , (F.q. (10.258)), and the parameter B given in Table 10.18 corresponds to the paramagnetic force, F (Eqs. 



diumagmk 



(10.260-10.264)). The positive root of Eq. (10.405) must be taken in order that r n >0. The radii of several n-electron 3p atoms 

are given in Tables 10.10-10.17. 

The ionization energy for the aluminum atom is given by Eq. (10.227). The ionization energies for the n-electron 3p 

atoms are given by the negative of the electric energy, E(electric) , (Eq. (10.102) with the radii, r n , given by Eq. (10.405)): 
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(Z-(n-\))e 2 

E(Ionization) = -Electric Energy = — (1 0.406) 

8^£ r„ 

Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured n-electron 3p 
atoms are given by Eqs. (10.405) and (10.406) in Tables 10.10-10.17. 

Table 10.18. Summary of the parameters of thirteen through eighteen-electron atoms. 



Atom Type Electron Ground Orbital Diamagnetic Paramagnetic 

Configuration State Arrangement Force Force 

Term a °f 3p Electrons Factor Factor 

b 



(3p state) A B 



Neutral \s 2 2s 2 2p"3s 2 3p l 2 P° 2 _t 11 

13 e Atom Al 



10-1 J 

Neutral ls 2 2s 2 2p 6 3s 2 3p 2 3 P a _t t ]_ 

14 e Atom Si . „ 1 3_ 



Neutral Is 2 2s 2 2 p 6 3 s 2 3 p 3 %^ t t t~ ^ 

1 5 e Atom P 1 1 3 



Neutral 


\s 2 2s 2 2p 6 3s 2 3p 4 


3 P 


tit 


t 


4 




1 6 e Atom S 






1 


-1 


3" 


1 


Neutral 

17 e Atom CI 


ls 2 2s 2 2p 6 3s 2 3p 5 


2p0 

r V2 


tltl 

1 


-1 


2 
3" 


2 



Neutral ls 2 2s 2 2p 6 3s 2 3p 6 l S tA tA tA I 

1 8 e Atom Ar 10 1 3 ^~ 

13 e Ion \s 2 2s 2 2p"3s 2 3p 1 2 P° 2 J_ 5 

1 4 3 12- 



14 e ion WWWW3}? % t t T" 

10-1 3 

15 e Ion i.t'^y^y *s? J_ J_ J_ 



4 4- 



24 



16 e Ion \ s 2 2s 2 2p 6 3s 2 3p 4 3 P 2 1_k JL JL I 

10-1 3 



24 



17 e Ion \s 2 2s 2 2p 6 3s 2 3p 5 2 PL t I t I t 



10-1 3 

18 e Ion \s 2 2s 2 2p 6 3s 2 3p 6 l S t I t I t I 
1 4 



32 



40_ 



a The theoretical ground state terms match those given by NIST [8]. 

b Eq. (10.258). 

c Eqs. (10.260-10.264). 
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NINETEEN-ELECTRON ATOMS 

Nineteen electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, twelve, thirteen, fourteen, fifteen, sixteen, seventeen, and eighteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE 
POTASSIUM ATOM 

For each eighteen-electron atom having a central charge of Z times that of the proton, there are two indistinguishable spin- 
paired electrons in an orbitsphcrc with radii r\ and r 2 both giv e n by Eq. (7.35) (Eq. (10.51)), two indistinguishabl e spin-paired 
electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired electrons in an orbitsphere at r 10 
given by Eq. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii r n and r 12 both given by Eq. 
(10.255), and three sets of paired electrons in an orbitsphere with radius r 18 given by Eq. (10.399). For Z > 19 , the next electron 
which binds to form the corresponding nineteen-electron atom is attracted by the central Coulomb field and is repelled by 
diamagnetic forces due to the 3 sets of spin-paired inner 3p electrons such that it forms an unpaired orbitsphere at radius r 19 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 
electron due t o the nucleus and t he inner eighteen elec t rons is giveii by Eq. (10.70) wi t h the appropriate charge and radius: 



(Z-18)*; 2 



F -=^S K (1 °- 407) 

for r>r l% _ 

The spherically symmetrical closed 3p shell of nineteen-electron atoms produces a diamagnetic ibrce, t dl naic , that is 



equivalent to that of a closed s shell given by Eq. (10.11) with the appropriate radii except that the force is doubled due to the 
interaction of the 4s and 3p electrons as given by Eq. (10.96). The inner electrons remain at their initial radii, but cause a 
diamagnetic force according to Lenz's law that is 
-24t 



z^f? 1 

El^, - -ifr^-^ 71 ^ (10.408r 

In addition to the spin-spin interaction between electron pairs, the three sets of 3p electrons are orbitally paired. As in 
the case of the sodium atom with the corresponding radii, the single 4s orbital of the potassium atom produces a magnetic field 
at the position of the three sets of spin-paired 3p electrons. In order for the electrons to remain spin and orbitally paired, a 
corresponding diamagnetic force, F diama lic 3 , on electron nineteen from the three sets of spin-paired electrons that follows from 
the deviation given in the Eleven-Electron Atom section (Eq. (10.221)) is 

F„ ;a „ 3 = -±^Js(s + l)i r (10.409) 
^ ^p^iq 

corresponding to the 3 p x , p .. and p. electrons. 

The outward centrifugal force on electron 19 is balanced by the electric force and the magnetic forces (on electron 19). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.407)) 
and diamagnetic (Eqs. (10.408) and (10.409)) forces as follows: 

me< (z-iy 2* ^_jpL^ (10 , 10 ) 

r 19 4xe r l9 4m £ r 19 r 18 Zm e r 19 

h l 

Substitution of v 19 = (Eq. (1.35)) and s = — into Eq. (10.410) gives: 

m/ l9 2 

h 2 (Z-18)e 2 It fj 12ft 2 /3 



m e r l9 4xs r l9 4m e r l9 r m V 4 Zm e r l9 V 4 

h 2 \ 1 12 »3 
ZAI4 



(10.411) 



(Z-18)g 7 — n 2 — ft 



(10.412) 



4ne 2m e r lg \ 4 



t 12 (3 



Z V4 



r 18 in units of a (10.413) 



(Z-18) 

2r 



©2010 BlackLight Power, Inc. All rights reserved. 



Three- Through Twenty-Electron Atoms 383 

Substitution of ^- = 0.85215 (Eq. (10.399) with Z = 19 ) into Eq. (10.413) gives 

«o 

r w =3.14515a (10.414) 

The ionization energy of the potassium atom is given by the electric energy, E (electric) , (Eq. (10.102) with the radius, 
r 19 , given by Eq. (10.414)): 

E (ionization; K) = -Electric Energy = — — = 4.32596 eV (10.415) 



&jr£ n >: 



°0'19 

where r 19 =3.14515a (Eq. (10.414)) and Z = 19. The experimental ionization energy of the potassium atom is 4.34066 eV 
[3]. 

THE IONIZ ATION ENERGIES OF NINETEEN-ELECT RON ATOMS WITH A N UCLEAR 
CHARGE Z>1 9 

Nineteen-electron atoms having Z>19 possess an external electric field given by Eq. (10.92). Since there is a source of 
dissipative power, J»E of Eq. (10.27), the magnetic moments of the inner electrons may change due to the outer electron such 
that the energy of the nineteen-electron atom is lowered. The spherically symmetrical closed 3p shell of nineteen-electron atoms 
produces a diamagnetic force, F diamaglleljc , that is equivalent to that of a closed s shell given by Eq. (10.11) with the appropriate 

radii except that the force is tripled due to the interaction of the 2p, 3s, and 3p electrons as discussed in the 3P-Orbital Electrons 
Based on an Energy Minimum section. The inner electrons remain at their initial radii, but cause a diamagnetic force according 
to Lenz's law that is 

, 3Ji! 



<Js(s + i')i r (10.416) 



diamagnetic . 2 

t"Vl9'l8 



In addition to the spin-spin interaction between electron pairs, the six sets of 2p and 3p electrons are orbitally paired. As 
in given in the Eleven-Electron Atom section, the single 4s orbital of each nineteen-electron atoms having Z > 1 9 produces a 
magnetic field at the position of the six sets of spin-paired 2p and 3p electrons. In order for the electrons to remain spin and 
orbitally paired, a corresponding diamagnetic force, F dla a!c 3 , on electron nineteen from the six sets of spin-paired electrons 
that follows from the deviation given in the Eleven-Electron Atom section (Eq. (10.221)) is 
1 24ft 2 i 

Wt - 7 3 >H J | 1 X (10 . 417) 

z rn e r^ 

corresponding to the 2 and 3 p x , p , and p z electrons. 

As shown in the P-Orbital Electrons Based on an Energy Minimum section for F dia edc 2 given by Eq. (10.93), the 

corresponding diamagneti c force for 2p electrons due to a relativistic effect with an electric field for r>r n (Eq . (10 . 35)) is 

d e p e nd e nt on th e amplitud e of th e orbital e n e rgy. Using th e orbital e n e rgy with 1 = 1 (Eq. (10.90)), th e e n e rgy m e Av 2 of Eq. 

(10.29) is reduced by the factor of 1 due to the contribution of the charge-density wave of the inner electrons at r 3 . In 

addition, it was shown in the 3P-Orbital Electrons Based on an Energy Minimum section that the two 3 s electrons contribute an 
energy factor based on Eq. (1.55) since the filled 2p orbitals with the maintenance of symmetry according to Eq. (10.72) requires 
that the diamagnetic force is due to the electrons at r 10 acting on the electrons at r 12 which complies with the reactive force, 

^diamagnaic 2' g iven b Y Ec l- (10.229). Thus, F diamagnaic 2 for the factor from 3p electrons with Z > n is reduced by the factor of 

4i_ 1 

2 + 2, 
4s electrons with Z > n is 

Z -n 



1-^- + — | . Similarly, the factor for 4s electrons due to the inner 2p, 3 s, and 3p electrons is cumulative. Thus, V dmmagnac 2 for 



diamagnetic 2 



^■ l ^-^^--m^^ (10.418) 



Z-{n-\)\ 2 2 2 2)m/ n 



F 



diamagnetic 2 

Z-19 



Z-18 



1-— +--— +- 



^Vl0V^ + l)i r (10.419) 



v 



In the case that Z > 1 9 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.407)) and diamagnetic (Eqs. (10.416), (10.417), and (10.419)) forces as follows: 
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mtf 9 _{Z-V!>y 



3ft 2 



24ft 2 



4xs„r, a 4ro„* K a 



yls(S + l)-— T y]s(S + l) 



Zm.r m 



(10. 4 20) 



Z-19 
Z-18 



>/2 1 >/2 1^ J 2 



i^lO^Tl) 



Substitution of v .. 



(Eg. (1.35)) and s = - into Eg. (10.420) gives: 



m r l 



(Z-18)e 2 3ft 



Aesj^ 



3 24ft 2 3_ 
4ot ^ 2 k„'V4 ZmrlJA 



Z-19 
Z-18 



>/2 1 V2 l^k.ft 2 



2 + 2 2 + 2 



m r . a Y_4_ 



(10.421) 



The quadratic equation corresponding to Eg . (10 . 421) is 



f 



(Z-18)e 2 
— 4jku — 



3ft 2 



4w r„ 



24. 



1 + - 



^ 



Z-19 
Z-18 



'~2~ + 2~~2~^X 



5s*lioJi = o 



(10.422) 






24, 



1 + - 



z ; 



Z-19 
Z-18 



, V2 1 V2 1 

1 + + — 

2 2 2 2 



rJL^P 



(Z-18)e 2 3F 



(Z-18)e 2 37f 



(10.423) 



V 4 ^ £ o 



^VP; 



v 4 ^o 



4m„K„ 



The solution of Eq. (10.423) using the quadratic formula is: 



24. 



T+-- 



m\ 



24 



t^R 



(Z-18)e 2 
— 4#s„ — 



3ft 2 
-4»yc 



_mA 



^ (Z-18)e 2 3ft 2 IP 
4m K„ \4 



47TS n 
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A 42 \ yfc \ 

1 + +- 

2 2 2 2 



^! 10 J3 



(Z-18)e 2 3ft 2 



V 4 ^? 



4m E r 18 V4 y 



(10.424) 



iWr 



1 + 



fln TT 



l?V3 



'(Z-18) 3 ^ 



-Stt 



vv 



is yy 



(Z-18)- 



— + a 

3-Vf ° 

8^ 



is y 



20^ 



' r Z-19ir >/2 1 V2 ' 

1 + + - 

Z-1? 



7 7 



-3s& 



(Z-18) 



8* 



18 J 



in units of a 



(10.425) 



where r lg is given by Eq. (10.399). The positive root of Eq. (10.425) must be taken in order that r 19 > . The radii of several 
nineteen-electron atoms are given in Table 10.19. 

The ionization energies for the nineteen-electron atoms with Z >19 are given by the electric energy, E(electric) , (Eq. 
(10.102) with the radii r 19 , given by Eq. (10.425)): 
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E(Ionization) = -Electric Energy = 



(Z-18)e 2 



(10.426) 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured nineteen- 
electron atoms are given in Table 10.19. 

Table 10.19. Ionization energies for some nineteen-electron atoms. 



19e Z 



Theoretical Experimental Relative 



Atom 



(a„) (a ) (a ) (aj (a ) (a ) 



Ionization 

Energies 
(eV) 



Ionization 

h 

Energies 
(eV) 



Error 



-* — 19 0.05302 0.22503 0.26884 0.71450 0.85215 3.14515 — 4.32596 4.34066 



0.0034 



Ca + 20 .050 35 .21308 .251 49 .65 72 5 .8 247 8 2. 40 060 11 . 3 35 4 11.87172 



.0 45 2 



Sc 2+ 21 0.04794 0.20235 
Tf + 22 0.04574 0.19264 
j/ 4 + 23 0.04374 0.18383 



0.23625 0.60857 0.76196 1.65261 
0.22276 0.56666 0.70013 1.29998 
0.21074 0.53022 0.64511 1.08245 



24.6988 24.75666 0.0023 
41.8647 43.2672 0.0324 
62.8474 65.2817 0.0373 



Cr 5+ 24 0.04191 0.17579 0.19995 0.49822 0.59718 0.93156 87.6329 90.6349 0.0331 

Mn 6+ 25 0.04022 0.16842 0.19022 0.46990 0.55552 0.81957 116.2076 119.203 0.0251 

Fe 1+ 26 0.03867 0.16165 0.18140 0.44466 0.51915 0.73267 148.5612 151.06 0.0165 

f» 8+ 27 0.03723 0.15540 0.17336 0.42201 0.48720 0.66303 184.6863 186.13 0.0078 

M 9+ 28 0.03589 0.14961 0.16601 0.40158 0.45894 0.60584 224.5772 224.6 0.0001 



Cu m+ 29 0.03465 0.14424 0.15926 0.38305 0.43379 0.55797 268.2300 265.3 -0.0110 
Z„ n+ 30 0.03349 0.13925 0.15304 0.36617 0.41127 0.51726 315.6418 310.8 -0.0156 

a Radius of the paired Is inner electrons of nineteen-electron atoms from Eq. (10.51). 

" Radius of the paired 2s inner electrons of nineteen-electron atoms from Eq. (10.62). 

c Radius of the three sets of paired 2p inner electrons of nineteen-electron atoms from Eq. (10.212). 

"■ Radius of the paired 3s inner electrons of nineteen-electron atoms from Eq. (10.255). 

e Radius of the three sets of paired 3p inner electrons of nineteen-electron atoms from Eq. (10.399). 

* Radius of t he unpaired 4s ou t er elec tr on of nine t een-elec t ron a t oms from Eq. (10.425) for Z > 19 and Eq. (10.414) for K. 

§ Calculat e d ionization e n e rgi e s of nin e t ee n - electron atoms giv e n by th e e l e ctric en e rgy (Eq. (10. 4 26)). 

"■ From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3]. 
1 (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.19 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 



experimental capability is about three to four significant figures which is consistent with the last column. Ionization energies are 
difficult to determine since the cut-off of the Rydberg series of lines at the ionization energy is often not observed. Thus, the 
potassium atom isoelectronic series given in Table 10.19 [2-3] relies on theoretical calculations and interpolation of the K 
isoelectronic and Rydberg series as well as direct experimental data to extend the precision beyond the capability of X-ray 



spectroscopy. But, no assurances can be given that these techniques are correct, and they may not improve the results, 
given in the last column is very reasonable given the quality of the data. 



The error 



TWE N TY - EI 



rroMS 



Twenty-electron atoms can be solved exactly using the results of the solutions of one, two, three, four, five, six, seven, eight, 
nine, ten, eleven, twelve, thirteen, fourteen, fifteen, sixteen, seventeen, eighteen, and nineteen-electron atoms. 

RADIUS AND IONIZATION ENERGY OF THE OUTER ELECTRON OF THE CALCIUM 
ATOM 

For each nineteen-electron atom having a central charge ol Z times that ol the proton, there are two indistinguishable spm- 
paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two indistinguishable spin-paired 
electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), three sets of paired electrons in an orbitsphere at r 10 
given by Eq. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii r n and r 12 both given by Eq. 
(10.255), three sets of paired electrons in an orbitsphere with radius r 18 given by Eq. (10.399), and an unpaired electron in an 
orbitsphere with radius r 19 given by Eq. (10.425). For Z > 20 , the next electron which binds to form the corresponding twenty- 
electron atom is attracted by the central Coulomb field and the spin-pairing force with the unpaired 4s inner electron and is 
repelled by diamagnetic forces due to the 3 sets of spin-paired inner 3p electrons such that it forms an unpaired orbitsphere at 
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radius r 20 . 

The central Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer-most 

electron due to the nucleus and the inner nineteen electrons is given by Eq. (10.70) with the appropriate charge and radius: 

Q7T£ a r 20 

for r > r l9 . 

The forces for the calcium atom follow from those of the magnesium atom given in the Twelve-Electron Atom section. 

The outer electron which binds to form the corresponding twenty-electron atom becomes spin-paired with the unpaired inner 
electron such that they become indistinguishable with the same radius r 19 = r 20 corresponding to a filled 4s shell. The 

corresponding spin-pairing force F is given by Eqs. (7.24) and (10.239): 



Z m e r 20 



>/*(■* ■ + l)i r (10.428) 



The spherically symmetrical closed 3p shell of twenty-electron atoms produces a diamagnetic force, ~$ diamagmlic , that is 

equivalent to that of a closed s shell given by Eq . (10 . 1 1) with the appropriate radii . The inner electrons remain at their initial 
radii, but cause a diamagnetic force according to Lenz's law that is 

F^„,- c = -— ^W^ + l)i r (10.429) 

^' M e r 20 r iS 

In addition to the paramagnetic spin-pairing force between the nineteenth electron initially at radius r 19 , the pairing 

causes the diamagnetic interaction between the outer electrons and the inner electrons given by Eq. (10.1 1) to vanish, except for 
an electrodynamic effect for Z > 20 described in the Two-Electron Atoms section, since upon pairing the magnetic field of the 
outer electrons becomes zero. Using Eqs. (10.55) and (10.240), F 2 due to the three 3p orbitals is given by: 

" "- 1 Js(s + [)i r (10.430) 



mag 2 ry 2 

z ™eVn 



In addition to the spin-spin interactions between electron pairs, the three sets of 2p and 3p electrons are orbitally paired. 
The 4s electrons of the calcium atom produce a magnetic field at the position of the six sets of spin-paired 2p and 3p electrons 
which interact as described in the P-Orbital Electrons Based on an Energy Minimum section. In order for the electrons to remain 
spin and orbitally paired, the corresponding diamagnetic force, V diamagmlic 3 , on electron twenty from the six sets of spin-paired 
electrons that follows from the deviation given in the Eleven-Electron Atom section (Eq. (10.221)) is 

1 24ft 2 i 

F^«,- c 3 = "- -V^ + iX ( 10 - 431 ) 

^ m e r 20 

corresponding to the 2 and 3p x , p v , and p z electrons. 

The outward centrifugal force on electron 20 is balanced by the electric force and the magnetic forces (on electron 20). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (10.427)), 
diamagnetic (Eq. (10.428-10.429) and (10.431)), and paramagnetic (Eq. (10.430)) forces as follows: 

ffpj (Z-19)e 2 t / - 37f 



-yjs(S + V)+- 2 yjs(S + V) 



r 20 4^£' o r 20 '+' M e '20 r i8 '^' M e'20 r i8 



(10.432) 

24fi 2 



-js(s + \)+ 3 Js(s i-if- 



Zm S™ Zm,r m 



h 1 

Substitution of v 20 = (Eq. (1.35)) and s = — into Eq. (10.432) gives: 

m e r 1Q ' 2 

£ (Z-19)e 2 £ S m 



— + - 



-rftrd, 4 ^g n r 2 4 w r 2 K„ \ 4 — Zmrlr,„ V 4 



(10.433) 



24/j 2 13 h 2 13 



— + - 



Zm/ 2(j V 4 Zm e r 2ij V 4 
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23. 



Vr- 



(10.434) 



(Z-19)e 2 (1 3 



4ne. 



4 Z J m k 



23. 



a 1 + - 



4 — 3- 



, r 18 ?« w«to o/ - a 



(10.435) 



(Z-19)- -- 



V 4 Z; r 18 



Substitution of -^- = 0.82478 (Eq. (10.399) with Z = 20) into Eq. (10.435) gives 



■ 2.23009a n 



(10.436) 



'20 ■"■■ "- '"»^" 

The ionization energy of the calcium atom is given by the electric energy, E(electric) , (Eq. (10.102) with the radius, r 2C 
given by Eq. (10.435)): 



(Z-19)e 
Ejionization; Ca) = -Electric Energy = — — = 6.10101 eV 



8^0 r 20 



(10.437) 



where r 20 = 2.23U09a (Eq. (iU.435)) and Z = 2U . The experimental ionization energy of the calcium atom is 6. 1 13 16 eV [i\. 
THE IONIZATION ENERGIES OF TWENTY-ELECTRON ATOMS WITH A NUCLEAR 



Nineteen-electron atoms having Z > 7.0 possess an external electric field given by Eq. (10.97.). Since there is a source of 

dissipative power, J»E of Eq. (10.27), the magnetic moments of the inner electrons may change due to the outer electron such 
that the energy of the nineteen-electron atom is lowered. The spherically symmetrical closed 3p shell of twenty-electron atoms 
produces a diamagnetic force, F d . a afc , that is equivalent to that of a closed s shell given by Eq. (10.1 1) with the appropriate 



radii except that the force is doubled (Eq. (10.96)) due to the interaction of the 2p, 3s, and 3p electrons as discussed in the 3P- 
Orbital Electrons Based on an Energy Minimum section with the cancellation of the contribution of the 3 s orbital by the 4s 
orbital. The inner electrons remain at their initial radii, but cause a diamagnetic force according to Lenz's law that is 



2K 



diamagnetic 



-4s(s + \)\ r 



, . , ,,- (10-438) 

In addition to the spin-spin interaction between electron pairs, the six sets of 2p and 3p electrons are orbitally paired. As 
in given in the Eleven-Electron Atom section, the single 4s orbital of each twenty-electron atoms having Z > 20 produces a 
magnetic field at the position of the six sets of spin-paired 2p and 3p electrons. In order for the electrons to remain spin and 
orbitally paired, the corresponding diamagnetic force, F J; te 3 , on electron twenty from the six sets of spin-paired electrons 



given by Eq. (10.221) is 



diamagnetic 3 



i 24r 

Z m e r 20 : 



V4* + l)ir 



(10.439) 



corresponding to the 2 and 3 p x , p , and p z electrons. 



From Eq. (10.418), the diamagn e tic force, Fj— - netic 2 , due to a r c lativistic effect with an electric fi e ld for r>r 20 (Eq. 

(10.35)) is 



diamagnetic 2 



Z-20 



Z-19 



V2 1 4l \\r. % ti 



T 2 T 



2 J m e r 20 



10y]s(s + l)i r 



(10.440) 



In the case that Z > 20 , the radius of the outer electron is calculated by equating the outward centrifugal force to the sum 
of the electric (Eq. (10.427)) and diamagnetic (Eqs. (10.438-10.440)) forces as follows: 



»i„v,. 



(Z-19)e 2 



2tf 



24h 2 



4 ^0 r 20 4 "y"20 r i8 



Js(s + 1) - ry js(s + 1) 



z> n e r 20 



(10.441) 



Z-20 
Z-19 



4i i V2 i)^ 1 



-+— - 

2 2_ 



- + — 

2 2_ 



10^ + 1) 
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h 1 

Substitution of v 20 = (Eq. (1.35)) and s = — into Eq. (10.441) gives: 

m„r,„ 2 



(Z-19)e 2 



-2bi 



24ft 2 



mrl 4ns n rL 



4 m e r^r lg V 4 Zm/ 1(l V 4 



■Jl 1 J2 \)r x h 



(10.442) 



Z-20 



2 2 2 2)mj^~ 



Z-19 



The quadratic equation corresponding to Eq. (10.442) is 



-24 



~Jbz I >/f r 



Z-20 



r, s h 



m\ 



Z-19 



m. 



(Z-19)e 2 
4;t£„ 



2fi 2 
4m^„ 



\ '20 



(Z-19)e 2 2/j 2 



4;t£„ 



4m/« 



= 



(10.443) 



The solution of Eq. (10.443) using the quadratic formula is: 



24. 



1 + - 



TW7V 



(Z-19)e 2 2W — ft 



4ns,, 






24, 

1 + - 
v Z j 



4m e r 18 V4 yy 



(Z-19)e 2 2T 



4^ n 



4«ik b 



+4 



7.-7.0 



Z-19 



f 



f > . \ f > . \\ 



1- — + - — + 
2 2 2 2 y 



5^tu. 



(Z-19)e 



2ft 2 /3 _A 



-47ZZT 



-4tw- 



(10.444) 




, r 18 in units of a 



(10.445) 



where r 18 is given by Eq. (10.399). The positive root of Eq. (10.445) must be taken in order that r 20 > 0. The final radius of 
electron 20, r M , is given by Eq. (10.445); this is also the final radius of electron 19. The radii of several twenty-electron atoms 

are given in Table 10.20. The general equation for the ionization energies of atoms having an outer s-shell is given in the 
General Equation for the Ionization Energies of Atoms Having an Outer S-Shell section. 

The ionization energies for the twenty-electron atoms with Z > 20 are given by the electric energy, E(electric) , (Eq. 
(10.102) with the radii r 20 , given by Eq. (10.445)): 

(Z-19)e 2 



E(Ionization) = — Electric Energy = - 



(104 4 6) 



&xs r w 



Since the relativistic corrections were small, the nonrelativistic ionization energies for experimentally measured twenty-electron 
atoms are given in Table 10.20. 



©2010 BlackLight Power, Inc. All rights reserved. 



Three- Through Twenty-Electron Atoms 



389 



Table 1 0.20. Ionization energies for some twenty-electron atoms. 



20 e 



Theoretical Experimental Relative 



Atom 



~tK) CC taj CC tcO ta^T 



Ionization Ionization Error ' 



Energies 
(eV) 



Energies 
(eV) 



Ca 20 0.05035 0.21308 0.25149 0.65725 0.82478 2.23009 6.10101 6.11316 0.0020 

—$? 21 0.04794 0.20235 0.23625 0.60857 0.76196 2.04869 13.2824 12.79967 -0.0377 

-Ji* 22 — 0.04574 0.19264 0.22276 0.56666 0.70013 1.48579 27.4719 27.4917 0.0007 

j/ 3+ 23 0.04374 0.18383 0.21074 0.53022 0.645111.19100 45.6956 46.709 0.0217 

Cr 4+ 24 0.04191 0.17579 0.19995 0.49822 0.59718 1.00220 67.8794 69.46 0.0228 

-fUft 25 0.04022 0.16842 0.19022 0.46990 0.55552 0.86867 93.9766 95:6— 



0.0170 

0.0082 

0.0000 

-0.0129 

- 0.0217 



-Te* 



-26 — 0.03867 0.16165 0.18140 0.44466 0.51915 0.76834 — 123.9571 124.98 



Co 



27 0.03723 0.15540 0.17336 0.42201 0.48720 0.68977 157.8012 157.8 
M* + 28 0.03589 0.14961 0.16601 0.40158 0.45894 0.62637 195.4954 193 
^ 29 — 0.03465 0.14424 0.15926 0.38305 0.43379 0.57401 — 237.0301 232 — 



~Oa 



-^rf 



-36 — 0.033 4 9 0.13925 0.1530 4 0.36617 0. 4 1127 0.52997 282.3982 27 4 



- 0.0307 



a Radius of the paired Is inner electrons of twenty-electron atoms from Eq. (10.51). 
" Radius of the paired 2s inner electrons of twenty-electron atoms from Eq. (10.62). 
c Radius of the three sets nf paired 7,p inner electrons nf twenty-electron atoms from F.q. (10.717.)). 



Q Radius of the paired 3s inner electrons of twenty-electron atoms from Eq. (10.255)). 



e Radius of the three sets of paired 3p inner electrons of twenty-electron atoms from Eq. (10.399). 

* Radius of the paired 4s outer electrons of twenty-electron atoms from Eq. (10.445) for Z > 20 and Eq. (10.436) for Ca. 

8 Calculated ionization energies of twenty-electron atoms given by the electric energy (Eq. (10.446)). 

u From theoretical calculations, interpolation of isoelectronic and spectral series, and experimental data [2-3J. 

1 (Experimental-theoretical)/experimental. 

The agreement between the experimental and calculated values of Table 10.20 is well within the experimental capability 
of the spectroscopic determinations including the values at large Z which relies on X-ray spectroscopy. In this case, the 
experimental capability is about three to four significant figures which is consistent with the last column. Ionization energies are 
difficult to determine since the cut-off of the Rydberg series of lines at the ionization energy is often not observed. Thus, the 
calcium atom isoelectronic series given in Table 10.20 [2-3] relies on theoretical calculations and interpolation of the Ca 
isoelectronic and Rydberg series as well as direct experimental data to extend the precision beyond the capability of X-ray 
spectroscopy. But, no assurances can be given that these techniques are correct, and they may not improve the results. The error 
given in the last column is very reasonable given the quality of the data. 

GENERAL EQUATION FOR THE IONIZATION ENERGIES OF ATOMS 
HAVING AN OUTER S-SHELL 

The de r ivation of the r adii and ene r gies of the Is, 2s, 3s, and 4s elect r ons is given in the One-Elect r on Atoms, the Two-Elect r on 
Atoms, the Three-Electron Atoms, the Four-Electron Atoms, the Eleven-Electron Atoms, the Twelve-Electron Atoms, the 
Nineteen-Electron Atoms, and the Twenty-Electron Atoms sections. Similarly, to Eqs. (10.216) and (10.405), the general 
equation for the radii of s electrons is given by 



& 



Y 



1 + (C-D) 



2Z- 



\ + (C-D) 



ZZ- 



(Z-(h-I))- 



A]A 



8 2ZJ r 



B \S 



S ±a * 



(Z-(«-l))- 



2Z r 



20S 



Z-{n-\) 



Er 



(10.447) 



-A — 7T 



ir 



(z-U-i))- 



2Z r 



r m in units of a 



where Z is the nuclear charge, n is the number of electrons, r m is the radius of the preceding filled shell, the parameter A 
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given in Table 10.21 corresponds to the diamagnetic force, F diamagmlic , (Eq. (10.11)), the parameter B given in Table 10.21 
corresponds to the paramagnetic force ; F 2 (F.q. (10.55)) ; the parameter C given in Table 10.21 corresponds to the 
diamagnetic force, ~F dia ^ 3 , (Eq. (10.221)), the parameter D given in Table 10.21 corresponds to the paramagnetic force, 
F (Eq. (7.24)), and the parameter E given in Table 10.21 corresponds to the diamagnetic force, F £ 



diamagnetic 2 



(Eqs. (10.35), 

(10.229), and (10.418)). The positive root of Eq. (10.447) must be taken in order that r n > . The radii of several n-electron 
atoms having an outer s shell are given in Tables 1.3, 1.5, 7.1, 10.1, 10.2, 10.10, 10.11, 10.19, and 10.20. 

The ionization energy for atoms having an outer s-shell are given by the negative of the electric energy, E(electric) , (Eq. 
(10.102) with the radii, r n , given by Eq. (10.447)): 

(Z-(n-l))e 2 



E(Ionization) - -Electric Energy 



(10 . 448) 



8j7s r„ 



except that minor corrections due to the magnetic energy must be included in cases wherein the s electron does not couple to p 
electrons as given in Eqs. (7.44), (7.63), (10.25), (10.48), (10.66), and (10.68). Since the relativistic corrections were small 
except for one, two, and three-electron atoms, the nonrelativistic ionization energies for experimentally measured n-electron, s- 
filling atoms are given in most cases by Eqs. (10. 44 7) and (10. 44 8). The ionization energies of several n - electron atoms having 
an outer s shell are given in Tables 1.3. 1.5. 7.1. 10.1. 10.2. 10.10. 10.11. 10.19. and 10.20. 



Table 10.21. Summary of the parameters of atoms filling the Is, 2s, 3s, and 4s orbitals. 



Atom Type Elec t ron Ground Orbital Diamag. Paramag. Diamag. Paramag. Diamag. 

Configuration State — Arrangement — Force Force Force Force Force 



Term 



of 



Factor Factor Factor Factor Factor 



s Electrons A 
(s state) 



B' 



c c 



D ( 



N e utral 



T^ 



-rtr 

ls 



1 e Atom 
H 

Neutral — 







4^ 



2 e Atom 



4s- 

-2st" 







He 

Neutral 
3 e Atom 
Li 



2s l 



10 



Neutral 
4 e Atom 
Be 



2s 2 



t i 

2s 



10 10 



Neutral 
lie Atom 

Na 



Is 2 2s 2 2 p 6 3s 1 X- 



J_ 
3s 



10 8 



Neutral 


ls 2 2s 2 2p 6 3s 2 


X 


t I 












12 e Atom 






3s 


1 


3 


12 


1 





Mg 

Neutral 
19 e Atom 


\s 2 2s 2 2p 6 3s 2 3p 6 4s 1 


2< ? 


A. 

4s 


2 





12 








A 


Neutral 
20 e Atom 
Ca 


\s 2 2s 2 2p°3s 2 3p 6 4s 2 


X 


t I 
4s 


1 


3 


24 


1 





1 e Ion 


Is 1 


°l/2 
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A 
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Atom Type Electron Ground Orbital Diamag. Paramag. Diamag. Paramag. Diamag. 

Configuration State Arrangement Force Force Force Force Force 

~of Factor Factor Factor Factor Factor 

E r 



Term 



s Electrons 
(s state) 



-W 



-e^ 



^EM 



2 e Ion 



\s 2 



t i 



JJL 



10 



3 e Ion 



2s l 



2s 



10 



12 e Ion 



4 e Ion 


2s 2 


X 


t I 

2s 


1 








1 


1 


lie Ion 


ls 2 2s 2 2p°3s L 


2< ? 


t 


















3s 


1 


4 


o 


u 


1 JI 



Is 2 2s 2 2p 6 3s 2 '5 



t i 

^s~ 



-0 0- 



1 + 



2 



19 e Ion 


Is 2 2j 2 2/ 3s 2 3/ 4s 1 


2< ? 


4s 


3 





24 





2 

2-V2 


^0 e Ion 




'<: 


t 1 
















^0 


1 ■i' 

4s 


2 





24 





2-V2 


a The theoretical ground 


state terms match those given 


byNIST[8], 















b Eq. (10.11). 
c Eq. (10.55). 
d Eq. (10.221). 
e Eq. (7.24). 



L Eqs. (10.35), (10.229), and (10.418). 



The physical approach was applied to multielectron atoms that were solved exactly disproving the deep-seated view that 
such exact solutions cannot exist according to quantum mechanics. The predictions of the ionization energies for one through 
twenty-electron atoms are in remarkable agreement with the experimental values known for 400 atoms and ions. The trends of 
the radii also generally agree with those published [9J, but the radii cannot be taken as the contact radii based on nuclear 
separation in molecules and solids. If the outer most electron of the negative ion was at the location of that of the positive ion, 
then the potential energies would be the same. Since the ionization energies of positive ions are much greater than the electron 
affinities of negative ions, the positive ions must have smaller radii. Furthermore the size taken as the contact distance can not 
be correct since the electron-electron repulsion energies would be dominant. 
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THE ELECTRON CONFIGURATION OF ATOMS 

The electrons of multi c lcctron atoms all exist as orbitsphcrcs of discrete radii which arc given by /; of the radial Dirac delta 

function, S(r-r n ) . These electron orbitspheres may be paired or unpaired depending on the force balance that applies Lo each 

electron. Ultimately, the electron configuration must be a minimum of energy. Minimum energy configurations are given by 
solutions to Laplace's Equation. The general form of the solution is 

^^^J = EEV +,1)7 <"(W) (10.449) 

1=0 m=-i 

As demonstrated previously, this general solution gives the functions of the resonant photons. As shown in the One-Electron 
Atom section, the Two-Electron Atom section, and the Three- Through Twenty-Electron Atoms section, the electron 
configuration of an atom essentially parallels that of the excited modes of the helium atom: 
\s < 2s < 2p < 3s < 3p < As < 3d < Ap < 5s < Ad . (See Excited States of Helium section.) 



In general, electrons of an atom with the same principal and I quantum numbers align parallel until each of the m t levels 

are occupied, and then pairing occurs until each of the m t levels contain paired electrons. Exceptions occur due to the relative 

importance of spin and orbital interactions and paramagnetic, diamagnetic, and electric forces for a given atom or ion. 

The predictions of the ionization energies of one through twenty-electron atoms using Maxwell's equations are given in 
the One-Electron Atom section, the Two-Electron Atom section, and the Three- Through Twenty-Electron Atoms section. The 
agreement between the experimental ionization energies and the classical predictions based on concentric dynamical 
orbitspheres ("bubble-like" charge-density functions) wherein the charge-density waves on the surface are time and spherically 
harmonic is remarkable. The classical shell model of atomic electrons is also being confirmed by studying electron dynamics 
using coherent short-pulse laser excitation [10-12]. 
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Dr. Mills has advanced the field generally known as Quantum Mechanics by deriving a new atomic theory of Classical 
Physics (CP) from first principles, which unifies Maxwell's Equations, Newton's Laws, and Einstein's General and Special 
Relativity. The central feature is that physical laws hold over all scales, from the scale of subatomic particles to that of the 
cosmos. 

Quantum Mechanics has remained mysterious to all who have encountered it. Whereas Schrodinger postulated a boundary 
condition 4> ->• as r — <*> resulting in a purely mathematical model of the hydrogen atom, CP was derived from known 
physics, i.e. Maxwell's Equations. Under special conditions, an extended distribution of charge may accelerate without 
radiating energy. This leads to a physical model of subatomic particles, atoms, and molecules. Equations are closed-form 
solutions containing fundamental constants only and agree with experimental observations. 

From two basic equations, the key building blocks of organic 

chemistry have been solved, allowing the true physical structure ^ 

and parameters of an infinite number of organic molecules up to 

infinite length and complexity to be obtained. These equations 

were also applied to bulk forms of matter, such as the allotropes 

of carbon, the solid bond of silicon and the semiconductor bond; 

as well as fundamental forms of matter such as the ionic bond 

and the metallic bond; and major fields of chemistry such as that 

of silicon, tin, aluminum, boron, coordinate compounds and 

organometallics. 

Further, the Schwarzschild Metric is derived by applying 
Maxwell's Equations to electromagnetic and gravitational fields at 
particle production. This modifies General Relativity to include the 
conservation of spacetime and gives the origin of gravity, the 
families and masses of fundamental particles, the acceleration of 
the expansion of the Universe (predicted by Dr. Mills in 1995 and 
since confirmed experimentally), and overturns the Big Bang 
model of the origin of the Universe. 

"Mills' theory explains the answers to some very old scientific questions, such as 'what happens to a photon upon 
absorption' and some very modern ones, such as 'what is dark matter.' ...Lastly, Mills has made an extremely important 
contribution to the philosophy of science. He has reestablished cause and effect as the basic principle of science. " 

Dr. John J. Farrell. former Chair of the Dept. of Chemistry, Franklin & Marshall College 

"Mills' ingenious way of thinking creates in different physical areas astonishing results with fascinating mathematical 
simplicity and harmony. And his theory is strongly supported by the fact that nearly all these results are in comfortable 
accordance with experimental findings, sometimes with breathtaking accuracy. " 

Dr Gunther Landvogt, Retired Scientist, Philips Research Lab 

"Dr. Mills has apparently completed Einstein's quest for a unified field theory. . . without largesse from the US Government, 
and without the benediction of the US scientific priesthood. " 

Shelby T. Brewer, former Assistant Secretary of Energy, former CEO of ABB Combustion Engineering, MS/Ph.D. 
MIT - Nuclear Engineering 

"Mills proposes such a basic approach to quantum theory that it deserves considerably more attention from the general 
scientific community than it has received so far. The new theory appears to be a realization of Einstein's vision and a fitting 
closure of the "Quantum Century" that started in 1900..." 

Dr. Reinhart Engelmann, Professor of Electrical Engineering, Oregon Graduate Institute of Science and 

Technology 



Dr. Randell Mills holds a Doctor of Medicine degree from Harvard, a BA degree in Chemistry from Franklin and Marshall 
College, and studied Electrical Engineering at MIT. He is President, Chairman and CEO of BlackLight Power, Inc. 
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Chapter 1 1 



THE NATURE OF THE CHEMICAL BOND OF HYDROGEN 
TYP I 



With regard to the Hydrino Theory — BlackLight Process section, the possibility of states with n-l/p is also predicted in the 
case of hydrogen molecular species wherein Hill p^ reacts with a proton or two H(\l p) atoms react to form H 2 (l/p) and 
H 2 (1/ p), respectively. The natural molecular-hydrogen coordinate system based on symmetry is ellipsoidal coordinates. The 
magnitude of the central field in the derivations of molecular hydrogen species is taken as the general parameter p wherein p 
may be an integer which may be predictive of new possibilities. — Thus, p replaces the effective nuclear charge of quantum 
mechanics and corresponds to the physical field of a resonant photon superimposed with the field of the proton. The case with 
p = 1 is evaluated and compared with the experimental results for hydrogen species in Table 11.1, and the consequences that 

p = integer are considered in the Nuclear Magnetic Resonance Shift section. 

Two hydrogen atoms react to form a diatomic molecule, the hydrogen molecule. 

2H[a H ]^>H 2 [2c' = j2a ~j (11.1) 

where 2c' is the internuclear distance. Also, two hydrino atoms react to form a diatomic molecule, a dihydrino molecule. 

-On 



2H 



•H, 



2c' = ^ 



where p is an integer. 

Hydrogen molecules form hydrogen molecular ions when they are singly ionized. 



(11.2) 



H 2 2c' = \fla ->H 2 [lc' = 2a ]^ +e- 
Also, dihydrino molecules form dihydrino molecular ions when they are singly ionized. 
V2a„ 



TTLTT 



(11.4) 



H, 



2c' = - 



•#, 



2c' = ^1 



+ e- 



HYDROGEN-TYPE MOLECULAR IONS 

Each hydrogen-type molecular ion comprises two protons and an electron where the equation of motion of the electron is 
determined by the central field that is p rimes that of a proton at each focus (/lis one for the hydrogen molecular ion ; and p is 

an integer greater than one for each H 2 (\l p), called a dihydrino molecular ion). The differential equations of motion in the 

case of a central field are [ 1 ] 

m(r-r6 2 ) = f{r) (11.5) 



-e- 



-(HtQ- 



m(2r0 + r0)- 
Th e s e cond or transv e rs e e quation, Eq. (1 1.6), giv e s th e r e sult that th e angular mom e ntum is constant. 

r 2 = constant = L I m (11-7) 

where L is the angular momentum ( h in the case of the electron). The central force equations can be transformed into an 

orbital equation by the substitution, u = — . The differential equation of the orbit of a particle moving under a central force is 
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d_u_ 



-1 



-/(«-') 



(11.8) 



Because the angular momentum 
polar coordinates. The solution 

f(r) = -X 


is constant, 
of Eq. (11.8) 


motion in only one plane need be considered; 
for an inverse-squared force 


thus, 


the orbital 


equation is given in 
(11.9) 


is 


^ 

















1- 



1 + ecos^ 
L 2 _ 

2 



(11.10) 



m 



e = A- 



-OT- 



(11-11) 



k(\ + e) 

where e is the eccentricity of the ellipse and A is a constant. The equation of motion due to a central force can also be 
expressed in terms of the energies of the orbit. The square of the speed in polar coordinates is 



-■(r 2 +r 2 2 ) 



(11.13) 



Since a central force is conservative, the total energy, E , is equal to the sum of the kinetic, T , and the potential, V , and is 
constant. The total energy is 



m{r 2 + r 2 2 ) + V(r) = E = constant 



-4- 



(11.14) 



Substitution of the variable u=— andEq. (11.7) into Eq. (11.14) gives the orbital energy equation. 

— r- 




—r T +U 2 +V(U- 1 ) = E 



Because t he po t ential energy f unc t ion V(r) for an inverse-squared force field is 



(11.15) 



V(r): 



-ku 



the energy equation of the orbit, Eq. (11.15), 



-4 — U- 

—m — ; 



^V- 



■ + u 



-ku = E 



(11.16) 



(11.17) 



which has the solution 



m- 



-mr- 



TTTTSJ- 



1 + | X + lEm^rk" 2 
m 



cos 9 



where the eccentricity, e , is 



X 1 — 

e = \ \ + 2Em—k~~ 
m 

Eq. (11.19) permits the classification of the orbits according to the total energy, E , as follows: 

E < 0, e < 1 closed orbits (ellipse or circle) 

£ = 0, e = \ parabolic orbit 

E > 0, e > 1 hyperbolic orbit 

Since E -T + V and is constant, the closed orbits are those for which T <\V\, and the open orbits are those for which T >| V \ . 
It can be shown that the time average of the kinetic energy, < T > , for elliptical motion in an inverse-squared field is 1 / 2 that of 



(11-19) 



the time average of the magnitude of the potential energy, <V > . <T >= 1 / 2 < K > {i\ 



As demonstrated in the One-Electron Atom section, the electric inverse-squared force is conservative; thus, the angular 
momentum of the electron, h , and the energy of atomic orbitspheres are constant. In addition, the orbitspheres are nonradiative 
when the boundary condition is met. 

The central fo rce equation, Eq. (1 1 . 14), h as orbital solutions, w hich are circular, elliptical, parabolic, or h yperbolic. Th e 

former two types of solutions are associated with atomic and molecular orbitals. These solutions are nonradiative. The 
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boundary condition for nonradiation given in the One-Electron Atom section, is the absence of components of the spacetime 
Fourier transform of the current-density function synchronous with waves traveling at the speed of light. The boundary 
condition is met when the velocity for the charge density at every coordinate position on the orbitsphere is ~~ 

h 



(11.20) 



The allowed velocities and angular frequencies are related to r n by 



v„=r„®„ (11.21) 

®„=-^T (H-22) 

m e r n 

As demonstrated in the One-Electron Atom section and by Eq. (11 .22), this condition is met for the product function of a radial 

Dirac delta function and a time harmonic function where the angular frequency, co , is constant and given by Eq. (1 1 .22). 

irb 

co n = - = — f- (11.23) 

m e r n A 

where L is the angular momentum and A is the area of the closed orbit. Consider the solution of the central force equation 
comprising the product of a two - dimensional ellipsoid and a time harmonic function. The spatial part of the product function is 
the convolution of a radial Dirac delta function with the equation of an ellipsoid. The Fourier transform of the convolution of 
two functions is the product of the individual Fourier transforms of the functions; thus, the boundary condition is met for an 
ellipsoidal-time harmonic function when 

^.=—7 = T ('1-24) 

m e A m e ab 

where the area of an ellipse is 

A = nab (11.25) 

wh e re b and 2b arc th e lengths of the scmiminor and minor axes, respectively, and a and2« arc th e l e ngths of the scmimajor 
and major axes, respectively . The geometry of molecular hydrogen is ellipsoidal with the internuclear axis as the principal axis; 
thus, the electron orbital is a two-dimensional ellipsoidal-time harmonic function. The mass follows an elliptical path, time 
harmonically as determined by the central field of the protons at the foci. Rotational symmetry about the internuclear axis 
further determines that the orbital is a prolate spheroid. In general, ellipsoidal orbits of molecular bonding, hereafter referred to 
as ellipsoidal molecular orbitals (MOs), have the general equation 



Vtr+^i (U-26) 



x T z 
~a T + ~b T + ~ 

The semiprincipal axes of the ellipsoid are a, b, c . 
In ellipsoidal coordinates the Laplacian is 

oc, aq or) or) aq oq 

An ellipsoidal MO is equivalent to a charged perfect conductor (i.e. no dissipation to current flow) whose surface is given by Eq. 
(11.26). It is a two-dimensional equipotential membrane where each MO is supported by the outward centrifugal force due to 
the corresponding angular velocity, which conserves its angular momentum of h . It satisfies the boundary conditions for a 
discontinuity ot charge in Maxwell's equations, Eq. (1 1.48). It carries a total charge q--e, and it's potential is a solution ot 
the Laplacian in ellipsoidal coordinates, Eq. (1 1.27). 

Excited states of orbitspheres are discussed in the Excited States of the One-Electron Atom (Quantization) section. In the 
case of ellipsoidal MOs, excited electronic states are created when photons of discrete frequencies are trapped in the ellipsoidal 
resonator cavity of the MO. The photon changes the effective charge at the MO surface where the central field is ellipsoidal and 
arises from the protons and the effective charge of the "trapped photon" at the foci of the MO. Force balance is achieved at a 
series of ellipsoidal equipotential two-dimensional surfaces confocal with the ground state ellipsoid. The "trapped photons" are 
solutions of the Laplacian in ellipsoidal coordinates, Eq. (1 1.27). 

As is the case with the orbitsphere, higher and lower energy states are equally valid. The photon standing wave in both 

cases is a solution of the Laplacian in ellipsoidal coordinates. For an ellipsoidal resonator cavity, the relationship between an 
allowed circumference, AaE , and the photon standing wavelength, X , is 

AaE = nX (11.28) 

where n is an integer and where the elliptic integral E of Eq. (1 1.28) is given by 

E{k) = y\-ksm 1 4>d<f> (11.29) 



a 
Applying Eqs. (11.28) and (11.29-11.30), the relationship between an allowed angular frequency given by Eq. (11.24) and the 
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photon standing wave angular frequency, a> , is: 

nti h h 1 

— ■ --=- ^- = — y&i ~a> n (11.31) 



mA mjia,nh m„a„b„ n 



where n -1,2,3, 4,... (n-— ,—,—,... for molecular hydrino states); <a x is the allowed angular frequency for n-l 

a x and b x are the allowed semimajor and semiminor axes for n = \ . Using the boundary conditions, the excited states are solved 
in the Excited States of the Hydrogen Molecular Ion and Excited States of the Hydrogen Molecule sections. 

The potential, <j> , and distribution of charge, a , over the conducting surface of an ellipsoidal MO are sought given the 
conditions: 1 .) the potential is equivalent to that of a charged ellipsoidal conductor whose surface is given by Eq. (1 1 .26), 2.) it 
carries a total charge q = -e, and 3.) initially there is no external applied field. To solve this problem, a potential function must 
be found which satisfies Eq. (11.27), which is regular at infinity, and which is constant over the given ellipsoid. The solution is 
well known and is given after Stratton [2]. — Consider that the Laplacian is solved in ellipsoidal coordinates wherein 4 is the 
parameter of a family of ellipsoids all confocal with the standard surface 4 = whose axes have the specified values a, b, c . 
The variables 4 and i] are the parameters of confocal hyperboloids and as such serve to measure position on any ellipsoid 
4 = constant . On the surfac e 4 = 0; therefore^ tjt must he indep e ndent of ^ and r/ . Due to the uniqueness property of solutions 
of the Laplacian, a function which satisfies Eq. (1 1 .27), behaves properly at infinity, and depends only on 4, can be, adjusted to 
represent the potential correctly at any point outside the ellipsoid 4 = . 

Thus, it is assumed that <j> = <j>{4) . Then, the Laplacian reduces to 



—(R f -£) = R ? =J(4 + a 2 )(4 + b 2 )(4 + c 2 ) (H.32) 

<2£ oq I 

which on integration leads to 

m = C~\%- (11.33) 

e R F 

where C x is an arbitrary constant. The upper limit is selected to ensure the proper behavior at infinity. When E becomes very 

large, R^ approaches ^ 3 ' 2 and 

2C 
^~-g (#~>°°) (11.34) 

Furlliemiore, Llie equation of au ellipsoid can be written in the form 

2 2 2 

X ' y ' Z =4 (11.35) 



1 + — 1 + — 1 + — 

4 4 4 

If r 2 = x 2 + y 2 + z 2 is the distance from the origin to any point on the ellipsoid 4 > it is apparent that as 4 becomes very large 
4 — » r 2 . Thus, at great distances from the origin, the potential becomes that of a point charge at the origin: 

<j>~^ (1 1 36) 

r 

The solution Lq. (1 1.33) is, therefore, regular at infinity, and the constant U x is then determined, it has been shown by Stratton 
[2] that whatever the distribution, the dominant term of the expansion at remote points is the potential of a point charge at the 

origin equal to the total charge of the distribution — in this case q . Hence C, = -j — , and the potential at any point is 

- ' ' -- tws o 

^rM ^ (11-37) 

8tz£ * R^ 

The equipotential surfaces are the ellipsoids 4 - constant . Eq. (1 1.37) is an elliptic integral and its values have been tabulated 

[3]- 

Since the distance along a curvilinear coordinate u 1 is measured not by du l but by f^du 1 , the normal derivative in 

ellipsoidal coordinates is given by 

d<j> _ 1 d<j) _ -q 1 



dn h x d4 4KS^(4-n\4-Q 



(11.38) 



where 




/. _^^-ri)i4-4) 
1 2 R^ 


(11.39) 



The density of charge, a , over the surface ^ = is 
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v = z*\^-\ =-^=f 01-40) 



8n)^ 4n:yJrjC 



Defining x, y, z in terms of g, i], £ we put g = , it may he easily verified that 



4 + ^ + 4 = ^T (# = 0) (11-41) 

a o c a o c 



Consequently., the charge density in rectang ul ar coordinates is 



<7 = — ^ f (11.42) 

ATtabc y / S 

— + jr + — 
\a b c 

(The mass-density function of an MO is equivalent to its charge-density function where m replaces q of Eq. (11.42)). The 
equation of the plane tangent to the ellipsoid at the point x , v , z is 

X^-+Y^- + Z^- =1 (11.43) 

a 2 b 2 c 2 

where X. Y, Z are running coordinates in the plane. After dividing through by the square root of the sum of the squares of the 
coefficients of X, Y. and Z . the right member is the distance D from the origin to the tangent plane. That is. 

D= , X (11.44) 

'"22 



! 4 7 4 4 

\-a b- — e— 

so that for an electron MO 



-D (11.45) 



Awabc 

In other words, the surface density at any point on a charged ellipsoidal conductor is proportional to the perpendicular 
distance from the center of the ellipsoid to the plane tangent to the ellipsoid at the point. The charge is thus greater on the more 
sharply rounded ends farther away from the origin. 

In the case of hydrogen-type molecules and molecular ions, rotational symmetry about the internuclear axis requires that 
two of the axes be equal. Thus, the MO is a spheroid, and Eq. (11.37) can be integrated in terms of elementary functions. If 
a > b - c , the spheroid is prolate, and the potential is given by 

1 - .n^ + ^gZ (TL46T 



8^o 4a 2 -b 2 yf^+a 7 -^, 
S PH ER 



16E 

The spheroidal MO is a two-dimensional surface of constant potential given by Eq. (1 1.46) for £ = . For an isolated electron 
MO the electric field inside is zero as given by Gauss' Law 



EM= ^-cCV (11.47) 



-5- 



where the charge density, p, inside the MO is zero. Gauss' Law at a two-dimensional surface with continuity of the potential 
across the surface according to Faraday's law in the electrostatic limit [4-6] is 

n«(E 1 -E 2 ) = — (11.48) 

£e 

E 2 is the electric field inside which is zero. The electric field of an ellipsoidal MO with semimajor and semiminor axes a and 
b = c, respectively, is given by substituting a given by Eq. (11.38-11.42) into Eq. (11.48). 

E = — i,=— ; 1 i.= ~ e Di e = ~ e , 1 H (11.49) 

*o 4a* > Jtf-TlX£-C) 4n* Jibe * Anr. ahc. ^ / ^ s 

V« 4 + ft 4+ c 4 
wherein the ellipsoidal-coordinate parameter <f = at the surface of the MO and D is the distance from the origin to the tangent 
plane given hy Eq. (1 1 .44) . The electric, field and thus the force and potential energy between the protons and the electron MO 
can be solved based on three principles: (1) Maxwell's equations require that the electron MO is a equipotential energy surface 
that is a function of £ alone; thus, it is a prolate spheroid, (2) stability to radiation, and conservation first principles require that 
the angular velocity is constant and given in polar coordinates with respect to the origin by Eq. (1 1 .24), and (3) the equations of 
motion due to the central force of each proton (Eqs. (11.5-11.19) and Eqs. (11.68-11.70)) also determine that the current is 
ellipsoidal, and based on symmetry, the cur r ent is a p r olate spheroid. — Thus, based on Maxwell's equations, conservation 
principles, and Newton's Laws for the equations of motion, the electron MO constraints and the motion under the force of the 
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protons both give rise to a prolate spheroid. Since the energy of motion is determined from the Coulombic central field (Eqs. 
(11.5-11.19), the protons give rise to a prolate spheroidal energy surface (a surface of constant energy) that is matched to the 
equipotential, prolate spheroidal electron MO. 

The force balance equation between the protons and the electron MO is solved to give the position of the foci, then the 
total energy is determined including the repulsive energy between the two protons at the foci to determine whether the original 
assumption of an elliptic orbit was valid. If the condition E < is met, then the problem of the stable elliptic orbit is solved. In 
any case that this condition is not found to be met, then a stable orbit cannot be formed. 

The force and energy equations of a point charge (mass) (Eqs. (11.5-11.24)) are reformulated in term of densities for 
charge, current, mass, momentum, and potential, kinetic, and total energies. Consider an elliptical orbit shown in Figure 11.1 
that applies to a point charge (mass) as well as a point on a continuous elliptical current loop that comprises a basis element of 
the continuous current density of the ellipsoidal MO. The tangent plane at any point on the ellipsoid makes equal angles with 
the foci radii at that point and the sum of the distance to the foci is a constant, 2a . Thus, the normal is the bisector of the angle 
between the foci radii at that point as shown in Figure 11.1. 

Figure 11.1. An elliptical current element of the prolate spheroidal MO showing the semimajor axis a , the semiminor axis 
b , the foci F l and F 2 , and the vector r (;) from the origin to a point (x, y\ z) . The radial vectors from the foci to a point on the 

ellipse have a total length of 2a and make equal angles a with the tangent such that the normal vector is the bisector of the 
interior angle 2/7 . 



Taiisent Line 




(a.0) 



The unit vector normal to the ellipsoidal MO at a point (x,y,z) is 



x y z 
abb 



n 2 ~ 



(11.50) 



FAr^iu and F 2 (r(t)} are defined as the components of the central forces centered on F x and F 2 . The components of the 
central forces that are normal to the ellipsoidal MO in the direction of d, the unit vector in the 1- -direction are defined as 
F lx (r(/)) and F, x (r(/)). The normalized projections or projection factor of the sum of these central forces in the d -direction 
at the point (x,y,z) is 
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MK0) + *UK0) , ( r i +r *)- a 

la 



F.(r(;)) + F 2 (r( 






((x-c,y,z) + (x + c,y,z))' 



2 b 2 b 2 



-2a. 



2 2 2 

x y z 

— r + ^ + ^p- 



a 



(11-51) 



x 2 - cjc v 2 z 

5 + 2 +^ 

a 2 6 2 ft 2 



2 \ / 2 , 2 

JC +cx y 



^Za 



V + r 4 



2 2 



where r t and r 2 are the radial vectors of the central forces from the corresponding focus to the point {x,y,z} on the ellipsoidal 

MO. 

The polar-coordinate elliptical orbit of a point charge due to its motion in a central inverse-squared-radius field is given 
by Eqs. (1 1.10-1 1.12) as the solution of the polar-coordinate-force equations, Eqs. (1 1.5-1 1.19) and (1 1.68-1 1 .70). The orbit is 
also completely specified in Cartesian coordinates by the solution of Eqs. (11.5-11.19) and (11.68-11.70) for the semimajor and 
semiminor axes. Then, the corresponding polar-coordinate elliptical orbit is given as a plane cross section through the foci of 
the Cartesian-coordinate-system ellipsoid having the same axes given by Eq. (11 .26) where c = b . Thus, the Coulumbic central 
force can be determined in terms of the general Cartesian coordinates from the polar-coordinate central force equations (Eqs. 
5-1 1 . 19)) . Consider separat ely th e elliptical solution at each fo cus given i n polar coordinates by E q. (1 1 . 10) : 



-a 



1 1 g 



■^=4- 



= a{\-e)- 



+ ecos6 l l + ecos# 
a(l-e 2 ) a(l-e 2 ) 



l + ecos(tf + ;r) 1-ecostf 



(11.52) 
(11.53) 



where 

r =a-c' -a\ 1 = a (l - e) 

The magnitude of the sum of the central forces centered on T\ and t 2 that are normal to the ellipsoidal MO are 

\ F Mh\ F M)\AA 

'l '2 



(11.54) 



(l + ecosfl) +(l-ecosfl) 



a 2 (l - c 2 f 



l + lecos9 + e cos 6> + l-2ecos# + e cos 9 



'-{Hi 



(11.55) 



1 + e cos 9 + 1 + e cos 9 



— h 



a 2 (\-e 2 f 
l + 2e 2 cos 2 9 



a 2 (l-e 2 J 

The vector central forces centered on F l and F 2 that are normal to the ellipsoidal MO are then given by the product of the 
corresponding magnitude and vector projection given by Eqs. (11.55) and (11.51), respectively: 

2 + 2e 2 cos 2 <9 J— 



Fu(l) + F2xl^) = * : 



iHf 



a L \\-e 



=i e 

2 i_ 



(11.56) 



fl tT/7 



Eq. (1 1.56) is based on a single point charge e . For a charge-density distribution that is given as an ellipsoidal equipotential, the 
9 -dependence must vanish. Tn addition to the elliptical orbit being completely specified in Cartesian coordinates by the solution 
of Eqs. (11.5-11.19) and Eqs. (11.68-11.70) for the semimajor and semiminor axes in Eq. (11.26), the polar-coordinate elliptical 
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orbit is also completely specified by the total constant total energy E and the angular momentum which for the electron is the 
constant ft. Considering Eq. (11.56), the corresponding total energy of the electron is conserved and is determined by the 
integration over the MU to give the average: 



-^r+r r 



't-'f 4 



F u (r 1 ) + F 21 (r 2 ) = *: ,,„,,, 2 2 h d 1 - 57 ) 

V c 4 
Eq. (1 1.57) is transformed from a two-centered-central force to a one-centered-central force to match the form of the potential of 

the ellipsoidal MO. In this case, 

r 1 ,r 2 ^r(^)i^ (11.58) 

In the case that 

?\ -r 2 -a (11.59) 

then, 

r{t) = b (11.60) 

and the one-centered-central force is in the i^ -direction. Thus, Eq. (1 1.57) transforms as 



MKOhMKOH {l ~ Al 1 



fe2 ( 2+e2 )>\/.- 2 



«W— + -r + - 4 

a b c (1L61) 



M) a#K + y 



ab J— + ; 4 

a b c 

Eq. (11.61) has the same form as that of the electric field of the ellipsoidal MO given by Eq. (11.49), except for the scaling 

factor of two - c e nt e r e d coordinat e s h 2cc : 

2T5 2 

Kc=~ t -T (H-62) 

As shown in the case of the derivation of the Laplacian charge-density and electric field, if r 2 =x 2 + y 1 +z 2 is the distance from 
the orig i n to any point, on the ellipsoid 2;, it. is apparent, that, as g becomes very large ^ — » r 2 . Thus, at. g re at distances from the 
origin, the potential becomes that of a point charge at the origin as given by Eq. (1 1 .36). The same boundary condition applies 
to the potential and field of the protons. The limiting case is also given as e — > . Then, to transform the scale factor to that of 
one-centered coordinates for an ellipsoidal MO, the reciprocal of the scaling factor multiplies the Laplacian-MO-electric-field 
term. The reciprocal of Eq. (1 1.62) is . . _ . ~~ 



J^T 



h- 2 l=^—h (11-63) 

2 + e 

such that as e — » , K^ cc — > — . This transform scale factor corresponds to the interchange of the points of highest and lowest 

velocity on the surface and the distribution of the charge-density in the opposite manner as shown infra. The charge-density 
distribution corrects the angular variation in central force over the surface such that a solution of the central force equation of 
motion and the Laplacian MO are solved simultaneously. It can also be considered as a multipole normalization factor such as 
those of the spherical harmonics and the spherical geometric factor of atomic electrons that gives the central force as a function 
of t\ only. 

The reciprocal of the h lcc form-factor with the dependence of the charge density on the distance parameter r (V) gives 



b 2 (2 + e 2 ) 



2 2 2 

x y z 
i ., i 



4 i 4 4 

a b c 

From Eq. (11.31), the magnitude of the ellipsoidal field corresponding to a below "ground state" hydrogen- type 
molecular ion is an integer p . The integer is one in the case of the hydrogen molecular ion and an integer greater than one in 
the case of each dihydrino molecular ion. The central-electric-force constant, k , from the two protons that includes the central- 
field contribution du e photons of lower-energy states is 

k= ZS_ = p2S_ (n65) 
Ans Ans 
Substitution of Eq. (11.65) for k in Eq. (11.64) gives the one-cenler-coordinale electric force F ele between the protons and Hie 
ellipsoidal MO: 
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F^F ^r^ + F, , ^)): 




(11.66) 



C 
a 
where e is the charge and with the distance from the origin to a nucleus at a focus defined as c ' , the eccentricity, e , is 

e=^- (11.67) 

a 

From the orbital equations in polar coordinates, Eqs. (1 1.10-1 1.12), the following relationship can be derived [1]: 
L 2 

tfl 

a = m \ ~ (11.68) 
k(l-e ? ) - 

For any ellipse, 

b = aj\-e 2 (11.69) 
Thus, 



re — 

I m 



(point charge (mass) in polar coordinates) (11 .70) 

ka 

From, the equal energy condition, it can be shown that b for the motion of a point charge (mass) in polar coordinates due to a 

proton at one focus corresponds to 

c' = yja 2 -b 2 (11.71) 

of the MO in ellipsoidal coordinates, and k x of one attracting focus is replaced by k = 2k x of ellipsoidal coordinates with two 

attracting foci. In ellipsoidal coordinates, k is given by Eq. (11 .65) and L for the electron equals h . 

Consider the force balance e quation for the point on the ellipse at the intersection of the semiminor axis h with the 

ellipse. At this point called (0,fe), the distances from each focus, r x and r 2 , to the ellipse are equal. The relationship for the 
sum of the distances from the foci to any point on the ellipse is 
r 1 + r 2 =2a (11.72) 

Thus, at point (0,b), 

r x =r 2 =a (11.73) 

Using Eq. (11 .5), the magnitude of the force balance in the radial ( r {t) ) direction, from the origin, is given by 



2pe . n 2pe b 

— o- srnfl - — - — - — 

Ane n a Aksm a 



mrd- — y -sinfl- — — ~- (11.7 4 ) 



wherein the mr term of Eq. (11.5) is zero and 6 is the angle from the focus to point (0,fe). Using Eqs. (11.24), (11.94), and 
(11.95). Eq. (11.74) becomes 



h 1 _ 2pe 2 b 
m 2 a 2 b 2 47t£ n a 2 a 



mrm = mb =- i \ = f^= 2 — (11.75) 

In order for the prolate spheroidal MO to be an equipotential surface, the mass and charge density must be according to Eq. 
(11.45). In this case, the mass and charge density along the ellipse is such that the magnitudes of the radial and transverse forces 
components at point (0,b) are equivalent. Furthermore, according to Eq. (11.5), the central force of each proton at a focus is 

separable and symmetrical to that at the other focus. Based on symmetry, the transverse forces of the two protons are in opposite 
directions and the radial components are in the same direction. But, the relationship between the magnitudes must still hold 
wherein at point (0,b) the transverse force is equivalent to that due to the sum of the charges at one focus. The sum of the 
magnitudes of the transverse forces which is equivalent to a force of 2e at each focus in turn is 

\f(r)e g \ = ^ C0S d = ^^ 01^7 

cl 

c' 

Thus, using the mass and charge-density scaling factor, -&- = — , to match the equipotential condition in Eq. (1 1 .75) gives 

b_ b 

a 
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2-pe 2 



(11.77) 



w„ — a b 



l2 _n 47t£ a 



m e 2pe 



(11.78) 



Using Eq. (1.256) 



c -a 



h AnSr, 



I me 2pa \j 2p 

Then, the length of the semiminor axis of the prolate spheroidal MO, b = c , is 
b = Ja 2 -c' 2 



(11.79) 
(11.80) 



Correspondingly, c' is given by Eq. (11.71). 

Substitution of Eq. (11.79) intoEq. (11.66) gives the electric force: 



F = 




(11.81) 



2ap)\ a A b 4 " 4 



l «o 



2pe (^ tap 



^m: 



D\, 



r,h. 2 \ T^J^O 



ab 2 \ 2 + 
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Th e c e ntrifugal forc e along th e radial v e ctor from e ach proton at e ach focus of th e e llipsoid is giv e n by th e mrO 2 t e rm of Eq. 
(1 1.5). The tangent plane at any point on the ellipsoid makes equal angles with the foci radii at that point and the sum of the 
distance to the foci is a constant, 2a . Thus, the normal is the bisector of the angle between the foci radii at that point as shown 
in Figure 11.1. In order to satisfy the equation of motion for an equal energy surface for both foci, the transverse component of 
the central force of one foci at any point on the elliptic orbit due to the central force of the other (Eq. (11.5)) must cancel on 
average and vice versa. Thus, the centrifugal force due to the superposition of the central forces in the direction of each foci 



must be normal to an ellipsoidal surface in the direction perpendicular to the direction of motion. Thus, it is in the £ -direction. 
This can be only be achieved by a time rate of change of the momentum density that compensates for the variation of the 
distances from each focus to each point on an elliptical cross section. Since the angular momentum must be conserved, there can 
be no net force in the direction transverse to the elliptical path over each orbital path. The total energy must also be conserved; 
thus, as shown infra, the distribution of the mass must also be a solution of Laplace's equation in the parameter <f only. Thus, 
the mass-density constraint is the same as the charge-density constraint. As further shown infra., the distribution and 
concomitantly the centrifugal force is a function of D , the time-dependent distance from the center of the ellipsoid to a tangent 

plane given by Eq. (1 1 .44) whe r e D and the Ca r tesian coo r dinates a r e the time-dependent pa r amete r s. 

Each point or coordinate position on the continuous two-dimensional electron MO defines an infinitesimal mass-density 

element which moves along an orbit comprising to an elliptical plane cross section of the spheroidal MO through the foci. The 
kinetic energy of the electron is conserved. Then, the corresponding radial conservative force balance equation is 

m(r + C ir ) = Q (11.82) 

The motion is such that the eccentric angle, 6 , changes at a constant rate at each point. That is 8 = cot at time t where the 
angular velocity o is a constant. The solution of the homogeneous equation with C x = a 2 is 

r(t) = ia cos cot + ]b sin cot 



(11.83) 
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where a is the semimajor axis, b is semiminor axis, and the boundary conditions of r{t)-a for cot-0 and r[t) = b for 
cot = — were applied. Eq. (11.83) is the parametric equation of the ellipse of the orbit. The velocity is given by the time 

derivative of the parametric position vector: 

v(t) = r{t) = -iaco sin cot + jbco cos ait (1 1 .84) 

The velocity is out of phase with the charge density at r{t) = a (cot = 0) and r(t) = b {cot = — ) such that the lowest charge 

density has the highest velocity and the highest charge density has the lowest velocity. In this case, it can be shown that the 
current is constant along each elliptical path of the MO. Recall that nonradiation results when co = constant given by Eq. 
(1 1.24) that corresponds to a constant current, which further maintains the current continuity condition. 

Consider Eq . (11 . 32) for the prolate spheroidal MO . — From this equation, the mass and current-densities, the angular 

momentum, and the potential and kinetic energies are a function of E, alone, and any dependence on the orthogonal coordinate 
parameters averages to unity. From Eq. (1 1.32), 

R, — = C (11.85) 
*gg ' 

Substitution of Eq. (1 1 .40) into Eq. (1 1 .85) gives 

]r,K— e T =8(E.)dE.=e a C l =-?- (11.86) 

where Q is fromEq. (11.36). Substitution of Eq. (11.39) into Eq. (11.86) gives 

l R( -2*Mz!!Mzn.su)d4=± OW 

\ Unjtf2 R^ VW 8^ 

Comparison of Eq. (11 .86) with Eq. (1 1 .87) demonstrates that 
~e W(£-/ / X£-P 



\ - 4^V?74 2 R 4 

The current density J is given by the product of the constant frequency (Eq. (11 .24)) and the charge density (Eq. (11 .40)): 

J= h e (11.89) 

27zm e ab ^n^riQ 

The total constant current is dependent on £ alone according to Eq. (11.32). Then, applying the result ol Eq. (11.88) to Eq. 

(11.89) gives 

l=>A— * , ° LM^!Mz£Ls(f) d t e xe= -*— e (n.90) 

\ ' 27im e ab Anjrtf 2 ^ 2nm e ab " 

the constant current that is nonradiative. 

If a(t) denotes the acceleration vector, then 

z(t) = -co 2 r(t)i r (11.91) 

In other words, the acceleration is centrifugal as in the case of circular motion with constant angular speed co . The dot 
product of r (t) with d , the unit vector normal to the ellipsoidal MO at a point {x,y,z) given by Eq. (1 1 .50), is 

\ f 2 2 _2 A 

x y z 



(x,y,z)-, . , , , - 



x y z 

~ + l + ~2 

:(Q-d= , v " " - y = v ? b b J (11.92) 
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Using Eq. (11 .26), the normal component projection is 



V 



4 7 4 4 

a b c 



where D , the distance from the origin to the tangent plane, is given by Eq. (1 1 .44). 
The centrifugal force, F ci , on mass element m, [71 given by the second term of Eq. (1 1 .82) is 



F d = r n.fi = - m , co 2 r( t) (11. 94) 

Substitution of the angular velocity given by Eq. (11.24) and m e for m into Eq. (11.94) gives the centrifugal force F c on the 
electron that is normal to the MO surface according to Eq. (1 1.93): 

f " r(0-di f =— ^t^ (TL95T 



ma b — ma b 
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F. has an equivalent dependence on D as the electric force based on the charge distribution (Eq. (11.45)). This is expected 

based on the invariance of — which results in the same distribution of the mass and charge. 
m, 

The equipotential charge-density distribution gives rise to the constant current condition. It also gives rise to a constant 
total kinetic energy condition wherein the angular velocity given by Eq. (11.24) is a constant. Recall from Eq. (11.32), that on 
the surface £ = ; <f> must be independent of £ and rj and depend only on £ at any point outside the ellipsoid S, = . Since the 
current and total kinetic energy are also constant on the surface E, = , the total kinetic energy depends only on <f . Thus, the 
centrifugal force on the mass of the electron, m e , must be in the same direction as the electric field corresponding to ^ , normal 
to the electron surface wherein any tangential component in Eq. (11.94) averages to zero over the electron MO by the mass 
distribution given by Eqs. (1 1 .40) and (1 1 .45) with m e replacing e . 

The cancellation of tangential acceleration over each elliptical path maintains the charge density distribution given by Eq. 
(1 1.40) with constant current at each point on each elliptical path of the MO. Since the centrifugal force is given by Eq. (1 1.94), 
the multiplication of the mass density by the scaling factor \ and integration with respect to £, gives a constant net centrifugal 
force. Thus, the result matches those of the determination of the constant current (Eq. (11.90)) and angular momentum shown 
infra. (Eq. (11.101)) wherein the charge and mass densities given in Eqs. (11.90 - 11.91) and (11.100), respectively, were 
integrated over. 

Specifically, consider the normal-directed centrifugal force, F d , on mass element m i : 

¥ ci =-m i co 1 Di^ (11.96) 

The mass density is given by Eq. (11 A0) with m e replacing e . Then, the substitution of the mass density for m i in Eq. (11.96) 

and using Eq. (1 1.24) for co gives the centrifugal force density F ea : 

w ft 

F ea = m ' 22 , 2 Di ? (11.97) 

Eq. (11.32) determines that the centrifugal force is a function of £ alone, and any dependence on the transverse coordinate 
parameters averages to zero. Using the result of Eq. (11.88) gives the net centrifugal force F c : 

Fc =8 J i — *_ R i MEmEQ .Dsww , =-»L_z)i, (n.98) 

In the limit as the ellipsoidal coordinates go over into spherical coordinates. Eq. (11.95) reduces to the centrifugal force 

of the spherical orbitsphere given by Eq. (1.253) with Eq. (1.35). This condition must be and is met as a further boundary 
condition that parallels that of Eqs. (11.32-11.37). Using the same dependence of the total mass (charge) on the scale factor \ 

according to Eqs. (11 .32-1 1 .40), the further boundary conditions on the angular momentum and kinetic energy are met. 

Specifically, the constant potential and current conditions and the use of Eq. (11.32) in the derivation of Eq. (11.95) also 
satisfy another condition, the conservation of h of angular momentum of the electron. The angular momentum p ; at each point 
i of mass m i is 

p i (t) = m l r(t)xv(t) 

= m, (ia cos cot + \b sin cot) x (-iaco sin at+ibco cos cot) 

" ^ (11.99) 

= m t abco( cos 2 cot + sin 2 cot) i x j 

= mflbcok 

The mass density is given by Eq. (11.40) with m e replacing e. Then, substitution of m i in Eq. (11.99) by the mass density and 

using Eq. (11.24) for co gives the angular momentum density p(f) : 

p(t) = abco j=k = ab— j — k (11.100) 

Using the result of Eq. (1 1.88) gives the total constant angular momentum L : 

L = 8;rf» ^R iMz^zH S U)d4k = Kk (11.101) 

Eq. (11.101) demonstrates conservation of angular momentum that is a function of | alone that parallels the case of atomic 

electrons where L conservation is a function of the radius r alone as given by Eq. (1.37) 1 . 

Similarly, the kinetic energy T(t) at each point i of mass m i is 



1 The electron MO behaves as if it has rigidity based on the integrated conserved angular momentum of % . The electron cannot emit radiation; thus, it 
maintains the prolate spheroidal shape based on the overall conservation of angular momentum and energy (Appendix II: Stability and Absence of Self 
Interaction and Self Energy). 
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T{t)=\m iV {t) 2 



—m i (-iaa sin at + }ba cos at) 



(11.102) 
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b 2 cos 2 at 



In Eqs. (11.96-11.98), m ; was replaced by the mass density and the £, integral was determined to give the centrifugal force in 
terms of the mass of the electron. The kinetic energy can also be determined from the £ integral of the centrifugal force: 

ab 2 r d% 



2cc c 2D { R f 



(11.103) 



The result is given in Eg. (11.119). From Eg. (11.102). the kinetic energy is time (position) dependent, but the total kinetic 
energy corresponding to the centrifugal force given by Eg. (1 1.95) satisfies the condition that the time-averaged kinetic energy is 
1/2 the time-averaged potential energy for elliptic motion in an inverse-sguared central force [1]. (Here, the potential and total 
kinetic energies are constant and correspond to the time-averaged energies of the general case.) Thus, as shown by Egs. (1 1.122) 
(11.124), (11.262), and (11.264) energy is conserved. 



FORCE BALANCE OF HYDROGEN-TYPE MOLECULAR IONS 

Consider the case of spheroidal coordinates based on the rotational symmetry about the semimajor axis [2]. In the limit, as the 
focal distance 2c and the eccentricity of the series of confocal ellipses approaches zero, spheroidal coordinates go over into 
spherical coordinates with g — > r and r/ — > cos 8 . The field of an equipotential two-dimensional charge surface of constant 
radius r = R is equivalent to that of a point charge of the total charge of the spherical shell at the origin. The force balance 
between the centrifugal force and the central Coulomb force for spherical symmetry is given by Eq. (1.253). 

Similarly, the centrifugal force is the direction of ^ and balances the central Coulombic force between the protons at the 
foci and the electron MO. In the case of the prolate spheroidal MO, the inhomogeneous equation given by Eq. (1 1.5) must hold 
for each fixed position of r(t) since the MO is static in time due to the constant current condition. With r(t) fixed, the mr 

term of Eq. (1 1.5) is zero, and the force balanced equation is the balance between the centrifugal force and the Coulombic force 
which are both normal to the surface of the elliptic orbit: 



mr9 = f(r) 



(11.104) 



Substitution of Eq. (11.81) and Eq. (11.95) into Eq. (11.104) gives the force balance between the centrifugal and electric central 
forces: 
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(11.105) 
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(11.107) 
(11.108) 



a = l— 



(11.109) 



Substitution of a given byEq.(11.109) into Eq. ( 1 1 . 79) gives 



(11.110) 



The internuclear distance from Eq. (11.110) 
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Substitution of a - 
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Eq. (11 
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the length of the 
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spheroidal MO, 
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AT 
b = —a (11.112) 
P 



?.a. 


n 




Substitution ol a = — - and c ' 

P 

1 
e = — 

2 


= — into Eq. (11 .6'/) gives the eccentricity, e : 
P 


(11.113) 



From Eqs. (11.63-11.65). the result of Eq. (11.113) can be used to the obtain the electric force F. fc between the protons and the 
ellipsoidal MO as 

F eIe = ZeEi, = h-l -^jtD^ = -^rDi, (1 1.114) 

where the electric field E of the MO is given by Eq. (1 1.49). Then, the force balance of the hydrogen-type molecular ion is 
given by 

—H—D = pe 2 D (11.115) 
m p a b %7tE n ab 

which has the parametric solution given by Eq. (1 1.83) when 

a = ^- (11.116) 

P 
The solutions for the prolate spheroidal axes and eccentricity are given by Eqs. (11.109-11.113). 

ENER< 



From Eq. (11.31), the magnitude of the ellipsoidal field corresponding to a below "ground state" hydrogen-type molecule is an 
integer, p . The force balance equation (Eq. (11.115)) applies for each point of the electron MO having non-constant charge 
(mass)-density and velocity over the equipotential and equal energy surface. The electron potential and kinetic energies are thus 
determined from an ellipsoidal integral. 

The potential energy is doubled due to the transverse electric force. The force normal to the MO is given by the dot 

product of the sum of the force vectors from each focus with d where the angle f3 is j3 = a , and the transverse forces are 

given by the cross product with d . As shown in Figure 11.1, equivalently, the transverse projection is given with the angle a 
replacing j3 where the range of a is the same as /? . The two contributions to the potential energy doubles it. The potential 
energy, V e , of the electron MO in the field of magnitude p times that of the two protons at the foci is 

-2pe 2 ab 2 1 d£, 
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where 



yja 2 -b 2 =c' (11.118) 

2c' is the distance between the foci which is the internuclear distance. The kinetic energy, T , of the electron MO follows from 
the same type of integral as V e using Eqs. (7-14) of Stratton [81, Eqs. (11.37-11.46), and integral #147 of Lide [91. T is given 
by the corresponding integral of the centrifugal force (LHS of Eq. (11.115)) with the constraint that the current motion allows 
the equipotential and equal energy condition with a central field due to the protons; thus, it is corrected by the scale factor h 2cc 
given by Eq. (11.62). The h 2cc correction can be considered the scaling factor of the moment of inertial such that the kinetic 

energy is equivalent to the rotational energy for constant angular frequency co . The kinetic energy. T . of the electron MO is 
given by 

T = h lcc ^D a ^-]^-=^-] "* =- f ln fl + f^! 01^ 

m e a b 2D\R^ 2m e a\{Z,+b)^£ + a m e a4a 2 -b 2 a-4a 2 -b 2 

Th e potential energy, V P , due to proton-proton re pulsion i n the fi eld of m agnitude p times th at of the protons at the fo ci { £, = 0) 

Js 



©2010 BlackLight Power, Inc. All rights reserved. 
The Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions 407 

V ? = TTT (1U20) 

8^g va -b 

The total energy, E T , is given by the sum of the energy terms 

E T = V € +V p +T (11.121) 

Substitution of a and b given by Eqs. (11.109) and (11.112), respectively, into Eqs. (11.117), (11.119), (11.120), and (11.121) 
giv e s 

4 pV 

V e = p -In 3 (11.122) 

87rs a 

8ft£ a 

2V? 

T= p In 3 (11.124) 

&7rs a 

E T = -13.6 eV(4p 2 \n3-p 2 -2p 2 In 3) = -/16.28 eF (11.125) 

The total energy, which includes the proton-proton-repulsion term is negative which justifies the original treatment of the force 
balance using the analytical-mechanics equations of an ellipse that considered only the binding force between the protons and 
the electron and the electron centrifugal force. T is one-half the magnitude of V e as required for an inverse-squared force [1] 

wherein V e is the source of T . 

VIBRATION OF HYDROGEN-TYPE MOLECULAR IONS 

A charge, q , oscillating according to r (/) = dsin a> t has a Fourier spectrum 

J(k,co)= q0>od J m (kcos0d){S[co - (m + Y)co o ] + S[w - (m - Y)a o ]} (11.126) 

where J m 's are Bessel functions of order m . These Fourier components can, and do, acquire phase velocities that are equal to 
the velocity of light [10]. The protons of hydrogen-type molecular ions and molecules oscillate as simple harmonic oscillators; 
thus, vibrating protons will radiate. Moreover, non-oscillating protons may be excited by one or more photons that are resonant 
with the oscillatory resonance frequency of the molecule or molecular ion, and oscillating protons may be further excited to 

higher energy vibrational states by resonant photons. The energy of a photon is quantized according to Planck's equation 

E = ha (11.127) 
The energy of a vibrational transition corresponds to the energy difference between the initial and final vibrational states. Each 
state has an electromechanical resonance frequency, and the emitted or absorbed photon is resonant with the difference in 
frequencies. Thus, as a general principle, quantization of the vibrational spectrum is due to the quantized energies of photons 
and the electromechanical resonance of the vibrationally excited ion or molecule. 



It is shown by Fowles [11] that a perturbation of the orbit determined by an inverse-squared force results in simple 
harmonic oscillatory motion of the orbit. In a circular orbit in spherical coordinates, the transverse equation of motion gives 

0- L/ 2 m (11.128) 

r 

where L is the angular momentum. The radial equation of motion is 

m(r-rG 2 ) = f(r) (11.129) 

Substitution of Eq. (1 1.128) into Eg. (1 1.129) gives 

m(Llm) . . , , , 

mr- y 3 ' - = f{r) (11.130) 

For a circular orbit, r is a constant and r - 0. Thus, the radial equation of motion is given by 

m(Llm) , , _ 

- H J, ] =f(a) (11.131F 

where a is the radius of the circular orbit for central force f(a) at r = a . A perturbation of the radial motion may be expressed 

in terms of a variable x defined by 

x = r-a (11.132) 

The differential equation can then be written as 

rrix-m{Llm) (x + a) =f(x + a) (11.133) 

Expanding the two terms involving x + a as a power series in x , gives 

mx-m(L/m) 2 a-' \ l-3- + ...] = f(a) + f'(a)x + ... (11.134) 
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Substitution of Eq. (11.131) into Eq. (1 1 .134) and neglecting terms involving x 1 and higher powers of x gives 
-3 



mx + 



— f(u)-f'{u) 



rft 



(11.135) 



For an inverse-squared central field, the coefficient of x in Eq. (11.135) is positive, and the equation is the same as that of the 
simple harmonic oscillator. In this case, the particle, if perturbed, oscillates harmonically about the circle r = a , and an 
approximation of the angular frequency of this oscillation is 



/(«)-/'(") 



a 



<9 = U— A = J— (11.136) 

m \ m 

An apsis is a point in an orbit at which the radius vector assumes an extreme value (maximum or minimum). The angle 

swept out by the radius vector between two consecutive apsides is called the apsidal angle. Thus, the apsidal angle is n for 

elliptical orbits under the inverse squared law of force. In the case of a nearly circular orbit, Eq. (11.135) shows that r oscillates 

about the circle r = a, and the period of oscillation is given by 



r, = 2k 



-i («)+/'(«) 



(11.137) 



The apsidal angle in this case is just the amount by which the polar angle 9 increases during the time that r oscillates from a 



minimum value to the succeeding maximum value which is x r . From Eq. (11.128), 9- 
andEq. (11.131) gives 



LI m 



; therefore, 9 remains constant, 



LI m 



Thus, the apsidal angle is given by 




(11.138) 



W =— T r 9 = K 

Y 2 r 



3 + a 



H4 
/(«). 



(11.139) 



Thus, the power force of f(r) - —cr" gives 



w = n{3 + n) (11.140) 

The apsidal angle is independent of the size of the orbit in this case. The orbit is re-entrant, or repetitive, in the case of the 
inverse-squared law ( n = -2 ) for which y/ = n . 

A prolate spheroid MO and the definition of axes are shown in Figures 1 1 .5A and 1 1 .5B, respectively. Consider the two 
nuclei A and B, each at focus of the prolate spheroid MO. From Eqs. (11.115), (11.117), and (11.119), the attractive force 



between the electron and each nucleus at a focus is 



/(«) = 



pe 



Ans n a 



(11.141) 



and 



-Tpe+- 
AttSqO' 



/'(«) = 



(11.142) 



In addition to the attractive force between the electron and the nuclei, there is a repulsive force between the two nuclei 
that is the source of a cor r esponding reactive fo r ce on the reentrant electron o r bit. — Consider an elliptical orbital plane cross 
section of the MO in the xy-plane with a nucleus A at (-c', 0) and a nucleus B at (c', 0). For B acting as the attractive focus, the 
reactive repulsive force at the point (a, 0), the positive semimajor axis, depends on the distance from (a, 0) to nucleus A at (-c', 0) 
(i.e. the distance from the position of the electron MO at the semimajor axis to the opposite nuclear repelling center at the 
opposite focus). The distance is given by the sum of the semimajor axis, a, and c', 1/2 the intranuclear distance. The 
contribution from the repulsive force between the two protons is 



/(« + c') = ^ 



and 



f\« + c') = - 



pe 



(11.143) 



(11.144) 



Thus, from Eqs. (11.136) and (11.141-1 1.144), the angular frequency of this oscillation is 
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pe 



pe 



4 ^g„a %jteAa + i 



a> = " 



7^ 



pe 



pe 



(11.145) 



A7t£ n 



lOt, 



&7T£ n 



2a, 



v P 



I p 



M 

-^ 2 4.44865X10 14 rod I s 

where the semimaj or axis, a, is a= — — according to Eq. (11.116) and c' is c'-—^- according to Eq. (11.110). 

P P 

In the case of a hydrogen molecule or molecular ion, the electrons which have a mass of 1/1836 that of the protons move 
essentially instantaneously, and the charge density is that of a continuous membrane. Thus, a stable electron orbit is maintained 
with oscillatory motion of the protons. Hydrogen molecules and molecular ions are symmetrical along the semimajor axis; thus, 
the oscillatory motion of protons is along this axis. Let x be the increase in the semimajor axis due to the reentrant orbit with a 
corresponding displacement of the protons along the semimajor axis from the position of the initial foci of the stationary state. 
The equation of proton motion due to the perturbation of an orbit having a central inverse-squared central force [1] and 



neglecting terms involving x and higher is given by 



fix + he = 



(11.146) 



which has the solution in terms of the maximum amplitude of oscillation, A , the reduced nuclear mass, ju , the restoring 
constant or spring constant, k , the resonance angular frequency, o , and the vibrational energy, E vlb , [12] 



A cos u> n t 



(11.147) 



where 

a ° = fp 
For a symmetrical displacement x , the potential energy corresponding to the oscillation E Pvib is given by 

E P„ b = 2 \-kx 2 } = kx 2 

The total energy of the oscillating molecular ion, E TolaMb , is given as the sum of the kinetic and potential energies 
1 



(11.148) 



(11.149) 



(11.150) 



F-Totalvib _ M X l ~** 

The velocity is zero when x is the maximum amplitude, A . The total energy of the oscillating molecular ion, E TMalvib , is then 
given as the potential energy with x - A 

(11.151) 



^Totalvib — Kd 



Thus, 



F 

A _ I Totalvib 



(11.152) 



It is shown in the Excited States of the One-Electron Atom (Quantization) section that the change in angular frequency of 
the electron orbitsphere (Eq. (2.21)) is identical to the angular frequency of the photon necessary for the excitation, (0 hoton (Eq. 

(2.19)). The energy of the photon necessary to excite the equivalent transition in an electron orbitsphere is one-half of the 
excitation energy of the stationary cavity because the change in kinetic energy of the electron orbitsphere supplies one-half of 
the n e c e ssary energy. The change in the angular fr e quency of the orbitspher e during a transition and th e angular frequency of 
the photon corresponding to the superposition of the free space photon and the photon corresponding to the kinetic energy 
change of the orbitsphere during a transition are equivalent. The correspondence principle holds. It can be demonstrated that 
the resonance condition between these frequencies is to be satisfied in order to have a net change of the energy field [13]. The 
bound electrons are excited with the oscillating protons. Thus, the mechanical resonance frequency, 6) Q , is only one-half that of 
the electromechanical frequency which is equal to the frequency of the free space photon, co , which excites the vibrational mode 
of the hydrogen molecule or hydrogen molecular ion. The vibrational energy, E M , corresponding to the photon is given by 



E vib =ha> = ha> = hj— = 2kA z 



(11.153) 



where Planck's equation (Eq. (11.127)) was used. The reduced mass is given by 
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M = 


m, +m, 


















(11.154) 


Thus, 


V 2k 
Since the protons and electron 


are 


not fixed, 


but vibrate about the center of 


mass, 


the 


maximum 


amplitude 


is 


(11.155) 
given by the 



reduced amplitude, A reduced , given by 

A ^*=^x (1L156) 

where A„ is the amplitude n if the origin is fixed. Thus, Eq. (11.155) becomes 

reduced r\ \ I r\ i \ ' J 

2 V 2k 

and from Eq. (11.148), A reduced is 

i r~~/ \ 1/4 /— 

1 jna> a 1 n ( k \ V7T 



CD 



4gW 2\2k 'A'llXn) 2 J ' i (^)"' 4 (1L158) 

Then, from Eq. (11.67), A c ,, the displacement of c' is the eccentricity e given by Eq. (11.113) times A reduced (Eq. (11.158)): 
A =eA _ A mduL»i _ V« — ,. . . „ 

^V e/1 reduced _ ,,, , ,1/4 Vll.lJ^ 

z 2 (^) 

Thus, during bond formation, the perturbation of the orbit determined by an inverse-squared force results in simple 
harmonic oscillatory motion of the orbit, and the corresponding frequency, o(0) , for a hydrogen-type molecular ion H\ (l / p) 
given by Eqs. (1 1.136) and (11.145) is 

(0) = j ,»pg) =/? * Mol Aw l =p 2 4M9x 1Q i4 mdiamls (11.160) 

where the reduced nuclear mass of hydrogen given by Eq. (1 1.154) is 
fi = 0.5m, (11.161) 

and the spring constant, k (0) , given by Eqs. (11.136) and (11.145) is 

k{0) = p*\65.5\Nrn l (11.162) 

The transition-state vibrational energy, E vW (0) , is given by Planck's equation (Eq. (1 1 .127)): 

E vlb (0) = heo = hp 2 4.44865 X 10 14 rad / s = p 2 0.292& eV (11.163) 

The amplitude of the oscillation, A reduced (0) , given by Eq. (1 1.158) and Eqs. (1 1.161-1 1.162) is 

-WW „,, ^ ,,„ ^ 2Xm "- 0...25- (UM^ 

2 3,2 (/165.51jVw>) P P 

Then, from Eq. (11.67), A c ,(0), the displacement of c' is the eccentricity e given by Eq. (11.113) times A reduced (0) (Eq. 

(11.164)): 

A / n \ : ln \ Aeduced^) Jh 0.05624a ~ 

4- (0) = *U»rf (0) = : ~ ' 3/2 , - ,.i/. = (1U65L 

^ 2 (&//) /? 

The spring constant and vibrational frequency for the formed molecular ion are then obtained from Eqs. (11.136) and (11.141- 
11.145) using the increases in the semimajor axis and internuclear distances due to vibration in the transition state. The 
vibrational energy, E vib (l) , for the H^ (l / p) u = 1 — > v = transition given by adding A c , (0) (Eq. (11.1 59)) to the distances a 
and a + c' in Eqs. (11.145) and (11.163) is 

E vib (\) = p 1 0.21QeV (11.166) 

where v is the vibrational quantum number. 

A harmonic oscillator is a linear system as given by Eq. (11.146). In this case, the predicted resonant vibrational 
frequencies and energies, spring constants, and amplitudes for H\ (l / p) for vibrational transitions to higher energy v, —> u f are 

given by (v f -v t ) times the corresponding parameters given by Eq. (11.160) and Eqs. (11.162-11.164). However, excitation of 

vibration of the molecular ion by external radiation causes the semimajor axis and, consequently, the internuclear distance to 
increase as a function of the vibrational quantum number v . Consequently, the vibrational energies of hydrogen-type molecular 
ions are nonlinear as a function of the vibrational quantum number v . The lines become more closely spaced and the change in 
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amplitude, AA reduced , between successive states becomes larger as higher states are excited due to the distortion of the molecular 

ion in these states. The energy difference of each successive transition of the vibrational spectrum can be obtained by 
considering nonlinear terms corresponding to anharmonicity. 

The harmonic oscillator potential energy function can be expanded about the internuclear distance and expressed as a 
Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) [14] and after Eq. (11.134). Treating the 
Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the energy corrections can be found by 
perturbation methods . The energy v u of state v is 

v u - va — &{v — l)co x , — t> = 0,l,2,3... (11.167) 



where 

he col 



^3r 



(11.168) 



co is the frequency of the u = 1 — > v - transition corresponding to Eq. (1 1.166), and D is the bond dissociation energy given 
by Eq. (11.198). FromEqs. (11.166), (11.168), and(ll. 198), 



3 CTtfX .J-f 



Iflnk S06573;n (V ^—p 2 0.?.70eV 



eV 

o„x, > , y cm- 1 (11.169) 

4e( j p 2 2.535 eF + j p 3 0.118755 eV) 

The vibrational energies of successive states are given by Eqs. (1 1.166-1 1.167) and (11.169). 

Using Eqs. (11.145), (11.158-11.160), (11.162-11.169), and (11.199) the corresponding parameters for deuterium-type 
molecular ions with 
jr^mr, (11.170) 



are 



ajO)- P \\ k{0) - p 2 ^5.65Nm- _ p ^ Mlx 1Q u r adja „ s/s (11 . 171) 



„2' 



k(0) = p i l65.65Nm- 1 (11.172) 

E vib (0) = p 2 0.20114 eV (11.173) 

4-~(0)= , 1/4 ~ lVM = 5 - 004A l 1(r " M - = 0-09457^ (11.174) 
2 3,2 (//l65.65A/m- 1 //) T> T 

E vib {l) = p 2 0.193eV (11.175) 



cm 



lOOhc 8.06573X10 3 ^—p'0.193 eV 
e^- 



00 4e(/? 2 2.5770eK + j p 3 0.118811eF) 

The vibrational energies of successive states are given by Eqs. (11.167) and (11.175-1 1.176). 



(11.176) 



THE DOPPLER ENERGY TERM OF HYDROGEN-TYPE MOLECULAR IONS 

As shown in the Vibration of Hydrogen-type Molecular Ions section, the electron orbiting the nuclei at the foci of an ellipse may 
be perturbed such that a stable reentrant orbit is established that gives rise to a vibrational state corresponding to time harmonic 
oscillation of the nuclei and electron. The perturbation is caused by a photon that is resonant with the frequency of oscillation of 
the nuclei wherein the radiation is electric dipole with the corresponding selection rules. 



Oscillation may also occur in the transition state. The perturbation arises from the decrease in internuclear distance as 
the molecular bond forms. Relative to the unperturbed case given in the Force Balance of Hydrogen-type Molecular Ions 
section, the reentrant orbit may give rise to a decrease in the total energy while providing a transient kinetic energy to the 
vibrating nuclei. However, as an additional condition for stability, radiation must be considered. Regarding the potential for 
radiation, the nuclei may be considered point charges. A point charge undergoing periodic motion accelerates and as a 
consequence radiates according to the Larmor formula (cgs units) [15]: 

^frM 2 (H-177) 



where e is the charge, v is its acceleration, and c is the speed of light. The radiation has 

determined based on conservation of energy with radiation. The radiation reaction force, F rad 

F =l^v 


a corresponding 
given by Jacksor 


force that 
i [16] is 

(1 


can be 

1.178) 


J c 
Then, the Abraham-Lorentz equation of motion is 


given by [16] 
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«!v-^v| = F ext (11.179) 

3 me 



■J 

where F exl is the external force and m is the mass. The external force for the vibrating system is given by Eq. (1 1 .1 4 6). 

F ext =kx (11.180) 

where x is the displacement of the protons along the semimajor axis from the position of the initial foci of the stationary state in 
the absence of vibration with a reentrant orbit of the electron. A nonradiative state must be achieved after the emission due to 

transient vibration wherein the nonradiative condition given by Eq. (1 1.24) must be satisfied. 

As shown in the Resonant Line Shape and Lamb Shift section, the spectroscopic linewidth arises from the classical rise- 
time band-width relationship, and the Lamb Shift is due to conservation of energy and linear momentum and arises from the 
radiation reaction force between the electron and the photon. The radiation reaction force in the case of the vibration of the 
molecular ion in the transition state corresponds to a Doppler energy, E D , that is dependent on the motion of the electron and the 
nuclei. The Doppler energy of the electron is given by Eq. (2.146) after Gibb [17] 

E D =2j^E~ R =E k ^j± (11.181) 

where E R is the recoil energy which arises from the photon's linear momentum given by Eq. (2.141), E K is the vibrational 
kinetic energy of the reentrant orbit in the transition state, and M is the mass of the electron m e . 

As given in the Vibration of Hydrogen-Type Molecular Ions section, for inverse-squared central field, the coefficient of 
x in Eq. (11.135) is positive, and the equation is the same as that of the simple harmonic oscillator. Since the electron of the 
hydrog e n mol e cular ion is p e rturb e d as th e int e rnucl e ar s e paration d e cr e as e s with bond formation, it oscillat e s harmonically 
about the semimajor axis g i ven by F.q. (1 1 .1 16) , and an approximation of the angular frequency of this oscillation is 



CO- 



-±f{a)-f'{a) 



k (11.182) 



-m- e V-rnr 

FromEqs. (11.115), (11.117), and (11 .119), th e central force terms betw ee n th e e l e ctron MO and the two protons ar e 

/(«) = "T £f T (H- 183 ) 

47T£ a 

-and 

4 pe 2 



/•( a ) = -Z^ T (11.184) 

Thus, the angular frequency of this oscillation is 

-^pe 2 



2a u 



4^o 
(o = \ v - ' =j? 2 2.06538X10 16 rad I s (11.185) 

2a 
where the semimajor axis, a , is a = — — according to Eq. (11.116) including the reduced electron mass. The kinetic energy, 

p 

E K , is given by Planck's equation (Eq. (1 1.127)): 

E K =h(o = fip 2 2.06538 X 10 16 radls = jP 2 13.594697 eV (11.186) 

In Eq. (11.181), siihst.itiit.ion of the total energy of the hydrogen molecular ion, F r , (Eq. (11.125)) for K hv , the mass of the 

electron, m e , for M , and the kinetic energy given by Eq. (11.186) for E K gives the Doppler energy of the electron for the 

reentrant orbit. 



22? ; 2e(V 13.594697 eV) : 

F ' d - f ; „\\ — f =~P 1 6 . 28034 cF,— ¥— , ' =-/ .1 1 8755 eV 



\ Mc 2 ^ y m e u 

(11.187) 

The total energy of the molecular ion is decreased by E D . 

In addition to the electron, the nuclei also undergo simple harmonic oscillation in the transition state at their 
corresponding frequency given in the Vibration of Hydrogen-Type Molecular Ions section. On average, the total energy of 
vibration is equally distributed between kinetic energy and potential energy [18]. Thus, the average kinetic energy of vibration 
corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 of the vibrational energy of the molecular ion given by Eq. 
(11.166). — Th e decr e as e in th e energy of the hydrog e n molecular ion due to th e reentrant orbit in th e transition state 
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corresponding to simple harmonic oscillation of the electron and nuclei, E osc , is given by the sum of the corresponding energies, 
E D and E Kvlb . Using Eg . (11 . 187) and E v[b from Eg , (11 . 163) gives 



P-osc — ^D + ^Kvib 



^ hp TM 



-p 3 0.m755eV + ±-p 2 (0.292&2eV) 



(11.188) 
(11.189) 



To the extent that the MO dimensions are the same, the electron reentrant orbital energies E K are the same independent 

of the isotope of hydrogen, but the vibrational energies are related by Eg. (11.148). Thus, the differences in bond energies are 
essentially given by 1/2 the differences in vibrational energies. Using Eg. (1 1.187) with the deuterium reduced electron mass for 
E T and E D , and E vib for D^(lf p) given by Eg. (11.173), that corresponds to the deuterium reduced nuclear mass (Eg. 

(11.170)), the corresponding E osc is 

E osc = -p 3 0A 1881 1 eV + -p 2 (0.20714 eV) 



(11.190) 



MOLECULAR IONS 

The total energy of the hydrogen molecular ion which is eguivalent to the negative of the ionization energy is given by the sum 
of E T (Egs. (11.121) and (11.125)) and E osr given by Egs. (11.185-11.188). Thus, the total energy of the hydrogen molecular 
ion having a central field of +pe at each focus of the prolate spheroid molecular orbital including the Doppler term is 

E T =V e + V+T + E osc (11.191) 



-^e*- 



^neA'la^ 



Vi 



\2h\ 



8n:s a H 



(41n3-l-21n3) 



l + p\ 



m.c 



2 V// 



(11.192) 



= -p 1 \6.2W3eV-p i 0.118755 eV + -p%\- 

2^ \} M 

From Egs. (11.189) and (11.191-1 1.192), the total energy for hydrogen-type molecular ions is 

E T = -p 2 16.28033eV + E osc 



= -p 2 \6.2%033 eV-p 3 0.l\8155 eV + -p 2 (0.29282 eV) 
= -/16.13392 eV-p 3 0.118755 eV 



(11.193) 



The total energy of the deuterium molecular ion is given by the sum of E T (Eg. (11.125)) cor r ected fo r the reduced electron 
mass of D and E mc given by Eg. (1 1.190): 
E T =-p 2 162MeV + E m 



= /16.28 4 eV /0.118811 eV i — p 2 (0.2071 4 eV) 



(11.19 4 ) 



= -p 2 16.180eF-/? 3 0.118811eK 
The bond dissociation energy, E D , is the difference between the total energy of the corresponding hydrogen atom or H (1/ p) 
atom [19-7.0] ., called hydrino atom having a. principal quantum numher 1 1 p where p is an integ er ; and E T 



E D =E(H(l/p)) E T 

where [19] 

E(H(1/ p)) = -p 2 13.59844eV 



(11.195) 



(11.196) 



and [20] 

E(D(\/p))--p 2 \3.603eV (11.197) 

The hydrogen molecular ion bond energy, E D , is given by Eq. (11.193) with the reduced electron mass and Egs. (11.195- 
11.196): 
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£ D =-p 2 13.59844-£' r 

= /13.598 44 ( /l6.13392eF /0.1 18755 eV) (11.198) 

= /? 2 2.535 eF + /0.1 18755 eF 
The deuterium molecular ion bond energy, E D , is given by Eq. (11.194) with the reduced electron mass of D and Eqs. (11.195) 
and (11.197): 

£ D =-p 2 13.603-£ r 



= - j p 2 13.603-(- j p 2 16.180eF-/? 3 0.118811eK) (11.199) 

= /? 2 2.5770eK + /? 3 0.118811eF 

HYDROGEN-TYPE MOLECULES 

FORCE BALANCE OF HYDROGEN-TYPE MOLECULES 

Hydrogen-type molecules comprise two indistinguishable electrons bound by an elliptic field. Each electron experiences a 
centrifugal force. The balancing centripetal force (on each electron) is produced by the electric force between the electron and 
t he elliptic electric field and the magnetic force between the two electrons causing the electrons t o pair wherein t he interaction 
b e tw ee n th e pairing e l e ctrons involv e s a magn e tic mom e nt of a Bohr magn e ton, ju B , as giv e n in th e Magn e tic Mom e nt of an 
Ellipsoidal MO section. The internal field is uniform along the major axis, and the far field is that of a dipole as shown in the 
Magnetic Field of an Ellipsoidal MO section. The magnetic force is derived by first determining the interaction of the two 
electrons due to the field of the outer electron 2 acting on the magnetic moments of electron 1 and vice versa. Insight into the 
behavior is given by considering the physics of a single bound electron in an externally applied uniform magnetic field as 
discussed in the Two-Electron Atoms section. The uniform current- (charge-) density function Y^(9,<f) was given in the 

Orbitsphere Equation of Motion for 1=0 Based on the Current Vector Field (CVF) section. The resultant angular momentum 

ti 
projections of the spherically-symmetric orbitsphere current density , y o °(fl,(i>) , corresponding to the interaction are L =— and 

L z = — . As shown in the Resonant Precession of the Spin-l/2-Current-Density Function Gives Rise to the Bohr Magneton 

section, the electron spin angular momentum gives rise to a trapped photon with ft of angular momentum along an S -axis. 
Th e n, th e spin stat e of an orbitsph e r e compris e s a photon standing wav e that is phas e- match e d to a sph e rical harmonic sourc e 
current, a spherical harmonic dipole Y t m (0,0) = sin0 with respect to the S - axis. — The dipole spins about the S - axis at the 

angular velocity given by Eq. (1.36) with h of angular momentum. S rotates about the z-axis at the Larmor frequency at = — 

?F ti 

such that it has a static projection of the angular momentum of S„ =±#cos— = ±— i z as given by Eq. (1.97), and from Eq. 

n (3 
(1.96), the projection of S onto the transverse plane (xy-plane) is S ± = ftsin — = ±J— ft i r • Then, the vector projection of the 

radiation - reaction - type magnetic force of the Two Electron Atom section given by Eqs. (7.2 4 ) and (7.31) contain the factor 
— ft . This represents the maximum projection of the time-dependent magnetic moment onto an axis of the spherical-central- 
force system. 

The orbitsphere can serve as a basis element to form a molecular orbital (MO). The total magnitude of the angular 

momentum of h is conserved for each member of the linear combinations of F ° (0,$) 's in the transition from the Y„ (0,<f>) 's to 

the MO. Since the charge and current densities have the same distribution, the equipotential energy surface solution of 
Laplace's equation for the charge distribution also determines the current distribution. Newton's laws determine the angular 
frequency and the velocity of the charge motion corresponding to the current. Specifically, the further constraint from Newton's 
laws that the orbital surface is a constant total energy surface and the condition of nonradiation provide that the motion is 
p e riodic with a constant p e riod and that the current is continuous and constant ov e r a period. — These boundary conditions 
determine the corresponding velocity function. In non-spherical coordinates, the nonuniform charge distribution given by 
Laplace's equation is compensated by a nonuniform velocity distribution such that the constant current condition is met. Then, 
the conservation of the angular momentum is provided when symmetrically stretching the current density of an atomic Y° (0,<f>) 

current density along the semimajor axis of the MO so formed. 

The angular momentum projection may be determined by first considering the case of the hydrogen molecular ion. 
Specifically, the angular momentum must give the results of the Stern-Gerlach experiment as shown for atomic electrons and 
free electrons in the Resonant Precession of the Spin-l/2-Current-Density Function Gives Rise to the Bohr Magneton section 
and St e rn - G e rlach Exp e rim e nt s e ction, r e sp e ctiv e ly. Th e hydrog c n - mol c cular - ion MO, and all MOs in g e n e ral, hav e cylindrical 
symmetry along the bond axis. Then, in general, y o ° (0,0) can serve as a basis element for an MO having cylindrical symmetry 
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along the semimajor axis. This defines the axis for stretching the Y° (0,0) basis element to fonn the MO (Figure 1 1.2) while 
conserving the angular momentum. The charge and current distribution is normalized by applying the method given in the 
Uniformity of Y^(9,<j>) section according to the distribution given by Eq. (11.42). This gives rise to an ellipsoidal surface 

comprised of the equivalent of elliptical-orbit, plane cross sections in the direction parallel to the semimajor axis with the 
conserved angular momentum projections along the orthogonal semiminor axes. 

Figure 1 1 .2. The bound electron MO, a prolate spheroidal two-dimensional supercurrent comprising an extended continuous 
distribution of charge and current completely surrounding the nuclei at the foci, obtained by stretching Y^(d,<p) along the 

semimajor axis. Unlike a spinning top, there is a complex pattern of motion on its surface that generates two orthogonal 

components of angular momentum (Figure 1 1 .4) that give rise to the phenomenon of electron spin. A. The z-axis view of the 

l A 

axis of the basis 



MO current paths having 



L = - 
" 2 



matching the angular momentum projection on the | — r=i i ,-r=i y ,i j . 



element ¥£($,&. B. A representation of the z-axis view of the continuous charge-density and supercurrent-density 
distributions of the MO with 144 vectors overlaid giving the direction of the currents (nuclei not to scale). 




As shown in the Orbitsphere Equation of Motion for (= Based on the Current Vector Field (CVF) section, the 
orbitsphere is comprised of the uniform function y n °(#,^) with the intrinsic angular momentum directed along two orthogonal 

h h 

axes having three angular momentum components of L lv = + / — and L. = — . Then, 7 (6, 0) serves as the basis element for 

the formation of a MO with conservation of the total magnitude of the angular momentum of ft (Eq. (1.37)) and the orthogonal 
projections L and L_ of y o °(#,^) directed along the semiminor axes of the MO. Since the direction of the stretching of the 

great-circle elements of Y^(9,tf) having a radius of the semiminor axes is perpendicular to the angular momentum axes, the 

ft ft 

conserved angular momentum projections of the MO are L = + / — and L. =— as shown in Figure 1 1.4. The transform is that 

of a minimum energy, equipotential spherical to prolate spheroidal surface. A convenient method to perform the stretching is 
numerically using a computer instead of using basis elements, convolutions, and rotational matrices in ellipsoidal coordinates 
following the method for constmction of ^, (#,^) given in the Generation of the Orbitsphere CVFs section. As shown for the 

Y^(6,(j>) normalization algorithm in the Uniformity of F °(#,^) section, the equipotential charge density of the MO can be 

obtained by stretching and weighting the total constant current on each current loop without changing the angular momentum 
distribution since the changes are orthogonal to the angular momentum axes. In addition, the current distribution along each 
loop is adjusted to achieve the equipotential charge density (Eq. (1 1 .42)) wherein the current is constant due to a corresponding 
variable velocity with position on the loop (Eqs. (1 1.84) and (1 1.23-1 1.24) using the area A of the elliptic plane section of the 
prolate spheroid). 

The algorithm for generating the charge and current density numerically may be an adaptation of computed tomography 
algorithms such as the original: Apply an Affine transform to the atomic electron current pattern to form an initial current 
distribution. Calculate the density at each point area from the initial distribution, substrate it from the prolate spheroid 
distribution, add the normalized error to the current of each contributing loop, distribute the current correction along each loop in 
a manner to match Eq. (1 1.45), and repeat over all point areas repetitively until the error goes to zero. Alternatively, a numerical 
spheroid to ellipsoidal transform may be applied to the numerically normalized atomic current motion wherein the angular 
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momentum of each current loop is conserved and the constant current is based on the corresponding velocity variation on the 
ellipsoidal surface. Specifically, normalization was achieved using a transformation that transforms an ellipsoidal MO into the 
AO orbitsphere Y o °(ff,0). Then, sample points of the normalized sphere were used to numerically perform the transform in 
reverse using the inverse of the ellipsoidal MO to Y n °(&,0) transformation to give the current densities shown in Figure 11.3 

[21]. The change in velocity is inherently compensated by the mass/charge density such that the overall flow of increments of 
mass/charge on each ellipse is constant, and the transform of each ellipse to a circle is such that the angular momentum remains 
the same. The radius of the sphere is the same as the semiminor axis, but could be arbitrary in the normalization algorithm since 
densities are computed (corresponding to the number of samples in a certain solid angle). 



Figure 11.3. The y-axis view of the numerically normalized current density of the ellipsoidal MO using the inverse of the 
ellipsoidal MO to Y o "(0,0) transformation. 




Now consider the behavior of the hydrogen molecular ion in a magnetic field. As shown in the Resonant Precession of 

the Spin-l/2-Current-Density Function Gives Rise to the Bohr Magneton section, in general, the photon angular momentum 

corresponding to the resonant excitation of the Larmor excited state is h , and the angular momentum change corresponding to 

the spin-flip transition is also ft . In the case of the hydrogen molecular ion, the Larmor-excitation photon carries h of angular 

momentum that gives rise to a prolate spheroidal dipole current about an S -axis in the same manner as in the case of the 

spherical dipole of the Larmor excited orbitsphere shown in Figures 1.15 and 1 .16. The former are given by the prolate angular 

function, which comprises an associated Legendre function P" (?;) [20], and the latter comprises the spherical harmonic dipole 

ti ft 

Y'"{d,<j>) = s\nd . Both are with respect to the S-axis. For hydrogen molecular ion, L v = +/ — and L.=— of intrinsic spin 

are along the semiminor axes of the prolate spheroidal MO and S is along the semimajor axis as shown in Figure 1 1 .4. Thus, 
the Larmor excitation is constrained by Maxwell's equations to be along the semimajor axis. In general, all bonds are 
cylindrically symmetrical about the internuclear or semimajor axis; thus, the Larmor precession occurs about the bond axis of an 
MO wherein the intrinsic angular momentum components rotate about S at the Larmor frequency and are not stationary relative 
to the magnetic field. In the coordinate system rotating at the Larmor frequency (denoted by the axes labeled X R , Y R , and Z R in 

h 
Figure 1 1 .2), the angular momentum of S of magnitude h is stationary. The Y„ -components of magnitude +/ — and the Z„- 

4 
pi u 

component of magnitude — rotate about S at the Larmor frequency. The opposing intrinsic magnetic moments of ±— along 
2 4 
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h 
the Y R -axis corresponding to the angular momentum of L = + / — (Eq. (28) of Box 1.1 and Eq. (2.65)) balances the torque on 

ft 
the — angular momentum component along the Z R -axis, and all of the components have the necessary orthogonality. 

Then, the S-axis is the direction of the magnetic moment of each unpaired electron of a molecule or molecular ion. The 
magnetic moment of S of ju B corresponding to its h of angular momentum is consistent with the Stem-Gerlach experiment. 

The Larmor excitation can only be parallel or antiparallel to the magnetic field in order to conserve the angular momentum of 
the electron as well as the h of angular momentum of each of the photon corresponding to the Larmor excitation and the photon 
that causes a 1 80° flip of the direction of S . The result is the same as that for the atomic electron and the free electron given in 
the Resonant Precession of the Spin-l/2-Current-Density Function Gives Rise to the Bohr Magneton section and Stern-Gerlach 
Experiment section, respectively. The magnetic field is given in the Magnetic Field of an Ellipsoidal Molecular Orbital section. 

Figure 11.4. The angular momentum components of the MO and S in the rotating coordinate system X R , J^,and Z R that 
precesses at the Larmor frequency about S such that the S vector is stationary. 




""► h photon 



-► -spin 



-^ — spin 



Next, consider the magnetic-pairing force of the hydrogen molecule due to the spin-angular-mometitum components. 
The magnetic moments of electrons l and 2 of the hydrogen molecule cancel, as they are spin paired to form an energy 
minimum at the distance S, (i.e. £ 1 = £ 1 )- The molecular magnetic force follows from the derivation for that between the 
electrons of two-electron atoms as given in the Two-Electron Atoms section. The latter force was derived by first determining 
the interaction of the two electrons due to the field of the outer electron 2 acting on the magnetic moment of electron l and vice 
versa. It was also given by the relationship between the angular momentum, energy, and frequency for the transition of electron 
2 from the continuum to the ground state of the two-electron atom. The molecular magnetic force follows from Eqs. (7.25-7.31) 
with the conversion to ellipsoidal coordinates. The conversion is apparent from comparing the centrifugal forces for each 
coordinate system given by Eq. (11.98) and Eqs. (7.1-7.2). In the present case of hydrogen-type molecules, the radiation- 
reaction-type magnetic force arises between the electrons, each having the components shown in Figure 1 1.4. With the photon 
angular momentum projection of ft and the total nuclear charge (non-photon-field) of 2, the magnitude of the magnetic force 
between the two electrons is 1/2 that of the centrifugal force given by Eq. (11.95). This force is a term in the overall force 
balance. 

In addition to the spin pairing force between the two electrons, the electric and centrifugal forces must be considered in 
the force balance. In the hydrogen-type molecule, the two electrons are bound by the central electric field as in the case of the 
molecular ion. The hydrogen-type molecule is formed by the binding of an electron 2 to the hydrogen-type molecular ion 
comprising two protons at the foci of the prolate spheroidal MO of electron 1 . The ellipsoids of electron 1 and electron 2 are 
confocal; thus, the electric fields and the corresponding forces are normal to each MO of electron 1 and electron 2. The field of 
the protons is ellipsoidal on average, and the binding of electron 2 requires a quantized energy release in units of ft . The 
magnetic force is also quantized in terms of ft . The final bound electrons must have the same angular momentum and be paired 
in the same orbit; thus, they must have the same eccentricity. This is only possible according to Eq. (1 1.1 1) if they have the 
same central force. Consequently, to conserve angular momentum, the electric force on electron 2 must be the same as that as on 
electron 1 . Due to the magnetic pairing force between electron 2 and electron 1 as well as the central electric force, the balance 
between the centrifugal force and the central field of electron 2 of the hydrogen-type molecule formed by electron 2 binding to a 
hydrogen-type molecular ion is the same as that given by Eq. (11.115). Then, the force balance between die centrifugal force 
and the sum of the Coulombic and additionally the magnetic spin-pairing forces to solve for the semimajor axis is 

ft 2 ne 1 ft 2 

-D (11.200) 



■D = 



D+- 



mcrb 1 Efre.Mb 2 Imc^b 
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^-^ = 1 (11.201) 
pa pa 

a 7 ^- (11.202) 

P 
Substitution of Eq. (1 1.202) into Eq. (1 1.79) is 

c' = -^=a Q (11.203) 
p42 

The intemuclear distance given by multiplying Eq. (1 1.203) by two is 

2c ' = ^± (11.204) 

—p— 

Substitution of Eqs. (1 1 .202-1 1 .203) into Eq. (1 1 .80) is 

b = c = -^=a (11.205) 

p-j2 

Substitution of Eqs. (1 1 .202-1 1 .203) into Eq. (1 1 .67) is 

e = -L (11.206) 



V2" 

For hydrogen, r(7) -D for 9 = n— , n = 0,1,2,3,4 . Thus, there is no dipole moment, and the molecule is not predicted to be 

infrared active. However, it is predicted to be Raman active due to the quadrupole moment. The liquefaction temperature of H 2 
is also predicted to be significantly higher than isoelectronic helium. 

ENERGIES OF HYDROGEN-TYPE MOLECULES 

The energy components defined previously for the molecular ion, Eqs. (11.117), (11.119), (11.120), and (11.121), apply in the 
case of the corresponding molecule except that all of the field lines of the protons must end on the MO comprising two-paired 
electrons. With spin pairing of the mirror- image-current electrons, the scaling factors due to the non-ellipsoidal variation of the 
electric field of the protons is unity as in the case of the sum of squares of spherical harmonics. Thus, the hydrogen-type 
molecular energies are given by the integral of the forces without correction. Then, each molecular-energy component is given 
by the integral of corresponding force in Eq. (11.200) where each energy component is the total for the two equivalent electrons 
with the central-force action at the position of the electron MO where the parameters a and b are given by Eqs. (11.202) and 
(1 1.205), respectively. 

The potential energy, V e , of the two-electron MO comprising equivalent electrons in the field of magnitude p times that 
of the two protons at the foci is 

4^et 2D J R 4 



%7T£ Ut + b)^ + a 



-2pe 2 , a + 4a 2 - 
rln- 



8xs yja 2 -b 2 a -4 a 1 -b 2 

which is equivalent to le = Lpe times the potential ot the MO given by bq. (11.46) alter Eq. (11.114). The potential energy, 
V P , due to proton-proton repulsion in the field of magnitude p times that of the protons at the foci (^ = 0) is 

K=— — r^— (n.208) 

8^ y a 2 -fe 2 

The kinetic energy, T , of the two-electron MO of total mass 2m e is 
ab 2 1 d£, 



T = 2- 



2D \ R r 



2m e a b ^.^ ? ^ 





-n 2 | 


t/£ 
















(11 
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The 


magnetic energy, 


V , of the two-electron MO of total 


mass 


-2m, 


corresponding to the 


magnetic 


force of Eq. (11 


.200) is 
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V = 2 



-h 2 ab 2a rd% 



r^r 



-it 



rJ 



4m e a^(% + b)-Jg + a 



a + ^Ja 



4a 



I =ln == 

Am/Na 2 -b 2 a-yla 2 -b 



(11.210) 



T// I » V K ^ LI \ LI =-& 

The total energy, E T , is given by the sum of the energy terms (Eqs. (11.207-11.210)): 

P -V j-Tj-V j-V 



E T =V e +T + V m+ V [ 



P 2 yl2). V2 + 1 



(11.211) 



- 13.60 eV 



2p 2 yf2 - p 2 yf2 + - 



to- 



W^ 



- p L 3 1.63 



(11.212) 



2 y V2-1 



where a and b are given by Eqs. (11.202) and (11.205), respectively. The total energy, which includes the proton-proton- 
repulsion term is negative which justifies the original treatment of the force balance using the analytical mechanics equation of 
an ellipse that considered only the binding force between the protons and the electrons and the electron centrifugal force. As 
shown by Eqs. (1 1.290) and (1 1.292), T is one-hall the magnitude ol V e as required lor an inverse-squared lorce |1J wherein V e 
is the source of T . 



The vibrational energy levels of hydrogen-type molecules may be solved in the same manner as hydrogen-type molecular ions 
given in the Vibration of Hydrogen-type Molecular Ions section. The corresponding central force terms ofEq. (11.136) are 

f(a) = — ^—^ (11.213) 
J -±-t Hm^ - 

-and 



/'(«) = 



pe 



A7T£ a 



(11.214) 



Th e distanc e for th e r e activ e nucl e ar - r e pulsiv e t e rms is giv e n by th e sum of th e s c mimajor axis, a , and c' , 1/2 th e int c rnucl c ar 
distance. The contribution from the repulsive force between the two protons is 



f(a + c')-- 



pe 



8ft£ (a + c') 



(11.215) 



and 



-pe- 



f'(a + c') = - 



4;r£ (a + c') 
Thus, from Eqs. (11.136) and (11.213-11.216), the angular frequency of the oscillation is 



(11.216) 




pe 



pe 



&x£ a % nSn (a + 1 



-er- 



: j? 2 8.62385X10 14 rad I s 



(11.217) 



JL 



where the semimajor axis, a , is a - — - according to Eq. (11 .202) and c ' is c ' - — ^= according to Eq. (11 .203). Thus, during 

P py/2 

bond formation, the perturbation of the orbit determined by an inverse-squared force results in simple harmonic oscillatory 

motion of the orbit, and the corresponding frequency, a>(0), for a hydrogen-type molecule H 1 (\l p) given by Eqs. (11.136) 

and (11.145) is 



®{Q) = P\\—=P 



-V- 



2 l 62h98Nm ~ .=^8.62385 A" 10 14 radians I s 



-P- 



(11.218) 



wh e re the reduced nuclear mass of hydrogen is giv e n by Eq. (11.161) and th e spring constant, A(0) , giv e n by Eqs. (11.136) and 
(11.217) is 

k{ti) = p%2\.WNm l (11.219) 

The transition-state vibrational energy, E vib (0) , is given by Planck's equation (Eq. (1 1.127)): 
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E vib (0) = hco = hp 2 8.62385 X 10 14 rad / s = p 2 0.567 64 eV (11.220) 
The amplitude of oscillation, A reducell (0) , given by Eqs. (11.158), (11.161), and (11.219) is 

W>) = = 4 ^ — ^- 4 - //DA ; Ui: ^ ^08079^ 01^217 

2 3/2 (/621.98jV»T 1 y u) P P 

Then, from Eg. (11.67). A,(0). the displacement of cl is the eccentricity e given by Eg. (11.206) times A l e Jk ^ d (0) (Eg. 
(11 .221)): 

M») = eA M {Q y_^M = _jl^-_^2}^ (11 .222) 

V2 4(A://J P 

The spring constant and vibrational frequency for the formed molecule are then obtained from Eqs. (11.136) and (11.213- 
11.222) using the increases in the semimajor axis and internuclear distances due to vibration in the transition state. — The 
vibrational energy, E vib (l) , for the H 2 (1 / p) u = 1 — > v - transition given by adding A c , (0) (Eg. (1 1.222)) to the distances a 
and a + c' in Egs. (11.213-11.220) is 

E vlb (l) = p 1 0.5neV (11-223) 

wh e r e v is the vibrational quantum numb e r. Using Eq. (11.176) with Eqs. (11.223) and (11.252), th e anharmonic perturbation 
term, cd x , of H 2 (\l p} is 

-i ^ 

lOOfecl 8.06573X1 3 ^"-n 2 0.517 eV 



eV 

(11.22 4 ) 



00 4e[p 2 4A5\ eF + /? 3 0.326469eF) 

where a> is the frequency of the v - 1 — > o = transition corresponding to Eq. (1 1.223) and D is the bond dissociation energy 

given by Eq. (1 1 .252). The vibrational energies of successive states are given by Eqs. (1 1 .167) and (1 1 .223-1 1.224). 

Using the reduced nuclear mass given by Eq. (11.170), the corresponding parameters for deuterium-type molecules 

D 2 (1 1 p) (Eqs. (1 1.213-1 1.224) and (1 1 .253)) are 



« i( 0) = p 2 pM =p * 621.98 A^m- 1 ^^ x ^ u m (fjm s/s (11 .2 25) 



M V M 

k(0) = p 4 621. 98 Ntn 1 (11.226) 

E vib (0) = p 1 0.4Q\4eV (11.227) 

2 3/2 (/621.98jV»T 1 y u) P P 
E vlb {\) = p 2 0.37\eV (11-229) 



\s cm 2 



I00hc\ 8.06573X10 3 ^—/^ 0.371 eV 

1 eV ; 

4 e(/j 2 4 .229 eV + p 3 0.326 4 69 eV) 



(11.230) 



The vibrational energies of successive states are given by Eqs. (11 .167) and (1 1 .229-1 1 .230). 

THE DOPPLER ENERGY TERM OF HYDROGEN-TYPE MOLECULES 

The radiation reaction force in the case of the vibration of the molecule in the transition state also corresponds to the Doppler 
energy, F. D , given by Eq. (11.181) that is dependent on the motion of the electrons and the nuclei. Here, a nonradiative state 

must also be achieved after the emission due to transient vibration wherein the nonradiative condition given by Eq. (1 1.24) must 
be satisfied. Typically, a third body is required to form hydrogen-type molecules. For example, the exothermic chemical 
reaction of H + H to form H 2 does not occur with the emission of a photon. Rather, the reaction requires a collision with a 

third body, M , to remove the bond energy — H + H + M^H 7 +M* [231 . The third body distributes the energy from the 

exothermic reaction, and the end result is the H 2 molecule and an increase in the temperature of the system. Thus, a third body 

removes the energy corresponding to the additional force term given by Eq. (11.180). From Eqs. (11.200), (11.207) and 
(11 .209), the central force terms between the electron MO and the two protons are 
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f{a) = --^- T (11.231) 

and 

r(a) = -^j (11.232) 

Thus, the angular frequency of this oscillation is 

— pe^ 



I Att£ 



\3 

a 



co=\ [P> = p 2 4.U4UX 10 16 radls (11.233) 

where the semimajor axis, a , is a = — according to Eq. (1 1.202). The kinetic energy, E K , is given by Planck's equation (Eq. 

p 

(11.127)): 

E K =h(o = Tip 2 4.U4X4 X 10 16 radls = p 2 21.2l\6 eV (11.234) 

in Eq. (11.181), substitution of the total energy of the hydrogen molecule, E T , (Eq. (11.212)) lor E hv , the mass of the electron, 
m e , for M , and the kinetic energy given by Eq. (11.234) for E K gives the Doppler energy of the electrons for the reentrant 
orbit. 

tWT „ \2e(p 2 27.21\6eV) 

,^f=-31.635/? 2 eV J— * , ; =-/? 3 0.326469 eV (11.235) 

I Afc y m e c 

The total energy of the molecule is decreased by E D . 

In addition to the electrons, the nuclei also unde r go simple harmonic oscillation in the t r ansition state at thei r 

corresponding frequency given in the Vibration of Hydrogen-Type Molecules section. On average, the total energy of vibration 
is equally distributed between kinetic energy and potential energy [18]. Thus, the average kinetic energy of vibration 
corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 of the vibrational energy of the molecule given by Eq. 
(1 1.148). The decrease in the energy of the hydrogen molecule due to the reentrant orbit in the transition state corresponding to 
simple harmonic oscillation of the electrons and nuclei, E C!t . , is given by the sum of the corresponding energies, E D and E Kvib . 
Using Eq. (1 1.235) and E vib from Eq. (1 1.220) gives 

E osc =E D +E Kvib =E D +hp 2 ^ (11-236) 

2 fp 

E osc =-p 3 0.326469 eV + -p 2 (0.56764 eV) (11.237) 

To the extent that the MO dimensions are the same, the electron reentrant orbital energies, E K , are the same independent 
of the isotope of hyd r ogen, but the vibrational ene r gies a r e related by Eq. (11.148). Thus, the differences in bond ene r gies a r e 
ess e ntially given by 1/2 the differences in vibrational en e rgies. Using Eq. (11 .235) and E-r b for D 2 (l / p) given by Eq. (11 .227), 

that corresponds to the deuterium reduced nuclear mass (Eq. (1 1 . 1 70)), the corresponding E osc is 
E_ =-p^().12Mf><) eV + -p 2 (QAOWRO eV) (11.238) 

TOTAL, IONIZATION, AND BOND ENERGIES OF HYDROGEN AND DEUTERIUM 
MOLECULES 

Th e to tal energy of th e hyd rogen m olecule is given by t he sum of F, T (E qs. (1 1 . 7 ,1 1 -1 1 .21 7 ,)) a nd E osc g iven in Eq s . (1 1 .7,33- 
11.236). Thus, the total energy of the hydrogen molecule having a central field of +pe at each focus of the prolate spheroid 
molecular orbital including the Doppler term is 

E T = V e +T + V m +V p +E 0SC (11.239) 
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E T =-p 



Ji\_ >/2 + r 
V2-1 

1 ■ Ik 



\2h\ 



m. 



87rs a 



2V2-V2- 



ln 



■V2 



1 + /U 



m.c 



2 \/i 



(11.240) 



V31.635 eV-p i 0.326469 eV + -hJ— 



From Eqs. (1 1 .237) and (11 .239-1 1 .240), the total energy for hydrogen-type molecules is 
£ r =-p 2 3 1.635^ + ^ 

= -p 2 3l.635 eY - p 3 0326469 eV +-p 2 (0.56764 eK) 



(11.241) 



= - j p 2 31.351eF-/? 3 0.326469eK 
The total energy of the deuterium molecule is given by the sum of E T (Eq. (1 1 .212)) and E osc given by Eq. (1 1 .238): 



E T =-p 31.6354 eV + E x 



= -p 2 3\.6354 eV - p'0.326469 eV + - p 2 (0.4013Z0 eV) 
= -p 2 3 1.4345 eF-/ 0.326469 eF 



(11.242) 



1 he total energy, which includes the proton-proton-repulsion term is negative which justifies the original treatment of the force 
balance using the analytical mechanics equatioii of ail ellipse that considered only the binding force between t he protons and the 
electrons, the spin-pairing force, and the electron centrifugal force. 
The first ionization energy of the hydrogen molecule, IP^ , 



H 2 (\l p) >H + 2 (\lp) \ c- 



(11.2 4 3) 



is given by the diff e renc e of Eqs. (1 1 .193) and (1 1 .241): 



ip 1 = e t {h;(\i p ))-e t {h 2 {\i p )) 

= -j? 2 16.13392 eV-p 1 0.1 18755 eV -(-p 2 31.35\ eK-j? 3 0.326469 eV) 



(11.244) 



■ p 2 \ 5.7 ,171 eV + p 3 0.7. 071] 4 e V 



The second ionization energy, IP 2 , is given by the negative of Eq. (11.193). 
IP 2 =p 2 \6.l3392 eV + p'O.l 18755 eV 



(11.245) 



The first ionization energy of the deuterium molecule, IE[ , 



D 2 ([/p)^D 2 ' (Up) + e 
is given by the difference of Eqs. (1 1.194) and (1 1.242): 
IP^E^D^l/ p))-E T (D 2 (V p)) 



(11.246) 



=-j7 2 16.180eF-/0.118811er-(- J p 2 31.4345eF-,p 3 0.326469er) 

= /? 2 15.255 eV + /? 3 0.2077 eV 
The second ionization energy, IP 2 , is given by the negative of Eq. (11.194). 



(11.247) 



1P 2 = //16.180 eK + ^0.118811 eV 



(11.248) 



The bond dissociation energy, E D , is the difference between the total energy of the corresponding hydrogen atoms and E T 

E D =E(2H(l/p))-E T (11.249) 
where [19] 



E(2H(\I p)) = -p 2 27.20 eV 

and [20] 

E(2D(\/p)) = -p 2 21.206eV 
The hydrogen bond energy, E D , is given by Eqs. (11.249-11.250) and (11. 241): 



(11.250) 
(11.251) 



-p 2 27.20eV - E T 



= -p 2 21.20 eV -(-p 2 3\.35\ eV - p* 0.326469 eV) 
= p' ! 4. .151 eV ' + p- '0.326469 eV 



(11.252) 



The deuterium bond energy, E D , is given by Eqs. (11.249), (11.251), and (11.242): 
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E D =-p 2 27.206 eV-E T 

= j? 2 27.206 eF ( /31. 4 3 4 5eF p 2, 0.326 4 69 eV) (11.253) 

= p 2 4.229 eV + /> 3 0.326469 eV 

THE HYDROGEN MOLECULAR ION H : 2c 2a n 4 



FORCE BALANCE OF HYDROGEN MOLECULAR ION 

Force balance between the electric and centrifugal forces is given by Eq. (11.115) where p = \ 

h 2 e 2 

—!—n= D (1 1 . 254) 

m e a b %K£ Q ab 

which has the parametric solution given by Eq. (1 1.83) when 

a = 2a (11.255) 

The semimajor axis, a, is also given by Eq. (11.116) where p = \. The internuclear distance, 2c', which is the distance 
between the foci is given by Eq. (11.111) where p = 1 . 

2c' = 2a (11.256) 

The experimental internuclear distance is 2a a . The semiminor axis is given by Eq. (11.112) where p - 1 . 

b = Sa n (11.257) 

The eccentricity, e, is given by Eq. (11.113). 

e = - (11.258) 

ENERGIES OF THE HYDROGEN MOLECULAR ION 

The potential energy, V e , of the electron MO in the field of the protons at the foci ( £ = ) is given by Eq. (11.117) where p = 1 

V e = ~f i n " + f!Z (11 . 259) 

8^g Va 2 — b 2 — a 4a 2 — b 2 

Th e pot e ntial e n e rgy, V , du e to proton-proton r e pulsion is giv e n by Eq. ( 1 1 . 1 20) wh e r e p - 1 

v p= TT=^ (1L260) 

87ts \la -b 

The kinetic energy, T , of the electron MO is given by Eq. (11.119) where p = 1 



2/j 2 a + \la 2 -b 2 

T = r= fin H T (11.261) 

m e ayja -b a-yja -b 

Substitution of a and b given by Eqs. (11.255) and (11.257), respectively, into Eqs. (11.259-11.261) is 

-4^ 2 

V e = In 3 = -59.7575 eV (11.262) 

&7t£ a H 

e 2 

V=— = 13.5984 eV (11.263) 

— 8; r ,g n a,, — 



J 0"ff 

-7e 



&7t£ a H 



In 3 = 29.8787 eV (11.264) 



The Doppler term, E mc , for hydrogen and deuterium are given by Eqs. (11.189) and (1 1.190), respectively, where p = \ 
E osc (H*)- E D +E Kvib - -0.118755 eF + -(0.29282 eV) - 0.027655 eV (11.265) 

^(d^) = -0.1 1881 leF + -(0.20714eF) = -0.01524 eF (11.266) 

The total energy, E T , tor the hydrogen molecular ion given by Eqs. (11.191-1 1.193) is 
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%7re a H 
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-16.2803 eF-0.118755eF-i— (0.29282 eF) 



(11.267) 



= -16.2527 eV 
where in Eqs. (11.262-11.267), the radius of the hydrogen atom a H (Eq. (1.259)) was used in place of a to account for the 
corresponding electrodynamic force between the electron and the nuclei as given in the case of the hydrogen atom by Eq. 
(1.252). The negative of Eq. (11.267) is the ionization energy of H 2 and the second ionization energy, IP 2 , of H 2 . From Eqs. 

(11.191-11.192) and (11.194), the total energy, E T , for the deuterium molecular ion (the ionization energy of D 2 and the second 
ionization energy, IP 2 , of D 2 ) is 



E T =-16.284 eF-0.118811eF + -(0.20714eF) = -16.299 eV 



(11.268) 



The bond dissociation energy, E D , is the difference between the total energy of the corresponding hydrogen atom and E T . The 
hydrogen molecular ion bond energy, E D , including the reduced electron mass given by Eq. (11.198) where p = \ is 

(11.269) 



.535 eV i 0.1 18755 cV = 2.65 4 eV 



Th e e xp e rim e ntal bond e n e rgy of th e hydrog e n mol e cular ion [24] is 

E D =2.651 eV " (11.270) 

From Eq. (1 1 . 1 99) where p = 1 , the deuterium molecular ion bond energy, E D , including the reduced electron mass of D is 



: 2.5770 eV + 0.U%%\\eV = 2.6958 eV 



(11.271) 



The experimental bond energy of the deuterium molecular ion [25] is 
E n = 2.691 eV 



(11.272) 



It can be shown that a perturbation of the orbit determined by an inverse-squared force results in simple harmonic oscillatory 
motion of the orbit [11]. The resonant vibrational frequency for H 2 given by Eq. (1 1.160) is 



-OX 



(0)= 



k(0) _ \165.51Nm- 



= 4 . 449 Z IP 14 r adian s Is 



(11 .273) 



ju 



H 



wherein p = \. The spring constant, A:(0),for H 2 given by Eq. (11.162) is 
k(0) =165.51 Nm.- 1 



The vibrational energy, E vib (0) , of H 2 during bond formation given by Eq. (1 1 .163) is 

E vib (0) = 0.29282 eV 

The amplitude of oscillation given by Eq. (1 1.164) is 



(11.274) 



^ 



5.952 X ]Q- 12 m = 0.1125a„ 



(11.275) 



(1 1 .276) 



2 3,2 (\65.5\ Nm-'p) 



The vibrational energy for the H 2 v = 1 — > v = transition given by Eq. (1 1.166) is 
£„,(!) = 0.270 eV 



The experimental vibrational energy of H 2 [14, 20] is 

E M = 0.271 eV 
The anharmonicity term of H 2 given by Eq. (1 1 .169) is 

<a n x n = 55.39 enf 1 

The experimental anharmonicity term of H 2 from NIST [20] is 



(11.277) 



(11.278) 
(11.279) 



co e x e = 66.2 cm 
The vibrational energy for the D 2 v = 1 — > v = transition given by Eq. (1 1 . 1 75) is 



E, M = 0.193 eV 



(11.280) 
(11.281) 
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The vibrational energy of the D\ [20] based on calculations from experimental data is 

ff v ,, ,= . 196 <?F (1 1 .2 82 ) 

The anharmonicity term of Z> 2 + given by Eq. (1 1.176) is 

co x = 27.86 cm' 1 (11.283) 

The experimental anharmonicity term of D 2 + for the state X ^ +1 * CT i s not given, but the term for state B ^ +3 d<r from 

NIST [20] is 

a e x e = 2.62 cm" 1 (11.284) 



THE HYDROGEN MOLECULE H ? 



2c'=V2a 



The force balance equation for the hydrogen molecule is given by Eq. (1 1.200) where p = 1 

*> 2 e 2 h 2 

D= ?D+ . ,£> (11.285) 



m.a b 87T£ ab 2m £ a b 

which has the parametric solution given by Eq. (1 1 .83) when 

a = a (11.286) 

The semimajor axis, a. is also given by Eq. (11.202) where p = \. The internuclear distance, 2c' . which is the distance 
between the foci is given by Eq. (11 .204) where p = 1 . 

2c' = sf2a (11.287) 

The experimental iiiternuclear distance is v2« . The semimiuor axis is given by Eq. (1 1.205) where p = 1 . 

b = -^=a Q (11.288) 

\2 

The eccentricity, e , is given by Eq. (11 .206). 

e = -\= (11.289) 

sft 

The finite dimensions of the hydrogen molecule are evident in the plateau of the resistivity versus pressure curve of metallic 
hydrogen [26]. 

ENERGIES OF THE HYDROGEN MOLECULE 

The energies of the hydrogen molecule are given by Eqs. (11.207-1 1.210) where p = 1 

V e = ~ 2 f ^a + y-ft 2 =_ 67 . 8358 eV (11.290) 

%ns ^u 2 -b 2 a-yja 2 -b 2 

e 3 

V p = , = 19.2415 eV (11.291) 

8x£ n Tja 2 -b 2 



^ ,hi a + y ^.=33.9179er (11.292) 



2m a 4a 1 - b 1 a -y j a 2 - b l 



The energy, V m , of the magnetic force is 
■# , a + \Ja 2 - t^ 



F " V , r^TT 1 " ; , , 2 = ~ 16 - 9589 eV (H-293) 

4m e a^a —b a-\a -b 
The Doppler terms, E BSC , for hydrogen and deuterium molecules are given by Eqs. (11.237) and (11.238), respectively, where 

P = l 

E ox { H 2 ) = E D + E Km = - .37,6469 e.V +-(0 .567 64 e.V) = -0 .0 47 ,6 49 eV (1 1 . 294) 

^L(A) = -°- 326469 eV + -(0.401380 eF) = -0.125779 eV (11.295) 

The total energy, E T , for the hydrogen molecule given by Eqs. (1 1.239-1 1.241) is 
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= -31.635 eK-0.326469eF + -(0.56764eF) 

= -31.6776 eF 
From Eqs. (1 1 .239-1 1 .240) and (11 .242), the total energy, E T , for the deuterium molecule is 

E T = -31.635 eV -0.326469 eF + -(0.401380 eV) = -31.7608 eV 



(11.296) 



(11.297) 



The first ionization energies of the hydrogen and deuterium molecules, IP 1 , (Eqs. (11.243) and (11.246)) are given by the 
differences in the total energy of corresponding molecular ions and molecules which are given by Eqs. (11.244) and (11.247), 
respectively, where p = 1 : 

IP 1 (H 2 ) = 15.2171 eV + 0.207714 eV = 15.4248 eV (11.298) 

//j( J D 2 ) = 15.255eF + 0.2077eF = 15.4627eP' (11.299) 

The bond dissociation energy, E D , is the difference between the total energy of two of the corresponding hydrogen atoms and 



E T . The hydrogen molecular bond energy, E D , given by Eq. (1 1 .252) where p = 1 is 



E D = 4.1 51 eV + 0.326469 eV = 4.478 eV 



(11.300) 



The experimental bond energy of the hydrogen molecule [23] is 
E D = 4.478 eV 

The deuterium molecular bond energy, E D , given by Eq. (1 1.253) where p = 1 is 



(11.301) 



E D = 4.229 eV + 0.326469 eV = 4.556 eV 

The experimental bond energy of the deuterium molecule [23] is 
E n = 4.556 eV 



(11.302) 
(11.303) 



VIBRATION OF THE HYDROGEN MOLECULE 

It can be shown that a perturbation of the orbit determined by an inverse-squared force results in simple harmonic oscillatory 
motion of the orbit [ 1 1 ] . The resonant vibrational frequency for H 2 given by Eq . (1 1 .2 1 8) is 



e?(0) = 



M 



k(0) _ 621.98 Nm- 



= 8.62385 X10 14 radians I s 



M 



The spring constant, fc(0),for H 2 given by Eq. (11.219) is 



fc(0) = 621.98 Nm- ] 

wherein p = l. The vibrational energy, E vib (0) , of H 2 during bond formation given by Eq. (1 1 .220) is 
£^(0) = 0.56764 eV 



(11.304) 



(11.305) 



(11.306) 



The amplitude of oscillation given by Eq. (1 1.221) is 



40) = 



s 



--4275 X 10~ 12 m = 0.08079a„ 



2 3 ' 2 (621.98 Nm-'fi)' 
The vibrational energy for the H 2 v = l—>u = transition given by Eq. (11 .223) is 



E vlb (l) = 0.517 eV 
The experimental vibrational energy of H 2 [27-28] is 
E,Jl) = 0.5159 eV 



(11.307) 



(11.308) 
(11.309) 



The anharmoniciry term of H 2 given by Eq. (1 1 .224) is 
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a x =120.4 cm' 1 (11.310) 

The experimental anharmonicity term of H 2 from Ruher and Herzherg [25] is 

a e x e = 121.33 cm' 1 (11.311) 

The vibrational energy for the D 2 v = l—>v = transition given by Eq. (11 .229) is 

E vib = 0.371 eV (11.312) 

The experimental vibrational energy of D 2 [14, 2UJ is 

E vib = 0.371 eV (11.313) 

The anharmonicity term of D 2 given by Eq. (1 1 .230) is 

co„x n = 60.93 cw' 1 (11.314) 

The experimental anharmonicity term of D 2 from NIST [20] is 

co e x e = 61.82 cm~ [ (11.315) 

The results of the determination of the bond, vibrational, total, and ionization energies, and internuclear distances for 

hydrogen and deuterium molecules and molecular ions are given in Table 11.1. The calculated results are based on first 
principles and given in closed form equations containing fundamental constants only. The agreement between the experimental 
and calculated results is excellent. 

Despite the predictions of standard quantum mechanics that preclude the imaging of a molecule orbital, the full three- 
dimensional structure of the outer molecular orbital of N 2 has been recently tomographically reconstructed [29]. The charge- 
density surface observed is similar to that shown in Figure 11.6 for H 2 which is direct evidence that electrons are not point- 
particle probability waves that have no form until they are "collapsed to a point" by measurement. Rather they are physical, 
two-dimensional equipotential charge density surfaces. 
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Table 11.1. The calculated and experimental parameters of H 2 , D 2 , H* and D 2 + . 



Parameter 



Calculated 



4.4/8 eV 
4.556 eV 
2.654 eV 



Experimental 



4.4/8 eV 
4.556 eV 
2.651 eV 



Eqs. 



11.300 
11.302 
11.269 



Ref. for Exp. 



23 
23 



H 2 Bond Energy 
D 2 Bond Energy 
H* Bond Energy 



D* Bond Energy 



2.696 eV 



2.691 eV 



11.271 



24 



H 2 Total Energy 
D 2 Total Energy 



H 2 Ionization Energy 



31.677 eV 
31.760 eV 
15.425 eV 



31.675 eV 
31.760 eV 
15.426 eV 



11.296 
11.297 
11.298 



23, 29, 19* 

20, 24 b 
29 



D 2 Ionization Energy 
H 2 Ionization Energy 
D* 2 Ionization Energy 



15. 4 63 eV 



15. 4 66 eV 



11.299 



-34- 



16.253 eV 
16.299 eV 



16.250 eV 
16.294 eV 



11.267 
11.268 



23, 19° 
20, 24 d 



H* Magnetic Moment 

Absolute H 2 Gas-Phase 
NMR Shift 



9.274X10 JT 
-28.0 ppm 



9.274X10 - JT 
-28.0 ppm 



12.24 



11.433 



30 



31-32 



H„ Internuclear Distance 



0.748 A 
V2a 

0.748 A 
V2a„ 



0.741 A 



11.287 



33 



D, Internuclear Distance 



0.741 A 



11.287 



33 



1.058 A 



1.06 A 



H* Internuclear Distance 



11.256 



23 



2a „ 
1.058 A 

2a 
0.517 eV 



D* Internuclear Distance 



H 2 Vibrational Energy 



1.0559 A 



0.516 eV 



11.256 



11.308 



24 



26,27 



L> 2 Vibrational Energy 

D 2 6>x e 

H 2 Vibrational Energy 



0.371 eV 



0.371 eV 



11.313 



14,20 



120.4 cm' 1 
60.93 cm-' 


121.33 cm' 1 
61.82 cm' 1 


11.310 
11.314 


24 
20 


0.270 eV 


0.271 eV 


11.277 


14,20 


0.193 eV 
0.0148 eV 


0.196 eV 
0.01509 eV 


11.281 
12.74 


20 

23 



D* Vibrational Energy 

e 

H 2 J= 1 to J=0 Rotational Energy 



D 2 i~\ to J=0 Rotational Energy 



0.00741 eV 



0.00755 eV 



12.66-12.74 



-23- 



0.00740 eV 



0.00370 eV 



0.00739 eV 



0.003723 eV 



12. 7 8 — 

12.66-12.71, 

12.78 



-7T 



24 



H* J=l to J=0 Rotational Energy 

e 

D" J= 1 to J=0 Rotational Energy 



The sxperimpntal total energy of ths hydrogen mnlpcnls is pivsn hy aHHinp the first (15 47.593 p.V) [30] and ssr.nnH (16 7494 e.V) ionization pnsrpies 

where the second ionization energy is given by the addition of the ionization energy of the hydrogen atom (13.59844 eV) [19] and the bond energy of 

Hi (2.651 eV) [24]. 

The experimental total energy of the deuterium molecule is given by adding the first (15.466 eV) [25] and second (16.294 eV) ionization energies where 

the second ionization energy is given by the addition of the ionization energy of the deuterium atom (13.603 eV) [20] and the bond energy of D' 2 

(2.692 eV) [25], 

" The experimental second ionization energy of the hydrogen molecule, IP 2 , is given by the sum of the ionization energy of the hydrogen atom (13.59844 

eF) [19] and the bond energy of H* 2 (2.651 eV) [24]. 

The experimental second ionization energy of the deuterium molecule, IP 2 , is given by the sum of the ionization energy of the deuterium atom (13.603 

eV) [20] and the bond energy of » 2 * (2.692 eV) [25]. 

" The internuclear distances are not corrected for the reduction due to E . 

f _ -' 

The internuclear distances are not corrected for the increase due to E . 
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THE DIHYDRINO MOLECULAR ION H 




Force balance between the electric and centrifugal forces of H^ (1 / 2) is given by Eq. (11.115) where p = 2 



*^D = ^D 



(11.316) 



8u£ ab 

which has the parametric solution given by Eq. (1 1 .83) when 

a = a (11.317) 

The semimajor axis, a, is also given by Eq. (11.116) where p = 2. The internuclear distance, 2c', which is the distance 

b e tw ee n th e foci is giv e n by Eq. (11.111) wh e r e p = 2 . 

2c' = a„ 



The semiminor axis is given by Eq. (11.112) where p = 2 . 
o = — a n 



(11.318) 



(11.319) 



The eccentricity, e, is given by Eq. (11.113). 

1 
e = — 

2 

ENERGIES OF THE DIHYDRINO MOLECULAR ION 



(11.320) 



The potential energy, V e , of the electron MO in the field of magnitude twice that of the protons at the foci ( £ = 0) is given by 
Eq. (1 1.1 17) where p = 2 

-$£>L , a + yja 2 -h 2 



T^ 



m^ 



%nc a 4a 2 — b^ a — ^/e^ — b^ 



(11.321) 



The potential energy, V , due to proton-proton repulsion in the field of magnitude twice that of the protons at the foci ( £ = ) is 
given by Eq. (1 1 .120) where p = 2 



-2-e*- 



y -- ( 

%K£^4a l -b 2 
The kinetic energy, T , of the electron MO is given by Eq. (11.119) where p = 2 

2h 2 , a + 4a 1 -b L 



(11.322) 



drr 



(11.323) 



JUL 



a 4a 2 -b' '■ a— j a 2 - h 2 



Substitution of a and b given by Eqs. (11.317) and (11.319), respectively, into Eqs. (11.321-11.323) and using Eqs. (11.191- 
11.193) with p = 2 gives 

L6ei 



T^ 



8flE flo 



-ln3 = -239.16 eV 



(11.324) 



4e 2 
V„ = = 54.42 eV 



T = - 



8ft£ Q a 
-He 2 - 



&7zs,,a n 



-ln3 = l 19.58 eV 



(11.325) 
(11.326) 



E T =V e + V p +T + E 0X 




1 


(11.327) 






1 1 ->^ 2 
















1 I 1 /o \ 3 




E T = -2 2 • 


e 2 

(41n3-l-21n3) 

&ff£ Q a H 


\ Uu to (2a„) 

\ + 2\ — ! ^ 

I m e c 


2 V// 


(11.328) 



= -2 2 (16.13392 eV)-2 3 (0.118755 eV) = -65.49 eV 



where Eqs. (11.324-11.326) are equivalent to Eqs. (11.122-11.124) with p = 2 . The bond dissociation energy, E D , given by Eq. 

(1 1.198) with p - 2 is the difference between the total energy of the corresponding hydrino atom and E T given by Eq. (1 1.328): 

E D = E T (H(l/p))-E T (H+ (1/p)) = 2 2 (2.535 eV) + 2 3 (0.118755 eV) = 1 1.09 eV (11.329) 
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VIBRATION OF THE DIHYDRINO MOLECULAR ION 

It can be shown that a perturbation of the orbit determined by an inverse-squared force results in simple harmonic oscillatory 
motion of the orbit [11]. The resonant vibrational frequency for H^{\I2) from Eq. (11.160) is 



«(0) = 2 2 J 165 - 51Ato ~ =1.78X 10 15 radians I s 



M 



wherein p - 2 . The spring constant, fc(0) , for H^ (1/2) from Eq. (11.162) is 



fc(0) = 2 4 165.51A/»r' =2648 7V»r' 

The amplitude of oscillation from Eq. (11 .164) is 

4h 5.952X\0 n m 0.1125a 



M$i 



2 3/2 (2 4 (165.51) JVm-'/i) 



(11.330) 



(11.331) 



(11.332) 



The vibrational energy, E vib (l) , for the v = 1 — > v = transition given by Eq. (1 1.166) is 
E vib (1) = 2 2 (0.270 eV) = 1 .08 eV 



(11.333) 



THE DIHYDRINO MOLECULE H, 



2c' = ^ 

V2 



The force balance equation for the dihydrino molecule H 2 (l / 2) is given by Eq. (1 1 .200) where p ■ 



h 2 



ma b 



-£> = - 



2e l 



8?r£ ab 



-D + - 



ti l 



2m a b 



-D 



(11.334) 



which has the parametric solution given by Eq. (1 1 .83) when 

^o 

« = Y (11.335) 

The semimajor axis, a, is also given by Eq. (11.202) where p = 2. The internuclear distance, 2c', which is the distance 
between the foci is given by Eq. (1 1 .20 4 ) where p-2 . 



2c,= 7r° 



The semiminor axis is given by Eq. (1 1 .205) where p = 2. 

4 



b = c-- 



^Sr- 



(11.336) 



(11.337) 



The eccentricity, e , is given by Eq. (11 .206). 
1 

e 3 



(11.338) 



ENERGIES OF THE DIHYDRINO MOLECULE 

The energies of the dihydrino molecule // 2 (l/2) are given by Eqs. (11.207-11.210) andEqs. (11.239-11.241) with p = 2 



=$e* 



a + \a 2 



V = 



In 



&ft£ a y]a 2 -b 2 a- 4 a 2 -b 



■ = -21134 eV 



(11.339) 



V„ 



8xc 4~a 



■■ 76.97 eV 



(11.340) 



T = - 



An 



a + 4a 2 - b 1 



2m e a4a 2 -b 2 a-4a 2 -b 2 
The energy, V m , of the magnetic force is 



= 135.67 eV 



(11.341) 



V. 



-h 2 , a + 4a 2 -b 2 



In 



Am a4a 2 -b 2 a- 4a 2 - b 



-67.84 eV 



(11.342) 



K+T + V m +V p +E osc 



(11.343) 
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I 4^£-„a„ 



E r = -2 2 1 



>/2~\ >/2 + l 



27H 



8x£ a 



2V2-V2+ — 

2 



In 



V2-1 
-2 2 (31.351eF)-2 3 (0.326469eF) 



■V2" 



1 + 2 



■l»t 



(11.344) 



= -128.02 eF 



where Eqs. (11.339-11.342) are equivalent to Eqs. (11.207-1 1.210) with p = 2. The bond dissociation energy, E D , given by Eq. 
(11.252) with p = 2 is the difference between the total energy of the corresponding hydrino atoms and E T given by Eq. 



(11.344). 



£ D =£ r (2#(l//?))-£ r (# 2 (l//?)) = 2 2 (4.151eF) + 2 3 (0.326469eP') = 19.22eF 



(11.345) 



IOLECULE 



It can be shown that a perturbation of the orbit determined by an inverse-squared force results in simple harmonic oscillatory 
motion of the orbit [11]. The resonant vibrational frequency for the Zf 2 (l/2) from Eq. (11.218) is 



-CO- 



(% 



.,2 j = 9 2 J621.98M»T 



:3.45X 10 15 radians I s 



wherein p = 2. The spring constant, &(0) , for H 2 (l / 2) from Eq. (1 1 .219) is 
k(0) = 2 4 621.98 Nm' 1 = 9952 Nrn 1 



(11 .3 46 ) 



(11.347) 



The amplitude of oscillation from Eq. (1 1 .221) is 



A(0)- 



s 



4.215 X\Q- n m 0.08079a„ 



2 3/2 (2 4 (621.98) JVm>) 



The vibrational energy, h vib (i) , of H 2 (i / 2) from hq. (1 1 .115) is 
£ v . 6 (l) = 2 2 (0.517) eF = 2.07eF 



(11.348) 



(11.349) 



GEOMETRY 

The internuclear distance can also be determined geometrically. The spheroidal MO of the hydrogen molecule is an equipotential 
energy surface, which is an energy minimum surface. For the hydrogen molecule, the electric field is zero for £, > 0. Consider 
two hydrogen atoms A and B approaching each other. Consider that the two electrons form a spheroidal MO as the two atoms 
overlap, and the charge is distributed such that an equipotential two-dimensional surface is formed. The electric fields of atoms 
A and B add vectorially as the atoms overlap. The energy at the point of intersection of the overlapping orbitspheres decreases 
to a minimum as they superimpose and then rises with further overlap. When this energy is a minimum the internuclear distance 
is determined. It can be demonstrated [35] that when two hydrogen orbitspheres superimpose such that the radial electric field 
vector from nucleus A and B makes a 45° angle with the point of intersection of the two original orbitspheres. the electric 
energy of interaction between orbitspheres given by 



E mtc ^ on =2X -s^AE'dv 



(11.350) 



is a minimum (Figure 7.1 of [35]). The MO is a minimum potential energy surface; therefore, a minimum of energy of one point 
on the surface is a minimum for the entire surface of the MO. Thus, 



R^ = 4la a = 0.748J 

The experimental iiiternuclear bond distance is 0.746 A . 



(11.351) 
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DIHYDRINO IONIZATION ENERGIES 

The first ionization energy, 1P { , of the dihydrino molecule 

H 2 (\l p)^>h;(\I p) + e~ (11.352) 

is given by Eq. ( 1 1 .244) with p = 2 . 

//>=£,(// 2 + (l/p))-£ r (// 2 (l/p)) (11.353) 

//>=2 2 (15.2171 eV) + 2> (0.2077 eV) = 62.53 eV (11.354) 

The second ionization energy, IP 2 , is given by Eq. (1 1 .245) with p = 2. 

IP,=2 2 (16.13392 eV) + 2 3 (0.1 18755 eV) = 65.49 eV (11.355) 

A hydrino atom can react with a hydrogen, deuterium, or tritium nucleus to form a dihydrino molecular ion that further 
reacts with an electron to form a dihydrino molecule. 

H(l/p)+H + + e-->H i (l/p) (11.356) 

The energy released is 

E = E(H(\/p))-E T (11.357) 

where E T is given by Eq. (1 1.241). 

A hydrino atom can react with a hydrogen, deuterium, or tritium atom to form a dihydrino molecule. 

H(l/p)+H-+H 2 (l/p) (11.358) 

The energy released is 

E = E(H{\I p)) + E(H)-E T (11.359) 

where E T is given by Eq. (1 1.241). 

SIZES OF REPRESENTATIVE ATOMS AND MOLECULES 

ATOMS 

Figure 11.5. Cross-section of an atomic orbital. 




Helium Atom (He) 

Helium comprises the nucleus at the origin and two electrons as a spherical shell at r = 0.567a . 

Hydrogen Atom (H[a H ]) 

Hydrogen comprises the nucleus at the origin and the electron as a spherical shell at r = a„. 



Hydrino Atom (h 



'-]> 



a« 



Hydrino atom (1/2) comprises the nucleus at the origin and the electron as a spherical shell at r = — . 
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MOLECULES 

Figure 11.6. A. Prolate spheroid MO. B. Prolate spheroid parameters of molecules and molecular ions where a is the 
semimajor axis, 2a is the total length of the molecule or molecular ion along the principal axis, b = c is the semiminor axis, 
26 = 2c is the total width of the molecule or molecular ion along the minor axis, c' is the distance from the origin to a focus 
(nucleus), 2c' is the intemuclear distance, and the protons are at the foci. 




Hydrogen Molecular Ion ( h, [2c' = 2a„] ) 



Dihydrino Molecular Ion (H 2 [2c' = a ]*) 



a = 2a„ 



b = c = v3a 



2c' = 2a n 



a = a 

b = c = —a 

2c' = a n 



Hydrogen Molecule ( h 2 [2c' = V2a ] ) 



Dihydrino Molecule (h 3 



2c ' = VT a » 



a = a„ 



b = c = -^a 

2c' = V2a„ 



a = 


— a„ 

2 ° 


b = 


l 

~2V2 


c'-- 


-Ik"* 


2c' 


= T2 a ° 
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NUCLEAR SPIN-SPIN TRANSITION OF HYDROGEN-TYPE MOLECULES 

Each proton of hydrogen-type molecules possesses a magnetic moment, which is derived in the Proton and Neutron section and 
is given by 



— eh 
u P =^- (11.360) 

2—P- 

2n 
The magnetic moment, m, ol the proton is given by Eq. (11.360), and the magnetic held ol the proton follows Irom the 
relationship between the magnetic dipole field and the magnetic moment, m , as given by Jackson [36] where m = ju F i z . 

H = -^-(i r 2cosfl-i g sin6>) (11 361) 

Multiplication of Eq. (11.361) by the permeability of free space, ju , gives the magnetic flux, B , due to proton one at proton 
two. 

B = -^(i r 2cosfl-i fl sinfl) (11.362) 

r 

Aff °^ o/par '' , th e magn e tic e n e rgy to flip th e ori e ntation of proton two's magn e tic mom e nts, fi p , from parall e l magn e tic mom e nts 

to antiparallel magnetic moments with respect to the direction of the magnetic moment of proton one with corresponding 
magnetic flux B is 

^onhepara - _ 2 ^g - Z=M^~ (11.363) 
F 

where r is the internuclear distance 2c' where c' is given by Eq. (11.204). Substitution of the internuclear distance into Eq. 
(11.363) for r gives 

A£°^ o/para - -2/frD - ~ lMn/Jp f (11.364) 



mag 



42aJ 



The frequency, / , can be determined from the energy using the Planck relationship, Eq. (2.18). 
-2/u /j p 2 p 3 

^ortho/para [yjla 



/= m " e = ' ' (11.365) 

h h 

From Eq. (1 1 .365) with p = 2 , the nuclear spin-spin transition energy of the dihydrino molecule is 14.4 MHz . 



TIUCI 



The proton gyromagnetic ratio, y I2n , is 

y P l2n = 42.57602 MHz T' 1 (1 1 .366) 

The NMR frequency, / , is the product of the proton gyromagnetic ratio given by Eq. (1 1 .366) and the magnetic flux, B . 

f = y r l 2^-B = 42.57602 MHz T~ l B (11.367) 

A typical flux for a superconducting NMR magnet is 1.5 T . According to Eq. (11.367) this corresponds to a radio frequency 
(RP) of 63.86403 MHz . With a constant magnetic field, the frequency is scanned to yield the spectrum where the frequency 
scan is typically achieved using a Fourier transform on the free induction decay signal following a radio frequency pulse. Or, in 
a less common type of NMR spectrometer, the radiofrequency is held constant (e.g. 60 MHz ), the applied magnetic field, H 

(H = — ), is varied over a small range, and the frequency of energy absorption is recorded at the various values for H . The 

Mo 
spectrum is typically scanned and displayed as a function of increasing H . The protons that absorb energy at a lower H give 

rise to a downfield absorption peak; whereas, the protons that absorb energy at a higher H n give rise to an upfield absorption 

peak. The electrons of the compound of a sample influence the field at the nucleus such that it deviates slightly from the applied 

value. For the case that the chemical environment has no NMR effect, the value of H at resonance with the radiofrequency 

held constant at 60 MHz is 

2n f (2x)(60 MHz) 

— v >\ > =H (ii 368) 

ju y p ju 42.57602 MHz T 1 ° 

In the case that the chemical environment has a NMR effect, a different value of H is required for resonance. This chemical 

shift is proportional to the electronic magnetic flux charge at the nucleus due to the applied field, which in the case of each 
dihydrino molecule is a function of its semimajor and semiminor axes as shown infra. 
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Consider the application of a z-axis-directed uniform external magnetic flux, B z , to a dihydrino molecule comprising 

prolate spheroidal electron MPs with two spin-paired electrons. The diamagnetic reaction current increases or decreases the 
MO current to counteract any applied flux according to Lenz's law as shown in the Hydrino Hydride Ion Nuclear Magnetic 
Resonance Shift section. The current of hydrogen-type molecules is along elliptical orbits parallel to the semimajor axis. Thus, 
the electronic interaction with the nuclei requires that each nuclear magnetic moment is in the direction of the semiminor axis. 
Thus, the nuclei are NMR active towards B z when the orientation of the semimajor axis, a , is along the x-axis, and the 

semiminor axes, b = c , are along Hie y-axis and z-axis, respectively. The flux is applied over the Lime interval At = t t - t f such 

that the field increases at a rate db i dt . The electric field, E , along a perpendicular elliptic path of the dihydrino MO at the 
plane z = is given by 

j>E-ds = \^-dA (11.369) 

The induced electric field must be constant along the path; otherwise, compensating currents would flow until the electric field is 
constant. Thus, Eq. (1 1.369) becomes 



r au , . rau 1A , ats 

dA dA nab — 

F J dt J dt dt (1 1 370) 

j>ds 4aE(k) AaE(k) 

where E[k) is the elliptic integral given by 

7 . 

ff (A) = JVl - fc sin 2 1*^ 1-2375 (11.371) 

a 

yja 2 -b 2 V2 

k-e = = (11.372) 

a 2 

the area of an ellipse, A , is 

A = nab (11.373) 

the perimeter of an ellipse, s , is 

s = AaE(k) (11.374) 

a is the semimajor axis given by Eq. (1 1 .202), b is the semiminor axis given by Eq. (1 1.205), and e is the eccentricity given by 

Eq. (11.206). The acceleration along the path, dv/dt , during the application of the flux is determined by the electric force on 

the charge density of the electrons: — 

dv enab dB 

m e — = eE = -— — (11.375) 

dt 4aE(k) dt 

Thus, the relationship between the change in velocity, v , and the change in B is 

; enab — - „„„ 

dv = — — db (11.376) 

4aE\k)m e 

Let Av represent the net change in v over the time interval At = t t —t, of the application of the flux. Then, 



-&m 



enab r ,„ enabb 



\ dv e ™° \dB e ™°» (UW- 



4aE(k)m e [ AaE{k)i 

The average current, / , of a charge moving in time harmonically along an ellipse is 



where / is the frequency. The corresponding magnetic moment is given by 

m = Al = nabl= * ahe " (11.379) 
AaE(k) 

Thus, fromEqs. (11.377) and (11.379), the change in the magnetic moment. Am, due to an applied magnetic flux, B, is [37] 

(enab) B ,„ , „ 

Am = i '— — (11.380) 

(4aE(k)) m e 

Next, the contribution from all plane cross sections of the prolate spheroid MO must be integrated along the z-axis. The 
spheroidal surface is giv e n by 

4 + 4 + 4 = 1 (11.381) 

abb 

The intersection of the plane z - z' (-b< z'<b) with the spheroid determines the curve 
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or 



2 h 2 h 2 



JL 



(11.382) 






T + " 



rr = l 



b 2 1- 



(11.383) 



Eg. (11 .383) is an ellipse with semimajor axis, a ' , and semiminor axis, b ' , given by 



a' = aj\ — 



b' = bM- — 



(11.384) 
(11.385) 



The eccentricity, e' , is given by 



«*fi-^ 



-b 2 1- 



,a\ 



4 a 2 -b 2 



(11.386) 



aA\ 



where e is given by Eq. (11 .372). The area, A ' , is given by 



(11.387) 



and th e p e rim e t e r, s ' , is giv e n by 



s' = \a'E{k) = \aE{k)^\-^ T = sM- y2 



(11.388) 



wh e re s is given by Eq. (1 1.374). The differential magnetic moment change along the z-axis is 



— t — Una'b'\ B 

dAm = i '—„ — dz' 



(11.389) 



2b(4a'E(kj) m e 

Using Eq. (11.385) for the parameter b' , the change in magnetic moment for the dihydrino molecule is given by the integral 
over -b<b'<b: 



( 



Am 



--J 

Oh J 



ena'bAl 



V 



^^ 



B 



b J b (4a'E(k)) m e 



-dz' = -Q- 



4 E(k) 



(11.390) 



Then, the integral to correct for the z-dependence of b ' is 



-C^ 



IP-* 2 )* 2 a 

-*> =—h 2 = 



(11.391) 



lb 



-w 



where the semiminor axis, b = — %= , given by Eq. (1 1.205) was used. 

p<2 

The change in magnetic moment would be given by the substitution of Eq. (11.391) into Eq. (11.390), if the charge 

density were constant along the path of Eqs. (11.370) and (11.378), but it is not. The charge density of the MO in rectangular 

coordinat e s (Eq. (1 1.42)) is 

e 1 



a - 



Anabc 



2 2 2 

x y z 



(11.392) 



ra v (^ 

(The mass - density function of an MO is equivalent to its charge - density function where m replaces q of Eq. (11. 4 2)). — The- 
equation of the plane tangent to the ellipsoid at the point x , y , z is 



2 '* b 2 



-a 



(11.393) 



where X, Y, Z are running coordinates in the plane. After dividing through by the square root of the sum of the squares of the 
coefficients of X, Y, and Z , the right member is the distance D from the origin to the tangent plane. That is, 
1 



D = 



(11.394) 



ir — y~ — zr 



©2010 BlackLight Power, Inc. All rights reserved. 
The Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions 437 

so that 

-^D (11.395) 



4xabc 

in other words, the surface density at any point on the ellipsoidal MO is proportional to the perpendicular distance from the 
center of the ellipsoid to the plane tangent to the ellipsoid at the point. The charge is thus greater on the more sharply rounded 
ends farther away from the origin. In order to maintain current continuity, the diamagnetic velocity of Eq. (11.377) must be a 
constant along any given path integral corresponding to a constant electric field. Consequently, the charge density must be the 
minimum value of that given by Eq. (1 1 .392). The minimum corresponds to y = b and x - z - such that the charge density is 

a= e , , 1 = — ^- (11.396) 

4n;ab \q 2 b 2 q 2 Anab 



4 i 4 1.4 

La b b 

The MO is an equipotential surface, and the current must be continuous over the two-dimensional surface. Continuity of the 
surface current density, K , due to the diamagnetic effect of the applied magnetic field on the MO and the equipotential 
boundary condition require that the current of each elliptical curve determined by the intersection of the plane z = z' 
( -ft < z ' < ft ) with the spheroid be the same. The charge density is spheroidally symmetrical about the semimajor axis. Thus, 
A, , the charge density per unit length along each elliptical path cross section of Eq. (1 1.383) is given by distributing the surface 
charg e density of Eq. (11.396) uniformly along the z - axis for — ft <z'<ft . — So, /l(z' = 0), th e lin e ar charge d e nsity X in th e 
plane z' = 0, is 

A(z' = 0) = -^ = — —2b = — (11.397) 

; J_ Ajrab 2fFs 

2b 

And, the linear charge density must be equally distributed over each elliptical path cross section corresponding to each plane 
z = z' . The current is independent of z' when the linear charge density, /l(z') , is normalized for the path length: 

, — , e — AaE(k) e 

X z') = — — \ ' =-^— (11.398) 
v ; 2na 4 a'E(k') — 2miA - 

where the equality of the eccentricities of each elliptical plane cross section given by Eq. (1 1.386) was used. Substitution of Eq. 

(11.398) for the corresponding charge density, — -, of Eq. (1 1.390) and using Eq. (1 1.391) gives 

4 a'E[k) — 

Am= 2 £ VB = ^B_ aB99r 

3 Am e 12 p m e 
The two electrons are spin-paired and the velocities are mirror opposites. Thus, the change in velocity of each electron 
treated individually (Eq. (10.3)) due to the applied field would be equal and opposite. However, as shown in the Three Electron 
Atom section, the two paired electrons may be treated as one with twice the mass where m e is replaced by 2m e in Eq. (11 . 399). 
In this case, the paired electrons spin together about the applied field axis, the z-axis, to cause a reduction in the applied field 
according to Lenz's law. Thus, from Eq. (1 1.399), the change in magnetic moment is given by 

Am = ea f (11.400) 

2Ap m c 

The opposing diamagnetic flux is uniform, parallel, and opposite the applied field as given by Stratton [38]. Specifically, 
the change in magnetic flux, AB , at the nucleus due to the change in magnetic moment, Am , is 

AB = ^ 4Am (11.401) 

where fi Q is the permeability of vacuum, 

A=\ 7 — ^-— (11.402) 

is an elliptic integral of the second kind given by Whittaker and Watson [39], and 

R s =(s + b 2 )J(s ^) (11.403) 



Substitution of Eq. (1 1.403) into Eq. (1 1.402) gives 

| ds 

tp+b'^s + a 2 ) 



4= 1 J* - 55 (H-404) 



From integral 154 of Lide [40]: 



a - 1 1 y/s + a 2 \ 1 1 f ds 

A= \a 2 -b 2 s + b 2 \ o -2a 2 -b 2 l {s l b 2 )J7 7 7 °^- 

The evaluation at the limits of the first integral is 
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f 1 J 



s + a 



b 2 s + b 2 



b 2 (a 2 -b 2 ) 



(11.406) 



From integral #147 of Lide [9], the second integral is: 



1 n 2 - h 2 i 



ds 



1 1 , Js + a 1 + sja 2 -b 2 



In 



2a 2 - b 2 {[ s + h 2 )4^^ {2(a'-b'f 2 ^/^7-^/7^ 



(11.407) 



Evaluation at the limits of the second integral gives 
a + \la 2 -b 2 



1 



1 



-ln- 



-J? 



2(a 2 -b 2 J 
Combining Eq. (1 1 .406) and Eq. (1 1 .408) gives 



-A 2 



(11.408) 



A- 



a 



1 



1 



In 



a + yja 



fa 



b 2 (a 2 -b 2 ) 2{a 2 -b 2 f a-Ja^b 



/4__p\/2 V2+1 

3 3 / — 

a a V2-1 



(11.409) 



where the semimajor axis, a= — , given by Eq . (11 . 202) and the semiminor axis , b ■ 



1^1 



, given by Eq . (1 1 . 205) were used . 



Substitution of Eq. (11.400) andEq. (11.409) into Eq. (11.401) gives 
V4 p'y/2. >/2+0 a VB 



t^sB- 



-ft 



-to 



(11.410) 



"0 3 

I. «0 



a, 



>/2-lJ24p 



««, 



Additionally, it is found both theoretically and experimentally that the dimensions, r 2 , of the molecule corresponding to the area 
in Eqs. (11.369) and (11.379) used to derived Eq. (11.410) must be replaced by an average, (r 2 \ , that takes into account 

av e raging ov e r th e orbits isotropically ori e nt e d. Th e corr e ction of 2/3 is giv e n by Purc e ll [37]. In th e cas e of hydrog e n - typ e 
molecule s, the electronic interaction with the nuclei require that each nuclear magnetic moment is in the direction of the 
semiminor axis. But free rotation about each of three axes results in an isotropic averaging of 2/3 where the rotational 
frequencies of hydrogen-type molecules are much greater than the corresponding NMR frequency (e.g. 10 12 Hz versus 10 s Hz). 

AS 



Thus, Eq. (11. 4 10) gives the absolute upfield chemical shift, 



, of H 2 relative to a bare proton: 



B 



AB 
B 



AS 
B 



-Mo 






4-V21n 



V^+T 



-J2-1 



36p m e 



-pe~ 



-fto 



V2-1 



36« n 



(11.411) 



= -p28.01ppm 
where p = 1 for H 2 . 



It follows from Eqs. (1 1 .202) and (1 1 .41 1) that the diamagnetic flux (flux opposite to the applied field) at each nucleus is 

inversely proportional to the semimajor radius, a - — - . For resonance to occur, AH , the change in applied field from that 

P 
given by Eq. (11.368), must compensate by an equal and opposite amount as the field due to the electrons of the dihydrino 
molecule. According to Eq. (11.202), the ratio of the semimajor axis of the dihydrino molecule H 2 (\i p) to that of the 

hydrogen molecule H 2 is the reciprocal of an integer p . Similarly it is shown in the Hydrino Hydride Ion Nuclear Magnetic 
Resonance Shift section and previously [41], that according to Eq. (7.87) the ratio of the radius of the hydrino hydride ion 
H~ (l / p) to that of the hydride ion H ~ (l / 1) is the reciprocal of an integer p . It follows from Eqs. (7.90-7.96) that compared 

to a proton with no chemical shift, the ratio of AH for resonance of the proton of the hydrino hydride ion H~hlp) to that of 
the hydride ion H~ (l / 1) is a positive integer. That is, if only the radius is considered, the absorption peak of the hydrino 
hydride ion occurs at a value of AH that is a multiple of p times the value that is resonant for the hydride ion compared to that 
of a proton with no shift. However, a hydrino hydride ion is equivalent to the ordinary hydride ion except that it is in a lower 

energy state. The source current of the state must be considered in addition to the reduced radius. 

As shown in the Stability of "Ground" and Hydrino States section, for the below "ground" (fractional quantum number) 
energy states of the hydrogen atom, a phoun , the two-dimensional surface charge due to the "trapped photon" at the electron 
orbitsphere and phase-locked with the electron orbitsphere current, is given by Eqs. (5.27) and (2.11). 
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photon 



4x(r„Y 



^(e^-^ie^+^Y^e^e^'}] 



5{r-r n ) 



(11.412) 
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, the two-dimensional surface charge of the electron orbitsphere is 



And, <t , 



7 (^^) + Re{7/'(^^) e ""' u "'} d\r-rj 



(11.413) 



4^rfc) 

The superposition of cr photon (Eq. (11.412)) and cr electrm , (Eq. (11.413)) where the spherical harmonic functions satisfy the 
conditions given in the Bound Electron "Orbitsphere" section is 



<J 



photon 



+ cr„, 



-Y a °(0,0)+ 1 + - RelY? (0,0)e imo3 "') 
-pi m t y- 



<5(r-r„) 



(11.414) 
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-1-1 L}-±. 
p 2 3 4 

The ratio of the total charge distributed over the surface at the radius of the hydrino hydride ion H~ (1/ p) to that of the hydride 
ion i/" (l / 1) is an integer p , and the corresponding total source current of the hydrino hydride ion is equivalent to an integer p 

times that of an electron. The "trapped photon" obeys the phase-matching condition given in Excited States of the One-Electron 
Atom (Quantization) section, but does not interact with the applied flux directly. Only each electron does; thus, Av of Eq. 
(11 .377) must be corrected by a factor oTTTp corresponding to the normalization of the electron source current according to the 
invariance ol charge under Oauss' Integral Law. As also shown by Eqs. (7.17-7.23) and (7.8V), the "trapped photon" gives rise 
to a correction to the change in magnetic moment due to the interaction of each electron with the applied flux. The correction 
factor of 1 / p consequently cancels the NMR effect of the reduced radius, which is consistent with general observations on 

diamagnctism [42]. It follows that the same result applies in the case of Eq. (11.411) for H 2 (\l /?) wherein the coordinates arc 

ellipsoidal rather than spherical. 

The cancellation of the chemical shift due to the reduced radius or the reduced semiminor and semimajor axes in the case 
of H~(l/ p) and H 2 (\l /?), respectively, by the corresponding source current is exact except for an additional relativistic 

effect. The relativistic effect for H~ (l / p) arises due to the interaction of the currents corresponding to the angular momenta of 

the "trapped photon" and the electrons and is analogous to that of the line structure of the hydrogen atom involving the 2 P m — 

2 P m transition. The derivation follows that of the fine structure given in the Spin-Orbit Coupling section. 

of th e e l e ctron, th e e l e ctron angular mom e ntum of % , and th e e l e ctron magn e tic mom e ntum of ju B ar e invariant for 



m. 



any electronic state. The same applies for the paired electrons of hydrino hydride ions. The condition that flux must be linked 
by the electron in units of the magnetic flux quantum in order to conserve the invariant electron angular momentum of % gives 
the additional chemical shift due to relativistic effects. Using Eqs. (2.159-2.160), Eq. (2.168) may be written as 



^slo ~ 



IxnjjQen 



.3 , eh 
— = aln2- 



ju en 



— = a2n2/J B B 



(11.415) 



2m e 2m e a 

From Eq. (1 1.415) and Eq. (1.226), the relativistic stored magnetic energy contributes a factor of aln In spherical coordinates, 
the relativistic change in flux AB SR may be calculated using Eq. (7.95) and the relativistic factor of y SR = 2na which is the same 
as that given by hq. (1 .25U): 



AB, 



-YsrVv - 



-ism 



A777 

(i r cos#-i e sin60 = -2^0^,— 5- (i r cos^-i^ sin#) 



(11.416) 



for r<r n . 

The stored magnetic energy term of the electron g factor of each electron of a dihydrino molecule is the same as that of 


a hydrogen atom since — is invariant and the invariant angular momentum and magnetic moment of the former are also h and 
m e 

jU B , respectively, as given in the Magnetic Moment of an Ellipsoidal MO and Magnetic Field of an Ellipsoidal MO sections. 

Thus, the corresponding correction in ellipsoidal coordinates follows from Eq. (2.168) wherein the result of the length 

contraction for the circular path in spherical coordinates is replaced by that of the elliptical path. 

The only position on the elliptical path at which the current is perpendicular to the radial vector defined by the central 

force of the protons is at the semimajor axis. It was shown in the Special Relativistic Correction to the Ionization Energies 

section that when the condition that the electron's motion is tangential to the radius is met, the radius is Lorentz invariant. That 

is, for the case that k is the lightlike k° , with k = a> n l c , a is invariant. In the case of a spherically symmetrical MO such as 
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the case of the hydrogen atom, it was also shown that this condition determines that the electron's angular momentum of h , — 
m r 

of Eq. (1.98). and the electron's magnetic moment of a Bohr magneton. fi E . are invariant. The effect of the relativistic length 
contraction and time dilation for constant spherical motion is a change in the angle of motion with a corresponding decrease in 
the electron wavelength. The angular motion becomes projected onto the radial axis which contracts, and the extent of the 
decrease in the electron wavelength and radius due to the electron motion in the laboratory inertial frame are given by 



X = 2nr\\\-\ - | sin 
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respectively. Then, the relativistic factor y" is 



2n 







— 2n 














(\ 1 41Q"i 


1 1 












(ii-^iy) 




r v 


/' 


f \ 2 V 




1' 


ji«- 




-, u 


[ v ) • 


n 




f v 1 






7T 




( v] 






27T.ll - 


I7) sm 


~2 


1- 


[~c 




+ COS 


~2 


1- 


\~r . 










V 


v y ) 




\_ \ 


/ J 





where the velocity is given by Eq . (1 . 35) with the radius given by Eq . (1 . 254) . 



Each point or coordinate position on the continuous two-dimensional electron MO of the dihydrino molecule defines an 
infinitesimal mass-density element which moves along an elliptical orbit of a spheroidal MO in such a way that its eccentric 
angle, 9, changes at a constant rate. That is 8 = cot at time t where o is a constant, and 

r it) = ia cos ait + \b sin at (11.420) 

is the parametric equation of the ellipse. Next, special relativistic effects on distance and time are considered. The parametric 
radius, r(t) , is a minimum at th e position of th e s c miminor axis of l e ngth b , and th e motion is transv e rs e to th e radial v e ctor. 
Since the angular momentum of h is constant, the electron wavelength without relativistic correction is given by 

2xb = A = — (11.421) 



such that the angular momentum, L , is given by 



L = rx mv = bmv = h 



(11.422) 



The nonradiation and the h , — , and /i B invariance conditions require that the angular frequencies, co s and co e , for spherical 

m e 

and ellipsoidal motion, respectively, are 



co =- 



m e 
A 



(11.423) 



and 



®„ 



nh 



(11.424) 



m e A m e ab 

where A is the area of the closed orbit, the area of an ellipse given by Eq. (11.373). Since the angular frequency co e has the 
form as co s , the time dilation corrections are equivalent, where the correction for co s is given in the Special Relativistic 
Correction to the Ionization Energies section. Since the semimajor axis, a , is invariant, but b undergoes length contraction, the 
relationship between the velocity and the electron wavelength at the semiminor axis from Eq. ( 1 1 .4 1 7) and Eq. ( 1 1 .42 1 ) is 

N 3/2~ 



X = 2nbA\ 



,Y 



~=p= — sm 
cl 



f. 






2^ 



+ WCOS 



f 



i=H- 
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(11.425) 



H vcy y 



where X -> a as v -> c replaces the spherical coordinate result of X — > r ' as v -> c . Thus, in the electron frame at rest v = , 
and, Eq. (1 1.425) becomes 

X' = 2nb (11.426) 

In the laboratory inertial frame for the case that v = c in Eq. (1 1.425), X is 



X-a 
Thus, using Eqs. (1 1 .426) and (1 1 .427), the relativistic factor, y* , is 

X a 

r- 



(11.427) 
(11 .428) 



X' 2nb 
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FromEqs. (11.417-11.419) andEq. (11.428), the relativistic diamagnetic effect of the inverse integer radius of H 2 (\l /?) 
compared to H 2 , each with ellipsoidal MPs, is equivalent to the ratio of the semiminor and semimajor axes times the correction 
for the spherical orbital case given in Eq. (11.416). From the mass (Eq. (2.167)) and radius corrections (Eq. (2.163)) in Eq. 
(2.168), the relativistic stored magnetic energy contributes a factor y SR of 

y SR =2 7za\-\ =na (11.429) 



Thus, fromEqs. (11.401), (11.416), and (11.429), the relativistic change in flux, AB s;; , for the dihydrino molecule H 2 {\i p) is 
AR SR = -y SRj u A 2 Am = -7raju A 2 Am (1 1 .430) 

AD 

Thus, using Eq. (11.411) and Eq . (11.430), the upfield chemical shift, — — , due to the relativistic effect of the molecule 

B 

H 2 (1 / p) corresponding to the lower-energy state with principal quantum energy state p is given by 






_S_ 



' c, V2+1 

4-V21n-^= — 

V2-1 



pe (11.431) 
36fl n w„ 



A p 

The total shift, — - , for H 2 (l / p) is given by the sum of that of H 2 given by Eq. (1 1 .41 1) with p = 1 plus that given by Eq. 
B 

(11.431): 

ABr — 



T = -* 



4-^2 In 



a/2— 4- 



* (1 + xap) (11.432) 



36a»OT 



J 

^- = -(28.01 + 0.64p)ppm (11.433) 

B 

where p = integer > 1 -. 

II 2 has been characterized by gas phase 1 II NMR. — The experimental absolute resonance shift of gas-phase TMS 

relative to the proton's gyromagnetic frequency is -28.5 ppm [32]. H 2 was observed at 0.48 ppm compared to gas phase TMS 
set at 0.00 ppm [33]. Thus, the corresponding absolute H 2 gas-phase resonance shift of -28.0 ppm (-28.5 + 0.48) ppm was in 
excellent agreement with the predicted absolute gas-phase shilt of -28.01 ppm given by Eq. (11 .41 1). 
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DIATOMIC MOLECULAR ENERGY STATES 



EXCITED ELECTRONIC STATES OF ELLIPSOIDAL MOLECULAR ORBITALS 

Excited states of atomic orbitspheres are discussed in the Excited States of the One-Electron Atom (Quantization) section and 
the Excited States of Helium section. In the case of ellipsoidal MOs, excited electronic states are created when photons of 
discrete frequencies are trapped in the ellipsoidal resonator cavity of the MO of the outer excited-state electron. The photon 
changes the effective charge at the MO surface where the central field is ellipsoidal and arises from both the net field of the 
nuclei at the foci of the inner MO and the trapped photon of the outer. The "trapped photons" are solutions of the two- 
dimensional Laplacian in ellipsoidal coordinates given by Eq. (11.27). The excited-state photon's electric field at the outer 
electron (Eq. (2.15) except ellipsoidal coordinates) superimposes that of the net field of the nuclei at the foci of the inner MO 
and inner MO charge such that the net electric field has a magnitude proportional to Zln in the direction of i , at the outer 
electron where n - 2,3,4,... for excited states. Force balance is achieved at a series of ellipsoidal equipotential two-dimensional 
surfaces with an increased distance £ . The state geometrical parameters are solved from the force balance equation and the 
relationships among the ellipsoidal parameters given in the Derivation of the General Geometrical and Energy Equations of 
Organic Chemistry section. The force balance of the outer excited-state electron is given by balance between the centrifugal 
force, the central Coulombic force corresponding to the effective central field due to the superposition of photon field at the 
outer electron and the net field of the nuclei at the foci of the inner MO, and the magnetic forces in the case of paired electrons in 
the unexcited state. The energies corresponding to the excited electron are given by the prolate spheroidal energy equations 
given in the Derivation of the General Geometrical and Energy Equations of Organic Chemistry section except for a correction 
corresponding to a single electron, and the electric terms are scaled according to the effective central field. 

EXCITED STATES OF THE HYDROGEN MOLECULAR ION 

FORCE BALANCE OF THE EXCITED STATES OF THE HYDROGEN MOLECULAR ION 

The excited states of the hydrogen molecular ion are determined by the same physics as those of one and two electron atoms. 
The excited-state photon's electric field superposes that of the protons at the foci of the MO such that the excited-state electric 
field has a magnitude proportional to eln in the direction of i F at the electron MO where w = 2,3,4,... for excited states. 

Balance between the centrifugal and the Coulomb forces is achieved at a series of MOs, ellipsoidal equipotential two- 
dimensional surfaces, confocal with the n = 1 -state ellipsoid MO wherein the corresponding Coulombic force that balances the 
centrifugal force meets the requirement that the excited-state electric field has a magnitude proportional to eln at the electron. 
Thus, force balance between the electric and centrifugal forces given by Eq. (11.115) where p = \l n is 



1 7 



m e a b n %ne^ab 

which has the parametric solution given by Eq. (1 1 .83) when semimajor axis, a , is 

a = 2na Q (12.2) 

The internuclear distance, 2c' , which is the distance between the foci is given by Eq. (11.111) where p = \l n. 

2c' = 2na (12.3) 

The semiminor axis is given by Eq. (11.112) where p-lln. 

b = Sua, (12.4) 
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The eccentricity, e , is given by Eq. (11.113). 
1 



-^^y- 



ENERGIES OF THE EXCITED STATES OF THE HYDROGEN MOLECULAR ION 

The potential energy, V e , of the electron MO in the field of the protons at the foci (£ = 0) is given by Eq. (11.117) where 



p = \l n 



V, 






4e 2 



%7rs -<Ja 2 -b 2 
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a-\]a 2 -b 2 



(12.6) 



To match the condition that electric field has a magnitude proportional to Z I n in the direction of i , at the electrons, the 
corresponding potential energy, V , due to proton-proton repulsion is given by Eq. ( 1 1 . 1 20) where p = \l n 



1 



-vm- 



8^-g Va 2 -b 2 

The kinetic energy, T , of the electron MO is given byEq.(11.119) 
a + sja 2 -b 2 



T = - 



2r 



ah/i 



rln- 



mayja — b a — ifa 



-\/fi 



(12.8) 



Substitution of a and b given by Eqs. (12.2) and (12. 4 ), respectively, into Eqs. (12.6 12.8) is 



V=- 



-4e 2 



n 8?r£ a H 



-ln3 = 



-59.7575 eV 



(12.9) 
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13.5984 eV 



(12.10) 



n %ne,fl H 



T = - 



2e l 
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29.8787 eV 
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(12.11) 



The Doppler term, t, asc , for hydrogen is given by Eq. (11.1 89) where p = L/n 



-1 0.118755 eF+-(-l (0.29282 eV) 



E OS c\ H 2) = E D +E Kvib = 

The total energy, E T , for the hydrogen molecular ion given by Eqs. (11.191-11.193) is 
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(12.13) 



TT« 



= -!-] 16.13392 eF-(-) 0.118755 eV 



The negative of Eq. (12.13) is the ionization energy of the excited state of H^ . The energy T e from the n = 1 state (also referred 
to as the state X) to the energy of the n' h excited state is given by the difference of E T given by Eq. (12.13) and the energy of 
unexcited Hi given by Eq. (12.13) with n = 1 : 



T= -16.13392 eV 



-4r- 



-1 



-0.118755 eV 



4- 



-1 



(12.14) 



These states are much higher in energy than the bond dissociation energy and cannot be observed. This result is consistent with 
observations wherein the excited state spectrum of H^ comprises only excited vibrational levels and levels within a van der 
Waals state |1-3J. 
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VIBRATION OF THE EXCITED STATES OF THE HYDROGEN MOLECULAR ION 

It can be shown that a perturbation of the orbit determined by an inverse-squared force results in simple harmonic oscillatory 
motion of the orbit [4]. The resonant vibrational frequency for H^ given by Eq. (1 1.160) is 



" ( °H«) f£M») j\ Nml = [n) ^ X 1014 mdiamlS (m5) 
wherein p-l/n. The spring constant, fc(0) , for H* excited states given by Eq. (1 1 .162) is 

jt(fj) = [- 1 165.51 Nrn l (12.16) 

The vibrational energy, E vib ( 0) , of the H\ excited state for the determination of E osc given by Eq. (11.163) is 

M°) = f£| °- 2928 eV Q^r 

The amplitude of oscillation given by Eq. (11.1 64) is 

A mlucod (0) = nO.U25a (12-18) 

The vibrational energy for the 77 2 + excited - state v = 1 — » u = transition given by Eq. (1 1 .166) is 

£„,(l) = f£| °-270 eV (12.19) 

The anharmonicity term of the HI excited state given by Eq. (1 1.169) is 



100/2C 



8.06573xl0 3 ^— - 0.270 eV 

: eV {nj L 



(12.20) 
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2.535 eV+ - 0.118755 eV 



MAGNETIC MOMENT OF AN ELLIPSOIDAL MOLECULAR ORBITAL 

The magnetic dipole moment, pi , of a current loop is 

H = iA (12.21) 

where i is the current and A is the area of the loop. For any elliptic orbital due to a central field, the frequency, / , is 

X 77 

f=m_ = _m_ (12.22) 

2A 2nab 

where L is the angular momentum, m is the mass, and the area A of an ellipse is given by Eq. (1 1 .25). The current, i , is 

eL 

ttl 

i = ef = —z- (12.23) 

2nab 

h 
where c is the charge. The magnetic moment is given by substitution of Eqs. (12.23) and (11.25) into Eq. (12.21) where L 

is the intrinsic electron angular momentum of the ellipsoidal MO given in the Force Balance of Hydrogen-type Molecules 
section: 

» = — *>■ 02^ 

2 2m e 2 

where p B is the Bohr magneton. In a Larmor excited state, the electron gains L = h along the semimajor axis as the intrinsic 

angular momentum precesses about this axis at the Larmor frequency. The magnetic moment of the Larmor excited state of 
cylindrical symmetry is given by Eq. (2.65): 

M = ~ — = M B (12-25) 

2m e 

which is the Bohr magneton. 
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MAGNETIC FIELD OF AN ELLIPSOIDAL MOLECULAR ORBITAL 

The magnetic field can be solved as a magnetostatic boundary value problem, which is equivalent to that of a uniformly 
magnetized ellipsoid. The magnetic scalar potential inside the ellipsoidal MO, <f>~ , [5] and outside of the MO, <f> + , [6] are 



eh r 
2m e oC 



ds 



s + a )R ( 



and 



(12.26) 



3eh 



* (liaHtl-l 



&7rm e a 2 -b 2 y2 rj-\ 
respectively, where R 4 for a prolate spheroid is given by Stratton [7] (Eq. (1 1.32)) is 



*,=(£ + ft 2 M^ + o*)- 



(12.27) 



(12.28) 



and the spheroidal [7] parameters for Eq. (12.27) after Chang [6] are: 



1=4 



\l + X 2 + y 2 +Z 2 )4l + X 2 + y 2 + Z 2 f-4 X 2 



(12.29) 



n 

The magnetic field inside the ellipsoidal MO, H~ , is [5] 
-§^ 



(12.30) 



h; 



Sx- 



■eh 7 ds 



_ -en r 

9m J 



2mJ (s + a )R< 
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ds 



(12.31) 



2m e l(s + b l )(s + ay 



eh 



1 + 4 1 



2. l--r + ln- 



_2m 



r^ 



2 

a ) \ 



1-«1 



a 2 y 



The magnetic field inside the ellipsoidal MO is uniform and parallel to the semimajor axis. The Cartesian-coordinate magnetic 
fi e ld compon e nts outsid e th e e llipsoidal MO, H* , ar c obtain e d by taking th e gradi e nt of + giv e n by Eq. (12.27): 



9 J£8u> J 



(12.32) 



where 



(12.33) 



u =x u = y u - z 

Substitution of Eq. (12.27) into Eq. (12.32) gives [6] 



h:=- 



3eh 



* 8xm e (a 2 -b 2 f 2 {2 7~1 7 2 -g 



1 In-" + 1 



7 



(12.34) 
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h: = 



^r^ 



8^( a 2 -fc 2 ) 3/2 V^T(7 2 -f) 

3eft <fVl-£ 2 



cos# 



(12.35) 



2 8-Tm e ( a 2 -fc 2 ) 3/2 V^T(v 2 -^ 2 ) 



sin6> 



where 



(12.36) 



(12.37) 



(9 = arctan — 

7 

A plot of the field lines of the magnetic dipole due to a resonant Lanno r excitation of the prolate-spheroidal 7/ 2 + MO is shown in 
Figures 12. 1A-C. 
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Figure 12.1 A. The two-dimensional cross-section of the field lines of the magnetic dipole due to a resonant Larmor 
excitation of the prolate-spheroidal H\ MO. The internal field is uniform, and the field external to the prolate spheroidal MO is 
a dipole field. 




Figure 12. 1B. The field lines of the magnetic dipole due 
to a resonant Larmor excitation of the prolate-spheroidal H 2 

MO. The field external to the prolate spheroidal MO is a 
dipole field. 



Figure 12.1C. The field lines of the magnetic dipole due 
to a resonant Larmor excitation of the prolate-spheroidal H 2 
MO with the MO partially cut-away to show the uniform 
internal field lines. 





©2010 BlackLight Power, Inc. All rights reserved. 



448 Chapter 12 

EXCITED STATES OF THE HYDROGEN MOLECULE 

FORCE BALANCE OF THE EXCITED STATES OF THE HYDROGEN MOLECULE 

In the mathematical limit, as the eccentricity goes to zero the hydrogen molecule becomes the helium atom. The excited states 
of the hydrogen molecule are determined by the same physics as those of the helium atom. It was shown in the Excited States of 
Helium section that the inner atomic orbital is essentially that of He + for all excited states with the exact result upon ionization. 
The infinite H 2 excited state corresponds to a free electron with the inner MO and protons comprising H 2 . Implicit in the 
calculation of the energy of the outer electron of each H 2 excited state is that the inner electron has the geometrical parameters, 
component energies, and the total energy of H 2 as shown to very good approximation for the inner atomic electron of helium 
exited states. For H 2 , the excited-state photon's two-dimensional ellipsoidal electric field at the outer electron superimposes that 
of the field of the nuclei at the foci of the inner MO and inner MO charge such that the resultant electric field lias a magnitude 
eln in the direction of i, at the outer electron where n =2.3.4.... for excited states. Then, the force balance of the outer 

excited-state electron is given by balance between the centrifugal force, the central Coulombic force corresponding to the 
effective central field due to the superposition of photon field at the outer electron and the net field of the protons at the foci of 
the inner MO, and the magnetic forces for the particular spin and orbital state. The geometrical parameters for H 2 are 
determined from the semimajor axis given by the force balance and the relationships among the ellipsoidal parameters. The 
energies corresponding to the excited electron are given by the prolate spheroidal energy equations given in the Derivation of the 
General Geometrical and Energy Equations of Organic Chemistry section except for a 1/2 correction corresponding to a single 
electron, and the electric terms are scaled according to the effective central field of 1 / n . 

I = 

The force balance between the electric, magnetic, and centrifugal forces of the outer electron given by Eqs. (9.10) and 
(11.285) is 

fi 2 I e 2 12ml fP 

D = - n 72 D + -~ n — 2 D (12.38) 



m e a b n %K£ a ab n 3 2 2m e a b 
where the geometrical factor due to the rotation about the semimajor axis is given by Eq. (11.391) and m is a positive or 
negative integer due to the symmetry of the angular momentum components as given in the Force Balance of Hydrogen- Type 
Molecules section. The parametric solution given by Eq. (11.83) occurs when seiiiimajor axis, a , is 

2n-j) (12.39) 
Th e internuclear distance, 2c ' , which is th e distanc e b e twe e n the foci is giv e n by Eq. (1 1 .19) wher e p-l/n. 

(12.40) 




The semiminor axis is given by Eq. (1 1.80). 



b = yla 2 -c' 2 =a \2n-—\ 1 j^- T (12.41) 

3jj l{ln-^ 



The eccentricity, e , is given by Eq. (1 1 .67). 




(12.42) 



I +0 
~ The exited singlet states of the hydrogen molecule for £ ^ are solved using the same approach as those of the excited 

states of the helium atom given in the corresponding section, wherein the force balance due to the a Mag (£,m) terms 

corresponding to prolate spheroid geometry rather than spherical are also associated Legendre functions or spherical harmonics 
with regard to the semimajor axis as given by Li, Kang, and Leong [8]. 

The magnetic forces comprise the component of Eq. (12.38) corresponding to the nondynamic current and the a M (z,ni) 

component due to the time dynamic modulation current and its interaction with electron spin. The force balance between the 
electric, magnetic, and centrifugal forces of the outer electron given by Eqs. (12.38) and (9.52) is 



©2010 BlackLight Power, Inc. All rights reserved. 



Diatomic Molecular Energy States 



449 



h 2 



-D- — 



-D + - 



\ m h 



-D 



> + l 



l l h 2 



4- 



£L 



(12. 4 3) 



ma b 



n 8?r£ ab 



n 3 2m e a 2 b 2 n(2l + \)\\ I ) l + 22m e a 2 b 



l + \ 



where the V3/4 and r 3 terms are replaced by one and Da 2 b 2 as given in the Force Balance of Hydrogen- Types Molecules 
section. The parametric solution given by Eq. (1 1.83) occurs when semimajor axis, a , is 
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(12. 44 ) 
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The internuclear distance, 2c ' , which is the distance between the foci is given by Eq. (1 1 .79) where p=\l n. 



r 



■f- 



2c =2.1 — - = 2a„ 
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(12.45) 



The semiminor axis is given by Eq. (1 1.80). 
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(12.46) 
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The eccentricity, e , is given by Eq. (1 1 .61). 
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TRIPLET EXCITED STATES 

-t-^d 

The force-balance equation and semimajor-axis solution of triplet excited states for I = are equivalent to those of the 

corresponding singlet excited states given by Eqs. (12.38-12.39). However, due to the triplet spin state, the magnetic force in 
Eq. (12.38) is increased by a factor of two as in the case of the corresponding helium exited states given in Eq. (9.31). Thus, m 
is replaced by 2m . Then, the force balance between the electric, magnetic, and centrifugal forces of the outer electron is 



h l 



^i 



„ 1 Am 1 
D I 



h l 



^£L 



(12.48) 
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The parametric solution given by Eq. (1 1 .83) occurs when semimajor axis, a , is 

, i 2m ^ 
a- a n \ 2n — 



2c' = 2. 



^frn 
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2m 



(12. 4 9) 



The internuclear distance, 2c' , which is the distance between the foci is given by Eq. (1 1.79) where p = l/n . 



(12.50) 



(12.51) 



2p "V 2 

The semiminor axis is given by Eq. (11 .80). 



b = 4a T ^ 2 =a n \2n-— I |l- 



UT- 



2m 



The eccentricity, e , is given by Eq. (11 .67). 
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(12.52) 
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£ #0 

The magnetic forces of triplet excited molecular states having £ ^ comprise the nondynamic-current component of Eq. 
(12.43) with the parameter m of the magnetic force of Eq. (12.38) increased by a factor of two and the a M (£,m) component 

due to the time dynamic modulation current and its interaction with electron spin. The latter is solved using the same approach 
as that of the triplet excited states of the helium atom given in the corresponding section. The force balance between the electric, 
magnetic, and centrifugal forces of the outer electron given by Eqs. (12.48) and (9.63) is 



3 

ft 2 1 e 2 1 ">m ti 2 1 o t 
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(12.53) 



where the V3 / 4 and r 3 terms are replaced by one and Da 2 b 2 as given in the Force Balance of Hydrogen- Types Molecules 
section. The parametric solution given by Eq. (1 1 .83) occurs when semimajor axis, a , is 
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(12.54) 
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The intranuclear distance, 2c' , which is the distance between the foci is given by Eq. (1 1.79) with the 2 factor and p = \in . 
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The semiminor axis is given by Eq. (11 .80). 
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The eccentricity, e , is given by Eq. (11 .67). 
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Th e component e nergies of th e outer el e ctron of the hydrogen molecule of the excited stat e corresponding to quantum number n 
are given by Eqs. (11.290-11.293) and (11.233-11.236) where the energies are each multiplied by a factor of 1/2 since the outer 
MO comprises only one electron, and those corresponding to charge are multiplied by effective-charge factor of 1 / n : 
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where with regard to Eq. (12.62), the angular frequency of reentrant oscillation m and corresponding energies E K , E D ,and E osc 
are given by Eqs. (11.233-11.236) with p = \ln and the factor of 1/2 was applied since the outer MO comprises only one 
electron. The potential energy, V , due to proton-proton repulsion (Eq. 12.59)) is zero. The repulsive term applies only to the 
total energy of H 2 which is implicit in the calculation of the energy of the outer electron of the H 2 excited state as in the case 
with the energy of the helium exited states given in the Excited States of Helium section. The total energy, E T , for the hydrogen 
molecular excited state given by Eqs. (1 1.239-1 1.240) is 



E T =V,+T + V m +V,+E„ 
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(12.63) 



(12.64) 



The negative of Eq. (12.64) is the ionization energy of the excited state of H 2 . The energy T e from the n = 1 state (also referred 
to as the state X) to the energy of the w'* excited state is given by the sum of E T given by Eq. (12.64) and IP t of H 2 given by 
Eq. (11.298): 

7;(// 2 ) = .EV + 15.4248eF (12.65) 

The geometrical (Eqs. (12.38-12.55) and energy (Eqs. (12.56-12.62)) parameters of singlet and triplet excited states of molecular 
hydrogen are given in Tables 12.1 and 12.2, respectively, where E Kntl was given to very good approximation by a e of H 2 (the 
n = x state) since there is a close match with m e of each excited state [9]. The color scale, translucent views of the charge 
densities of exemplary ellipsoidal spherical harmonics that modulate the time independent spin function are shown in Figure 
12.2. The modulation functions propagate about the major axis as spatially and temporally harmonic charge-density waves. 

Figure 1 2.2. Overhead-view of exemplary color scale, translucent views of the charge-densities of the inner and outer 
electrons of molecular-hydrogen excited states. The outer-electron orbital function modulates the time-constant (spin) function, 
(shown for t = 0; three-dimensional view). The inner electron is essentially that of H* (nuclei red, not to scale). 




tP 




Table 12.1. The geometrical and energy parameters of the singlet excited states of molecular hydrogen compared to the experimental energies [9]. 
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Table 12.2. The geometrical and energy parameters of the triplet excited states of molecular hydrogen compared to the experimental energies [9]. 
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DIATOMIC MOLECULAR ROTATION 

A molecule with a permanent dipole moment can resonantly absorb a photon, which excites a rotational mode about the center of 
mass of the molecule. Momentum must he conserved with excitation of a rotational mode. The photon carries h of angular 
momentum; thus, the rotational angular momentum of the molecule changes by % . And, the rotational charge-density function 
is equivalent to the rigid rotor problem considered in the Rotational Parameters of the Electron (Angular Momentum, Rotational 
Energy, Moment of Inertia) section with the exception that for a diatomic molecule having atoms of masses m l and m 2 , the 
moment of inertia is 

I = /ur l (12.66) 

where ju is the reduced mass 

/f = -g^- (P 67) 

m 1 +m 2 

and where r is the distance between the centers of the atoms, the internuclear distance. The rotational energy levels follow from 
Eq. (1.71) 

E M lt , „«, o rbi al =jjJ(J + l) (12-68) 

where J is an integer. For Eq. (12.68), 7 = corresponds to rotation about the z-axis where the internuclear axis is along the y- 
axis, and J * corresponds to a linear combination of rotations about the z and x-axis. 

As given in the Selection Rules section, the radiation of a multipole of order (I, m f ) carries mh units of the z 

component of angular momentum per photon of energy tica . — Thus, the z component of the angular momentum of the 

corresponding excited rotational state is 

L z = mh (12.69) 

Thus, the selection rule for rotational transitions is 

AJ = ±1 (12.70) 

In addition, the molecule must possess a permanent dipole moment. In the case of absorption of electromagnetic radiation, the 
molecule goes trom a state with a quantum number J to one with a quantum number of J +1 . Using Eq. (12.68), the energy 
difference is 

AE = E u] -E t =j\J + 1] Q2.71) 

DIATOMIC MOLECULAR ROTATION OF HYDROGEN-TYPE MOLECULES 

The reduced mass of hydrogen-type molecular ions and molecules, fi H , having two protons is given by Eq. (12.67) where 
m l =m 2 =m p , and m p is the mass of the proton. ~~ 

mm„ l 

^ 1 =— E - E - = T«, (12-72) 

m p +m p 2 

The moment of inertia of hydrogen-type molecules is given by substitution of the reduced mass (Eq. (12.72)) for // of Eq. 

(12.66) and substitution of the internuclear distance (Eq. (1 1 .204)) for r of Eq. (12.66). 

/ = «,4 (l 2 - 73 ) 

P 

where p is an integer which corresponds to H 2 (\l p) (n = \l p corresponds to the principal quantum number) of the hydrogen- 
type molecule. Using Eqs. (12.71) and (12.67), the rotational energy absorbed by a hydrogen-type molecule with the transition 
from the state with the rotational quantum number J to one with the rotational quantum number J + 1 is 

AE = E J+1 -E J =^ T [J + l] = p 2 [J + l] 2.37 x 10~ 21 J = /? 2 [J + l] 0.0148 eV (12.74) 

"liA 

The energy can be expressed in terms of wavelength in angstroms (A) using the Planck relationship, Eq. (2.139): 

A = 10^A = ^^A (12.75) 

AE p[J + l] 

The Doppler energy term, E mc , of the bond energy (Eqs. (11.237), and (11.2 4 - 11.2 4 1)) decreases the internuclear distance, r, 

of Eq. (12.66), which increases the rotational energy. The calculated energy for the J = to J = 1 transition of the hydrogen 

molecular ion H 2 not including the decrease in internuclear distance due to E osc is AE = 0.0148 eV . The experimental value is 

AE = 0.01509 eV [10]. Using Eq. (12.75) and the experimental wavelength for the J = to J = \ transition, 8.22 x 10 5 A, the 
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wavelengths calculated for the 7 = to 7 = 1 transitions of hydrogen-type molecules H 2 



2 C ' = ^i 



8.22 x W 
: P 2 [J + 1] 



are given by 



A 



(12.76) 



The moment of inertia of hydrogen-type molecular ions is given by substitution of the reduced mass (Eq. (12.72)) for ju of Eq. 
(12.66) and substitution of the internuclear distance (Eq. (11.111)) for r of Eq. (12.66). 



2a\ 



(12.77) 



where p is an integer which corresponds to H 2 + (lip), n = — , the fractional quantum number of the hydrogen-type molecular 

p 

ion. Using Eqs. (12.71) and (12.75), the rotational energy absorbed by a hydrogen-type molecular ion with the transition from 

the stale with the rotational quantum number 7 to one with the rotational quantum number 7 + 1 is 



AE = E r 



-E,= 



-yn 2 - 

m p 2a 2 H 



[j + \] = p 2 [j + \] 1.186 x 10" 21 7 = /[7 + l]0.00740eF 



The energy can be expressed in terms of wavelength in microns (jum) using the Planck relationship, Eq. (2.139). 



A = 10 6 -^- um = 



T5T 



A2T 



-T\J+T\ 



/Jin 



(12.78) 



(12.79) 



The Doppler energy term, E osc , of the bond energy (Eqs. (11.188-11.189). (11.191-11.193), and (11.198)) increases the 
internuclear distance, r of Eq. (12.66), which decreases the rotational energy. The calculated wavelength for the 7 = to 7 = 1 
transition of the hydrogen molecular ion H 1 [2c' = 2a n ] considering the correction to the internuclear distance due to E nsr is a 
good match to the experimentally observed wavelength of 169 jum [10]. Using Eq. (12.79) and the experimental 169 /urn, the 

2a„ 



wavelengths calculated for the 7 = to 7 = 1 transitions of the hydrogen-type molecular ions H 2 



2c'-- 



are given by 



-for 



^m- 



X = \0 urn „ r n 

AE p[J + l] 



jum 



(12.80) 



The rotational wavelength for p = 6 is 4.7 jum . A broad 4.7 jum solar chromospheric absorption line is observed which 
was previously assigned to cool carbon monoxide clouds; however, the temperature of the chromosphere, > 6000 K , is higher 
than that at which carbon monoxide completely decomposes into ca r bon and oxygen, <4000_£ [11]. The assignment of the 



2c' =«> 

3 



provides a 



4.7 /urn absorption line to the Doppler-broadened 7 = to 7 = 1 transition rotational transition of H 2 
resolution of the problem of cool carbon monoxide clouds. 

CENTRIFUGAL DISTORTION 

The equilibrium internuclear distance of the hydrogen molecular ion and hydrogen molecule can increase as a result of a 
cent r ifugal fo r ce due to r otation. Since the centrifugal distortion increases as a function of 7 , the r otational term given by Eq. 
(12.68) can be added as a centrifugal potential to the harmonic oscillator potential energy relationship (Eq. (11.1 4 6)) to give 
Ej{r), a combined potential dependent on the internuclear separation [12]. FromEq. (11.146) andEq. (12.68), 



E . ,(r)= l -k a (r-rS + ^J(J + l) 



(12.81) 



where r e is the equilibrium internuclear distance with 7-0 and k is the spring constant with u - . Let r e ' be the equilibrium 
internuclear distance for which E s (r) is a minimum. A relationship between the distorted equilibrium internuclear distance r e ' 
and 7 is derived from E } (r) by taking the derivative with respect to r , setting the derivative equal to zero corresponding to the 
minimum, and evaluating the equation at r ' . The result using Eq. (12.66) is 



dEjjr) 



dr 



■■k (r e '-r e f 



M r *') 



-7(7 + l) = 



(12.82) 
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• « 1 , r e ' may be determined as a function of J , and 



Since the deviation due to centrifugal distortion is small such that - 

r c ' may be solved from Eg. (12,82) by successive approximation. Little accuracy is lost by the first-order correction resulting 
from the substitution of r e ' = r e in the rotational term of Eq. (12.82) to give 

hB 

-J(J + l) (12.83) 



m v i^r e 



where 



B. 



21. h 



(12.84) 



and 



sl/2 



2n \juj 
Then, r e can be replaced by r e ' in the relationship for Ej (r) (Eq. (12.81)) to determine the correction to the rotational energy 
due to centrifugal distortion. 

E A r )=^rri^ J{J+V)+ i k ^'- r e) 1 (12 - 86) 

By substitution of r e ' given by Eq. (12.83) into Eq. (12.86), expanding the result in powers of J(J + 1) , and retaining only the 
first two terms which are predominant, Ej (r) is given by 

Ej = J{J + Y)hcB e - [J(J + 1)] 2 hcb e (12.87) 
wh ere the centrifugal distortion term EL is given by 



D. 



ab: 



6) n 



(12.88) 



and 



X^ 



„, (12-89) 

c 2I e nc 

For most molecules, the corrections due to centrifugal distortion represented by D e are relatively small except for high J 

values. FromEqs. (11.223), (12.73), and (12.88-12.89), D e for H 2 is 

fc 2 V 



D. 



4B 3 { 21 he 



£ 2- 



"®o 10" (2){x/jr*cf a>£ 



co n 



(12.90) 



10 6 (2) pwjg2gj 



? \if 



- = 0.0491 cm" 



3.06573xl0 3 ^-0.517 eV 



-eV~ 



The experimental D e of H 2 [13,14] is 
D = 0.0465 cm' 1 



(12.91) 



From Eq. (11. 170), (11.287), (11.312), (12.66), and (12.88-12.89), D e for D 2 is 



^B7= 



ABi 



( *2 A 



v2XM^ 



JM? G2^_ 



10 6 (2)(2a-//r e 2 c) <a 2 



(12.92) 



:0.0119 cm" 



10 6 (2) \2n;m p (42a Q ) c\ 8.06573xl0 3 Cm 0.371 el 
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The experimental D e of D 2 [13,14] is 

D c = 0.01159 cm- 1 (12.93) 

There is good agreement between the calculated and experimental values of D e . 
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GENERAL DIATOMIC AND POLYATOMIC MOLECULAR 

*3 



Non-hydrogen diatomic and polyatomic molecular ions and molecules can be solved using the similar principles as those used to 
solve hydrogen molecular ions and molecules wherein the hydrogen molecular orbitals (MOs) and hydrogen atomic orbitals 
serve as basis functions for the MOs of the general diatomic and polyatomic molecular ions or molecules. The MO must (1) be a 
solution of Laplace's equation to give a equipotential energy surface, (2) correspond to an orbital solution of the Newtonian 
equation of motion in an inve r se- r adius-squa r ed cent r al field having a constant total ene r gy, (3) be stable to r adiation, and (4) 
conserve the electron angular momentum of % . Energy of the MO must be matched to that of the outermost atomic orbital of a 
bonding heteroatom in the case where a minimum energy is achieved with a direct bond to the atomic orbital (AO). In the case 
that an independent MO is formed, the AO force balance causes the remaining electrons to be at lower energy and a smaller 
radius. The atomic orbital may hybridize in order to achieve a bond at an energy minimum. At least one molecule or molecular 
ion representative of each of these cases was solved. Specifically, the results of the determination of bond parameters of Hi , 
D; , OH, OD, H 2 0, D 2 0, NH , ND , NH 2 , ND 2 , NH 3 , ND 3 , CH , CD, CH 2 , CH 3 , CH A , N 2 , 2 , F 2 , Cl 2 , CN , CO, 

and NO are given in Table 13.1. The calculated results for homo- and hetero-diatomic radicals and molecules, and polyatomic 
molecular ions and molecules are based on first principles and given in closed-form, exact equations containing fundamental 
constants only. The agreement between the experimental and calculated results is excellent. ~~ 

TRIATOMIC MOLECULAR HYDROGEN-TYPE ION ( // ; ) 

The polyatomic molecular ion Hi (1/ p) is formed by the reaction of a proton with a hydrogen-type molecule 



H i (\lp) + W^H:(\!p) 



-(130)- 



and by the exothermic reaction 

H\ (1 1 p) + H 2 (1 / p) h> H; (1 1 p) + H (1 / p) 



(13.2) 



Hi (1/ p) -type molecular ions comprise two indistinguishable spin-paired electrons bound by three protons. The ellipsoidal 

molecular orbital (MO) satisfies the boundary constraints as shown in the Nature of the Chemical Bond of Hydrogen-Type 
Molecules section. Since the protons are indistinguishable, ellipsoidal MOs about each pair of protons taken one at a time are 
indistinguishable. // 3 + ('!//?) is then given by a superposition or linear combinations of three equivalent ellipsoidal MUs that 
form a equilateral triangle where the points of contact between the prolate spheroids are equivalent in energy and charge density. 
The outer perimeter of the superposition of three prolate spheroids is the Hl(\l p) MO with the protons at the foci that bind and 
maintain the electron MO. 

As in the case for HjJY] p) and H 2 (\l p) shown in the Nature of the Chemical Bond of Hydrogen-Type Molecules 

section, the stability of Hi (1/p) is due to the dependence of the charge density of the distance D from the origin to the tangent 
plane. That is, 
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D= , (13.3) 

' " v 2 z 2 



so that 



Anab 



■D (13.4) 



In other words, the surface density at any point on a charged ellipsoidal conductor is proportional to the perpendicular distance 
from the center of the ellipsoid to the plane tangent to the ellipsoid at the point. The charge is thus greater on the more sharply 
rounded ends farther away from the origin. This distribution places the charge closest to the protons to give a minimum energy. 

The balanced forces also depend on D as shown in the Nature of the Chemical Bond of Hydrogen-Type Molecules 
section. The D -dependence of the charge density as well as the centrifugal and Coulombic central field of two nuclei at the foci 

of the ellipsoid applies to each ellipsoid which is given from any other by a rotation of \<f>\ = — about an axis at a focus that is 

perpendicular to the plane of the equilateral triangle defined by the three foci. Since the centrifugal, Coulombic, and magnetic 
forces relate mass and charge densities which are interchangeable by the ratio el m e , the conditions at any point on any given 

ellipsoid is applicable to any other point on the ellipsoid. Furthermore, this condition can be generalized to any point of the other 
members of the set of three ellipsoids due to equivalence. As a further constraint to maintain the force balance between the three 
protons and the H^ (}l p) MO comprising the superposition of the three H 2 (\l p) -type ellipsoidal MOs, the total charge of the 

two electrons must be normalized over the three basis set H 2 (ll p) -type ellipsoidal MOs. In this case, the parameters of each 
basis element g 2 (l/p)-type ellipsoidal MO is solved, and the energies are given by the electron charge where it appears 
multiplied by a factor of 3 / 2 (three MOs normalized by the total charge of two electrons). 

Consider each H 2 (ll />)-type ellipsoidal MO. At each point on the H*(\l p) MO, the electron experiences a 

centrifugal force, and the balancing centripetal force (on each electron) is produced by the electric force between the electron and 
the ellipsoidal electric field and the radiation-reaction-type magnetic force between the two electrons causing the electrons to 
pair. The force balance equation derived in Force Balance of Hydrogen-Type Molecules section is given by Eq. (1 1.200): 

h 2 ve 2 h 2 

D = -^- T D + -^—D (13.5) 



m e a b %ns ab 2m,a b 



jgg— gg--l ^6)- 



pa pa 

a = ^ (13.7) 

& 

Substitution of Eq. (13.7) into Eq. (1 1.79) is 

c' = -^=a Q (13.8) 

The internuclear distance given by multiplying Eq. (13.8) by two is 

2c' = a °^ 2 — (13.9) 

P 
Substitution of Eqs. (13.7-13.8) into Eq. (1 1.80) is 

fc = c = — ^a, (13.10) 



P 



12 



Substitution of Eqs. (13.7-13.8) into Eq. (1 1.67) is 

e = -\= (13.11) 

V2 

Using the parameters given by Eqs. (13.7-13.1 1), the resulting H^ (1 / p) MO comprising the superposition of three H 2 (1 / p) - 

type ellipsoidal MOs is shown in Figure 13.1. The outer surface of the superposition comprises charge density of the MO. The 

equilateral triangular structure was confirmed experimentally [1]. The H^(ll p) MO having no distinguishable electrons is 

consistent with the absence of strong excited stated observed for H^ \Y\. It is also consistent with the absence of a permanent 
dipole moment [1], 
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Figure 13.1. The equilateral triangular H^ ( l / p ) MO formed by the superposition of three ff 2 (1/ p) -type ellipsoidal MOs 

with the protons at the foci. (A)-(B) Oblique and top views of the charge-density shown in color scale showing the ellipsoid 
surfaces and the nuclei (red, not to scale). (C) Cross sectional view with one proton cut away. 




ENERGIES OF // -TYPE MOLECULAR IONS 

Due to the equivalence of the Zf 2 (l//>)-type ellipsoidal MOs and the linear superposition of their energies, the energy 
components defined previously for die molecule, Eqs. (11.207-11.212) apply in the case of the corresponding H^{\l p) 

molecular ion. And, each molecular energy component is given by the integral of corresponding force in Eq. (13.5). Each 
energy component is the total for the two equivalent electrons with the exception that the total charge of the two electrons is 
normalized over the three basis set //,(l//?)-type ellipsoidal MOs. Thus, the energies are those given for H 2 (\I p) in the 

Energies of Hydrogen-Type Molecules section with the electron charge, where it appears, multiplied by a factor of 3 / 2 . In 
addition, the three sets of equivalent proton-proton pairs give rise to a factor of three times the proton-proton repulsion energy 
given by Eq. (1 1.208). The parameters a and b are given by Eqs. (13.7) and (13.10), respectively. 



K„=2 



a + yja 2 -b 1 
2 &x £ Ja 2 -b 2 *" a-4a 2 -b 2 



Ape 



In 



8/zs yja 2 -b 2 



T = - 



Ir 



rln 



a + 



4 a 2 - b 2 



2m e a4a~ -b 2 a-4a 2 -b 2 
The energy, V m , corresponding to the magnetic force of Eq. (13.5) is 

i + 4 a 2 -h 2 



K, = 3 - 



ln- 



2 Am„a4a 2 -b 2 a-4a 2 -b 



E T = V e +T + V m + V p 



E„= — 



8ns a B 



3p 2 ^/2-p 2 ^ + 3^- 



2 Jl\ 42+1 
42-1 



In 



-3p 2 42 



= -p 2 ?>5.54915eV 



(13.12) 
(13.13) 
(13.14) 

(13.15) 
(13.16) 
(13.17) 



where the charge e appears in the magnetic energy V m according to Eqs. (7.14-7.24) as discussed in the Force Balance of 
Hydrogen-Type Molecules section. 



VIBRATION OF // 3 -TYPE MOLECULAR IONS 

The vibrational energy levels of //, -type molecular ions may be solved as three equivalent coupled harmonic oscillators by 

developing the Lagrangian, the differential equation of motion, and the eigenvalue solutions [2] wherein the spring constants are 
derived from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of 
Hydrogen-Type Molecules section. 



©2010 BlackLight Power, Inc. All rights reserved. 



460 Chapter 13 

THE DOPPLER ENERGY TERM OF // -TYPE MOLECULAR IONS 

As shown in the Vibration of Hydrogen - type Molecular Ions section, the electron orbiting the nuclei at the foci of an ellipse may 
he perturbed such that a stable reentrant orbit is established that gives rise to a vibrational state corresponding to time harmonic 
oscillation of the nuclei and electron. The perturbation is caused by a photon that is resonant with the frequency of oscillation of 
the nuclei wherein the radiation is electric dipole with the corresponding selection rules. 

Oscillation may also occur in the transition state. The perturbation arises from the decrease in internuclear distance as the 
molecular bond forms. Relative to the unperturbed case given in the Force Balance of Hydrogen-type Molecular Ions section, 
th e r ee ntrant orbit may give ris e to a d e crease in th e total e n e rgy whil e providing a transi e nt kin e tic en e rgy to th e vibrating 
nuclei. However, as an additional condition for stability, radiation must be considered. A nonradiative state must be achieved 
after the emission due to transient vibration wherein the nonradiative condition given by Eq. (11.24) must be satisfied. The 
radiation reaction force due to the vibration of Ht, (l / p) and H-, (l / p) in the transition state was derived in the Doppler Energy 

Term of Hydrogen-type Molecular Ions section and the Doppler Energy Term of Hydrogen-type Molecules section, respectively. 
and corresponds to a Doppler energy, E D , that is dependent on the motion of the electron and the nuclei. The radiation reaction 

force in the case of the vibration of H^ (l / p) in the transition state also corresponds to the Doppler energy, E D , given by Eq. 

(11.181) that is dependent on the motion of the electrons and the nuclei. Here, a nonradiative state must also be achieved after 
the emission due to transient vibration wherein the nonradiative condition given by Eq. (11.24) must be satisfied. Typically, a 
third body is required to form Hi -type molecular ions. For example, the exothermic chemical reaction of H + H to form H 2 
does not occur with the emission of a photon. Rather, the reaction requires a collision with a third body, M , to remove the bond 
energy- H + H + M — » H, +M* [3"|. The third body distributes the energy from the exothermic reaction, and the end result is 
the H 2 molecule and an increase in the temperature of the system. Thus, a third body removes the energy corresponding to the 
additional force term given by Eq. (1 1.180). 

The kinetic energy of the transient vibration is derived from the corresponding central forces. From Eqs. (13.5) and 
(13.12), the central force terms between the electron MO and the protons of each of the three H 2 (l/ p)-type ellipsoidal MPs are 



2 4x£ a 



and 



fU a \ = 12PL^ (ixrgr 

V ' 2 47re„a - - 



Thus, using Eqs. (11.136) and (13.18-13.19), the angular frequency of this oscillation is 



pe 2 



Ane n 



^3 

a n 



co= \ l2LL =p 2 5.06326 X 10 16 rad I s (13.20) 

wh ere th e semimajor a x is, a, is a=— - a c cording to Eq. (13 .7 ) . Th e k inetic energy, E K , is given by Pl anck's equation (E q. 

P ' _ 

(11.127)): 

E K =hco = hp 2 5.06326 X 10 16 rad I s = p 2 33 .3273 eV (13.21) 

In Eq. (11.181), substitution of the total energy of the H^ -type molecular ion, E T , (Eq. (13.17)) for E hv , the mass of the 
electron, m„, for M , and the kinetic energy given by Eq. (13.21) for E K gives the Doppler energy of the electrons for the 
reentrant orbit. 



EF~ , \2e(p 2 333213eV) 

E d = E kv\\ — T = -35.54975/ eVA—± -. '- = -/? 3 0.40601 3 eV (13.22) 

\-Mc ^ mp 

The total energy of the TT\ -type molecular ion is decreased by E D . 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their 
corresponding frequency. On average, the total energy of vibration is equally distributed between kinetic energy and potential 
energy [4]. Thus, the average kinetic energy of vibra t ion corresponding t o the Doppler energy of t he elec t rons, E Kvib , is 1/2 of 
the vibrational energy of the H^ -type molecular ion given by Eq. (1 1.148). The decrease in the energy of the molecular ion due 
to the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the electrons and nuclei, E mc , is 
given by the sum of the corresponding energies, E D and E Kvib . Using Eq. (13.22) and the experimental vibrational energy H^ 
of £,,„ =2521.31 cm- 1 =0.312605 eV [1] gives 
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: E D + E Kyib 



■*-4*£ 



(13.23) 



E osc = -p i Q.406Q13eV + -p 1 {0. 312605 eV) 



(13.24) 



The reentrant orbit for the binding of a proton to H 2 (ll p) causes two bonds to oscillate by increasing and decreasing in length 
along opposite sides of the equilateral triangle at a relative phase angle of 180° . Since the vibration and reentrant oscillation is 
along two l e ngths of th e e quilat e ral triangular MO with E symm e try, E osc for Hi (1 / p) , E mc ( Hi (1 / p) ) , is: 

e osc {h;{\i p )) = 2 



= 2\ -/0.406013eF + -jO 2 (0.312605eF) 



(13.25) 



To the extent that the MO dimensions are the same, the electron reentrant orbital energies, E K , are the same independent 

of the isotope of hydrogen, but the vibrational energies are related by Eq. (11.148). Thus, the differences in bond energies are 
essentially given by 1/2 the differences in vibrational energies per bond. Using Eq. (13.22), Eq. (13.25), and the experimental 

vibrational energy Dl of E M =1834.67 cot' 1 = 0.227 '472 eV [1], the corresponding E m (Dl (Up)) is 

E osc [D; (1/ /7j) = 2[-p 3 0.406013 eV + -p 2 (0.227472 eV)) (13.26) 



h; (i/p) - and d;(\/ p ) - 

The total energy of the Hi (}l p) -type molecular ion is given by the sum ol E T (Eqs. (13.16-13.17)) and E 0SC (Hl(ll pu given 
Eqs. (13.20-13.25). Thus, the total energy of H*(\l p) having a central field of +pe at each focus of the prolate spheroid 
molecular orbital including the Doppler term is 



E T =K+T + V m +V p +E mc (H;(l/p)) 



(13.27) 



3yf2~\ V2+1 



3 e 1 



I 2 AnEMi 



E T =-p 



&fte n a n 



3V2-V2+- 



ln 



4l-[ 



■3n/2 



2h\ 



2 -h.\- 



l + 2p 



m„ 



mc 



(13.28) 



= -/? 2 35.54975-2/5 3 0.406013 eV + 2p 2 



W 



From Eqs. (13.24-13.25) and (13.27-13.28), the total energy of the Hi -type molecular ion is 
E T =-p 2 35.54975 eV + E 0SC (Hl(ll p)) 



= -y35.54975-2/0.406013t ; F + 2 -/; 2 (0.3 12605 t r F) 



(13.29) 



-p 2 35.23714 eF-/? 3 0.812025 eV 



The total energy of the Dl - type molecular ion is given by the sum of E T (Eq. (13.17)) and E o (Dl (11 p)) given by Eq. 



(13.26) : 



E T =- p 2 35. 5497 5 eV + E osc (Dl (II p)) 



= -p 2 35.54975-2jj 3 0.406013eF + 2 -/ (0.227472 eF) 



(13.30) 



= -/? 2 35.32227 eF-/? 3 0.812025 eV 
The bond dissociation energy, E D , is the difference between the total energy of the corresponding hydrogen molecule and E T 



)^EL 



E D = E{H 2 (Mp))- 

wh e r e E(H 2 (ll p)) is giv e n by Eq. (11.241): 



(13.31) 



£( J f7 2 (l/>)) = -/? 2 31.351eF-/7 3 0.326469eF 
and E(D 2 (l/p)) is given by Eq. (11.242): 



(13.32) 



E(D 2 (1/ p)) = -p 2 31.4345 eV- p 3 0.326469 eV 



(13.33) 
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The H^ bond dissociation energy, E D , is given by Eqs. (13.31-13.32) and (13.29): 
E D = -p 2 31 .35 leV-p* 0.326469 eV-E T 



= -p 2 31.351 gF-/ 0.326469 gF-(-p 7 35.23714 gF-/0.812025 eV) (13.34) 

= /5 2 3.88614 eF + /0.485556 eV 
The Z) 3 + bond dissociation energy, E D , is given by Eqs. (13.31), (13.33), and (13.30): 

E D =-p 2 3 1.4345 eV-p 3 0.326469 eF-£ r 

= -/7 2 31.4345eF-/0.326469eF-(-/7 2 35.32227eF-/0.812025eF) (13.35) 

= /? 2 3.88777 eF + /? 3 0.485556 eK 

T H E 7/ 3 + MOLECULAR I ON 

FORCE BALANCE OF THE //, MOLECULAR ION 

The force balance equation for H^ is given by Eq. (13.5) where p - 1 

h 2 e 2 h 2 



m e a b %ns li ab 2m e a b 

which has the parametric solution given by Eq. (1 1 .83) when 

a = a (13.37) 

The semimajor axis, a , is also given by Eq. (13.7) where p = 1 . The internuclear distance, 2c' , which is the distance between 
the foci is given by Eq. (13.9) where p = 1 . 

2c' = V2a (13.38) 
The semiminor axis is given by Eq. (13.10) where p = 1 . 

b = -\=a a ' (13.39) 

v2 

The eccentricity, e , is given by Eq. (13.11). 

1 (13.40) 



jJL 



ENERGIES OF THE //. MOLECULAR ION 

The energies of Hi are given by Eqs. (13.12-13.15) where p-\ 



V e J- ~f ln a + f2Z = -101^538^ ^3A1) 

^%ne^4a 2 -b 2 a -4a 2 -b 2 

-Py=3 . -57.7215 cV (13. 4 2) 

%ne Q 4a 2 -b 2 

h 2 to a + JjEE- =33.9meV (13.43) 



2m e a4a 2 -b 2 a- 4 a 2 -b 2 
The energy, V m , of the magnetic force is 

V m -\ f 2 y ~^P^ = -25.4384 eV (13^ 

1 4m e a^Ja -b a-^a -b 

The Doppler terms, E osc yH^ (l / p)) and E osc (P^ (l / p)\ are given by Eqs. (13.25) and (13.26), respectively, where p = 1 

E osc (H + 1 ) = 2{E D + E Kvib ) = 2J -0.406013 e^ + -(0.312605 eV) 1 = -0.499420 eV (13.45) 

g, (D, ) = 2[ -0.406013 eF + -^(0.227472 eV)) = -0.584553 eV (13.46) 



The total energy, E T , lor H^ given by Eqs. (13.27-13.29) is 



©2010 BlackLight Power, Inc. All rights reserved. 



General Diatomic and Polyatomic Molecular Ions and Molecules 



463 



3^_^ + ^£ in 



3-v/2\ -Jl+l 



■3V2 



! 2 4«-&- a„ 






8y«T„ 



-v/2-1 



2/H 



-».- 



1 + 2 



m c 



= -35.54975-2(0.406013 eV) + 2 -(0.31260516 eV) 

= -36.049167 eV 
From Eqs. (13.27-13.28) and (13.30), the total energy, E T , for Z) 3 + is 



(13.47) 



E T =-35.54975-2(0.406013 eV) + 2 -(0.227472 eV) =-36.134300 eV 



(13.48) 



(13.49) 



(13.50) 



The bond dissociation energy, E D , is the difference between the total energy of H 2 or D 2 and E T . The H^ molecular bond 
dissociation energy, E D , given by the difference between the experimental total energy of H 2 [5-7] ' and the total energy of // 3 + 
(Eqs. (13.29) where p = 1 and (13.47)) is 

E D =-31.675 eV -(-36.049167 eV)= 4.374167 eV 

The H^ bond dissociation energy, E D , given by Eq. (13.34) where p = 1 is 

E D = 3.88614 eV + 0.485556 eV = 4.37170 eV 

The experimental bond dissociation energy of H^ ["8] is 

E D = 4.373 eV (13.51) 

The difference between the results of Eqs. (13.49) and (13.50) is within the experimental and propagated errors in the different 
calculations. The calculated results are based on first principles and given in closed-form equations containing fundamental 
constants only. The agreement between the experimental and calculated results for the H^ bond dissociation energy is 
excellent. 

The predicted D 3 + molecular bond dissociation energy, E D , given by the difference between the total energy of D 3 + (Eqs. 
(13.30) where p = 1 and (13.48)) and the experimental total energy of D 2 [9-10] 2 is 



E D = -31.76 eV- (-36.134300 eV) = 4.374300 eV 



(13.52) 



The Z) 3 + bond dissociation energy, E D , given by Eq. (13.35) where p = 1 is 

E D = 3.88777 eK + 0.485556 eV = 4.373331 eV (13.53) 

The results of the determination of bond parameters of HI are given in Table 13.1. The calculated results are based on 

first principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 

experimental and calculated results is excellent. 

The water molecule can be solved by first considering the solution ot the hydroxyl radical which is formed by the reaction of a 
hydrogen atom and an oxygen atom: 

H + O^OH (13.54) 
Th e h ydrox yl r adical OH can be solved using th e same principles a s th ose used to solve the h ydrogen m olecule w herein the 
diatomic molecular orbital (MO) developed in the Nature of the Chemical Bond of Hydrogen- Type Molecules and Molecular 
Ions section serves as basis function in linear combination with an oxygen atomic orbital (AO) to form the MO of OH . The MO 
must (1) be a solution of Laplace's equation to give a equipotential energy surface, (2) correspond to an orbital solution of the 
Newtonian equation of motion in an inverse-radius-squared central field having a constant total energy, (3) be stable to radiation, 
and (4) conserve the electron angular momentum of ft . A further constraint with the substitution of a hete r oatom ( O ) for one of 
the hydrogen atoms is that the constant energy of the MO must match the energy of the heteroatom. 



1 The experimental total energy of the hydrogen molecule is given by adding the first (15. ^ 2593 eV) [5] and second (16.2 '1 9 '1 eV) ionization energies 
where the second ionization energy is given by the addition of the ionization energy of the hydrogen atom (13.59844 eV) [6] and the bond energy of H* 
(2.651 eV) [7]. 

2 The experimental total energy of the deuterium molecule is given by adding the first (15.466 eV) [9] and second (16.294 eV) ionization energies where 

the second ionization energy is given by the addition of the ionization energy of the deuterium atom (13.603 eV) [10] and the bond energy of D\ (2.692 
eV) [9]. 
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FORCE BALANCE OF OH 

OH comprises two spin-paired electrons in a chemical bond between the oxygen atom and the hydrogen atom such that one 
electron on O remains unpaired. The OH radical MO is determined by considering properties of the binding atoms and the 
boundary constraints. The prolate spheroidal H 2 MO developed in the Nature of the Chemical Bond of Hydrogen-Type 
Molecules section satisfies the boundary constraints; thus, the //-atom electron forms a H 2 -type ellipsoidal MO with one of the 

6>-atom electrons. The O electron configuration given in the Eight-Electron Atoms section is ls 2 2s 2 2p 4 , and the orbital 

arrangement is 

2p state 

t I JT t_ (13.55) 

1 4 

corresponding to the ground state 3 P 2 . 

In determining the central forces for O in the Radius and Ionization Energy of the Outer Electron of the Oxygen Atom 
section, it was shown that the energy is minimized with conservation of angular momentum by the cancellation of the orbital 
angular momentum of a p T electron by that of the p electron with the pairing of electron eight to fill the p T orbital. Then, the 

diamagnetic force is given by Eq. (10.156) is that of atomic, nitrogen (Eq. (10.136) corresponding to the p z -orbital electron (Eq. 
(10.82) with m = 0) as the source of diamagnetism with an additional contribution from the uncanceled p x electron (Eq. (10.82) 
with m = 1). From Eqs. (10.83) and (10.89), the paramagnetic force, F 2 , is given by Eq. (10.157) corresponding to the spin- 
angular-momentum contribution alone of the p x electron and the orbital angular momentum of the p z electron, respectively. 
The diamagnetic and paramagnetic forces cancel such that the central force is purely the Coulombic force. This central force is 
maintained with bond formation such that the energy of the 02p shell is unchanged. Thus, the angular momentum of each 
electron of the 02 p shell is conserved with bond formation. The central paramagnetic force due to spin is provided by the spin- 
pairing forc e of the Oil MO that has the symmetry of an s orbital that sup e rimposes with the 2p orbitals such that the 

corresponding angular mom e nta of the 02 p orbitals arc unchanged. 

The 02p electron combines with the His electron to form a molecular orbital. The proton of the H atom is along the 

internuclear axis. Due to symmetry, the other O electrons are equivalent to point charges at the origin. (See Eqs. (19-38) of 
Appendix II.) Thus, the energies in the OH MO involve only t he 02p and His electrons and the change in the magne t ic 

energy of the Olp electron with the other O electrons (Eq. (13.152)) with the formation of the OH MO. The forces are 

determined by these energies. 

As in the case of H 2 , the MO is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into 
O atom for distances shorter than the radius of the 2p shell. Otherwise, the electric field of the other 02p electrons would be 
perturbed, and the Lp shell would not be stable. The corresponding increase in energy ot O would not be ottset by any energy 
decrease in the OH MO based on the distance from the O nucleus to the His electron compared to those of the Olp 
electrons. Thus, the MO surface comprises a prolate spheroid at the H proton that is continuous with the 2p shell at the O 
atom. The energy of the prolate spheroid is matched to that of the Olp shell. 



The orbital energy E for each elliptical cross section of the prolate spheroidal MO is given by the sum of the kinetic T 
and potential V energies. E = T + V is constant, and the closed orbits are those for which T <| V | , and the open orbits are those 
for which T >| V \ . It can be shown that the time average of the kinetic energy, < T > , for elliptic motion in an inverse-squared 
field is 1/2 that of the time average of the magnitude of the potential energy, |<K>|. <r>=l/2|<F >| [11]. In the case of an 
atomic orbital (AO), E = T + V , and for all points on the AO, \E | = T = 1 / 2 \v\ . As shown in the Hydrogen-type Molecular Ions 

section, each point or coordinate position on the continuous two-dimensional electron MO defines an infinitesimal mass-density 
element which moves along an orbit comprising an elliptic plane cross section of the spheroidal MO through the foci. The 
motion is such that eccentric angle, 6 , changes at a constant rate at each point. That is = cot at time t where o is a constant, 

-and 

r(t) = iacoscot + }bsincot (13.56) 

Consider the boundary condition that the MO of OH comprises a linear combination of an oxygen AO and a H 2 -type 
ellipsoidal MO. The charge density of an 77 2 -type ellipsoidal MO given by Eq. (13.4) maintains that the surface is an 

equipotential; however, the potential and kinetic energy of a point on the surface changes as it orbits the central field. The 
potential energy is a maximum and the kinetic energy is a minimum at the semimajor axis, and the reverse occurs at the 
semiminor axis. Since the time average of the kinetic energy, < T > , for elliptic motion in an inverse-squared field is 1 / 2 that 
of the time averag e of th e magnitud e of the potential e nergy, by symmetry, the < T >- 1 / 2 < W \ > condition holds for 1/2 of the 
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H 2 -type ellipsoidal MO having the H focus and ending at the plane defined by the semiminor axes. The O nucleus comprises 
the other focus of the OH MO. The Q2p AO obeys the energy relationship for all points. Since the H atomic orbital is at the 
Coulombic energy between the electron and proton given by Eg. (1.264), the energy matching condition is achieved while 
maintaining an energy match to the 02p AO orbital with the charge density of l/2e on the 02p AO, corresponding to a 

donation of 0.25e from each MO electron. Then, the charge in the MO force balance corresponds to that of -2 (o.75je = -1 .5e . 

Thus, the linear combination of the H 2 type ellipsoidal MO with the Olp AO must involve a 25% contribution from the H 2 — 
typ e e llipsoidal MO to th e 02p AO in ord e r to match th e e n e rgy r e lationships. Thus, th e OH MO must compris e 75% of a 
ff 2 -type ellipsoidal MO (1/2 +25%) and an oxygen AO: 

lO2p y AO + 0.75H 2 MO^>OHMO (13.57) 

The force balance of the OH MO is determined by the boundary conditions that arise from the linear combination of 

orbitals according to Eq. (13.57). The force constant k of a H 2 -type ellipsoidal MO due to the equivalent of two point charges 
of at the foci is given by Eq. (1 1.65): 

. 2e 2 



4^g 



(13.58) 



Since the H 2 -type ellipsoidal MO comprises 75% of the OH MO, the electron charge density in Eq. (13.58) is given by 

-0.75e. Thus, k' of the if 2 -type-ellipsoidal-MO component of the OH MO is 

(0.75) 2e 2 

k'= y - ' (13.59) 

47^,, 

L for the electron equals h; thus, the distance from the origin of the OH MO to each focus c' is given by Eqs. (11.79) and 
(13.59): 

h 2 47T£ n \2aa. 



c' = " J ; = J— (13-60) 
The internuclear distance from Eq. (13.60) is 
2cl=2J ^ (13 61) 

The length ot the semiminor axis ot the prolate spheroidal OH MO b = c given by Eq. (11.80) is 

b = Ja 2 -c' 2 (13.62) 

The eccentricity, e , is 

e = — (13.63) 

a 

Then, the solution of the semimajor axis a allows for the solution of the other axes of the prolate spheroidal and eccentricity of 
the OH MO. 
The general equation of the ellipsoidal MO having semiprincipal axes a , b, c given by 

4 + 4 + 4 = 1 (13-64) 

a b c 

is also completely determined by the total energy E given by Eq. (11.18): 

m — 2 k 
m = (13.65) 



,2 ^' 2 

1 + 1 \ + 2Em— 2 -k" 2 | cos<9 
m 



The energy of the oxygen 2p shell is the negative of the ionization energy of the oxygen atom given by Eq. (10 . 163). 
Experimentally, the energy is [12] 

E(2p shell) = -E (ionization; O) = -13.6181 eV (13.66) 
Since the prolate spheroidal MO transitions to the O AO, the energy E in Eq. (13.66) adds to that of the H 2 -type ellipsoidal 
MO to give the total energy of the OH MO. From the energy equation and the relationship between the axes given by Eqs. 
(13.60-13.63), the dimensions of the OH MO are solved. 

The energy components derived previously for the hydrogen molecule, Eqs. (11.207-11.212), apply in the case of the 
H 2 -type ellipsoidal MO. As in the case of the energies of Hi (1/ p) given by Eqs. (13.12-13.16), each energy component of the 

H 2 -type ellipsoidal MO is the total for the two equivalent electrons with the exception that the total charge and energies of the 
two electrons is normalized by the percentage composition given by Eq. (13.57): 
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K-i 



-2e l 



4 J 8/Tg„ \ja 



An 



a + yja 



/a 



~4& 



(13.67) 



V = — 

8^E Vfl 

^ 



(13.68) 



-~Vn 



T= - 



ln- 



\4j2ma\la 2 -b 2 a-V< 



(13.69) 



a-yja -t 



v=\l 



-h 1 



a 



An 



4 ma\la — b a — 4-a 



a + yja 1 -b 1 



(13.70) 



* T = K + * + K + v P 






8^g»V« 2 ~ ~ir 



-a- 



-a- 



■4 a 2 -b 1 



T iLj S n I , LJ. J-2_ 



TT 



^ 



XT 



(13.71) 



(13.72) 



8tT£ C ' 



2 8a 



3 3 a„ ]. a + c' , 
- 'In 1 



a-c 



(13.73) 



Since the prolate spheroidal MO transitions to the O AO and the energy of the Q2p shell must remain constant and equal to the 
negative of the ionization energy given by Eq. (13.66), the total energy E T (OH) of the OH MO is given by the sum of the 
energies of the orbitals corresponding to the composition of the linear combination of the O AO and the H 2 -type ellipsoidal 
MO that forms the OH MO as given by Eq. (13.57): 



-3—3" 



a a , a + c 
— In 



E T [OH] = E T +E(2p shell) = E T - Ejionization; O) = - 



&7T£r,t 



-1 



-13.6181 eV 



(13.74) 



a 



a-c 



To match the boundary condition that the total energy of the entire H 2 -type ellipsoidal MO is given by Eq. (11.212): 

V VTL V2 + 1 



Er{lh) — 



2V2-V2+ — 



Irr 



W^ 



- -31.63536831 eV 



(13.75) 



(13.76) 



%K£ n a n 



-4- 



V2-1 



E T (OH) given by Eq. (13.74) is set equal to Eq. (13.75): 



E T (OH) = - 



&n£ n c' 



2 8a 



3 3 a n V a + c' , 
— 'In 1 



-13.6181 eV = -31.63536831 eV 



From the energy relationship given by Eq. (13.76) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the OH MO can be solved. 

Substitution of Eq. (13.60) into Eq. (13.76) gives 




= el 8.0 1726831 



(13.77) 



Th e most conveni e nt way to solve Eq. (13.77) is by the r e iterative technique using a computer. Th e result to within the round- 
off error with five-significant figures is 

a = 1.26430a = 6.69039 X 10~ n m (13.78) 

Substitution of Eq. (13.78) into Eq. (13.60) gives 



c' = 0.91 808a = 4.85826 X10" 11 m 

The internuclear distance given by multiplying Eq. (13.79) by two is 

2c' = 1.83616a = 9.71651 X W n m 
The experimental bond distance is [13] 



(13.79) 
(13.80) 



2c' = 9.71X10"" m 
Substitution of Eqs. (13.78-13.79) into Eq. (13.62) gives 
b = c = .8692 5 fl„ = 4 .59985 X 10 "" m 



(13.81) 
(13.82) 



Substitution of Eqs. (13.78-13.79) into Eq. (13.63) gives 
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e = 0.72615 (13.83) 

The nucleus of the H atom and the nucleus of the O atom comprise the foci of the /f 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the H 2 -type ellipsoidal MO and the 02p y AO can be determined from the polar 

equation of the ellipse (Eq. (11.10)): 

1+e 
r = r — — — (13.84) 

"l + ecostf 1 

The radius of the 02p y AO given by Eq. (10.162) is r s = a , and the polar radial coordinate of the ellipse and the radius of the 
02 p v AO are equal at the point of intersection. Thus, Eq. (13.84) becomes 
c' 

(13.85) 



1 + - 
■ = («-c')— T"^ 



1+— cos9" 
a 

where r = a a for O such that the polar angle 9' is given by 



#' = cos" 



1+- 
(a-c') 0.-I 



I 



Substitution of Eqs. (13.78-13.79) into Eq. (13.86) gives 

#'=123.65° 
Then, the angle 9 01p A0 the radial vector of the 02p v AO makes with the internuclear axis is 

as shown in Figure 13.2. 



o2 Py AO =180°-123.65° = 56.35° 



(13.86) 

(13.87) 

(13.88) 



Figure 13.2. The cross section of the OH MO showing the axes, angles, and point of intersection of the H 2 -type ellipsoidal 
MO with the 02 p AO. The continuation of the H 1 -type-ellipsoidal-MO basis element beyond the intersection point with the 
02p shell is shown as dashed since it only serves to solve the energy match with the 02p shell and does not represent charge 
density. Similarly, the vertical dashed line only designates the parameters of the intersection point. The actual charge density is 
shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c' : internuclear distance, d t : d HMO 

« 2 • d QlpA0 . 



0r-#o2 Py Ao> md 




The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the MO ellipsoidal 
parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate components at the point 

of intersection. Thus, the matching elliptic parametric angle mt = 9 HMO satisfies the following relationship: 

a o sin 0«v° =bsin & «i m (13.89) 

such that 

_i a sin 56.35° 



0„ 



, = sin 



(13.90) 



with the use of Eq. (13.88). Substitution of Eq. (13.82) into Eq. (13.90) gives 
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0„ jMO = 73.27° (13.91) 

Then, the distance d HM0 along the internuclear axis from the origin of //, -type ellipsoidal MO to the point of intersection of the 
orbitals is given by 

d B ,Mo = acosd Bj*o (13.92) 

Substitution of Eqs. (13.78) and (13.91) into Eq. (13.92) gives 

d„ iMO =0.36397a =1.92606 X 10" m (13.93) 

The distance d, 
by 



"02pAO ~ C 



pAO along the internuclear axis from the origin of the O atom to the point of intersection of the orbitals is given 

(13-94) 



Substitution of Eqs. (13.79) and (13.93) into Eq. (13.94) gives 

doipAo =0.5541 la„ =2.93220 X 10" m (13.95) 

As shown in Eq. (13.57), in addition to the p -orbital charge-density modulation, the uniform charge-density in the p y 

orbital is increased by a factor of 0.25 and the //-atom density is decreased by a factor of 0.25. The internuclear axis of the 
O-H bond is perpendicular to the bonding p orbital. Using the orbital composition of OH (Eq. (13.57)), the radii of 

Ols = 0.12739a (Eq. (10.51)), 02s = 0.59020a (Eq. (10.62)), and O2p = a (Eq. (10.162)) shells, and the parameters of the 
OH MO given by Eqs. (13.3-13.4), (13.78-13.80), (13.82-13.83), and (13.87-13.95), the dimensional diagram and charge- 
density of the OH MO comprising the linear combination of the //, -type ellipsoidal MO and the O AO according to Eq. 

(13.57) are shown in Figures 13.2 and 13.3, respectively. The current of the ellipsoidal MO and spherical AOs maintain spin 
pairing and current continuity. The current may comprise a linear combination of the MO current onto the AO and the AO 
currents that may comprise standing-wave components with current reflection at the interceptions of the surfaces. Thus, the 
current may flow equally in minor directions between interception lines such that there is no net spin current. The linear 
combination gives a minimum equipotential energy surface of spin-paired electrons. Any asymmetrical charge distribution in 
the molecule corresponding to energy matching of the orbitals gives rise to a bond moment that is calculated in the Bond and 
Dipole Moment section. 

Figure 13.3. OH MO comprising the superposition of the // 2 -type ellipsoidal MO and the 02p v AO with a relative 
charge-density of 0.75 to 1.25; otherwise, the 02p v is the same as that of the oxygen atom. (A) Side-on, color scale, translucent 
view of the charge-density of the OH MO and the nuclei (shown red, not to scale). The ellipsoidal surface of the //, -type 
ellipsoidal MO that transitions to the 02 p AO, the 02 p shell, the 02s shell, the Ols shell, and the nuclei are shown. (B) 
Cut-away view showing the inner most 0\s shell, and moving radially, the 02s shell, the 02 p shell, and the //,-type 
ellipsoidal MO that transitions to the Olp AO. 
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ENERGIES OF OH 

The energies of OH given hy the substitution of the semiprincipal axes (F.qs. (1 3.78-13.80) and (13.82)) into the energy 
equations (Eqs. (13.67-13.73)) are 

K = m ~f {n E±^EJL = -40.92709 eV (13.96) 



%ne n 4a 2 -b 2 a-4a 2 -b 2 



V p = , = 14.81988 eV (13.97) 

$7rs n \la 2 -b 2 



3-) h 2 ln » + ^EZ =16.18S67 e F (13.98) 



4)2ma\la 2 -b 2 a -4a 2 -I 



a + sla 



4-a 



V m =\- . In 1 = -8.09284 eV (13.99) 

< 4 J4ma\la 2 -b 2 a -4a 2 -b 2 



E T (OH) -■ 



3 3 a, Y a + c ' , 
lln -1 



-13.6181 eV = -31.63247 eV (13.100) 



8;r£ c' |_V.2 8 a ) a-c' 

where E T (OH) is given by Eq. (13.74) which is reiteratively matched to Eq. (13.75) within five-significant-figure round-off 
error. 

VIBRATION AND ROTATION OF OH 

The vibrational energy of OH may be solved in the same manner as that of hydrogen-type molecular ions and hydrogen 
molecules given in the Vibration of Hydrogen-type Molecular Ions section, and the Vibration of Hydrogen-type Molecules 
section, respectively, except that the orbital composition and the requirement that the 02p shell remain at the same energy and 
radius in the OH MO as it is in the O atom must be considered. Each p orbital comprises the sum of a constant function and a 
spherical harmonic function as given by Eq. (1 .7.9). Tn addition to the />-orhita1 charge-density modulation., the uniform charge- 
density in p orbital is increased by a factor of 0.25, and the /f-atom electron density is decreased by a factor of 0.25. The force 

between the electron density of the H 2 -type ellipsoidal MO and the nuclei determines the vibrational energy. With the radius of 

the orbit at the oxygen atom fixed at 

r^xi, 03 . 101) 

according to Eq. (10.162), the central-force terms for the reentrant orbit between the electron density and the nuclei of the H 2 - 

type ellipsoidal MO are given by Eqs. (11.213-11.214), except that the corresponding charge of -0.75e replaces the charge of-e 
of Eqs. (1 1 .213-1 1 .214). Furthermore, due to condition that the Olp shell remain at the same energy and radius in the OH MO 
as it is in the O atom, the oscillation of // 2 -type ellipsoidal is along the semiminor axis with the apsidal angle of Eq. (11.140) 
given by y/ = n . Thus, the semimajor axis a of Eqs. (1 1.213-1 1.214) is replaced by the semiminor axis b : 

*»>--0 ^^ 

-and 

Ane^b 

Here, the force factor of 0.75 is equal to the equivalent term of Eq. (13.59). As the ff 2 -typc ellipsoidal oscillates along b , the 

internuclear distance changes 180° out of phase. — Thus, the distance for th e reactive nucl e ar-r e pulsive terms is given by 
internuclear distance 2c' (Eq. (13.80)). Similar to that of Eqs. (11.215-11.216), the contribution from the repulsive force 
between the two nuclei is 

f{2c') = ?-= (13.104) 

8;rg (2c'j 

and 

/'(2c 1 ) = y— r (13.105) 

4^ (2c') 

Thus, from Eqs. (11.136), (11.213-11.217), and (13.102-13.105), the angular frequency of the oscillation is 
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0.75e 2 



0.75e 2 



8^g y 8^g (2c') _ 8;ar (0.86925a ) 8;ar (1.83616a ) 



co = \ 



46- 



= 6.96269 X 10 14 rod I s (13.106) 



17 p 

where b is given by Eq. (13.82), 2c' is given by Eq. (13.80), and the reduced mass of 16 OH is given by 
,M i w 2 — _ (l)O^) 



m„ (13.107) 
^tt — e - 



where m is the proton mass. Thus, during bond formation, the perturbation of the orbit determined by an inverse-squared force 
results in simple harmonic oscillatory motion of the orbit, and the corresponding frequency, o>(0), for i6 OH given by Eqs. 
(11.136), (11.148), and (13.106) is 

fi,(0) = J® = U^1M^L = 6.96269 X 10 14 radians Is (13.108) 

where the reduced nuclear mass of 16 OH is given by Eq. (13.107) and the spring constant, fc(0), given by Eqs. (11.136) and 

(13.106) is 

k(0) = 763.18 Nm- 1 (13.109) 

The 16 OH transition-state vibrational energy, E vib (0) , given by Planck's equation (Eq. (1 1 .127)) is: 

E vib (0) = hco = £6.96269 X 10 14 rad/s = 0.4583 eV = 3696.38 ctn 1 (13.110) 

Zero-order or zero-point vibration is not physical and is not observed experimentally as discussed in the Diatomic Molecular 
Vibration section; yet, there is a term co e of the old point-particle-probability-wave-mechanics that can be compared to E vib (0) . 

From Herzberg [14], co e , from the experimental curve fit of the vibrational energies of 16 OH is 

0) c =3735.21 cm- 1 (13.111) 

As shown in the Vibration of Hydrogen-type Molecular Ions section, the harmonic oscillator potential energy function 
can be expanded about the internuclear distance and expressed as a Maclaurin series corresponding to a Morse potential after 
Karplus and Porter (K&P) [15] and after Eq. (1 1.134). Treating the Maclaurin series terms as anharmonic perturbation terms of 
the harmonic states, the energy corrections can be found by perturbation methods. The energy v v of state v is 

v u =vco a -v(v-\)(o Q x a , v = 0,1,2,3... (13.112) 



where 



6) x • (13.113) 



<^o ^ 



a> is the frequency of the v = 1 — > v = transition, and D is the bond dissociation energy given by Eq. (13.162). From Eq. 
(13.112), o) is given by 

<»o- M0) -2^*0 03.11 4 ) 

Substitution of Eq. (13.113) into Eq. (13.114) gives 

« =£ v ,(°)- 2 ^ (13-115) 
Eq. (13.115) can be expressed as 

he he 

which can be solved by the quadratic formula: 



^a 



3A 



^Dk 



-he — \v he 



i±^M_ 



j 



2 
Only the positive root is real, physical; thus, 



(13.117) 
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[cm ') = ■ 



m - + I ^l 2 + 4^uo) 



lOOhc \\l00hc \mhe 



00, 



2e(4.4104eF) \(2e(4Al04 eV)} 2e(4.4104 eV) 7 ~~ " 7 

— i - + „ — l +4 — ^ '-( 3696.37 cm" 1 ) 

100/?c ^ lOOfec J lOOfo v ' 



2 (13-113) 

= 3522.02 cm' 1 
where E vib (0) is given by Eq. (13.110) and D is given by Eq. (13.156). The corresponding 16 OH d = 1 — » u = vibrational 

energy, E vib (l) , in electron volts is: 

E vib (\)- 0.43666 eV (13.119) 

The experimental vibrational energy of 16 OH is [16-17] 

E vib (l) = 0M24eV (3568 cm" 1 ) (13.120) 

Using Eqs. (13.118-13.119) with Eq. (13.113), the anharmonic perturbation term, a> n x , of 16 OH is 



.3 cm 



2 



100Ac| 8.06573X10' ^—0.43666 eV 

^— J — cm-' =87.18 cm' (13.121) 

— 4e(4.4104eF) 

The experimental anharmonic perturbation term, a> x , of 16 OH [14] is 

a x =82.81 cm' 1 (13.122) 

The vibrational energies of successive states are given by Eqs. (13.110), (13.112), and (13.121). 
Using the reduced nuclear mass of lb OD given by 
m,m, (2) (16) 

*<<»>=— L -*- = ] r\r m p ( 13 - 123 ) 

OD m l +m 2 2 + 16 
where m p is the proton mass, the corresponding parameters for deuterated hydroxyl radical 16 OD (Eqs. (13.102-13.121) and 
(13.162)) are 

6,(0)= IM^I = J 763 - 18JVw '' = 5,o 66 io x 10 14 radians Is (13.124) 

/t(0) = 763.18 Nm- 1 (13.125) 

E vib (0) = hoo = h5.066\0X 10" 1 radls = 0.33346 eV = 2689.51 cm- 1 (13.126) 

_2D^\(2D^ +A 2D^ 
lOOfe VUoMcJ lOOhc v,n ; 



>{ cm ') : 



2e(4.4687 eV) f 2e(4.4687 eF)^ MAM^UV), Z 

— i '-+.{ — i ^ +4— i ^(2689.51 cm" 1 ) 

100/zc ^ 100/*c J 100/*c v ' 



(13.127) 



= 2596.02 cm" 1 
£■„„(!) = 0.3219 eF (13.128) 



lOOfec 8.06573AT0 j ^— 0.3219 eF 



' cm ' = 46.75 cot ' (13.129) 



" 4e(4.4687eK) 

From Herzberg [14], a e , from the experimental curve fit of the vibrational energies of 16 OD is 

co e = 2720.9 cm- 1 (13.130) 

The experimental vibrational energy of 16 OD is [16-17] 

E vib (1) = 0.3263 eV (2632.1cm" 1 ) (13.131) 

and the experimental anharmonic perturbation term, a> n x n , of 16 QD [14] is 

m x = 44.2 cmr 1 (13.132) 



©2010 BlackLight Power, Inc. All rights reserved. 



472 Chapter 13 

which match the predictions given by Eqs. (13.126), (13.127-13.128), and (13.129), respectively. 
The B e rotational parameters for 16 OH and 16 OD are given by: 

2I e hc 
where 
7 = //r 2 (13.134) 



and B e is B e (Eq. (12.89) rather than Eg. (12.84)) to give units of cm 



Using the internuclear distance, r = 2c', and reduced mass of 16 OH given by Eqs. (13.80) and (13.107), respectively, the 
corresponding B e is 

B e = 18.835 an 1 (13.135) 

The experimental B e rotational parameter of 16 OH is [14] 

B e =18.871 crn 1 (13.136) 

Using the internuclear distance, r = 2c', and reduced mass of 16 OD given by Egs. (13.80) and (13.123), respectively, the 
corresponding B e is 

B e =9.971 cm- 1 (13.137) 

The experimental B e rotational parameter of 16 OD is [14] 

B e -10.01 crn 1 (13.138) 

THE DOPPLER ENERGY TERMS OF 16 OH AND 16 OD 

The radiation reaction force in the case of the vibration of 16 OH in the transition state corresponds to the Doppler energy, E D , 

given by Eg . (11 . 181) and Eg . (13 . 22) that is dependent on the motion of the electrons and the nuclei . The kinetic energy of the 
transient vibration is derived from the corresponding central forces. Following the same consideration as those used to derive 
Egs. (13.102-13.103) and Egs. (1 1.231-1 1.232), the central force terms between the electron density and the nuclei of 16 OH MO 
with the radius of the orbit at the oxygen atom fixed at 

r 8 =a (13.139) 

according to Eg. (10.162) are 



and 



, , (0.75)2e 2 

fi b )=\ ,3 ^^y 

wherein the oscillation of // 2 -type ellipsoidal MO is along the semiminor axis b with the apsidal angle of Eq. (1 1.140) given by 
i// = n due to condition that the Olp shell remain at the same energy and radius in the OH MO as it is in the O atom. Thus, 

using Eqs. (1 1.136) and (13.140-13.141), the angular frequency of this oscillation is 

|o.75e 2 



a = \\-^—= 4.41776 XIO 16 rad Is (13.142) 

The kinetic energy, E K , is given by Planck's eguation (Eg. (1 1.127)): 

E K =tico = ti4. 4X776X1^ rad I s = 29.07844 eV (13.143) 

In Eg. (11.181), substitution of the total energy of OH, E T (OH), (Eq. (13.76)) for E hv , the mass of the electron, m e ,for M, 
and the kinetic energy given by Eq. (13.143) for E K gives the Doppler energy of the electrons for the reentrant orbit. 



\2E r 2e(29.07844eK) 

E n = E.J — \ = -31.63537 eVj—± ; '- = -0.33749 eV (13.144) 

D hv \Mc 2 \ m e c 2 

The total energy of OH is decreased by E D . 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their 
corresponding frequency. On average, the total energy of vibration is equally distributed between kinetic energy and potential 
energy [4]. Thus, the average kinetic energy of vibration corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 of 
th e vibrational e n e rgy of OH giv e n by Eq. (13.120). Th e d e cr e as e in th e e n e rgy of th e OH du e to th e r ee ntrant orbit in th e 
transition state corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the 
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corresponding energies, E D and E Kvib . Using Eq. (13.144) and the experimental 16 OH a e of 3735.21 cm ' (0.463111 eV) 
[16-17] g i ve s 



E osc ( li OH ) = E D+ E Kvib = E D + ] -h £ 

E osc ( 16 OH) = -0.33749 eV +-(0.4631 1 1 eV) = -0.10594 eV 



(13.145) 
(13.146) 



To the extent that the MO dimensions are the same, the electron reentrant orbital energies, E K , are the same independent 

of the isotope of hydrogen, but the vibrational energies are related by Eq. (11.148). Thus, the differences in bond energies are 
essentially given by 1/2 the differences in vibrational energies per bond. Using Eq. (13.144), Eqs. (13.145-13.146), and the 



experimental 16 OD /h of 7.77.0.9 r-m' 1 (0.33735 p.V) [16-17] ; the corresponding F.^^On) is 



-4- 



E osc ( 16 OD) = -0.33749 eV + -(0.33735 eV) = -0.16881 eV 

1 6 OH AND 16 OD RAD I CA L S 



(13.147) 



E T+osc ( 16 On\, the total energy of the 16 OH radical including the Do p ple r term, is given by the sum of E T (OH) (Eq. (13.76)) 
and E osc ( 16 OH) given by Eqs. (13.142-13.146): 



^ ( "OH) = V +T + V m+ V p +E{2p shell) + E^ ( 16 OH) = E T (OH) + E^ ( 16 OH) 



(13.148) 




\ l6 OH) = 



%7I£ Q C ' 



3 3 ap^ q + c 1 1 
2 8a 



-13.6181 eV 



2 i<u 



(13.1 4 9) 



-31.63537 eV -0.33749 eV + -h A — 

2 \n 



From Eqs. (13.145-13.146) and (13.148-13.149), the total energy of l "OH is 



E T+0SC ( ]6 OH) = -3 1 .63537 eV + E mc ( K OH) 



= -31.63537 eF - 0.33749 eF + -(0.4631 11 eV) 

2 V ' 

= -31.74130 eK 



(13.150) 



where the experimental co e was used for the hi — term. E T+osc ( 16 OD) , the total energy of 16 OD including the Doppler term, is 

given by the sum of E T (OP) = E T (OH) (Eq. (13.76)) and E mc { 16 OP) given by Eq. (13.147): 

E T+0SC ( 16 OD) - -3 1 .63537 eV + E mc ( i6 OD) 



= -31.63537 eF-0.33749eF + -(0.33735eF) 

2 V ' 



(13.151) 



= -31.80418 eV 



where the experimental a> was used for the h I — term. The dissociation of the bond of the hydroxyl radical forms a free 

hydrogen atom with one unpaired electron and an oxygen atom with two unpaired electrons as shown in Eq. (13.55) which 
interact to stabilize th e atom as shown by Eq. (10.161-10.162). Th e low e ring of th e e nergy of the r c actants decr e as e s the bond 
energy . Thus, the total energy of oxygen is reduced by the energy in the field of the two magnetic dipoles given by Eq. (7 . 46) 
and Eq. (13.101): 

E(magnetic) = ^^ = ^^ = 0.U44neV 



'"e "0 <^e 

The corresponding bond dissociation 



(13.152) 
energy^ E D , is given by the sum of the total energ i es of the oxygen atom and the 



corresponding hydrogen atom minus the sum of E T+osc ( l6 OH) and E(magnetic) : 
E D = E( l6 0) + E(H)-E T+osc ( l6 OH)-E (magnetic) 



(13.153) 



E( 16 Q) is given by Eq. (13.66), E p (H) [181 is 
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E(H) = -13.59844 eV (13.154) 

and E C (D) [19] is 

El D) = -1 3.603 p.V (13.155) 



The l6 OH bond dissociation energy, E D ( 16 OH), is given by Eqs. (13.150) and (13.152-13.155): 
E D [ 16 OH) = -(13.6181 eV + 13.59844 eV)-(E(magnetic) + E r+mc ( 16 OHf) 



=-27.21654 eF-(0.114411eF-31.74130eK) (13.156) 

= 4.4104 eV 
The experimental 16 OH bond dissociation energy is [20] 
E D [ 16 OH)- 4 . 4 117 4 eV (13.157) 

The v OD bond dissociation energy, E D ( lG UU) , is given by Eqs. (13.iM-B.i53): 

E D ( 16 OD) = -(13.6181 eF + 13.603 eV)-( ( E(magnetic) + E T+osc { 16 ODfj 

= -27.2211 eF-(0.114411eP"-31.804183(;F) (13.158) 

= 4.4687 eV 

The experimental 16 OD bond dissociation energy is [21-22] 

E D ( 16 OD) = 4.454 eV (13.159) 

The results of the determination of bond parameters of OH and OD are given in Table 13.1. The calculated results are 
based on first principles and given in closed-form, exact equations containing fundamental constants only. The agreement 
between the experimental and calculated results is excellent. 

The water molecule H 2 is formed by the reaction of a hydrogen atom with a hydroxyl radical: 

OH + H^H 2 (13.160) 

The water molecule can be solved using the same principles as those used to solve the hydrogen molecule, H* and OH 

wherein the diatomic molecular orbital (MO) developed in the Nature of the Chemical Bond of Hydrogen-Type Molecules and 
Molecular Ions section serves as basis function in a linear combination with an oxygen atomic orbital (AO) to form the MO of 
H 2 . The solution is very similar to that of OH except that there are two OH bonds in water. 

FORCE BALANCE OF IIP 

H 2 comprises two chemical bonds between oxygen and hydrogen. Each O-H bond comprises two spin-paired electrons 
with one from an initially unpaired electron of the oxygen atom and the other from the hydrogen atom. The H 2 MO is 
determined by considering properties of the binding atoms and the boundary constraints. — The H 2 prolate spheroidal MO 
satisfies the boundary constraints as shown in th e Natur e of the Chemical Bond of Hydrog e n - Typ e Molecul e s s e ction; thus, each 
//-atom electron forms a Z/ 2 -type ellipsoidal MO with one of the initially unpaired O-atom electrons. The initial O electron 

configuration given in the Eight-Electron Atoms section is ls 2 2s 2 2p A , and the orbital arrangement is given by Eqs. (10.154) and 
Eq. (13.55). 

As shown in the case of OH in the Force Balance of OH section, the forces that determine the radius and the energy of 

the 02p shell are unchanged with bond formation. Thus, the angular momentum of each electron of the Olp is conserved 
with bond formation. The central paramagnetic force due to spin of each O-H bond is provided by the spin-pairing force of 
the H 2 Q MO that has the symmetry of an s orbital that superimposes with the Olp orbitals such that the corresponding 
angular momenta are unchanged. 

Each of the 02p z and 02p x electron combines with a His electron to form a molecular orbital. The proton of the H 
atom is along the internuclear axis. Due to symmetry, the other O electrons are equivalent to point charges at the origin. (See 
Eqs. (19-38) of Appendix II.) Thus, the energies in the H 2 MO involve only each 02p and each His electron with the 
formation of each O-H bond. The forces are determined by these energies. 

As in the case of H 2 , each of two O-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO 
surface cannot extend into the O atom for distances shorter than the radius of the 2p shell. Otherwise, the electric field of the 
other 02p electrons would be perturbed, and the 2p shell would not be stable. The corresponding increase in energy of O 
would not be offset by any energy decrease in the O-H -bond MO based on the distance from the O nucleus to the His 
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electron compared to those of the 02 p electrons. Thus, the MO surface comprises a prolate spheroid at each H proton that is 
continuous with the 2p shell at the O atom. The sum of the energies of the prolate spheroids is matched to that of the 2p shell. 
The orbital energy E for each elliptical cross section of the prolate spheroidal MO is given by the sum of the kinetic T 
and potential V energies. E = T + V is constant, and the closed orbits are those for which T <\V\, and the open orbits are those 
for which T >| V \ . It can be shown that the time average of the kinetic energy, < T > , for elliptic motion in an inverse-squared 
field is 1 / 2 that of the time average of the magnitude of the potential energy, |< V >| . < T >= 1 / 2|< V >| [1 1]. In the case of an 
atomic orbital (AO), E = T + V . and for all points on the AO. E =T = \I2 V . As shown in the Hydrogen-type Molecular Ions 



section, each point or coordinate position on the continuous two-dimensional electron MO defines an infinitesimal mass-density 
element which moves along an orbit comprising an elliptic plane cross section of the spheroidal MO through the foci. The 
motion is such that the eccentric angle, 9 , changes at a constant rate at each point. That is = cot at time t where o is a 
constant, and 

r (t) = ia cos cot + j b sin cot (13.161) 

Consider the boundary condition that the MO of H 2 comprises a linear combination of an oxygen AO and two // 2 -type 
ellipsoidal MOs, one for each O-H -bond. The charge density of each H 2 -type ellipsoidal MO given by Eqs. (11 .44-1 1 .45) and 
(13.3-13.4) maintains that the surface is an equipotential; however, the potential and kinetic energy of a point on the surface 
changes as it orbits the central field. The potential energy is a maximum and the kinetic energy is a minimum at the semimajor 
axis, and the reverse occurs at the semiminor axis. Since the time average of the kinetic energy, < T > , for elliptic motion in an 
inverse-squared field is 1/2 that of the time average of the magnitude of the potential energy, by symmetry, the 
<r> - l/2< | F | > condition holds for 1/2 of each H 2 -type ellipsoidal MO having the H focus and ending at the plane defined 

by the s e miminor axes. Th e O nucl e us compris e s th e other focus of each Oil -MO component of the II \0 MO. The 02 p AO 
obeys the energy relationship for all points. Thus, the linear combination of the H 2 -type ellipsoidal MO with the 02p AO 
must involve a 25% contribution from the 77 2 -type ellipsoidal MO to the 02p AO in order to match the energy relationships. 
Thus, the H 2 MO must comprise two O-H -bonds with each comprising 75% of a 77 2 -type ellipsoidal MO (1/2 +25%) and 
an oxygen AO: 

[1 02p z AO + 0J5H 2 MO] + [l 02p y AO + 0.75 H 2 MO]^> H 2 MO (13.162) 

The force balance of the H 2 Q MO is determined by the boundary conditions that arise from the linear combination of 

orbitals according to Eq. (13.162). The force constant k of a /f 2 -type ellipsoidal MO due to the equivalent of two point charges 
at the foci is given by Eq. (1 1 .65): 

, 2e 2 



Ane^ 



(13.163) 



Since each /7 2 - ty pe ellipsoida l M O comprises 7 5 % of the O- H -bond M O, the electron charge densi ty in Eq. (13 . 163) i s given 

by -0.75e. Thus, k' of each // 2 -type-ellipsoidal-MO component of the H 2 MO is 

(0.75) 2e 2 
k'= y - > (13.164) 

47^0 

L for the electron equals h; thus, the distance from the origin of each O- H -bond MO to each focus c' is given by Eqs. 
(11.79) and (13.164): 



h 2 47ts n \2aa. 



(13.165) 



m e e l.5a V 3^ 
The mternuclear distance from Eq. (13.165) is 

2c , = 2 ^aa ± (13.166) 

The length of the semiminor axis of the prolate spheroidal O-H -bond MO b = c given by hq. (1 1 .80) is 

b = 4a L -c' T (13.167) 

The eccentricity, e , is 

e = — (13.168) 

a 

The solution of the semimajor axis a then allows for the solution of the other axes of the prolate spheroid and eccentricity of the 

O- H -bond MO. 

The general equation of the ellipsoidal MO having semiprincipal axes a, b, c given by 

4 + 4 + 4 = ! (13T69) 
a b e 
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is also completely determined by the total energy E given by Eq. ( 1 1 . 1 8) : 

L 2 ,_, 



-m- 



r = ■ 



(1 3. 170 ) 



1 + 1 l + 2Em— T k~ 
m 



cos (9 



The energy of the oxygen 2p shell is the negative of the ionization energy of the oxygen atom given by Eqs. (10.163) and 
(13.66). Experimentally, the energy is [12] 

E(2p shell) = -E(ionization; O) = -13.6181 eV (13.171) 

Since each of the two prolate spheroidal O-H -bond MOs comprises a H 2 -type-ellipsoidal MO that transitions to the O AO, 
the energy E i n Eq. (1 3.1 71) adds to that of the two corresponding 7 7 2 - ty pe ellipsoida l M Ps to give the to tal energy of th e H 2 Q 
MO . — From the energy equation and the relationship between the axes given by Eqs . (13 . 165-13 . 168) , the dimensions of the 
H 2 MO are solved. 

The energy components defined previously for Hydrogen-Type Molecules, Eqs. (11.207-11.212), apply in the case of 
H 2 Q . Since the H 2 Q MO comprises two equivalent O-H -bond MOs, each a linear combination of a H 2 -type-ellipsoidal MO 

and an Q2p AO, the corresponding energy component of the H 2 Q MO is given by the linear superposition of the component 

energies. Thus, the energy scale factor is given as two times the force factor, the term in parentheses in Eq. (13.164). In addition 
to the equivalence and linearity principles, this factor also arises from the consideration of the nature of each bond and the linear 
combination that forms the H 2 MO. Each O-H -bond-energy component is the total for the two equivalent electrons with 
the exception that the total charge of the two electrons is normalized over the three basis set functions, two O-H -bond MOs 
(OH -type ellipsoidal MOs given in the Energies of OH section) and one 02p AO. Thus, the contribution of the O-H -bond 

MOs to the H 2 MO energies are those given for H 2 (1 / p) in the Energies of Hydrogen- Type Molecules multiplied by a factor 
of 3/7. as in the case with Ht (Eqs. (13.12), (13.15), (13.18-13.20)). Tn addition, the two sets of equivalent nuclear-r 



-point- 



charge pairs give rise to a factor of two times the proton-proton repulsion energy given by Eq. (11.208). Thus, the component 
energies of the H 2 MO are twice the corresponding energies of the OH MO given by Eqs. (13.67-13.73). The parameters a , 
b , andc' are given by Eqs. (13.165-13.167), respectively. 



^ 



=2^ 



«+ 



4a 2 -b 2 



a> 



=2^ 



a + yja 



a/a 



V=2 



An 



An 



^ )%7 i £ a 4a 2 -b 2 a-4a 2 -b 2 — V 2 J 8; t £„ Va 2 -b 2 a-4a 2 -b 2 



(13.172) 



V -° 

p r~i — j 

%ns^a -b 



h 2 



(13.173) 



T = 2 - 



An 



a + 



4a 2 -b 2 (3 



Hrr 



a + 



4a 2 -b 2 



(13.174) 



(13.175) 



4 J2m p a4a 2 -b 2 a-4a 2 -b 2 \2 J 2m e a4 a 2 - b 
-4a 



V =2\l) -* 2 ^a + 4a 2 -b 2 



4y 4m,a4a 



-4 a 



2J4ma4a 



An 



i-4a 2 -b 2 
a + 4a 2 -b 2 



^ 



E T =V e +T + V m+ V p 




(13.176) 


V 


(3 3 o, 3 a (j \^a + 4a 2 -b 2 1 
b 4 a 8 a) a 4 a 2 b 2 


(13.177) 


T 1 

A7ze 4a 2 — b 2 — 



3 3~ir n 



a + c 






4?r£ c' 



---^Lllm 

2 8 a J a-c' 



-1 



(13.178) 



Since the prolate spheroidal H 2 -type MO transitions to the O AO and the energy of the 02p shell must remain constant and 
equal to the negative of the ionization energy given by Eq. (13.171), the total energy E T (H 2 0) of the H 2 MO is given by the 
sum of the energies of the orbitals corresponding to the composition of the linear combination of the O AO and the two H 2 -type 
ellipsoidal MOs that forms the H 2 MO as given by Eq. (13.162): 

~ f 3 3 clX a + c' 



E T [H 2 0) = E T +E[2p shell) = E T - E (ionization; 0) = - 



____3L W- 
2 — 8 a j — 0-= 



-^T 



-13.6181 eK 



(13.179) 



4ne n c' 



The two hydrogen atoms and the oxygen atom can achieve an energy minimum as a linear combination of two H 2 -type 
ellipsoidal MOs each having the proton and the oxygen nucleus as the foci. Each O-H -bond MO comprises the same 02p 
sh e ll of constant e n e rgy giv e n by Eq. (13.171). Thus, th e e n e rgy of th e H 2 MO is also giv e n by th e sum of that of th e two 
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7/ 2 -type ellipsoidal MOs given by Eq. (1 1.212) minus the energy of the redundant oxygen atom of the linear combination given 
by Eg. (13.171): 

4i \ 4i+\ 



E T (2H 2 -0) = -2 



87ts a 



2 V2-V2+^ 

2 



In 



V2-1 
2(-31.63536831 eF)-(-13.6181 eV) 



^ff 



-E(2p shell) 



(13.180) 



= -49.652637 eV 
E T (H 2 0) given by Eq. (13.179) is set egual to two times the energy of the 7f 2 -type ellipsoidal MO minus the energy of the 
02p shell given by Eg. (13.180): 



E T (H 2 0) ■- 



3 3 a, l, a + c ' 



a I a-c' 



-F 



-13.6181 eV = -49.652637 eV 



(13.181) 



4fts n c' \2 



From the energy relationship given by Eg. (13.181) and the relationship between the axes given by Egs. (13.165-13.167), the 
dimensions of the H 2 MO can be solved. 

Substitution of Eq. (13.165) into Eq. (13.181) gives 




= c?36.034537 



(13.182) 



The most convenient way to solve Eq. (13.182) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

a = 1.2641a = 6.68933 X 10" 11 m (13.183) 

Substitution of Eq. (13.183) into Eq. (13.165) gives 



c' = 0.91 8005a =4.85787 X 10" m 
The internuclear distance given by multiplying Eq. (13.184) by two is 

2c' = 1.83601a =9.71574X 10"" m 
The experimental bond distance is [23] 



(13.184) 
(13.185) 



2c' = 9.70 ±.005X10-" m 



(13.186) 



Substitution of Eqs. (13.183-13.184) into Eq. (13.167) gives 

b = c = 0.869031a = 4.59871 X 10~ u m 
Substitution of Eqs. (13.183-13.184) into Eq. (13.168) gives 
e = 0.726212 



(13.187) 
(13.188) 



The nucleus of the 77 atom and the nucleus of the O atom comprise the foci of each II 2 -type ellipsoidal MO. — The 

parameters of the point of intersection of each H 2 -type ellipsoidal MO and the 02p y AO or 02 p z AO can be determined from 

the polar equation of the ellipse (Eq. (11.10)): 
1-FB 



~ (13-189) 

l + ecos<9 

The radius of the 02p shell given by Eq. (10.162) is r g =a , and the polar radial coordinate of the ellipse and the radius of the 
02 p shell are equal at the point of intersection. Thus, Eq. (13.189) becomes 



,={a-c')- 



TT 



(13.190) 



1 + — cos#' 
a 

such that the polar angle ' is given by 



a 



T- 



C 



^ 



(a-c')- 



— 1 



V 



Substitution of Eqs. (13.183-13.184) into Eq. (13.191) gives 
0' = 123.66° 



(13.191) 
(13.192) 



Then, the angle O2pAO the radial vector of the 02p AO makes with the internuclear axis is 

O2pAO =180° -123 .66° = 56.33° (13.193) 

as shown in Figure 13.2. The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the 
MO ellipsoidal parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate 
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components at the point of intersection. Thus, the matching elliptic parametric angle cot = 6 H MO satisfies the following 

relationship: 

a,sin0 mp , n =bsm0 Hi Mn (13.194) 

such that 



J H,MO 



■ -1 "0 

= sin 



"Q siny, 0=s . n - iao sin56.33° ^^ 



with the use of Eg. (13.193). Substitution of Eg. (13.187) into Eg. (13.195) gives 

6^=73.28° " ~ "' (13.196) 

Then, the distance d H M0 along the internuclear axis from the origin of the H 2 -type ellipsoidal MO to the point of intersection of 

the orbitals is given by 

d HlMn =acos0 Hi Mn (13.197) 

Substitution of Egs. (13.183) and (13.196) into Eg. (13.197) gives 

d„ 2 Mo =0.3637a =1.9244 X 1CT 11 m (13.198) 

The distance d u2 Au along the internuclear axis from the origin of the O atom to the point of intersection of the orbitals is given 

-by 

"o2 P ao = c ~@h 2 mo (i j.iyy) 

Substitution of Egs. (13.184) and (13.198) into Eg. (13.199) gives 

d 02pA0 - 0.55 4 3a - 2.933 4 3 X 1CT 11 m (13.200) 

In addition to the intersection of the 7/ 2 -ty p e MO with the 02p shell, two adjoining ellipsoidal 77 2 -type MOs inte r sect 

at points of eguipotential. The angle and distance parameters are given by Egs. (13.595-13.600) for the limiting methane case 
wherein four adjoining intersecting 77 2 -type MOs have the possibility of forming a self-contained two-dimensional eguipotential 

surface of charge and current — Charge continuity can be obeyed for the H 2 MO if the current is continuous between the 
adjoining 7/ 2 -type MOs. However, in the limiting case of methane, the existence of a separate linear combination of the H 2 - 



type MOs comprising four spin-paired electrons, not connected to the bonding carbon heteroatom reguires that the electron be 
divisible. It is possible for an electron to form time-dependent singular points or nodes having no charge as shown by Egs. 
(1.28 - 1.29), and two - dimensional charge distributions having Laplacian potentials and one - dimensional regions of zero charge 
are possible for macroscopic charge densities and currents as given in Haus and Melcher [24]. However, it is not possible for 
single electrons to have two-dimensional discontinuities in charge based on internal forces and first principles discussed in 
Appendix II. Thus, at the points of intersection of the H 2 -type MOs of methane, symmetry, electron indivisibility, current 
continuity, and conservation of energy and angular momentum reguire that the current between the points of mutual contact and 
the carbon atom be projected onto and flow along the radial vector to the surface of the C2sp 3 shell. This current designated the 
bisector current (BC) meets the C2sp 3 surface and does not travel to distances shorter than its radius. The methane result must 
also apply in the case of other bonds including that of the water molecule. Here, the H 2 -type MOs intersect and the ellipsoidal 
current is projected onto the radial vector to the Q2p shell and does not travel to distances shorter than its radius as in the case 

of a single O-H bond. 

As shown in Eg. (13.162), in addition to the p -orbital charge-density modulation, the uniform charge-density in the p z 

and p orbitals is increased by a factor of 0.25 and the H atoms are each decreased by a factor of 0.25. Using the orbital 
composition of H 2 Q (Eg . (1 3.167,)), th e ra dii of C % = .1 7 .739« (E g. (10 . 51)) , Q?.s = Q .590?.0a (E g. (1 0.6?)), and O7p = a 
(Eg. (10.162)) shells, and the parameters of the H 2 MO given by Egs. (13.3 - 13. 4 ), (13.183 - 13.185), (13.187-13.188), and 
(13.192-13.200), the charge-density of the H 2 MO comprising the linear combination of two O-H -bond MOs (Ctff-type 
ellipsoidal MOs given in the Energies of OH section) according to Eg. (13.162) is shown in Figure 13.4. Each O-H -bond 
MO comprises a 77 2 - type ellipsoidal MO and an 02p AO having the dimensional diagram shown in Figure 13. 4 . 
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Figure 13.4. H 2 MO comprising the linear combination of two O-H -bond MOs. Each O-H -bond MO comprises the 
superposition of a H 2 -type ellipsoidal MO and the 02p. AO or the 02p v AO with a relative charge-density of 0.75 to 1.25; 
otherwise, the 02p orbitals are the same as those of the oxygen atom. The internuclear axis of one O-H bond is 
perpendicular to the bonding p orbital, and the internuclear axis of the other O-H bond is perpendicular to the bonding p. 
orbital. (A) Color scale, translucent view of the charge-density of the H 2 MO from the top. For each O-H bond, the 
ellipsoidal surface of each //,-type ellipsoidal MO transitions to the 02 p AO. The 02p shell, the 02s shell, the 0\s shell, 
and the nuclei (red, not to scale) are shown. (B) Cut-away view showing the innermost 0\s shell, and moving radially, the 02s 
shell, the 02p shell, and the H 2 -type ellipsoidal MO that transitions to the 02p AO for each O-H bond. Bisector current 
not shown. 




ENERGIES OF H 2 

The energies of H 2 given by the substitution of the semiprincipal axes (Eqs. (13. 183- 13. 185) and (13.187)) into the energy 
equations (Eqs. (1 3.1 72-1 3.1 80)) are 

-2e 2 , a + \a 2 -b 2 



F1-|A 



ln- 



2/8K£r.yJa 2 -b 2 a--<Ja 2 -b 2 



■ = -81.8715 el' 



V=2 



r-|i 



h 2 



■■ 29.6421 eV 



r..\l 



^■Jlmfi^a 1 -b 2 a-va 2 -b 2 
-h 2 



. a + ^a 2 -b 2 ,- ,„„ „ 
In , = 32.3833 eV 



2 ) Ama^ja 2 -b 1 a - \la 2 -b 



c( + Va 2 -Ir 
In , =-16.1917el / 



E T {H 2 0) = - 



Anc„c ' 



3 3 a,, |, a + c' , 

In 1 

2 8 a J a-c' 



-13.6181 eV =-49.6558 eV 



(13.201) 
(13.202) 
(13.203) 
(13.204) 
(13.205) 



where E r (H 2 0) is given by Eq. (13.179) which is reiteratively matched to Eq. (13.180) within five-significant-figure round-off 
error. 



VIBRATION OF H 2 

The vibrational energy levels of H 2 may be solved as two equivalent coupled harmonic oscillators by developing the 

Lagrangian, the differential equation of motion, and the eigenvalue solutions [2] wherein the spring constants are derived from 
the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of Hydrogen-Type 

Molecules section. 
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THE DOPPLER ENERGY TERM OF II O 

The radiation reaction force in the case of the vibration of H 2 in the transition state corresponds to the Doppler energy, E D , 
given by Eq. (11.181) and Eqs. (13.22) and (13.1 44 ) that is d e p e nd e nt on th e motion of th e e lectrons and th e nucl e i. Th e kinetic 
energy of the transient vibration is derived from the corresponding central forces. As in the case of H^ , the water molecule is a 
linear combination of three orbitals. The water MO comprises two H 2 -type ellipsoidal MOs and the O AO. Thus, the force 
factor of water in the determination of the Doppler frequency is equivalent to that of the TT\ ion given in Eqs. (13.18-13.20) and 
given by Eq. (13.164). From Eqs. (11.231-11.232) and (13.18-13.20), the central force terms between the electron density and 
the nuclei of each O — H -bond MO with the radius of the orbit at the oxygen atom fixed at 

r^=a (13.206) 
according to Eq. (10.162) with the oscillation along the semiminor axis ar e 

and 

m 2e 2 



/'(*) = 



V z J 4us b 

Thus, using Eqs. (11.136) and (13.207-13.208), the angular frequency of this oscillation is 

'3 



(13.208) 



2 I Attf h 

® = \\ y J ° =6.24996X10 16 rad I s (13.209) 

m e 

The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 

E K =h(o = h(>. 2A996X\Q l€ rad I s = 41.138334 eV (13.210) 

The three basis elements of water, H , H , and O , all have the same Coulombic energy as given by Eqs. (1.264) and (10.163), 
respectively, such that the Doppler energy involves the total energy of the H 2 MO. Thus, in Eq. (11.181), substitution of the 

total energy of H 2 , E T (H 2 0) , (Eqs. (13.179-13.180) and Eq. (13.181)) for E kv , the mass of the electron, m e , for M , and the 
kinetic energy given by Eq. (13.210) for E K gives the Doppler energy of the electrons for the reentrant orbit: 



TEZ 2e(41. 138334 eV) 



E d = E kv\h^T =-49.652637 eV.—± -. '- = -0.630041 eV (13.211) 

V Mc \ m e c 

The total energy of H 2 is decreased by E D . 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their 
corresponding frequency. On average, the total energy of vibration is equally distributed between kinetic energy and potential 
energy [4]. Thus, the average kinetic energy of vibration corresponding to the Doppler energy of the electrons, E Kvib , is 1/2 of 
the vibrational energy of H 2 0. The decrease in the energy of H 2 due to the reentrant orbit in the transition state 
corresponding to simple harmonic oscillation of the electrons and nuclei, E mr , is given by the sum of the corresponding 
energies, E D and E Kvib . Using Eq. (13.211) and the experimental H 16 OH vibrational energy of 

E vib = 3755.93 cm- 1 = 0.465680 eV [25] gives 



E'^=E n+ E Kv;h =E n+ -hJ- (13-212) 

E' osc =-0.630041 eV + ^(0.465680 eF) = -0.397201 eV (13.213) 

per bond. As in the case for Hj (l//>) shown in the Doppler Energy Term of H^ -type Molecular Ions section, the reentrant 

orbit tor the binding of a hydrogen atom to a hydroxyl radical causes the bonds to oscillate by increasing and decreasing in 
length along the two O-H bonds at a relative phase angle of 180°. Since the vibration and reentrant oscillation is along two 
bonds for the asymmetrical stretch ( v 3 ), E osc for H l6 OH , E^ (H 16 OH) , is: 

7 i f^V 



E osc [lI 16 OIl) = 2 E D +-h\— = 2[ -0.630041 t;F + -(0.465680 t;F) [ = -0.794402 eV (13.214) 

To the extent that the MO dimensions are the same, the electron reentrant orbital energies, E K , are the same independent 
of the isotope of hydrogen, but the vibrational energies are related by Eq. (11.1 4 8). Thus, the differences in bond energies are 
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essentially given by 1/2 the differences in vibrational energies per bond. Using Eq. (13.211), Eqs. (13.212-13.214), and the 
experimental D 16 OD vibrational energy of E v;h = 2787.92 cm' 1 = 0.345661 eV [25], the corresponding E mr (d 16 ODj is 



E osc (d 16 OD) = 2\ -0.630041 eV + -(0.345661 eV) =-0.914421 eV 



(13.215) 



H lb OH AND D lb OD 



[II 2 O], the total ene r gy of the II Oil including the Dopple r te r m, is giveii by the sum of E T [II 2 0) (Eq. (13.181)) and 



E osc [H 16 OH) given Eqs. (13.207-13.214): 



E T la K [H 2 16 Q) = V c +T + V l l l +V p +E(02p) + E aK (H 16 OH) = E T (H 2 0) + E aK (H 16 OH) 



(13.216) 



mrm 



i-^ l la 



a + c' 



-13.6181 eF 



l2 J™*£ 



i+2\ 



Ans,fi' \\2 8 a ) a-c' , 



+2 



%F 



2 V 



(13.217) 



T 



U k 



0.630041 eV — hi— 



■ -49.652637 eV- 2 



From Eqs. (13.214) and (13.216-13.217), the total energy of H i5 OH is 



v 



[M^Q\ 



- 4 9.652637 cF + g, 



\h 16 oh) 



-49.652637 eV -2\ 0.630041 eV — (0.465680 eV) ( = -50.447039 eV 



(13.218) 



where the experimental vibrational energy was used for the h J — term. E T+osc \D 2 O J , the total energy of D OD including the 
Doppler term is given by the sum of E T (D 2 0) = E T (H 2 0) (Eq. (13.181)) and E osc [D 16 OD) given by Eq. (13.215): 



E T+0SC A O =-49.652637 eV + E a 



,(d 16 od) 



= -49 .6526 37 eV - 2 .630 041 eV — (0 .3 4 5661 eV) U -5 0.567058 eV 



(13.219) 



where the experimental vibrational energy was used for the h \ — term. As in the case of the hydroxyl radical, the dissociation 

1M 

of the bond of the water molecule forms a free hydrogen atom and a hydroxyl radical, with one unpaired electron each. The 
lowering of the energy of the reactants due to the magnetic dipoles decreases the bond energy. Thus, the total energy of oxygen 
is reduced by the energy in the field of the two magnetic dipoles given by Eq. (13.152). The corresponding bond dissociation 
energy, E D , is given by the sum of the total energies of the corresponding hydroxyl radical and hydrogen atom minus the total 

energy of water, E T+osc (H l6 OH\ , and E(magnetic) . 



Thus, E D of H 16 OH is given by: 
E D (h 16 OH) = E(H) + EC 6 OH)-E T 



[H 16 OH)-E(magnetic) 



(13.220) 



where E T ( OH) is given by the sum of the experimental energies of O (Eq. (13.171)), H (Eq. (13.154)), and the negative of 
the bond energy of l "OH (Eq. (13.157)): 

E( 16 OH) = -13.59844 eV-U.6U\eV -4.41174 eV = -31.62828 eV (13.221) 

From Eqs. (13.154), (13.218), and (13.220-13.221),£j// 16 O#] is 



E D (H 16 OH) - E(H) + E( 16 OH)-(E(magnetic) + E T+osc [H 16 OHJ) 



= -13.59844 eF-31.62828eF-(0.1 14411 eF-50.447039 eV) = 5.1059 eV 
The experimental H 16 OH bond dissociation energy is [26] 



(13.222) 



E D (H M OH) = 5.0991eV 



(13.223) 
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Similarly, E D of D 16 OD is given by: 



E D [D 16 OH] = E(D) i EC 6 OD) (E(magnetic) i E T+0SC {D 16 ODfj 



(13.22 4 ) 



where E T { OD) is given by the sum of the experimental energies of O (Eq. (13.171)), D (Eq. (13.155)), and the negative of 
the bond energy of 16 OD (Eq. (13.159)): 

E{ l6 OD) = -13.603 eV- 13.61 81 eV - 4.454 eV ■- 



-31.6751 eV 



(13.225) 



From Eqs. (13.155), (13.220), and (13.224-13.225), E n \D 16 OD) is 

£ , z ,( J D 16 O£)) = -13.603eF-31.6751eF-(0.114411eF-50.567058eF) = 5.178eF 
The experimental D 16 OD bond dissociation energy is [27] 
E D (D l<> OD) = 5.191 eV 



(13.226) 
(13.227) 



BOND ANGLE OF II J) 

The H 2 MO comprises a linear combination of two O-H -bond MOs. Each O-H -bond MO comprises the superposition of 
a // 2 -type ellipsoidal MO and the 02p z AO or the 02p AO with a relative charge-density of 0.75 to 1.25; otherwise, the 
02p orbitals are the same as those of the oxygen atom. A bond is also possible between the two H atoms of the O-H bonds. 
Such H-H bonding would decrease the O-H -bond strength since electron density would be shifted from the O-H bonds 
to the H-H bond. Thus, the bond angle between the two O-H bonds is determined by the condition that the total energy of 
the H 2 -type ellipsoidal MO between the terminal H atoms of the O-H bonds is zero. Since the two H 2 -type ellipsoidal MOs 

comprise 75% of the H electron density of H 2 , the energies and the total energy E T of the H-H bond is given by Eqs. 
(13.67-13.73). FromEq. (11.79), the distance from the origin to each focus of theH -H ellipsoidal MO is 

W*^ & (13.228) 



c =a A , 

I m e e 2a V 2 

The internuclear distance from Eq. (13.228) is 
laa 



2c' = 2, 



(13.229) 



The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. (13.167). Substitution of Eq. 
(13.228) into Eq. (13.73) gives 



£,--- 



i-^lln 



a + . 



*=i 



(13.230) 



-%ne- r , 



2 8a 



2 L A/ 2 

The radiation reaction force in the case of the vibration of H - H in the transition state corresponds to the Doppler 
energy, E D , given by Eq. (11.181) that is dependent on the motion of the electrons and the nuclei. The total energy E T that 

includes the radiation reaction of the H-H MO is given by the sum of E T (Eq. (13.73)) and E asc (H 2 ) given by Eqs. (11.213- 
11.220), (11.231-11.236), and (11.239-11.240). Thus, the total energy E T (H-H) of the H-H MO including the Doppler 
term is 
K T =V e +T + V m +V p + E usc {H-H) 03 . 231) 



%ne,, 



2-2A| to 

2 8a 



a + . 



1 0.75e z 
I2m' 4 ^ 3 



4+J 



2 V^ 



mc 



(13.232) 



S7T£ n 



2 8a 



a + . 



a-. 





0.75e 2 
S^a 3 



8iT£ (a + c'j 



0.5m„ 
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To match the boundary condition that the total energy of the H-H ellipsoidal MO is zero, E T (H-H) given by Eq. 
(13.7.37.) is set equal to zero- 






%KS n 



2 8a 



a + . 



:~\ 



1+1 



/nc 



(13.233) 



0.75e 2 



1 |8^ a 3 $ns ( a + c'f 

QSmj, 

From the energy relationship given by Eq. (13.233) and the relationship between the axes given by Eqs. (13.165-13.167), the 
dimensions of the H-H MO can be solved. 

The most convenient way to solve Eq. (13.233) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 



a = 4.300a n = 2.275 X IP" 10 m 

Substitution of Eq. (13.234) into Eq. (13.228) gives 

c' = 1.466a = 7.759 Z10" 11 m 
The internuclear distance given by multiplying Eq. (13.235) by two is 



(13.234) 
(13.235) 



2c' = 2.933a n =1.552X10" 



(13.236) 



Substitution of Eqs. (13.234-13.235) into Eq. (13.167) gives 

b = c = 4.042« = 2.139 X 1(T 10 m 
Substitution of Eqs. (13.234-13.235) into Eq. (13.168) gives 



(13.237) 



e = 0.341 (13.238) 

Using the distance between the two H atoms when the total energy of the corresponding MO is zero, the corresponding 
bond angle can be determined from the law of cosines: 

,4 2 +B 2 -2,4Bcosine# = C 2 (13.239) 



With A = B = 2c' _ H , the internuclear distance of each O-H bond given by Eq. (13.185), and C = 2c 



the internuclear 



distance of the two H atoms, the bond angle between the O-H bonds is given by 
{2c' _ H f +(2c' _ H f -2{2c' _ H f cosim8 = {2c' H _ H f 

'2(2c' n _„) 2 -(2c' H=H £ '" 
, 2(2c' _ n ) 2 



' = cos 



(13.240) 
(13.241) 



Substitution of Eqs. (13.185) and (13.236) into Eq. (13.241) gives 



6 = cos 



2(1.836) -(2.933) 



2\ 



— 2(1.836) 

= cos 1 (-0.2756) = 105.998° 
The experimental internuclear distance of the two H atoms, 2c' H _ H , is [23] 



(13.242) 



(1 3.2 4 3) 



-IcL 



■■ 1 .55 ± 0.01 X 10 ~ 1U m 



which matches Eq. (13.236) very well. The experimental angle between the O-H bonds is [23] 



(9 = 106° (13.244) 

which matches the predicted angle given by Eq. (13.242). 

The results of the determination of bond parameters of H 2 and D 2 are given in Table 13.1. The calculated results are 
based on first principles and given in closed-form, exact equations containing fundamental constants only. The agreement 
between the experimental and calculated results is excellent. 



HYDROGEN NITRIDE (Ml) 

The ammonia molecule can be solved by first considering the solution of the hydrogen and dihydrogen nitride radicals. The 



former is formed by the reaction of a hydrogen atom and a nitrogen atom: 
H + N^NH 



(13.245) 



The hydrogen nitride radicals, NH and NH 2 , and ammonia, NH 3 , can be solved using the same principles as those used to 
solve OH and H.O . 
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FORCE BALANCE OF NH 

NH comprises two spin-paired electrons in a chemical bond between the nitrog en atom and the hydrogen atom such that two 
electrons on N remain unpaired. The NH radical molecular orbital (MO) is determined by considering properties of the 
binding atoms and the boundary constraints. The prolate spheroidal H 2 MO developed in the Nature of the Chemical Bond of 
Hydrogen- Type Molecules section satisfies the boundary constraints; thus, the //-atom electron forms a H 2 -type ellipsoidal 
MO with one of the N -atom electrons. The N electron configuration given in the Seven-Electron Atoms section is ls 2 2s 2 2p 3 , 



and the orbital arrangement is 



2p state 
JL JL JL (13.246) 

1 — 4 

corresponding to the ground state 4 Sl 2 . The N2p x electron combines with the His electron to form a molecular orbital. The 
proton of the H atom is along the internuclear axis. Due to symmetry, the other TV electrons are equivalent to point charges at 
the origin. (See Eqs. (19-38) of Appendix II.) Thus, the energies in the NH MO involve only the N2p x and His electrons 
and the change in the magnetic energy of the N2p x electron with the other N electrons (Eq. (13.305)) with the formation of the 

NH MO. The forces are determined by these energies. 

As in the case of H 2 , the MO is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into 
N atom for distances shorter than the radius of the 2p shell. Thus, the MO surface comprises a prolate spheroid at the H 
proton that is continuous with the 2-p shell at the N atom whose nucleus serves as the other focus. The energy of the prolate 
spheroid is matched to that of the N2p shell. As in the case with OH , the linear combination of the H 2 type ellipsoidal MO 
with the N2p AO must involve a 25% contribution from the H 2 -type ellipsoidal MO to the N2p atomic orbital (AO) in order 
to match potential, kinetic, and orbital energy relationships. Thus, the NH MO must comprise 75% of a H 2 -type ellipsoidal 
MO and a nitrogen AO: 



lN2p x AO + 0.75H 2 MO^NH MO (13.247) 

The force balance of the NH MO is determined by the boundary conditions that arise from the linear combination of orhirals 

according to Eq. (13.247) and the energy matching condition between the hydrogen and nitrogen components of the MO. 

Similar to the OH case given by Eq. (13.59), the H 2 -type ellipsoidal MO comprises 75% of the NH MO; so, the 
electron charge density in Eq. (11.65) is given by -0.75e. Based on the condition that the electron MO is an equipotential 
energy surface, Eq. (11.79) gives the ellipsoidal parameter c' in terms of the central force of the foci, the electron angular 
momentum, and the ellipsoidal parameter a . To meet the equipotential condition of the union of the H 2 -type-ellipsoidal-MO 
and the N AO, the force constant used to determine the ellipsoidal parameter c' is normalized by the ratio of the ionization 
energy of N 14.53414 eV [6] and 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of 
H given by Eq. (1.264). This normalizes the force to match that of the Coulombic force alone to meet the force matching 

condition of the NH MO under the influence of the proton and the N nucleus. Thus, k' of Eq. (11.79) to determine c' is 

(0.75)2e 2 -. ,(0.75)2e 2 

*'= , l 14.53414 = (°- 936127 ) i ^^ (13 ' 248) 
13.605804 
L for the electron equals h ; thus, the distance from the origin of the NH MO to each focus c' is given by Eqs . (11 . 79) and 
(13.248): 

c' = al , aM;rgo J 2aa ~l OJUl54aa (13.249) 

^|m £ e 2 1.5a(0.936127) ^|3(0.936127) y ° 

Th e int e rnucl e ar distanc e from Eq. (13.2 4 9) is 

- 2c' = 2,yo.712154aa — (13.250) 

The length of the semiminor axis of the prolate spheroidal NH MO ft = c is given by Eqs. (1 1.80) and (13.62). The eccentricity, 
e, is given by Eq. (13.63). Then, the solution of the semimajor axis a allows for the solution of the other axes of the prolate 

spheroidal and eccentricity of the NH MO . 

The energy of the nitrogen 2p shell is the negative of the ionization energy of the nitrogen atom given by Eq. (10.143). 

Experimentally, the energy is [6] 

E(2p shell) = -E(ionization; N) = -14.53414 eV (13.251) 
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Since the prolate spheroidal MO transitions to the N AO, the energy E in Eq. (13.251) adds to that of the H 2 -type ellipsoidal 
MO to give the total energy of the NH MO. From the energy equation and the relationship between the axes given by Eqs. 

(13.249-13.250) and (13.62-13.63), the dimensions of the NH MO are solved. 

The energy components of V e , V , T , V m , and E T are the same as those of OH given by Eqs. (13.67-13.73). Similarly 

to OH , the total energy E T (NH) of the NH MO is given by the sum of the energies of the orbitals corresponding to the 
of the linear combination of the N AO and the H 2 -type ellipsoidal MO that forms the NH MO as g 



composition 
(13.247): 



by Eq . 



E T (NH) = E T + E(2p shell) = E T - E(ionization; N) = - 



8?F£ c' 



3 3 a ^ a + c' } 
2 8a 



-14.53414 eV 



(13.252) 



To match the boundary condition that the total energy of the entire H 2 - type ellipsoidal MO is given by Eqs. (11.212) and 
(13.75), E T (NH) given by Eq. (13.252) is set equal Lu Eq. (13.75) : 



E T (NH) 



8n£ c' 



3 3 a n ), a + c' 
— 'ln- 



-1 



-14.53414 eK = -31.63536831 eF 



(13.253) 



From the energy relationship given by Eq. (13.252) and the relationship between the axes given by Eqs. (13.249-13.250) and 
(13.62-13.63), the dimensions ot the NH MO can be solved. 



Substitution of Eq. (13.249) into Eq. (13.253) gives 



8^-£ ^/0.712154aa 



3_3_aA a + V0-712154aa 



2 8 a J o-,/0.712154aa7 



= e!7.10123 



(13.254) 



The most convenient way to solve Eq. (13.254) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

(13.255) 



o = 1.36275o =7.21 136 X10" 11 m 



Substitution of Eq. (13.255) into Eq. (13.249) gives 

c' = 0.98513o =5.21310X10-" m 
The internuclear distance given by multiplying Eq. (13.256) by two is 



2c' = 1 .97027o n = 1 .04262 X 1 0" 



m 



(13.256) 
(13.257) 



The experimental bond distance is [28] 
~ 2c' = 1.0362 XI O" 10 m 

Substitution of Eqs. (13.255-13.256) into Eq. (13.62) gives 
fe = c = 0.94159o =4.98270 X 10~ n m 

Substitution of Eqs. (13.255-13.256) into Eq. (13.63) gives 
e = 0.72290 1 - 



(13.258) 
(13.259) 



(13.260) 

The parameters of 
13.95). The polar 



The nucleus of the H atom and the nucleus of the N atom comprise the foci of the 7/ 2 -type ellipsoidal MO 
the point of intersection of the ff 2 -type ellipsoidal MO and the N2p x AO are given by Eqs. (13.84- 



mte r section 




6' = cos 



(13.261) 



where 



radius of the jV atom. Substitution of Eqs. (13.255-13.256) into Eq. (13.86) gives 



G' = 114.61° 

Then, the angle 8 N1 AO the radial vector of the N2p x AO makes with the internuclear axis is 

^2^ o =1 80°- 114.61° = 65.39° 



(13.262) 



(13.263) 



as shown in Figure 13.5. 
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Figure 13.5. The cross section of the NH MO showing the axes, angles, and point of intersection of the H 2 -type ellipsoidal 
MO with the N2p x AO. The continuation of the H 2 -type-ell ipsoidal-MO basis element beyond the intersection point with the 
N2p shell is shown as dashed since it only serves to solve the energy match with the N2p shell and does not represent charge 
density. Similarly, the vertical dashed line only designates the parameters of the intersection point. The actual charge density is 



shown by the solid lines. 



Legend: a: semimajor axis, b: semiminor axis, c': intern ucl ear distance, d t :d HMO , ff l :8, 



'NIp^AO i 




The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the MO ellipsoidal 
parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate components at the point 
of intersection. Thus, the matching elliptic parametric angle at = HMO satisfies the following relationship: 



r r m& stPiAO 

such that 



0.93084a,, sin <9 V , 



Nlp^AO 



= 6sin#„ 



y H 2 »10 



:Sttl 



0.93084a sin 9 m 



p r AO 



■ sin 



.,0.93084a sin 65.39° 



(13.264) 



(13.265) 



with the use of Eq. (13.263). Substitution of Eq. (13.259) into Eq. (13.265) gives 

UiMO = 64.00° (13.266) 

Then, die distance d H MO along the intemuclear axis from the origin of H , -type ellipsoidal MO to the point of intersection of the 

orbitals is given by 



Substitution of Eqs. (13.255) and (13.266) into Eq. (13.267) gives 



'H z MO 



= 0.59747a, = 3.16166 Z 10" 



(13.267) 



(13.268) 



The distance d N2pA0 along the intemuclear axis from the origin of the N atom to the point of intersection of the orbitals is given 
by 



"N2pAO C "H 2 MO 

Substitution of Eqs. (13.79) and (13.93) into Eq. (13.94) gives 



*N2pAO 



:0.38767a,, =2.05 144 XI 0" 



m 



(13.269) 



(13.270) 



As shown in Eq. (13.247), in addition to the /) -orbital charge-density modulation, the uniform charge-density in the p x 
orbital is increased by a factor of 0.25 and the //-atom density is decreased by a factor of 0.25. The intemuclear axis of the 
N — H bond is perpendicular to the bonding p x orbital. Using the orbital composition of NH (Eq. (13.27)), the radii of 

A/l 5 = 0.14605a (Eq. (10.51)), N2s = GM3&5a 9 (Eq. (10.62)), and N2p = 0.93084a (Eq. (10.142)) shells, and the parameters 
of the NH MO given by Eqs. (13.3-13.4) and (13.255-13.270), the dimensional diagram and charge-density of the NH MO 
comprising the linear combination of the // 2 -type ellipsoidal MO and the N AO according to Eq. (13.247) are shown in Figures 
13.5 and 13.6, respectively. 



© 2010 BlackLight Power, Inc. All rights reserved. 
General Diatomic and Polyatomic Molecular Ions and Molecules 



487 



Figure 13.6. NH MO comprising the superposition of the // 2 -type ellipsoidal MO and the N2p x AO with a relative 
charge-density of 0.75 to 1.25; otherwise, the N2p x is the same as that of the nitrogen atom. (A) Side-on, color scale, 
translucent view of the charge-density of the NH MO. The ellipsoidal surface of the // 2 -type ellipsoidal MO that transitions to 
the N2p x AO, the Nip shell, the N2s shell, the N\s shell, and the nuclei (red not to scale) are shown. (B) Cut-away view 
showing the inner most N\s shell, and moving radially, the N2s shell, the N2p shell, and the H 2 -type ellipsoidal MO that 
transitions to the N2p t AO. 




ENERGIES OF NH 

The energies of AW given by the substitution of the semiprincipal axes (Eqs. (13.255-13.256) and (13.259)) into the energy 
equations (Eqs. (13.67-13.73)) are 

-2e 2 



»m 



^)%jz£ ( .4a L -b L a-\la 2 -b 



Iniil^EL _37.85748 eV 



V = j^=^= 

8?r£ y]a 2 -b 2 



= 13.81113 eV 



r-fi 



h 1 



r.=|2 



\)2m,a4a l -b 1 a - Vfl 2 -b 1 
-h 2 



to a+ ^JEJL 13.89011 *r 



4J4mayla 2 -b 2 a-Ja 1 -b 



. a + 4a 2 -b 2 £fM ,- nc r . 
In , = -6.94505 el 



E T (NH) = - 



87T£ C' 



3 3 a n ), a+c' 
- 'In 



■14.53414 eV =-31.63544 eV 



(13.271) 
(13.272) 
(13.273) 
(13.274) 
(13.275) 



2 8 a ) a-c 

where E T (NH) is given by Eq. (13.253) which is reiteratively matched to Eq. (13.75) within five-significant-figure round-off 
error. 

VIBRATION AND ROTATION OF NH 

The vibrational energy of NH may be solved in the same manner as that of OH . From Eqs. (13.102-13.106) with the 
substitution of the NH parameters, the angular frequency of the oscillation is 

|0.75e 2 e 2 



0.75<r 



(O 



1 



&T£'„/r 8ffig (2cf pse-p (0.94159a,,) 3 8gg < ,(l.97027g, > ) 3 _ 



/' 



14 
— m 
15 " 



18700 A' 10'' ; nulls 



(13.276) 



(13.277) 



where b is given by Eq. (13.259), 2c' is given by Eq. (13.257), and the reduced mass of ,4 NH is given by: 
mjtij _ (1)(14) 

where m p is the proton mass. Thus, during bond formation, the perturbation of the orbit determined by an inverse-squared force 
results in simple harmonic oscillatory motion of the orbit, and the corresponding frequency, <a(0), for l4 NH given by Eqs. 
(1 1.136), (1 1.148), and (13.276) is 



©2010 BlackLight Power, Inc. All rights reserved. 



488 Chapter 13 



(0(0) = .R^ = l 597 - 59Nm ' =6.18700X 10 14 radians Is (13.278) 

where the reduced nuclear mass of U NH is given by Eq. (13.277) and the spring constant, A.(0) , given by Eqs, (1 1.136) and 
(13.276) is 

k(0) = 597.59 Nm' 1 (13.279) 

The U NH transition-state vibrational energy, E M (0) , given by Planck's equation (Eq. (1 1.127)) is: 

E vib (0) = heo = h6.l8700X 10 14 rad I s = 0.407239 eV = 3284.58 cm' 1 (13.280) 

0) e , from the experimental curve fit of the vibrational energies of H NH is [28] 

a e = 3282.3 cm- 1 (13.281) 

Using Eqs. (13.112-13.118) with £ wt (0) given by Eq. (13.280) and D given by Eq. (13.311), the H NH u = l^u = 
vibrational energy, E vib (l) is 

E vih (1) = 0.38581 eV (3111.84 cot' 1 ) (13.282) 

The experimental vibrational energy of U NH using co e and w e x e [28] according to K&P [15] is 

E vlb (\) = 0.38752 eV (3125.5 cm" 1 ) (13.283) 

Using Eq. (13.113) with E vih (l) given by Eq. (13.282) and D given by Eq. (13.31 1), the anharmonic perturbation term, 

ct)„x , of W NH is 

fiyt = 86.37 cm- 1 (13.284) 

The experimental anharmonic perturbation term, a> x , of U NH [28] is 

w x = 78.4 cm" 1 (13.285) 

The vibrational energies of successive states are given by Eqs. (13.280), (13.112), and (13.284). 

Using b given by Eq. (13.259), 2c' given by Eq. (13.257), D given by Eq. (13.314), and the reduced nuclear mass of 14 ND 
given by 

m x m 2 (2) ft4)- 



m 1 + m 2 2 + 14 



(13.286) 



where m is the proton mass, the corresponding parameters for deuterium nitride U ND (Eqs. (13.102-13.121)) are 



^0)= p^= P 97-59JV ^- = 4.51835 X 10' 4 radiansls (13.287) 

Jc(0) = 579.59 Nm- 1 (13.288) 

E vib (0) = hco = M.51835 X 10 14 rad I s = 0.29741 eV = 2398.72 cm" 1 (13.289) 

E vlb (\) = 0.28710 eV (2305.35 cm" 1 ) (13.290) 

cd q x = 47.40 cot" 1 (13.291) 

co e , from the experimental curve fit of the vibrational energies of 14 7VD is [28] 
co e = 2398 cm' 1 (13.292) 

The experimental vibrational energy of U ND using co e and co e x e [28] according to K&P [15] is 

E vib (1) = 0.2869 eV (2314 cm" 1 ) (13.293) 

and the experimental anharmonic perturbation term, a> n x„ , of U ND [28] is 

cd q x = 42 cm" 1 (13.294) 

which match the predictions given by Eqs. (13.289), (13.290) and (13.291), respectively. 

Using Eqs. (13.133-13.134) and the internuclear distance, r = 2c', and reduced mass of 14 M7 given by Eqs. (13.257) 

and (13.277), respectively, the corresponding B e is 

B e = 1 6 . 49 5 cm- 1 (13. 29 5) 

The experimental B e rotational parameter of 14 NH is [28] 

B e = 16.6993 cm' 1 (13.296) 
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Using the internuclear distance, r = 2c', and reduced mass of U ND given by Eqs. (13.257) and (13.286), respectively, the 
corresponding B p is 



g = 8.797 ctT 



(13.297) 



The experimental B e rotational parameter of U ND is [28] 
B „ =8.7913 cm.- 1 



(13.298) 



" NH AND U ND 

The equations of the radiation reaction force of hydrogen and deuterium nitride are the same as those of the corresponding 
hydroxyl radicals with the substitution of the hydrogen and deuterium nitride parameters. Using Eqs. (11.136) and (13.140- 
13 . 141) , the angular frequency of the reentrant oscillation in the transition state is 

|0.75e 2 



co- 



I \ne a b 



= 3.91850X10 16 radls 



m„ 



(13.299) 



where b is given by Eq. (13.259). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

~~ E K =h<o = hl.9\&'50X\0 lf ' radls = 25.79224 eV (13.300) 
In Eq. (11.181), substitution of the total energy of AW, E T (NH), (Eq. (13.253)) for E kv , the mass of the electron, m e ,for M, 
and the kinetic energy given by Eq. (13.300) for E K gives the Doppler energy of the electrons for the reentrant orbit: 



2* 



2e(25.79224eF) 



Ed - E hv 



^-=-31.63537 eV 



= -0.31785 eV 



(13.301) 



I Mc y m e c" 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of NH due to the reentrant orbit in the transition state corresponding to simple harmonic 
oscillation of th e el e ctrons and nuclei, E mc , is giv e n by th e sum of the corr e sponding e n e rgi e s, E D giv e n by Eq. (13.301) and 
E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of NH . Using the experimental H NH a> e 
of 3282.3 cm _1 (0.40696 eV) [28] E osc ( u NH) is 



E osc ( U NH) = E d + E Kvib = £ fl +1 A II 

E osc ( U NH) = -0.3 1785 eF + -(0.40696 eV) = -0.1 1437 eV 



(13.302) 



(13.303) 



Using Eqs. ( 1 3.3 01) and the experimenta l 14 JV D c o e o f 2398 cw ' 1 (0 .29 7 32 eV) [2 8] E^NP) i s 



E osc ( u NP) = -0.31785 eF + -(0.29732eF) = -0.16919 eV 



(13.304) 



"NH AND 14 ND 



E T+osc (NH) , the total energy of the H NH radical including the Doppler term, is given by the sum of E T (NH) (Eq. (13.253)) 
and E osc ( u NH) given by Eq. (13.303): 
ET^c{NH) = V c +T + V m +V p +E(2pshell) + E S C ( u NH) 



E T (NH) + E osc ( u NH) 



3 e l 



(13.305) 



rfWT: 



3 3a,l a + c' 



----=g- In 



-14.53414 eV 



m 



4 brntf 



±*^ 



87T£ C' 



a J a — c 



-3 1 .63537 eV- 0.3 1 785 eV + -h ' k 



From Eqs. (13.302-13.303) and (13.305-13.306), the total energy of H NH is 



(13.306) 



©2010 BlackLight Power, Inc. All rights reserved. 



490 Chapter 13 

E T+osc ( NH ) = "31.63537 eV + E osc ( 14 NH) 

= -31.63537 eF-0.31785eF + ^(0.40696eF) (13.307) 

= -3 1.74974 eV 

where the experimental <a e was used for the hi — term. E T+osc (ND), the total energy of 14 ND including the Doppler term, is 

\p ^ '- 

given by the sum of E T (ND) = E T (NH) (Eq. (13.253)) and E mc ( 14 M?) given by Eq. (13.304): 
E T+asc {ND) = -31.63537 eV + E^ND) 

= -31.63537 eV -0.31785 eV +-(0.29732 eV) (13.308) 

= -31.80456 eV 

where the experimental co e was used for the hi — term. The dissociation of the bond of the hydrogen nitride forms a free 

\P 

hydrogen atom with one unpaired electron and a nitrogen atom with three unpaired electrons as shown in Eq. (13.246). The p x 

and p fields cancel and the magnetic energy (Eq. (7.46)) with r n = 0.93084a is subtracted due to the one component of E 

given by Eq. (10.137): 

E{magnetic)= ^E^t. - 8 w4 0-14185 eV (13.309) 
w;(0.93084a ) — (0.93084a ) 

The corresponding bond dissociation energy, E D , is given by the sum of the total energies of the nitrogen atom and the 

corresponding hydrogen atom minus the sum of E T+asc (NH) and E(magnetic) : 

E D = E( u N) + E(H)-E T+osc (NH)-E (magnetic) (13.310) 

E( U N) is given by Eq. (13.251), E D (H) is given by Eq. (13.154), and E D (D) is given by Eq. (13.155). The l4 NH bond 

dissociation energy, E d ( 14 NH), is given by Eqs. (13.154), (13.251), (13.307), and (13.309-13.310): 



E D ( U NH) = -(14.53414 eV + 13.59844 eV)-(E( magnetic) + E T+ns jNH)) 



= -28.13258 eV -(0.14185-31.74974 eV) (13.311) 

= 3.47530 eV 

Th e experim e ntal 14 NII bond dissociation energy from Ref. [29] and Ref. [30] is 

E D ( 14 NH) = 3. 42 eV (13.312) 

E D ( 14 NH)< 3. 47 eV (13.313) 

The l4 ND bond dissociation energy, E D [ U ND) . is given by Eqs. (13.155), (13.251). (13.308). and (13.309-13.310): 

E D ( ]4 ND) = -(14.53414 eV + 13.603 eV) -(E (magnetic) + E T+osc (ND)) 

= -28.13714 eF-(0.14185-31.80456eF) (13.314) 

= 3.5256 eV 

The experimental U ND bond dissociation energy from Ref. [31] and Ref. [30] is 

E Di9g ( U ND)< 339 U I mol = 3.5 13 eV (13.315) 

E D [ l4 ND)<3.54eV (13.316) 

The results of the determination of bond parameters of NH and ND are given in Table 13.1. The calculated results are 

based on first principles and given in closed form, exact equations containing fundamental constants only. — The agreement 
between the experimental and calculated results is excellent. 
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DIHYDROGEN NITRIDE ( \// : ) 

The dihydrogen nitride radical NH 2 is formed by the reaction of a hydrogen atom with a hydrogen nitride radical: 

NH + H^-NH 2 (13.317) 

NH 2 can be solved using the same principles as those used to solve H 2 . Two diatomic molecular orbitals (MOs) developed in 
the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section serve as basis functions in a linear 
combination with two nitrogen atomic orbitals (AOs) to form the MO of NH 2 . The solution is very similar to that of NH 

except that there are two NH bonds in NH 2 . 

FORCE BALANCE OF Ml 

NH 2 comprises two chemical bonds between nitrogen and hydrogen. Each N-H bond comprises two spin-paired 

electrons with one from an initially unpaired electron of the nitrogen atom and the other from the hydrogen atom. Each H -atom 
electron forms a H 2 -type ellipsoidal MO with one of the initially unpaired N -atom electrons, 2p x or 2p , such that the proton 

and the N nucleus serve as the foci. The initial N electron configuration given in the Seven-Electron Atoms section is 
ls 2 2s 2 2p 3 , and the orbital arrangement is given by Eqs. (10.134) and (13.246). The radius and the energy of the N2p shell are 
unchanged with bond formation. The central paramagnetic force due to spin of each N-H bond is provided by the spin-pairing 
force of the NH 2 MO that has the symmetry of an s orbital that superimposes with the N2p orbitals such that the 

corresponding angular momenta are unchanged. 

As in the case of H 2 , each of two N-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO 
surface cannot extend into N atom for distances shorter than the radius of the 2p shell since it is energetically unfavorable. 
Thus, the MO surface comprises a prolate spheroid at each H proton that is continuous with the 2p shell at the N atom. The 
energies in the NH 7 MO involve only each N2p and each His electron with the formation of each N-H bond. The sum of 
the energies of the prolate spheroids is matched to that of the 2_p shell. The forces are determined by these energies. As in the 
case of NH , the linear combination of each H 2 -type ellipsoidal MO with each N2p AO must involve a 25% contribution from 
the H 2 -type ellipsoidal MO to the N2p AO in order to match potential, kinetic, and orbital energy relationships. Thus, the 
NH 2 MO must comprise two N-H bonds with each comprising 75% of a H 2 -type ellipsoidal MO (1/2 +25%) and a nitrogen 

-AO: 

[1 N2p z AO + 0.15 H 2 MO] + [l N2p y AO + 0.15 H 2 MO~\ -> NH 2 MO (13.318) 

The force constant k' of each H 2 -type-ellipsoidal-MO component of the NH 2 MO is given by Eq. (13.248). The 

distance from the origin of each N-H -bond MO to each focus c' is given by Eq. (13.249). The internuclear distance is given 
by Eq. (13.250). The length of the semiminor axis of the prolate spheroidal N-H-bond MO b-c is given by Eq. (13.62). 
The eccentricity, e, is given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other axes 
of each prolate spheroid and eccentricity of each N-H -bond MO. Since each of the two prolate spheroidal N-H -bond MOs 
comprises a H 2 -type-ellipsoidal MO that transitions to the N AO, the energy E in Eq. (13.251) adds to that of the two 
corresponding H 2 -type ellipsoidal MOs to give the total energy of the NH 2 MO. From the energy equation and the relationship 
between the axes, the dimensions of the NH 2 MO are solved. 

The energy components of V e , V , T, V m , and E T are twice those of OH and NH given by Eqs. (13.67-13.73) and 
equal to those of H 2 given by Eqs. (13.172-13.178). Similarly to H 2 0, since each prolate spheroidal H 2 -type MO transitions 
to the N AO and the energy of the N2p shell must remain constant and equal to the negative of the ionization energy given by 
Eq. (13.251), the total energy E T (NH 2 ) of the NH 2 MO is given by the sum of the energies of the orbitals corresponding to the 
composition of the linear combination of the N AO and the two 7/ 2 -type ellipsoidal MOs that forms the NH 2 MO as given by 
Eq. (13.318): 

E T [NH 2 ) = E T + E(2p shell) - E T - E(ionization; N) 

3 a \ a + c' .] ,.„.,. Jr (13.319) 

-In 1 -14.53414 eV 

2 8 a ) a-c' 

The two hydrog en atoms and the nitrogen atom can achieve an energy minimum as a linear combination of two H 2 -type, 

ellipsoidal MOs each having the proton and the nitrogen nucleus as the foci. Each N-H -bond MO comprises the same N2p 

shell of constant energy given by Eq. (13.251). Thus, the energy of the NH 2 MO is also given by the sum of that of the two 

H 2 - type ellipsoidal MOs given by Eq. (11.212) minus the energy of the redundant nitrogen atom of the linear combination given 

by Eq. (13.251): 



4n:e c' 
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E T (2H 2 -N) = -2 



8^g n a n 



2V2-V2+- 



>/2~V_ >/2~ + l 
■ n/2 - 1 



In 



V2~ 



-E{2p shell) 



(13.320) 



= 2(-31.63536831 eK)-(-14.53414 eK) = -48.73660 eV 
E T (NH 2 ) given by Eq. (13.319) is set equal to two times the energy of the H 2 -type ellipsoidal MO minus the energy of the 
N2p shell given by Eg. (13.320): 



EJNH, 



3 3 fln 



Irr 



a + c' 



-14.53414 e v = -48.73660 eV 



(13.321) 



4ks c ' 



2 8 a ) a-c' 
From the energy relationship given by Eq. (13.321) and the relationship between the axes given by Eqs. (13.248-13.250) and 

(13.62-13.63), the dimensions of the NH 2 MO can be solved. 

Substitution of Eq. (13.249) into Eq. (13.321) gives 



4^ 01 /0.7l2l54aa 



3 a_A a + V0.712l54aa 



2 8 a J a-^/0.712l54aa 



= e34.20246 



(13.322) 



The most convenient way to solve Eq. (13.322) is by the reiterative technique using a computer. The result to within the round- 
off error with five - significant figures is 



a = 1.36276a =7.21141X10" n m 

Substitution of Eq. (13.323) into Eq. (13.249) gives 

c' = 0.98514a„ = 5.21312X10"" m 



(13.323) 



(13.324) 



The internuclear distance given by multiplying Eq. (13.32 4 ) by two is 



2c' = 1 .97027a = 1 .04262 X 1 0" 
The experimental bond distance is [32] 



2c' = 1.024 X 10" 



-m- 



(13.325) 



(13 . 326) 



Substitution of Eqs. (13.323-13.324) into Eq. (13.62) gives 
6 = c = 0.94160a =4.98276X10" n m 

Substitution of Eqs. (13.323-13.324) into Eq. (13.63) gives 
e = 0.72290 



(13.327) 
(13.328) 



The nucleus of the H atom and the nucleus of the N atom comprise the foci of the H 2 -type ellipsoidal MO. The parameters of 
the point of intersection of each H 2 -type ellipsoidal MO and the N2p x AO or N2p AO are given by Eqs. (13.84-13.95) and 
(13.261-13.270). Using Eqs. (13.323-13.325) and (13.327-13.328), the polar intersection angle 0' given by Eq. (13.261) with 

r„=r 7 = 0.93084a n is 

g' = 114.61° (13.329) 

Then, the angle 6 N2 AO the radial vector of the N2p x AO or N2p AO makes with the internuclear axis is 

6 N2pAO =180 o -114.61 o = 65.39° (13.330) 
as shown in Figure 13.5. The parametric angle 6 H M0 given by Eqs. (13.264-13.265), (13.327), and (13.330) is 



-ft; 



- 64.00° 



(13.331) 

Then, the distance d H M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection of the 
orbitals given by Eqs. (13.267), (13.323), and (13.331) is 



= 0.59748a„ = 3.16175 X 10" 



(13.332) 



The distance d N2 A0 along the internuclear axis from the origin of the 7Y atom to the point of intersection of the orbitals given 



by Eqs. (13.269), (13.324), and (13.332) is 

d N2 P Ao =0.38765a = 2.05137 X 10" 11 m 



(13.333) 



As shown in Eq. (13.318), in addition to the p -orbital charge-density modulation, the uniform charge-density in the p r 

and p orbitals is increased by a factor of 0.25 and the H atoms are each decreased by a factor of 0.25. Using the orbital 
composition of NH 2 (Eq. (13.318)), the radii of AOs = 0.14605a (Eq. (10.51)), N2s = 0.69385a (Eq. (10.62)), and 
N2p = 0.9308 4 a (Eq. (10.1 4 2)) sh e lls, and th e param e t e rs of th e NH 2 MO giv e n by Eqs. (13.3 - 13. 4 ) and (13.323 - 13.333), th e 
charge-density of the NH 2 MO comprising the linear combination of two N-H -bond MOs (M/-type ellipsoidal MOs given 
in the Energies of NH section) according to Eq. (13.318) is shown in Figure 13.7. Each N-H -bond MO comprises a H 2 -type 
ellipsoidal MO and an N2p AO having the dimensional diagram shown in Figure 13.5. 
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Figure 13.7. NH 2 MO comprising the linear combination of two 7V-//-bondMOs. Each N-H -bond MO comprises the 
superposition of a // 2 -type ellipsoidal MO and the N2p x AO or the Nip AO with a relative charge-density of 0.75 to 1.25; 
otherwise, the N2p orbitals are the same as those of the nitrogen atom. The internuclear axis of one N-H bond is 
perpendicular to the bonding p x orbital, and the internuclear axis of the other N-H bond is perpendicular to the bonding p 
orbital. (A) Color scale, translucent view of the charge-density of the NH 2 MO from the top. For each N-H bond, the 
ellipsoidal surface of each H 2 -type ellipsoidal MO transitions to a N2p AO. The N2p shell, the N2s shell, the N\s shell, 
and the nuclei (red, not to scale) are shown. (B) Cut-away view showing the inner most N\s shell, and moving radially, the 
N2s shell, the N2p shell, and the H 2 -type ellipsoidal MO that transitions to a N2p AO for each N-H bond. Bisector 
current not shown. 




ENERGIES OF NH 2 

The energies of NH 2 given by the substitution of the semiprincipal axes ((Eqs. (13.323-13.325) and (13.327)) into the energy 
equations (Eqs. (13.1 72- 13.1 76)) are 

r.-ff) ~j e l t l°^g4 = -75.7 



H422ef / 



V =2 7 

%7r£ n sa 2 -b 2 



= 27.62216 eV 



r-4 



lr 



2 ) Imayl a 2 - b 1 a-4a 2 -b 2 



\n a + y[7 -^ = 21.mi4eV 



i =1- 



2 J Am a\l a 2 -b 2 a-\a 2 -b 2 



m £±£[E = -13.88987^ 



E T [NH 2 ) = - 



4K£ C' 



2 Sal a-c 



3 3 Vl^fl + cL, 



■ 14.53414 eV = -48.73633 eV 



(13.334) 
(13.335) 
(13.336) 
(13.337) 
(13.338) 



where E T (NH 2 ) is given by Eq. (13.3 19) which is reiteratively matched to Eq. (13.320) within five-significant-figure round-off 
error. 



VIBRATION OF NH 2 

The vibrational energy levels of NH, may be solved as two equivalent coupled harmonic oscillators by developing the 

Lagrangian, the differential equation of motion, and the eigenvalue solutions [2] wherein the spring constants are derived from 
the centra] forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of Hydrogen-Type 
Molecules section. 



©2010 BlackLight Power, Inc. All rights reserved. 



494 Chapter 13 

THE DOPPLER ENERGY TERM OF A// 

The radiation reaction force in the case of the vibration of NH 2 in the transition state corresponds to the Doppler energy, E D , 

given by Eq. (11.181) and Eqs. (13.22) and (13.1 44 ) that is d e p e nd e nt on th e motion of th e e lectrons and th e nucl e i. Th e kinetic 
energy of the transient vibration is derived from the corresponding central forces. The equations of the radiation reaction force 
of dihydrogen and dideuterium nitride are the same as those of the corresponding water molecules with the substitution of the 
dihydrogen and dideuterium nitride parameters. Using Eqs. (11.136) and (13.207-13.209), the angular frequency of the reentrant 
oscillation in the transition state is 



'l\ 



2 I Attf h 3 
® = \\ y J ° = 5.54150 X 10 16 rad Is (13.339) 
m e 

where b is given by Eq. (13.327). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

E K = hco = h5. 54150 XW 6 rad ls = 36.47512 eV (13.340) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each # 2 -type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (13.340) for E K gives the Doppler energy of the 
electrons for the reentrant orbit: 



'D — ^hv\\ ,. 2 

" Mc 



2e(36A1512eV) 
= -31.63537 eV J v , ' (13.341) 



= -0.37798 eV 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their 

corresponding frequency. The decrease in the energy of NH 2 due to the reentrant orbit in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq. (13.341) and E Kvjb , the average kinetic energy of vibration which is 1/2 of the vibrational energy of NH 2 . Using the 

experimental 14 M7 2 vibrational energy of E vib - 3301.110 an 1 - 0.40929 eV [33] gives 

E' 0SC =E D +E Kvib =E D +Uft- (13.342) 

ff'^ = -0 T7798 *K + 1(0 4097 . 9 pK) (T334TT 

= -0.17334 eV 
per bond. As in the case for H 2 , the reentrant orbit for the binding of a hydrogen atom to a NH radical causes the bonds to 
oscillate by increasing and decreasing in length along the two N-H bonds at a relative phase angle of 180°. Since the 
vibration and reentrant oscillation is along two bonds lor the asymmetrical stretch ( v 3 ), E osc lor l4 NH 2 , E mc ( 14 A/// 2 J , is: 



E osc ( u NH 2 ) = 2 




(13.344) 
"^ 

= -0.34668 eV 

Using Eq. (13.341), Eqs. (13.342-13.344), and the U ND 2 vibrational energy of E vib =2410.79 cm' 1 =0.29890 eV , 

calculated from the experimental U NH 2 vibrational energy using Eq. (11.148), the corresponding E os ( 14 ND 2 ) is 

£L( 14 M> 2 ) = 2^-0.37798 eF + 1(0.29890 eF)j (m45) 

= -0.45707 eV 
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TOTAL AND BOND ENERGIES OF ' A// AND A/>. 

E T+osc [ u NH 2 ), the total ene r gy of the U NH 2 including the Doppler te r m, is given by the sum of E T (NII 2 ) (Eq. (13.321)) and 



E osc [ l4 NH 2 ) given Eqs. (13.339-13.344): 



E T+0SC { u NH 2 ) = l 


V 


r+F m 


+ V p+ E(N2p) + E 0SC ( u 


NH 2 ) = E T (NH 2 


) + ^ c ( 14 ^) 


(13.346) 
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(13.347) 
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(31.63536831 eV)\ 
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f 



= -4 8.73660 eV - 2 



0.37798 eV -- h 



From Eqs. (13.344) and (13.346-13.347), the total energy of W NH 2 is 
E T+0SC [ H NH 2 ) = -48.73660 eV + E mc ( U NH 2 ) 

= -48.73660 eV-l[ 0.37798 eV --(0.40929 ~eV) 



(13.348) 



= -49.08328 eV 
where the experimental U NH 2 vibrational energy was used for the hi— term. — E 



4 ND 2 , the total energy of H ND 2 



including the Doppler term is given by the sum of E T [ND 2 ) = E T (NH 2 ) (Eq. (13.321)) and E osc ( U ND 2 ) given by Eq. (13.345): 

E T+osc { U ND 2 ) = -48.73660 eV + E osc ( U ND 2 ) 



= -48.73660 e.V- 2 0.37798 ^--(0.29890 f^) 



(13.349) 



= -49.19366 eV 
where the experimental 1A NH 2 vibrational energy corrected for the reduced mass difference of hydrogen and deuterium was used 

for the hi — term. — The corresponding bond dissociation energy, E D , is given by the sum of the total energies of the 

corresponding hydrogen nitride radical and hydrogen atom minus the total energy of dihydrogen nitride, E T+asc ( U NH 2 ) . 



Thus, E D of NH 2 is given by: 
E D \ "NH 2 ) = E(H) + E( "NH) - E, 



T^rm 



(13.350) 

where E T ( U NH) is given by the of the sum of the experimental energies of U N (Eq. (13.251)), H (Eq. (13.154)), and the 
n egative of the bond energy of W N H (E q. (1 3.31 2 )): 



F,( u NH) = -\ 3.59844 ^-14.53414^-3.42^ = -31 .55258 eV 



(13.351) 



From Eqs. (13. 154), (13.348), and (13.350-13.351), E D [ U NH 2 ) is 



E D U NH 2 = E(H) + E( 1A NH) - E T 



4 M/ 



= -13.59844 eK-31.55258eF-(-49.08328eK) 

= 3.9323 eV 
The experimental 14 NH 2 bond dissociation energy from Ref. [34] and Ref. [35] is 

£ J ( 14 M7 2 )-88± 4 kcallmole- 3.8160 eV 



(13.352) 



(13.353) 



ff D ( 14 M7 2 ) = 91.0 1 0.5 kcallmole = 3.9461 eV 

Similarly, E D of W ND 2 is given by: 

E D { H ND 2 ) = E(D) + E( H ND) - (E T+osc { U ND 2 )) 



(13.354) 



(13.355) 
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where E T ( H ND) is given by the of the sum of the experimental energies of U N (Eq. (13.251)), D (Eq. (13.155)), and the 
negative of the bond energy of H ND (Eq . (13 . 315)) : 



E( U ND) = -1 3.603 eF- 14 .5 3414 e K- 3 .51 3 eV = -3 1.6506 eV 



(13.356) 



*ND 2 ) is 



FromEqs. (13.155), (13.349), and (13.355-13.356), E D [ 

E D C A ND 2 ) = -13.603 eF-31.6506 eV -(-49.19366 eV) = 3.9401 eV 



(13.357) 



The ND 2 bond dissociation energy calculated from the average of the experimental bond energies [34-35] and vibrational 



energy of U NH 2 [33] is 

E D ( U ND 2 ) = E D CNH 2 ) + UE M («N» 2 )-E vib (»«%)) 



(13.358) 



-(3.8160 eK + 3.9461 eV) + -(0.40929 eF-0.29890 eV) = 3.9362 eV 



BOND ANGLE OF Ml 



The NH 2 MO comprises a linear combination of two N - H -bond MPs. Each N- H -bond MO comprises the superposition 
of a H 2 -type ellipsoidal MO and the N2p x AO or the N2p y AO with a relative charge density of 0.75 to 1.25; otherwise, the 
N2p AOs are the same as those of the nitrogen atom. A bond is also possible between the two H atoms of the N-H bonds. 
Such H — H bonding would decrease the N — H bond strength since electron density would be shifted from the N — H bonds 
to the H -H bond. Thus, the bond angle between the two N-H bonds is determined by the condition that the total energy of 
the H 2 -type ellipsoidal MO between the terminal H atoms of the N-H bonds is zero. From Eqs. (11.79) and (13.228), the 
distance from the origin to each focus of the H -H ellipsoidal MO is 

fr 2 47TS, i 



c -a 



me la 



(13.359) 



The internuclear distance from Eq. (13.229) is 
2,' = 2, & 



(13.360) 



Th e l e ngth of th e semiminor axis of th e prolate spheroidal H — H MO b = c is given by Eq. (13.167). 

Since the two // 2 -type ellipsoidal MOs comprise 75% of the H electron density of H 2 and the energy of each 77 2 -type 
ellipsoidal MO is matched to that of the Nip AO; the component energies and the total energy E T of the H -H bond are 
given by Eqs. (13.67-13.73) except that V e , T , and V m are corrected for the energy matching factor of 0.93613 given in Eq. 



(13.248). Substitution of Eq. (13.359) into Eq. (13.233) with the energy-matching factor gives 



(0.93613)' 



2-L5l Mb 



a + . 



-O- 



0.75e 2 



nJ4^ a 



-St'Kt 



aa n 



2 8a 



aa„ 



i-H 



(13.361) 



0.75e 2 e 2 



&'/lb n 



8ft£ n [a + c' 



-_M 



03m^ 

From the energy relationship given by Eq. (13.361) and the relationship between the axes given by Eqs. (13.359-13.360) and 
(13.167-13.168), the dimensions of the H-H MO can be solved. 

The most convenient way to solve Eq. (13.361) is by the reiterative technique using a computer. The result to within the 
round-off e rror with fiv e -significant figur e s is 



a = 4.9500a n =2.6194X 10" 



m 



Substitution of Eq. (13.362) into Eq. (13.359) gives 
c' = 1.5732a n = 8.3251 X W u m 



(13.362) 
(13.363) 



Th e int e rnucl e ar distanc e giv e n by multiplying Eq. (13.363) by two is 

2c' = 3 . 1 464a = 1 .6650 X 1 0~ 10 m 
Substitution of Eqs. (13.362-13.363) into Eq. (13.167) gives 
b = c = 4 .6933a n = 2. 4 836 X 10~ 10 m 



(13.364) 
(13.365) 



Substitution of Eqs. (13.362 - 13.363) into Eq. (13.168) giv e s 
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e = 0.3 178 (13.366) 

Using, 2c' H _ H (Eq. (13.364)), the distance between the two H atoms when the total energy of the corresponding MO is 
zero (Eg. (13.361)), and 2c' N _„ (Eg. (13.325)), the internuclear distance of each N-H bond, the corresponding bond angle can 
be determined from the law of cosines. Using, Eg. (13.242), the bond angle between the N-H bonds is 



r 2(l.9703) 2 -(3.1464) 2 ^ 



= cos" 1 (-0.2751) = 105.969° (13.367) 



v 2(1.9703) — 

The expe r imental angle between the N-H bonds is [32] 

6 = 103.3° " (13.368) 
The results of the determination of bond parameters of NH 2 and ND 2 are given in Table 13.1. The calculated results are 
based on first principles and given in closed-form, exact equations containing fundamental constants only. — The agreement 
between the experimental and calculated results is excellent. 

AMMONIA ( A7/J 

Ammonia ( NH % ) is formed by the reaction of a hydrogen atom with a dihydrogen nitride radical: 

NH 2 +H^NH, (13.369) 

NH 3 can be solved using the same principles as those used to solve NH 2 except that three rather than two H 2 -type prolate 
spheroidal molecular orbitals (MOs) serve as basis functions in a linear combination with nitrogen atomic orbitals (AOs) to form 
the MO of NH 3 . 

FORCE BALANCE OF \/l 

NH 3 comprises three chemical bonds between nitrogen and hydrogen. Each N-H bond comprises two spin-paired electrons 
with one from an initially unpaired electron of the nitrogen atom and the other from the hydrogen atom. Each H -atom electron 
forms a H 2 -type ellipsoidal MO with one of the initially unpaired N -atom electrons, 2p x , 2p , or 2p z , such that the proton 
and the A?" nucleus serve as the foci. The initial N electron configuration given in the Seven-Electron Atoms section is 
ls 2 2s 2 2p 3 , and the orbital arrangement is given by Egs. (10.134) and (13.246). The radius and the energy of the N2p shell are 
unchanged with bond formation. The central paramagnetic force due to spin of each N-H bond is provided by the spin-paring 
force of the NH 3 MO that has the symmetry of an s orbital that superimposes with the N2p orbitals such that the 
corresponding angular momenta are unchanged. 

As in the case of H 2 , each of three N-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO 
surface cannot extend into the N atom for distances shorter than the radius of the 2p shell since it is energetically unfavorable. 
Thus, the MO surface comprises a prolate spheroid at each H proton that is continuous with the 2p shell at the N atom. The 
energies in the NH i MO involve only each N2p and each His electron with the formation of each N-H bond. The sum of 
the energies of the prolate spheroids is matched to that of the 2p shell. The forces are determined by these energies. As in the 
cases of NH and NH, , the linear combination of each H 2 -type ellipsoidal MO with each N2p AO must involve a 25% 
contribution from the Z/ 2 -type ellipsoidal MO to the N2p AO in order to match potential, kinetic, and orbital energy 
relationships. Thus, the NH i MO must comprise three N-H bonds with each comprising 75% of a 7/ 2 -type ellipsoidal MO 
(1/2 +25%) and a nitrogen AO: 
[1 N2p x AO + 0.75 H L MO] + [l N2p y AO + 0.75 H L MO~\ + [l N2p z AO + 0.75 H 2 MO] -» NH i MO (13.370) 

The force cons t ant k' of each H 2 -type-ellipsoidal-MO component of the NH 3 MO is given by Eq. (13.248). — The 

distance from the origin of each N-H -bond MO to each focus c' is given by Eq. (13.249). The internuclear distance is given 
by Eq. (13.250). The length of the semiminor axis of the prolate spheroidal N-H -bond MO b = c is given by Eq. (13.62). 
The eccentricity, e, is given by Eq . (13 . 63) . The solution of the semimajor axis a then allows for the solution of the other axes 
of each prolate spheroid and eccentricity of each N-H -bond MO. Since each of the three prolate spheroidal N-H -bond 
MOs comprises a H 2 -type-ellipsoidal MO that transitions to the N AO, the energy E in Eq. (13.251) adds to that of the three 
corresponding H 2 -type ellipsoidal MOs to give the total energy of the NH 3 MO. From the energy equation and the relationship 

between th e axes, th e dimensions of the NH } M O a re solved. 

The energy components of V e , V , T , V m , and E T are three times those of OH and NH given by Eqs. (13.67-13.73) 

and 1.5 times those of H 2 given by Eqs. (13.172-13.178). Similarly to H 2 , since each prolate spheroidal // 2 -type MO 
transitions to the N AO and the energy of the N2p shell must remain constant and equal to the negative of the ionization 
energy given by Eq. (13.251), the total energy E T {NHJ) of the NH } MO is given by the sum of the energies of the orbitals 
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corresponding to the composition of the linear combination of the N AO and the three H 2 -type ellipsoidal MOs that forms the 

NH, MO as given by Eg. (13.370): 

E r (NH, ) = E T +E(2p shell) 



= E T - E{ionization; N) 



(13.371) 



3 3 a„ ], a + c' 
— ' ln- 



-± 



-14.53414 eV 



87rs c' \\2 8 a J a-c' 

The three hydrogen atoms and the nitrogen atom can achieve an energy minimum as a linear combination of three H 2 -type 
ellipsoidal MOs each having the proton and the nitrogen nucleus as the foci. Each N-H -bond MO comprises the same N2p 
shell of constant energy given by Eq. (13.251). Thus, an energy term of the NH, MO is given by the sum of the three // 2 -type 
ellipsoidal MOs given by Eq. (11.212) minus the energy of the redundant nitrogen atom of the linear combination given by Eq. 
(13.251). The total sum is determined by the energy matching condition of the binding atoms. 

In Eq. (13.248), the equipotential condition of the union of each H 2 -type-ellipsoidal-MO and the TV AO was met when 

the force constant used to determine the ellipsoidal parameter c ' was normalized by the ratio of the ionization energy of N 
14.53414 eV [6] and 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of H given by 
Eq. (1 .264). This normaliz e d th e forc e to match that of th e Coulombic forc e alon e to m ee t th e force matching condition of th e 
NH MO under the influence of the proton and the N nucleus. The minimum total energy of the NH, MO from the sum of 
energies of a linear combination from four atoms is determined using the energy matching condition of Eq. (13.248). Since each 
of the three prolate spheroidal N-H -bond MOs of NH, comprises a H 2 -type-ellipsoidal MO that transitions to the N AO and 
the energy matching condition is met, the nitrogen energy E (Eq. (13.251)) and the energy (Eq. (1.26 4 )) of a hydrogen atomic 
orbital {H AO), E Coulomb (//), corresponding to the Coulombic force of +e from the nitrogen nucleus is subtracted from the sum 
of the energies of the three corresponding H 2 -type ellipsoidal MOs to given an energy minimum. From another perspective, the 
electron configuration of NH 2 is equivalent to that of OH and is given by Eq. (10.174). NH 2 serves as a one-electron atom 
that is energy matched by the H AO as a basis element to minimize the energy of NH^ in the formation of the third N-H - 
bond. 



2>/2-V2- 



■JlX -j2+\ 



1» 



^ 



E T (3H 2 -N-H) = 



8x£ a 



(13.372) 



2 J a/2-1 
-E(N2p shell) -E Couhmb (H) 
= 3(-31.63536831eF)-(-14.53414eF-13.605804eF) = -66.76616 eV 
E T (NH,) given by Eq. (13.371) is set equal to Eq. (13.372), three times the energy of the // 2 -type ellipsoidal MO minus the 
energy of the N2p shell and the H AO: 



E T NH) = -3- 



8;r g c' 



3 3 a Ifo fl + C 1 
2 8a 



-14.53414 e v = -66.76616 eV 



(13.373) 



From the energy relationship given by Eq. (13.373) and the relationship between the axes given by Eqs. (13.248-13.250) and 
(13.62-13.63), the dimensions of the NH, MO can be solved. 
Substitution of Eq. (13.249) into Eq. (13.373) gives 

3e 2 1(3 3 aA a + V0.712154aa n 



---^2- In 



f=T 



= e52.23202 



(13.374) 



S^g 1 /0.712154flfl 



2 8 a ) fl-^0.712154flfl c 



The most convenient way to solve Eq. (13.374) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

a = 1.34750a =7.13066X10-" m (13.375) 

Substitution of Eq. (13.375) into Eq. (13.249) gives 



= 0.97961a = 5.18385 X 10 11 m 
The internuclear distance given by multiplying Eq. (13.376) by two is 

2c' = 1. 9592 la„ =1.03677 X 10''° m 

The experimental bond distance is [32] 



(13.376) 
(13.377) 



2c' = 1.012 X 10" 10 m 
Substitution of Eqs. (13.375-13.376) into Eq. (13.62) gives 
b = c = 0.92527a„ = 4.89633 X 10~ n m 



(13.378) 
(13.379) 



Substitution of Eqs. (13.375-13.376) into Eq. (13.63) gives 
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e = 0.72698 (13.380) 

The nucleus of the H atom and the nucleus of the N atom comprise the foci of the //,-type ellipsoidal MO. The parameters of 
the point of intersection of each // 2 -type ellipsoidal MO and the N2p x , N2p , or N2p, AO are given by Eqs. (13.84-13.95), 
(13.261-13.270), and (13.261-13.270). Using Eqs. (13.375-13.377) and (13.379-13.380), the polar intersection angle 0' given 
by Eq. (13.261) with /; = r 7 = 0.93084a,, is 

#'=115.89° (13.381) 

Then, the angle N2piO the radial vector of the N2p x , N2p v ,or Nip, AO makes with the intemuclear axis is 

<%.«,= 180° -115.89° = 64. 11° (13.382) 

as shown in Figure 13.5. The parametric angle & HMO given by Eqs. (13.264-13.265), (13.379), and (13.382) is 

B%MO =64.83° (13.383) 

Then, the distance d BMO along the intemuclear axis from the origin of // 2 -type ellipsoidal MO to the point of intersection of the 
orbitals given by Eqs. (13.267), (13.375), and (13.383) is 

d Bt m =0.573 14o = 3.03292 X 10" m (13.384) 

The distance d x2pAO along the intemuclear axis from the origin of the A' atom to the point of intersection of the orbitals given 
by Eqs. (13.269), (13.376), and (13.384) is 

d mpAO = 0A0641a a =2.15093 X 10" m (13.385) 

As shown in Eq. (13.370), in addition to the p -orbital charge-density modulation, the uniform charge-density in the p x , 
p y , and p. orbitals is increased by a factor of 0.25 and the H atoms are each decreased by a factor of 0.25. Using the orbital 
composition of NH 3 (Eq. (13.370)), the radii of N\s = 0A4605a (Eq. (10.51)), ^25 = 0.69385^ (Eq. (10.62)), and 
Nip = 0.93084a (Eq. (10.142)) shells, and the parameters of the NH } MO given by Eqs. (13.3-13.4) and (13.375-13.385), the 
charge-density of the NH 3 MO comprising the linear combination of three N—H -bond MOs (NH -type ellipsoidal MOs given 
in the Energies of NH section) according to Eq. (13.370) is shown in Figure 13.8. Each N-H -bond MO comprises a //,-type 
ellipsoidal MO and an Nip AO having the dimensional diagram shown in Figure 13.5. 

Figure 13.8. NH, MO comprising the linear combination of three N-H -bonds. Each N - H -bond MO comprises the 
superposition of a //,-type ellipsoidal MO and the N2p x , N2p r , or N2p_ AO with a relative charge-density of 0.75 to 1.25; 
otherwise, the N2p orbitals are the same as those of the nitrogen atom. The each intemuclear axis of one N-H bond is 
perpendicular to the bonding p orbital. (A) Color scale, translucent view of the charge-density of the NH t MO shown 
obliquely from the top. For each N-H bond, the ellipsoidal surface of each H 2 -type ellipsoidal MO transitions to a N2p AO. 
The N2p shell, the N2s shell, the N\s shell, and the nuclei (red, not to scale) are shown. (B) Off-center cut-away view 
showing the complete inner most N\s shell, and moving radially, the cross section of the Nls shell, the Nip shell, and the 
H 2 -type ellipsoidal MO that transitions to a N2p AO for each N-H bond. Bisector current not shown. (C)-(E) Color scale, 
side-on, top, and bottom translucent views of the charge-density of the AW, MO, respectively. 
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ENERGIES OF A//. 



The energies of JW/ 3 given by the substitution of the scmiprincipal axes ((Eqs. (13.375-13.377) and (13.379)) into the energy 
equations (Eqs. (13.67-13.73)) multipli e d by three ar e 

V e =3(-) ~ 2 f ln a+ ," fc2 ^-115.28799 eK (13.386) 



%ns^4a 2 -b 2 a-\la 2 -b 2 



e 2 
-V-^3 - r = 4 1.66718 eV (13.387) 



&x£ \ja 2 -b 2 



T = 3 (l) ^ =ln aU^£ = 4277848 eV (13388) 

\ ^ )2m e a4a 2 -b 2 a-4a 2 -b 2 

V\ =IP , a + 4a 2 -b r ~ 



F » =3 7 T^^ 1 " V== = -21.38924 eF (13.389) 

A)Ama4a 2 -b 2 a- 4 a 2 -b 2 



EJNH, 



, a + c 
1rr= 



-14.53414 eV = -66.76571 eV (13.390) 



3 I — 

8;rg c' [\2 8a) a-c' 



where E T (NH^ is given by Eq. (13.371) which is reiteratively matched to Eq. (13.372) within five-significant-figure round-off 



The vibrational energy levels of M7 3 may be solved as three equivalent coupled harmonic oscillators by developing the 
Lagrangian, the differential equation of motion, and the eigenvalue solutions [2] wherein the spring constants are derived from 
the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of Hydrogen-Type 
Molecules section. 

THE DOPPLER ENERGY TERM OF A//. 

The radiation reaction force in the case of the vibration of NH 3 in the transition state corresponds to the Doppler energy, E D , 

given by Eq. (11.181) and Eqs. (13.22) and (13.144) that is dependent on the motion of the electrons and the nuclei . The kinetic 
energy of the transient vibration is derived from the corresponding central forces. The equations of the radiation reaction force 
of ammonia are the same as those of the corresponding water and dihydrogen and dideuterium nitride radicals with the 
substitution of the ammonia parameters. Using Eqs. (11.136) and (13.207-13.209), the angular frequency of the reentrant 
oscillation in the transition state is — 




a = \— 2— = 5.68887 XI 16 rad I s (13.391) 



where b is given by Eq. (13.379). The kinetic energy, E K , is given by Planck's equation (Eq. (11. 127)): 

E K =hco = h5.6Z%Kl XW 6 radls = ?>lM5\4eV (13.392) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each H 2 -type MO acting 
independently due to the D 3h symmetry point group, for E hv , the mass of the electron, m e , for M , and the kinetic energy given 
by Eq. (13.392) for E K gives the Doppler energy of the electrons of each of the three bonds for the reentrant orbit: 



2£„ 2e(37.44514eK) 

— | =-31.6353683 eV.I—± - 2 '- 

Mc v m„c 



E D =; ^/tty = -31.6353683 eVj—± - 2 '- = -0.38298 eV (13.393) 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their 

corresponding frequency. The decrease in the energy of NH^ due to the reentrant orbit in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq . (13 . 393) and E Kvlb , the average kinetic energy of vibration which is 1/2 of the vibrational energy of NH^ . — Using the 

e xp e rim e ntal H NH 3 vibrational e n e rgy of £— b = 3443.59 an 1 = 0.426954 eV [36] giv e s 

E' osc =E D+ E Kvib = E D +U E (13.394) 
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E' osc = -0.38298 eF + -(0.426954 eV) = -0.16950 eV 



(13.395) 



per bond. The reentrant orbit for the binding of a hydrogen atom to a NH 2 radical involves three N — H bonds. Since the 
vibration and reentrant oscillation is along three bonds, E^ for l4 NH 3 , E osc ( 14 NH 3 \ , is: 

E( U NH,) = 3 E D +^-h\— = 3[ -0.38298 eV + ^-(0.426954 eV) | = -0.50850 eV (13.396) 



Using Eq. (13.393), Eqs. (13.394-13.396), and the 14 ND 3 experimental vibrational energy of 
E vib =2563.96 cm" 1 =0.317893 eV [36], the corresponding E osc ( 14 ND 2 ) is 



E mc ( u ND 3 ) = 3 -0.38298 eV +-(0.317893 eV) = -0.67209eK 



(13.397) 



TOTAL AND BOND ENERGIES OF U NH 3 AND U ND 3 

Er+<, S c { H NH} J , the total energy of Hie u NH i including the Doppler term, is given by the sum of E T [NH 3 ) (Eq. (13.373)) and 

E osc [ 14 NH 3 ) given Eqs. (13.391-13.396): 



E T+ J u NH 3 ) = l 


V 


T + V m + 


V p +E(N2p) + E mc ( U NH 3 ) = E T [NH 


v 


+ £ ( 14 NH 3 ) 

osc y if 


(13.398) 




3 ~ e ~ 


3 3 a, 


a + C . 
n 1 


-14.53414 eK 






y Xns Q c ' 


^2 8 a J 


a — c' 




/ 


. 




E T+0SC i U NH 3 ) = . 






1 I 3 ^ 

A «r<, h 3 












- \m. D 

V m 1/7, 




(13.399) 




-3 


(31.63f 


>3683leVy 


1 «. 

1 ffi e c 2 


""^J 









= 66.76616 eV 3 



0.38298 eV - Ti 



V- 

From Eqs. (13.396) and (13.398-13.399), the total energy of l4 NH 2 is 

'14. 



E T+osc [ i4 NH 3 ) = -66.76616 eV + E osc ( M NH 3 ) 



66.7661 6_eE -3 0.38298 p.V (0.426954 eV) 



(13.400) 



= -67.27466 eV 

where the experimental U NH 3 vibrational energy was used for the hi term. — E T+mc [ U ND 3 | , the total energy of U ND 3 

JM 

including the Doppler term is given by the sum of E T (ND 3 ) = E T (NH 3 ) (Eq. (13.373)) and E osc ( U ND 3 ) given by Eq. (13.397): 

E T+0SC { H ND 3 ) = -66.76616 eV + E osc ( 14 ND 3 ) 



66.76616 eV- 3 .38298 < ?F--(0 .3 17 893 eF ) 



(13.401) 



= -67.43780 eV 

wh e r e th e e xp e rim e ntal U ND 3 vibrational e n e rgy was us e d for th e h I t e rm. — Th e corr e sponding bond dissociation e n e rgy, 

\M 

E D , is given by the sum of the total energies of the corresponding dihydrogen nitride radical and hydrogen atom minus the total 

energy of ammonia, E T+asc ( W NH 3 ) . 

Thus, E D of U NH 3 is given by : 



E D I pr NH 3 \ = E{H) + E{ 14 NH 2 ) - E, 



r^rwh\ 



(13.402) 



where E T ( 14 NH 2 ) is given by the of the sum of the experimental energies of 14 N (Eq. (13.251)), two H (Eq. (13.154)), and the 
negative of the bond energies of 1A NH (Eq. (13.312)) and 14 NH 2 (Eq. (13.354)): 



E{ l4 NH 2 ) = 2(-13.59844 eF)-14.53414 eK-3.42 eK-3.946 eV = -49.09709 eV 



(13.403) 
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From Eqs. (13.154), (13.400), and (13.402-13.403), E D [ U NH 2 ) is 
E D [ 14 M/ 3 ) = E(H) + E( 14 NH 2 )- E T+osc [ 14 Mf 3 ] 



(13.404) 



-13.59844 eV - 49.09709 eV - (-67.27466 eV) = 4.57913 eV 



The experimental lA NH i bond dissociation energy [37] is 



E D C 4 NH 3 ) = 4.60155 eV 

Similarly, E D of 14 M3 3 is given by: 

E D { U ND 3 ) = E(D) + E( U ND 2 )- (e t+osc { U ND 3 )) 



(13.405) 



(13.406) 



where E T ( 14 ND 2 ) is given by the ot the sum ol the experimental energies ot 14 N (Eq. (13.251)), two times the energy ot D (Eq. 
(13.155)), and the negative of the bond energies of U ND (Eq. (13.315)) and U ND 2 (Eq. (13.358)): 

E{ U ND 2 ) = 2(-13.603eF)-14.53414eF-3.5134eF-3.9362eK = -49.18981 eV (13.407) 
From Eqs. (13.155), (13.401), and (13.406-13.407),^ ( U ND 3 ) is 



£ p (' 4 Ag> 3 ) = -13.603 gF-49.18981 gF-(-67.43780 eV) = 4.64499 eV 
The experimental lA ND i bond dissociation energy [37] is 
E D ( lA ND,) = 4.71252 eV 



(13.408) 



(13.409) 



BOND ANGLE OF \// 

Using, 2c' H _ H (Eq. (13.364)), the distance between the two H atoms when the total energy of the corresponding MO is zero 



(Eq. (13.361)), and 2c 



the internuclear distance of each N -H bond (Eq. (13.377)), the corresponding bond angle can be 



determined from the law of cosines. Using Eq. (13.367), the bond angle 6 between the JV — H bonds is 



6 = cos 



2(1.95921) 2 -(3.14643) 
2(1.95921) 2 



2\ 



■- cos" 1 (-0.28956) = 106.67° 



(13.410) 



The experimental angle between the N-H bonds is [36] 

(9 = 106.67° (13.411) 

The NH 3 molecule has a pyramidal structure with the nitrogen atom along the z-axis at the apex and the hydrogen atoms 

from th e origin to th e 



at th e bas e in th e xy - plan e . Sinc e any two jV — H bonds form an isosc e l e s triangl e , th e distanc e d c 
nucleus of a hydrogen atom is given by 



origin- H 



2c' 



origin-H 



2 sin 60° 



(13.412) 



Substitution of Eq. (13.364) into Eq. (13.412) gives 

^^=1.816590,, 
The height along the z-axis of the pyramid from the origin to N nucleus d heiht is given by 



"heieht ~ y[ ±£_ N-H I \" oriem-H ) 



(13.413) 



(13.414) 



Substitution of Eqs. (13.377) and (13.413) into Eq. (13.414) gives 
d M , = 0.73383a„ 



(13.415) 



The angle 9 V of each N-H bond from the z-axis is given by 



6> = tan 



d . . „ 

ongin-H 
. height J 



(13.416) 



Substitution of Eqs. (13.413) and (13.415) into Eq. (13.416) gives 



8, = 68.00° 



(13.417) 



The Mf 3 MO shown in Figure 13.8 was rendered using these parameters. 

The results of the determination of bond parameters of M/ 3 and M3 3 are given in Table 13.1. The calculated results are based 
on first principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 
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HYDROGEN CARBIDE (CH) 

The methane molecule can be solved by first considering the solution of the hydrogen carbide, dihydrogen carbide, and methyl 

radicals. The former is formed by the reaction of a hydrogen atom and a carbon atom: 

H + C^CH (13.418) 
The hydrogen carbide radicals, CH and CH 2 , methyl radical, CH 3 , and methane, CH A , can be solved using the same principles 
as those used to solve OH , H 2 Q, NH , NH 2 , and NH 3 with the exception that the carbon 2s and 2p shells hybridize to form 
a single 2sp 3 shell as an energy minimum. 

FORCE BALANCE OF CH 

CH — comprises two spin-paired electrons in a chemical bond between the carbon atom and the hydrogen atom . — The CH 
radical molecular orbital (MO) is determined by considering properties of the binding atoms and the boundary constraints. The 
prolate spheroidal H 2 MO developed in the Nature of the Chemical Bond of Hydrogen- Type Molecules section satisfies the 

boundary constraints; thus, the H -atom electron forms a H 2 -type ellipsoidal MO with one of the C -atom electrons. However, 
such a bond is not possible with the outer C electrons in their ground state since the resulting /7 2 -type ellipsoidal MO would 

have a shorter internuclear distance than the radius of the carbon 2p shell, which is not energetically stable. Thus, when 

bonding the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an energy minimum. 
The C electron configuration given in the Six-Electron Atoms section is Is 2 2s 2 2 p 2 , and the orbital arrangement is 
2p state 

t t ~ (13.419) 

1 -1 

corresponding to the ground state 3 P . The radius r 6 of the 2p shell given by Eg . (10 . 122) is 

r 6 =1.20654a (13.420) 

The energy of the carbon 2p shell is the negative of the ionization energy of the carbon atom given by Eq. (10.123). 
Experimentally, the energy is [12] 

E(C, 2p shell) = -Ejionization; C) = -1 1 .2603 cV (13.421) 

The C2s atomic orbital (AO) combines with the C2p AOs to form a single 2sp 3 hybridized orbital (HO) with the orbital 
arrangement 

2sp 3 state 

JL JL JL JL (13.422) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (l,m ( ) are below each electron. The total energy of the state is given by the sum over the four 
electrons. The sum E T [C,2sp 3 ) of calculated energies of C, C + , C 2+ ,and C 3+ from Eqs. (10.123), (10.113-10.114), (10.68), 

and (10.48), respectively, is 
E T (c.2sp 3 ) = 64.3921 eF + 48.3125 eF + 24.2762 eF + 1 1.27671 eF = 148.25751 eV (13.423) 

which agrees well with the sum of 148.02532 eV from the experimental [6] values. The orbital-angular-momentum interactions 
cancel such that the energy of the E T (c,2sp 3 ) is purely Coulombic. By considering that the central field decreases by an 

integer for each successive electron of the shell, the radius r 3 of the C2sp 3 shell may be calculated from the Coulombic 
energy using Eq. (10.102): 

r f {Z-n)e 2 
2 -^ — £ 2 &xe (eU8.25751 eV) 

^ (HA2V 



8^£- (el48.25751eK) 
= 0.91771a„ 



©2010 BlackLight Power, Inc. All rights reserved. 



504 Chapter 13 

Using Eqs. (10.102) and (13.424), the Coulombic energy E Couhmb (c,2sp 3 ) of the outer electron of the C2sp 3 shell is 

E Cou,omb( C > 2s P 3 ) = ; 



8us n r 



»!./ 



8^g 0.91771a 



(13.425) 

,2 

-14.82575 eV 



During hybridization, the spin-paired 2s electrons are promoted to the C2sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (13.152) at the initial radius of the 2s electrons. From Eq. (10.62) with Z = 6, 
the radius r 3 of the C2s shell is 

r 3 = 0.843 17a (13.426) 



Using Eqs. (13.152) and (13.426), the unpairing energy is 



E(magnetic)= 2me2n * = * m ^ B , = 0.1 9086 eV (13.427) 

m 2 e (r 3 ) (0.84317a ) 



Using Eqs. (13.425) and (13.427), the energy E\C,2sp 3 \ of the outer electron of Llie C2sp 3 shell is 



E[c,2sp 3 )-- 



2rrp e h 



8 ^»V ml^y (13.428) 

= -14.82575 eF + 0.19086 eF = -14.63489 eV 

The nitrogen atom's 2p -shell electron configuration given by Eq. (10.134) is the same as that of the C2sp 3 shell, and nitrogen's 

calculated energy of 14.61664 eV given by Eq. (10.143) is a close match with E(c,2sp 3 ) . Thus, the binding should be very 

similar except that four bonds to hydrogen can occur with carbon. 
The carbon C2sp 3 electron combines with the His electron to form a molecular orbital. The proton of the H atom and 

the nucleus of the C atom are along the internuclear axis and serve as the foci. Due to symmetry, the other C electrons are 

equivalent to point charges at the origin. (See Eqs. (19-38) of Appendix II.) Thus, the energies in the CH MO involve only the 

C2sp 3 and His electrons. The forces are determined by these energies. 
As in the rase of H 2> the MO is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into 

the C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell. Thus, the MO surface comprises a prolate spheroid at the 
H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the other focus. The energy of the 
7/ 2 -type ellipsoidal MO is matched to that of the C2sp 3 shell. As in the case with OH and NH , the linear combination of the 
H 2 -type ellipsoidal MO with the C2sp 3 HO must involve a 25% contribution from the H 2 -type ellipsoidal MO to the C2sp 3 
HO in order to match potential, kinetic, and orbital energy relationships. Thus, the CH MO must comprise 75% of a H 2 -type 
ellipsoidal MO and a C2sp 3 HO: 

1 C2sp 3 + 0.75 H 2 MO -> CH MO (13.429) 

The force balance of the CH MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (13.429) and the energy matching condition between the hydrogen and C2sp 3 HO components of the MO. 

As in the case with OH (Eq. (13.57)), the # 2 -type ellipsoidal MO comprises 75% of the CH MO; so, the electron 
charge density in Eq. (1 1.65) is given by -0.75e . The force constant k' to determine the ellipsoidal parameter c' in terms of 
the central force of the foci is given by Eq. (13.59). The distance from the origin to each focus c' is given by Eq. (13.60). The 
internuclear distance is given by Eq. (13.61). The length of the semiminor axis of the prolate spheroidal C-H -bond MO b-c 
is given by Eq. (13.62). The eccentricity, e , is given by Eq. (13.63). The solution of the semimajor axis a then allows for the 
solution of the other axes of each prolate spheroid and eccentricity of the CH MO. Since the CH MO comprises a H 2 -type- 
ellipsoidal MO that transitions to the C2sp 3 HO, the energy E\C,2sp 3 \ in Eq. (13.428) adds to that of the // 2 -type ellipsoidal 

MO to give the total energy of the CH MO. From the energy equation and the relationship between the axes, the dimensions of 
the CH MO are solved. 

The energy components of V e , V , T , and V m are those of H 2 (Eqs. ( 1 1 .207- 1 1 .2 1 2)) except that they are corrected for 

electron hybridization. Hybridization gives rise to the C2sp 3 HO-shell Coulombic energy E Ca u!o: nb (c,2sp 3 \ given by Eq. 

(13.425). To meet the equipotential condition of the union of the H 2 -type-ellipsoidal-MO and the C2sp 3 HO, the electron 

energies are normalized by the ratio of 14.82575 eV , the magnitude of E Cauhmb (c,2sp 3 ) given by Eq. (13.425), and 

13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of H given by Eq. (1.264). This 
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normalizes the energies to match that of the Coulombic energy alone to meet the energy matching condition of the CH MO 
under the influence of the proton and the C nucleus. The hybridization energy factor C 



OsjfHn 



IS 



C„ 



Clsp'HO 



&7ts a 



8x£,,r n 



8ne a 



8^g„0.91771a„ 



13.605804 eV 
14.82575 eV 



= 0.91771 



(13.430) 



2sp 

The total energy E T (CH) of the CH MO is given by the sum of the energies of the orbitals, the H 2 -type ellipsoidal MO and 
the C2sp 3 HO, that form the hybridized CH MO. E T (CH) follows from Eq. (13.74) for OH , but the energy of the C2sp 3 
HO given by Eq. (13.428) is substituted for the energy of O and the H 2 -type-ellipsoidal-MO energies are those of H 2 (Eqs. 
(11.207-11.212)) multiplied by the electron hybridization factor rather than by the factor of 0.75 : 
E T (CH) = E T +E(c,2sp 3 ) 



e 2 


r(0.9177l)f 2 - la »lln a + C '-l" 


-14.63489 eV 


(13.431) 






oft£ C 


V 2 a J a — c' 







To match the boundary condition that the total energy of the entire the H 2 -type ellipsoidal MO is given by Eqs. (11.212) and 
(13.75), E T (CH) given by Eq. (13.431) is set equal to Eq. (13.75): 

_e? L J 1 a A a + c' 



E T CH) = - 



(0.91771) 2---^- Jn^-^-I 



-14.63489 eV = -31.63536831 eV 



(13.432) 



%7T£ n c' 



2-CU 



a-c 



From the energy relationship given by Eq. (13.432) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the CH MO can be solved. 

Substitution of Eq. (1 3.60) into Eq. (1 3.432) gives 




The most convenient way to solve Eq. (13.433) is by the reiterative 

off error with five-significant figures is 


technique 


using 


a computer. 


The result to within the round 


a = 1.67465a =8.86186X10"" m 








(13.434) 


Substitution of Eq. (13.434) into Eq. (13.60) gives 


c' = 1.05661a =5.59136 X 10" 11 m 








(13.435) 


The internuclear distance given by multiplying Eq. (13.435) by two 
2c' = 2.11323a„=1.11827Z10" 10 m 


is 






(13.436) 



The experimental bond distance is [14] 

2c' = 1.1198X10 10 m 
Substitution of Eqs. (13.434-13.435) into Eq. (13.62) gives 



(13.437) 



:1.29924a„= 6.87527 X 10 



(13.438) 



Substitution of Eqs. (13.434-13.435) into Eq. (13.63) gives 

e = 0.63095 
The nucleus of the H atom and the nucleus of the C atom comprise the foci of the H 2 -type ellipsoidal MO. The parameters 



(13.439) 
of_ 



the point of intersection of the g 2 -type ellipsoidal MO and the C2sp 3 HO are given by Eqs. (13.8 4 -13.95) and (13.261-13.270). 



The polar intersection angle 0' is given by Eq. (13.261) where r n 
Substitution of Eqs. (13.434-13.435) into Eq. (13.261) gives 
(9' = 81.03° 



2sp 



■■ 0.9177 '\a is the radius of the C2sp 3 shell. 



(13.440) 



Then, the angle 6 3 the radial vector of the C2sp HO makes with the internuclear axis is 

^ C2sp HO ^ 

^ O = 180O - 81 - 03O = 98 - 97 ° 



(13.441) 



as shown in Figure 13.9. 
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Figure 13.9. The cross section of the CH MO showing the axes, angles, and point of intersection of the H 2 -type ellipsoidal 
MO with the C2sp } HO. The continuation of the H, -type-ellipsoidal-MO basis element beyond the intersection point with the 
C2sp 3 shell is shown as dashed since it only serves to solve the energy match with the C2sp 3 shell and does not represent 
charge density. Similarly, the vertical dashed line only designates the parameters of the intersection point. The actual charge 
density is shown by the solid lines. Legend: a: semimajor axis, b: semiminor axis, <?': intemuclear distance, d { :d HMO , 



W c 



, , of, : d r 



, and R:r 




The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the MO ellipsoidal 
parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate components at the point 
of intersection. Thus, the matching elliptic parametric angle tot = 9 H MO satisfies the following relationship: 

V ™*«**> = O-91771a o sin0 cViro = bm& SiMO (13.442) 

such that 

0.91771a, sin <?„ 



<^« = sm~ 



:sm 



C2sp'HO 



0.9 1 77 la„ sin 98.97° 



(13.443) 



with the use of Eq. (13.441). Substitution of Eq. (13.438) into Eq. (13.443) gives 

Hvm = 44.24° (13.444) 

Then, the distance d H ^ MO along the intemuclear axis from the origin of /f 2 -type ellipsoidal MO to the point of intersection of the 
orbitals is given by 

d n 2 Mo = « cos 6 HiMO ( 1 3 .445) 

Substitution of Eqs. (13.434) and (13.444) into Eq. (13.445) gives 

(13.446) 



=1.19968*. =6.34845 X 10" 



along the intemuclear axis from the origin of the C atom to the point of intersection of the orbitals is given 
= d H .,, n -c' (13.447) 



The distance d 
by 

Substitution of Eqs. (13.435) and (13.446) into Eq. (13.447) gives 
d , HO =0.1 4307a =7.57090 X W n m 



(13.448) 



As shown in Eq. (13.429), the uniform charge-density in the C2.sp HO is increased by a factor of 0.25 and the H -atom 
density is decreased by a factor of 0.25 . Using the orbital composition of CH (Eq. ( 1 3 .429)), the radii of Cls = 0. 1 7 1 1 3a (Eq. 
(10.51)) and Clsp' = 0.91771a (Eq. (13.424)) shells, and the parameters of the CH MO given by Eqs. (13.3-13.4), (13.434- 
13.436), and (13.438-13.448), the dimensional diagram and charge-density of the CH MO comprising the linear combination of 
the // 2 -type ellipsoidal MO and the Clsp' HO according to Eq. (13.429) are shown in Figures 13.9 and 13.10, respectively. 
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Figure 13.10. CH MO comprising the superposition of the H 2 -type ellipsoidal MO and the C2sp* HO with a relative 
charge-density of 0.75 to 1.25; otherwise, the C2sp s HO is unchanged. (A) Side-on, color scale, translucent view of the charge- 
density of the CH MO. The ellipsoidal surface of the //,-type ellipsoidal MO that transitions to the C2sp^ HO, the C2s/r HO 
shell, C\s shell, and the nuclei (red, not to scale) are shown. (B) Cut-away view showing the inner most Cls shell, and moving 
radially, the C2sp* shell, and the // 2 -type ellipsoidal MO that transitions to the C2sp HO. 




ENERGIES OF CH 

The energies of CH are given by the substitution of the semiprincipal axes (Eqs. (13.434-13.435) and (13.438)) into the energy 
equations (Eq. (13.431) and Eqs. (1 1.207-1 1.21 1)) that are corrected for electron hybridization using Eq. (13.430): 

-2e 2 . a + ^a 2 -b 2 , t ,.. lc .. 
An , =-35.12015 eV 



V c =(0.91771) 



V = j^=^ 

87i£ ija 2 -b 2 



J 1 = (0.91771) 



S7r£ n yja 2 -b 2 a-yja 2 -b 2 
= 12.87680 eV 



tf 



In fl +>gzg =10.48582 eV 



V m =(0.91771) 



E T (CH) : 



2m e a\a 2 -b 2 a-yja 2 -b 2 

-h 2 



. a + yja 2 -b 2 -„.„„, ,, 
In =-5.24291 eV 



4ma\la 2 -b 2 a-yja 2 -b 2 



(0.91771)1 2-i^lln^ 
2 a J a-c' 



&7r£ c' 



14.63489 eV = -31.63533 eV 



(13.449) 
(13.450) 
(13.451) 
(13.452) 
(13.453) 



where E T [CH) is given by Eq. (13.431) which is reiteratively matched to Eq. (13.75) within five-sign ificant-figure round-off 

error. 

VIBRATION AND ROTATION OF CH 

The vibrational energy of CH may be solved in die same manner as tiiat of OH and NH except that the force between the 
electrons and the foci given by Eq. (13.102) is doubled due to electron hybridization of the two shells of carbon after Eq. 
(1 1.141). From Eqs. (13.102-13.106) with the substitution of the CH parameters, the angular frequency of the oscillation is 



0.75e- 



\4 xe b* 8mj2c\ 



0.75e 2 



4n-e (1.29924a f 8*s (2.11323a ) 



12 
13 * 



= 5.39828 X 10 14 radls 



where b is given by Eq. (13.438), 2c' is given by Eq. (13.436), and the reduced mass of n CH is given by: 
„ ' m,m 2 (1)(12)_ 



m { +m 2 1 + 12 



(13.454) 



(13.455) 



where m is the proton mass. Thus, during bond formation, the perturbation of the orbit determined by an inverse-squared force 
results in simple harmonic oscillatory motion of the orbit, and the corresponding frequency, <y(0), for n CH given by Eqs. 
(1 1 .1 36), (1 1 .148), and (13.454) is 
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(0 (Q) = \^ = \ AA9 - 9A J 1 ™ 1 =5.39828X10 14 radians I s (13.456) 

where the reduced nuclear mass of n CH is given by Eq. (13.455) and the spring constant, A.(0) , given by Eqs, (11.136) and 
(13.454) is 

fc(0) = 449.94 Nm- 1 (13.457) 

The n CH transition-state vibrational energy, E vib (0) , given by Planck's equation (Eq. (1 1 .127)) is: 

E vib (0) = hco = h5 .39828 X 10 14 rad I s = 0.35532 eV = 2865.86 cm- 1 (13.458) 

a> e , from the experimental curve fit of the vibrational energies of n CH is [14] 

a e = 2861.6 cm- 1 (13. 4 59) 

Using Eqs. (13.112-13.118) with E vib (0) given by Eq. (13.458) and D given by Eq. (13.488), the n CH h = 1->l> = 
vibrational energy, E vib (l) is 

E vib {\) = 0.33879 eV (2732.61 crn 1 ) (13.460) 

The experimental vibrational energy of U CH using co e and w e x e [14] according to K&P [15] is 

E vlb (\) = 0.33885 eV (2733 cm" 1 ) (13.461) 

Using Eq. (13.113) with E vib (l) given by Eq. (13.460) and D given by Eq. (13.488), the anharmonic perturbation term, 

ct)„x , of n CH is 

a> x = 66.624 cot -1 (13.462) 

The experimental anharmonic perturbation term, a> x , of 12 CH [14] is 

a> x = 64.3 cm- 1 (13.463) 

The vibrational energies of successive states are given by Eqs. (13.458), (13.1 12), and (13.462). 

Using b given by Eq. (13.438), 2c' given by Eq. (13.436), D given by Eq. (13.490), and the reduced nuclear mass of 12 CD 
given by 

^=^ = T^T m ° (13 ' 464) 

w — m l +m 2 2 + 12 — e 

where m is the proton mass, the corresponding parameters for deuterium carbide 12 CD (Eqs. (13.102-13.121)) are 



<o(0) = p-^ = J 449 " 94 Nm — = 3.96126 X 10' 4 radians I s (13.465) 

k (0) = 449.94 Nm' 1 (13.466) 

E vib (0) = hco = h3. 96126 X 10 14 rad ls = 0.26074 eV = 2102.97 cm" 1 (13.467) 

E vlb (1) = 0.25173 eV (2030.30 cm 1 ) (13.468) 

« x =36.335 cm' 1 (13.469) 

o e , from the experimental curve fit of the vibrational energies of 12 CD is [14] 
cj e = 2101.0 cm' 1 (13. 4 70) 

The experimental vibrational energy of 12 CD using co e and w e x e [14] according to K&P [15] is 

E vib (\) = 0.25189 eV (2031.6 cm" 1 ) (13.471) 

and the experimental anharmonic perturbation term, a> n x n , of 12 CD is [14] 

a x = 34.7 cm' 1 (13.472) 

which match the predictions given by Eqs. (13.467), (13.468) and (13.469), respectively. 

Using Eqs. (13.133-13.134) and the internuclear distance, r = 2c' , and reduced mass of 12 CH given by Eqs. (13.436) and 

(13.455), respectively, the corresponding B c is 

fl„=1 4 . 49 8 cm- 1 (13. 47 3) 

The experimental B e rotational parameter of 12 CH is [14] 

B e = 14.457 cm: 1 (13.474) 
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Using the internuclear distance, r = 2c' , and reduced mass of n CD given by Eqs. (13.436) and (13.464), respectively, the 
corresponding B p is 



g = 7.807 cmT 



(13.475) 



The experimental B e rotational parameter of 12 CD is [14] 
B. = 7.808 cm' 1 



(13.476) 



n CH AND n CD 

The equations of the radiation reaction force of hydrogen and deuterium carbide are the same as those of the corresponding 
hydroxyl and hydrogen nitride radicals with the substitution of the hydrogen and deuterium carbide parameters. Using Eqs. 
(1 1 . 136) and (13 . 140-13 . 142) , the angular frequency of the reentrant oscillation in the transition state is 

|0.75e 2 



co = ' 



lA7r f^L = 2.41759 X 10 16 rad/s 



(13.477) 



where b is given by Eq. (13.438). The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 

E K = ha = h2A1759 X \0 16 rad I s = 15.91299 eV (13.478) 
In Eq. (11.181), substitution of the total energy of CH , E T {CH) , (Eq. (13.432)) for E hv , the mass of the electron, m e , for M , 
and the kinetic energy given by Eq. (13.478) for E K gives the Doppler energy of the electrons for the reentrant orbit: 



2* 



2e(l 5.91299 eV) 



Ed - E hv 



^- =-31.63537 eV 



= -0.24966 eV 



(13.479) 



I Mc y m e c~ 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH due to the reentrant orbit in the transition state corresponding to simple harmonic 
oscillation of th e el e ctrons and nuclei, E mc , is giv e n by th e sum of the corr e sponding e n e rgi e s, E D giv e n by Eq. (13. 4 79) and 
E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of CH . The experimental 12 CH a> e is 
2861.6 cm' 1 (0.35480 eV) [14] which matches the predicted <o e of 2865.86 cm 1 (0.35532 eV) given by Eq. (13.458). Using 



the predicted co e for E Kvjb of the transition state, E osc ( 12 CH) is 
E osc ( l2 CH) = E d + E Kvib = E D + i h S. 

E osc ( 12 CH) = -0.24966 eV + ^(0.35532 eV) = -0.07200 eV 



(13.480) 
(13.481) 



The experimental n CD a e is 2101.0 cm" 1 (0.26049 eV) [14] which matches the predicted a e of 2102.97 cm' 1 (0.26074 eV) 
given by Eq. (13.467). Using Eq. (13.479) and the predicted co e for E Kvib of the transition state, E osc ( n CD) is 



E o SC ( n CD) = -0.2 4 966 eV + -(0.2607 4 eV) = -0.1 1929 eV 



(13. 4 82) 



TOTAL AND BOND ENERGIES OF n CH AND U CD 

E T l occ ( n CH), the total energy of the 12 CH radical including the Doppler term, is given by the sum of E T (CH) (Eq. (13.432)) 



and E osc ( 12 CIl) given by Eq. (13.481): 

E T+osc ( n CH) = V e+ T + V m+ V p+ E(C, 2sp' ) + E mc ( 12 CH) = E t (CH) + E osc ( 12 CH ) 
U - 2 r f 1 a n \ a + c 



(13.483) 



(0.91771) 2---^ ln^^-1 



-14.63489 eV 



8xe,,c' 



a^ — a-c 



:{ n CH)- 



m 



1 4 AttSqF 



+-h\- 



(13.484) 



2 \ ju 



iv I m * c J 



-31.63537 eV -0.24966 eV + -hJ— 



-2-if7r 
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From Eqs. (13.480-13.481) and (13.483-13.484), the total energy of 12 CH is 
E Tiosc ( u CH) = -3\.63537 eV + E osc ( u CH) 



-31.63537 eK-0.24966 eK + -(0.35532 eV) (13.485) 



= -31.70737 eV 

where the predicted co e (Eq. (13.458)) was used for the hi— term. E T+0SC ( 12 CD ) , the total energy of l2 CD including the 
\P " L 

Doppler term, is given by the sum of E T (CD) = E T (CH) (Eq. (13.432)) and E osc ( l2 CD) given by Eq. (13.482): 

E T+0SC ( U CD) = -31 .63537 eV + E 0SC ( l2 CD) 

= -31.63537 eV -0.24966 eV +-(0.260/4 eV) (13.486) 

= -31.75462 eV 

where the predicted a> e (Eq. (13.46/)) was used for the h J— term. 
V^-^ 

The CH bond dissociation energy, E D ( 12 CH) , is given by the sum of the total energies of the C2sp 3 HO and the 
hydrogen atom minus E T+0S ( 12 CH) 3 : 

E p ( u CH) = e(C,2sp 3 ) + E(H)-E T i ^( u CH) (13.487) 

E(c,2sp 3 ) is given by Eq. (13.428), and E D [H) is given by Eq. (13.154). Thus, the l2 CH bond dissociation energy, 
E D ( l2 CH) , given by Eqs. (13.154), (13.428), (13.485), and (13.487) is 

E D ( n CH) = -(14.63489 eV + 13.59844 eV)-E T l D=c (CH) 

= -28.23333 eV -(-31. 70737 eV) (13.488) 

= 3.47404 eV 
The experimental U CH bond dissociation energy is [14] 

E D [ n CH) = 3M eV (13.489) 

which is a close match to that of NH as predicted based on the match between the N and C2sp 3 HO energies and electron 
configurations. 

The 12 CD bond dissociation energy, E D ( 12 CD\, is given by the sum of the total energies of the C2sp 3 HO and the 

deuterium atom minus E T+osc (CD) : 

E D ( u CD) = E(C,2sp i ) + E(D)-E T+0SC ( n CD) (13.490) 

E(c,2sp*\ is given by Eq. (13.428), and E D [D) is given by Eq. (13.155). Thus, the n CD bond dissociation energy, 
E D ( 12 CD), given by Eqs. (13.155), (13.428), (13.486), and (13.490) is 

E D ( n CD) = -(14.63489 eV + 13.603 eV)-E T+osc ( n CD) 

= -28.23789 eV-(-3\ .75462 eV) (13.491) 

= 3.51673 eV 
The experimental 12 CD bond dissociation energy is [14] 
E D ( n CD) = 3.52eV (13.492) 

The results of the determination of bond parameters of CH and CD are given in Table 13.1. The calculated results are 

based on first principles and given in closed-form, exact equations containing fundamental constants only. The agreement 
between the experimental and calculated results is excellent. 



3 The hybridization energy is the difference between E(c,2p shell) given by Eq. (13.421) and E\C,2sp J given by Eq. (13.428). 
Since this term adds to EJc.lp shell) to give the total energy from which E r _ 2 CHJ is subtracted to give E u 2 Ch\ it is more 
conv e ni e nt to simply us e Eyc^sp 1 ) dir e ctly in Eq. (13.487). 
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DIHYDROGEN CARBIDE (( 7/ ; ) 

The dihydrogen carbide radical CH 2 is formed by the reaction of a hydrogen atom with a hydrogen carbide radical: 





CH + H^>CH 2 








(13.493) 


CH 7 


, can be solved using the 


same principles as 


those used to solve H 2 and NH 2 


with the exception that the carbon 2s and 


2p 


shells hybridize to form ; 


i single 2sp 3 shell 


as an energy minimum. 


Two diatomic molecular orbitals (MOs) developed in 



the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section serve as basis functions in a linear 
combination with two carbon 2sp 3 hybridized orbitals (HOs) to form the MO of CH 2 . The solution is very similar to that of 
CH except that there are two CH bonds in CH 2 . 

FORCE BALANCE OF CI! 

CH 2 comprises two chemical bonds between carbon and hydrogen atoms. Each C-H bond comprises two spin-paired 
electrons with one from an initially unpaired electron of the carbon atom and the other from the hydrogen atom. Each H -atom 
electron forms a H 2 -type ellipsoidal MO with an unpaired C -atom electrons. However, such a bond is not possible with the 

outer two C electrons in their ground state since the resulting ff 2 -type ellipsoidal MO would have a shorter internuclear 
distance than the radius of the carbon 2p shell, which is not energetically stable. Thus, when bonding the carbon 2s and 2p 
shells hybridize to form a single 2sp 3 shell as an energy minimum. The electron configuration and the energy, E\C,2sp 3 J , of 
the C2sp 3 shell is given by Eqs. (13.422), and (13.428), respectively. 

For each C-H bond, a C2sp 3 electron combines with the His electron to form a molecular orbital. The proton of the 
H atom and the nucleus of the C atom are along each internuclear axis and serve as the foci. As in the case of H 2 , each of the 
two C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into the C2sp 3 HO 
for distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each MO surface comprises a 
prolate spheroid at the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the other focus. 
The radius and the energy of the C2sp 3 shell are unchanged with bond formation. The central paramagnetic force due to spin of 
each C — H bond is provided by the spin pairing force of the CH 2 MO that has the symmetry of an s orbital that superimposes 
with the C2sp 3 orbitals such that the corresponding angular momenta are unchanged. 

The energies in the CH 2 MO involve only each C2sp 3 and each His electron with the formation of each C-H bond. 
The sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the C2sp 3 shell. As in the cases of OH , H 2 , 
NH , NH 2 , NH 3 , and CH the linear combination of each H 2 -type ellipsoidal MO with the C2sp 3 HO must involve a 25% 
contribution from the H 2 -type ellipsoidal MO to the C2sp 3 HO in order to match potential, kinetic, and orbital energy 
relationships. Thus, the CH 2 MO must comprise two C-H bonds with each comprising 75% of a # 2 -type ellipsoidal MO and 
a C2sp 3 HO: 

[l C2sp 3 + 0.75 H 2 MO] + [l C2sp 3 + 0.75 H 2 MO\ -> CH 2 MO (13.494) 

The force balance of the CH 2 MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (13.494) and the energy matching condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 -type-ellipsoidal-MO component of the 

CH 2 MO in terms of the central force of the foci is given by Eq. (13.59). The distance from the origin of each C-H -bond MO 

to each focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis of 
the prolate spheroidal C-//-bondMO b = c is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution 
of the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H - 
bond MO. Since each of the two prolate spheroidal C-H -bond MOs comprises a H 2 -type-ellipsoidal MO that transitions to 

the C2sp 3 HO, the energy E(c,2sp 3 ) in Eq. (13.428) adds to that of the two corresponding H 2 -type ellipsoidal MOs to give 
the total energy of the CH 2 MO. From the energy equation and the relationship between the axes, the dimensions of the CH 2 

MO are solved. 

The energy components of V e , V , T , and V m are twice those of CH corresponding to the two C-H bonds. Since 

each prolate spheroidal H 2 -type MO transitions to the C2sp 3 HO and the energy of the C2sp 3 shell must remain constant and 
equal t o t he E(c,2sp 3 ) given by Eq. (13.428), t he to t al energy E T {CH 2 ) of t he CH 2 MO is given by the sum of t he energies 
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of the orbitals corresponding to the composition of the linear combination of the C2sp 3 HO and the two H 2 -type ellipsoidal 
MPs that forms the CH 2 MO as given by Eq. (13.494). Using Eg. (13.431), E T (CH 2 ) is given by 



+Tt 



a + c 



E T (CH 2 ) = E T +E(c,2sp 3 )-- 



4?T£ C' 



(0.91771) 2---=Mln- 

v n 2a) a-C 



-14.63489 eV 



(13.495) 



The two hydrogen atoms and the hybridized carbon atom can achieve an energy minimum as a linear combination of two H 2 - 
type ellipsoidal MOs each having the proton and the carbon nucleus as the foci. Hybridization gives rise to the Clsp* HO-shell 
Coulombic energy E Cmlamb (c,2sp 3 ) given by Eq. (13.425). To meet the equipotential condition of the union of the // 2 -type- 
ellipsoidal-MO and the C2sp 3 HO, the electron energies in Eq. (13.495) were normalized by the ratio of 14.82575 eV , the 
magnitude of E Cmlomb (c, 2sp 3 J given by Eq. (13 . 4 25), and 1 3 .60580 4 cV , the magnitude of the Coulombic energy between the 

electron and proton of H given by Eq. (1.264). The factor given by Eq. (13.430) normalized the energies to match that of the 
Coulombic energy alone to meet the energy matching condition of each C-H -bond MO under the influence of the proton and 
the C nucleus. Each C-H -bond MO comprises the same C2sp 3 shell having its energy normalized to that of the Coulombic 
e n e rgy b e tw ee n th e e l e ctron and a charg e of i e at th e carbon focus of th e CH 2 MO. Thus, th e e n e rgy of th e CH 2 MO is also 
given by the sum of that of the two ff 2 -type ellipsoidal MOs giveii by Eq. (11.212) minus the Coulombic energy, 
E coulomb {^)~ -13.605804 eV , of the redundant +e of the linear combination: 



E T 1 2H 2 — H ) : 



2^2-^ + - 



irr 



^ 



tf& 



<\7i£ Q a Q 



&=!_ 



■■ 2(-31.63536831 eF)- (-13.605804 eV) 
■- -49.66493 eV 



(13.496) 



E T (CH 2 ) given by Eq. (13.495) is set equal to two times the energy of the // 2 -type ellipsoidal MO minus the Coulombic 
energy of H given by Eq. (13.496): 



E T CH 1 



Ans c' 



(0.91771)1 2--^lln^ 
v ;| 2a) a-c' 



-1 



-14.63489 eV 



(13.497) 



= -49.66493 eV 
from the energy relationship given by Eq. (13.4y/) and the relationship between the axes given by Eqs. (13.6U-13.63), the 



dimensions of the CH 2 MO can be solved. 



Substitution of Eq. (13.60) into Eq. (13.497) gives 




(13.498) 



The most convenient way to solve Eq. (13.498) is by the reiterative technique using a computer. The result to withm the round- 
off error with five-significant figures is 



a = 1.64010a = 8.67903 X \0 n m 
Substitution of Eq. (13.499) into Eq. (13.60) gives 

c' = 1.04566a„ = 5.53338 X 10" 11 m 



(13.499) 



(13.500) 



The internuclear distance given by multiplying Eq. (13.500) by two is 
2c' = 2.09132a„=1.10668X10- 10 m 



(13.501) 



The experimental bond distance is [38] 



2c' = 1.1 11* 10" 10 m 
Substitution of Eqs. (13.499-13.500) into Eq. (13.62) gives 

fe = c = 1.26354a =6.68635X10'" m 

Substitution of Eqs. (13.499-13.500) into Eq. (13.63) gives 



(13.502) 



(13.503) 



e = 0.63756 (13.504) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 -type ellipsoidal MO. The parameters 
of the point of intersection of each H 2 -type ellipsoidal MO and the Clsp 3 HO are given by Eqs. (13.84-13.95), (13.261- 
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13.270), and (13.440-13.448). The polar intersection angle 0' is given by Eq. (13.261) where r n = r 2s , = 0.91771a is the radius 

of the C2sp- shell. Substitution of Eqs. (13.499- 13.500) into Eq. (13.261) gives 

$ ' = 84.54° (13.505) 

Then, the angle &«,_.„. the radial vector of the C2sp i HO makes with the intemuclear axis is 



#„ •» = 180° -84.54° = 95.46° 

Clap HO 



(13.506) 



as shown in Figure 13.9. The parametric angle 9 Bm given by Eqs. (13.442-13.443), (13.503), and (13.506) is 

6, hiIO = 46.30° (13.507) 

Then, the distance d HMO along the intemuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection of the 
orbitals given by Eqs. (13.445), (13.499), and (13.507) is 



= 1.13305« 

= 5.99585X10" m 



(13.508) 



The distance d t along the intemuclear axis from the origin of the C atom to the point of intersection of the orbitals given 
by Eqs. (13.447), (13.500), and (13.508) is 

d r, > m =0.08739fl 
e2 V HO (13.509) 

= 4.62472X10 ° m 

As shown in Eq. (13.494), the uniform charge-density in the C2sp' HO is increased by a factor of 0.25 and the //-atom 

density is decreased by a factor of 0.25 for by each C-H bond. Using the orbital composition of CH, (Eq. (13.494)), the radii 

of Cls = 0.17H3a (Eq. (10.51)) and C2sp i =0.91771a (Eq. (13.424)) shells, and the parameters of the CH 2 MO given by 

Eqs. (13.3-13.4), (13.499-13.501), and (13.503-13.509), the charge-density of the CH 2 MO comprising the linear combination 

of two C-H -bond MOs is shown in Figure 13.11. Each C-H-bond MO comprises a //,-type ellipsoidal MO and a C2sp' 

HO having the dimensional diagram shown in Figure 13.9. 

Figure 13.11. CH 2 MO comprising the linear combination of two C -H -bond MOs. Each C -H -bond MO comprises the 
superposition of a // 2 -type ellipsoidal MO and a C2sp' HO with a relative charge-density of 0.75 to 1.25; otherwise, the C2sp' 
HO shell is unchanged. (A) Color scale, translucent view of the charge-density of the CH 2 MO from the top. For each C-H 
bond, the ellipsoidal surface of the // 2 -type ellipsoidal MO that transitions to the C2sp 3 HO, the C2sp } HO shell, C\s shell, 
and the nuclei (red, not to scale) are shown. (B) Cut-away view showing the inner most Cls shell, and moving radially, die 
C2sp 3 shell, and the // 2 -type ellipsoidal MO that transitions to the C2sp 3 HO for each C-H bond. Bisector current not 
shown. 
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ENERGIES OF C 7/ 

The energies of CH 2 are two times those of CH and are given by the substitution of the semiprincipal axes (Eqs. (13. 4 99 
13.500) and (13.503)) into th e en e rgy e quations Eq. (13. 4 95) and (Eqs. (13. 44 9 - 13. 4 52)) that ar e multipli e d by two: 

V e = (0.91771) ~ 2 f \n a + ^f~ b2 = -72.03287 eV (13.510) 

Ans^a 2 -b 2 a-yja 2 -b 2 

2 

V- j = 26.02344 eV (13 . 511) 



Ans a 4a 2 -b 2 



7/ = (0.9177l) f ln a+ , = = 21.95990 eV (13.512) 

v ' l 2 i 2 / 2 7 2 

masja — -b a — <ta — -b 



F; =(0.91771) , ln a+ y = -10.97995er (13.513) 

2m as a 2 -b 2 a-4a 2 -b 2 



2 

eJcii " l 



(0.91771) 1 2-- a " | ln a + c ' 1 
K n 2a) a-c' 



- 14.63489 eV - -49.66437 eV (13.514) 



4x£ n c ' 



where E T (CH 2 ) is given by Eq. (13.495) which is reiteratively matched to Eq. (13.496) within five-significant-figure round-off 
error. 

The vibrational energy levels of CII 2 may be solved as two equivalent coupled harmonic oscillators by developing the 

Lagrangian, the differential equation of motion, and the eigenvalue solutions [2] wherein the spring constants are derived from 
the central forces as given in the Vibration of Hydrogen- Type Molecular Ions section and the Vibration of Hydrogen-Type 
Molecules section. 

THE DOPPLER ENERGY TERMS OF ('//-. 

The reentrant oscillation of hybridized orbitals in the transition state is not coupled. Therefore, the equations of the radiation 
reaction force of dihydrogen and dideuterium carbide are the same as those of the corresponding hydrogen carbide radicals with 
the substitution of the dihydrogen and dideuterium carbide parameters. Using Eqs. (11.136) and (13.140-13.142), the angular 
frequency ol the reentrant oscillation in the transition state is 



J 0.75e 2 
Attp h 3 
- 2.52071 X IP 16 rad/s (13 . 515) 

m e 

where b is given by Eq. (13.503). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

E K = hm = £2.52077 X \Q 16 rod I s = 16.59214 eV (13.516) 

In Eq. (11.181), substitution of E T (ff 2 ) (Eqs. (1 1.212) and (13.75)), the maximum total energy of each H 2 -type MO, for E hv , 
the mass of the electron, m e , for M , and the kinetic energy given by Eq. (13.516) for E K gives the Doppler energy of the 
electrons of each of the two bonds for the reentrant orbit: 



,2Ez 2^(16.59214 eV) 

= E^ \=rrr= -31.63537 eV J V - ' =-0.25493 eV (13.517) 

V Mc y mTc^ 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH 2 due to the reentrant orbit of each bond in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq. (13.517) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of each C-H bond. 

Using co e given by Eq. (13.458) for E Kvib of the transition state having two independent bonds, E ' osc ( n CH 2 ) per bond is 

E'oJ 12 CH 2 ) = E D+ E Kvib = E D + lft £ (13.518) 

E' 0SC ( 12 CH 2 ) = -0.25493 eV + -(0.35532 eV) = -0.07727 eV (13.519) 

Given that the vibration and reentrant oscillation is for two C-H bonds, E osc ( n CH 2 ) , is: 
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E 0SC { n CH 2 ) = 2 



E n +hM 



(13.520) 



■■2\ -0.25493 eV + -(0.35532 eV) \ = -0.15454 eV 



l €ft-, 



E T+os i u CH 2 \, the total energy of the r2 CH 2 radical including the Doppler term, is given by the sum of E T (CH 2 ) (Eq. 
(13.497)) and E a , c ( 12 CH 2 ) given by Eq. (13.520): 



E T+osc {CH 2 ) = V e+ T + V m +V p +E(C,2s/) + E osc ( ] 'CH 2 ) 



(13.521) 



■ E T (CH 2 ) + E osc ( 12 CH 2 ) 



Aks,j 



1 a n 



(0,9177l)|2-^|ln^-l 



-14.63489 eV 



\ U CH 2 ) = 



— t — 



mJ 44 ^ 3 



=2 (31.63536831 eV) \ 



--h\- 



(13.522) 



-49.66493 eV - 2 



0.25493 eV--h\— 
2 \n 



From Eqs. (13.518-13.522), the total energy of n CH 2 is 

E T+osc ( U CH 2 ) = -49.66493 eV + E osc ( 12 CH 2 ) 

= -49.66493 eV -li 0.25493 eF -^-(0.35532 eF) 



-49.81948 eV 



(13.523) 



where a> e given by Eq. (13.458) was used for the hi — term. 

\M 

n CH 2 has the same electronic configuration as W NH . The dissociation of the bond of the dihydrogen carbide radical 
forms a free hydrogen atom with one unpaired electron and a C2sp 3 HO with three unpaired electrons as shown in Eq. (13.422) 
wherein the magnetic moments cannot all cancel. Thus, the bond dissociation of n CH 2 gives rise to n CH with the same 
electronic configuration as JV as given by Eq. (10.134). The iV configuration is more stable than H as shown in Eqs. (10.141- 
10.143). The lowering of the energy of the reactants decreases the bond energy. The total energy of carbon is reduced by the 
energy in the field of the two magnetic dipoles given by Eq. (7.46) and Eq. (13.424): 



E{magnetic) = 



27tju e h 



SxVoMb 



^(v) (°- 91771a ») 



■ = 0.14803 eV 



(13.524) 



The CH 2 bond dissociation energy, E D ( l2 CH 2 \ , is given by the sum of the total energies of the CH radical and the hydrogen 
atom minus the sum of E T+asc ( n CH 2 ) and E(magnetic) : 

E D ( 12 CH 2 ) = e[ 12 CH) + E(H) - E T+mc ( l2 CH 2 ) - E {magnetic) (1 3 .525) 



where E T ( n CH) is given by the sum of the energies of the C2sp 3 HO, E(c,2sp 3 } given by Eq. (13.428), E D (H] given by Eq. 

(13.526) 



(13.154), and the negative of the bond energy of n CH given by Eq. (13.489): 

E( 12 CH) = -13.59844 eF-14.63489 eV-3M eV = -31.70333 eV 
Thus, the 12 CH 2 bond dissociation energy, E D ( n CH 2 ) , given by Eqs. (13.154), and (13.523-13.526) is 



E D { ]1 CH 2 ) = -(31.70333 eV + 13.59844 eV)-(E T+03C ( ]2 CH 2 ) + E(magnetic)} 

= -45.30177 eV -(-49.81948 eV + 0.14803 eV) = 4.36968 eV 
The experimental l2 CH 2 bond dissociation energy is T391 



(13.527) 



E D ( 12 CH 2 ) = 4.33064 eV 



(13 . 528) 
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BOND ANGLE OF : ( 7/. 

The CH 2 MO comprises a linear combination of two C — H bond MOs. Each C — H bond MO comprises the superposition of 
a /f 2 -lype ellipsoidal MO and the C2sp 3 HO with a relative charge density of 0.75 to 1.25; otherwise, the C2sp 3 shell is 
unchanged. A bond is also possible between the two H atoms of the C-H bonds. Such H-H bonding would decrease the 
C-H bond strength since electron density would be shifted from the C-H bonds to the H-H bond. Thus, the bond angle 
between the two C — H bonds is determined by the condition that the total energy of the H 2 - type ellipsoidal MO between the 

terminal H atoms of the C — H bonds is zero. From Eqs. (1 1.79) and (13.228), the distance from the origin to each focus of the 
H-H ellipsoidal MO is 



c -a 



% Ane n 



I m e e 2a — V— 2 
The internuclear distance from Eq. (13.229) 



(13.529) 



is- 



2c' = 2, 



(13.530) 



The length of the scmiminor axis of the prolate spheroidal H — H MO b = c is given by Eq. (13.62). 

The bond angle of CH 2 is derived by using the orbital composition and an energy matching factor as in the case with 

NH 2 and NH 3 . Since the two H 2 -type ellipsoidal MOs comprise 75% of the H electron density of H 2 and the energy of each 
7/ 2 -type ellipsoidal MO is matched to that of the C2sp 3 HO; the component energies and the total energy E T of the H-H 
bond are given by Eqs. (13.67-13.73) except that V e , T , and V m are corrected for the hybndization-energy-matchmg factor of 
0.91771 given by Eq. (13.430). Substitution of Eq. (13.529) into Eq. (13.233) with the hybridization factor gives 



3 3 a, 



(o,9i77ir hrrr h 



a + 



=t 



2M 



\ 0.75e 2 

I 4ft£M 3 



8>7TS„ 



2 8a 



a- 



= 



(13.531) 



1 ^ . J 8^ a J 8nsJa + c') 



^-k 



0.5m p 

From the energy relationship given by Eq. (13.531) and the relationship between the axes given by Eqs. (13.529-13.530) and 
(13.62-13.63), the dimensions of the H-H MO can be solved. 

The most convenient way to solve Eq. (13.531) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 

a = 5.1500a = 2.7253 X \0 lQ m (13.532) 

Substitution of Eq. (13.532) into Eq. (13.529) gives 



:1.6047a„ =8.4916X10 n m 



(13.533) 



The internuclear distance given by multiplying Eq. (13.533) by two is 



2c' = 3.2094a„ =1.6983 X 10" 



m 



(13.534) 



Substitution of Eqs. (13.532-13.533) into Eq. (13.62) gives 



:4.8936a n = 2.5896 X 10" lu m 



(13.535) 



Substitution of Eqs. (13.532-13.533) into Eq. (13.63) gives 

e = 0.31 16 (13.536) 

Using, 2c' H _ H (Eq. (13.534)), the distance between the two H atoms when the total energy of the corresponding MO is 

zero (Eq. (13.531)), and 2c' c _ H (Eq. (13.501)), the internuclear dis t ance of each C-H bond, the cor r esponding bond angle can 
be determined from the law of cosines. Using, Eq. (13.242), the bond angle 9 between the C-H bonds is 



# = cos 



^2^ 



/2(2.09132) 2 -(3.2094) : 
2(2.09132) : 
The experimental angle between the C-H bonds is [38] 



= cos" 1 (-0.1775) = 100.22° 



(13.537) 



6 = 102.4° (13.538) 

The results of the determination of bond parameters of CH 2 are given in Table 13.1. The calculated results are based on 

first principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 

experimental and calculated results is excellent. 
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METHYL RADICAL (('//,) 

The methyl radical CH 3 is formed by the reaction of a hydrogen atom with a dihydrogen carbide radical: 

CH 2 +H^CH 3 (13.539) 

CH 3 can be solved using the same principles as those used to solve NH 3 with the exception that the carbon 2s and 2p shells 
hybridize to form a single 2sp 3 shell as an energy minimum. Three diatomic molecular orbitals (MOs) developed in the Nature 
of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section serve as basis functions in a linear combination 
with three carbon 2sp 3 hybridized orbitals (HOs) to form the MO of CH 3 . The solution is very similar to that of CH 2 except 
that there are three CH bonds in CH 3 . 

FORCE BALANCE OF C //- 

CH 3 comprises three chemical bonds between carbon and hydrogen atoms. Each C-H bond comprises two spin-paired 
electrons with one from an initially unpaired electron of the carbon atom and the other from the hydrogen atom. Each H -atom 
electron forms an H 2 -type ellipsoidal MO with an unpaired C -atom electron. However, such a bond is not possible with the 

outer two C electrons in their ground state since the resulting // 2 -type ellipsoidal MO would have a shorter internuclear 
distance than the radius of the carbon 2p shell which is not energetically stable, and only two electrons are unpaired. Thus, 
when bonding the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an energy minimum. The electron 
configuration and the energy, Ey C,2sp 3 J , of the C2sp 3 shell is given by Eqs. (13.422), and (13.428), respectively. 

For each C -II bond, a C2sp 3 elect r on combines with the Ills electron to fo r m a molecula r o r bital. The p r oton of the 

H atom and the nucleus of the C atom are along each internuclear axis and serve as the foci. As in the case of H 2 , each of the 
three C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into C2sp 3 HO 
for distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each MO surface comprises a 
prolate spheroid at the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the other focus. 



The radius and the energy of the C2sp 3 shell are unchanged with bond formation. The central paramagnetic force due to spin of 
each C-H bond is provided by the spin-pairing force of the CH 3 MO that has the symmetry of an s orbital that superimposes 

with the C2sp 3 orbitals such that the corresponding angular momenta are unchanged. 

The energies in the CH 3 MO involve only each C2sp 3 and each His electron with the formation of each C-H bond. 
The sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the C2sp 3 shell. As in the cases with of OH , 
H 2 , NH , NH 2 , NH 3 , CH , and CH 2 the linear combination of each H 2 -type ellipsoidal MO with the C2sp 3 HO must 
involve a 25% contribution from the H 2 -type ellipsoidal MO to the C2sp 3 HO in order to match potential, kinetic, and orbital 
energy relationships. Thus, the CH 3 MO must comprise three C-H bonds with each comprising 75% of a H 2 -type ellipsoidal 
MO and a C2sp 3 HO: 

3[l C2sp 3 + 0.75 H 2 MO] -> CH 3 MO (13.5 4 0) 

The force balance of the CH 3 MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (13.540) and the energy matching condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of each H 7 -type-ellipsoidal-MO component of the CH 3 

MO in terms of the central force of the foci is given by Eq. (13.59). The distance from the origin of each C-H -bond MO to 
each focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis of the 
prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution of 
the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 
MO. Since each of the three prolate spheroidal C-H -bond MOs comprises a H 2 -type-ellipsoidal MO that transitions to the 

C2sp 3 HO, the energy EyC,2sp 3 j in Eq. (13.428) adds to that of the three corresponding H 2 -type ellipsoidal MOs to give the 
total energy of the CH 3 MO. From the energy equation and the relationship between the axes, the dimensions of the CH 3 MO 

are solved. 

The energy components of V e , V , T , and V m are three times those of CH corresponding to the three C-H bonds. 

Since each prolate spheroidal H 2 -type MO transitions to the Clsp 3 HO and the energy of the C2sp 3 shell must remain constant 
and equal to the E \ C,2sp 3 \ given by Eq. (13. 4 28), the total energy E T (CH 3 ) of the CH 3 MO is given by the sum of the 
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energies of the orbitals corresponding to the composition of the linear combination of the C2sp 3 HO and the three H 2 -type 
ellipsoidal MPs that forms the CH, MO as given by Eg. (13.540). Using Eq. (13.431), E r (CH,) is given by 



E T (CH,) = E T +E(C,2sp 3 ) 



3e 2 



8;rg c' 



(0.91771)| 2 -i-2Uln^-l 



-14.63489 eV 



(13.541) 



The three hydrogen atoms and the hybridized carbon atom can achieve an energy minimum as a linear combination of three H 2 - 
type ellipsoidal MOs each having the proton and the carbon nucleus as the foci. Hybridization gives rise to the C2sp 3 HO-shell 
Coulombic energy E Couhmb (c,2sp 3 ) given by Eq. (13.425). To meet the equipotential condition of the union of the H 2 -type- 
ellipsoidal-MO and the C2sp 3 HO, the electron energies in Eqs. (13.431), (13.495), and (13.541) were normalized by the ratio 
of 14.82575 eV , the magnitude of E Coulomb [C,2sp 3 ) given by Eq. (13.425), and 13.605804 eV , the magnitude of the Coulombic 

energy between the electron and proton of H given by Eq. (1.224). The factor given by Eq. (13.430) normalized the energies to 
match that of the Coulombic energy alone to meet the energy matching condition of each C-H -bond MO under the influence 
of the proton and the C nucleus. Each C-H -bond MO comprises the same C2sp 3 shell having its energy normalized to that of 
the Coulombic energy between the electron and a charge of +e at the carbon focus of the CH 3 MO. Thus, the energy of the 
CH 3 MO is also given by the sum of that of the three // 2 -type ellipsoidal MOs given by Eq. (11.212) minus two times the 
Coulombic energy, E Coidomb (H) = -13.605804 eV , of the two redundant +e's of the linear combination: 



yf2\_ y/2+r 
"V2^T 



E T (3H 2 -2H)-- 



3? 



&7T£ a 



2yf2-y/2 + 



In 



->/2 



-2E r . 



>(*) 



(13.542) 



= 3(-31.63536831 eF)-2(-13.605804 eV) = -67.69450 eV 



E T (CH 3 } given by Eq. (13.541) is set equal to three times the energy of the ff 2 -type ellipsoidal MO minus two times the 
Coulombic energy of H given by Eq. (13.542): 

3e 2 \, ^f_ 1 a„\ a + c' 



E T CH-, 



(0.91771) 



te^ 



1 4 .63 4 89 c\ 



iz_ 



%7te f p y 



2 a 



a — c 



(13.543) 



= -67.69450 eV 



From the energy relationship given by Eq. (13.543) and the relationship between the axes given by Eqs. (13.60-13.63), the 

dimensions of the CH 3 MO can be solved. 

Substitution of Eq. (13.60) into Eq. (13.543) gives 



3e 2 



2aa n 



(0.91771)[ 2 -^ I In 



a + 



2aa n 



2aa n 



= e53. 05961 



(13.544) 



%7IEc, 



The most convenient way to solve Eq. (13.544) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 



a = 1.62893a„= 8.61990 X 10" 11 m 



(13.545) 



Substitution of Eq. (13.545) into Eq. (13.60) gives 
c' = 1.04209a„ =5.51450X lO" 11 m 



(13.546) 



The kiternuclear distance given by multiplying Eq. (13.546) by two is 

2c' = 2.08418a = 1.10290 X 10" 10 m 
The experimental bond distance is [38] 
2r?' = 1.079T 1Q- 10 m 



(13.547) 



(13.548) 



Substitution of Eqs. (13.545-13.546) into Eq. (13.62) gives 



b = c = 1.25198a =6.62518X10"" m 
Substitution of Eqs. (13.545-13.546) into Eq. (13.63) gives 
e = 0.63974 



(13.549) 
(13.550) 
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The nucleus of the H atom and the nucleus of the C atom comprise the foci of each // 2 -type ellipsoidal MO. The parameters 
of the point of intersection of each // 2 -type ellipsoidal MO and the C2sp l HO are given by Eqs. (13.84-13.95), (13.261- 
13.270), and (13.434-13.442). The polar intersection angle 6' is given by Eq. (13.261) where r H =r ls> = 0.91771a is the radius 

of the C2sp 3 shell. Substitution of Eqs. (13.545-13.546) into Eq. (13.261) gives 

(9' = 85.65° 
Then, the angle , the radial vector of the Clsif HO makes with the internuclear axis is 

D C 2sp HO A 

-85.65° = 94.35° 



(13.551) 



<W* O = 180 ° 



(13.552) 



as shown in Figure 13.9. The parametric angle 9 H ^ lo given by Eqs. (13.442-13.443), (13.549), and (13.552) is 

Hi mo= 46 - 96 ° (13.553) 

Then, the distance d H MO along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection of the 

orbitals given by Eqs. (13.445), (13.545), and (13.553) is 

d„ ,. n =1.111 72a 
HlMO ° (13.554) 

= 5.88295 A' 10"" m 

The distance </,, , , along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals given 

C2sp HO w or o 

by Eqs. (13.447), (13.546), and (13.554) is 

d C7spi/IO = 0.06963a = 3.68457 X \0 n m (13.555) 

As shown in Eq. (13.540), the uniform charge-density in the C2s/r HO is increased by a factor of 0.25 and the //-atom 
density is decreased by a factor of 0.25 for by each C-H bond. Using the orbital composition of CH, (Eq. (13.540)), the radii 
of C\s = 0.171 13a n (Eq. (10.51)) and C2sp y =0.91771rt (Eq. (13.424)) shells, and the parameters of the C//, MO given by 
Eqs. (13.3-13.4), (13.545-13.547), and (13.549-13.555), the charge-density of the CH 3 MO comprising the linear combination 
of three C-H -bond MOs is shown in Figure 13.12. Each C-H -bond MO comprises a // 2 -type ellipsoidal MO and a dsp 3 
HO having the dimensional diagram shown in Figure 13.9. 

Figure 13.12. C//, MO comprising the linear combination of three C-H -bond MOs. Each C-H -bond MO comprises 
the superposition of a //,-type ellipsoidal MO and a C2sp ? HO with a relative charge-density of 0.75 to 1.25; otherwise, the 
C2sp } HO shell is unchanged, (A) Color scale, translucent view of the charge-density of the CH X MO from the top. For each 
C-H bond, the ellipsoidal surface of the // 2 -type ellipsoidal MO that transitions to the C2sp y HO, the C2sp } HO shell, Cls 
shell, and the nuclei (red, not to scale) are shown. (B) Cut-away view showing the inner most Cls shell, and moving radially, 
the C2sp' shell, and the H-, -type ellipsoidal MO that transitions to the C2sp' HO for each C-H bond. Bisector current not 
shown. (C)-(E) Color scale, bottom, top, and side-on translucent views of the charge-density of the CH 3 MO, respectively. 
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ENERGIES OF (7/. 

The energies of Cr7 3 arc three times those of CH and arc given by the substitution of the scmiprincipal axes (Eqs. (13.545- 

13.546) and (13.549)) into th e energy e quations Eq. (13.541) and (Eqs. (13.449-13.452)) that are multipli e d by three: 



V e = 3(0.91771) 2e i n a + y b = -108.94944 eK (13.556) 

^TTE^a 2 -b 2 a-^a 2 -b 2 

3e? 

V p = , = 39.16883 eV (13.557) 

SxSnyja 2 -b 2 



a + 4 a 2 u2 



7 = 3(0.91771) , In v = 33.44213 eV (13.558) 

2m, e a\l a 2 - h 2 fl- yq 2 - b 2 

V m =3(0.91771) ~f ln a + ^ a ~ b = -16.72107 eV (13.559) 

4m e a\la 2 -b 2 a-^a 2 -b 2 



E T CMrt 



(0.91771)1 2--^ In 2±£--\ 
1 n 2a) a-c' 



■ 14.63489 eV = -61 .69 AAA eV (13.560) 



%KS n c' 



where E T (C7/ 3 ) is given by Eq. (13.541) which is reiteratively matched to Eq. (13.542) within five-significant-figure-round-off- 
error. 

VIBRATION OF ( V/ ; 

The vibrational energy levels of CH 3 may be solved as three equivalent coupled harmonic oscillators by developing the 

Lagrangian, the differential equation of motion, and the eigenvalue solutions [2] wherein the spring constants are derived from 
the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of Hydrogen-Type 
Molecules section. 

THE DOPPLER ENERGY TER MS OF U CH. 

The reentrant oscillation of hybridized orbitals in the transition state is not coupled. Therefore, the equations of the radiation 
reaction force of methyl radical are the same as those of the corresponding hydrogen carbide radicals with the substitution of the 
methyl radical parameters. Using Eqs. (11.136) and (13.140-13.142), the angular frequency of the reentrant oscillation in the 
transition state is 

J 0.75e 2 
Atzf ft 3 
°— = 2.55577 X 10 16 rod I s (13.561) 
m e 

where b is given by Eq. (13.549). The kinetic energy, E K . is given by Planck's equation (Eq. (11.127)): 

E K = hco = h2.55511 X 10 16 rod /s = 16.82249 eV (13.562) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each 77 2 -type MO, for E hv , 
the mass of the electron, m e , for M , and the kinetic energy given by Eq. (13.562) for E K gives the Doppler energy of the 
electrons of each of the three bonds for the reentrant orbit: 



E Z) = £ 'kv\ 



2e(16.82249 eV) 
= -31.63537 eVj y „ =-0.25670eF 



(13.563) 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH 3 due to the reentrant orbit of each bond in the transition state corresponding to 

simple h armonic oscillation of th e electrons a nd n uclei, E osc , i s given by th e sum of th e corresponding energies, E D given by 

Eq. (13.563) and E Kvlb , th e average kin e tic e n e rgy of vibration which is 1/2 of th e vibrational en e rgy of each C — H bond. 

Using co e given by Eq. (13.458) for E Kvib of the transition state having three independent bonds, E ' mc ( l2 CH 3 ) per bond is 

E' osc ( 12 C// 3 )-E D + E Kvib - E D +ifl £ (13-564) 
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E' osc ( U CH 3 ) = -0.25670 eK + -(0.35532 eV) = -0.07904 eV 



Given that the vibration and reentrant oscillation is for three C-H bonds, E m ( l2 CH 3 ] , is: 



(13.565) 



E 0SC { n CH 3 ) = l> 




(13.566) 



3 -0.7.5670 eV + -(0 .35537, eV) = -0 .7, 371 1 eV 



TOTAL AND BOND ENERGIES OF C// 



E T l a , c ( l2 CH 3 j. the total energy of the l2 CH 3 radical including the Doppler term, is given by the sum of E T (CH 3 ) (Eq. (13.543)) 
and E mc { n CH 3 ) given by Eq. (13.566): 

E T+0 A CH 3) = K+T + V m +V p +E(C,2s P 3 ) + E mc ( i2 CH 3 ) = E T (CH 3 ) + E osc ( l2 CH 3 ) (13.567) 



f =3ei 



(0.91771) 2---^- In 



a r , ), a + c' 



-14.63489 eV 



y?>7lE Q c' 



2 a 



.{ n cH 3 y . 



3 e l 



■m 



1 4 Ane^F 



(13.568) 



(31.63536831 eV) 



--\\ L 
2 \f, 



= -67.69450 eV -3 0.25670 eV--h, 

From Eqs. (13.564-13.568), the total energy of l2 CH 3 is 
E TM ( n CH 3 ) = -67.69450 eV + E m { 12 CH 3 ) 



= -67.69450 eV- 3 0.25670 eV --(0.35532 eV) 
= -67.93160 eV 



(13.569) 



where a> e given by Eq. (13.458) was used for the hj — term 



The CH 3 bond dissociation energy, E D ( 12 CH 3 ) , is given by the sum of the total energies of the CH 2 radical and the 
hydrogen atom minus E T+osc ( 12 CH 3 \ : 



E D ( n CH 3 ) = E( n CH 2 ) + E(H)- M T+OK ( l2 CH 3 ) 



(13.570) 



where E T ( 12 CH 2 ) is given by the sum of the energies of the C2sp 3 HO, E(c,2sp 3 ) given by Eq. (13.428), 2E D (H) given by 
Eq. (13.154), and the negative of the bond energies of n CH given by Eq. (13.489) and n CH 2 given by Eq. (13.528): 
E( n CH 2 ) = 2(-13.59844 eK)-14.63489 eK -3.47 eV - 4.33064 eV 
= -49.63241 eV 
Thus, the U CH 3 bond dissociation energy, E D ( 12 CH 3 ) , given by Eqs. (13.154), and (13.569-13.571) is 



(13.571) 



E D ( l2 CH 3 ) = +(-49.63241 eF-13.59844 eV)-E T+osc ( 12 CH i ) 



= -63.23085eF-(-67.93160eF) 

= 4.70075 eV 
The experimental l2 CH 3 bond dissociation energy is [40] 



(13.572) 



E D ( U CH 3 ) = 4.72444 eV 



(13.573) 
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BOND ANGLE OF 12 CT/ 3 

Consider the case that all of the MOs can participate in a superposition involving bonding of the terminal atoms. Then, solving 

for 2c' H H = 3.61 109a , the distance between any adjacent two H atoms when the total energy of the corresponding MO is zero 

given by Eq. (13.531) with the replacement of the hybridization factor and energy terms with (0.91771) 2 of Eq. 

(13.568), and 2c' c _ , the internuclear distance of each C-H bond (Eg. (13.547)), the corresponding bond angle can be 
determined from the law of cosines. Using Eq. (13.537). the bond angle 6 between the C-H bonds is 



6 = cos 



^2(2.08418) 2 -(3.61109) 2> 



= cos 1 (-0.50099) = 120° (13.574) 



2(2.08418) 
which is in agreement with D Jh symmetry [38]. 

The Cff 3 radical has a pyramidal structure with the carbon atom along the z-axis at the apex and the hydrogen atoms at 
the base in the xy-plane. The distance d origin _ H from the origin to the nucleus of a hydrogen atom given by Eqs. (13.534) and 
(13.412) is 

d . . ~ = 2.0848a n (13.575) 

ongin-H x J 

The height along the z-axis of the pyramid from the origin to the C nucleus is d height given by Eqs. (13.414), (13.547), and 
(13.575) is 

d heirhl =0a a (13-576) 

The angle O x of each C-H bond from the z-axis given by Eqs. (13.416). (13.575). and (13.576) is 

6> v =90° (13.577) 

The CH^ MO shown in Figure 13.12 was rendered using these parameters. 

The results of the determination of bond parameters of CH^ arc given in Table 13.1. The calculated results arc based on 

first principles and given in clos e d-form, exact equations containing fundam e ntal constants only. The agre e ment b e tween the 
experimental and calculated results is excellent. 



METHANE MOLECULE (177, ) 



The methane molecule CH A is formed by the reaction of a hydrogen atom with a methyl radical: 



CH 3 +H^CH 4 (13.578) 

CH 4 can be solved using the same principles as those used to solve and CH } wherein the carbon 2s and 2p shells hybridize to 
form a single 2sp 3 shell as an energy minimum. Four diatomic molecular orbitals (MOs) developed in the Nature of the 
Chemical Bond of Hydrogen- Type Molecules and Molecular Ions section serve as basis functions in a linear combination with 
four carbon 2sp* hybridized orbitals (HOs) to form the MO of CH 4 . The solution is very similar to that of CH i except that 
there are four CH bonds in CH 4 . Methane is the simplest hydrocarbon that can be solved using the results for CH % . From the 
solution of CH 2 as well as CH 3 , more complex hydrocarbons can be solved using these radicals as basis elements with bonding 
between the C2sp l hybridized carbons. 



FORCE BALANCE OF I // 



CH^ comprises four chemical bonds between carbon and hydrogen atoms. Each C-H bond comprises two spin-paired 
electrons with one from an initially unpaired electron of the carbon atom and the other from the hydrogen atom. Each H -atom 
electron forms a H 2 -type ellipsoidal MO with an unpaired C -atom electrons. However, such a bond is not possible with the 
outer two C electrons in their ground state since the resulting H 2 -type ellipsoidal MO would have a shorter internuclear 
distance than the radius of the carbon 2p shell which is not energetically stable, and only two electrons are unpaired. Thus, 
when bonding the carbon 2s and 2p shells hybridize to form a single 2sp 3 shell as an energy minimum. The electron 
configuration and the energy, E(C,2sp 3 ) , of the C2sp 3 shell is given by Eqs. (13.422), and (13.428), respectively. 

For each C-H bond, a C2sp 2 electron combines with the His electron to form a molecular orbital. The proton of the 
H atom and the nucleus of the C atom are along each internuclear axis and serve as the foci. As in the case of H 2 , each of the 
four C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into the C2sp 3 HO 
for distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each MO surface comprises a 
prolate spheroid at the H proton that can be solved as being continuous with the C2sp 3 shell at the C atom whose nucleus 
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serves as the other focus. The radius and the energy of the C2sp i shell are unchanged with bond formation. The central 
paramagnetic force due to spin of each C-H bond is provided by the spin-pairing force of the CH A MO that has the symmetry 
of an s orbital that superimposes with the C2sp i orbitals such that the corresponding angular momenta are unchanged. 

The energies in the CH 4 MO involve only each C2sp 3 and each His electron with the formation of each C-H bond. 
The sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the C2sp 3 shell. As in the cases of OH , H 2 0, 
J\H , NH 2 , NH 3 , CH , CH 2 , and CH 3 the CH A ML) must comprise four C-H bonds with each having Y5 u /o of a H 2 -type 
ellipsoidal MO and a C2sp i HO in a linear combination in order to match potential, kinetic, and orbital energy relationships: 

4[l C2sp' +0.75 H 2 MO] -> CH A MO (13.579) 
The force balance of the CH A MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (13.579) and the energy matching condition between the hydrogen and C2sp } HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 -type-ellipsoidal-MO component of the 
CH A MO in terms of the central force of the foci is given by Eq. (13.59). The distance from the origin of each C-H -bond MO 
to each focus <? is given by Eq. (13.60). The iiiteniuclear distance is given by Eq. (13.61). The length of the semimiiior axis of 
the prolate spheroidal C — H - bond MO b = c is given by Eq. (13.62). The eccentricity, e , is given by Eq. (13.63). The solution 
of the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H - 
bond MO. Since each of the four prolate spheroidal C-H -bond MOs comprises a H 2 -type-ellipsoidal MO that transitions to 

the C2sp i HO, the energy E(c,2sp 3 ) in Eq. (13. 4 28) adds to that of the four corresponding H 2 - type ellipsoidal MOs to give 
the total energy of the CH A MO. From the energy equation and the relationship between the axes, the dimensions of the CH A 
MO are solved. 

The energy components of V e , V , T , and V m are four times those of CH corresponding to the four C-H bonds. 

Since each prolate spheroidal H 2 -typ<z MO transitions to the C2sp 3 HO and the energy of the C2sp } shell must remain constant 
and equal to the E(c,2sp 3 ) given by Eq. (13.428), the total energy E T (CH 4 ) of the CH A MO is given by the sum of the 
energies of the orbitals corresponding to the composition of the linear combination of the C2sp i HO and the four H 2 -type 
e llipsoidal MOs that forms th e CH A MO as giv e n by Eq. (13.579). Using Eq. (13.43 1), E T (CH A ) is giv e n by 



"4T 



(0.91771)1 2--^ lln— ^T 
v n 2a) a-c' 



E T (CH 4 ) = E T +E(C,2sp 3 ) = - 



87r£ c' 



- 14.63489 eV (13.580) 



The four hydrogen atoms and the hybridized carbon atom can achieve an energy minimum as a linear combination of four H 2 - 
type ellipsoidal MOs each having the proton and the carbon nucleus as the foci. Hybridization gives rise to the C2sp 3 HO-shell 
Coulombic energy E Coulomb \C,2sp i j given by Eq. (13.435). To meet the equipotential condition of the union of the H 2 -type- 
ellipsoidal-MO and the C2sp 3 HO, the electron energies in Eqs. (13.431), (13.495), (13.541), and (13.580) were normalized by 
the ratio of 14.82575 eV , the magnitude of E Coulomb (c,2sp 3 ) given by Eq. (13.425), and 13.605804 eV , the magnitude of the 

Coulombic energy between the electron and proton of H given by Eq. (1.264). The factor given by Eq. (1.3.430) normalized the 
energies to match that of the Coulombic energy alone to meet the energy matching condition of each C-H -bond MO under the 
influence of the proton and the C nucleus. Each C-H -bond MO comprises the same C2sp 3 shell having its energy 
normalized to that of the Coulombic energy between the electron and a charge of +e at the carbon focus of the CH 4 MO. Thus, 
the energy of the CH A MO is also given by the sum of that of the four ff 2 -type ellipsoidal MOs given by Eq. (1 1.212) minus 
three times the Coulombic energy, E Coulomb (H ) = -13.605804 eV , of the three redundant +e's of the linear combination: 



E T (4H 2 -1H) = - 



AeL 



2 ^.^ + A\ n 2^ll_^ 



' ''^'Coulomb \" ) 



SflSTnfln 



M^- 



7v ^^r 

= 4(-31.63536831eF)-3(-13.605804eF) (13.581) 

= -85.72406 eV 
E T (CH A ) given by Eq. (13.580) is set equal to lour times the energy of the H 2 -type ellipsoidal MO minus three times the 
Coulombic energy of H given by Eq. (13.581): 

1 0,1 a + c' 



8xe c 



(0.91771) 2---^ In £±£— 1 
v \ 2 a a-c' 



-14.63489 eV = -85.72406 eV (13.582) 
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From the energy relationship given by Eq. (13.582) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the CH A MO can be solved. 

Substitution of Eq. (13.60) into Eq. (13.543) gives 




The most convenient way to solve Eq. (13.583) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 



a =1.62340a„ =8.59066 X 10" 



m 



(13.584) 



Substitution of Eq. (13.584) into Eq. (13.60) gives 



c' = 1.04032a = 5.50514 X 10" 11 m 
The internuclear distance given by multiplying Eq. (13.585) by two is 
2c' = 2.08064a„ =1.10103 X 10" 10 m 



(13.585) 



(13.586) 



The experimental bond distance is [41] 

2c' = 1.087 X 10" 10 m 
Substitution of Eqs. (13.584-13.585) into Eq. (13.62) gives 

b = c = 1.24626a„ =6.59492X10"" m 



(13.587) 
(13.588) 



Substitution oi bqs. (13.584-13.585) into Eq. (13.63) gives 

e = 0.64083 (13.589) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each /f 2 -type ellipsoidal MO. The parameters 

of the point of intersection of each H 2 -type ellipsoidal MO and the C2sp 3 HO in the absence of the other three are given by 
Eqs. (13.84-13.95), (13.261-13.270), (13.434-13.442), and (13.551-13.555). The polar intersection angle 0' is given by Eq. 
(13.261) where r n =r 3 =0.91771a is the radius of the C2sp 3 shell. Substitution of Eqs. (13.584-13.585) into Eq. (13.261) 



2sp 3 



gives 



0' = 86.20° 



(13.590) 



then, the angle ti 



the radial vector of the C'lsp HU makes with the internuclear axis is 



Clsp'HO 



Clsp'HO 

= 180°-86.20° = 93.80' 



as shown in Figure 13.9. The parametric angle HMO given by Eqs. (13.442-13.443), (13.588), and (13.591) is 



-9a 



■- Al .29° 



(13.591) 



(13.592) 



Then, Hie distance d H M0 along the iuLeniuclear axis from the origin of H 2 -type ellipsoidal MO Lo the point of intersection of the 
orbitals given by Eqs. (13.445), (13.584), and (13.592) is 

(13.593) 



d HM0 = 1.10121a =5.82734 X 10" 11 m 



The distance d 



Clsp'HO 



along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals given 



by Eqs. (13.447), (13.585), and (13.593) is 

rf = 0.06089a =3.22208 X 10" 

C2sp HO u 



m 



(13.594) 



The H 2 -type ellipsoidal MPs do not actually directly contact the C2sp 3 HO . As discussed in the Force Balance of H 2 Q 

section, with the addition of the fourth C — H bond, the H 2 type ellipsoidal MOs may linearly combine to form a continuous 
two-dimensional surface of equipotential equivalent to that of the MOs if they did contact the C2sp 3 HO. However, Eqs. 
(13.579-13.580) must hold based on conservation of momentum and the potential, kinetic, and total energy relationships. In 
order that there is current continuity given the constraints of Eqs. (13.579 - 13.580), the existence of a self - contained, continuous - 
current, linear-combination of the ff 2 -type ellipsoidal MOs requires that electrons are divisible between the combination H 2 - 

type MO and the C2sp 3 HO. This is not possible. Thus, at the points of intersection of the H 2 -type MOs of methane, 
symmetry, electron indivisibility, current continuity, and conservation of energy and angular momentum require that the current 
b e tw ee n th e C2sp 3 sh e ll and points of mutual contact is proj e ct e d onto and flows along th e radial v e ctor to th e surfac e of C2sp 3 
shell. This cur r ent designated the bisector cur r ent (BC) meets the C2sp 3 surface and does not travel to distances shorter than its 
radius. Moreover, an energy minimum is obtained when the H -atom charge-density of each C-H -bond MO is decreased by a 
factor of 0.25 with a corresponding 0.25 increase in that of the three other C- H -bond MOs. In this case, the angular 
momentum components of the transferred current mutually cancel. The geometry of the equivalent bonds is tetrahedral. The 
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symmetry point group is T d . This geometry is equivalent to the indistinguishable bonds positioned uniformly on a spherical 

surface or also at the apexes of a cube. The predicted angle 6 between the C-H bonds is 

(9 = 109.5° (13.595) 

The experimental bond angle is [41] 

6 = 109.5° (13.596) 

The polar angle at which the H 2 -type ellipsoidal MOs intersect is given by the bisector of the angle 9 between the C-H 
bonds: 



109.5 



: 54.75° (13.597) 



2 
With the carbon nucleus defined as the origin and one of the C-H bonds defined as the positive x-axis, the polar-coordinate 

angle of the intersection occurs at 

^' = 54.75° + 180° = 234.75° (13.598) 

The polar radius ^.atthis angle is given by Eqs. (13.84-13.85): 

l + C - 



;-(a c x ) , a (13.599) 



4h — cos^' 



a 
Substitution of Eqs. (13.584-13.585) and (13.589) into Eq. (13.599) gives 

r t =1.52223a =8.05530 X W n m (13.600) 

Using the orbital composition of CH t (Eq. (13.579)), the radii of Cls = 0.171 13a (Eq. (10.51)) and C2sp 3 = 0.91771a 
(Eq. (13.424)) shells, and the parameters of the CH A MO given by Eqs. (13.3-13.4), (13.584-13.586), and (13.588-13.600), the 
charge-density of the CH 4 MO comprising the linear combination of four C-H-bond MOs is shown in Figure 13.13. Each 
C-H -bond MO having the dimensional diagram shown in Figure 1 3 . 9 comprises a H 2 -type ellipsoidal MO and a C2sp 3 HO 
according to Eq. (13.579). But, based on the T d symmetry of the H 2 - type MOs, the charge is distributed 1:1 between the H 2 — 
type MOs and the C2sp 3 shell. 
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Figure 13.13. CH A MO comprising the linear combination of four C-H -bond MOs formed by the superposition of a H 2 - 
type ellipsoidal MO and a C2sp * HO. (A) Color scale, translucent view of the charge-density of the CH 4 MO. The combined 
surface of the four H 2 -type ellipsoidal MOs from each C-H bond that surrounds the C2sp' HO, the C2sp* HO shell, C\s 
shell, and the nuclei (red, not to scale) are shown. (B) Off-center cut-away view showing the complete inner most C\s shell, 
and moving radially, the C2sp~ shell, and the // 2 -type ellipsoidal MOs that surround the C2sp HO. Bisector current not 
shown. (C) Opaque view. (D)-(E) Additional translucent views. 




ENERGIES OF CH A 

The energies of CH t are four times those of CH and are given by the substitution of the semiprincipal axes (Eqs. (13.584- 
13.585) and (13.588)) into the energy equations Eq. (13.580) and (Eqs. (13.449-13.452)) that are multiplied by four: 



V c = 4(0.91771) 



rln , =-145.86691 eV 



&xe n yla 2 -b 2 a-^Ja 2 -b 2 



Ae l 



v =. 

P I s ~ 

&x£„ycr -b 



r = 4(0.9177l) 



= 52.31390 eV 



ta £I±4EiL 44.92637 eV 



linava 2 -b 2 a—sia 2 —b 2 



V m =4(0.91771) £ =\n a + ^ 2 £= -^ r.,i 



E T {CH 4 ): 



4m c a\a 2 -b 2 a--Ja 2 -b 2 

Ae 2 



(13.601) 
(13.602) 
(13.603) 
(13.604) 



8;r£ c' 



(0.91771)[ 2---S- In^^— 1 
1 2 a a-c' 



■14.63489 eV 



(13.605) 
= -85.72472 eV 
where £ r (C// 4 ) is given by Eq. (13.580) which is reiteratively matched to Eq. (13.581) within five-significant-figure round-off 



error. 
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VIBRATION OF < // 

The vibrational energy levels of CH 4 may be solved as four equivalent coupled harmonic oscillators by developing the 
Lagrangian, the differential equation of motion, and the eigenvalue solutions [2] wherein the spring constants are derived from 
the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of Hydrogen-Type 
Molecules section. 



The reentrant oscillation of hybridized orbitals in the transition state is not coupled. Therefore, the equations of the radiation 
reaction force of methane are the same as those of OH , CH , CH 2 , and CH^ with the substitution of the methane parameters. 
Using Eqs. (1 1.136) and (13.140-13.142), the angular frequency of the reentrant oscillation in the transition state is 



0.75e 2 



6) = \\ ° = 2.57338X10 16 radls (13.606) 

m e 

where b is given by Eq . (13 . 588) . The kineti c , energy, E K , is given by Planck's equation (Eq . (1 1 . 127)): 

E K =hco = h2.5Th?,?>X\0 [a radls = 16.93841 eV (13.607) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each H 2 -type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (13.607) for E K gives the Doppler energy of the 
electrons of each of the four bonds for the reentrant orbit: 



F ~ F & 



(13.608) 



2<?(16.93 841 eV) 



= -31.63537 eV. — ^ - 2 '- = -0.25758 eV 

V m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH 4 due to the reentrant orbit of each bond in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq. (13.608) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of each C-H bond. 

Using n\ given by Eq. (13.458) for K Kv . b of the transition state having four independent bonds, E' u ( ll CH 4 \ per bond is 

E' osc ( n CH 4 ) = E D+ E Kvib = E D +hlt (13.609) 

E' 0SC [ l2 CH 4 ) = -0.25758 eV + -(0.35532 eV) = -0.07992 eV (13.610) 

The reentrant orbit for the binding of a hydrogen atom to a Cf/ 3 radical involves four C-H bonds. Since the vibration and 
reentrant oscillation is along four bonds, E osc for l2 CH A , E osc ( l2 CH 4 ) , is: 

J- , RZA 



M^Hp^f 



(13.611) 
= 4 [ 0.25758 eV i 1 (0.35532 cV) ) = 0.31967 cV 

TOTAL AND BOND ENERGIES OF < 7/ 

£ rt „ x ( n CH 4 ) , the total energy of the l2 CH 4 radical including the Doppler term, is given by the sum of E T (CH 4 ) (Eq. 

(13.582)) and E 0SC ( ]2 CH 4 ) given by Eq. (13.611) . 

E T+mc (CH 4 ) = V e+ T + V m+ V p+ E(C,2sp 3 ) + E 0SC ( l2 CH 4 ) = E T (CH 4 ) + E 0SC ( l2 CH 4 ) (13.612) 
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-4e 2 



8^g„ i 



(0.91771)1 2-l-^]ln^±^-l 
v n 2 a a-c' 



-14.63489 eV 




\ n CH A ) = 



(31.63536831 eV 



^frt^ 



(13.613) 



2 \y 



r 1 fP 

0.25758 eV — hi— 
2 \n 



= -85.72406 eV- 4 
From Eqs. (1 3.609-1 3.61 3) , the total energy of l2 CH 4 is 



E T+osc ( n CH A ) = -85.72406 eV + E osc ( l2 CH A ) 



85.72406 eV-4\ 0.25758 eV — (0.35532 eV) = -86.04373 eV 



(13.614) 



where co e given by Eq. (13.458) was used for the hi— term. 



The CH 4 bond dissociation energy, E D { l2 CH 4 ) , is given by the sum of the total energies of the C// 3 radical and the 



hydrogen atom minus E T+asc ( n CH A ) : 

E n { i2 CH A ) = E( 12 CH, ) + E{H) - E TM ( 12 CH A ) 














(13.615) 




where E T ( 12 CH 3 ) is given by the sum ol the energies ol the 

Eq. (13.154), and the negative of the bond energies of n CH 
given by Eq. (13.573): 


Clsp J 
given 


HO, E\C,2sp') 
by Eq. (13.489), 


given 
U CH 2 


by Eq. (13.428), 3E D [H 
given by Eq. (13.528), < 


) given by 
ind 12 C7/ 3 



3( - 13.59844 eV) - 14.63489 eV 



EC CH 2 )-- 



-67.95529 eV 



v -3.47 eF-4.33064 e F-4.72444 eV , 
Thus, the n CH 4 bond dissociation energy, F. D ( l2 CH^ , given by Eqs. (1 3.1 54), and (1 3.614-1 3.61 6) i 



(13.616) 



E D ( 12 CH 4 ) = -(67.95529 eF + 13.59844 eV)-E T+0SC ( n CH 4 ) 
= -81.55373 eF-(-86.04373 eV) = 4.4900 eV 



(13.617) 



The experimental U CH A bond dissociation energy is [40] 
E D { n CH A ) = 4.48464 eV 



(13.618) 



The results of the determination of bond parameters of CH A are given in Table 13.1. The calculated results are based on 
first principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 

NITROGEN MOLECULE 

Th e nitrog e n mol e cul e can b e form e d by th e r e action of two nitrog e n atoms: 



N + N^-N, 



(13.619) 



The bond in the nitrogen molecule comprises a # 2 -type molecular orbital (MO) with two paired electrons. The force balance 
and radius r. of the In shell of N is derived in the Seven-Electron Atoms section With the formation of the ff 



equation ; 



Jype_ 



MO by the contribution of a 2p electron from each N atom, a diamagnetic force arises between the remaining 2p electrons 

and the H 2 -type MO. This force from each N causes the H 2 -type MO to move to greater principal axes than would result with 

the Coulombic force alone. But, the integer increase of the central field and the resulting increased Coulombic as well as 
magnetic central forces on the remaining 2p electrons of each N decrease the radius of the corresponding shell such that the 

energy m inimum is achieved that is l ow er than that of the re actant atoms. T h e re sulting electron configuration of N 2 is 
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\s\\s\2s\2s\2p\2p\al 2 where the subscript designates the N atom, 1 or 2, a designates the 77 2 -type MO, and the orbital 

arrangement is 

a state 



n 



2p state 





(13.620) 

2 s state 

n n 



Is state 



it rt 



M N2 

Nitrogen is predicted to be diamagnetic in agreement with observations. 



FORCE BALANCE OF THE 2p SHELL OF THE NITROGEN ATOMS OF THE 
NITROGEN MOLECULE 

For each N atom, force balance for the outermost 2p electron of N 2 (electron 6) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 6 and the other 2p -shell as well as the 2s - 
shell electrons due to spin and orbital angular momentum. The forces used are derived in the Seven-Electron Atoms section. 
The central Coulomb force on the outer-most 2p shell electron of N 2 (electron 6) due to the nucleus and the inner five electrons 
is given by Eq. (10.70) with the appropriate charge and radius: 

v*=^fi I $tt?T 

4xs r 6 

for r>r 5 . The 2p shell possess an external electric field given by Eq. (10.92) for r>r 6 . The energy is minimized with 
conservation of angular momentum. This condition is met when the diamagnetic force, V diamagnak . , of Eq. (10.82) due to the p - 
orbital contribution is the same as that of the reactant nitrogen atoms given by Eq. (10.136) with r 6 replacing r 7 : 

F ^"'^l3j^^^ + 1)ir 

" r _ (13.622) 



12m e r 6 2 r 3 V 4 
And. F 2 corresponding to the conserved orbital angular momentum of the three orbitals is given by Eq. (10.89): 

F^ 2 =^J-^(^l)i r (13-623) 

Z m e r 6 r 3 

The electric field external to the 2p shell g i ven by Eq. (10.92) for r>r 6 gives rise to a second diamagnetic force, 

^diamagnetic 2' gi ven by Eq. (10.93). F^ afe 2 due to the binding of the p-orbital electron having an electric field of +1 outside of 
its radius is: 

f J2~] r % h 2 



Z-6 



4^ 



\0js(s + \)i r (13.62 4 ) 



diamagnetic 2 



Z-5 



V - jmjj 



2 



In addition, the contribution of a 2p electron from each N atom in the formation of the a MO gives rise to a 
paramagnetic force on the remaining two 2p electrons that pair. The force, F 3 , follows from Eq. (10.11) wherein the two 
radii are equal to r 6 and the direction is positive, central: 
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mag 3.3 

4m / Q 



V s O + 1 )i r 



(13.625) 



mag 3 



is present in additional diatomic molecules where its contribution minimizes the energy. This AO spin-pairing force 

reduces the radius directly to reduce the energy, and it can also cancel the contribution of the corresponding electron to F diamagmlic 

to further reduce the energy. 

The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. 
(13.621)) and diamagnetic (Eqs. (13.622) and (13.624)), and paramagnetic (Eqs. (13.623) and (13.625)) lorces as follows: 



r (Z-5)e 2 



-FfhVfT 



47T£ n r? Ylmjjr, 



Js(s + V)+- —yls(s + Y) 



Zm.n r. 



Z-5 



-& 



- 1 0^s(s + 1) + ——^ 4s(s + 1) 



(13.626) 



4m/, 



Substitution of 



(Eq. (1.35)) and 



2 



into Eq. (13.626) gives: 



m e r 6 4m e r 6 \ 4 



3 _(Z-5)e 2 



4ns r 6 



3 



W 



12w e r 6 r 3 v 4 Zm e r 6 r 3 V 4 



Z-6 
Z-5 



VI 



' 5*lioJ2 



(13.627) 



The quadratic, equation corresponding to Eq. (13.627) is 



V 8 7 



m. 



Z-6 
Z-5 



v 2 / 



r,10, 



(Z-5)e 2 f 1 3^ 2 13^ 



(13 . 628) 



(Z-5)e 2 (I 3)h 



4nS n 



12 Zjm e r 3 \4J I 4tt£ 



12 Z)m e r 3 \4 . 



The solution of Eq. (13.628) using the quadratic formula is: 



£ 



\ J 



1- 



^ 



-f- 



xiiHi 



-±a n 



HH]g ; 



( z "5) , 
v U2 Zj2r 3y 



2CK/3 



''Z-6"" 



Z-5 



>/2 



\ A 



&■ 



(Z-5)- 



\42 — Z ^ 2r 3 



-, r 3 in units of a 



(13.629) 



The positive root of Eq. (13 . 629) must be taken in order that r b >0 . Substitution of — - . 69385 (Eq. (10 . 62) with Z - 7)into 



Eq. (13.629) gives 



r 6 = 0.78402a 



(13.630) 
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ENERGIES OF THE 2p SHELL OF THE NITROGEN ATOMS OF THE NITROGEN MOLECULE 

The central forces on the 2p shell of each TV are increased with the formation of the u MO, which reduces the shell's radius 
and increases its total energy. The Coulombic energy terms of the total energy of the two N atoms at the new radius are 
calculated and added to the energy of the a MO to give the total energy of N 2 . Then, the bond energy is determined from the 
total N 2 energy. 

The radius r 7 of each nitrogen atom before bonding is given by Eq. (10.142): 



; . 93084a„ 



(13 . 631) 



Using the initial radius r 7 of each N atom and the final radius r 6 of the N2p shell of N 2 (Eq. (13.630)) and by considering 
that the central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T [N 2 ,2p) of the 
Coulombic energy change of the N2p electrons of both atoms is determined using Eq. (10.102): 



E T (N 2 ,2p) = -2 < £ } ~" )e =-2(l3.60580eF)(0.20118)(2 + 3) = -27.37174eF 



%X£ n 



(13.632) 



1QLECULE 



The 2p shell gives rise to two diamagnetic forces on the a MO. As given for the hydrogen molecule in the Hydrogen-Type 
Molecules section, the a MO comprises two electrons, a electron 1 and a electron 2, that are bound at ^ = as a 
eqnipot.ent.ial prolate spheroidal MO by the central Coulombic field due to the nitrogen atoms at. the foci and the 



spin pairing 



force on a electron 2 due to a electron 1 that initially has smaller semiprincipal axes. The spin-pairing force given in Eq. 
(11.200) is equal to one half the centrifugal force of the two electrons. The spin-pairing electron of the a MO is also repelled 
by the remaining 2p electrons of each N according to Lenz law, and the force is based on the total number of these electrons 
n e that interact with the binding a -MO electron. This diamagnetic force F diamagllelicM01 is of the same form as the molecular spin- 



pairing force but in the opposite direction. The force follows from the derivations of Eqs. (10.219) and (11 .200) which gives: 

\ntf 
' ~ (13.633) 



F = D\ 



In addition, there is a relativistically corrected Lorentz force F t 
Eqs. (7.15) and (11.200): 



dmmagnpt.ii'MOl. 



1 



Lti 



p _ J_ __ r\\ 

diamagneticMOl ry r\ 27 2 £ 



on the pairing electron of the a MO that follows from 



(13.634) 



where | z | is the magnitude of the angular momentum of each N atom at a focus that is the source of the diamagnetism at the a- 

4v40 

The force balance equation for the cr-MO of the nitrogen molecule given by Eq. (11.200) and Eqs. (13.633-13.634) with 
n e = 2 and \h\ - h is 

fc2 „2 *2 C 1 A fc 2 



-^ 



-4£ 



-& 



ma b 



-D = - 



%KS,,ab 



-D + - 



2m. a b 



D- 1 + — 



Z J 2m a b 



-D 



(13.635) 



h l 



m e a b 



-D = - 



87ts ab 



-D- 



1 h 



IF 



Z 2m e a 2 b 2 



D 



-D = - 



Z )2m e a b 87rs Q ab 2 



XL 



(13.636) 



(1 3.6 37) 



(13.638) 



Substitution of Z = 7 into Eq. (13.638) gives 

a = 2.14286a =1.13395X10- 10 m 
Substitution of Eq. (13.639) into Eq. (1 1.79) is 

c' = 1.03510a =5.47750 X 10~ u m 
The internuclear distance given by multiplying Eq. (13.640) by two is 



(13.639) 
(13.640) 



2c' = 2.07020a = 1.09550 X 10" 10 m 
The experimental bond distance from Ref. [28] and Ref. [43] is 
2c' = 1.09769 XI 10 m 



(13.641) 
(13.642) 



2d = 1.094 X W 



(13.643) 
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Substitution of Eqs. (13.639-13.640) into Eq. (1 1.80) is 

fc = c = 1 .87628« =9.92882 X 10"" m (13.644) 

Substitution of Eqs. (13.639-13.640) into Eq. (1 1.67) is 

e = 0.48305 (13.645) 

Using the electron configuration of N 2 (Eq. (13.620)), the radii of the Nls = 0.14605a (Eq. (10.51)), N2s = 0.69385a (Eq. 
(10.62)), and Nip = 0.78402a,, (Eq. (13.630)) shells and the parameters of the a MO of N 2 given by Eqs. (13.3-13.4), 
(13.639-13.641), and (13.644-13.645), the dimensional diagram and charge-density of the TV, MO are shown in Figures 13.14 

and 13.15, respectively. 

Despite the predictions of standard quantum mechanics that preclude the imaging of a molecular orbital, the full three- 
dimensional structure of the outer molecular orbital of N 2 has been recently tomographically reconstructed [44]. The charge- 
density surface observed is consistent with that shown in Figure 13.15. This result constitutes direct evidence that electrons are 
not point-particle probability waves that have no form until they are "collapsed to a point" by measurement. Rather they are 
physical, two-dimensional equipotential charge density surfaces. 



Figure 13.14. The cross section of the 
N 2 MO showing the axes, a MO (7/, -type 
ellipsoidal MO), with the N Is, 2s, and 2p 
atomic orbitals (AOs). Legend: a : semimajor 
axis, b : semiminor axis, c ' : internuclear 
distance, r 6 : radius of the N2p shell having 
two paired electrons. 



Figure 13.15. N 2 MO comprising the a MO (# 2 -type MO) with N 
atoms at the foci that have each donated an electron to the a MO and have 
smaller radii and higher binding energies as a consequence. (A) Color scale, 
translucent view of the charge-density of the N 2 MO. (B) Off-center cut- 
away view showing the complete inner most Nls shell, and moving radially, 
the N2s shell, the N2p shell, and the a prolate spheroidal MO that have 
the ,V atoms as the foci. 





SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE NITROGEN 
MOLECULE 

The energies of the N 2 a MO are given by the substitution of the semiprincipal axes (Eqs. (13. 639- 1 3. 640) and (13.644)) into 
the energy equations (Eqs. (11 .207- 11.21 2)) of // 2 : 



-2e 2 a + ylcf-b 1 „ mo , .. 
V„= In = -27.70586 eV 



8/r£ ( . \la 2 -h 2 a-4a 2 —b 2 



V = " 

8«e V« 2 -/j 2 



= 13.14446 eV 



T = 



Im/wa 2 -b 2 a-yja 2 -b 



, a + sa 2 -b 2 .,,-n „ 

In , = 6.46470 e V 



V_=- 



rln , -3.23235 eV 



4m 



W a 2 -b 2 a- v a 2 - b 2 



E T =V e +T + V m + V p 



(13.646) 

(13.647) 

(13.648) 

(13.649) 
(13.650) 
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Substitution of Eqs. (1 1.79) and (13.646-13.649) into Eq. (13.650) gives 



— p 2 

E T (N„a\- — ' 



\aa n 
2 '^k U 1 



2 a 
= -\ 1.32906 eV 



laa„ 
o\. 2 



(13.651) 



where ^(jV^cr) is the total energy of the tr MO of N 2 . The sum, ^(jV,), of E T (N 7 ,2p), the 2p (AO) contribution given 
by Eq. (13.632), and E T [N 2 ,cr), the a MO contribution given by Eq. (13.651) is: 

E T {N 2 ) = E T (N 2 ,2p) + E T (N 2 ,a) (13652) 
= -27.37174 eV-[ 1.32906 eK = -38.70080 eF : 

VIBRATION OF V 

The vibrational energy levels of N 2 may be solved by determining the Morse potential curve from the energy relationships for 

the transition from two 7Y atoms whose parameters are given by Eqs. (10.13 '1- 10.1 / 1 3) to the two N atoms whose parameter r 6 

is giv e n by Eq. (13.630) and th e a MO whos e param e t e rs ar c giv e n by Eqs. (13.639 - 13.641) and (13.644 - 13.645). As shown in 
the Vibration of Hydrogen-type Molecular Ions section, the harmonic oscillator potential energy function can be expanded about 
the internuclear distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) 
[15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the 
energy corrections can be found by perturbation methods. 

THE DOPPLER ENERGY TERMS OF THE NITROGEN MOLECULE 

The equations of the radiation reaction force of nitrogen are the same as those of H 2 with the substitution of the nitrogen 
parameters. Using Eqs. (1 1.231 - 1 1.233), the angular frequency of the reentrant oscillation in the transition state is 



fl> = j 4ag og 3 (13.653) 

m e 

= 1.31794X10" i radls 
where a is given by Eq. (13.639). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

f * =to (13.654) 
=M.31794X 10 16 rad/s = 8.67490 eV 

In Eq. (11.181), substitution of £ r (7Y 2 ) for E hv , the mass of the electron, m e , for M , and the kinetic energy given by Eq. 
(13.654) for E K gives the Doppler energy of the electrons of the reentrant orbit: 



E,,E, & 



1 Mc 



2e(8.67490 eV) _ 



(13.655) 



= -38.70080 eV. — ^ '- = -0.22550 eV 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the N 2 MO due to the reentrant orbit in the transition state corresponding to simple 

harmonic oscillation of the electrons and nuclei, E^ , is given by the sum of the corresponding energies, E D given by Eq. 

(13.655) and E Kvjb , the average kinetic energy of vibration which is 1/2 of the vibrational energy. Using the experimental N 2 

o \ of 23 5 8. 57 cmr 1 (0 .7,97, 43 e.V) [28] fo r E Kvib of the transition state, E ose (N 2 ) i s 

E m (N 2 ) = E D +E KM =E D +^n^ (13.656) 

E m (N, ) = -0.22550 eV + ^(0.29243 eV) (13 657) 

= -0.07929 eV 
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TOTAL AND BOND ENERGIES OF THE NITROGEN MOLECULE 

E T+osc {N 2 ), the total energy of N 2 including the Doppler term, is given by the sum of E T (N 2 ) (Eg. (13.652)) and E osc (N 2 ) 
given by Eg. (13.657): 



E T+a!C {N 2 ) = V e+ T + V m + V p +E T (N 2 ap) + E a , c (N 2 ) 

= E T {N 2 ,cj) + E T {N 2 ,2p) + E osc { N 2) = E T{N 2 ) + E a A N 2) 



(13.658) 



VI 



2^^|ln- 
2 a 



a + . 



(Z - n)e 



1 — r 



■21 



8ft£n 



87T£ n 



a-. 



my- 



(13.659) 



| 2 J4**o« 



1+! 



A- 

2 Va 



= -38.70080 eV- 0.22550 eV + -h\— 

2 in 

From Egs. (13.656-13.659), the total energy of the N 2 MO is 
E T „ JNA = -38.70080 eV + EJlL 



M- 



-38.70080 eV- 0.22550 eV + -(0.29243 eV) = -38.78009 eV 

2 V ' 



(13.660) 



where the experimental co was used for the ti I — term. 



The N 2 bond dissociation energy, E D [N 2 ), is given by the difference in the total energies of the two N atoms and 



E n (N 2 ) = 2E(N)-E T+o jN 2 ) 

where the energy of a nitrogen atom is [6] 
E(N) = -14.53414 eV 

Thus, the JV, bond dissociation energy, E n (N 7 ) , given by Egs. (13.660-13.662) is 



(13.661) 
(13.662) 



E D { N 2 ) = -2(1 4 .5 3414 eV)-E T+osc (N 2 ) = -2 9 .06828 eF-(-3 8.78009 eV) = 9 .71181 eV 



(13.663) 



The experimental N 2 bond dissociation energy from Ref. [43] and Ref. [45] is 
E D (N 2 ) = 9.756 eV 



(13.664) 



E D (N 2 ) = 9.764 eV (13.665) 

The results of the determination of bond parameters of N 2 are given in Table 13.1. The calculated results are based on first 
principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 



OXYGEN MOLECULE 

The oxygen molecule can be formed by the reaction of two oxygen atoms: 
+ 0->O, 



(13.666) 



Th e bond in th e oxygen mol e cule comprises a 7/ 2 -typ e molecular orbital (MO) with two paired el e ctrons. The force balance 

equation and radius r 8 of the 2p shell of O is derived in the Eight-Electron Atoms section. With the formation of the H 2 -type 

MO by the contribution of a 2p electron from each O atom, a diamagnetic force arises between the remaining 2p electrons 

and the 7/ 2 -type MO. This force from each O causes the // 2 -type MO to move to greater principal axes than would result with 

the Coulombic force alone. But, the integer increase ot the central tield and the resulting increased (Jouiombic as well as 
magnetic central forces on the remaining 2p electrons of each O decrease the radius of the corresponding shell such thai the 

energy minimum is achieved that is lower than that of the reactant atoms. The resulting electron configuration of 2 is 

\s\\s\2s\2s\2p\2p\<j\ 2 where the subscript designates the O atom, 1 or 2, a designates the 7/ 2 -type MO, and the orbital 

arrangement is 
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a state 

n 



n 



2p state 

-1 



tr 






(13.667) 



2 s state 

n n 



Is state 

n u 



-G\r 



-02- 



Oxygen is predicted to be paramagnetic in agreement with observations [42]. 

FORCE BALANCE OF THE 2p SHELL OF THE OXYGEN ATOMS OF THE OXYGEN 
MOLECULE 

For each O atom, force balance for the outermost 2p electron of Q ? (electron 7) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 7 and the other 2p -shell as well as the 2s - 
shell electrons due to spin and orbital angular momentum. The forces used are derived in the Eight-Electron Atoms section. The 
central Coulomb force on the outer-most 2p shell electron of 2 (electron 7) due to the nucleus and the inner six electrons is 



given by Eg. (10.70) with the appropriate charge and radius: 
„ (Z-6)e 2 : 



(13.668) 



4;zs r 7 

for r>r 6 The 2p shell possess an external electric field given by Eg. (10.92) for r >r 7 . The energy is minimized with 
conservation of angular momentum. This condition is met when the magnetic forces are the same as those of the reactant 
oxygen atoms with r 7 replacing r 8 . The diamagnetic force, F dla etic , of Eg. (10.82) due to the p -orbital contributions is given 
byEq. (10.156): 

^ 1 2\ it / ,. .. . 3ft 2 /I. 



yjs{s + [)i T 



(13.669) 



diamagnetic 



3 3 J 4m r. r } 



1 O.mr. r 3 y 4 



And, F 2 corresponding to the conserved spin and orbital angular momentum given by Eg. (10.157) is 
1 2h 2 



map 2 



-yls(s + l): 



(13.670) 



mr n n 



The electric field external to the 2p shell given by Eg. (10.92) for r>r 7 gives rise to a second diamagnetic force, 
^diamagnetic 2 » gi ven by Eg. (10.93). F^ ajc 2 due to the binding of the p-orbital electron having an electric field of +1 outside of 
its radius is : 



-Jl\ rJi 



Z-l 



■ 10^(.y + l)i 



(13.671) 



" diamagnetic 2 



Z-6 



2 jm e r 7 



The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eg. 
(13.688)) and diamagnetic (Egs. (13.669) and (13.671)), and paramagnetic (Eg. (13.670)) forces as follows: 



m e v 7 



3h 2 



(Z-6)e 2 

A7te Q r 2 I2m e r 2 r 3 



■yls( S + Y) 



2h 2 



Z-l 



^r=fr 



V2I nh 2 



Zm e r 7 r 3 
10 J s(s + 1) 



V^-+i) 



(13.672) 



7i I 

Substitution of v 7 = (Eg. (1.35)) and s-— into Eq. (13.672) gives: 

m.r n 2 



h 2 (Z-6)e 



3h 2 



m r r 7 Ane n r 2 \2m r r 2 r^\A Zm r r 2 r % \4 Z- 



2% 2 



3 Z-l 



V2 I rji 



^rh 



(13.673) 



2 Jr 7 m „ 
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The quadratic equation corresponding to Eq. (13.673) is 

t 2r„ „-l/ 



"# 



Z— 7- 



^ 



-f«7 



-»fc 



^-4^ 



r 3 l<U- 



V 



7 r 



(Z-6)e 2 



V 4;K o 



3 2 S ! 3 



12 Zjm e r 3 )/4 y 



(Z-6)e 2 



3 2) r 3 



12 Z)m e r^4j 



= (13.674) 



The solution of Eq. (13.674) using the quadratic formula is: 



1 



(Z-6)- 



vv 



3__2^|>/3 



12 Zj2r 3 



3 ^y 



(Z-6)- 



1^V3 



-±a„ 



12 Zj2r 3 



20^3 
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Z-6 
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sy 



j__2. 

12 Z 



& 



(Z-6)- 



r^V 



r 3 zh units of a 



(13.675) 

L 

V 

The positive root of Eq. (13.675) must be taken in order that r 7 >0. Substitution of — = 0.59020 (Eq. (10.62) with Z = 8)into 



Eq. (13.675) gives 

r 7 =0.91088a 



(13.676) 



2p SI 
MOLECULE 

The central forces on the 2p shell of each O are increased with the formation of the a MO, which reduces the shell's radius 
and increases its total energy. The Coulombic energy terms of the total energy of the two O atoms at the new radius are 
calculated and added to the energy of the er MO to give the total energy of 2 . Then, the bond energy is determined from the 
total 2 energy. 

The radius r 8 of each oxygen atom before bonding is given by Eq. (10.162): 

^^ (13 . 677) 

Using the initial radius r 8 of each O atom and the final radius r 7 of the Olp shell of 2 (Eq. (13.676)) and by considering that 
the central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T [0 2 ,2p) of the 
Coulombic energy change of the Olp electrons of both atoms is determined using Eq. (10.102): 

6 (Z-n)e 2 (l 1 



E T (0 2 ,2p)-~2^ 



&7T£ n 



(13.678) 



-2(13.60580 eF)(0.09784)(2 + 3 + 4) = -23.96074 eV 



The force balance equation for the <r-MO of the oxygen molecule given by Eq. (11.200) and Eqs. (13.633-13.634) with n e =3 



and \ l \ = J— ft is 



■D- 



-D + - 



m e a b 8^g afc 2m i a b 



-D- 



2+Vi 

v2 Z 



2m„a b 



-D 



(13.679) 
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(13.680) 


2m e a 2 b 2 



© 2010 BlackLight Power, Inc. All rights reserved. 
General Diatomic and Polyatomic Molecular Ions and Molecules 



537 
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2ma~b~ 



D 



%!T£ n ab 2 



D 



5_ 

V2 + z ; 



Substitution of Z = 8 into Eq. (13.682) gives 



a =2.60825fl„ = 1.38023 XI 



in 



Substitution of Eq. (13.683) into Eq. (1 1.79) is 

c' = 1.14198a = 6.04312 X 10"" m 
The internuclear distance given by multiplying Eq. (13.684) by two is 

2c' = 2.28397a = 1 .20862 X 10 10 m 
The experimental bond distance is [28] 

2c' = 1.20752 X W w m 
Substitution of Eqs. (13.683-13.684) into Eq. (1 1.80) is 

6 = c = 2.34496a 
= 1.24090 X 10"'° m 
Substitution of Eqs. (13.683-13.684) into Eq. (1 1.67) is 

e = 0.43783 
Using the electron configuration of 0, (Eq. (13.667)), the radii of die Ols = 0.12739a (Eq. (10.51)), 02s- 
(10.62)), and 02p = 0.91088a (Eq. (13.676)) shells and the parameters of the a MO of 2 given by Eqs. (13. 
13.685), and (13.687-13.688), the dimensional diagram and charge-density of the 2 MO are shown in Figures 
respectively. 



(13.681) 

(13.682) 

(13.683) 
(13.684) 
(13.685) 
(13.686) 

(13.687) 

(13.688) 
= 0.59020a (Eq. 
3-13.4), (13.683- 
13.16 and 13.17, 



Figure 13.16. The cross section of the 2 
MO showing the axes, a MO (// 2 -type 
ellipsoidal MO), with the O Is, 2s, and 
2/7 atomic orbitals (AOs). Legend: a: 
semimajor axis, b: semiminor axis, c': 
internuclear distance, r 7 : radius of the 
02p shell having two paired electrons. 



Figure 13.17. 2 MO comprising the a MO (//,-type MO) with O 

atoms at the foci that have each donated an electron to the a MO and have 
smaller radii and higher binding energies as a consequence. (A) Color scale, 
translucent view of the charge-density of the 2 MO. (B) Off-center cut- 
away view showing the complete inner most OXs shell, and moving radially, 
the 02s shell, the 02p shell, and the a prolate spheroidal MO that have the 
O atoms as the foci. 





le/A- 
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SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE OXYGEN 
MOLECULE 

The energies of the 2 a MO are given by the substitution of the semiprincipal axes (Eqs. (13.683-13.684) and (13.687)) into 



the energy equations (Eqs. (11.207-11.212)) of H 2 : 



-2e 2 An aU^£ _ 22317l6eV (136g9) 



&ft£ yja 2 -b 1 a-Vi 



a-\ia~ -t 

V p = . = 11.91418eF (13.690) 

87T£ \la 2 -b 2 

T= *f In- f~ b [ =4.28968 eV (13.691) 

2m e asa 2 -b 2 a-^a 1 -b l 

V„= =J^^ In ^£2 = "2.14484 eV (13.692) 

4m e uva -b u-\lu -b 

E T =V,+T + V m +V p (13.693) 

Substitution of Eqs. (11.79) and (13.689-13.692) into Eq. (13.693) gives 

( I A 



— p 2 
E T [0 2 ,cr) = ^^ 

laa 

°V 2 



lfl »W- + ^ 



2 a j \aa n 

a-, 
V 



(13.694) 



= - 8 .3 1 8 14 eV 



where K T (0 2 ,fr) is the total energy of the n MO of Q 2 . The sum, E T (0 2 }, of E T (0 27 7p}, the 2p AO contribution given by 
Eq. (13.678), and E T [0 2 ,a] , the a MO contribution given by Eq. (13.694) is: 

E T (0 2 ) = E T (0 2 ,2p) + E T (0 2 ,a) = -23.96074 eF-8.31814 eF = -32.27888 eV (13.695) 

VIBRATION OF (> 

The vibrational energy levels of 2 may be solved by determining the Morse potential curve from the energy relationships for 

the transition from two O atoms whose parameters are given by Eqs. (10.154-10.163) to the two O atoms whose parameter r 7 is 

given by Eq. (13.676) and the a MO whose parameters are given by Eqs. (13.683-13.685) and (13.687-13.688). As shown in 
the Vibration of Hydrogen-type Molecular Ions section, the harmonic oscillator potential energy function can be expanded about 
the internuclear distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) 
[15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the 
energy corrections can b e found by p e rturbation m e thods. 

THE DOPPLER ENERGY TERMS OF THE OXYGEN MOLECULE 

The equations of the radiation reaction force of oxygen are the same as those of H 2 with the substitution of the oxygen 



parameters. Using Eqs. (11.231-11.233), the angular frequency of the reentrant oscillation in the transition state is 

1 -> 


B 




. 4 ^o« 3 =9 .%U32X\0 16 rad/s 

\ m e 


(13.696) 



where a is given by Eq. (13.683). The kinetic energy, E K , is given by Planck's equation (Eq. (11. 127)): 
~~ E K =tHO = h9.&\432X 10 16 radls = 6.45996 eV (13.697) 
In Eq. (11.181), substitution of E T [0 2 ) for E hv , the mass of the electron, nt e , for M , and the kinetic energy given by Eq. 
(13 . 697) for E K gives the Doppler energy of the electrons of the reentrant orbit : 



7EZ 2e(6.45996 eV) 

S_ — _-!0 T7SSS n V I i L 



f = -32.27888 eV,—^ - i = -0.16231 eV (13.698) 

: ^ m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the <J 2 MO due to the reentrant orbit in the transition state corresponding to simple 
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harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by Eq. 
(13 . 698) and E Kvlb , the average kinetic energy of vibration which is 1/2 of the vibrational energy . Using the experimental Q 2 a> e 
of 1580.19 cm"' (0.19592 eV) [28] for E Kvib of th e transition stat e , E mc {0 2 ) is 



(0 2 ) = E D +E Kvib =E D +hl- 



(13.699) 



E mc (Q 2 ) = -0.16231 eF + -(0.19592eF) = -0.06435 eV 



(13.700) 



TOTAL AND BOND ENERGIES OF THE OXYGEN MOLECULE 

E T+0SC {0 2 ), the total energy of 2 including the Doppler term, is given by the sum of E T (0 2 ) (Eq. (13.695)) and E osc (0 2 ) 
given by Eq. (13.700): 

E T+m {0 2 ) = V.+T + V m +r p +E T (0 2 ,2p) + E aK {0 2 ) 

=E T (Q 2 ,a) + E T (0 2 ,2p) + E^(0 2 ) (13.701) 



■ E T (0 2 ) \ E J0 2 ) 



1 \ a + \, 
9-l-S» In- ^ 2 



^£ 



(Z-«)e 2 (l 1 



8?re„ 



2 a 



%Tie n 



E T+asc {°2) = 



Ane R a 



(13.702) 



2h\ 



+ -h.\- 



VP- 



1 + 



IV 



mc 



-32.27888 eV -0.16231 eV + -ti. - 



2 \ ju 

From Eqs. (13.699-13.702), the total energy of the 2 MO is 
E T+m (0 2 ) = -32.2imeV + E <xe {0 2 ) 



-32.27888 eK-0.16231 eK + -(0.19592 eV) 



(13.703) 



-32.34323 eV 



where the experimental co e was used for the h I— term 



The 2 bond dissociation energy, E D [Q 2 ), is given by the difference in the total energies of the two O atoms and 
E T+0SC {0 2 ): 

E n (0,) = 2E(0)-E T ^J0 2 ) (13.704) 

where the energy of an oxygen atom is [6] 



E(0) = -13.61806 eV 
Thus, the 2 bond dissociation energy, E D (0 2 ) , given by Eqs. (13.703-13.705) is 
E D (0 2 ) = -2(13.61806 eV)-E r+asc (0 2 ) = -27.23612 eF-(-32.34323 eV) = 5.10711 eV 



(13.705) 



(13 . 706) 



Th e experim e ntal 2 bond dissociation en e rgy from Ref. [46] and Ref. [47] is 

E D {0 2 ) = 5.1 1665 eV (13.707) 

E D (0 2 ) = 5.1 16696 eV (13.708) 

The results of the determination of bond parameters of 2 are given in Table 13.1. The calculated results are based on first 

principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 

experimental and calculated results is excellent. 
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FLUORINE MOLECULE 

The fluorine molecule can be formed by the reaction of two fluorine atoms: 



F + F^F 2 (13.709) 

The bond in the fluorine molecule comprises a H 2 -type molecular orbital (MO) with two paired electrons. The force balance 
equation and radius r 9 of the 2p shell of F is derived in the Nine-Electron Atoms section. With the formation of the H 2 -type 
MO by the contribution of a 2p electron from each F atom, a diamagnetic force arises between the remaining 2p electrons 
and the H ~ -type MO. This force from each F causes the H 2 -type MO to move to greater principal axes than would result with 
the Coulombic force alone. But, the integer increase of the central field and the resulting increased Coulombic as well as 
magnetic central forces on the remaining 2p electrons of each F decrease the radius of the corresponding shell such that the 
energy minimum is achieved that is lower than that of the reactant atoms. — The resulting electron configuration of F 2 is 
Isf Isl'lsf 2sl'2pi 2pl(Ti 2 where the subscript designates the F atom, 1 or 2, a designates the H 2 -Xype MO, and the orbital 
arrangement is 

a state 



u 



2p state 

44 H U U- 



a e i- 



2 s state 



(13.710) 



U U 



Is state 



FA. F2 

Fluorine is predicted to be diamagnetic in agreement with observations [42]. 

FORCE BALANCE OF THE Tp SHELL OF THE FLUORINE ATOMS OF THE 



For each F atom, force balance for the outermost 2p electron of F 2 (electron 8) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 8 and the other 2p -shell as well as the 2s - 
shell electrons due to spin and orbital angular momentum. The forces used are derived in the Nine-Electron Atoms section. The 
central Coulomb force on the outer-most 2p shell electron of F 2 (electron 8) due to the nucleus and the inner seven electrons is 
given by Eq. (10.70) with the appropriate charge and radius: 

F el e - {Z ~ 7) f i r (13-711) 
4 ^o r 8 

for r>r 7 _ The 2p shell possess an external electric field given by Eq. (10.92) for r>r g . The energy is minimized with 

conservation of angular momentum. This condition is met when the diamagnetic force, V diamagltelic , of Eq. (1 0.82) due to the p - 

orbital contributions is the same as that of the reactant fluorine atoms given by Eq. (10.176) with r 8 replacing r 9 : 

(13.712) 



— i 



I2m e r s r 3 V4 

Thus, F diamagnelic due to the two filled 2p orbitals per F atom is twice that of N 2 given by Eq. (13.622) having one filled 2p 
orbital per N atom. F 2 corresponding to the conserved spin and orbital angular momentum is also the same as that of the 
reactant fluorine atoms given by Eq. (10.177) and that of N 2 given by Eq. (13.623) where the outer radius of the ?.p shell of the 
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F atoms of F 2 is r 8 



-tsh- 



mag 2 



Z mnn 



—Js(s + \)l 



(13.713) 



diamagnetic 2 > < 

its radius is : 



The electric field external to the 2p shell given by Eq. (10.92) for r>r s gives rise to a second diamagnetic force, 
iven by Eg. (10.93). F J; ,. 7 due to the binding of the p-orhital electron having an electric field of +1 outside of 



diamagnetic 2 



diamagnetic 2 



Z-8 
Z-7 



I 2 



^10V^Tl)i 



(13.714) 



In addition, the contribution of a 2p electron from each F atom in the formation of the a MO gives rise to a 
paramagnetic force on the remaining paired 2p electrons. The force F 3 is given by Eq. (13.625) wherein the radius is r s : 



h 1 



mag 3 



4m,n 



-Js(s + \)i 



(13.715) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. 
(13.71 1)) and diamagnetic (Eqs. (13.712) and (13.714)), and paramagnetic (Eqs. (13.713) and (13.715)) forces as follows: 



r (Z-7 )e 2 
4ns,,, 



-Js(s + 1)+- —^s{s + \) 

Zm r, r , 



Zztr 

Z-7 



-^\^o44sTT) + -^ T JslJ7T) 

2 r„«„ 4m n 



(13.716) 



4m e r; 



Substitution of v a = 



— — (Eq. (1.35)) and s = — into Eq. (13.716) gives: 
mr„ 2 



m e r s 4m e r s \4 



3 (Z-7)e 2 



2h 2 



4x£ r s 



3h 2 



I2m e r s r 3 V 4 Zm e r s r 3 V 4 



Z-8 

Z-7 






4^ioJl 



(13.717) 



Th e quadratic e quation corr e sponding to Eq. (13.717) is 



2 \_A 



m„ 



Z-8 
Z-7 



& 



r,10. 



(13.718) 



(Z-7)e 2 



2 3)h 



(Z-l)e 2 



2 3 ) fr 



* IP 



4xs n 



12 ZJm e r 3 \4j I 4x£ 



12 ZJm e r 3 \4 



The solution of Eq. (13.718) using the quadratic formula is: 



f K\ 



& 



1- 



-]T 



f tz=vJ 2 3 ^ 



12 Zj2r, 



-±an 



VV 



3 ) J 



{z-iy 



2 3)^3 



12 ZJ2r, 



20>/3 



^ r Z-8^ 



'3 j 



Z-7 



S 



\ \ 



V? 



-2 — 3- 



yt2 Z ) 2r 3 



(Z-7)- 



— , r 3 in units of a 



(13.719) 



Th e positiv e root of Eq. (13.719) must be taken in order that r g >0. Substitution of -0.51382 (Eq. (10.62) with Z -9) into 



Eq. (13.719) gives 

n= 0.733 18a n 



(13.720) 
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ENERGIES OF THE In SHELL OF THE FLUORINE ATOMS OF THE FLUORINE 
MOLECULE 

The central forces on the 2p shell of each F are increased with the formation of the a MO, which reduces the shell's radius 
and increases its total energy. The (Joulombic energy terms of the total energy of the two F atoms at the new radius are 
calculated and added to the energy of the a MO to give the total energy of F 2 . Then, the bond energy is determined from the 
total F 2 energy. 

The radius r 9 of each fluorine atom before bonding is given by Eq. (10.182): 

r 9 =0.78069a (13.721) 

Using the initial radius r 9 of each F atom and the final radius r 8 of the F2p shell of F 2 (Eq. (13.720)) and by considering that 
the central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T {F 2 ,2p} of the 



Coulombic energy change of the F2p electrons of both atoms is determined using Eq. (10.102): 

E A F 2 ,2 P )-2±^ 



f \ 1 A 



8xe 



(13.722) 



=-2(13.60580 eE r )(0.0830l)(2 + 3 + 4 + 5) = -31.62353eF 

FORCE BALANCE OF THE a MO OF THE FLUORINE MOLECULE 

The relativistic diamagnetic force F diamagnelicM02 of F 2 is one half that of N 2 due to the two versus one filled 2p orbitals per atom 
at the focus. — The force balance e quation for the cr-MO of th e fluorin e molecule is giv e n by Eq. (11.200) and Eqs. (13.633- 
13.634) with the correction of 1/2 due the two 2p orbitals per F after Eqs. (10.2-10.11), n e =5, and |i| = ft: 

e 2 „ h 2 „ (5 1 



*>=„ ,2-P ' TTt D -I— T7T& (13^23)- 



m e a b 8?r£ ab 2m„a b \2 2Z )2m„a b 



^D=^ D -f± + ±] 



m,a L b L %7ce Q ab i \2 2Z )2m„a 1 b 1 



D (13.724) 



7 J_ 

2 2Z ) 2m a l b L inejib 1 



- + — l ^^7J D -T— TT n ^ i325 ^ 



a AkM a i {un7 ± 

Substitution of Z = 9 into Eq. (13.726) gives 

a = 3.55556a = 1.88152 X lO" 10 m (13.727) 

Substitution of Eq. (13.727) into Eq. (1 1.79) is 

c' = 1.33333a =7.05569 X 10"" m (13.728) 

The internuclear distance given by multiplying Eq. (13.728) by two is 

2c' = 2.66667a =1.41114X 10" 10 m (13.729) 

The experimental bond distance is [28] 

2c' = 1.41193 X10" 10 m (13.730) 

Substitution of Eqs. (13.727-13.728) into Eq. (11.80) is 

b = c = 3.29609a,, = 1.7 14 21 X 10" 10 m (13.731) 

Substitution of Eqs. (13.727-13.728) into Eq. (11.67) is 

e = 0.37500 (13.732) 

Using the electron configuration of F 2 (Eq. (13.710)), the radii of the Fls = 0.11297a (Eq. (10.51)), F2^ = 0.51382a (Eq. 
(10.62)), and F2p = 0.73318a (Eq. (13.720)) shells and the parameters of the a MO of F 2 given by Eqs. (13.3-13.4), (13.727- 
13.728), and (13.731-13.732), the dimensional diagram and charge-density of the F 2 MO are shown in Figures 13.18 and 13.19, 
respectively. 
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Figure 13.18. The cross section of the 
F 2 MO showing the axes, a MO ( H 2 -type 
ellipsoidal MO), with the F Is, 2s, and 
2p atomic orbitals (AOs). Legend: a: 
semimajor axis, b: semiminor axis, c': 
internuclear distance, r 8 : radius of the F2p 
shell having two paired electrons. 




Figure 13.19. F, MO comprising the a MO (H 2 -type MO) with F 
atoms at the foci that have each donated an electron to the a MO and have 
smaller radii and higher binding energies as a consequence. (A) Color scale, 
translucent view of the charge-density of die F 2 MO. (B) Off-center cut- 
away view showing the complete inner most F\s shell, and moving radially, 
the F2s shell, the F 2p shell, and the a prolate spheroidal MO that have the 
F atoms as the foci. 




SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE FLUORINE 
MOLECULE 

The energies of the F 2 a MO are given by the substitution of the semiprincipal axes (Eqs. (13.683-13.684) and (13.687)) into 
the energy equations (Eqs. ( 1 1 .207- 1 1 .2 1 2)) of H 2 : 



-2e 2 



m a+ ^H =-\6.m39ev 



87rs () \Ia 2 -b 2 a-yja 2 -h 2 

2 

= 10.20435 eV 



V = ' 

8^Vfl 2 -b 2 



Ir 



, a + \la 2 -lr __,_„, ,, 
In = 2.26285 eV 



V.= 



2m/iyja 2 -b 2 a-yja 2 -b 2 

-h 1 



4m e a-Ja 2 -b 2 a- va 2 - b 



, a+-Ja 2 -b 2 ,,,,,, ,, 
In =-1.13143 eV 



Substitution of Eqs. (1 1.79) and (13.733-13.736) into Eq. (13.737) gives 

l aa a 

2a) iaa n 



8«£ 



0-4 



(13.733) 

(13.734) 

(13.735) 

(13.736) 
(13.737) 

(13.738) 



J 



= -4.75562 eV 
where E T (F 2 ,a) is the total energy of the a MO of F 2 . The sum, E T (F 2 ), of E T (F 2 ,2p) , the 2p AO contribution given by 

Eq. (13.722), and E T [F 2 ,a] , the a MO contribution given by Eq. (13.738) is: 

E T [F 2 ) = E T (F 2 ,2p) + E T (F 2 ,u) 

= -31. 62353 eV -4.75562 eV = -36.37915 eV 



(13.739) 
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Chapter 13 



VIBRATION OF F 2 

The vibrational energy levels of F 2 may be solved by determining the Morse potential curve from the energy relationships for 

the transition from two F atoms whose parameters are given by Eqs. (10.174-10.183) to the two F atoms whose parameter r s 

is given by Eq. (13.720) and the a MO whose parameters are given by Eqs. (13.727-13.729) and (13.731-13.732). As shown in 
the Vibration of Hydrogen-type Molecular Ions section, the harmonic oscillator potential energy function can be expanded about 
the inter-nuclear distance and expressed as a Maclaurin series corresponding to a Morse potential after Karphis and Porter (K&P) 
[15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the 
energy corrections can be found by perturbation methods. 

THE DOPPLER ENERGY TERMS OF THE FLUORINE MOLECULE 

The equations of the radiation reaction force of fluorine are the same as those of H 2 with the substitution of the fluorine 
parameters. Using Eqs. (11.231-11.233), the angular frequency of the reentrant oscillation in the transition state is 



sr- 



I 4 xe a 



-6.16629X10" radls 



(13.740) 



where a is given by Eq. (13.727). The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 

E K =hm = h(>. \6629 X W rad/s = 4.05876 eV (13.741) 

In Eq. (11.181), substitution of E T (F 2 ) fo r E hv , the mass of the electron, m e , fo r M , and the kinetic energy given by Eq. 



(13.741) for E K gives the Uoppler energy of the electrons of the reentrant orbit: 

-0.14499 eV 



2£„ 



Mc l 



-36.37915 eV 



2e(4.05876eF) 



mc 



(13.742) 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the F 2 MO due to the reentrant orbit in the transition state corresponding to simple 

harmonic oscillation of the electrons and nuclei, E mc , is given by the sum of the corresponding energies, E D given by Eq. 

(13.7 4 2) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy. Using the experimental F 2 co e 

of 916.64 ctT 1 (0.11365 eV) [28] fur E Kvib of the transition slate, E osc [F 2 ) is 



FA^) 



- 1 



^D ' t-'Kvib ' 



E oJF 2 )= 0.1 44 99 cV i - (0.11365 cV)= 0.08817 cV 



(13.743) 
(13.7 44 ) 



TOTAL AND BOND ENERGIES OF THE FLUORINE MOLECULE 



E T+osc (F 2 ) , the total energy of F 2 including the Doppler term, is given by the sum of E T (F 2 ) (Eq. (13.739)) and E^ (F 2 ) given 
by Eq. (13.744): 



E T+osc {F 2 ) = V e +T + V m +V p +E T {F 2 ,2p) + E osc {F 2 ) 

=F, T {F 2 , CT) + E T (F 2 , 2p)+E^(F 2 ) 



(13.745) 



-E T (F 2 ) + E osc (F 2 ) 




AZ-n)e 2 (\ 1 ^ 



8^g n Lk c, 



F-T+osciF) z 



(13.746) 



U k 



-36.37915 eF-0.14499 eV + -h A — 

— Mh^ 
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From Eqs. (13.743-13.746), the total energy of the F 2 MO is 

^tg^*^^ (13.747) 

[k 
where the experimental a> was used for the h \ — term. 

The F 2 bond dissociation energy, E D (F 2 ), is given by the difference in the total energies of the two F atoms and 

E d (F 2 ) = 2E(F)-E t+osc (F 2 ) (13.748) 

where the energy of a fluorine atom is [6] 

E(F) = -17.42282 eV (13.749) 

Thus, the F 2 bond dissociation energy, E D (F 2 ), given by Eqs. (13.747-13.749) is 

E D (F 2 ) = -2(17.42282 eV)-E T+0SC (F 2 ) = -34.84564 eF-(-36.46732 eV) = 1.62168 eV (13.750) 

The experimental F 2 bond dissociation energy is [48] 

E D (F 2 ) = 1.606 eV (13.751) 

The results of the determination of bond parameters of F 2 are given in Table 13.1. The calculated results are based on first 
principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
e xp e rim e ntal and calculat e d r e sults is e xc e ll e nt. 

CHLORINE MOLECULE 

The chlorine molecule can be formed by the reaction of two chlorine atoms: 
Cl + Cl^>Cl 2 (13.752) 

The chlorine molecule can be solved by using the hybridization approach used to solve the methane series CH n=WA . In the 
methane series, the 2s and 2p shells of carbon hybridize to form a single 2sp 3 shell to achieve an energy minimum, and in a 
likewise manner, the 3s and 3p shells of chlorine hybridize to form a single 3sp 3 shell which forms the bonding orbital of Cl 2 . 

FORCE BALANCE OF Cl 2 

Cl 2 has two spin-paired electrons in a chemical bond between the chlorine atoms. The Cl 2 molecular orbital (MO) is 
determined by considering properties of the binding atoms and the boundary constraints. The prolate spheroidal H 2 MO 
developed in the Nature of the Chemical Rond of Hydrogen-Type Molecules section satisfies the boundary constraints; thus, 
each CI atom could contribute a 3p electron to form a a MO (// 2 -type ellipsoidal MO) as in the case of N 2 , 2 , and F 2 . 
However, such a bond is not possible with the outer CI electrons in their ground state since the resulting 3p shells of chlorine 
atoms would overlap which is not energetically stable. Thus, when bonding, the chlorine 3s and 3p shells hybridize to form a 

single 3sp 3 shell to achieve an energy minimum. 

The CI electron configuration given in the Seventeen-Electron Atoms section is ls 2 2s 2 2p 6 3s 2 3p 5 , and the orbital 
arrangement is 

3p state 

1 Ul f - (13.753) 

1 -1 

corresponding to the ground state 2 Py 2 . The radius r 17 of the 3p shell given by Eq. (10.363) is 

r 17 =1.05158a (13.754) 

The energy of the chlorine 3p shell is the negative of the ionization energy of the chlorine atom given by Eq. (10.364). 
Experimentally, the energy is [6] 

E(3p shell) = -Ejionization; CI) = -12.96764 eV (13.755) 

The CBs atomic orbital (AO) combines with the Cl3p AOs to form a single 3sp 3 hybridized orbital (HO) with the orbital 

arrangement 

3sp 3 state 

^4; — ^ — ^4 — J= (13.756) 

0^0 h-i 3^0 M 
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where the quantum numbers (£,m f ) are below each electron. The total energy of the state is given by the sum over the seven 
electrons. Using only the largest-force terms of the outer most and next inner shell, the calculated energies for the chlorine atom 
and the ions: CI, Cl + , Cl 2+ , Cl 3+ , Cl 4+ , Cl 5+ and Cl 6+ are given in Eqs. (10.363-10.364), (10.353-10.354), (10.331-10.332), 
(10.309-10.310), (10.288-10.289), (10.255-10.256), and (10.235-10.236), respectively. The sum E T [ci,3sp 3 ) of the 
experimental energies of CI and these ions is [6] 

"12.96764 eV + 23.814 eV + 39.61 eV + 53.4652 eV\ 



E T (ci,3sp 3 )-- 



+67.8 6^ + 97.03^ + 114.1958^ 



= 408.88264 eV (13.757) 



J 



The spin and orbital-angular-momentum interactions cancel such that the energy of the E T (Cl,3sp 3 ) is purely Coulombic. By 



r 3 S p 3 



considering that the central field decreases by an integer for each successive electron of the shell, the radius r , of the C13sp 3 
shell may be calculated from the Coulombic energy using Eq. (10.102) : 

= > - = - = 0.93172a„ (13.758) 

Si8^? (e408.8826eF) 8^E (e408.8826eK) 

wh ere Z = 17 , U sing Eqs. (10 . 10 7) and (13 .758), the Coulombic energy E Coulomb (cl ,3s p 3 ) o f the outer electron of the C l 3sp 3 
shell is 

E CmI ^{CU3sp 3 )=—^= ~f = -14.60295 eF (13.759) 

x ' &x£ r 3s 3 8^ TI93T72a 

The calculated energy of the C2sp 3 shell of 14.63489 eV given by Eq. (13.428), and nitrogen's calculated energy of 
14.61664 eV given by Eq. (10.143) is a close match with E Cal!omb (<Cl,3sp 3 ). 

The unpaired Clisp 3 electrons from each of two chlorine atoms combine to form a molecular orbital. The nuclei of the 

CI atoms are along the internuclear axis and serve as the foci. Due to symmetry, the other CI electrons are equivalent to point 

charges at the origin. (See Eqs. (19-38) of Appendix II.) Thus, the energies in the CI MO involve only the two Cl3sp 3 

electrons. The forces are determined by these energies. 

As in the case of H 2 , the MO is a p r olate spheroid with the exception that the ellipsoidal MO surface cannot extend into 

Clisp 3 HO for distances shorter than the radius of the Clisp 3 shell of each atom. Thus, the MO surface comprises a partial 
prolate spheroid in between the nuclei and is continuous with the Cl3sp 3 shell at each CI atom. The energy of the H 2 -type 
ellipsoidal MO is matched to that of the Cl3sp 3 shell. As in the case with OH , NH , and CH (where the latter also 
demonstrates sp 3 hybridization) the linear combination of the H 2 -type ellipsoidal MO with each Cl3sp 3 HO must involve a 
25% contribution from the H 2 -type ellipsoidal MO to the G3sp 3 HO in order to match potential, kinetic, and orbital energy 
relationships. Thus, the Cl 2 MO must comprise two C/3,sp 3 HOs and 75% of a 7^ -type ellipsoidal MO divided between the two 

Cl3sp 3 IIOs : 

2 Cl3sp 3 + 0.75 H 2 MO -> Cl 2 MO (13.760) 

The force balance of the Cl 2 MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq . (13.760) and the energy matching condition between the H 2 -type-ellipsoidal-MO and Cl3sp 3 -HO components 

of the MO. 

As in the case with OH (Eq. (13.57)), NH (Eq. (13.247)), and CH (Eq. (13.429)), the ff 2 -type ellipsoidal MO 

comprises 75% of the Cl 2 MO; so, the electron charge density in Eq. (11.65) is given by -0.75e. Since the chlorine atoms of 
Cl 2 arc hybridized and the k parameter is different from unity in order to meet the boundary constraints, both k and k ' must 
comprise the corresponding hybridization factors. (In contrast, the chlorine atom of a C-Cl bond of an alkyl chloride is not 
hybridized, and only k' must comprise the corresponding hybridization factor.) The force constant k' to determine the 
ellipsoidal parameter c' in terms of the central force of the foci is given by Eq. (13.59), except that k' is divided by two since 
the H 2 -type-ellipsoidal-MO is physically divided between two Cl3sp 3 HOs. In addition, the energy matching at both Cl3sp 3 
HOs further requires that k' be corrected with the hybridization factor given by Eq . (13 . 762) . — Thus, k ' of the H 2 -type- 
ellipsoidal-MO component of the Cl 2 MO is 

(0.75) 2e 2 (0.75) 2e 2 

fr' = C„ , J L±?— = Q . 93172 V ' (13.761) 

a3s '"° 2 4ns n 2 Aks k 
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The distance from the origin to each focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). 
The length of the semiminor axis of the prolate spheroidal CI -CI -bond b -c is given by Eq. (13.62). The eccentricity, e, is 
given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other axes of each prolate 
spheroid and eccentricity of the Cl 2 MO. Since the Cl 2 MO comprises a H 2 -type-ellipsoidal MO that transitions to the Cl3sp 3 

HOs at each end of the molecule, the energy E\Cl,3sp 3 \ in Eq. (13.759) adds to that of the H 2 -type ellipsoidal MO to give the 
total energy of the CL MO. From the energy equation and the relationship between the axes, the dimensions of the CL MO are 

solved. 

The energy components of V e , V , 7\and V m are those of H 2 (Eqs. (11.207-11.211)) except that they are corrected for 

electron hybridization. Hybridization gives rise to the Cl3sp 3 HO-shell Coulombic energy E CouIomb \Cl,3sp 3 \ given by Eq. 

(13.759). To meet the equipotential condition of the union of the ,ff 2 -type-ellipsoidal-MO with each Clisp 3 HO, the electron 

energies are normalized by the ratio of 14.60295 eV , the magnitude of E Coulomb [Cl,3sp 3 \ given by Eq. (13.759), and 

13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of H given by Eq. (1.264). This 
normalizes the energies to match that of the Coulombic energy alone to meet the energy matching condition of the Cl 2 MO 

under the influence of the two Cl3sp 3 HOs bridged by the H 2 -type-ellipsoidal MO. The hybridization energy factor C , is 



C 



8fts a 



8fts a 



CBsp^UO 



87te r 3si 8^0.93 172a 
13.605804 eV 



(13 .762) 



14.60295 eV 



= 0.93172 



The total energy E T (Cl 2 ) of the Cl 2 MO is given by the sum of the energies of the orbitals, the H 2 -type ellipsoidal MO and the 
two Cl3sp 3 HOs, that form the hybridized Cl 2 MO. E T (Cl 2 ) follows from Eq. (13.74) for OH, but the energy of the Cl3sp 3 
HO given by Eq. (13.759) is substituted for the energy of O and the H 2 -type-ellipsoidal-MO energies are those of H 2 (Eqs. 



(I1.2U7-I1.212)) multiplied by the electron hybridization factor rather than by the factor of 0.75 : 



E T I C/ 2 J - E T + E Coulomb 



(Cl,3sp 3 ) 



%KC a C ' 



(0.93172)1 2--^ lln- a + C ' 



-a — &- 



■14.60295 eV 



(13.763) 



To match the boundary condition that the total energy of the entire the // 2 -type ellipsoidal MO is given by Eqs. (11.212) and 
(13.75), E T (Cl 2 ) given by Eq. (13.763) is set equal to Eq. (13.75): 



a i e 



J-jj. I Lti — — 



8;rg». 



(0.93172) 2-^ to^-^1 



-14.60295 eV 



(13.76 4 ) 



= -31.63537 eV 
From the energy relationship given by Eq. (13.764) and the relationship between the axes given by Eqs. (13.60-13.63), the 



dimensions of the Cl 2 MO can be solved. 



Substitution of Eqs. (13.60) and (13.761) into Eq. (13.764) gives 



1 a n 



(0.93172) 2---^- In 



4aa n 



3(0.93172) 



=+ 



■-e\ 7.03242 



(13.765) 



&7I£ r . 



Aaa n 



2 a 



3(0.93172) 



4aa„ 



3(0.93172) 



The most convenient way to solve Eq. (13.765) is by the reiterative technique using a computer. The result to within the round- 
off error with five significant figures is 



a = 2.46500a = 1 .30442 X 10" 1 " m 

Substitution of Eq. (13.766) into Eq. (13.60) gives 
c' = 1.87817a =9.93887 X 1(T" m 



(13.766) 



(13.767) 



The internuclear distance given by multiplying Eq. (13.767) by two is 
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2c' = 3.75635a =1.98777 X 1(T 10 m (13.768) 

Th e e xp e rim e ntal bond distanc e is [28] 

2c' = 1.988 X 1CT 10 m (13.769) 

Substitution of Eqs. (13.766-13.767) into Eq. (13.62) gives 

fe = c = 1.59646a =8.44810X10"" m (13.770) 



Substitution of Eqs. (13.766-13.767) into Eq. (13.63) gives 



e = 0.76194 (13.771) 

The CI nuclei comprise the foci of the H 2 -type ellipsoidal MO. The parameters of the point of intersection of the H 2 -type 
ellipsoidal MO and the CBsp 3 HO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection angle &' is 
given by Eq. (13.261) where r n =r^ 3 = 0.93172a is the radius ol the Cl'isp 3 shell. Substitution ol Eqs. (13.766-13.767) into 
Eq. (13.261) gives 

(9' = 81.72° (13.772) 

Then, the angle f) the radial vector of the Cftsp 3 HO makes with the inrernudear axis is 

cnsi?HO = 180° -8 1.72° = 98.28° (13.773) 

as shown in Fig u re 13.20. The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using 
the MO ellipsoidal parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate 
components at the point of intersection. Thus, the matching elliptic parametric angle cot = 8 H MO satisfies the following 
relationship: 

V sin ^ g0 -°- 93172a oSin^ /f0 -fesin^ MO i^mAy 

such that 

a ■ _ t 0-93 172a sin g Q _, 0,931 72a sin 98.28° .,..„ 

°h,mo=™ 7 ~ — = sln 7 (13.775) 

b b 

with the use of Eq. (1 3.773). Substitution of Eq. (1 3.770) into Eq. (1 3.775) gives 

0^=35.28° (13.776) 

Then, the distance d H M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection of the 
orbitals is given by 

d H 2 MO= aCOS0 H 2 MO (13.777) 

Substitution of Eqs. (13.766) and (13.776) into Eq. (13.777) gives 
d HM0 =2.01235« =1.06489 X 10"'° m (13.778) 



'■H 1 MO 

The distance d , along the internuclear axis from the origin of each CI atom to the point of intersection of the orbitals is 
given by 

da^to-dwo-C (13 . 779) 

Substitution of Eqs. (13.768) and (13.778) into Eq. (13.779) gives 

d aWH0 =0.13417a =7.10022 X 10" 12 m (13.780) 

As shown in Eq. (13.760), a facto r of 0.25 of the charge-density of the 7/ 2 -type ellipsoidal MO is distributed on each 

CBsp 3 HO. — Using the orbital composition of Cl 2 (Eq. (13.760)), the radii of the Cl\s = 0.05932a (Eq. (10.51)), 
Clls = 0.25344a (Eq. (10.62)), C72/? = 0.31190a (Eq. (10.212)), and C/3^ 3 =0.931 72a (Eq. (13.758)) shells, and the 
parameters of the Cl 2 MO given by Eqs. (13.3-13.4), (13.766-13.768), and (13.770-13.771), the dimensional diagram and 
charge-density of the C/, MO comprising the linear combination of the T^-type ellipsoidal MO and two Cl'isp 3 HOs according 
to Eq. (13.760) are shown in Figures 13.20 and 13.21, respectively. 
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Figure 13.20. The cross section of the Cl 2 MO showing the axes, angles, and point of intersection of the //,-type ellipsoidal 
MO with the two Cl3sp } HOs. The continuation of the //, -type-ellipsoidal-MO basis element beyond the intersection point 
with each Cl3sp 3 shell is shown as dashed since it only serves to solve the energy match with each Cl3sp } shell and does not 
represent charge density. Similarly, the vertical dashed line only designates the parameters of the intersection points. The actual 
charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c': intemuclear distance, d t :d HMO , 



. , and R : r 




Figure 1 3.21. Cl 2 MO comprising the superposition of the //,-type ellipsoidal MO and the two Cl3sp'' HOs, each with a 
relative charge-density of 0.75 to l .25 divided between the former and the latter; otherwise, the Cl3sp* HO is unchanged. (A) 
Side-on, color scale, translucent view of the charge-density of the CI, MO. The ellipsoidal surface of the //, -type ellipsoidal 
MO that transitions to the Cl3sp 3 HO, the CBsp* HO, and the Clls , Clls , and Clip shells of each CI atom are shown. (B) 
Cut-away view showing the inner most Cl\s shell, and moving radially, the Clls , Clip , and Cl3sp* shells, and the //,-type 
ellipsoidal MO that transitions to the CBsp' HOs. 
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ENERGIES OF Cl 2 



The energies of Cl 2 are given by the substitution of the semiprincipal axes (Eqs. (13.766 13.767) and (13.770)) into the energy 
equations, (Eq. (13.763) andEqs. (11.207-11.211) of II 2 ) that are corrected for electron hybridization using Eq. (13.762) : 



V e = (0.93172) 2e ln a+ y* b = -27.02007 eV (13.781) 

8^g Va 2 -ft 2 a— 4 a 2 -h 2 

e 2 

V p = 1 = 7.24416 eV (13.782) 

8^£ Va 2 -b 2 

r = (0.93172) - - In ", ~ h - = 5.48074 eV (13.783) 
2ma\ja 2 — b^ a — 4tfi — b^ 



V m =(0.93172) f In , = = -2.74037 eV (13.784) 

Am aVa 2 - b 2 a- Va 2 - b 2 



J—l'T l \^-£t I ■ 



V- 



S^C ' 



(0.93172)1 2-±-^|]n^^T 
n 2a a-c' 



-14.60295 eV = -31.63537 eV (13.785) 



where E T ( y Cl 2 ) is given by Eq. (13.763) which is reiteratively matched to Eq. (13.75) within five-significant-figure round-off 
error. 

VIBRATION AND ROTATION OF Cl 2 

In Cl 7 , the division of the H 2 -type ellipsoidal MO between the two CBsp 3 HOs and the hybridization must be considered in 
determining the vibrational parameters. One approach is to use Eq. (13.761) for the force constant and r , given by Eq. 

(13.758) for the distance parameter of the central force in Eq. (11.213) since the H 2 -type ellipsoidal MO is energy matched to 
the CBsp 3 HOs. With the substitution of the Cl 2 parameters in Eqs. (1 1.213-1 1.217), the angular frequency of the oscillation is 



oW^ g2 -^ 



8^£ \r isi? j 8xe n k , + c 



\'3sp : 

a>- " ' ' ' 



= (13.7 8 6) 



<ym72^— ^ -^ 



\3 



2 8^e n (0.93 172) 8^£-„(0.93172a„ +1.87817a„, ,, 
° A >- ^ 0J - = 1.0U38 X 10 14 rad/s 



35 

2 " 



where c' is given by Eq. (13.767), and the reduced mass of 5 C1 2 is given by: 

m,m 2 (35)(35) ^,^o^ 

V»a =— L -*-= J J m p (13 - 787) 

c ' 2 m l + m 2 35 + 35 

where m is the proton mass. Thus, during bond formation, the perturbation of the orbit determined by an inverse-squared force 
results in simple harmonic oscillatory motion of the orbit, and the corresponding frequency, &>(0), for 35 Cl 2 given by Eqs. 
(11.136), (11.148), and (13.786) is 

a,(0)- 1*121- Jj21i2^I-i.o 1 4 3 8j Y iQ" radians / s (13.788) 

where the reduced nuclear mass of 35 Cl 2 is given by Eq. (13.787) and the spring constant, £(0), given by Eqs. (11.136) and 

(13.786) is 

k(0)- 301.19 Afar 1 (13.789) 

The 35 Cl 2 transition-state vibrational energy, E vib (0) or oo e , given by Planck's equation (Eq. (1 1 .127)) is: 
E vi b (0 ) - L _ h co = M .01 4 38 X 10 14 r a dls = .06 677 eV = 5 38.52 c mr 1 (13.790) 
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a> e , from the experimental curve fit of the vibrational energies of 35 C7 2 is [28] 

c» e = 559 . 7 cm' 1 (13 . 791) 

Using Eqs. (13.112-13.118) with £„ a (0) giv e n by Eq. (13.790) and D giv e n by Eq. (13.807), th e 35 C/ 2 v = l^u = 
vibrational energy, ^(l) is 

E vlb (\) = 0.0659 eV (531.70 cm' 1 ) (13.792) 

The experimental vibrational energy of 35 C7 2 using n\ and mx c [28] according to K&P [15] is 

E vib (1) = 0.0664 eV (535.55 cm" 1 ) (13.793) 

Using Eq. (13.113) with E vib (l) given by Eq. (13.792) and D given by Eq. (13.807), the anharmonic perturbation term, 
<» x , of 35 C/ 2 is 

co x =3.41 cm' 1 (13.794) 

The experimental anharmonic perturbation term, a> x , of 35 C/ 2 [28] is 

co x = 2.68 cm" 1 (13.795) 

Th e vibrational e n e rgi e s of succ e ssiv e stat e s ar c giv e n by Eqs. (13.790), (13.1 12), and (13.794). 

Using Eqs. (13.133-13.134) and the internuclear distance, r = 2c', and reduced mass of 35 C/ 2 given by Eqs. (13.768) and 
(13.787), respectively, the corresponding B e is 

B e = 0.2420 cm l (13.796) 

The experimental B e rotational parameter of "C7 2 is [28] 

B e = 0.2440 cm' 1 (13.797) 



The equations of the radiation reaction force of the symmetrical Cl 2 MO are the given by Eqs. (11.231-11.233) with the 
substitution of the Cl 2 parameters and the substitution of the force factor of Eq. (13.761). The angular frequency of the reentrant 
oscillation in the transition state is 



(0.75) e 2 
10.93172^^- -' 

2 47T£ n a 



co = \ ^ = 6.31418X10 15 rad/s (13.798) 



m. 



where a is given by Eq. (13.766). The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 

E K =hG) = hl.63U18X 10 15 rad / s = 4.\56\0 eV (13.799) 

In Eq. (11.181), substitution of the total energy of C/,, E T (Cl 7 ), (Eq. (13.764)) for E hv , the mass of the electron, m„, for M, 
and the k inetic energy given by Eq. (1 3 .79 9) fo r E K give s the Doppler energy of the electrons fo r the re entrant orbit: 



2£„ 2e(4.15610eF) 

E D = E hv A==^r = -31.63537 eV.\—± -. '- = -0.12759 eV (13.800) 

V Mc \[ m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of Cl 2 due to the reentrant orbit in the transition state corresponding to simple harmonic 

oscillation of the electrons and nuclei, E mc , is given by the sum of the corresponding energies, E D given by Eq. (13.800) and 

E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of Cl 2 . Using the experimental 35 Cl 2 a> e of 

559.7 cm" 1 (0.06939 eV) [28] for E Kv!b of the transition state. E^ c { 35 Cl 2 ) is 

K sc ( 35 « 2 ) - E D+ E Kvib = E D +hfc (13.801) 

E osc ( 33 C/ 2 ) = -0.12759 eV + -(0.06939 eV) = -0.09289 eV (13.802) 
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TOTAL AND BOND ENERGIES OF CL 



E T +„^\Cl 2 \ , the total energy of the 35 C7, radical including the Doppler term, is given by the sum of E T (Cl 2 ) (Eq. (13.764)) 
and E osc ( 35 Cl 2 ) given by Eq. (13.802): 



E T+osc ( M C/ 2 ) = V e +T + V m +V p + E Coulomb (CI, 3sp 3 ) + E osc ( 3S C/ 2 ) = E T (Cl 2 ) + E osc ( 35 Cl 2 ) 



(13.803) 



(0.93172) 



2 1 flp^ a + c' 



-1 4 .60295 eV 



v &7T£ C ' 



2 a 



■ { 35 ci 2 ) = 



0.93172 



(0.75) 



a — c 



"2 Ane n a 



2h\ 



+ -h 



(13.804) 



1 + 



IV 



mc 



-31.63537 eF-0.12759 eV + -% 



From Eqs. (13.801-13.804), the total energy of 35 C/ 2 is 
E T+osc { 35 Cl 2 ) = -31.63537 eV + E osc ( 35 C/ 2 ) 



-31.63537 er-0.12759er + -(0.06939er) = -31.72826 eV 



(13.805) 



where the experimental co e (Eq. (13.791)) was used for the hj — term. 



The Cl 2 bond dissociation energy, E D ( 35 C/ 2 ) , is given by the difference between the total energies of the two Cl3sp 3 



HOs and E T 



; ( 35 C/ 2 ): 



E D ( 35 q) = 2E Couhmh (cus P 3 )-E Tlosc ( 35 q) 



(13.806) 



E CouIomb (Cl,3sp 3 ) is given by Eq. (13.759); thus, the 35 Cl 2 bond dissociation energy, £ ( 35 C/ 2 ), given by Eqs. (13.759) and 
(13.805-13.806) is 

E D ( 35 Cl 2 ) = -2(14.60295 eV)-E T+0SC ( 35 C/ 2 ) = -29.20590 eF-(-31.72826 eV) = 2.52236 eV (13.807) 

The experimental 35 C/ 2 bond dissociation energy is [49] 

E D ( 35 Cl 2 ) = 2.5U\2eV (13.808) 

The results of the determination of bond parameters of Cl 2 are given in Table 13.1. The calculated results are based on 
first principl e s and giv e n in clos e d - form, e xact e quations containing fundam e ntal constants only. Th e agr ee m e nt b e tw ee n th e 
experimental and calculated results is excellent. 



CARBON NITRIDE RADICAL 

The carbon nitride radical can be formed by the reaction of carbon and nitrogen atoms: 
C + N^CN 



(13.809) 



The bond in carbon nitride radical comprises a /i 2 -type molecular orbital (MO) with two paired electrons. The force balance 
equations and radii, r 6 and r 7 , of the 2p shell of C and VV are derived in the Six-Electron Atoms section and Seven-Electron 
Atoms section, respectively. With the formation of the H 2 -type MO by the contribution of a 2p electron from each of the C 
and VV atoms, a diamagnetic force arises between the remaining 2p electrons of each atom and the // 2 -type MO. This force 
from each atom causes the // 2 -type MO to move to greater principal axes than would result with the Coulombic force alone. 
But, the integer increase of the central field and the resulting increased Coulombic as well as magnetic central forces on the 
remaining 2p electrons of each atom decrease the radii of the corresponding shells such that the energy minimum is achieved 

that is lower than that of the reactant atoms. The resulting electron configuration of CN is C\s 1 N\s 2 C2s 2 N2s 1 C2p l N2p 2 <j 2 CN 
where a designates the H 2 -type MO, and the orbital arrangement is 
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a state 

n 



2p state 

t n 



-0- 



-Q- 



(13.810) 



2 s state 

n u 



Is state 

n u 



-e- 



-&- 



The carbon nitride radical is predicted to be weakly paramagnetic. 



FORCE BALANCE OF THE 2p SHELL OF THE CARBON ATOM OF THE CARBON 
NITRIDE RAPICAI 

For the C atom, force balance for the outermost 2p electron of CN (electron 5) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 5 and the 2s -shell electrons due to spin and 
orbital angular momentum. The forces used are derived in the Six-Electron Atoms section. The central Coulomb force on the 
outer-most 2p shell electron of CN (electron 5) due to the nucleus and the inner four electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 



F = 






(13.811) 



for r > r A . The 2p shell possess an external electric field given by Eq. (10.92) for r>r 5 



The single unpaired carbon 2p electron gives rise to a diamagnetic force on the a -MO as given by Eqs. (13.835- 
13.839). The corresponding Newtonian reaction force cancels F diamagllelic , of Eq. (10.82). The energy is minimized with 
conservation of angular momentum. This condition is met when 



F =0 

diamagnetic 



(13.812) 



And, F map 2 corresponding to the maximum orbital angular momentum of the three 2p orbitals given by Eq. (10.89) is 



yjs(s + \)i r 



F =!J^_ 

mag 2 r? 2 

Z m e r 5 r 3 
The electric field external to the 2p shell given by Eq. (10.92) for 



(13.813) 
gives rise to a second diamagnetic force, 



diamagnetic 2 

its radius is : 



,, 2 , given by Eq. (10. 9 3). F, 



diamagnetic 1 



Z-5 



Z^T 



diamagnetic 2 



due to the binding of the p-orbital electron having an electric field of 1 1 outside of 



i-^l-BgLiojaTTni 



(13.814) 



v 



y 



mr. 



The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. 
(13.81 1)) and diamagnetic (Eqs. (13.812) and (13.814)), and paramagnetic (Eq. (13.813)) forces as follows: 



/ (Z-4)e 2 



W 



4s{s + V) 



my. 



Aji£ r 5 Zm e r 5 r 3 



(13.815) 



Z-5 

Z-4 



',JT 



^lio^TI) 



Substitution of v 5 = (Eq. (1.35)) and s = — into Eq. (13.815) gives: 

m-r, 2 



(Z-4)e 2 



W 



Zm e r 5 r 3 V 4 



Z-5 

Z-4 



1- 



&' 



rh 2 



-10, - 



(13.816) 



The quadratic equation corresponding to Eq. (13.816) is 
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-m- 



Z-5 

Z-4 



1- 



& 



rAO. 



47T£„ 



-3y 

Zm e r 3 \ 4 j 



4x£ n 



Zm e r 3 A/ 4 j 



- = 



(13.817) 



The solution of Eq. (13.817) using the quadratic formula is: 



1 ^ 

(Z-4) + 3 ^ 



Z2r, 



^y 



±-«n 



\ — "0 



Z^5~ 



V^ 



\\ 



(Z-4) + 



3^3 



20^3 



Z^4- 



1- 



Z2r q 



ay 



y y 



V 4 ) + - 3 ^ 



Z2r, 



iz 



-, /" 3 In units uf u 



(13.818) 



The positive root of Eq. (13.818) must be taken in order that r 5 > . Substitution of — = 0.84317 (Eq. (10.62) with Z = 6) into 

a n 



Eq. (13.818) gives 



r 5 = 0.88084a 



(13.819) 



FORCE BALANCE OF THE 2/> SHELL OF THE NITROGEN ATOM OF THE CARBON 
NITRIDE RADICAL 

For the TV atom, force balance for the outermost 2p electron of CN (electron 6) is achieved between the centrifugal force and 



the Coulombic and magnetic forces that aris e due to int e ractions b e tween e lectron 6 and the oth e r 2p -shell as well as the 2s - 
shell electrons due to spin and orbital angular momentum. The forces used are derived in the Seven-Electron Atoms section. 
The central Coulomb force on the outer-most 2p shell electron of CN (electron 6) due to the nucleus and the inner five 
electrons is given by Eq. (10.70) with the appropriate charge and radius: 



F/= ^- 5 > 2 i 
4^? r 6 2 



(13.820) 



for r>r<_ The 2p shell possess an external electric field given by Eq. (10.92) for r>r 6 . 



The forces to determine the radius of the N2p shell of TV in CN are the same as those of TV in TV ; except that in CN 

there is a contribution from the Newtonian reaction force that arises from the single unpaired carbon 2p electron. The energy is 
minimized with conservation of angular momentum. This condition is met when F diama nedc of TV in CN is canceled by the a - 
MO - reaction force. Eq. (13.622) becomes 



diamagnetic 



-e- 



(13.821) 



And, F 2 corresponding to the conserved orbital angular momentum of the three orbitals given by Eq. (10.89) is 



A-^h 



mag 2 



j-^sjs + l)i r 



2 mXr 3 
The electric field external to the 2p shell given by Eq. (10.92) for r>r 6 gives rise to a second diamagnetic force, 



diamagnetic 2 



, given by Eq. (10.93). F, 



diamagnetic 2 



due to the binding of the p-orbital electron having an electric field of +1 outside of 



its radius is 



diamagnetic 2 



Z-6 
Z-5 



, V2 I rJi 



2 )m e r 6 



■10yjs(s + l)i, 



(13.823) 



The TV forces F efe , Y mag2 , V diamagnelic2 , and ¥ mag3 of CN are the same as those of N 2 given by Eqs. (13.621) and 
(13.623-13.624), respectively. In both cases, the contribution of a 2p electron from the TV atom in the formation of the a MO 
gives rise to a paramagnetic force on the remaining two 2p electrons that pair. Thus, the force, F 3 of CN , given by Eq. 



(13.625) is 
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mag 3 /i 3 

4w e r G 



<Js(s + Y)i 



(13.824) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. 
(13.820)) and diamagnetic (Eqs. (13.821) and (13.823)), and paramagnetic (Eqs. (13.822) and (13.824)) forces as follows: 

M 2 ^ 



/ (Z-5)e 2 



Js(s I 1) 



my , 



Aksj-} Zmr 2 r, 



(13.825) 



Substitution of 



Z-6 
Z-5 

h 



2 



r 6 m e 4m e r 6 



(Eq. (1.35)) and s = — into Eq. (13.626) gives: 



mj. 



h 2 


n 2 J3_(Z-5)e 2 3h 2 J3~ 


"Z-6" 


fi.^ 


r,h ' ">i 


(13.826) 


m e r 6 


4m e r 6 V 4 <+7r£ r 6 Zm e r 6 r 3 V 4 
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i 1 1 
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The quadratic equation corresponding to Eq. (13.826) is 



n 2 ( x _S} 



h 1 



-m- 
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-2—5- 



1- 
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r 3 10, 
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(13.827) 



The solution of Eq. (13.827) using the quadratic formula is: 
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(13.828) 



Th e positiv e root of Eq. (13.828) must b e tak e n in ord e r that r 6 >0, Substitution of 3 =0.69385 (Eq. (10.62) with Z = 7) into 



Eq. (13.828) gives 



r 6 = 0.76366a 



(13.829) 



ENER< 



^FHEr 



CARBON NITRIDE RADICAL 

The central forces on the 2p shell of the C and N atoms are increased with the formation of the a MO which reduces each 
shell's radius and increases its total energy. The Coulombic energy terms of the total energy of the C and N atoms at the new 
radii are calculated and added to the energy of the n MO to give the total energy of CN . Then, the bond energy is determined 
from the total CN energy. 

The radius r 6 of the carbon atom before bonding is given by Eq. (10.122): 



k = 1 .20654a,, 



(13 . 830) 



Using the initial radius r 6 of the C atom and the final radius r 5 of the Clp shell of CN (Eq. (13.819)) and by considering that 
the central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T (CN ,C2p) of the 
Coulombic energy change of the C2p electron is determined using Eq. (10.102): 
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£ r (CyV,C2p) = -£ 



(Z-n)e 2 fl 1 



_&KW 



= -(13.60580 eK)(0.30647)(2) = -8.33948 eV 



(13.831) 



The radius r 7 of the nitrogen atom before bonding is given by Eq. (10.142): 
r 7 = 0.93084a n 



(13.832) 



Using the initial radius r. t of the N atom and the final radius r b of the N2p shell of CN (Eq. (13.829)) and by considering that 
the central Coulombic field decr e ases by an integer for each successive electron of the shell, the sum E T (CN,N2p) of the 
Coulombic energy change of the N2p electron is determined using Eq. (10.102): 



E T (CN,N2p)--Y, 



5 (Z-n)e 2 (l 1^ 



-(13.60580 eF)(0.23518)(2 + 3) --15.99929 eV 



(13.833) 



t~j 8^g, 



£ L±6 LiU 



FORCE BALANCE OF THE a MO OF THE CARBON NITRIDE RADICAL 

The diamagnetic force F , , . 



•-,n z m agneticMo\ f° r tne a ~MO of the CN molecule due to the two paired electrons in the N2p shell given 
by Eq. (13.633) with n e -2 



ssr 



h 1 



p _ r\: 

diamawrtelicMOl « 27 2 ^ l E 

2m a b 



(13.834) 



The force ^ diamagnaicMO i is given by Eq. (13.634) except that the force is summed over the individual diamagnetic-force terms due 
to each component of angular momentum |Z ; | acting on the electrons of the cr-MO from each atom having a nucleus of charge 
Zj at one of the foci of the cr-MO: 

\ L\h 



' diamagneticMOl 



T 



Z,.2m.a 2 b 2 i - 



Using Eqs. (11.200), (13.633-13.634), and (13.834-13.835), the force balance for the cr-MO of the carbon 
comprising carbon with charge Z, = 6 and \ L\ - h and \ L ? \ = A—fi and nitrogen with Z 7 =l and \ l\ = h is 



(13.835) 
nitride radical 



h 2 



m„a b 



-D = - 
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2m„a b 
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(13.836) 
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2m a b 



(13.837) 
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(13.838) 



a-\ 2 + — - + — - + — a n 
7 7 7 

Z,j a, 1 z, 2 J 

Substitution of Z l = 6 and Z 2 = 7 into Eq. (13.839) gives 



(13.839) 



a = 2.45386a n = 1.29853 X 10' 1 " m 



Substitution of Eq. (13.840) into Eq. (11.79) is 

c' = 1.10767a = 5.86153 X 10" 11 m 
The internuclear distance given by multiplying Eq. (13.841) by two is 



(13.840) 
(13.841) 



2c' = 2.21534a =1.17231 X lO" 10 m 
The experimental bond distance from Ref. [28] is 
2d = 1.17181 X 10"'° m 



(13.842) 
(13.843) 



Substitution of Eqs. (13.840-13.841) into Eq. (11.80) is 
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Z> = c = 2.18964fl =1.15871 X 10 M0 m (13.844) 

Substitution of Eqs. (13.840-13.841) into Eq. (11.67) is 

e = 0.45 140 (13.845) 

Using the electron configuration of CN (Eq. (13.810)), the radii of the Cb = 0. 17113a,, (Eq. (10.51)), C2s = 0.843 1 7a (Eq. 
(10.62)), C2j? = 0.88084a (Eq. (13.819)), 7Vb = 0.14605a (Eq. (10.51)), N2s = 0.693S5a (Eq. (10.62)), and 
N2p = 0.76366a (Eq. (13.829)) shells and the parameters of the a MO of CN given by Eqs. (13.3-13.4), (13.840-13.842), and 
(13.844-13.845), the dimensional diagram and charge-density of the CN MO are shown in Figures 13.22 and 13.23, 
respectively. 



Figure 13.22. The cross section of the CN 
MO showing the axes, a MO (// 2 -type 
ellipsoidal MO), with the C Is, 2s, and 2p 
atomic orbitals (AOs) and the N Is , 2s , and 
2p AOs. Legend: a : semimajor axis, b : 

semiminor axis, c'\ internuclear distance, r 5 : 
radius of the C2p shell having one unpaired 
electron, r 6 : radius of the N2p shell having 
two paired electrons. 




Figure 13.23. CN MO comprising the a MO (H 2 -type MO) with C 
and N atoms at the foci that have each donated an electron to the a MO 
and have smaller radii and higher binding energies as a consequence. (A) 
Color scale, translucent view of the charge-density of the CN MO. (B) 
Off-center cut-away view showing the complete inner most C\s shell, and 
moving radially, the C2s shell, the C2p shell, and the a prolate 
spheroidal MO that has the C atom as a focus. Moving radially from the 
nitrogen-atom focus, the complete inner most N\s shell, the N2s shell, the 
N2p shell, and the <? prolate spheroidal MO are shown. 




SUM OF THE ENERGIES OF THE <J MO AND THE AOs OF THE CARBON NITRIDE 
RADICAL 

The energies of the CN a MO are given by the substitution of the semiprincipal axes (Eqs. (13.840-13.841) and (13.844)) into 
the energy equations (Eqs. (1 1.207-1 1.212)) of H, : 



V c = ~f X < + fE4 =-23-90105 eV 
%ne.Aa' -lr a—\a 2 —b 2 



■■ 12.28328 eV 



8^£ , „Va 2 -ft 2 



T = % r ln a + f^=4.87009 e F 

2mayja 2 —b 2 a- yja 2 — b 2 



V_ = S ■ In £L±£l£ = _2.43504 eV 



4m/iya 2 -b 2 a- Vfl 2 - b 2 
E T =V e +T + V m +V p 
Substitution of Eqs. (1 1.79) and (13.846-13.849) into Eq. (13.850) gives 



(13.846) 

(13.847) 

(13.848) 

(13.849) 
(13.850) 
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EJCN,a) = - 



1 a, 



2--.r2. | ln 
2 a 



=t 



= -9.18273 eV 



(13.851) 



2 K V 2 , 

where E T {CN,a) is the total energy of the <r MO of CN . The sum, £ r (CvV), of E T (CN,C2p), the C2/5 AO contribution 
given by Eq. (13.831), E T (CN,N2p), the N2p AO contribution given by Eq. (13.833), and E T {CN,a), the a MO 
contribution given by Eq. (13.851) is: 

E T (CN) = E T (CN,C2p) + E T (CN,N2p) + E T (N 2 ,cr) 

= -8.33948^-1 5.99929 ^-9.18273^ (13.852) 

= -33.52149 eF 



VIBRATION OF C'Y 

The vibrational energy levels of CN may be solved by determining the Morse potential curve from the energy relationships for 
the transition from a C atom and N atom whose parameters are given by Eqs . (10.115-10 . 123) and (10 . 134-10 . 143), 
respectively, to a C atom whose parameter r 5 is given by Eq. (10.819), a N atom whose parameter r 6 is given by Eq. (13.829), 

and the a MO whose parameters are given by Eqs. (13.840-13.842) and (13.844-13.845). As shown in the Vibration of 
Hydrogen-type Molecular Ions section, the harmonic oscillator potential energy function can be expanded about the internuclear 
distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) [15] and after 
Eq. (11.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the energy 
corrections can be found by perturbation methods. 

IM 



The equations of the radiation reaction force of CN are the same as those of H 2 with the substitution of the CN parameters. 
Using Eqs. (11.231-11.233), the angular frequency of the reentrant oscillation in the transition state is 



4ksm 



co = >. 



= 1. 07550 X10 16 radls 



(13.853) 



where a is given by Eq. (13.840). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 
E r - hw-hl.01550X 10 16 radls- 7.07912 eV 



(13.854) 



In Eq. (11.181), substitution of E T [CN) for E hv , the mass of the electron, m e , for M , and the kinetic energy given by Eq. 
(13.854) for E K gives the Doppler energy of the electrons of the reentrant orbit: 



2EZ 



2e(7.07912 eV) 



Ed ~ Efiv 



-33.59603 eV 



(13.855) 



He* 



-0.17684 eV 



mc 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the CN MO due to the reentrant orbit in the transition state corresponding to simple 
harmonic oscillation of the electrons and nuclei, E mc , is given by the sum of the corresponding energies, E D given by Eq. 
(13.855) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy. Using the experimental CN 
co £ of 2068.59 cw' 1 (0.25647 eV) [28] for E Krib of the transition state. E Qac (CN) is 



E OK {CN) = E D +E Kvi 

= E n +-h 



(13.856) 



E mc [CN] = -0.17684 eV + -(0.25647 eV) 



(13.857) 



= -0.04860 eV 
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TOTAL AND BOND ENERGIES OF THE CARBON NITRIDE RADICAL 

E T+osc (CN) , the total energy of CN including the Doppler term, is given by the sum of E T (CN) (Eg. (13.852)) and E osc (CN) 
given by Eg. (13.857): 



E T+osc (CN) = V e +T + V m +V p +E T (CN,C2p) + E T (CN,N2p) + E osc (CN) 
= E T [CN, er) + E T (CN, C2p) + E T (CN, N2p) + E osc (CN) 



(13.858) 



E T (CN) + E osc (CNj 
( r 



8xs„ 



2-lAlJn. 
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v c,»=4 8^-£- 
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(Z-n)e 2 I 1 



%KS a 



'1 J) 



(13.859) 



2/M 



^nsa 



1+! 



2 U 



LV 



= -33.52149 eF-0.17684 eV + -h\— 

2 i M 

Fro m F,qs. (1 3 . 8 56-1 3 . 859 ), the to tal energy of the C N M O is 



E T+osc (CN) = -33.52149 eV + E osc (CN) 



-33.52149 eV- 0.17684 eK + -(0.25647 eV) 



(13.860) 



-33.56970 eV 
where the experimental a> e was used for the hi— term. 



The CN bond dissociation energy. E D (CN), is given by the difference between the sum of the energies of the C and 

TV atoms and E T+osc (CN) : 



E D (CN) = E(C) + E(N)-E T+0SC (CN) 
where the energy of a carbon atom is [6] 



(13.861) 



E(C) = -l 1.26030 eV 



(13.862) 



and the energy of a nitrogen atom is [6] 
E{N) = -14.53414 eV 

Thus, the CN bond dissociation energy, E D (CN) , given by Eqs. (13.860-13.863) is 



(13.863) 



E D (CN) = -(\ 1.26030 eV + U.534U eV)-E T+0SC (CN) 
= -25.79444 eV -(-33.56970 eV) 



(13.864) 



= 7.77526 eV 
The experimental CN bond dissociation energy is [50] 

E D29* (CN) = 7.773 \eV 



(13.865) 



The results of th e determination of bond parameters of CN arc giv e n in Table 13.1. The calculat e d results arc bas e d on first 
principles and given in closed-form, exact equations containing fundamental constants only. — The agreement between the 
experimental and calculated results is excellent. 
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CARBON MONOXIDE MOLECULE 



The carbon monoxide molecule can be formed by the reaction of carbon and oxygen atoms: 
C + O^C O 



(13.866) 



The bond in the carbon monoxide molecule comprises a double bond, a 77 2 -type molecular orbital (MO) with four paired 
electrons. The force balance equation and radius r 6 of the 2p shell of C is derived in the Six-Electron Atoms section. The 
force balance equation and radius r 8 of the 2p shell of O is derived in the Eight - Electron Atoms section. With the formation of 
th e ff 2 -typ c MO by th e contribution of two 2p e l e ctrons from e ach of th e C and O atoms, a diamagn c tic forc e aris e s b e tw ee n 
the remaining outer shell atomic electrons, the 2s electrons of C and the 2p electrons of O , and the H 2 -type MO. This force 
from C and O causes the H 2 -type MO to move to greater principal axes than would result with the Coulombic force alone. 
But, the factor of two increase of the central field and the resulting increased (Joulombic as well as magnetic central forces on 
the remaining 02p electrons decrease the radius of the corresponding shell such that the energy minimum is achieved that is 

lower than that of the reactant atoms. The resulting electron configuration of CO is C\s 2 0\s 2 C2s 2 02s 2 02p 2 (j A C0 where a 
designates the H 2 -type MO, and the orbital arrangement is 



a state 

t i t i 



2p state 






u 







2 s state 





-Hr 



^ 



(13.867) 



Is state 



n 

C 



n 

o 



Carbon monoxide is predicted to be diamagnetic in agreement with observations [42]. 



F ORCE BJ 

MONOXIDE MOLECULE 

For the O atom, force balance for the outermost 2p electron of CO (electron 6) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 6 and the other 2p electron as well as the 2s — 
shell electrons due to spin and orbital angular momentum. The forces used are derived in the Eight - Electron Atoms section. The 
central Coulomb force on the outer-most 2p shell electron of CO (electron 6) due to the nucleus and the inner five electrons is 
given by Eq. (10.70) with the appropriate charge and radius: 

F kESfe (13 - 868) 
4*% 

for r>r 5 . The 2p shell possesses a +2 external electric field given by Eq. (10.92) for r > r 6 . The energy is minimized with 
conservation of angular momentum. This condition is met when the diamagnetic force, V diamagltelic , of Eq. (10.82) due to the p - 
orbital contribution is given by: 

'n h 2 



diamagnetic 



3 ) 4m e r 6 V 3 



Js(s + VK 



-a 1 



(13.869) 



\2mr}r. 



And, F mag 2 corresponding to the conserved spin and orbital angular momentum given by Eq. (10.157) is 
^ ^^^ 



mag 2 



z m e r 6 r 3 



yjs(s + \)i r 



(13.870) 
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diamagnetic 2 

its radius is : 



The electric field external to the 2p shell given by Eq. (10.92) for r>r 6 gives rise to a second diamagnetic force, 
iven by Eg. (10.93). F.,.,, , ,^,,^ ? due to the binding of the p-orbital electron having an electric field of +2 outside of 



diamagnetic 1 



diamagnetic 2 



Z-6 
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ri 



rJi 1 



mr. 



10VsO + l)i r 



(13.871) 



In addition, the contribution of two 2p electrons in the formation of the a molecular orbital (MO) gives rise to a 

paramagnetic force on the remaining paired 2p electrons. The force F 3 is given by Eq. (13.625) wherein the radius is r 6 : 



4m e r 6 J 



■yls(s + Y)i 



(13.872) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. 
(13.868)) and diamagnetic (Eqs. (13.869) and (13.871)), and paramagnetic (Eqs. (13.870) and (13.872)) forces as follows: 
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(13.873) 



Substitution of v. 



(Eq. (1.35)) and s = - into Eq. (13.873) gives: 
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(13.874) 



^ 2 J r 6 m c 



The quadratic equation corresponding to Eq. (13.874) is 
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$&. 



m. Z-5 \y 2 , 
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(13.875) 



The solution of Eq. (13.875) using the quadratic formula is: 
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12 ZJ2r, 



'3; 



-, r 3 m wm'te 0/ a 



(13.876) 



The positive root of bq. (13.8/6) must be taken in order that r 6 >0 . Substitution of — = U.5y(J2U (Eq. (iu.62) with Z = 8) into 

a n 



Eq. (13.876) gives 



r 6 = 0.68835a 



(13.877) 
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ENERGIES OF THE 2v AND 2p SHELLS OF THE CARBON ATOM AND THE 2 P 
SHELL OF THE OXYGEN ATOM OF THE CARBON MONOXIDE MOLECULE 

With the formation of the H 2 -type MO by the contribution of two 2p electrons from the C atom, the remaining outer-shell 
atomic electrons comprise the 2s electrons, which are unchanged by bonding with oxygen. However, the total energy of the 
CO molecule, which is subtracted from the sum of the energies of the carbon and oxygen atoms to determine the bond energy, is 
increased by the ionization energies of C + and + given by Eqs. (10.113-10.114) and (10.152-10.153), respectively. 
Experimentally, the energies are [6] 

E(ionization; C + ) = 24.38332 eV (13.878) 

E(ionization; + ) = 35.1 1730 eV (13.879) 

In addition, the central forces on the 2 p shell of the O atom are increased with the formation of the a MO, which 

reduces the shell's radius and increases its total energy. The Coulombic energy terms of the total energy of the O atom at the 
new radius are calculated and added to the ionization energies of C + and + , and the energy of the a MO to give the total 
energy of CO . Then, the bond energy is determined from the total CO energy. 

The radius r a of the oxygen atom before bonding is given by Eq. (10.162): 



(13.880) 



Using the initial radius r 8 of the O atom and the final radius r 6 of the 02p shell (Eq. (13.877)) and by considering that the 
central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T (0,2p) of the Coulombic 
energy change of the 02p electrons of the O atom is determined using Eq. (10.102): 



E T (0,2p) = -t, 



(Z-n)e 2 



%KE n 



1 



-(13.60580 c?F)(0.45275)(3 + 4) = -43.11996 eV 



(13.881) 



The force balance can be considered due to a second pair of two electrons binding to a molecular ion having +2e at each focus 
and a first bound pair. Then, the forces are the same as those of a molecule ion having +e at each focus. The diamagnetic force 
Fj,.„„„„.„ ( ..„, m i for the cr -MO of the CO molecule due to the two paired electrons in each of the C2s and 02 p shells is given by 



diet magn eticMO 1 



E q . (13 .63 3) w ith n e =2 : 



h 2 



diamagneticMO 1 



2m a b 



^ D h 



(13.882) 



The force F, 



diamavnetirMOl 



is given by Eqs. (13.634) and (13.835) as the sum of the contributions due to carbon with Z = Z X and 



oxygen with Z -Z 2 . F ( 



2 " diamagneiicMOl 



diamagneticMO! 



1 



for CO with \L t \ = h is 



^ * 



(1 3.8 83) 



Z 1 Z 2 J 2m e a b 



The force balance equation for the cr -MO of the carbon monoxide molecule given by Eqs. (11.200), (13.633-13.634), and 
(13.882-13.883) is 
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(13.884) 



-D = - 
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(13.885) 



i i~ 



-h 2 - 



2 + — + 



7 7 



-D = - 



2m a b 8ne n ab 



-D 



(13.886) 



1 1 



2 + — + — 
7j — Z^ 



(13.887) 



Substitution of Z x = 6 and Z 2 = 8 into Eq. (13.887) gives 
a = 2.29167a„=1.21270X10- 10 m 



(13.888) 



Substitution of Eq. (13.888) into Eq. (11.79) is 



© 2010 BlackLight Power, Inc. All rights reserved. 
General Diatomic and Polyatomic Molecular Ions and Molecules 



563 



c' = 1.07044a = 5.66450 X 10" m 
The intemuclear distance given by multiplying Eq. (13.889) by two is 

2c' = 2.14087a =1.13290 X 10 10 m 
The experimental bond distance is [28] 

2c'=1.12823X10- 10 m 
Substitution of Eqs. (13.888-13.889) into Eq. (1 1.80) is 



b = c = 2.02630«„ = 1 .07227 X 10 



m 



(13.889) 
(13.890) 
(13.891) 
(13.892) 



Substitution of Eqs. (13.888-13.889) into Eq. (1 1.67) is 

e = 0.467 10 (13.893) 

Using the electron configuration of CO (Eq. (13.867)), the radii of the Cls = 0.17113a (Eq. (10.51)), C2s = 0.843 17a (Eq. 
(10.62)), 01.y = 0.12739a (Eq. (10.51)), 02,y = 0.59020a (Eq. (10.62)), and 02p = 0.68835a (Eq. (13.877)) shells and the 
parameters of the a MO of CO given by Eqs. (13.3-13.4), (13.888-13.890), and (13.892-13.893), the dimensional diagram and 
charge-density of the CO MO are shown in Figures 13.24 and 13.25, respectively. 



Figure 13.24. The cross section of the 
CO MO showing the axes, a MO (7/, -type 

ellipsoidal MO) with four paired electrons, 
with the C \s and 2s atomic orbitals (AOs) 
and the O \s , 2s, and 2p AOs. Legend: a : 
semimajor axis, b : semiminor axis, c': 
intemuclear distance, r 4 : radius of the C2s 
shell having two paired electrons, r 6 : radius of 
the 02p shell having two paired electrons. 




Figure 13.25. CO MO comprising the a MO (H, -type MO) with C 
and O atoms at the foci that have each donated two electrons to the a MO. 
Consequently, the outer electrons of the carbon atom comprise the C2s 
shell, and the 02p shell has a smaller radius and a higher binding energy. 
(A) Color scale, translucent view of the charge-density of the CO MO. (B) 
Off-center cut-away view showing the complete inner most OXs shell, and 
moving radially, the 02s shell, the 02p shell, and the a prolate 
spheroidal MO that has the O atom as a focus. Moving radially from the 
carbon-atom focus, the complete inner most C\s shell, the C2.s shell, and 
the a prolate spheroidal MO are shown. 




SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE CARBON 
MONOXIDE MOLECULE 

The energies of the CO a MO are given by the substitution of the semiprincipal axes (Eqs. (13. 888- 13. 889) and (13.892)) into 

the energy equations (Eqs. (1 1.207-1 1.212)) of H 2 except that the terms based on charge are multiplied by four and the kinetic 

energy term is multiplied by two due to the <j-MO double bond with two pairs of paired electrons: 



V=2 2 



-2e 2 , a + va 2 - b 2 



In 



%7ts a v« 2 -b 2 a-4a 2 -b 2 



= -102.97635 eV 



=50.84210 eV 



T = 2 



&xe va 2 -If 

tf , a + yja 2 -b 2 

/ T 1 

2mayja 2 -b 2 a- V a 2 - b 2 



= 1 1.23379 eV 



(13.894) 



(13.895) 



(13.896) 
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V m =2 2 ^^^ln fl+ y ^ = -11.23379 eF (13.897) 

Am e a - \ja 2 - b 2 a - V a 2 - b 2 

E T -V e +T + V m +V p (13.898) 

Substitution of Eqs. (11.79) and (13.894-13.897) into Eq. (13.898) gives 

( I > 

\aa, 

a 



E T [CO,a) 



81n- 



-52.13425 eV (13.899) 



aa 
°V 2 
where E T [CO,o) is the total energy of the a MO of CO. The total energy of CO, E T {CO), is given by the sum of 

E (ionization; C + ) , the energy of the second electron of carbon (Eq. (13.878)) donated to the double bond, E (ionization; + ) , 
the energy of the second electron of oxygen (Eq. (13.879)) donated to the double bond, E T (0,2p), the 02p AO contribution 
due to the decrease in radius with bond formation (Eq. (13.881)), and E T {CO, a), the a MO contribution given by Eq. (13.899): 

E T {CO) - E(ionization; C + ) + E(ionization; + ) + E T (0, 2p) + E T (CO, a) 

=24.38332 eF + 35.11730 eF-43.11996 eF-52.13425 eF (13.900) 

= -35.75359 eV 
VIBRATION OF CO 

The vibrational energy levels of CO may be solved by determining the Morse potential curve from the energy relationships for 
the transition from a C atom and O atom whose parameters are given by Eqs. (10.115-10.123) and (10.154-10.163), 
respectively, to a C atom whose parameter r 4 is given by Eq. (10.61), an O atom whose parameter r 6 is given by Eq. (13.877), 

and the a MO whose parameters are given by Eqs. (13.888-13.890) and (13.892-13.893). As shown in the Vibration of 
Hydrog e n- typ e Mol e cular Ions s e ction, th e harmonic oscillator pot e ntial e n e rgy function can b e e xpand e d about th e int e rnucl e ar 
distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) [15] and after 
Eq. (11.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the energy 
corrections can be found by perturbation methods. 

THE DOPPLER ENERGY TERMS OF THE CARBON MONOXIDE MOLECULE 

The equations of the radiation reaction force of carbon monoxide are the same as those of H 2 with the substitution of the CO 

parameters except that there is a factor of four increase in the central force in Eq. (11.231) due to the double bond. Using Eqs. 
(1 1.231-1 1.233), the angular frequency of the reentrant oscillation in the transition state is 



<H = J^^f_ = 2.38335 X 10 16 rails (13.901) 

\ m e 

where a is given by Eq. (13.888). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

E K = ha = £2.38335 X 10 16 rad I s (T3 902*) 
= 15.68762 eV 
In Eq. (11.181), substitution of E T {CO) for E hv , the mass of the electron, m e , for M , and the kinetic energy given by Eq . 
(13.902) for E K gives the Doppler energy of the electrons of the reentrant orbit: 



E n sE, I™* 



hv \ 

\ iVIC" 

(13.903) 



2e(l5.68762eF) _ 



= -35.75359 eV — ^ '- = -0.28016 eV 

V m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the CO MO due to tlie reentrant orbit in the transition stale corresponding to simple 
harmonic oscillation of the electrons and nuclei, E mc , is given by the sum of the corres p onding energies, E D given by Eq. 
(13.903) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy. Using the experimental CO 
a e of 2169.81 cm -1 (0.26902 eV) [28] for E Kvib of the transition state, E' mc {CO) per bond is 
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E'lCO) = E D +E Kvib 



■*'4»£ 



(13.904) 



-+- 



E' osc [CO] = -0.28016 e^ + -(0.26902 eV) = -0.14564 eV 



(13.905) 
Since the a MO bond is a double bond with twice a many electrons as a single bond, E '^ (CO) is multiplied by two to give 



F C O =-0 - 29129 eV 



(13.906) 



TOTAL AND BOND ENERGIES OF THE CARBON MONOXIDE MOLECULE 

E T+osc [CO] , the total energy of CO including the Doppler term, is given by the sum of E T (CO) (Eq, (13.900)) and E osc (CO) 
given by Eq. (13.906): 

(V+T + V„ + V+ EUonization; C + ) ^ 

r {+E(ionization: Q + ) + E T (0.2p) + E^(CO) 



E T {CO,cr\ + E{ionizalion\ C + ) + E(ionization; + ) 



+E T (0,2p) + E mc (CO) 
= E T {CO) + E m {CO) 



(13.907) 
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(13.908) 



1 + 2 



2»V*^ 



+ 2 



If 



-35.75359 eF-2(0.28016eF) + 2 



2%M 



From Eqs. (13.906-13.908), the total energy of the CO MO is 



E T+ac {CO) = -35.7S359ey+E oac (CO) 



-35.75359 eF + (-0.29129 eV) = -36.04488 eV 



(13.909) 



where the experimental <a e was used for the tij — term 



The CO bond dissociation energy, E D (CO) , is given by the difference between the sum of the energies of the C and O 



atoms and E T+osc (CO) : 
E D (CO) = E(C) + E(O)-E T+0 JCO) 



(13.910) 



wh e r e th e e n e rgy of a carbon atom is [6] 

E{C) = -\ 1.26030 eV 
and the energy of an oxygen atom is [6] 

E(0) = -13.61806 eV 



(13.911) 
(13.912) 



Thus, the CO bond dissociation energy, E D (CO) , given by Eqs. (13.909-13.912) is 
E D (CO) = -(11.26030 eV + \?,.6\%06eV)-E T+osc (CO) 



(13.913) 



= -24.87836 eV -(-36.04488 eV) = \ 1.16652 eV 
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The experimental CO bond dissociation energy is [49] 
K D2 9i (C O) = 11 . 1 56 96 e. V (13. 914) 

The results of the determination of bond parameters of CO are given in Table 13.1. The calculated results are based on first 
principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 

NITRIC OXIDE RADICAL 

The nitric oxide radical can be formed by the reaction of nitrogen and oxygen atoms: 

N + O^NO (13.915) 

The bond in the nitric oxide radical comprises a double bond, a H 2 -type molecular orbital (MO) with four paired electrons. The 
forc e balanc e e quation and radius r 7 of th e 2p sh e ll of N is d e riv e d in th e S e v e n - El e ctron Atoms s e ction. Th e forc e balanc e 
equation and radius r 8 of the 2p shell of O is derived in the Eight-Electron Atoms section. With the formation of the H 2 -type 
MO by the contribution of two 2p electrons from each of the TV and O atoms, a diamagnetic force arises between the 
remaining outer shell atomic electrons, the 2s and 2p electrons of N and O , and the H 2 -type MO. This force from TV and O 
causes the H 2 -type MO to move to greater principal axes than would result with the Coulombic force alone. But, the factor of 
two increase of the central field and the resulting increased Coulombic as well as magnetic central forces on the remaining TV 
and O electrons decrease the radii of the corresponding shells such that the energy minimum is achieved that is lower than that 
of the reactant atoms. The resulting electron configuration of NO is Nls 2 Ols 2 N2s 2 02s 2 N2p 1 02p 2 a 4 NO where a designates 
the H 2 -type MO, and the orbital arrangement is 

a state 

1 i t i 

2p state 

t n 





2s state (13.916) 



Is state 



n n 



TV O 



Nitric oxide is predicted to be weakly paramagnetic in agreement with observations [42]. 

FORCE BALANCE OF THE 2,> SHELL OF THE NITROGEN ATOM OF THE NITRIC 
OXIDE RADICAL 

For the N atom, force balance for the outermost ?p electron of NO (electron 5) is achieved between the centrifugal force and 
the Coulombic and mag neti c forces that arise due to interactions between electron 5 and the 2,v -shell electrons due to spin and 
orbital angular momentum. The forces used are derived in the Seven-Electron Atoms section. The central Coulomb force on the 
outer-most 2p shell electron of NO (electron 5) due to the nucleus and the inner four electrons is given by Eq. (10.70) with the 
appropriate charge and radius: 

F,.=-£^-i r Qttnr 

Ans r 5 

for r>r 4 . The 2p shell possess a +2 external electric field given by Eq. (10.92) for r>r 5 . The energy is minimized with 
conservation of angular momentum. This condition is met when the magnetic forces of TV in NO are the same as those of TV in 
th e nitrog e n mol e cul e with r 5 r e placing r 6 and with an incr e as e of th e c e ntral fi e ld by an int e g e r. — Th e diamagn e tic forc e , 
^diamagnetic ■> 0I " Ec l- (10.82) due to the p -orbital contribution is given by Eq. (13.622) with r 5 replacing r 6 : 



V^ + l)i r =-- — Jfi, (13.918) 



d,amagnaic ' . 3 J 4m c r. 2 r 3 " v " 12/y 5 V 3 \4 
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And, F 2 corresponding to the conserved orbital angular momentum of the three orbitals is also the same as that of N 2 given 
hy F,q. (n. 67.3) with r 5 replacing r. : 



i 3r 

Z m/ 5 r 3 



mag 2 



yjs(s + \)l 



(13.919) 



The electric field external to the 2p shell given by Eq. (10.92) for r>r 5 gives rise to a second diamagnetic force, 
^diamagKetic 2 a gi ven by Eg. (10.93). F diamagKelic 2 due to the binding of the p-orbital electron having an electric field of +2 outside of 
its radius follows from Eq. (13.624): 



diamavnetir 7. 



Z-5 



z^r 



V2 | r,# 



10^(j + l)i 



(13.920) 



m r. 



In addition to the TV forces F efe , ¥ diamagmlic , F mag 2 , and F diamagnaic 2 of NO being the same as N 2 given by Eqs. (13.621-13.624), 
respectively, ¥ ele , ¥ mag2 , and F^^^ 2 are also the same as those of CN (Eqs. (13.820) and (13.822-13.823)). In the N 2 and 
CN cases, the contribution of a 2p electron from the N atom in the formation of the a MO gives rise to an additional 
paramagnetic force on the remaining two 2p electrons that pair. However, the force, F 3 , is absent in NO since the single 

outer electron is unpaired. 

The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. 
(1 3. 917)) and diamagnetic (Eqs. (1 3 .91 8 ) and (1 3.970 )) , and paramagnetic (E q . (1 3. 919)) fo rces as fo llows: 




h 1 

Substitution of v 5 = (Eq. (1.35)) and s = — into Eq. (13.921) gives: 

mr, 2 
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(13.922) 
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2 r, m 



The quadratic equation corresponding to Eq. (13.922) is 
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= (13.923) 
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The solution of Eq. (13.923) using the quadratic formula is: 
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(13.924) 



The positive root of Eq. (13.924) must be taken in order that r 5 >0. Substitution of — = 0.69385 (Eq. (10.62) with Z = 7)into 

cu 



Eq. (13.924) gives 



= 0.74841a„ 
(13.925) 
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FORCE BALANCE OF THE 2p SHELL OF THE OXYGEN ATOM OF THE NITRIC 
OXIDE RADICAL 

For the O atom, force balance for the outermost 2p electron of NO (electron 6) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 6 and the other 2p electron as well as the 2s - 
shell electrons due to spin and orbital angular momentum. The forces used are derived in the Eight-Electron Atoms section. The 
central Coulomb force on the outer-most 2p shell electron of NO (electron 6) due to the nucleus and the inner five electrons is 
given by Eq. (10.70) with the appropriate charge and radius: 

F (£z5£i~ 



(13.926) 



for r>r 5 The 2p shell possess an external electric field of +2 given by Eq. (10.92) for r>r 6 . The energy is minimized with 
conservation of angular momentum. This condition is met when the diamagnetic force, F^^^ . of Eq. (10.82) due to the p - 
orbital contribution is given by: 



diamagnetic 



3 ) 4m e , 

2% L 



-Js(s + l)i r 



12m e r 6 V 3 'V4 lr 



(13.927) 



And, F ; corresponding to the conserved spin and orbital angular momentum given by Eqs. (10.157) and (13.670) is 



F 1 ltl 

magl ~Zm e r^ 



4sjs + \)i r 



(13.928) 



The electric field external to the 2p shell given by Eq. (10.92) for r>r 6 gives rise to a second diamagnetic force, 

2 due to the binding of the p-orbital electron having an electric field of +2 outside of 

(13.929) 



F ^ g «, c 2 . Riven by Eq. (10.93). F diamasrclic 
its radius is : 



diamaemtir 7 
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i -^feo^Ti)!, 



In addition, the contribution of two 2p electrons in the formation of the a MO gives rise to a paramagnetic force on the 
remaining paired 2p electrons. The force F 3 is given by Eq. (13.625) wherein the radius is r 6 : 

= ft 2 - 



mag 3 



-Am-. 



-y]s(s + l)i 



(13.930) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. 
(13.926)) and diamagnetic (Eqs. (13.927) and (13.929)), and paramagnetic (Eqs. (13.928) and (13.930)) forces as follows: 
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(13.931) 
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(Eq. (1.35)) and s = - into Eq. (13.931) gives: 
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The quadratic equation corresponding to Eq. (13.932) is 
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The solution of Eq. (13.933) using the quadratic formula is: 
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(13.934) 



The positive root of Eq. (13.934) must be taken in order that r 6 > . Substitution of -2- = 0.59020 (Eq. (10.62) with Z = 8) into 

a n 



Eq. (13.934) gives 



r 6 = 0.70460a 



(13.935) 



ENERGIES OF THE > SHELLS OF THE NITROGEN ATOM AND OXYGEN ATOM OF 

With the formation of the ti 2 -type MU by the contribution of two Ip electrons from each of the N and U atoms, the total 
energy of the NO molecule, which is subtracted from the sum of the energies of the nitrogen and oxygen atoms to determine the 
bond energy, is increased by the ionization energies of N + and + given by Eqs. (10.132-10.133) and (10.152-10.153), 



respectively. Experimentally, the energies are 
E (ionization; N + ) = 29.6013 eV 
E (ionization; + ) = 35.1 1730 eV 



m- 



(13.936) 
(13.937) 



in addition, the central forces on the Ip shells of the N and O atoms are increased with the tormation ot the a MO 
which reduces each shell's radius and increases its total energy. The Coulombic energy terms of the total energy of the TV and 
O atoms at the new radii are calculated and added to the ionization energies of N* and + , and the energy of the a MO to give 
the total energy of NO . Then, the bond energy is determined from the total NO energy. 
Th e radius r 7 of th e nitrog e n atom b e for e bonding is giv e n by Eq. (10.1 4 2): 



r 7 = 0.93084a 



(13.938) 

Using the initial radius r 7 of theAf atom and the final radius r 5 of the Nip shell (Eq. (13.925)) and by considering that the 
cent r al Coulombic field dec r eases by an intege r fo r each successive elect r on of the shell, the sum E T (N \1p) of the Coulombic 
energy change of the Nip electrons of the N atom is determined using Eq. (10.102): " 

„2 r 



E T (N,lp) = -z2 



(Z-n)e z 



?,JIF. n 



1 



-(13.60580 eF)(0.26186)(3) = -10.68853 eV 



(13.939) 



The radius r g ot the oxygen atom betore bonding is given by tiq. (10.162): 



Ag t/ n 



(13.940) 



Using the initial radius r 8 of the O atom and the final radius r 6 of the Olp shell (Eq. (13.935)) and by considering that the 
central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T {0,lp) of the Coulombic 
energy change of the Olp electrons of the O atom is determined using Eq. (10.102): 



E T (Q,lp) = -X 



(Z - n)< 



.2 ( 



A T 



%7lS n 



-(13.60580 eF)(0.41925)(3 + 4) = -39.92918 eV 



(13.941) 
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FORCE BALANCE OF THE a MO OF THE NITRIC OXIDE RADICAL 

The force balance can he considered due to a second pair of two electrons binding to a. molecular inn having +?.c at each focus 
and a first bound pair. Then, the forces are the same as those of a molecule ion having +e at each focus. The diamagnetic force 
^diamagnaicMo\ f° r tne cr -MO of the NO molecule due to the two paired electrons in the 02p shell is given by Eq. (13.633) with 
n=2: 



dia magn elicMO 1 



2m u b 



2 U 2 5 



(13.942) 



" diamagneticMO 2 



of the nitric oxide radical comprising nitrogen with charge Z x = 7 and |ij = # and |i 2 | = ,j— % and oxygen with 



Z 2 = 8 and 2^ = ft is given by the corresponding sum of the contributions. Using Eq. (13.835), F, 



for NO is 



diamagneticMO 7. 



diamagneticMO 2 




(13.943) 



The general force balance equation lor the c-MU of the nitric oxide radical given by Eqs. (11.200), (13.633-13.634), and 
(13.942-13.943) is the same as that of CN (Eq. (13.836)): 



h l 



■D = - 



■ D + - 



h l 



■ji^ 



u±± 



W 



n 1 



-JD^ 



(13 . 944) 



ma b 



_6i 



8n:£ ab 



-D-- 



2m e a b 
f 
1 



Z, Z, Z 2 J 2m e a b 



D- — + JL - J - + —- 



-D 



(13.945) 



ma b 



8?r£ u ab 



V^r 



-Z, Z 2 J 2m e a b 



1 \4 1 

2 + — + -*-?- + - 



-£> = - 



-£> 



(1 3.946) 



y Z[ Zj Z 2 J 2m e a z b A &7T£ ab A 



„ 1 V4 1 
z. z. z. , 



Substitution of Z x = 7 and Z 2 = 8 into Eq. (13.947) gives 

a = 2.39158a =1.26557X10" 10 m 
Substitution of Eq. (13.948) into Eq. (1 1.79) is 



(13.947) 



c' = 1. 093 52a,, = 5.78666 X 10"" m 

The internuclear distance given by multiplying Eq. (13.949) by two is 

2c' = 2.18704a =1.15733 X 10" 10 m 

The experimental bond distance is [28] 



(13.948) 



(13.949) 



(13.950) 



2c' = 1.15077X10" 10 m 
Substitution of Eqs. (13.948-13.949) into Eq. (11.80) is 



(13.951) 



fe = c = 2.12693a =1.12552X10" lu m 
Substitution of Eqs. (13.948-13.949) into Eq. (11.67) is 
e = 0.45724 



(13.952) 
(13.953) 



Using the electron configuration of NO (Eq. (13.916)), the radii of the Ms = 0.14605a (Eq. (10.51)), N2s = 0.693 85a (Eq. 
(10.62)), 7V2/7 = 0.74841a (Eq. (13.925)), Ols = 0.12739a (Eq. (10.51)), 02s = 0.59020a (Eq. (10.62)), and 
02p = 0.70460a (Eq. (13.935)) shells and the parameters of the a MO of NO given by Eqs. (13.3-13.4), (13.948-13.950), and 
(13.952-13.953). the dimensional diagram and charge-density of the NO MO are shown in Figures 13.26 and 13.27. 
respectively. 
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Figure 13.26. The cross section of the 
NO MO showing the axes, a MO ( H 2 -type 

ellipsoidal MO) with four paired electrons, 
with the N \s , 2s , and 2p atomic orbitals 
(AOs) and the O \st, 2s, and 2p AOs. 
Legend: a : semimajor axis, b : semiminor 
axis, c': internuclear distance, r s : radius of 
the N2p shell having two paired electrons, 
r 6 : radius of the 02p shell having two paired 
electrons. 




Figure 13.27. NO MO comprising the a MO (H,-type MO) with N 
and O atoms at the foci that have each donated two electrons to the a MO 
and have smaller radii and higher binding energies as a consequence. (A) 
Color scale, translucent view of the charge-density of the NO MO. (B) 
Off-center cut-away view showing the complete inner most Nls shell, and 
moving radially, the N2s shell, the N2p shell, and the a prolate 
spheroidal MO that has the N atom as a focus. Moving radially from the 
oxygen-atom focus, the complete inner most OXs shell, the 02s shell, the 
02p shell, and the a prolate spheroidal MO are shown. 




SUM OF THE ENERGIES OF THE a MO AND THE AOs OF THE NITRIC OXIDE RADICAL 

The energies of the NO a MO are given by the substitution of the semiprincipal axes (Eqs. (13. 948- 13. 949) and (13.952)) into 
the energy equations (Eqs. (1 1.207-1 1.212)) of H 2 except that the terms based on charge are multiplied by four and the kinetic 
energy term is multiplied by two due to the a -MO double bond with two pairs of paired electrons: 

a + va 2 -b 2 



V =2 



-2e 2 



■In- 



&r<? ( , V« 2 - b 2 a-^ja 1 - b 2 

2 

49.76880 eV 



=-98.30623 eV 



Vp= 2 2 C T == 

8/r£ Va 2 - b 2 



T = 2 



lr 



ta^SSLlO.27631^ 



F =2 2 



2m e a4a~ -b 2 a— J a 2 —b 

a+Ja 2 -b 2 



-n l 



ln- 



4ma\la 2 -b 2 a - V fl 2 -b 2 



-10.27631 eV 



E T =V e+ T + V m + V p 



(13.954) 

(13.955) 

(13.956) 

(13.957) 
(13.958) 



Substitution of Eqs. (1 1.79) and (13.954-13.957) into Eq. (13.958) gives 



E T (NO,a) 



a + . 



"-== 8 In V^ -4 



(13.959) 



= -48.53743 eV 
where E T [NO,a) is the total energy of the a MO of NO. The total energy of NO, E T [NO), is given by the sum of 
E{ionization; N + ) , the energy of the second electron of nitrogen (Eq. (13.936)) donated to the double bond, E {ionization; O*) , 
the energy of the second electron of oxygen (Eq. (13.937)) donated to the double bond, E T [N,2p), the N2p AO contribution 
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due to the decrease in radius with bond formation (Eq. (13.939)), E T (0,2p) , the 02p AO contribution due to the decrease in 
radius with bond formation (Eq. (13.9 4 1)), and E T [NO, a) , the a MO contribution given by Eq. (13.959): 



E T NO) = 



' E '{ionization; N + ) + E(ionization; + ) ' 
+E T ( N,2p) + E T (0, 2p) + E T ( NO, a) 
3 4 . 4 3653 eV 



29.6013 eK + 35. 11730 eV 

-10.68853 eK-39.92918eF-48.53743eF 



(13.960) 



VIBRATION OF NO 

The vibrational energy levels of NO may be solved by determining the Morse potential curve from the energy relationships for 
the transition from a N atom and O atom whose parameters are given by Eqs. (10.134-10.143) and (10.154-10.163). 
respectively, to a. N atom whose parameter r, is given by Eq. (13.925), an O atom whose parameter r fi is given by Eq. 

(13.935), and the a MO whose parameters are given by Eqs. (13.948-13.950) and (13.952-13.953). As shown in the Vibration 
of Hydrogen-type Molecular Ions section, the harmonic oscillator potential energy function can be expanded about the 
internuclear distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) 
[15] and after Eq. (11.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the 
energy corrections can be found by perturbation methods. 



THE DOPPLER ENERGY TERMS OF THE NITRIC OXIDE RADICAL 

Th e e quations of th e radiation r e action forc e of nitric oxid e ar c th e sam e as thos e of H 2 with th e substitution of th e NO 

param e t e rs e xcept that th e re is a factor of four incr e as e in th e c e ntral force in Eq. (11.231) du e to the doubl e bond. Using Eqs. 
(11.231-11.233) and (13.901), the angular frequency of the reentrant oscillation in the transition state is 



ffl = jifEgogl = 9 i 9 3 5 5 7 yio 16 r a djs (1 3 9 61) 

m e 

where a is given by Eq. (13.948). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

E K = h(0 = £2.23557 X 10 16 rad ls = 14.71493 eV (13.962) 

In Eq. (11.181), substitution of E T (NO) for E hv , the mass of the electron, m e , for M , and the kinetic energy given by Eq. 
(13.962) for E K gives the Doppler energy of the electrons of the reentrant orbit: 



2£L 2<?(1 4 .71 493 eV ) 



E D ^E h A=^- =-34.43653 eFJ - v 2 ^ = -0.26134 gF (13.963) 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the NO MO due to the reentrant orbit in the transition state corresponding to simple 
harmonic oscillation of the electrons and nuclei, E^ , is given by the sum of the corresponding energies, E D given by Eq. 
(13.963) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy. Using the experimental NO 
co e of 1904.20 cw' 1 (0.23609 eV) [28] for E Kvib of the transition state, E' osc (NO) per bond is 

E' osc (NO) = E D + E Kvib = E D +U S. (13.964) 

E\ sc (NO) = -0.26134 eV + -(0.23609 eV) = -0.14329 eV (13.965) 

Since the a MO bond is a double bond with twice a many electrons as a single bond, E' mc (NO) is multiplied by two to give 

E osc (NO) = -0.28658 eV (13.966) 
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TOTAL AND BOND ENERGIES OF THE NITRIC OXIDE RADICAL 

E T+osc {NO) , the total energy of NO including the Doppler term, is given by the sum of E T (NO) (Eg. (13.960)) and E osc (NO) 
given by Eg. (13.966): 



,(NO): 



r V e +T + V m +V p + EQonization; N + ) + E (ionization; + ) A 



+E T (N,2p) + E T (0,2p) + E osc (NO) 



E T (NO, a) + E( ionization; N + ) + E( ionization; + ) 
+E T (N,2p) + E T (0,2p) + E asc (NO) 
E T (NO) + E osc (NO) 



(13.967) 



81n- 



8;r£„ 



M 



N ' ) + E( 



ionization; 



^r 



ionization: 



,(NO) = 



(Z-n)e 2f 



1 1 



(Z-n)e 2 



%TtE n 



(13.968) 



\2%\ 



Aef_ 
1 47te n a 3 



l+2\ 



'UP 



(\ Ik 

= -34.43653 eF-2(0.26134eK) + 2 -hi— 



From Egs. (13.966-13.968), the total energy of the NO MO is 



E T+osc (NO) = -34.43653 eV + E osc (NO) = -34.43653 eV + (-0.28658) = -34.72312 eV 



(13.969) 



wh e r e th e e xp e rim e ntal w was us e d for th e n \ — t e rm 



The NO bond dissociation energy, E D (NO), is given by the difference between the sum of the energies of the VV and 



O atoms and E T+0SC (NO) : 



E D (NO) = E(N) + E(0)-E T+osc (NO) 

where the energy of a nitrogen atom is [6] 

E(N) = -14.53414 eV 
and the energy of an oxygen atom is [6] 



(13.970) 



(13.971) 



E(0) = -13.61806 eV 
Thus, the NO bond dissociation energy, E D (NO), given by Egs. (13.969-13.972) is 



(13.972) 



E D (NO) = -(]4.5UWeV + U.(>]R06eV)-E T+ _ (NO) 



= -28.15220 eV -(-34.72312 eV) 
= 6.57092 eV 
The experimental NO bond dissociation energy is [49] 



(13.973) 



E D29S (NO) = 6.5353 eV (13.974) 

The results of the determination of bond parameters of NO are given in Table 13.1. The calculated results are based on first 
principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 
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Table 13.1. The calculated and experimental bond parameters of H* , D 3 + , OH, OD , H 2 0, D 2 0, NH , ND , NH 2 , ND 2 

NH, , ND, , C H, CD , CH, , CH, , C H A , N, , Q> K , CL , CM , CO , an d N O. 



Parameter 



Calculated 



Experimental 



Ref. for Exp. 



// 3 + Bond Energy 
Z) 3 + Bond Energy 
OH Bond Energy 



4.373 eV 

4.374 eV 
4.4104 eV 



4.373 eV 



4.4117 eV 



8 



-22- 



OD Bond Energy 

OH Bond Length 
OD Bond Length 
OH Vibrational Energy 
OD Vibrational Energy 
OH m 



4.4687 eV 
0.971651 A 
0.971651 A 
0.4367 eV 
0.3219 eV 



4.454 eV 

0.971 A 

0.971 A 

0.4424 eV 

0.3263 eV 



3696.38 cm 

2689.51 cm' 1 

87.18 cm' 1 



3735.21 cm 
2720.9 cm' 1 



23 

13 

13 
16-17 
16-17 

14 

14 

14 



OD w e 
OH w.x„ 



82.81 cm 



-1 



OH B e 

OD B e 

H,0 Bond Energy 

D 2 Q Bond Energy 



46.75 crn x 

18.835 crn x 

9.971 crn x 

5.1059 eV 

5.178 eV 



44.2 cm' 1 
18.871 cm' 1 

10.01 cm' 1 
5.0991 eV 
5.191 eV 



14 
14 
14 
26 
31-32 



H 2 O-H Bond Length 
D 2 O-D Bond Length 
H 2 II -II Distance 



0.971574 A 

0.971574 A 

— 1.552 A — 



0.970 + 0.005 A 

0.970 + 0.005 A 

1.55 10.01 A 



23 

23 

-43- 



D 2 D-D Distance 
H 2 Bond Angle 
D 2 Bond Angle 



1.552 A 
106° 
106° 



1.55 +0.01 A 
106° 
106° 



-13- 

23 
23 



NH Bond Energy 



ND Bond hnergy 
NH Bond Length 
ND Bond Length 
NH Vibrational Energy 



3.47530 eV 
3.52556 eV 
1.04262 A 
1.04262 A 
0.38581 eV 



3.47 eV 

3.5134 eV 

1.0362 A 

1.0361 A 

0.38752 eV 



30 

28 
28 
28 



ND Vibrational Energy 



0.28583 eV 



0.28690 eV 



28 



NH co e 
ND a> e 
NH cox 



3284.58 cm' 

2398.72 cm' 

86.37 cm' 1 



3282.3 cm' 
2398 cm' 1 
78.4 cm: 1 



28 
28 
28 



ND rax 



47.40 cm 



42 cm 



-1 



^8- 



NH B e 
ND B e 
NII 2 Bond Energy 



16.495 cm 
8.797 cm' 1 



3.9323 eV 



16.993 cm ' 

8.7913 cm' 1 

3.9461 eV 



28 

28 

^5- 



ND 2 Bond Energy 
NH 2 Bond Length 
ND 2 Bond Length 



3.9401 eV 
1.04262 A 
1.04262 A 



3.9362 eV 
1.0240 A 



33-35 
32 



NH 2 Bond Angle 
ND 2 Bond Angle 
NH i Bond Energy 
ND 3 Bond Energy 



105.97° 

105.97° 

4.57913 eV 

4.64499 eV 



103.3° 



4.60155 eV 
4.71252 eV 



32 



37 
37 



NH 3 B ond Length 



1.0368 A 



1 .012 A 



-32_ 



M) 3 Bond Length 
NH i Bond Angle 



ND, Bond Angle 



1.0368 A 
106.67° 
106.67° 



106.67° 
106.70° 



36 
-36- 



CH Bond Energy 



3.47404 eV 



3.47 eV 



3A- 
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Parameter 



Calculated 



CD Bond Energy 
CH Bond Length 



Experimental 



Ref. for Exp. 



3.51673 eV 
1.1183 A 
1.1183 A 



3.52 eV 
1.1198 A 
1.118 A 



14 
-44- 



CD Bond Leng t h 

CH Vibrational Energy 
CD Vibrational Energy 
CH a. 



0.33879 eV 
0.25173 eV 

2865.86 cmT x 



0.33885 eV 
0.25189 eV 

2861.6 cm: 1 



14 
14 
14 



CD a. 



2102.97 cm 



2101.0 cm 



14 



CH co e x e 
CD a e x e 
CH B. 



66.624 cm 
36.335 cmT 



64.3 cm 
34.7 cm" 



14.498 cm 



14.457 cm 



14 

14 

+4- 



-CD-B- e 

CH 2 Bond Energy 
CH 2 Bond Length 



7.807 cm 
4.36968 eV 
1.1067A 



-T4~ 
39 

38 



7.808 cm ' 

4.33064 eV 

1.111 A 



CH 2 Bond Angle 
CH 3 Bond Energy 
CH 3 Bond Length 
CH 3 Bond Angle 



100.22° 

4.70075 eV 

1.1029A 

120° 



102.4° 

4.72444 eV 

1.079 A 

120° 



38 
40 
38 
38 



CH 4 Bond Energy 



4.4900 eV 



4 . 48464 eV 



-40_ 



CH 4 Bond Length 
CH 4 Bond Angle 
N 2 Bond Energy 



1.1010 A 

109.5° 
9.71181 eV 



1.087 A 

109.5° 

9.756 eV 



41 

41 

"43" 



iV" 2 Bond Length 
2 Bond Energy 
2 Bond Length 



1.0955 A 
5.10711 eV 
1.20862 A 



1.094 A 
5.11665 eV 
1.20752 A 



~43~ 
46 

28 



F 2 Bond Energy 
F 2 Bond Length 
Cl 2 Bond Energy 
CL Bond Length 



1.62168 eV 

1.41114A 

2.52236 eV 

1.988 A 



1.606 eV 

1.41193 A 

2.51412 eV 

1.988 A 



28 
49 

J28_ 



Cl 2 oj e x e 
Cl 2 B e 



538.52 cm 

3.41 cot -1 

0.2420 cmT 1 
7.77526 eV 
1.17231 A 



559.7 cm 

2.68 COT -1 

0.2440 cmT 1 
7.7731 eV 
1.17181 A 



-Og- 



CN Bond Energy 
CN Bond Length 



28 

28 

-50- 



CO Bond Energy 
CO Bond Length 
NO Bond Energy 



NO Bond Length 



11.16652 eV 
1.13290A 
6.57092 eV 



11.15696 eV 
1.12823 A 
6.5353 eV 



49 
28 
49 



1.15733 A 



1.15077 A 



28 
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MORE POLYATOMIC MOLECULES AND HYDROCARBONS 



Additional polyatomic molecules can be solved using similar principles as those used to solve hydrogen molecular ions and 
molecules wherein the hydrogen molecular orbitals (MOs) and hydrogen atomic orbitals serve as basis functions for the MOs. 
The MO must (1) be a solution of Laplace's equation to give a equipotential energy surface, (2) correspond to an orbital solution 
of the Newtonian equation of motion in an inverse-radius-squared central field having a constant total energy, (3) be stable to 
radiation, and (4) conserve the electron angular momentum of fi . Energy of the MO must be matched to that of the outermost 
atomic orbital of a bonding heteroatom in the case where a minimum energy is achieved with a direct bond to the AO. 
Alternatively, the MO is continuous with the AO containing paired electrons that do not particpate in the bond. Rather, they 
only provide a means for the energy matched MO to form a continuous equipotential energy surface. In the case that an 
independent MO is formed, the AO force balance causes the remaining electrons to be at lower energy and a smaller radius. In 
another case, the atomic orbital may hybridize in order to achieve a bond at an energy minimum, and the sharing of electrons 
between two or more such orbitals to form a MO permits the participating hybridized orbitals to decrease in energy through a 
decrease in the radius of one or more of the participating orbitals. Representative cases were solved . Specifically, the results of 
the determination of bond parameters of carbon dioxide (CQ 2 ), nitrogen dioxide (NQ 2 ), ethane (CH 3 CH 3 ), ethylene 

(CH 2 CH 2 ), acetylene (CHCH), benzene (C 6 H 6 ), propane (C 3 H S ), butane (C A H W ), pentane (C 5 H 12 ), hexane (C 6 H U ), heptane 

(C 7 H l6 ), octane (C s H ls ), nonane (C 9 H 20 ), decane (C l0 H 22 ), undecane (C n H M ), dodecane (C 12 H 26 ), and octadecane (C 18 /f 38 ) 

ar c giv e n in Tabi c 14.1. Th e calculat e d r e sults ar c bas e d on first principl e s and giv e n in clos e d - form, e xact e quations containing 
fundamental constants only. The agreement between the experimental and calculated results is excellent. 

CARBON DIOXIDE MOLECULE 

The carbon dioxide molecule can be formed by the reaction of carbon monoxide and an oxygen atom: 

CO + O^CQ 2 (14.1) 

Each equivalent bond in the carbon dioxide molecule comprises a double bond that is energy-matched to the filled C2s orbital. 
Each such bond comprises 75% of a /f 2 -type MO with four paired electrons as a basis set such that three electrons can be 

assigned to each C = O bond. Thus, the two Clp electrons combine with the four Q2p electrons, two from each O , as a 

linear combination to form the two C - O bonds of CQ 2 . The force balance equation and radius r 8 of the 2p shell of O is 
derived in the Eight-Electron Atoms section. With the formation of the H 2 -type MOs by the contribution of two 2p electrons 
from each of the two O atoms, a factor of two increase of the central field on the remaining 02p electrons arises. The resulting 
increased Coulombic as well as magnetic central forces decrease the radii of the 02p shells such that the energy minimum is 

achi e v e d — that — is — low e r — than — that — of — the — r c actant — atoms. The — r e sulting — e l e ctron — configuration — of- — GO- 2 — is- 

Cls 2 O l ls 2 2 \s 2 C2s 2 1 2s 2 2 2s 2 1 2p 2 2 2p 2 (Tg co where the subscripts designate the O atom, 1 or 2, a designates the H 2 - 
type MO, and the orbital arrangement is 
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Carbon dioxide is predicted to be diamagnetic in agreement with observations [1] , 



FORCE BALANCE OF THE 2p SHELL OF THE OXYGEN ATOM OF THE CARBON 
DIOXIDE MOLECULE 

For each O atom, force balance for the outermost 2p electron of C0 2 (electron 6) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 6 and the other 2p electrons as well as the 
2s -shell electrons due to spin and orbital angular momentum. The forces used are derived in the Eight-Electron Atoms section. 
The central Coulomb force on the outer-most 2p shell electron of CO (electron 6) due to the nucleus and the inner five 
electrons is given by Eq. (10.70) with the appropriate charge and radius: 



(Z-5)r 



(14-3) 



4WT 
for r>r 5 The 2p shell possess a +2 external electric field given by Eq. (10.92) for r > r 6 . The energy is minimized with 

conservation of angular momentum. This condition is met when the diamagnetic force, F diam ic , of Eq. (10.82) due to the p - 



orbital contribution is given by: 
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where s = H2. And, F , corresponding to the conserved spin and orbital angular momentum given by Eq. (10.157) is 
„ 1 2ti 2 
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The electric field external to the 2p shell given by Eq. (10.92) for r>r 6 gives rise to a second diamagnetic force, 



diamagnetic 

its radius is 



2 , given by Eq. (10.93). F, 



diamagnetic 2 



due to the binding of the p-orbital electron having an electric field of 1 2 outside of 
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The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (14.3)) 
and diamagnetic (Eqs. (14.4) and (14.6)), and paramagnetic (Eq. (14.5)) forces as follows: 
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Substitution of - 



h 1 

(Eq. (1.35)) and s = — into Eq. (14.7) gives: 
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The quadratic equation corresponding to Eq. (14.8) is 
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The solution of Eq. (14.9) using the quadratic formula is: 
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The positive root of Eq. (14.10) must be taken in order that r 6 > . Substitution of -2- = 0.59020 (Eq. (10.62) with Z = 8) into 



Eq. (14.10) gives 



r 6 = 0.74776a 



(14.11) 



ENERGIES OF THE 2s AND 2 P SHELLS OF THE CARBON ATOM AND THE 2p 
SHELL OF THE OXYGEN ATOMS OF THE CARBON DIOXIDE MOLECULE 

Consider the d e termination of th e total energy of C0 2 from the reaction of a carbon atom with two oxyg e n atoms. With the 



formation of the H 2 -lype MO by the contribution of two 2p electrons from the C atom, the remaining outer-shell atomic 
electrons comprise the 2s electrons which are unchanged by bonding with two oxygen atoms. However, the total energy of the 
C0 2 molecule, which is subtracted from the sum of the energies of the oxygen atom and carbon monoxide molecule to 

determine the U-CO bond energy, is increased by the ionization energies of C, C' 1 , C,and ZU' given by fc.qs. (14. 12- 14. 15), 
respectively. Experimentally, the energies are [2] 



Eiionization; C) = 1 1.26030 eV 
E(ionization; C + ) = 24.38332 eV 



(14.12) 
(14.13) 



Eiionization ; O)-13.61806eF 



(14.14) 



E{ionization ; O + ) = 35.11730gF 



(14.15) 



In addition, the central forces on the 2p shell of the O atom are increased with the formation of the a MO which 
reduces the shell's radius and increases its total energy. The Coulombic energy terms of the total energy of each O atom at the 
new radius are calcula t ed and added to the ioniza t ion energies of C , C + , O , and 20 + , and t he energy of the a MO to give t he 
total en e rgy of C0 2 . Th e n, the bond e n e rgy is d e t e rmin e d from the total C0 2 e n e rgy. 

The radius r g of each oxygen atom before bonding is given by Eq. (10.162): 

h=a a (14.16) 

Using the initial radius r 8 of each O atom and the linal radius r 6 of the Ulp shell (Eq. (14.11)) and by considering that the 
central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T {0,2p) of the Coulombic 
energy change of the 02 p electrons of each O atom is determined using Eq. (10.102): 
(Z-n)e 2 fl 



E T (0,2p) = -Y. 



-(13.60580 eK)(0.33733)(3 + 4) = -32.12759 eV 



(14.17) 



%ne n 



FORCE BALANCE OF THE a MO OF THE CARBON DIOXIDE MOLECULE 

As in the case of H 2 , the a MO is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into the 
C atom for distances shorter than the radius of the C2s shell; nor, can it extend into the O atom for distances shorter than the 
radius of the 02p shell. Thus, the MO surface of each C = bond comprises a prolate spheroid that bridges and is continuous 
with the 2s and 2p shells of the O and C atoms whose nuclei serve as the foci. The energy of each prolate spheroid is 
matched to that of the C2s and Q2p shells. As in the case of previous examples of energy-matched MPs such as OH and 
NH , the C = Q -bond MO must comprise 75% of a f/ 2 -type ellipsoidal MO in order to match potential, kinetic, and orbital 
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energy relationships. However, the paired electrons of the C2s and 02p shells are not involved in bonding. Rather, the AOs 
permit a continuous surface comprising the two C = O -bond MOs having six paired electrons, two from each of the C and the 
two O atoms: 

2(0.75 H 2 MO) -> C0 2 MO (14.18) 
The force balance of the C0 2 MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eg. (14.18) and the energy matching condition between the carbon and oxygen components of the MO. 

Similar to the OH and H 2 cases given by Eqs. (13.57) and (13.162), the H 2 -type ellipsoidal MO comprises 75% of 
the C0 2 MO; so, the electron charge density in Eq. (11.65) is given by -0.75e. Thus, k' of each H 2 -type-ellipsoidal-MO 
component of the C0 2 MO is given by Eq. (13.59). The distance from the origin of each C = O-bond MO to each focus c' is 
given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis of the prolate 
spheroidal C = 6>-bond MO b = c given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). Then, the solution of the 
semimajor axis a allows for the solution of the other axes of the prolate spheroidal and eccentricity of the C0 2 MO. 

The energy components of V e , V , T , V m , and E T of the C0 2 a MO are the same as those of OH given by Eqs. 

(13.67-13.73), except that the terms based on charge are multiplied by four and the kinetic energy term is multiplied by two due 
to each a -MO double bond: 



E T (C = 0,<j ) = - 



4e z 



8n£ c' 



l|ln— 
2 a-c' 



-1 



(14.19) 



where E T (C = O.a) is the total energy of each C = O a MO of CQ 2 . The total energy of a H 2 -type ellipsoidal MO is given 
by Eqs . (11 . 212) and (13.75). A minimum energy is obtained when each double bond of the u MO of C0 2 comprises the 
energy equivalent of four H 2 -type ellipsoidal MOs. For each C = bond to match the energy of the C2s orbital, the 
ionization energy of C and C + (Eqs. (14.12-14.13)) must be added for each bond of the double bond. Thus, the total energy of 




= 2(2( 31.63536831 eV) I 11.26030 eV I 2 4 .38332 eV) 



(1 4 .20) 



= -55.25423 eV 
E T (C = 0,a) given by Eq. (14.19) is set equal to Eq. (14.20): 



Ae l 



2kii£ 



=1 



= e55.25423 eV 



(14.21) 



87re c' 



From the energy relationship given by Eq. (14.21) and the relationship between the axes given by Eqs. (13.60-13.63), the 



dimensions of the C0 2 MO can be solved. 



Substitution of Eq. (13.60) into Eq. (14.21) gives 



E T (C = 0,a) = - 



4e 2 



%KC C 



2aa n 




= e55.25423eF 



(14.22) 



3 



The most convenient way to solve Eq. (14.22) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

a = 1.80703a = 9.56239 X W u m (14.23) 

Substitution of Eq. (14.23) into Eq. (13.60) is 



c' = 1.09758a n = 5.80815 X W 



m 



The internuclear distance given by multiplying Eq. (14.24) by two is 

2c' = 2.19516a =l. 16163 X W lQ m 
The experimental bond distance is [3] 



(14.24) 
(14.25) 



2c' = 1.1600X10" 10 m 
Substitution of Eqs. (14.23-14.24) into Eq. (13.62) is 



(14.26) 
(14.27) 



b = c = 1.43550a n = 7.59636 X W 



m 



Substitution of Eqs. (14.23-14.24) into Eq. (13.63) is 
e = 0.60740 



(14.28) 
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The C and O nuclei comprise the foci of each H 2 -type ellipsoidal MO defined as = C = 0. Consider the left-hand 
C = bond of the two equivalent bonds in the absence of the right-hand bond. The parameters of the point of intersection of 
the // 7 -type ellipsoidal MO and the C2s AO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection angle 
6' is given by Eq. (13.261) where r n =r 4 = 0.84317a is the radius of the C2s shell. Substitution of Eqs. (14.23-14.24) into Eq. 

(13.261) gives 
0' = 54.53° (14.29) 

Then, the angle 8 clsA0 the radial vector of the C2s AO makes with the internuclear axis is 

6 C2sAO = 180° -54.53° = 125.47° (14.30) 

as shown in Figure 14.1. The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the 

MO ellipsoidal parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate 

components at the point of intersection. Thus, the matching elliptic parametric angle cot = 6 H MO satisfies the following 

relationship: 

r 4 sin(9 C2 ^ = 0.84317a sin<9 C2 ^ = bsm.d H ^ M0 (14.31) 

such that 

HiMO ^O^nyn^ ^0.84317^125.47° ^^_ 

with the use of Eq. (14.30). Substitution of Eq. (14.27) into Eq. (14.32) gives 

6 HiM0 = 28.58° (14.33) 

Then, the distance d H ^ MO along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection of 

the orbitals is given by 

d H 2 MO= aCOSid H 2 MO 4 - 34 ) 

Substitution of Eqs. (14.23) and (14.33) into Eq. (14.34) gives 

d Ih M0 = 1 ,58687a = 8.39737 X IP' 11 m (14.35) 

The distance d C2sA0 along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals is given 

by 

"cisAO ~ "h 2 mo ~ c (14.36) 
Substitution of Eqs. (14.24) and (14.35) into Eq. (14.36) gives 



d c2sAo = 0.48929a = 2.58922 X l(T n m (14.37) 

The C and O nuclei comprise the foci of each H 2 -type ellipsoidal MO defined as = C = . Consider the right-hand 
C = O bond of the two equivalent bonds. The parameters of the point of intersection of the ff 2 -type ellipsoidal MO and the 
Olp AO are given by Eqs. (13.84-13.95) and (13.261-13.2/0). The polar intersection angle &' is given by Eq. (13.261) where 
r n =r 6 - 0.1A116a is the radius of the Olp shell. Substitution of Eqs. (14.23-14.24) into Eq. (13.261) gives 

#' = 30.18° (14.38) 

Then, the angle t> 02 „Ao ^ e radial vector of the Ulp AO makes with the internuclear axis is 

O2pAO =180°-30.18° = 149.82° (14.39) 

as shown in Figure 14.1. The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the 
MO ellipsoidal parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate 

components at the point of intersection. Thus, the matching elliptic parametric angle cot = 6 H MO satisfies the following 

relationship: 

r 6 sin 9 02pAO = 0.74776a sin 6 02pAO = b sin 6„ iM0 (14.40) 

such that 

HM g ^ OJ4176a ^ o^o ^-0-74776^ sml49.82° ^^ 

2 b b 

with the use of Eq. (14.39). Substitution of Eq. (14.27) into Eq. (14.41) gives 

g fl2A , =15.18° 4 - 4 2) 

Then, the distance d H M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection of 
the orbitals is given by 

d H 2 MO= aCOSid H 2 MO 4 - 43 ) 

Substitution of Eqs. (14.23) and (14.42) into Eq. (14.43) gives 

d H .,MO =l-74396a =9.22862 X IP' 11 m (14.44) 
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The distance d 02pA0 along the intemuclear axis from the origin of each O atom to the point of intersection of the orbital s is 



given by 

d 2p Ao=dH 2 Mo-c' (14-45) 

Substitution of Eqs. (14.24) and (14.44) into Eq. (14.45) gives 

doipAo = 0.64637a = 3.42047 X 10" m (14.46) 

As shown in Eq. (14.18), each C = bond comprises a factor of 0.75 of the charge-density of double that of the H 2 - 
type ellipsoidal MO. Using the electron configuration of C0 2 (Eq. (14.2)), the radii of the C\s = 0.171 13a (Eq. (10.51)), 
C2s = 0.843 17a„ (Eq. (10.62)), Ol.? = 0.12739« (Eq. (10.51)), 02s = 0.59020« (Eq. (10.62)), and 02p = 0.74776a (Eq. 
(14.11)) shells and the parameters of the a MO of C0 2 given by Eqs. (13.3-13.4), (14.23-14.25), and (14.27-14.28), the 
dimensional diagram and charge-density of the C0 2 MO are shown in Figures 14.1 and 14.2, respectively. 

Figure 14.1. The cross section of the C0 2 MO showing the axes, a MO (two //,-type ellipsoidal MOs) with six paired 
electrons, with the C Is and 2s AOs and the O \s, 2s, and 2p AOs. Legend: a : semimajor axis, b : semiminor axis, c': 
intemuclear distance, r 4 : radius of the C2s shell having two paired electrons, r 6 : radius of the 02p shell having two paired 
electrons. 




Figure 14.2. CO, MO comprising the a MO (two 77, -type MOs) with C and two O atoms at the foci that have each 
donated two electrons to the a MO. Consequently, the outer electrons of the carbon atom comprise the C2s shell, and each 
02p shell has a smaller radius and a higher binding energy. (A) Color scale, translucent view of the charge-density of the C0 2 
MO. (B) Off-center cut-away view showing each complete inner most 0[s shell, and moving radially, the 02s shell, the 02p 
shell, and the <j prolate spheroidal MO that has the corresponding O atom as a focus. Moving radially from the carbon-atom 
focus, the complete inner most C\s shell, the C2s shell, and the a prolate spheroidal MOs are shown. 
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SUM OF THE ENERGIES OF THE a MO AND THE AOS OF THE CARBON DIOXIDE 
MOLECULE 

The energies of the C0 2 a MO are given by the substitution of the semiprincipal axes (Eqs. (14.23-14.24) and (14.27)) into the 
energy equations of OH (Eqs. (13.67-13.73)), except that the terms based on charge are multiplied by four and the kinetic 
energy term is multiplied by two due to each a -MO double bond: 

-2e 2 



V. . = ¥ \ - 



Ja 



a + Va 



4~a 



4 J 8;rg„ yja 2 -b 2 a - Va 1 ^ 
49.58464 eV 



- = - 104 .839 40 eV 



(14 . 47) 



Vp =2 2 i 

8jr£„\la 2 -b 2 



-If- 



ft* 

T = 2 - 



v4 J 2m e ayj a 2 -b 2 a-V< 



In -, = 14.50438 eV 



(14.48) 
(14.49) 



V =2 21 3 



~f infil^EJL -14.50438 eV 
4 )4mM\la 2 -b 2 a-\la 2 -b 2 



(14.50) 



^^ 



-T + V+V,, 



04 . 51) 



Substitution of Eqs. (13.60) and (14.47-14.50) into Eq. (14.51) gives 



-Ad- 



(■x\ 



2aa n 



EJC = 0,a) = V e+ T + V m +V=- 



2aa n 



- In 



t^ 



2aa n 



r-l 



= -55.25476 eV 



(14.52) 



%ne r 



3 



where E T [C = 0,a) is the total energy of each C = a MO of C0 2 given by Eq. (14.19) which is reiteratively matched to Eq. 
(14.20) within five-significant-figure round off error. 

The total energy of C0 2 , E T (C0 2 ), is given by the sum of E (ionization; C) and E {ionization; C + ), the sum of the 
energies of the first and second electrons of carbon (Eqs. (14.12-14.13)) donated to each double bond, the sum of 
E(ionization; O) and two times E(ionization; + ) , the energies of the first and second electrons of oxygen (Eqs. (14.14-14.15)) 
donated to the double bonds, two times E T (0,2p) , the 02p AO contribution due to the decrease in radius with the formation 
of each bond (Eq. (14.17)), and two times E T [C = 0,a) , the a MO contribution given by Eq. (14.22): 

. . [ E(ionization; C) + E(ionization; C + ) + E(ionization; O) 
E T [C0 2 f = 



+2E (ionization; + ) + 2E T (0, 2 p) + 2E T (C - O, a) 



''11.26030 eF + 24.38332eF + 13.61806eF^ 
+2(35.1 1730 eK) + 2(-32.12759eK) 

r f u. — aa 

2aaj, — 



(14.53) 



Ae^ 



a + 



W- 



-T 



V 



SxJ 2 ^ 



2aa„ 



J ) 



11.26030 eF + 24.38332eF + 13.61806eF 



+2(35.11730 eK) + 2(-32.12759eK)-2(55.25423eK) 



^-55.26841 eV 



VIBRATION OF C0 2 

The vibrational energy levels of C0 2 may be solved by determining the Morse potential curve from the energy relationships for 
the transition from a C atom and two O atoms whose parameters are given by Eqs. (10.1 15-10.123) and (10. 154-10. 163), 
respectively, to a C atom whose parameter r 4 is given by Eq. (10.61), two O atoms whose parameter r 6 is given by Eq. (14.1 1), 
and the a C0 2 MO whose parameters are given by Eqs. (14.23-14.25) and (14.27-14.28). As shown in the Vibration of 
Hydrogen-type Molecular ions section, the harmonic oscillator potential energy function can be expanded about the mternuclear 
distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) [4] and after Eq. 
(11.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the energy corrections 
can be found by perturbation methods. 
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THE DOPPLER ENERGY TERMS OF THE CARBON DIOXIDE MOLECULE 

The equations of the radiation reaction force of carbon dioxide are the same as those of OH with the substitution of the C0 2 

parameters except that there is a factor of four increase in the central force in Eq. (13.140) due to the double bond. Using Eqs. 
(13.140-13.142), the angular frequency of the reentrant oscillation in the transition state is 



a>- < 



|4(0.75)e 2 
4xe b 3 



- 4.16331 X10 16 rod Is 



(14.54) 



where b is given by Eq. (14.27). The kinetic energy, E K , is given by Planck's equation (Eq. (1 1 .127)): 
Er = hco = M.16331 X 10 16 radl s = 27.40365 eV 



(14.55) 



In Eq. (11.181), substitution of E T [C0 2 )I2 for E hv , the mass of the electron, m e , for M , and the kinetic energy given by Eq. 



(14.55) tor E K gives the Uoppler energy ol the electrons of the reentrant orbit: 

E n =l 



2E„ 



Mc l 



-27.63421 eV 



2e(27.40365 eV) 



-0.28619 eV 



m.c 



(14.56) 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The transition state comprises O — CO, oxygen binding to CO . Vibration of the linear XYZ -molecular transition 
state corresponds to u 3 [5] with the maximum kinetic energy localized to the nascent C-O bond. In this case, the kinetic 

energy of the nuclei is the maximum for this bond. Thus, E Krik is the vibrational energy. The decrease in the energy of the CQ 2 
MO due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the electrons and nuclei, 
E osc , is given by the sum of the corresponding energies, E D given by Eq. (14.56) and E Kvjb , the vibrational energy. Using the 

experimental C0 2 E vjb (u 3 ) of 2349 cm -1 (0.29124 eV) [6] for E Kvib of the transition state, E osc [C0 2 ) is 



[C0 2 )-E D +E Kvib -E D +E vib 

0.28619 eV + 0.29124 eV = 0.00505 eV 



(14.57) 



T^R 



(14.58) 



TOTAL AND BOND ENERGIES OF THE CARBON DIOXIDE MOLECULE 

E T+osc (C0 2 ), the total energy of C0 2 including the Doppler t e rm, is given by th e sum of E T [C0 2 ) (Eq. (14.53)) and 

E osc (C0 2 ) given by Eq. (14.58): 



Et +OS c{C0 2 ) = 



2(v e + T + V m +V p ) + E '{ionization; C) 

i E(ionization; C + ) i E(ionization; O) i 2E(ionization; + ) 



+2E T (0,2p) + E 0SC {C0 2 ) 

2E T [C = O, a) + E (ionization; C) + Eiionization; C + ) 



vE(ionizalion; 0) + 2E(ionizalion; + ) 



(14.59) 



+2E T (O;2p) + E 0SC (CU 2 ) 

E T {C0 2 ) + E osc (C0 2 ) 
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=4e^ 



2aa n 
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+ E (ionization; C) 
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(14.60) 
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-55.268 41 eF- .28619 eV + E „, 
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From Eqs. (14.57-14.60), the total energy of the C0 2 MO is 

- E r+gsc (C0 2 )- -55.25476 eV + E osc (C0 2 ) - -55.25476 eV + 0.00505 eV - -55.26336 eV (14.61) 

where the experimental £\ 4 was used. 

As in the case of the dissociation of the bond of the hydroxyl radical, an oxygen atom is formed with dissociation of 
C0 2 . O has two unpaired electrons as shown in Eq. (13.55) which interact to stabilize the atom as shown by Eq. (10.161- 

10.162). The lowering of the energy of the reactants decreases the bond energy. Thus, the total energy of oxygen is reduced by 
the energy in the lield of the two magnetic dipoles given by tiq. (7.46) and Eq. (13. ID!): 



E(magnetic) = 2 ^ff = ^°A = 0.11441 eV (14.62) 
m e a flg 

The CO, 2 bond dissociation energy, E D (C0 2 ) , is given by the sum of the energies of the CO and the O atom minus the sum of 
E T+osc (C0 2 ) and E (magnetic): 

E D {CQ 2 ) = E(CO) + E(0)-(E(magnetic) + E T+osc (CQ 2 )) (14.63) 

The energy of an oxygen atom is given by Eq. (1 4 .1 4 ) and E T (CO) is given by the sum of the experimental energies of C (Eq. 
(14.12)), O (Eq. (14.14)), and the negative of the bond energy of CO (Eq. (13.914)): 

E(CO) = -1 1.26030 eF-13.618060 eV -1 1.15696 eV = -36.03532 eV (14.64) 

The energy of O is given by the negative of the corresponding ionization energy given in Eq. (4.14). Thus, the C0 2 bond 
dissociation energy, E D (C0 2 ) , given by the Eqs. (4.14) and (14.61-14.64) is 

E D (C0 2 ) = -(36.03532 eV + 13.618060 eV)-(E(magnetic) + E T+osc (C0 2 )) 

= -49.65338 eV -(0.11441 eF - 55.26336 eF) (14.65) 

= 5.49557 eV 
The experimental C0 2 bond dissociation energy is [7] 

E D29S (C0 2 ) = 5.516 eV (14.66) 

The results of the determination of bond parameters of C0 2 are given in Table 14.1. The calculated results are based on first 
principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 



The nitrogen dioxide molecule can be formed by the reaction of nitric oxide and an oxygen atom: 

NO + O^N0 2 (14.67) 

The bonding in the nitrogen dioxide molecule comprises two double bonds, each a ff 2 -type MO with four paired electrons 
wherein the central N atom is shared by both bonds such that six electrons can be assigned to the two N = bonds. Thus, two 
N2p electrons combine with the four 02p electrons, two from each O , as a linear combination to form the two overlapping 
N = O bonds of NQ 2 . The force balance equation and radius r 7 of the 2/> shell of N is derived in the Seven-Electron Atoms 
section. The force balance equation and radius r 8 of the 2 p shell of O is derived in the Eight-Electron Atoms section. With 
the formation of each of the two H 2 -type MOs by the contribution of two 2p electrons each from the N and O atoms, a 
diamagnetic force arises between the remaining outer shell atomic electrons, the 2s and 2p electrons of N and O , and the H 2 - 
type MO. This force from N and O causes the H 2 -type MO to move to greater principal axes than would result with the 
Coulombic force alone. But, the factor of two increase of the central field and the resulting increased Coulombic as well as 
magnetic central forces on the remaining N and O electrons decrease the radii of the corresponding shells such that the energy 
minimum is achieved that is lower than that of the reactant atoms. The resulting electron configuration of N0 2 is 

Nls 2 1 ls 2 2 ls ? N2s ? 1 2s ? 2 2s ? N2p'0 1 2p 2 2 2p ? a - 6 02NA where the subscripts designate the O atom, 1 or 2, a designates the 
H 2 -type MO, and the orbital arrangement is 
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(14.68) 
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Nitrogen dioxide is predicted to be weakly paramagnetic in agreement with observations [1]. 



FORCE BALANCE OF THE > SHELL OF THE NITROGEN ATOM OF NITROGEN 
DIOXIDE 

For the N atom, force balance for the outermost 2p electron of N0 2 (electron 5) is achieved between the centrifugal force and 

the Coulombic and magnetic forces that arise due to interactions between electron 5 and the 2s -shell electrons due to spin and 
orbital angular momentum. The forces used are derived in the Seven-Electron Atoms section. The central Coulomb force on the 
outer-most 2p shell electron of NO (electron 5) due to the nucleus and the inner four electrons is given by Eq. (10.70) with the 

appropriate charge and radius : 

F _(Z-4)e 2 : 



4n:s r 5 



(14.69) 



for r>r 4 The 2p shell possess a +2 external electric field given by Eq. (10.92) for r > r 5 . The energy is minimized with 
conservation of angular momentum. This condition is met when the magnetic forces of TV in N0 2 are the same as those of N 
in NO . They are also the same as those of N in the nitrogen molecule with r 5 replacing r 6 and with an increase of the central 
field by an integer. The diamagnetic force, F diam tic , ofEq. (10.82) due to the p -orbital contribution is given by Eq. (13.918): 



V^ + I)i r =- 



(14.70) 



diamagnetic 



OJAm^r^ 



\2m e r 5 r 3 V 4 



And, F 2 corresponding to the conserved orbital angular momentum of the three orbitals is also the same as that of N0 2 
given by Eq. (13.919): 
= ^^# 



— Z mj\ r. 



-V< s + 1 )i r 



(14.71) 



The electric field external to the 2p shell given by Eq. (10.92) for r>r 5 gives rise to a second diamagnetic force, 



diamagnetic 



2 , given by Eq. (10.93). F ( 



diamagnetic 2 



due to the binding of the p-orbital electron having an electric field of +2 outside 



of its radius is given by Eq. (13.920): 
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.Z-4_ 


I 2 j 






F 1 — — 

diamagnetic 2 


-LL-lOV^ + l)!, 

m e r 5 


(14.72) 



The radius of the 2p shell is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (14.69)) 

and diamagnetic (Eqs. (14.70) and (14.72)), and paramagnetic (Eq. (14.71)) forces as follows: 



(Z-4)e 2 
47T£ r 2 



h 2 



I2m e r 5 r 3 



V^+i)- 
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Zm e r 5 r 3 



<Js(s + l) 






-£■ 



-10^ + 1) 



(14.73) 
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h l 

Substitution of v 5 = (Eq. (1.35)) and s - — into Eq. (14.73) gives: 

mn * 2 
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The quadratic equation corresponding to Eq. (14.74) is 
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The solution of Eq. (14.75) using the quadratic formula is: 
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(14.76) 



The positive root of Eq. (14.76) must be taken in order that r 5 > . Substitution of — = 0.69385 (Eq. (10.62) with Z = 7) into 
Eq. (14.76) gives 



k = 0.74841a„ 



(14.77) 



FORCE BALANCE OF THE 2p SHELL OF EACH OXYGEN ATOM OF NITROGEN 
DIOXIDE 

For each O atom, force balance for the outermost 2p electron of N0 2 (electron 6) is achieved between the centrifugal force and 
the Coulombic and magnetic forces that arise due to interactions between electron 6 and the other Ip electron as well as the 2s - 
shell electrons due to spin and orbital angular momentum. The forces used are derived in the Eight-Electron Atoms section. The 
central Coulomb force on the outer-most 2p shell electron of N0 2 (electron 6) due to the nucleus and the inner five electrons is 
given by Eq. (10.70) with the appropriate charge and radius: 



F = 



(Z-5)e l 
Akej-1 



(14.78) 



for r>r 5 . The 2p shell possess an external electric field of +2 given by Eq. (10.92) for r>r 6 . The energy is minimized with 
conservation of angular momentum. This condition is met when the magnetic forces of O in N0 2 are the same as those of O in 
NO . The diamagnetic force, F diamagnetjc , of Eq. (10.82) due to the p -orbital contribution given by Eq. (13.927) is 
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(14.79) 
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corresponding to the conserved spin and orbital angular momentum given by Eq. (13.928) is 
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(14.80) 



The electric field external to the 2p shell given by Eq. (10.92) for r>r 6 gives rise to a second diamagnetic force, 
, given by Eq. (10.93). F dia netjc 2 due to the binding of the p-orbital electron having an electric field of +2 outside 



diamagnetic 2 ' 

of its radius given by Eq. (13.929) is 
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(14.81) 
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In addition, the contribution of two 2p electrons in the formation of the a MO gives rise to a paramagnetic force on the 
remaining paired 2p electrons. The force F 3 is given by Eq. (13.930) is 
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The radius of the 2p shell is calculated hy equating the outward centrifugal force to the sum of the electric (F,q. (14.78)) 



and diamagnetic (Eqs. (14.79) and (14.81)), and paramagnetic (Eqs. (14.80) and (14.82)) forces as follows: 
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Substitution of v, 



(Eg. ( 1 .35)) and s = - in to Eg. (14 .83) gives: 
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The quadratic equation corresponding to Eg . (14 . 84) is 



Z-6 
Z-5 



I 2 



rtf 



10. 



(14.84) 



-# 



-^ 



Z—4 



■^ 



Z-5 



'» r 



v 2 . 



r,10J- 



(Z-5)e 2 (2 2^n 



Aks„ 



-y 6 (< 



XI Z J m.n \ 4 



(Z-5)e 2 (2 2) r 3 



4^s„ 



12 ^m e r 3 \4 y 



(14.85) 



3 ' ^ J \ 



The solution of Eg. (14.85) using the guadratic formula is: 
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(14.86) 



The positive root of Eg. (14.86) must be taken 111 order that r 6 > . Substitution of ^^ 

a n 


= 0.59020 (Eq. (10.62) with Z = 8) into 


Eg. (14.86) gives 




r 6 = 0.70460a 


(14.87) 



ENERGIES OF THE 2p SHELLS OF THE NITROGEN ATOM AND OXYGEN ATOMS 
OF NITROGEN DIOXIDE 

Consider the determination of the total energy of N0 2 from the reaction of a nitrogen atom with two oxygen atoms. With the 

formation of each h 2 -type MO by the contribution of two 2p electrons from each of the N and the two O atoms, the total 

energy of the N0 2 molecule, which is subtracted from the sum of the energies of the nitrogen and oxygen atoms to determine 

the bond energy, is increased by the ionization energies of N , N + , O, and 20 + given by Eqs. (14.88-14.91), respectively. 
Experimentally, the energies are [2] 



E (ionization; N) = 14.53414 eV 
E(ionization; N + ) = 29.6013 eV 
E (ionization; O) = 13.61806 eV 
E (ionization; + ) = 35.1 1730 eV 



(14.88) 
(14.89) 
(14.90) 
(14.91) 



In addition, the central forces on the 2p shells of the TV and O atoms are increased with the formation of the a MOs 
which reduces each shell's radius and increases its total energy. The change per bond is the same as that of NO since the final 
radii given by Eq. (14.77) and (14.87) are the same for NO and N0 2 . The Coulombic energy terms of the total energy of the N 

and O atoms at the new radii are calculated and added to the ionization energies of N , N + , O , and 2Q + , and the energy of the 
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o" MOs to give the total energy of N0 2 . Then, the bond energy is determined from the total N0 2 energy. 

The radius r 7 of the nitrogen atom before bonding is given by Eg. (10.142): 

= .9308 4 a n 



(14 .92) 



'7 - "^-^"»-"'o 

Using the initial radius r 7 of the N atom and the final radius r 5 of the N2p shell (Eq. (14.77)) and by considering that the 
central Coulombic field decreases by an integer for each successive electron of the shell, the sum E T {N,2p} of the Coulombic 
energy change of the Nip electrons of the N atom is determined using Eq. (10.102): 



E T (N,2p) = -Y } Z " )e — -— = -(13.60580 <?F)(0.26186)(3) = -10.68853 eV 



%7lS n 



(14.93) 



Th e radius r 8 of the oxygen atom before bonding is given by Eq. (10.162): 



'8 — ^n 



(14.94) 



Using the initial radius r 8 of the O atom and the final radius r 6 of the 02p shell (Eq. (14.87)) and by considering that the 
central Coulombic field decreases by an integer for each successive electron of the shell , the sum E T (Q,2p) of the Coulombic 
en e rgy chang e of th e 02p e l e ctrons of th e O atom is d e t e rmined using Eq. (10.102): 



E T {0,2p) = Y } o 

n=4 8^gp \r 6 r %) 



= (13.60580 eF)(0.41925a 1 )(3 + 4) = -39.92918 eV 



(14.95) 



FORCE BALANCE OF THE a MO OF NITROGEN DIOXIDE 

The force balance can be considered due to a second pair of two electrons binding to a molecular ion having +2e at each focus 
and a first bound pair. Then, the forces are the same as those of a molecule ion having +e at each focus. The diamagnetic force 



diamagneticMO 1 



for each <r-MO of the N0 2 molecule due to the two, paired electrons in the 02p shell is given by Eq. (13.633) 



with n=2: 



h 1 



diamagmticMQ] 



2m a b 



HJ^i 



(14.96) 



This is also the corresponding force of NO given by Eq. (13.942). F 



diamagneticMO 2 



of the nitrogen dioxide molecule comprising 



nitrogen with charge Z x =l and \L t \ = ti and \L 2 \ = .l—h and the two oxygen atoms, each with Z 2 = 8 and |i 3 | = h is given by 
th e corresponding sum of the contribution s . U sing Eq. (1 3. 8 35 ) , V d i a m a > , n eUc M0 2 f° r NQ 2 is 



diumugneticM02 



■_DL 



(14.97) 



yZ\ Z] Z 2 J 2m e a z b z 



This is also the corresponding force of NO given by Eq. (13.943) except the term due to oxygen is twice that of NO due to the 
two oxygen atoms of N0 2 . The general force balance equation for the a -MO of the nitrogen dioxide molecule given by Eqs. 

2 
(11.200), and (14.97-14.98) is also the same as thai of CN (Eq. (14.836)) except for the doubling of the — term due to the two 

Zi 

oxygen atoms: 



-# 



-^ 



•ra-tr 



-D- 



%7 t £ n ab 



-D + - 



2m a b 



D- 1 + — + -L2. + — 



2ma b 



-D 



(14.98) 



h 2 e 2 

-D= „D -- 



m e a b 8ft£ a b 



1 V4 2 h l 
\Z X Z x Z 2 )2m e a b 



V ^1 ^1 ^2 J ""'e' 

\ 

2 



^fr 



(14.99) 



-, 1 V4 2 
2 + — + -*-?- + - 



v z x Z x Z 2 j 



h 2 e 2 

-D= , D 



lm„a b %7is n ab 



(14.100) 
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1 

2+ ± + i± + ± 

z z z 



} 



Substitution of Z, = 7 and Z, = 8 into Eq. (14.101) gives 

a = 2.5165886 =1.33171 X 10" 10 m 
Substitution of Eq. (14.102) into Eq. (11.79) is 

c f = U2173a Q =5.93596X 10" m 
The internuclear distance given by multiplying Eq. (14.103) by two is 



2c' = 2.24347a„ =1.18719X10" 



m 



The experimental bond distance is [3] 

2c' = 1.193X 10 l0 m 
Substitution of Eqs. (14.102-14.103) into Eq. (11.80) is 

6 = c = 2.25275a = 1.19210X 10"'° m 

Substitution of Eqs. (14.102-14.103) into Eq. (11.67) is 
£■ = 0.44574 



(14.101) 

(14.102) 
(14.103) 
(14.104) 

(14.105) 
(14.106) 



(14.107) 

The bonding in the nitrogen dioxide molecule comprises two double bonds, each a // 2 -type MO with four paired 
electrons wherein the central jV atom is shared by both bonds such that six electrons can be assigned to the two N = bonds. 
Thus, two N2p electrons combine with the four 02p electrons, two from each O , as a linear combination to form the two 
overlapping N = bonds of NO-,. Using the electron configuration of NO, (Eq. (14.68)), the radii of the JVLs = 0.1 4605 a 
(Eq. (10.51)), N2.s = 0.693 85a (Eq. (10.62)), 7V2/> = 0.74841a (Eq. (14.77)), 0\s = 0.12739a (Eq. (10.51)), 
Ols = 0.59020a (Eq. (10.62)), and Olp = 0.70460« (Eq. (14.87)) shells and the parameters of the a MOs of N0 7 given by 
Eqs. (13.3-13.4), (14.102-14.104), and (14.106-14.107), the dimensional diagram and charge-density of the N0 2 MO are shown 
in Figures 14.3 and 14.4, respectively. 

Figure 14.3. The cross section of the N0 2 MO showing the axes, a MOs (two jY,-type ellipsoidal MOs) with six paired 
electrons, with the A^ 1* , 2s , and 2p AOs and the O Is , 2s, and 2p AOs. Legend: a : semimajor axis, b : semiminor axis, 
c': internuclear distance, r 5 : radius of the N2p shell having one unpaired electron, r 6 : radius of each Olp shell having two 
paired electrons. 
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Figure 14.4. N0 2 MO comprising two a MOs (//,-type MOs) with N and O atoms at the foci that have each donated two 
electrons to the a MOs and have smaller radii and higher binding energies as a consequence. (A)-(B) Top and side color scale, 
translucent views of the charge-density of the N0 2 MO. (C) Off-center cut-away view showing the complete inner most Ms 
shell, and moving radially, the N2s shell, the N2p shell, and the a prolate spheroidal MOs that each have the N atom as a 
focus. Moving radially from each oxygen-atom focus, the complete innermost Ols shell, the 02s shell, the 02p shell, and the 
a prolate spheroidal MOs are shown. 




SUM OF THE ENERGIES OF THE a MOS AND THE AOS OF NITROGEN DIOXIDE 

The energies of each NO, a MO are the same as those of NO (Eqs. (13.954- 13.958)). They are given by the substitution of 
the semiprincipal axes (Eqs. (14.102-14.103) and (14.106)) into the energy equations (Eqs. (11.207-11.212)) of H 2 except that 
the terms based on charge are multiplied by four and the kinetic energy term is multiplied by two due to the a -MO double bond 
with two pairs of paired electrons: 

-2e ! 



V=2 2 



An 



a + 



T = 2 



V« 2 -fr 2 
%xe„ Va 2 - b 2 a--Ja 2 - b 2 

= 48.51704 eV 

aWa 2 -/r 



=-93.03032 eV 



V =2 2 

Sxeda 2 -b 2 



!r 



F„=2 2 



2m e a\la 2 -b 2 
-n 1 



ln 



a-yja 2 -b 2 



a + yla 2 -b 2 
Am/iyja 2 -b 2 a-sa 1 -b 1 



In 



9.24176 eV 



= -9.24176 eV 



E T =V e +T + V m +V p 



Substitution of Eqs. (1 1.79) and (14.108-14.1 1 1) into Eq. (14.1 12) gives 



E T (N = 0,a) = - 



&w„ 



aa„ 



a + t 



8ln- 



.—4 



a-. 



aa n 



■■ -44.51 329 eV 



(14.108) 

(14.109) 

(14.110) 

(14.111) 
(14.112) 

(14.113) 



where E T [N = 0,a) is the total energy of each a MO of A^. The total energy of N0 2 , E T (N0 2 ), is given by the sum of 
E{ionization; N) and E (ionization; N*), the sum of the energies of the first and second electrons of nitrogen (Eqs. (14.88- 
14.89)) donated to each double bond, the sum of E(ionization\ O) and two times E(ionization\ + ), the energies of the first 
and second electrons of oxygen (Eqs. (14.90-14.91)) donated to the double bonds, E r (N,2p), the N2p AO contribution due to 
the decrease in radius with the formation of each bond (Eq. (14.93)), two times E T (0,2p) , the 02p AO contribution due to the 
decrease in radius with the formation of each bond (Eq. (14.95)), and two times E T [N = 0,a) , the a MO contribution given by 
Eq. (14.113): 
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EJNOJ = 



E(ionization; N) + E(ionization; N + ) 

i E(ionization; O) i 2E(ionization; + ) i E T (N,2p) 



+2E T (0,2p) + 2E T (N = 0,a) 

14.53414 eF + 29.6013 eK + 13.61806 eV 
+2(35.11730eF) + (-10.68853eK) + 2(-39.92918eF) 



\A 



+2 



- e 



a + 



81n- 



&7ze n 



V V 



JJ 



14.53414 eF + 29.6013 eF + 13.61806 eV 
+2(35.11730 eF) + (-10.68853eF) 
v+ 7.(-^q.Q7Q1SpF) + 2(-44.51329pF) 



= -51.58536 eV 



(14.114) 



VIBRATION OF N0 2 

The vibrational energy levels of N0 2 may be solved by determining the Morse potential curve from the energy relationships for 
the transition from a N atom and two O atoms whose parameters are given by Eqs. (10.134-10.143) and (10.154-10.163), 
respectively, lo a iV atom whose parameter r 5 is given by Eq. (14.77), two O atoms whose parameter r 6 is given by Eq. 
(14.87), and the a MOs whose parameters are given by Eqs. (14.102-14.104) and (14.106-14.107). As shown in the Vibration 
of Hydrogen-type Molecular Ions section, the harmonic oscillator potential energy function can be expanded about the 
internuclear distance and expressed as a Maclaurin series corresponding to a Morse potential after Karplus and Porter (K&P) [4] 
and after Eq. (1 1.134). Treating the Maclaurin series terms as anharmonic perturbation terms of the harmonic states, the energy 
corrections can be found by perturbation methods. 



THE DOPPLER ENERGY TERMS OF NITROGEN DIOXIDE 

The equations of the radiation reaction force of nitrogen dioxide are the same as those of NO with the substitution of the N0 2 
parameters. Using Eq. (13.961), the angular frequency of the reentrant oscillation in the transition state is 



4e 2 



6) = ' 



I Axs a a 



= 2.071 10 X10 16 radls 



(1 4 .115) 



where a is given by Eq. (14.102). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 
E =hco = £2.071 10 X 10 16 radls = 13.63231 eV 



(14.116) 



In Eq. (11.181), substitution of E T [N0 2 )/2 for E hv , the mass of the electron, m e , for M , and the kinetic energy given by Eq. 
(14.1 16) for E K gives the Doppler energy of the electrons of the reentrant orbit: 



Ft . = E*h . 



2£„ |2e(13.63231eK) 

4- = -25.79268 e.V \ I "" _ ^ =-0.18840^ 



(14.117) 



M& 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The transition state comprises O — NO, oxygen binding to NO . As in the case of CC 2 bond formation, vibration in 

the transition state corresponds to tz, [5] with the maximum kinetic energy localized to the nascent N -O bond. In this case, the 

kinetic energy of the nuclei is the maximum for this bond. Thns ; F. Kvih is the vibrational energy. The decrease in the energy of 

the N0 2 MO due to the reentrant orbit in the transition state corresponding to simple harmonic oscillation of the electrons and 

nuclei, E osc , is given by the sum of the corresponding energies, E D given by Eq. (14.117) and E Kvib , the vibrational energy. 

Using the experimental N0 2 E vib (v 3 ) of 1618 cm ' (0.20061 eV) [6] for E Kvib of the transition state, E osc [N0 2 ) is 



E OS c(N0 2 ) 



E osc [N0 2 ) 



■ E D + E Kvjb - E D + E vjb 



-0.18840 eV + 0.20061 eV = 0.01221 eV 



(14.118) 
(14.119) 
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TOTAL AND BOND ENERGIES OF NITROGEN DIOXIDE 

E T+osc {N0 1 ), the total energy of N0 2 including the Doppler term, is given by the sum of E T (N0 2 ^ (Eq. (1 4 .11 4 )) and 
E osc {N0 2 ) given by Eq. (14.119): 



2(V e + T + V m + V p ) + E (ionization; N) + E (ionization; N + ) 



~{NQ 2 )-- 



+E(ionization; Q) + 2E(ionization; Q + ) 

+E T (N,2p) + 2E T (0,2p) + E 0SC (N0 2 ) 

2E T (N -O,a) + E(ionization; N) + E (ionization; N + ) 
+ E(ionization; 0) + 2E(ionization; Q + ) 



(14.120) 



+E T (N,2p) + 2E T (0,2p) + E 0SC (N0 2 ) 
E T (N0 2 ) + E osc (N0 2 ) 



( r 



- e 



a + 



81n- 



&xe n 



E(ionization; N) + E (ionization; N + ) 

+E(ionization; 0) + 2E(ionization; + ) 



:(N0 2 )-- 



(Z-n)e 2 1 1 



■*£ 



(Z-n)e 2 1 1 



(14.121) 



_5 'J_ 

- \ 



%K£r. 



4e 2 



12 J 4 ^ 3 



i±h 



= -51.58536 eV-0A8&40eV + E vih 

From Eqs. (14.119-14.121). the total energy of the NQ 2 MO is 

E T+0SC (NQ 2 ) = -51.58536 eV + E osc (NQ 2 ) = -51.58536 eV + 0.01221 eV = -51.57315 eV 



(14.122) 



where the experimental E yib was used. 

As in the case of the dissociation of the bond of the hydroxyl radical, an oxygen atom is formed with dissociation of 
N0 2 . — O has two unpaired electrons as shown in Eq. (13.55) which interact to stabilize the atom as shown by Eq. (10.161 — 
10.162). Th e low e ring of th e e n e rgy of th e r c actants d e cr e as e s th e bond e n e rgy. Thus, th e total e n e rgy of oxyg e n is r e duc e d by 
the energy in the field of the two magnetic dipoles given by Eq. (7.46) and Eq. (13.101): 



E(magnetic) - 



2xju e % _ 87TjU ju B 



= 0.11441 eF 



-»1A 



(14.123) 



Th e N0 2 bond dissociation e n e rgy, E D {N0 2 ) , is giv e n by th e sum of th e e n e rgi e s of th e NO and th e O atom minus th e sum of 
E T+osc (N0 2 ) and E (magnetic) : 

E D (N0 2 ) == E(NO) + E(0)- (E(magnetic) + E T+0SC (N0 2 )) 



(14.124) 



The energy of an oxygen atom is given by the negative of Eq. (14.90), and E T (NO) is given by the sum of the experimental 
energies of N (negative of Eq. (14.88)), O , and the negative of the bond energy of NO (Eq. (13.974)): 

E(NO) = -14.53414 eF-13.618060 eF-6.53529 eF== -34.68749 eV (14.125) 

Thus, the NQ 2 bond dissociation energy, E n (NQ 7 ) , given by Eqs. (4.90) and (14.112-14.125) is 



E D (NO, l ) = -(34.68749 eF + 13.618060 eV)-(E(magnetic) + E T+0SC (NQ 2 )) 



== -48.30555 eF-(0.11441eK-51.57315eF)== 3.15319 eV 
The experimental N0 2 bond dissociation energy is [7] 



(14.126) 



E D29S (N0 2 ) = ?>.16leV 



(14.127) 
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BOND ANGLE OF N0 2 

The N0 2 MO comprises a linear combination of two N = -bond MOs. A bond is also possible between the two O atoms of 

the N = bonds. Such = bonding would decrease the N = bond strength since electron density would be shifted from 
the N = bonds to the = bond. Thus, the bond angle between the two N = bonds is determined by the condition that 
the total energy of the H 2 -type ellipsoidal MO between the terminal O atoms of the N = bonds is zero. From Eqs. (11.79) 
and (13.228), the distance from the origin to each focus of the = ellipsoidal MO is 



wAtis, 



; 



(1 4 .128) 



\m e e 2 2a \ 2 
The internuclear distance from Eq. (13.229) is 



(14.129) 



The length of the semiminor axis of the prolate spheroidal = MO ft = c is given by Eq. (13.167). 

The component energies and the total energy E T of the = bond are given by the energy equations (Eqs. (11.207- 
11.212), (11.213-11.217), and (11.239)) of H 2 except that the terms based on charge are multiplied by four and the kinetic 

energy term is multiplied by two due to the O = O double bond with two pairs of paired electrons. Substitution of Eq. (14.128) 
into Eqs. (11.207-1 1.212) gives 



a + . 



~8TfT- 



Ae l 
I 4^e,,a 3 



2h\ 



%K£ r 



1 + 



(14.130) 



4e 2 



4e z 



1 |87KT a 3 ZTrsAa + c^ 



^=* 



8m. 



From the energy relationship given by Eq. (14.130) and the relationship between the axes given by Eqs. (14.128-14.129) and 

(13.167-14.168), the dimensions of the = MO can be solved. 

The most convenient way to solve Eq. (14.130) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 



a = 8.3360a = 4.41 12 X 10" 10 m 
Substitution of Eq. (14.131) into Eq. (14.128) gives 



(14.131) 



c' = 2.041 6u =1.0804 X 10' 1 " m 

The internuclear distance given by multiplying Eq. (14.132) by two is 
2c' = 4.0831a„= 2.1607 X W lQ m 



(14.132) 



(14.133) 



Substitution of Eqs. (14 .1 31-14 .132) in to E q. (14 .167 ) g ives 



ft = c = 8.0821a = 4.2769 X lO" 10 m 
Substitution of Eqs. (14.131-14.132) into Eq. (14.168) gives 
e = 0.2449 



(14.134) 
(14.135) 



From, 2c' c=c (Eq. (14.133)), the distance between the two O atoms when the total energy of the corresponding MO is 
zero (Eq. (14.130)), and 2c' w=0 (Eq. (14.104)), the internuclear distance of each N = bond, the corresponding bond angle can 
be determined from the law of cosines. Using. Eqs. (13.240-13.242). the bond angle 6 between the N = O bonds is 



A 2(2.24347) 2 -(4.083l) 2 > 



6 = cos 



2(2.24347) 
The experimental angle between the N = bonds is [31 



cos" 1 (-0.6562) = 131.012° 



(14.136) 



fl = 134.1 c 



(14.137) 



The results of the determination of bond parameters of N0 2 are given in Table 14.1. The calculated results are based on 
first principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent. 
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ETHANE MOLECULE (CH.CH,) 

The ethane molecule CH 3 CH 3 is formed by the reaction of two methyl radicals: 

CH 3 +CH 3 ^CH 3 CH 3 (14.138) 
CH 3 CH 3 can be solved using the same principles as those used to solve CH 3 , wherein the 2s and 2p shells of each C 
hybridize to form a single 2sp 3 shell as an energy minimum, and the sharing of electrons between two C2sp 3 hybridized 
orbitals (HOs) to form a molecular orbital (MO) permits each participating hybridized orbital to decrease in radius and energy. 
First, two sets of three H atomic orbitals (AOs) combine with two sets of three carbon 2sp 3 HOs to form two methyl groups 
comprising a linear combination of six diatomic H 2 -type MOs developed in the Nature of the Chemical Bond of Hydrogen- 
Type Molecules and Molecular Ions section. Then, the two CH 3 groups bond by forming a H 2 -type MO between the remaining 
C2sp 3 HO on each carbon. 

FORCE BALANCE OF THE C-C-BOND MO OF ETHANE 

CH 3 CH 3 comprises a chemical bond between two CH 3 radicals wherein each methyl radical comprises three chemical bonds 
between carbon and hydrogen atoms. The solution of the parameters of CH 3 is given in the Methyl Radical (CH 3 ) section. 
Each C-H bond of CH 3 having two spin-paired electrons, one from an initially unpaired electron of the carbon atom and the 
other from the hydrogen atom, comprises the linear combination of 75% // 2 -type ellipsoidal MO and 25% C2sp 3 HO. The 
proton of the H atom and the nucleus of the C atom are along each internu clear axis and serve as the foci. As in the case of 
H 2 . each of the three C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend 

into C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each MO 
surface comprises a prolate spheroid at the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus 
serves as the other focus. The electron configuration and the energy, E[C,2sp 3 J , of the C2sp 3 shell is given by Eqs. (13.422) 
and (13.428), respectively. The central paramagnetic force due to spin of each C-H bond is provided by the spin-pairing force 
of the Cr7 3 MO that has the symmetry of an s orbital that superimposes with the C2sp 3 orbitals such that the corresponding 
angular momenta are unchanged. 

Two CH 3 radicals bond to form CH 3 CH 3 by forming a MO between the two remaining C2sp 3 -HO electrons of the two 
carbon atoms. However, in this case, the sharing of electrons between two C2sp 3 HOs to form a molecular orbital (MO) 
comprising two spin-paired electrons permits each C2sp 3 HO to decrease in radius and energy. 

As in the case of the C-H bonds, the C-C -bond MO is a prolate-spheroidal-MO surface that cannot extend into 
C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell of each atom. Thus, the MO surface comprises a partial 
prolate spheroid in between the carbon nuclei and is continuous with the C2sp 3 shell at each C atom. The energy of the H 2 - 
type ellipsoidal MO is matched to that of the C2sp 3 shell. As in the case of previous examples of energy-matched MOs such as 
those of OH , NH , C.H , and the C = Q-hm<\ MO of Ci\, the ("-("-bond MO of ethane must comprise 75% of a ff 2 -rype 
ellipsoidal MO in order to match potential, kinetic, and orbital energy relationships. Thus, the C-C -bond MO must comprise 
two C2sp 3 HOs and 75% of a // 2 -type ellipsoidal MO divided between the two C2sp 3 HOs: 

2 C2sp 3 +0.75 H 2 MO ->• C-C -bond MO (14.139) 

The linear combination of the H 2 -type ellipsoidal MO with each C2sp 3 HO further comprises an excess 25% charge-density 

contribution from each C2sp 3 HO to the C - C -bond MO to achieve an energy minimum. The force balance of the C - C -bond 
MO is determined by the boundary conditions that arise from the linear combination of orbitals according to Eq. (14.139) and the 
energy matching condition between the C2sp 3 -HO components of the MO. 

Similarly, the energies of each CH 3 MO involve each C2sp 3 and each His electron with the formation of each C-H 
bond. The sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the C2sp 3 shell. This energy is determined 
by the considering the effect of the donation of 25% electron density from the two C2sp 3 HOs to the C-C -bond MO. The 

2sp 3 hybridized orbital arrangement given by Eq. (13.422) is 

2sp 3 state 

_L JL JL JL (14.140) 

0,0 1,-1 1,0 1,1 
where the quantum numbers (l,m t ) are below each electron. The total energy of the state is given by the sum over the four 
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electrons. The sum E T (C,2sp 3 ) of calculated energies of C, C\ C 2+ , and C 3+ from Eqs. (10.123), (10.113-10.114), (10.68), 

and (10. 4 8), respectively, is 

E T (c,2sp i ) = 6 4 .3921 cF + 4 8.3 125 cF + 2 4 .2762 cF + 1 1.27671 cF = 1 4 8.25751 eV (1 4 .1 -1 1) 

which agrees well with the sum of 148.02532 eV from the experimental [2] values. Consider the case of the C2sp 3 HO of each 
methyl radical. The orbital-angular-momentum interactions cancel such that the energy of the E T (c,2sp 3 } is purely 

Coulombic. By considering that the central field decreases by an integer for each successive electron of the shell, the radius 
r 2j 3 of the C2sp 3 shell may be calculated from the Coulombic energy using Eq. (10.102): 

r =f (Z-»y = 10f! = 091771a (14 142) 

2 Jl — a 8^g (el 4 8.25751 eV) 8;rg (el 4 8.25751 eV) — 

where Z = 6 for carbon. Using Eqs. (10.102) and (14.142), the Coulombic energy E Coll!omb (C,2sp 3 ) of the outer electron of the 

C2sp 3 shell is 

E C ou, omb {C, V ) - "^ - - 7°* - 14-82575 cV (WrM3^ 

v ' sne n r , 8;r£ n 0.91771a n 

" 2sp' D 

During hybridization, the spin-paired 2s electrons are promoted to the C2sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (13.152) at the initial radius of the 2s electrons. From Eq. (10.62) with Z = 6, 

the radius r } of the C2s shell is 

r 3 = 0.8 4 3 17a (1 4 .1 44 ) 

Using Eqs. (13.152) and (14.144), the unpairing energy is 

E(magnetic)= 2men 3 = * mMe 3 =0. 19086 eV (14.145) 



m ? e (rj (0.843 17a„) 



Using Eqs. (14.143) and (14.145), the energy E^C,2sp^ of the outer electron of the C2sp i shell is 



2*2 



E(c,2sp l )= + 2 ^o eh =-14.82575 eV + 0.19086 eV = -14.63489 eV (14.146) 

^v — m ^ — 

Next, consider the formation of the C-C -bond MO of ethane from two methyl radicals, each having a C2sp 3 electron 

with an energy given by Eq. (14.146). The total energy of the state is given by the sum over the four electrons. The sum 
E T {C ethane ,2sp 3 )oi calculated energies of C2sp\ C + , C 2+ , and C 3+ from Eqs. (10.123), (10.113-10.114), (10.68), and (10.48), 
respectively, is 

E T (C etkane ,2sp i ) = -(64.3921eV + 4%.3125eV + 24.2762eV + E(c,2sp i )) 

= -(64.3921 e^ + 48.3 125 eF + 24.2762 eF + 14.63489 eK) (14.147) 

--151.61569eF 

where E(C,2sp 3 J is the sum of the energy of C , — 1 1.27671 eV , and the hybridization energy. The orbital - angular - momentum 

interactions also cancel such that the energy of the E T (C ethane ,2sp 3 ) is purely Coulombic. 

The sharing of electrons between two C2sp 3 HOs to form a C - C -bond MO permits each participating hybridized 
orbital to decrease in radius and energy. In order to further satisfy the potential, kinetic, and orbital energy relationships, each 
C2sp 3 HO donates an excess of 25% of its electron density to the C-C -bond MO to form an energy minimum. By considering 
this electron redistribution in the ethane molecule as well as the fact that the central field decreases by an integer for each 
successive electron of the shell, the radius r 3 of the C2sp 3 shell of ethane may be calculated from the Coulombic energy 

using Eq. (10.102): 



r , , = V(Z-n)- 0.25 



8^£ (el51.61569eF) 8^ (el 5 1.6 1569 eV) 



9 75e 2 

0.87495a (14.148) 



Using Eqs. (10.102) and (1 4 .1 4 8), the Coulombic energy E Coulomb (C ethane ,2sp 3 ) of the outer electron of the C2^p 3 shell is 



-3- 



Eco« lomb { C ^ne^p 3 ) = - = =-15.55033 eV (14.149) 

^ E ^thane2^ 8** 0.87495fl 
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During hybridization, the spin-paired 2s electrons are promoted to the C2sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eg . (13 . 152) , Using Eqs . (14 . 145) and (14 . 149), the energy E{c etham ,2sp 3 \ of the 
outer electron of the C2sp 3 shell is 



E { C ethane> 2s P') = 



$7t£ n r , „ , 

u ethanezsp 



27tfi e 2 h 2 



= -15.55033 eF + 0.19086eF = -15.35946 eV 



(14.150) 



Thus. E T (C-C,2sp 3 ), the energy change of each C2sp 3 shell with the formation of the C-C-bond MO is given by the 
difference between Eq. (14.146) and Eq. (14.150): 

E T (C -C,2sp 3 ) = E(C elhalje ,2sp 3 )-E(C,2sp 3 ) = -15.35946 eF-(-14.63489 eF) = -0.72457 eV (14.151) 

The ff 2 -type ellipsoidal MO comprises 75% of the C-C-bond MO shared between two C2sp' HOs corresponding to 



the electron charge density in Eq. (11.65) of 



-0.75e 



But, the additional 25% charge-density contribution to the C-C-bond 



MO causes the electron charge density in Eq. (11 .65) to be — = -0.5e . Thus, the force constant k ' to determine the ellipsoidal 



param e t e r c' in t e rms of th e c e ntral forc e of th e foci giv e n by Eq. (1 1.65) is 
(0.5)2e 2 



4tt£„ 



(14.152) 



The distance from the origin to each focus c' is given by substitution of Eq. (14.152) into Eq. (13.60). Thus, the distance from 
th e origin of th e C — C - bond MO to e ach focus c ' is giv e n by 



tl 47l£ n 



aa n 



(14.153) 



The internuclear distance from Eq. (14.153) is 
Ic ' = 2Jaa n 



(H.154) 

The length of the semiminor axis of the prolate spheroidal C-C-bond MO b = c is given by Eq. (13.62). The eccentricity, e, 
is given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other axes of each prolate 
spheroid and eccentricity of the C-C -bond MO. Since the C-C-bond MO comprises a H 2 -type-ellipsoidal MO that 

transitions to the C etham 2sp 3 HO of each carbon, the energy E[C ethane ,2sp 3 \ in Eq. (14.150) adds to that of the /f 2 -type 
ellipsoidal MO to give the total energy of the C-C -bond MO. From the energy equation and the relationship between the axes, 
the dimensions of the C - C -bond MO are solved. Similarly, E(C ethane ,2sp 3 ) is added to the energy of the H 2 -type ellipsoidal 

MO of each C-H bond of the methyl groups to give its total energy. From the energy equation and the relationship between 
the axes, the dimensions of the equivalent C-H -bond MOs of the methyl groups in ethane are solved. 

The general equations for the energy components of V e , V , T , V m , and E T of the C-C -bond MO are the same as 

those of the CH MO as well as each C-H -bond MO of the methyl groups except that energy of the C cthanc 2sp 3 HO is used. 

Since the prolate spheroidal //.,-type MO transitions to the C ethane 2sp 3 HO of each carbon and the energy of the C ethane 2sp 3 

shell must remain constant and equal to the E[C ethane ,2sp 3 \ given by Eq. (14.150), the total energy E t (C-C,<j) of the a 

component of the C-C -bond MO is given by the sum of the energies of the orbitals corresponding to the composition of the 
linear combination of the C etham lsp 3 HO and the _W 2 -type ellipsoidal MO that forms the a component of the C-C-bond MO 
as given by Eq. (14.139) with the electron charge redistribution. Using Eqs. (13.431) and (14.150), E T (C-C,a) is given by 



E T (C-C,a) = E T +E(C ethane ,2sp 3 )-- 



%ns n c ' 



(0.91771)1 2---^ |ln— -1 
1 n 2a a-c' 



-15.35946 eV 



(14.155) 



To match the boundary condition that the total energy of the entire the // 2 -type ellipsoidal MO is given by Eqs. (1 1.212) and 
(13.75), E T (C-C,a) given by Eq. (14.155) is set equal to Eq. (13.75): 



E T (C-C,a) = - 



&7T£ C ' 



(0.91771)1 2 4^1ln— -1 
1 ' ' 2 a a-c' 



-15.35946 eV = -31.63536831 eV 



(14.156) 



From the energy relationship given by Eq. (14.156) and the relationship between the axes given by Eqs. (14.153-14.154) and 
(13.62-13.63), the dimensions of the C-C-bond MO can be solved. 
Substitution of Eq. (14.153) into Eq. (14.156) gives 
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%K£„Jaa n 



(0.91771) 2--^- 



.1 _% ] ]a f + v'"'- 



■1 



aa„ 



= el6.27589 



(14.157) 



The most convenient way to solve Eq. (14.157) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 



a = 2JO725a =1.11511 X 10" 10 m 
Substitution of Eq. (14.158) into Eq. (14.153) gives 

c-' = 1.45164o„ = 7.68173X10-" m 
The internuclear distance given by multiplying Eq. (14.159) by two is 

2c' = 2.90327a„ = 1 .53635 X 10"' m 



(14.158) 
(14.159) 
(14.160) 

(14.161) 
(14.162) 



The experimental bond distance is [3] 

2c' = 1.535 IX 10" 10 m 
Substitution of Eqs. (14.158-14.159) intoEq. (13.62) gives 

b = c = 1.52750a = 8.083 17 X 10" u m 
Substitution of Eqs. (14.158-14.159) into Eq. (13.63) gives 

e = 0.68888 (14.163) 

The nucleus of the C atoms comprise the foci of the // 2 -type ellipsoidal MO. The parameters of the point of intersection of the 

H 2 -type ellipsoidal MO and the C etkaiie 2sp- HO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection 

angle <?' is given by Eq. (13.261) where r n =r 



. . . 3 = 0.87495% is the radius of the C etkass 2sp > shell. Substitution of Eqs. 



(14,158-14.159) into Eq. (13.261) gives 
<?' = 67.33° 

the radial vector of the C2sp i HO makes with the internuclear axis is 



Then, the angle 9 



9, 



c-c.„ 



C-C flhc , K 2 Sp >HO 

, 3 „=180 o -67.33° = 112.67° 



(14.164) 



(14.165) 



as shown in Figure 14.5. 



Figure 14.5. The cross section of the C-C -bond MO (<r MO) and one C — H -bond MO of ethane showing the axes, 
angles, and point of intersection of each //,-type ellipsoidal MO with the corresponding C aiam 2sp 3 HO. The continuation of 
each # 2 -type-ellipsoidal-MO basis element of the C-C bond and the C-H -bond beyond the intersection point with each 

C eAmc 2sp' shell and a MO is shown as dashed since each only serves to solve the energy match with the C elhime 2sp 3 shell and 
does not represent charge density. Similarly, the vertical dashed line only designates the parameters of each intersection point. 
The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c'\ internuclear distance, 
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Consider the right-hand intersection point. The Cartesian i -coordinate of the interception point of the MO and the AO can be 
calculated using the MO ellipsoidal parameters by first calculating the parametric angle in Eq. (1 1 .83) that matches Cartesian j - 
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coordinate components at the point of intersection. Thus, the matching elliptic parametric angle cot = 8 C _ C H M0 satisfies the 



following relationship : 



r, ,sin6> , , 3h =0,87495a sin6> . , , Hm = bsm0 c _ r H _ Me (14,166 ) 

such that 

Q ■ -i °- 87495a ° Sin6l c-c eiW 2^ . _, 0.87495^ sin 112.67° ... 

8 r r . h irn = Sin _ e "*" ie = Sin — " (14.167) 

C C etham' H 2 M0 g g V ^~ 

with the use of Eq. (14.166). Substitution of Eq. (14.162) into Eq. (14.167) gives 

c-c elham ,H 2 MO -31.91° (14.168) 

Then, the distance d c _ c H M0 along the internuclear axis from the origin of 7/ 2 -type ellipsoidal MO to the point of 

intersection of the orbitals is given by 

d c-c elhane ,H 2 MO=^^c-c ethme , Hl MO (14T69T 

Substitution of Eqs. (14.158) and (14.168) into Eq. (14.169) gives 
d r _r „ iM0 =l-78885a„ =9.46617 X 10"" m (14.170) 

The distance d„ , along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 

C ~ C ethane 2s P H0 



is given by 

«k 

Substitution of Eqs. (14.159) and (14.170) into Eq. (14.171) gives 



d C-C ethme 2sp^HO- d C-C etham ,H 2 MO C ' (14.171) 



d r.r ■, 3„ n =0.33721a = 1.78444 X 10" 11 m (14.172) 



Each of the two equivalent 


CII 3 MOs must comprise 


three 


-th- 


-II bonds with each 


comprising 


T*5% 


of a 


-Hi 


-type ellipsoidal 


MO and a C2sp 3 HO as given by Eq. (13.540): 


















3[lC2.sp 3 +0.75// 2 


MO~\ ->■ CH 3 MO 
















(14.173) 



The force balance of the CH 3 MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (13.540) and the energy matching condition between the hydrogen and C2sp i HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 -type-ellipsoidal-MO component of the 
CH i MO in terms of the central force of the foci is given by Eq . (13 . 59) . The distance from the origin of each C — H -bond MO 
to each focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis of 
the prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution 
of the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H- 
bond MO. Since each of the three prolate spheroidal C-H -bond MOs comprises an H 2 -type-ellipsoidal MO that transitions to 

the C„^2,t/? 3 HO of ethane, the energy E^C^,^,2sp 3 ^ of Eq. (14.150) adds to that of the three corresponding // 2 -type 
ellipsoidal MOs to give the total energy of the CH 3 MO. From the energy equation and the relationship between the axes, the 
dimensions of the CH 3 MO are solved. 

The energy components of V e , V , T , and V m are the same as those of methyl radical, three times those of CH 
corresponding to the three C-H bonds except that energy of the C aham 2sp i HO is used. Since each prolate spheroidal ff 2 -type 
MO transitions to the C etham 2sp l HO and the energy of the C etllme 2sp^ shell must remain constant and equal to the 
EJC clhunc ,2sp^ given by Eq. (14.150), the total energy £^__ (CH 3 ) of the CH 3 MO is given by the sum of the energies of the 
orbitals corresponding to the composition of the linear combination of the C aham 2sp i HO and the three 7/ 2 -type ellipsoidal MOs 
that forms the CH 3 MO as given by Eq. (13.540). Using Eq. (13.43 1), E T ^ (CH 3 ) is given by 



[CHj-Er+E^^lsp 3 ) 3l ' 2 



(0.91771)! 2-l- a 0ln a + C ' 1 



-15.359 4 6 eV (1 4 .17 4 ) 



%7Z£ C' 



2 a 



E T (C// 3 ) given by Eq. (14.174) is set equal to three times the energy of the // 2 -type ellipsoidal MO minus two times the 
Coulombic energy of H given by Eq. (13.542): 



eJch] = - 3 -- 



(0.91771) 2---^- 



1 a, 



\ 



a + c' 



l n r_J__i 



- 1 5.35946 eV = -67.69450 eV (14.175) 



%ns a c' 



2 a 



j- 



602 



©2010 BlackLight Power, Inc. All rights reserved. 
Chapter 14 



From the energy relationship given by Eq. (14.175) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the C7/ 3 MO can be solved. 

Substitution of Eq. (13.60) into Eq. (14.175) gives 



3e 2 



8/TA' 



2aa a 



(0.91771) 2 



J2aa 
Ylaa,-. 

a -\-Y- 



: e52.33505 



(14.176) 



The most convenient way to solve Eq. (14.1 76) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 



a = l.64469a = 8.70331 X 10" 11 m 
Substitution of Eq. (14.177) into Eq. (14.60) gives 

c' = 1.04712a = 5.54111 X 10"" m 
The internuclear distance given by multiplying Eq. (14.178) by two is 

2c' = 2.09424et„ =1.10822X lO" 10 m 



(14.177) 
(14.178) 
(14.179) 
(14.180) 
(14.181) 



The experimental bond distance is [3] 

2c' = 1.0940 X 10 lu m 
Substitution of Eqs. (14.177-14.178) into Eq. (14.62) gives 

b = c = \ .26828a = 6.7 1 145 X 1 0" 11 m 

Substitution of Eqs. (14.177-14.178) into Eq. (14.63) gives 

e = 0.63667 (14.182) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the H 2 -type ellipsoidal MO and the C ahml ,2sp' HO are given by Eqs. (13.84-13.95) 

and (13.261-13.270). The polar intersection angle 9' is given by Eq. (13.261) where r B =r tfcM( . a . = 0.87495a(, is the radius of 

the C e , w 2,sp 5 shell. Substitution of Eqs. (14.177-14.178) into Eq. (13. 261) gives 

9'= 79.34° (14.183) 

Then, the angle 8 

C n , 



the radial vector of the C2sp 3 HO makes with the internuclear axis is 



8 



C-H„ 



isp>m 



= 180° -79.34° = 100.66 



(14.184) 



as shown in Figure 14.6. 



Figure 14.6. The cross section of one C-H -bond MO of ethane showing the axes, angles, and point of intersection of the 
// 2 -type ellipsoidal MO with the C elhme 2sp' HO. The continuation of the H 2 -type-ell ipsoidal-MO basis element beyond the 

intersection point with the C ethax 2sp i shell is shown as dashed since it only serves to solve the energy match with the C ellta „ e 2sp i 
shell and does not represent charge density. Similarly, the vertical dashed line only designates the parameters of the intersection 
point. The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c'\ internuclear 



distance, J, : d c _ H ^^ , 8 l :8 CH 
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The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the MO ellipsoidal 
parameters by first calculating the parametric angle in Eq. (1 1.83) that matches Cartesian j -coordinate components at the point 
of intersection. Thus, the matching elliptic parametric angle 0)t = 8 c _ H H M0 satisfies the following relationship: 

r, „ ,sm6> „ 3 „ =0.87495a„sin6» „ 3 „„ =bsm0 r „ „ Mn (14.185) 

etkane2sp 3 C-H etham 2sp 3 HO ° C-H ahmt ,2sp i HO C - H ethane' H 2 M0 V ' 



such that 



0.87 4 95a n sin6> 



- S i n - c-H ahane 2^no _ . U.874^ sinlUU.66- — — 

U C H elham , Hl MO ~ SIP g =S1ILJ ^ (,14.18b) 

with the use of Eq. (14.184). Substitution of Eq. (14.181) into Eq. (14.186) gives 

c-h^h 2 mo= 42.68° (14.187) 

Then, the distance d c _ H H M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of 
intersection of the orbitals is given by 

d c-« elhaae M 2 MO = acos0 c- Hethme ,H 2 MO (14.188) 
Substitution of Eqs. (14.177) and (14.187) into Eq. (14.188) gives 



^-H^^H.MO 



:1.20901a n = 6.39780X10" m (14.189) 



The distance <f 3 „„ along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 

C ~ H ethane ls P HU 



is given by 



= J C -h„..^mo-<' (14-190) 



C ~ H ethane 2 ^ 110 C ~ H ethane > H 2 M0 



Substitution of Eqs. (14.178) and (14.189) into Eq. (14.190) gives 

d n „ , 3„„= 0.161 89a„= 8.56687 X W n m (14.191) 



BOND ANGLE OF THE Cll- GROUPS 



Each CH 3 MO comprises a linear combination of three C-H -bond MOs. Each C - H -bond MO comprises the superposition 
of a // 2 -type ellipsoidal MO and the C elkaml 2sp 3 HO. A bond is also possible between the two H atoms of the C-H bonds. 
Such H - H bonding would decrease the C - H bond strength since electron density would be shifted from the C - H bonds to 
the H -H bond. Thus, the bond angle between the two C-H bonds is determined by the condition that the total energy of the 
// 2 -type ellipsoidal MO between the terminal H atoms of the C-H bonds is zero. From Eqs. (11.79) and (13.228), the 
distance from the origin to each focus of the H -H ellipsoidal MO is 

, W AKH n Taar n ~ , ,„„ 

c=fl J ^ =4^ (14-192) 

y m e e la Xi 

The internuclear distance from Eq. (13.229) is 

2r , = 2 jaao_ (14.193) 

The length of the semiminor axis of the prolate spheroidal H - H MO b = c is given by Eq. (14.62). 

The bond angle of the CH 3 groups of ethane is derived by using the orbital composition and an energy matching factor 
as in the case with the CH 3 radical. Since the two H 2 -type ellipsoidal MOs initially comprise 75% of the H electron density of 
H 2 and the energy of each H 2 -type ellipsoidal MO is matched to that of the C elhane 2sp i HO, the component energies and the 
total energy E T of the H-H bond are given by Eqs. (13.67-13.73) except that V e , T , and V m are corrected for the 
hybridization-energy-matching factor of 0.87495 . Hybridization with 25% electron donation to the C-C -bond gives rise to the 
C ethme 2sp 3 HO-shell Coulombic energy E Coulomh (C ethme ,2sp^) given by Eq. (14.149). The corresponding normalization factor 
for determining the zero of the total H-H bond energy is given by the ratio of 15.55033 eV , the magnitude of 
E amiomb (Cetncme>2sp 3 ) given by Eq. (14.149), and 13.605804 eV , the magnitude of the Coulombic energy between the electron 
and proton of H given by Eq. (1 .264). The hybridization energy factor C thaneC2s , HO is 



e 1 


e 1 






&x£ a 


8ft£ a 


= 13.605804 eV =0XJ49S 
15.55033 eV 


(14.194) 


ethaneC2sp 3 HO „2 


e 2 


8xe n r , „ 3 

v ethane Lsp 


8^ 0.87495a 





Substitution of Eq. (14.152) into Eq. (13.233) with the hybridization factor of 0.87495 gives 
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-3—3- 



a + . 



0.75e 2 



4x6\a 



(0.87495)' 



ln- 



-ct—f 



2h 



m. 



%KS, V 



a-. 



= 



m„c 



(14.195) 



I0.75e 2 



&x£ a 3 Sxe Ja + c'f 



+h\ 



0.5w„ 



From the energy relationship given by Eq. (14.195) and the relationship between the axes given by Eqs. (14.192-14.193) and 

(M.62 - 1 '1 ,63), the dimensions of the H — H MO can be solved. 

The most convenient way to solve Eq. (1 4.1 95) is hy the reiterative technique using a computer. The result to within the 

round-off error with five-significant figures is 

(14.196) 



a = 5.7000a„= 3.0163 X10~ 



m 



Substitution of Eq. (14.196) into Eq. (14.192) gives 



c' = 1.6882a = 8.9335 X 10" n m 

The internuclear distance given by multiplying Eq. (14.197) by two is 

2c' = 3.3764a =1.7867 X 10" 10 m 
Substitution of Eqs. (14.196-14.197) into Eq. (14.62) gives 



(14.197) 
(14.198) 



= 5.4443a„ 



S10X 10 _1 ° m 



(14.199) 



Substitution of Eqs. (14.196-14.197) into Eq. (14.63) gives 

e = 0.2962 (14.200) 

From, 2c' H _ H (Eq. (14.198)), the distance between the two H atoms when the total energy of the corresponding MO is 
zero (Eq. (14.195)), and 2c' c _ H (Eq. (14.179)), the internuclear distance of each C-H bond, the corresponding bond angle can 
be determined from the law of cosines. Using, Eq. (13.242), the bond angle 9 between the C-H bonds is 



6 = cos 



^2(2.09424) 2 -(3.3764) 2A 
2(2.09 424) 2 



= cos" 1 (-0.29964) =107.44° 



(14.201) 



The experimental angle between the C — H bonds is [8] 
(9 = 107.4° 



(14.202) 



The CH 3 radical has a pyramidal structure with the carbon atom along the z-axis at the apex and the hydrogen atoms at 



the base in the x y-plane. Th e distance d t 



origin-H 



f rom the origin to the n ucleus of a h ydrogen atom given by Eqs. (14 . 198 ) and 



(13. 4 12) is 



^^=1.94936a (14.203) 

The height along the z-axis of the pyramid from the origin to C nucleus d height given by Eqs. (13.414), (14.179), and (14.203) is 



(14.204) 



4^=0.765404, 

The angle U v of each C-H bond irom the z-axis given by Eqs. (13.416), (14.203), and (14.204) is 

V = 68.563° (14.205) 

The C-C bond is along the z-axis. Thus, the bond angle C c H between the internuclear axis of the C-C bond and a H 
atom of the methyl groups is given by 

" " (14.206) 



dc-C-H -180- 



Substitution of Eq. (14.205) into Eq. (14.206) gives 
6> =111.44° 



(14.207) 



The experimental angle between the C-C-H bonds is [3] 



~B~r 



an. 17° 



(14.208) 



The CH 3 CH 3 MO shown in Figure 14.7 was rendered using these parameters. A minimum energy is obtained with a staggered 
configuration consistent with observations [3]. 

The charge-density in the C-C -bond MO is increased by a factor of 0.25 with the formation of the C ethme 2sp i HOs each 
having a smaller radius. Using the orbital composition of the CH 3 groups (Eq. (14.173)) and the C-C-bond MO (Eq. 
(14.139)), the radii of C\s = 0.171 13a (Eq. (10.51)) and C elham 2sp^ = 0.87495a (Eq. (14.148)) shells, and the parameters of the 
C-C-bond (Eqs. (13.3-13.4), (14.158-14.160), and (14.162-14.172)), the parameters of the C-JJ-bond MPs (Eqs. (13.3- 
13.4), (14.177-14.179), and (14.181-14.191)), and the bond-angle parameters (Eqs. (14.195-14.208)), the charge-density of the 
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CH % CH 3 MO comprising the linear combination of two sets of three C-H -bond MOs and a C-C-bond MO bridging the two 
methyl groups is shown in Figure 14.7. Each C-H -bond MO comprises a //,-type ellipsoidal MO and a C elhane 2sp 2 HO 
having the dimensional diagram shown in Figure 14.6. The C-C-bond MO comprises a //,-type ellipsoidal MO bridging two 
C akme 2sp y HOs having the dimensional diagram shown in Figure 14.5. 

Figure 14.7. CH } CH 3 MO comprising the linear combination of two sets of three C-H-bond MOs and a C-C-bond MO. 
(A) Color scale, translucent view of the charge-density of the C — C-bond MO with the C ahme 2sp' HOs shown transparently. 
The C-C-bond MO comprises a H 2 -type ellipsoidal MO bridging two C elhaill ,2sp 3 HOs. For each C-H and the C-C bond, 
the ellipsoidal surface of the //,-type ellipsoidal MO that transitions to the C eame 2sp 3 HO, the C eaam 2sp 3 HO shell, inner most 
Cls shell, and the nuclei (red, not to scale), are shown. (B)-(D) End-on view, translucent view high-lighting the C-C -bond 
MO, and opaque view of the charge-density of the CH,CH t MO, respectively. 
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ENERGIES OF THE (7/, GROUPS 



The energies of each CH^ group of ethane arc given by the substitution of the scmiprincipal axes (Eqs. (14.177-14.178) and 
(14.181)) into the energy equations of the methyl radical (Eqs. (13.536-13.560)), with the exception that E(C etllme ,2sp 3 ) 
replaces E[c,2sp 3 ) in Eq. (13.560): 

K. =3(0.91771) _ ^ ,, ln — /, \ = -107.68424 eV (14.209) 

&7r£ \la -b~ a-4a~ —b~ 

3e 2 
V p = , = 38.98068 eV (14.210) 

8^-£ Va 2 -b 2 

7 = 3(0.917 7 1) -. In", ~ h = 32. 7 3 7 00eF (14.211) 

2m e a\a 2 -b 2 a-^la 2 -b 2 

K. =3(0.91771) ~f In— ,~ b =-16.36850 eV (14.212) 

Amjvja 2 - b 1 a-^Ja 1 -b L 



E T CH~ — 



1 a. |, a + c' 



(051771) 2-iA]n£±£._i 
v \ 2 a ) a-c' 



-15.35946 eV = -67.69451 eV (14.213) 



where E T (CH^) is given by Eq. (14.174) which is reiteratively matched to Eq. (13.542) within five-significant-figure round 



Ethane 

off error 



VIBRATION OF THE Hi GROUPS 

Th e vibrational e n e rgy l e v e ls of CH 3 in e than e may b e solv e d as thr ee e quival e nt coupl e d harmonic oscillators by d e v e loping 
th e Lagrangian, th e diff e r e ntial e quation of motion, and th e e ig e nvalu e solutions [9] wh e r e in th e spring constants ar c d e riv e d 
from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of Hydrogen-Type 
Molecules section. 

THE DOPPLER ENERGY TERMS OF THE 12 CH, GROUPS 

The equations of the radiation reaction force of the methyl groups in ethane are the same as those of the methyl radical with the 
substitution of the methyl-group parameters. Using Eq. (13.561), the angular frequency of the reentrant oscillation in the 
transition state is 



0.75e 2 



I Attf h 3 

w = \\ °— = 2.50664 X 10 16 rad I s (14.214) 

m e 

where b is given by Eq. (14.181). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

F. K = t iro = ft ?. 506 64 X 1 16 r a d U =2 6 . 49 91 5 eV (14 .7.1 5) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each 7/ 2 -type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (14.215) for E K gives the Doppler energy of the 

electrons of each of the three bonds for the reentrant orbit: 



2EZ \2ei\6A99\5 eV 



E D = E h .\ — f = -31.63537 eV.—^ - 7 '- = -0.25422 eV (14.216) 

V Mc y m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH 3 due to the reentrant orbit of each bond in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq. (14.216) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of each C-H bond. 

Using w e given by Eq. (13. 4 58) for E Kvib of the transition state having three independent bonds, E \ lham — ( n CH 3 ) per bond is 

E\ lham ~ ( n CH, ) = E D+ E Kvib = E D + hi £ (14.217) 
E' etkmosc ( l2 CH i ) = -<) .? 54 ?2 eV + U<) . K5V , eV) = -0m656eV (14 71 8) 
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Given that the vibration and reentrant oscillation is for three C-H bonds, E etkane osc ( 12 CH 3 ) , is: 



^ — r 



E rlh „„ rm r ( n CH,) = 3 E „+±hl- ^3 -0.25422 eV + ^(0.35532 eV) =-0.22967 eV 



^Tp 



(14.219) 



TOTAL AND DIFFERENCE ENERGIES OF THE 12 CH 3 GROUPS 

^ethaneT+osc ( n ^Hj ) , the total energy of each 12 CH 3 group including the Doppler term, is given by the sum of E T (CW 3 ) (Eq. 

(14.213)) and E aham osc ( 12 CH, ) given by Eq. (14.219): 



E elha „ e T + oA nCH ^ = V ^ T + V ^ +V P +E ( C ^ane^S P 3 ) + E ahmeosc ( 12 CH^ 



= E T«y m , ( C// 3 ) + ^ ethane osc ( "^ ) 



(14.220) 






(0.91771)1 2-i-^-lln^^-l 
v ,{ 2a) a-c' 



-15.359469 eV 



( 12 ^) 



3 e 2 



\lJ^^ 



-3 



(31.63536831 eV)\ 



m. 



m c 



-4- 

2 V/i 



(14.221) 



= -67.69450 eV- 3 

v 

From Eqs. (14.217-14.221), the total energy of each 12 CH 3 is 



^Wr , « ( ^ ) = -67.69450 eF + i^ Jj c ( 12 CT 3 ) 



-67.69450 eF-3[ 0.25422 eV --(0.35532 eV) | = -67.92417 eK 



(14.222) 



where <q given by Eq. (13.458) was used for the hi— term. 

The total energy for each methyl radical given by Eq. (13.569) is 



■j 12 CH,)- 



-67.69450 eV + E,„ 



■{ 12 CH,) 



(14.223) 



= -67.69450 eV-3 \ 0.25670 eV — (0.35532 eV) = -67.93160 eV 

The difference in energy between the methyl groups and the methyl radical AE T+asc ( 12 CH 3 ) is given by two times the difference 
b e twe e n Eqs. (14.222) and (14.223): 



^^t+osc \ ^ti-i ) — 2 ( E elhamT+osc y CH 3 j E radlcaIT+osc y CH 3 j j 

= 2(-67.92417 eF-(-67.93160 eV)) = 0.01487 eV 



(14.224) 



SUM OF TH E ENERGI ES OF THE C.-C rr MO AND THE H OS OF ETHANE 

The energy components oiV e , V , T , V m , and E T of the C-C -bond MO are the same as those of the CH MO as well as each 
C-H -bond MO of the methyl groups except that energy of the C elhalle 2sp 3 HO is used. The energies of each C-C-bond MO 
are given by the substitution of the s e miprincipal axes (Eqs. (14.158-14.159) and (14.162)) into the energy equations of the CH 
MO (Eqs. (13.449-13.453)), with the exception that E{C ahme ,2sp^ replaces E(c,2sp 3 ) in Eq. (13.453) : 



K. =(0.91771) ~f In^f^ 



-29.101 124 eV 



(14.225) 



^ 2 




V — - U ^7973 eV 


(14.226) 


c\7r£ -4a 2 -b 2 


r-(0.9177l) h l ln a+ 7 ^ - 6.90500 eV 


(14.227) 
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V m =(0.91771) 



4m.a\a 



rta £±^EE = _ 3-452S0eF 

— a - yja 2 - b 2 



(14.228) 



-T-a: 



a + c' 



E T (C-C,a) = - 



&7t£ C ' 



(0.91771) 2---^- lln- 

v " 2 a J a-c- 



-15.35946 eV = -31.63535 eV 



(14.229) 



where E T (C-C,a) is the total energy of the C-C a MO given by Eq. (14.155) which is reiteratively matched to Eq. (13.75) 
within five-significant- figure round off error. 

The total energy of the C-C -bond MO, E T (C-C), is given by the sum of two times E T lC-C,2sp 3 ), the energy 

change of each C2sp 3 shell due to the decrease in radius with the formation of the C-C-bond MO (Eq. (14.151)), and 
E T ( C-C ,a ) , the a M O contribution given by Eq. (14 .1 56 ): 

E T {C-C) = 2E T (C-C,2sp 3 ) + E T (C-C,o) 



2(-0.72457eK)- 



1-at 



a + Jaa, 



(14 .230) 



SuScJau, 



(0.91771) 2--^. In 



2a) a — Jua, 



-15.35946 eV 



w 



J J 



■■ 2(-0.72457 eF) + (-31.63537 eV) = -33.08452 eV 



VIBRATION OF ETHANE 



The vibrational energy levels of CH 3 CH 3 may be solved as two sets of three equivalent coupled harmonic oscillators with a 
bridging harmonic oscillator by developing the Lagrangian, the differential equation of motion, and the eigenvalue solutions [9] 
wherein the spring constants are derived from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions 



section and the Vibration of Hydrogen-Type Molecules section. 



THE DOPPLER ENERGY TERMS OF THE C-C-BOND MO OF ETHANE 

The equations of the radiation reaction force of the symmetrical C-C-bond MO are given by Eqs. (11.231-11.233), except the 
force-constant factor is 0.5 based on the force constant k' of Eq. (14.152), and the C-C-bond MO parameters are used. The 
angular fr e qu e ncy of th e r ee ntrant oscillation in th e transition state is 



(O- 



0.5e 2 



-■ 9.55643 X10 15 rad I s 



(14.231) 



where a is given by Eq. (14.158). The kinetic energy, E K , is given by Planck's equation (Eq. (11 .127)): 

E K = ho = h9. 55643 X 10 15 radls = 6.29021 eV (14.232) 
In Eq. (11.181), substitution of E T {C-C) (Eq. (14.230)) for E hv , the mass of the electron, m„, for M , and the kinetic energy 
given by Eq. (14.232) for E K gives the Doppler energy of the electrons of each of the three bonds for the reentrant orbit: 



&d - E hv 



IE. 



4-= -33.08450 eV 



2e(6.29021 eV) _ 



-0.16416 eV 



(14.233) 



I Mc \l m e c~ 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 



frequency. 


The decrease in the energy of the C 


- C -bond MO due to the reentrant orbit of the bond 


in the transition state 


corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given by 


the sum 


of the corresponding 


energies, E D given by Eq. (14.233) and E Kvib , the 


average kinetic energy of vibration which is 


1/2 of the vibrational energy of 



the C-C bond. Using the experimental C-C E vib (u 3 ) of 993 cm 1 (0.12312 eV) [10] for E Kvib of the transition state, 
E 0SC {C-C,a) is 



E osc (C-C,a) = E D +E Kvib = Eo+\t>J^ 



(14.234) 



E 0SC (C-C,a) = -0.16416 eK + -(0.12312 eK) = -0.10260 eV 



(14.235) 
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TOTAL ENERGIES OF THE C-C-BOND MO OF ETHANE 

E T+mc (C -C), the total energy of the C-C-bond MO including the Doppler term, is given by the sum of E T (C-C) (Eq. 

(14.230)) and E mc (C-C,<r) given by Eq. (14.235): 

E T+mc {C-C) = V e+ T + V m+ V p+ E(C elham ,2sp') + 2E T {C-C,2sp') + E mc (C-C,a) 
= E ,( C - C ,c r) + 2 Ej C - C ,2s p 3 ) + E(C - C ,c r) = E j C - C) + E „, JC - C , 



4- 



(14.236) 



y&7r£ c' 



(0.91771)1 2---2Mln— -1 



-15.35946 eF + 2£ r (C-C,2.yp 3 ) 



M 




= -33.08452 eV - 0.16416 eV + -h — 

2 V/i 

From Eqs. (14.234-14.237), the total energy of the C-C-bond MO is 



E T+osc {C -C)- -31.63537 eV + 2E T (C-C,2sp 3 ) + E osc (C-C,a) 



(14.238) 



-31.63537 eF + 2(-0.72457eK)-0.16416eF + -(0.12312eF) = -33.18712 eV 



w here th e experimental E M w as used fo r th e h.l— te rm 



w 



BOND ENERGY OF THE C-C BOND OF ETHANE 

The dissociation energy of the C-C bond of CH 3 CH 3 , E P (H 3 C-CH 3 ), is given by two times E^C,2sp^ (Eq. (14.146)), the 
initial energy of the C2sp 3 HO of each CH 3 radical that bond with a single C — C bond, minus the sum of AE T+0SC ( n CH 3 ) (Eq. 
(14.224)), the energy change going from the methyl radicals to the methyl groups of ethane, and E T+0SC (C-C) (Eq. (14.238)). 
Thus, the dissociation energy of the C-C bond of CH 3 CH 3 , is 
E D {H 3 C -CH i ) = 2(E(C, 2sp 3 )) - (AE T , ojc ( 12 CH, ) + E T , osc (C - C)) 



: 2(-14.63489eF)-(0.01487eK-33. 18712 eV) 
: 2(-14.63489 eV) -(33.17225 eF) =3.90247 eF 



(14.239) 



The experimental dissociation energy of the C-C bond of CH 3 CH 3 is [6] 

E D (H 3 C - CH 3 ) = 3. 89690 eV (14.240) 

The results of the determination of bond parameters of CH 3 CH 3 are given in Table 14.1. The calculated results are 

hased on first principles and given in closed -form , exar.t equations containing fundamental constants only. The agreement 

between the experimental and calculated results is excellent. 



ETHYLENE MOLECULE {CH 2 CH 2 ) 

The ethylene molecule CH 2 CH 2 is formed by the reaction of two dihydrogen carbide radicals: 



CIL + CIL -> CILCIL 



(14.241) 



CH 2 CH 2 can be solved using the same principles as those used to solve the methane series CH n=l23A , wherein the 2s and 2p 

shells of each C hybridize to form a single 2sp* shell as an energy minimum, and the sharing of electrons between two C2sp 3 
hybridized orbitals (HOs) to form a molecular orbital (MO) permits each participating hybridized orbital to decrease in radius 
and energy. First, two sets of two H atomic orbitals (AOs) combine with two sets of two carbon 2sp 3 HOs to form two 
dihydrogen carbide groups comprising a linear combination of four diatomic H 2 -type MOs developed in the Nature of the 
Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section. Then, the two CH 2 groups bond by forming a H 2 - 
type MO between the remaining two C2sp i HOs on each carbon atom. 
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FORCE BALANCE OF THE C ( -BOND MO OF ETHYLENE 

CH 2 CH 2 comprises a chemical bond between two CH 2 radicals wherein each radical comprises two chemical bonds between 
carbon and hydrogen atoms. The solution of the parameters of CH 2 is given in the Dihydrogen Carbide ( CH 2 ) section. Each 
C-H bond of CH 2 having two spin-paired electrons, one from an initially unpaired electron of the carbon atom and the other 
from the hydrogen atom, comprises the linear combination of 75% 77 2 -type ellipsoidal MO and 25% C2sp 3 HO. The proton of 
the H atom and the nucleus of the C atom are along each internuclear axis and serve as the foci. As in the case of H 2 , each of 
the two C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into C2sp 3 HO 
for distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each MO surface comprises a 
prolate spheroid at the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the other focus. 
The electron configuration and the energy, EJC,2sp 3 Y of the C2sp 3 shell is given by F.qs. (13.422) and (13.428), respectively. 
The central paramagnetic force due to spin of each C-H bond is provided by the spin-pairing force of the CH 2 MO that has 
the symmetry of an s orbital that superimposes with the C2sp 3 orbitals such that the corresponding angular momenta are 
unchanged. 



Two CH 2 radicals bond to form CH 2 CH 2 by forming a MO between the two pairs of remaining C2a/t-HO electrons of 

the two carbon atoms. However, in this case, the sharing of electrons between four C2sp 3 HOs to form a molecular orbital 
(MO) comprising four spin-paired electrons permits each C2sp 3 HO to decrease in radius and energy. 

As in the case of the C-H bonds, the C = C -bond MO is a prolate-spheroidal-MO surface that cannot extend into 
C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell of each atom. Thus, the MO surface comprises a partial 
prolate spheroid in between the carbon nuclei and is continuous with the C2sp 3 shell at each C atom. The energy of the H 2 - 
type ellipsoidal MO is matched to that of the C2sp 3 shell. As in the case of previous examples of energy-matched MOs such as 
those of OH, NH, CH , the C = Q -bond MO of CO, , and the C - C -bond MO of CH % CH % , the C = C -bond MO of ethylene 
must comprise 75% of a H 2 -type ellipsoidal MO in order to match potential, kinetic, and orbital energy relationships. Thus, the 
C = C -bond MO must comprise a linear combination of two MOs wherein each comprises two C2sp 3 HOs and 75% of a H 2 - 
typ c ellipsoidal MO divided betw ee n the C2sp 3 HOs: 

2(2 C2sp 3 +0.75 H 2 MO) -> C = C-bond MO (14.242) 

The linear combination of each // 2 -type ellipsoidal MO with each C2sp 3 HO further comprises an excess 25% charge-density 

contribution from each C2sp 3 HO to the C = C -bond MO to achieve an energy minimum. The force balance of the C = C - 
bond MO is determined by the boundary conditions that arise from the linear combination of orbitals according to Eq. (14.242) 
and the energy matching condition between the C2sp i -KO components of the MO. 

Similarly, the energies of each CH 2 MO involve each C2sp 3 and each His electron with the formation of each C-H 
bond. The sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the C2spl shell. This energy is determined 
by the considering the effect of the donation of 25% electron density from the two pairs of C2sp 3 HOs to the C = C bond MO 



with the formation of the C ahlene 2sp 3 HOs each having a smaller radius. The 2sp 3 hybridized orbital arrangement is given by 
Eq. (14.140). The sum E T (c,2sp 3 )of calculated energies of C, C\ C 2+ ,and C 3+ is given by Eq. (14.141). The radius r 3 of 
the C2sp 3 shell is given by Eq. (14.142). The Coulombic energy E Co . Jomb [C.2sp 3 \ and the energy E\C r 2sp\ of the outer 

electron of the C2sp 3 shell are given by Eqs. (14.143) and (14.146), respectively. 

Next, consider the formation of the C = C -bond MO of ethylene from two CH 2 radicals, each having a C2sp 3 electron 
with an energy given by Eq. (14.146). The total energy of the state is given by the sum over the four electrons. The sum 
£ r (C e%fe „ e ,2^> 3 ) of calculated energies of C2sp 3 , C\ C 2+ ,and C 3+ from Eqs. (10.123), (10.113-10.114), (10.68), and (10.48), 
respectively, is 

£ 'r(Q^ e : 2 ^ 3 ) = -(64.3921eF + 48.3125e^ + 24.2762e^ + J g(c,2^ 3 )) 

=-(64.3921 ^ + 48.317.5 fiF + 24.7.767. pF + 14.63489 pK) (14.7.43) 

= -151.61569 eV 
where E(c,2sp 3 \ (Eq. (14.146)) is the sum of the energy of C, -11.27671 eV , and the hybridization energy. The orbital- 

angular-momentum interactions also cancel such that the energy of the E T \C akylme ,2sp \ is purely Coulombic. 
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The sharing of electrons between two pairs of C2sp 3 HOs to form a C = C -bond MO permits each participating 
hybridized orbital to decrease in radius and energy. In order to further satisfy the potential, kinetic, and orbital energy 
relationships, each participating C2sp 3 HO donates an excess of 25% per bond of its electron density to the C = C -bond MO to 
form an energy minimum. By considering this electron redistribution in the ethylene molecule as well as the fact that the central 
field decreases by an integer for each successive electron of the shell, the radius r , of the C2sp 3 shell of ethylene may be 
calculated from the Coulombic energy using Fq. (1 0.1 02): 

fJ^ } " e 2 9 5e 2 

r = Y(Z-h)-0.S / = = 0.85252a„ (14.244) 

ethylene!,? [j-f J 8;Hr (el5 1 .61569 e^) 8^ (el 5 1 .61569 eV) 

where Z = 6 for carbon. Using Eqs. (10.102) and (14.244), the Coulombic energy E Coll!omb \C ethy!e „ e ,2sp 3 \ of the outer electron of 

the C2sp 3 shell is 

E Couiomb [Cethviene- 2 ^ ) = = = " ] 5.95955 eV (14.245) 

Coulomb \ ethylene' F ) %n£r 8^0.852520, 

During hybridization, the spin-paired 2s electrons are promoted to the C2sp 3 shell as unpaired electrons. The energy for the 
promotion is th e magnetic energy giv e n by Eq. (13.152). Using Eqs. (14.145) and (14.245), the e nergy E(C elhylem ,2sp 3 \ of the 
outer electron of the C2sp 3 shell is 

E(C ethvlene ,2sp 3 )- ~ e j ^Wft - -15.95955 eF + 0.19086 eF- -15.76868 eF (1 4 .2 4 6) 

.V TV- ;■ ... / . i 



^WetMen,?,? «' fc ) 



Thus, E T \C = C,2sp 3 ), the energy change of each C2sp 3 shell with the formation of the C = C-bond MO is given by the 
difference between Eq. (14.146) and Eq. (14.246): 
E T (c = C,2sp 3 ) = E(C ethylene ,2sp 3 )- E(<3,2sp 3 ) = -15.76868 ^-(-14.63489 eF) = -1.13380 eV (14.247) 



As in the case of Cl 2 , each // 2 -type ellipsoidal MO comprises 75% of the C = C -bond MO shared between two C2sp i HOs 

corresponding to the electron charge density in Eq. (11.65) of — '■ . But, the additional 25% charge-density contribution to 

— e 
each bond of the C = C -bond MO causes the electron charge density in Eq. (1 1 .65) to be — = -0.5e . The corresponding force 

constant k ' is given by Eq. (14.152). In addition, the energy matching at both C2sp 3 HOs further requires that k' be corrected 

by the hybridization factor given by Eq. (13.430). Thus, the force constant k' to determine the ellipsoidal parameter c' in terms 

of the central force of the foci (Eq. (1 1 .65)) is given by 

(0.5) 2e 7 (0.5)2e 7 

/t' = C 3 J — '- = 0.91771^ — '- (14.248) 

cum AkS(j An£(j y > 

The distance from the origin to each focus c' is given by substitution of Eq. (14.248) into Eq. (13.60). Thus, the distance from 
the origin of the component of the double C = C -bond MO to each focus c' is given by 

hHns, - I aa 
\(Q.9\ll\)m/a V 0.91771 
The internuclear distance from Eq. (14.249) is 



2c' -2, ° (1 4 .250) 

\ 0.91771 

The length of the semiminor axis of the prolate spheroidal C = C -bond MO b = c is given by Eq. (13 .62). The eccentricity, e , 

is given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other axes of each prolate 

spheroid and eccentricity of the C = C -bond MO. — From the energy equation and the relationship between the axes, the 

dimensions of the C = C - bond MO are solved. 

The general equations for the energy components of V e , V , T , V m , and E T of the C-C -bond MO are the same as 

those of the CH MO except that energy of the C ahylene 2sp 3 HO is used and the double-bond nature is considered. In the case of 

a single bond, the prolate spheroidal 7/ 2 -type MO transitions to the C elh lene 2sp 3 HO of each carbon, and the energy of the 

C ahylem 2sp 3 shell must remain constant and equal to the E(C ahylene ,2sp 3 J given by Eq. (14.246). Thus, the energy 

E(C ahylem ,2sp 3 \ in Eq. (14.246) adds to that of the energies of the corresponding 7f 2 -type ellipsoidal MO. The second bond of 

the double C = C -bond MO also transitions to the C elhylene 2sp 3 HO of each C . The energy of a second H 2 -type ellipsoidal MO 
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adds to the first energy component, and the two bonds achieve an energy minimum as a linear combination of the two H 2 -type 
ellipsoidal MPs each having the carbon nuclei as the foci. Each C. -C -hnnd MO comprises the same C^+Jlspl HO shells of 
constant energy given by Eq. (1 4 .2 4 6). As in the case of the water, NH 2 , and ammonia molecules given by Eqs. (13.180), 
(13.320), and (13.372), respectively, the energy of the redundant shell is subtracted from the total energy of the linear 
combination of the a MO. Thus, the total energy E T ( K C = C,a) of the u component of the C = C -bond MO is given by the 

sum of the energies of the two bonds each comprising the linear combination of the C ahylme 2sp 3 HO and the ff 2 -type ellipsoidal 
MO as given by Eq. (14.242) wherein the E T terms add positively, the E( C ahylem ,2sp i ) terms cancel, and the energy matching 
condition between the components is provided by Eq. (14.248). Using Eqs. (13.431) and (14.246), E T (C = C,a) is given by 

E T [C = C, a) = E T + E (c akyIerw , 2sp z ) - E {c ahylene , 2sp z ) 



(14.251) 

Th e total e n e rgy t e rm of th e doubl e C - C -bond MO is giv e n by th e sum of th e two H 2 -typ e e llipsoidal MOs giv e n by Eq. 
(11.212). To match this boundary condition, E T (C = C,a) given by Eq. (14.251) is set equal to two times Eq. (13.75): 




9 2 

E T lC = C,cr) = - e 



8fte c' 



(0.91771)1 2-1-22- |ln — -l 
1 '' 2 a j a-c' 



= -63.27074 eV (14.252) 



From the energy relationship given by Eq. (1 4 .252) and the relationship between the axes given by Eqs. (1 4 .2 4 9 1 4 .250) and 
(13.62-13.63), the dimensions of the C-C -bond MO can be solved. 
Substitution of Eq. (14.249) into Eq. (14.252) gives 



aa n 



2e 2 



(0.91771)[ 2-lAjki V 9ml - 1 



:e63.27074 (14.253) 



%KS r . 



0.91771 



f 0.91771 

The most convenient way to solve Eq. (14.253) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

a = 1.47228a = 7.79098 X \0 U m (14.254) 

Substitution of Eq. (14.254) into Eq. (14.249) gives 

c' = 1.26661a = 6.70259 X 10" m (14.255) 

The internuclear distance given by multiplying Eq. (14.255) by two is 

2c' = 2.53321a = 1.34052 X 10" 10 m (14.256) 
The experimental bond distance is [3] 

2c' = 1.339 X W lQ m (14.257) 

Substitution of Eqs. (14.254-14.255) into Eq. (13.62) gives 

b = c = 0.75055a = 3.97173 X 10"" m (14.258) 

Substitution of Eqs. (14 .252 -14 .255) in to E q. ( 1 3.63) gives 

e = 0.86030 (14.259) 

The nucleus of the C atoms comprise the foci of the 7/ 2 -type ellipsoidal MO. The parameters of the point of intersection of the 
# 2 -type ellipsoidal MO and the C ethylene 2sp z HO are given by Eqs. (13.84-13.95) and (13.261-13.2/0). the polar intersection 
angle 6' is given by Eq. (13.261) where r n = r ft UnAs 3 = 0.85252a is the radius of the C ethylene 2sp 3 shell. Substitution of Eqs. 
(14.254-14.255) into Eq. (13.261) gives 

6>' = 12 9.8 4° (14 .260) 

Then, the angle 9z „ *„„ the r adial vector of the C2sp 3 HO makes with the inte r nuclear axis is 

C=C ethylene 2s P H0 

6> „ , 3 „= 180° -129.84° = 50.16° (14.261) 

C - L ethyIem Zs P HU 

as shown in Figure 14.8. 



©2010 BlackLight Power, Inc. All rights reserved. 
More Polyatomic Molecules and Hydrocarbons 



613 



Figure 14.8. The cross section of the C = C-bond MO (a MO) and one C-H -bond MO of ethylene showing the axes, 
angles, and point of intersection of each //,-type ellipsoidal MO with the corresponding C e!hyll! , ie 2sf/ HO. The continuation of 

each H, -type-ellipsoidal-MO basis element of the C = C bond and the C-//-bond beyond the intersection point with each 

C e& ^ mB 2sp 1 shell and a MO is shown as dashed since each only serves to solve the energy match with the C EIl!Vle „,,2sp i shell and 

does not represent charge density. Similarly, the vertical dashed line only designates the parameters of each intersection point. 
The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c': internuclear distance, 

and 



d,:d c=c 



... wfta© - % : 9 c=c elhvle „ c ttfm ' rf * : d c=c e , 



d, :d r 



ethylene " 



asp'HO ' R '■ r eihylmeC2 S p i ' d ^ ' d C-H a 



e ,H 2 MO> e i'- 8 C-H„ 



t 2sfBO' 




Consider the right-hand intersection point. The Cartesian i -coordinate of the interception point of the MO and the AO can be 
calculated using the MO ellipsoidal parameters by first calculating the parametric angle in Eq. (1 1 .83) that matches Cartesian j - 
coordinate components at the point of intersection. Thus, the matching elliptic parametric angle cot = C=C HM0 satisfies 

the following relationship: 



r., . 3sin0„„ , j„„ = 0.85252a sin #„ _ , 3 „ =£sin# c _ c H MO 

elhyknelsp 3 C=C elhvlelle 2sp 3 HO P C=C ethvIme 2sp 3 HO <-- i ~ e !hyiw H i MV 



such that 



0,. 



0.85252a n sin# 



: sin 



c = c W™ 2 ^ 3ff0 _ „:_-i Q-85252fl sin 50.16° 



;sin 



^ethyltM-"2™" fo fj 

with the use of Eq. (14.261). Substitution of Eq. (14.258) into Eq. (14.263) gives 



8c-c h mo = 60.70° 

L ~ L ethylene < H 1 MU 



(14.262) 



(14.263) 



(14.264) 



Then, the distance d. 



C'C ethvle „ e ,H 2 MO 



along the internuclear axis from the origin of /f,-type ellipsoidal MO to the point of 



intersection of the orbitals is given by 



e MiMO 



= aco&0 r . 



c #,MO 



Substitution of Eqs. (14.254) and (14.264) into Eq. (14.265) gives 



"C=C„, ,,„,„„„ .-W;.W 



^ethylene ; ~ 



= 0.72040a„ = 3.81221 X 10"" m 



(14.265) 



(14.266) 



The distance d , along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 



is given by 

d c=c clhylerlc 2 S p>HO = c ^ d c^ ahvle , K M 1 Mo 
Substitution of Eqs. (14.255) and (14.266) into Eq. (14.267) gives 



= 0.54620a, = 2.89038 X 10" 11 m 



^ethylene 



(14.267) 
(14.268) 
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FORCE BALANCE OF THE CH 2 MOS OF ETHYLENE 

Each of the two equivalent C/7, MPs must comprise two C-H bonds with each comprising 75% of a 7/,-type ellipsoidal MO 
and a Clsp 3 HO as given by F,q. (1 3.494): 

2 [l Clsp" + 0.75 H 2 MO] -> CH 2 MO (14.269) 

The force balance of the CH 2 MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (13.494) and the energy matching condition between the hydrogen and Clsp' 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of each H 2 -type-ellipsoidal-MO component of the CH 2 
MO in terms of the central force of the foci is given by Eq. (13.59). The distance from the origin of each C-H -bond MO to 
each focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis of the 
prolate spheroidal C-H -bond MO b-c is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution of 
th e s e mimajor axis a then allows for th e solution of the oth e r ax e s of e ach prolat e sph e roid and e cc e ntricity of each C — H - bond 
MO. From the energy equation and the relationship between the axes, the dimensions of the CH 2 MO are solved. 

Consider the formation of the double C = C -bond MO of ethylene from two CH 2 radicals, each having a Clsp 3 shell 
with an energy given by Eq. (14.146). The energy components of V e , V , T , V m , and E T are the same as those of the 
dihydrogen carbide radical, two times those of CH corresponding to the two C-H bonds, except that two times 
E T (c = C,lsp 3 ) is subtracted from E T [CH 2 ) of Eq. (13.495). The subtraction of the energy change of the Clsp 3 shells with 

the formation of the C = C -bond MO matches the energy of the C-H -bond MOs to the decrease in the energy of the Clsp 3 
HOs. Using Eqs. (13.495) and (14.247), E (CH 2 ) is given by 



1 ethylene 



[CH 2 ) = E t +e{c, lsp 3 )-lE T [c = C, lsp 3 ) = 



le l 



8ff£ Q c' 




-14.63489 eV -(-2.26758 eV) 



(14.270) 



T , (CH 2 ) given by Eq. (14.270) is set equal to two times the energy of the // 2 -type ellipsoidal MO minus the Coulombic 



■ ethylene 

energy of H given by Eq. (13.496): 



(0.91771) ^Z 



L, 1 q n Y a + c' 



Tn^ 

la) a-c' 



ICH^ 



&n;£ n c ' 



= -49.66493 eV 



(14.271) 



■ ethylene 



-14.63489 eV -(-2.26758 eV) 

From the energy relationship given by Eq. (14.271) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the CH, MO can be solved. 



Substitution of Eq. (13.60) into Eq. (14.271) gives 



le 1 



2aa 



(0.91771)1 2-1-gg-lln \J= ~ 1 



2 a 



a + 



laa„ 



-- £-37.29762 



(14.272) 



%7ie„ 



-T 



The most convenient way to solve Eq. (14.272) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

(1 4 .273) 



! = 1.569 4 6a„= 8.30521 X 10" 



Substitution of Eq. (14.273) into Eq. (13.60) giv e s 

c' = 1.02289a =5.41290 X W 11 m 
The internuclear distance given by multiplying Eq. (14.274) by two is 



-2e^ 



,.0 4 578a n =l .08258 X 10" 1 " m 



(14.274) 



(1 4 .275) 



Th e e xp e rim e ntal bond distanc e is [3] 

lc' = 1.087 X 10~ 10 m 
Substitution of Eqs. (14.273-14.274) into Eq. (14.62) gives 
ft = r = 1.19033fl„ =6.29897X10"" m 



(14.276) 



(1 4.277) 



Substitution of Eqs. (14.273-14.274) into Eq. (14.63) gives 



e = 0.65175 (14.278) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the ff 2 -type ellipsoidal MO and the C cth f hm lsp 3 HO are given by Eqs. (13.84-13.95) 
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and (13.261-13.270). The polar intersection angle &' is given by Eq. (13.261) where r n = r,„ trfmc2i , 

the C etthylm 2sp i shell. Substitution of Eqs. (14.273-14.274) into Eq. (13.261) gives 

' = 84.81° 
Then, the angle 0, „ , , r „, the radial vector of the Clsp 3 HO makes with the internuclear axis is 



e cH i^ho = 180°-84.81° = 95.]9° 

L ~ H ethylene 1 ^ H0 

as shown in Figure 14.9. 



: 0.85252a is the radius of 
(14.279) 
(14.280) 



Figure 14.9. The cross section of one C-//-boud MO of ethylene showing the axes, angles, and point of intersection of the 
// 2 -type ellipsoidal MO with the C c!ilvlciK 2sp : ' HO. The continuation of the // 2 -type-ellipsoidal-MO basis element beyond the 

intersection point with the C elhylme 2sp' shell is shown as dashed since it only serves to solve the energy match with the 
C ethyltM 2sp l shell and does not represent charge density. Similarly, the vertical dashed line only designates the parameters of the 
intersection point. The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c'\ 
internuclear distance, d, : d, 



C-H 



i-fkyii-Kt: 



SjMO ' 3 : @C-H„ 



e 2^HO' d 2 :d C-H ahrlene 2.^HO' and R '- r elhyle n e2^ 




The Cartesian i -coordinate of the interception point of the MO and the AO can be 
parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian 
of intersection. Thus, the matching elliptic parametric angle ost = 9 C -h h^mo satisfies 



r., 3 sin#„ 3 = 0.85252a„sin<9 

ethytmelsp* C - H ethrle>ie 2s P H0 C ~ fl . 



f-hyit?<: 



Vso _ ^ sin ^c-w : H 2 Mo 



calculated using the MO ellipsoidal 
j -coordinate components at the point 
the following relationship: 

(14.281) 



such that 



0, 



C-H„ 



„HyMO 



O.85252a o .sm0 2j?3sa . 0.85252a, sin 95, 1 9° 
= sin = sin 



b b 

with the use of Eq. (14.280). Substitution of Eq. (14.277) into Eq. (14.282) gives 



0, 



C-H, 



ethylene 



H 2 MO 



■■ 45.50° 



Then, the distance d r „ „ ,, n along the internuclear axis from the origin of H. 

L - H ethyime' H l MO ° ° 

intersection of the orbitals is given by 



= a cos 9, 



c-ft. 



r-h:itf-r 



,H,MO 



(14.282) 

(14.283) 
-type ellipsoidal MO to the point of 

(14.284) 



Substitution of Eqs. (14.273) and (14.283) into Eq. (14.284) gives 



C H ethyh 

The distance d 
is given by 



,,H 2 MO 



= 1. 1 0002a n = 5.82107 AT 10" 11 



m 



.2l?BO 



(14.285) 
along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 



C-H„ 



e 2sp 3 HO ~ d C-l 



''elhylem-'V "" " "elkykm'"^"'-' 

Substitution of Eqs. (14.274) and (14.285) into Eq. (14.286) gives 
d„ „ „ ,„. =0.07713tf n = 4.081 71 X W n m 



c-»„ 



e 2spHO 



(14.286) 



(14.287) 
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BOND ANGLE OF THE CH 2 GROUPS 

Each CH 7 MO comprises a linear combination of two C-H -bond MPs. Each C-H -bond MO comprises the superposition 
of a f/ 2 -type ellipsoidal MO and the C^ l: ,_2sp 3 HO. A bond is also possible between the two H atoms of the C-H bonds. 



u elhyle. 



Such H-H bonding would decrease the C-H bond strength since electron density would be shifted from the C-H bonds to 
the H -H bond. Thus, the bond angle between the two C-H bonds is determined by the condition that the total energy of the 
7/,-type ellipsoidal MO between the terminal H atoms of the C-H bonds is zero. From Eqs, (11.79) and (13.228), the 



distance from the origin to each focus of the H-H ellipsoidal MO is 

,_ \h 2 A7r£ _ \aa 
ym e e 2 2a v 2 

The internuclear distance from Eq. (13.229) is 



(14.288) 



2c' = 2 



(14.289) 



The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. (14.62). 
~~ The bond angle ot the CH 2 groups oi ethane is derived by using the orbital composition and an energy matching lactor 



as in the case with the dihydrogen carbide radical and the C7f 3 groups of ethane. Since the two H 2 -type ellipsoidal MOs 
initially comprise 75% of the H electron density of H 2 and the energy of each H 2 -type ellipsoidal MO is matched to that of the 
C„ A „, m „2sp 3 HO, the component energies and the total energy E T of the H-H bond are given by Eqs. (13.67-13.73) except 



-~ ptliyUnp 



that V e , T , and V m are corrected for the hybridization-energy-matching factor of 0.85252. Hybridization with 25% electron 
donation to the C = C-bond gives rise to the C ethylene 2sp 3 HO-shell Coulombic energy E Couhmb (C elhylel!e ,2sp 3 ^ given by Eq. 
(14.245). The corresponding normalization factor for determining the zero of the total H-H bond energy is given by the ratio 
of 15.95955 eV , the magnitude of E Caulomb [C etkylme ,2sp 3 \ given by Eq. (14.245), and 13.605804 eV , the magnitude of the 



Coulombic energy between the electron and proton of H given by Eq. (1 .264). The hybridization energy factor C ah lmeC2s i HO is 



%ns n u n 



%3l£ n U n 



13.605804 eV - 
15.95955 eV 



C 



" ahyleneClsp'HO 



8ft£ n r , , „ 3 

u ethylenelsp 



8^ 0.85252a 



= 0.85252 



(14.290) 



Substitution of Eq. (14.290) into Eq. (13.233) or Eq. (14.195) with the hybridization factor of 0.85252 gives 



fn8S7.V>. n---- gg - l '" 



a + . 



2M 



0.75e 2 
1 4?r£ a 3 



8^g„ 



2 8a 



T+ 



= 



mc 



(14.291) 



0.75e 2 



8^g n i 



&m; n [a + c' 



+h\ 



03m; 

From the energy relationship given by Eq. (14.291) and the relationship between the axes given by Eqs. (14.192-14.193) and 

(14.62-14.63), the dimensions of the H-H MO can be solved. 

The most convenient way to solve Eq. (14.291) is by the reiterative technique using a computer. The result to within the 
round-off error with five-signilicant figures is 



a = 6.0400a n = 3.1962X10" 



m 



(14.292) 



Substitution of Eq. (14.292) into Eq. (14.288) giv e s 



c' = 1.7378a =9.1961X10"" m 
The internuclear distance given by multiplying Eq. (14.293) by two is 



(14.293) 



2c' = 3.4756a n = 1.8392 X 10" 1 " m 



(14.294) 



©2010 BlackLight Power, Inc. All rights reserved. 



More Polyatomic Molecules and Hydrocarbons 617 

Substitution of Eqs. (14.292-14.293) into Eq. (14.62) gives 

fe = c = 5.7846a =3.061 1XKT 10 m (14.295) 

Substitution of Eqs. (14.292-14.293) into Eq. (14.63) gives 

e = 0.2877 (14.296) 

From, 2c' H _ H (Eq. (14.294)), the distance between the two H atoms when the total energy of the corresponding MO is 
zero (Eq. (14.291)), and 2c' CH (Eq. (14.275)), the internuclear distance of each C-H bond, the corresponding bond angle can 
be determined from the law ol cosines. U sing, Eq. (13 .242), the bond angle t) HCH between the C-H bonds is 



r 2(2.04578) 2 -(3.4756) 2A 



2(2.04578) 



= cos" 1 (-0.44318) = 116.31° (14.297) 



The experimental angle between the C-H bonds is [1 1] 

6 HCH =\\6.6° (14.298) 

The C = C bond is along the z-axis. Thus, based on the symmetry of the equivalent bonds, the bond angle C=C _ H between the 
internuclear axis of the C = C bond and a H atom of the CH 2 groups is given by 

(360° -6») 

dc=c-H = y 2 HCH) (14.299) 

Substitution of Eq. (14.298) into Eq. (14.299) gives 

6^^=121.85° (14.300) 

The experimental angle between the C - C-H bonds is [1 1] 

C=C _„ =121.7° (14.301) 

and [3] 
6 C __ C _ H =121 . 3° (14 . 302) 

The C = C bond and H atoms of ethylene line in a plane, and rotation about the C = C is not possible due to conservation of 
angular momentum in the two sets of spin-paired electrons of the double bond. The CH 2 CH 2 MO shown in Figure 14.10 was 
rendered using these parameters. 

The charge-density in the C -C -bond MO is increased by a factor of 0.25 per bond with the formation of the 

C ethyiem^ S P* HQ S cacn having a smaller radius. Using the orbital composition of th e CH 2 groups (Eq. (14.269)) and the C = C - 
bond MO (Eq. (14.242)), the radii of Cls = 0.171 13a (Eq. (10.51)) and C elhyklte 2sp 3 =0.85252a (Eq. (14.244)) shells, and the 

parameters of the C = C-bond (Eqs. (13.3-13.4), (14.254-14.256), and (14.258-14.268)), the parameters of the C-H -bond 
MOs (Eqs. (13.3-13.4), (14.273-14.275), and (14.277-14.287)), and the bond-angle parameters (Eqs. (14.297-14.302)), the 
charge-density of the CH 2 CH 2 MO comprising the linear combination of two sets of two C-H -bond MOs and a C - C -bond 

MO bridging the two CH 2 groups is shown in Figure 14.10. Each C - H -bond MO comprises a H 2 -type ellipsoidal MO and a 

C ahyIme 2sp 3 HO having the dimensional diagram shown in Figure 14.9. The C = C -bond MO comprises a 77 2 -type ellipsoidal 

MO bridging two C ahylene 2sp 3 HOs having the dimensional diagram shown in Figure 14.8. 
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Figure 14.10. CH 2 CH 2 MO comprising the linear combination of two sets of two C-H-bond MOs and a C = C -bond 
MO. (A) Color scale, translucent view of the charge-density of the C = C-bond MO with the C e:hvkm 2sp' HOs shown 
transparently. The C = C-bond MO comprises a // 2 -type ellipsoidal MO bridging two sets of two C emmt 2sp 3 HOs. For each 
C-H and the C = C bond, the ellipsoidal surface of the // 2 -type ellipsoidal MO that transitions to the C et ^ lene 2sp' HO, the 
C elhvlme 2sp i HO shell, inner most C\s shell, and the nuclei (red, not to scale), are shown. (B)-(D) End-on view, translucent view 
high-lighting the C = C -bond MO, and opaque view of the charge-density of the CH 2 CH 2 MO, respectively. 




ENERGIES OF THE CH 2 GROUPS 

The energies of each CH 2 group of ethylene are given by the substitution of the semiprincipal axes (Eqs. (14.273-14.274) and 
(14.277)) into the energy equations of dihydrogen carbide (Eqs. (13.510-13.514)), with the exception that two times 
E T (C = C,2sp i ) (Eq. (14.247)) is subtracted from E T (CH 2 ) in Eq. (13.514): 



V c = 2(0.91771) 



2e 2 



-2e 2 



. a + yja 2 -b 2 _ £ _ A _ C _ 
In , -76.00757 e V 



8;r£ Vrt 2 -b 2 a—ya 2 -b 2 



$>ne sa 2 -b 2 



: 26.60266 eV 



T = 2(0.91771) -, ln fl + V« b_ = 24 21459 eV 

2ina\la 2 - b 2 a - Va 2 - b 2 



V m =2(0.91771) 



-tr 



h, a + 47 -^ = -\2A0730eV 



CH 2 ) = 



4m e iwa 2 -b 2 a-\la 2 -b 
f 2e 2 - 

-14.63489 eV -(-2.26758 eV) 



(0.91771)1 2-iAW^-l 
2a J a-c' 



= -49.66493 eV 



(14.303) 
(14.304) 
(14.305) 
(14.306) 

(14.307) 



where E T (CH 2 ) is given by Eq. (14.270) which is reiteratively matched to Eq. (13.496) within five-significant-figure round 

ethylene * -f 

off error. 
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VIBRATION OF THE : ( 7/ GROUPS 

The vibrational energy levels of CH 2 in ethylene may be solved as two equivalent coupled harmonic oscillators by developing 

th e Lagrangian, th e differ e ntial e quation of motion, and th e e ig e nvalu e solutions [9] wh e r e in the spring constants ar e deriv e d 
from the central forces as given in the Vibration of Hydrogen- Type Molecular Ions section and the Vibration of Hydrogen-Type 
Molecules section. 

THE DOPPLER ENERGY TERMS OF THE : ( 7/ GROUPS 

The equations of the radiation reaction force of the CH 2 groups in ethylene are the same as those of the dihydrogen carbide 
radical with the substitution of the CH 2 -group parameters. Using Eq. (13.515), the angular frequency of the reentrant oscillation 
in the transition state is 



J 0.75e" 
Attf h 3 
= 2.75685 X10 16 rad I s (14.308) 
"% 

where b is given by Eq. (14.277). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

E K =hco = h2.156%5X\0 1 '' rad I s = 18.14605 eV (14.309) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each H 2 - type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (14.309) for E K gives the Doppler energy of the 
electrons of each of the two bonds for the reentrant orbit: 



- _ 2E- 2e(l8.14605eF) 

E D =E hv J — f= -31.63537 eV.l v , y =-0.26660eK (14.310) 

\Mc ^ ai^c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH 2 due to the reentrant orbit of each bond in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq. (14.310) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of each C-H bond. 

Using co e given by Eq. (13.458) for E Kvib of the transition state having two independent bonds, E' ahylem osc ( n CH 2 ) per bond is 

K'ew** Z ( 12 ™ 2 )=K D + K mb = K D + 1» E (1 4 . 311) 

E' elhykneosc ( 12 CH 2 ) = -0.26660 eV + 1(0.35532 eV) = -0.08894 eV (14.312) 

Given that the vibration and reentrant oscillation is for two C-H bonds, E elhylme osc ( n CH 2 ) , is: 

E el Hy, me o SC { n CH 2 ) = 2 f fl+ lJl =2^-0.26660 eV + 1(0.35532 eV)j = -0.17788 eV (14.313) 

TOTAL AND DIFFERENCE ENERGIES OF THE n CH 2 GROUPS 

EethyieneT+osc ( U CH 1 ) , the total energy of each U CH 2 group including the Doppler term, is given by the sum of E T (C7/ 2 ) (Eq . 

(14.307))and E elhylene ~ ( 12 CH 2 ) given by Eq. (14.313): 



^ ethy l encT+ mr \ ^" 7 j 



K+ T + V m+ V p+ E { C , 2s P 3 ) 

-2E T (C = C,2sp i ) + E elhyIeneosc ^CH 2 ) 



(14.314) 



■E T (CHA + E,,, ( 12 CH ) 

Kthytene V 2 / ethylene osc \ 2 1 
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-2e 2 



%7ZS Q C ' 



(0.91771)1 2-i^ln— "I 
1 n 2 a ) a-c' 



-14.63489 eV- (-2.26759 eV) 



"■ 'ethylene! '+osc 



{ n cH 2 y 



27H 



3^_ 
4 AttrJ i 3 



(14.315) 



2 (31.63536831 eV) 



m,c 



2 V 



( 1 [P 

= -49.66493 eF- 2 0.26660 eV--ft.\— 



From Eqs. (14.313-14.315), the total energy of each 12 CH 2 is 
E ahylmeT+osc ( 12 C// 2 ) = -49.66493 eV + E elhyIem „ ( 12 C// 2 ) 



= -49.66493 eF-2 0.26660 eF- -H 0.35532 eF) 



(14.316) 



-49.84282 eV 



wh ere ft> e given by Kq. (1 3. 4 58) w as used fo r th e ft- A— te rm. 



I/" 



The total energy for each dihydrogen carbide radical given by Eq. (13.523) is 



E mAa!T+osc ( n CH 2 ) = -49.66493 eV + E radicaIosc ( 12 CH 2 ) 



49.66493 eV-2\ 0.25493 eV — (0.35532 eV 



(14.317) 



= -49.81948 eV 
The difference in energy between the CH 2 groups and the dihydrogen carbide radical AE T+oi . c ( l2 CH 2 J is given by two times the 
diff e renc e betw ee n Eqs. (14.316) and (14.317): 



-frEz ( n CH 1 ) = l(E, h , ("CH 2 )-E ~ — ("CH 2 )) 

T+osc \ 2/ \ ethyleneT+osc \ 2) radical! +asc \ 2M 



radicalT+asc \ 

■■ 2(-49.84282 eF-(-49.81948 eV)) 
■■ - . 04667 e.V 



(14.318) 



SUM OF THE ENERGIES OF THE C = C a MO AND THE HOS OF ETHYLENE 

The energy components of V e , V , T , V m , and E T of the C -C -bond MO are the same as those of the CH MO except that 

each term is multiplied by two corresponding t o t he double bond and t he energy t erm corresponding to t he C ethylme 2sp 3 HOs in 
the equation for E T is zero. The energies of each C = C -bond MO are given by the substitution of the semiprincipal axes (Eqs. 
(14.254-14.255) and (14.258)) into two times the energy equations of the CH MO (Eqs. (13.449-13.453)), with the exception 
that zero replaces E(c,2sp 3 ) in Eq. (13.453): 



V e =2(0.91771) 



-2e l 



An 



a + 4a 2 -b 2 



-102.08992 eV 



(14.319) 



&x£ a 4a 2 -b 2 



-4a 2 -b 2 



F=2- 



W. 



r = 21.48386 eV 



te„Va -b 



(14.320) 



7 = 2(0.91771) 



h 2 



V m =2(0.91771) 



2m e a4a 2 -b 2 
-ft 2 



■ln fl + ^!zg = 34.67062 e F 



-4a 2 -b 2 



4rrr, 



rvn 



rln 



a + 4a 2 -fr 2 - 



a\a - 

i 



4 



-17.33531 eV 



(14.321) 
(14.322) 



a-\]a —i 



EJC = C,a) = - 



2e 



8^s n c' 



(0.91771)1 2---^. In ^-1 
;| 2a) a-c' 



= -63.27075 eV 



(14.323) 
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where E T (C = C,cr) is the total energy of the C = C a MO given by Eq. (14.251) which is reiteratively matched to two times 

F.q. (13JZ5) within five-significant-figure round off error. 

The total energy of the C = C -bond MO, E T [C = C) , is given by the sum of two times E T ( C = C, 2sp 3 J , the energy 

change of each Clsp* shell due to the decrease in radius with the formation of the C = C -bond MO (Eq. (14.247)), and 
E T (C = C,<r) , the a MO contribution given by Eq. (14.252): 

E T (C = C) = 2E T (C = C, 2sp 3 ) + E T (C = C,a) 



2(-l. 13380 eV 



2e l 



vv Xxs c' 



(0.91771)1 2-l^ln^-l 



la) a-c' 



(14.324) 



J) 



= 2(-l. 13380 eV) + (-63.27074 eV) 
= -65.53833 eV 



VIBRATION OF ETHYLENE 

The vibrational energy levels of CH 2 CH 2 may be solved as two sets of two equivalent coupled harmonic oscillators with a 
bridging harmonic oscillator by developing the Lagrangian, the differential equation of motion, and the eigenvalue solutions [9] 
wherein the spring constants are derived from the central forces as given in the Vibration of Hydrogen- Type Molecular Ions 
section and the Vibration of Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERMS OF THE C = C-BOND MO OF ETHYLENE 

The equations of the radiation reaction force of the C = C -bond MO are given by Eq. (13.142), except the force-constant factor 
is (0.93 172) 0.5 based on the force constant k' of Eq. (14.248), and the C' = C-bond MO parameters are used. The angular 
frequency of the reentrant oscillation in the transition state is 



(0.5)e 2 
0.9177P — '— 



Attf h 

a-\\ ° -130680X10 16 mJ/^ (14.325) 

m p 

where b is given by Eq. (14.258). The kinetic energy, E K , is given by Planck's equation (Eq. (11. 127)): 

E K =ha) = h430680X \0 16 rad ls = 28.34813 eV (14.326) 

In Eq. (11.181), substitution of E T [C - C)I2 (Eq. (14.324)) fo r E hv , the mass of the elect r on, m e , for M , and the kinetic 

energy given by Eq. (14.326) lor E K gives the Doppler energy of the electrons of each of the two bonds tor the reentrant orbit: 



2£, 2e(28.34813eF) 

— | = -32.76916 eV.l—± - 2 '- = -0.34517 eV (14.327) 

Mc ^ mj: 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the C = C -bond MO due to the reentrant orbit of the bond in the transition state 
corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (14.327) and E !CUb , the average kinetic energy of vibration which is 1/2 of the vibrational energy of 
the C-C bond. Using the experimental C-C E^fa) of 1 44 3.5 cw' 1 (0.17897 eV) [12] for E Kvib of the transition state 
having two bonds, E\ sc (C = C,a) per bond is 

E\ sc {C-C,a)-E D +E KM -E D +±h[t (14 . 328) 

E' osc (C = C,a) = -0.34517 eF + -(0.17897 eV) = -0.25568 eV (14.329) 

Given that the vibration and reentrant oscillation is for two C-C bonds of the C = C double bond, E ethylemosc {C -C,a) , is: 



^ 1 [k ^ 



(C = C,a) = 2 E D +-h\— =2 -0.34517 eF + -(0.17897eF) = -0.51136 eV (14.330) 



^ethylene asc ' 



2 V 



/ 



©2010 BlackLight Power, Inc. All rights reserved. 



622 



Chapter 14 



TOTAL ENERGIES OF THE C = C-BOND MO OF ETHYLENE 

E T+mc (C ~ C 1 ) , the total energy of the C -C -bond MO including the Doppler term, is given by the sum of E T [C - C) (Eq. 
(14.324)) and E elhyIme - (C = C,a) given by Eq. (14.330): 

E T+osc {C = C) = V e +T + V m + V p+ 2E T (C = C,2sp i ) + E ahylem m {C = C,a) 



= E T (C = C,<j) + 2E t (c = C,2sp 3 ) + E elhyIemasc {C = C,cr) 



E T (C = C) + E, k , (C = C,a) 

T V / ethylene osc \ ' / 

y 



-2e l 



yXn:£ c' 



(0.91771) 



0.91771)1 2— i-^lln^^-1 



2a) a-c' 



-2E T (c = C,2sp 3 ) 



(14.331) 



.(c = c) = 




(0.91771) 



2 4?rg y 



'I../T 



(14.332) 



^ 



v 



= -65.53833 eK-2 



' 1 HP 

0.34517 eK — ft — 



V 



2 y // 



From Eqs. (14.330-14.332), the total energy of the C = C -bond MO is 

£r + » c (C = C) = -63.27074 e F + 2£ r (c = C,2^ 3 ) + £^_ (C = C,a) 

-63.2707 4 eF + 2(-1.13380eF)-2| 0.3 4 517 gF--(Q.17897eF) 



(14.333) 



= -66.04969 eF 



where the experimental £\ 4 was used for the hi— term. 
1M 



BOND ENERGY OF THE C = C BOND OF ETHYLENE 

The dissociation energy of the C = C bond of CH 2 CH 2 , E D (H 2 C = CH 2 ) , is given by four times e(c, 2sp 3 ) (Eq. (14.146)), 

the initial energy of each C2sp 3 HO of each CH 2 radical that forms the double C = C bond, minus the sum of AE T+0SC ( n CH 2 ) 
(Eq. (14.318)), the energy change going from the dihydrogen carbide radicals to the CH 2 groups of ethylene, and E T+osc (C = C) 
(Eq. (14.333)). Thus, the dissociation energy of the C -C bond of CH 2 CH 2 , is 



E D (H 2 C = CH 2 ) = 4(e(C,2s P 3 ))-(aE t+osc ^CH 2 ) + E t+osc (C = C)) 
= 4(-14.63489 eV)- (-0.04667 eV - 66.04969 eV) 
= 4(-14.63489 eV)- (-66.09636 eV) 

= 7.55681 eV 



(14.334) 



The experimental dissociation energy of the C = C bond of CH 2 CH 2 is [7] 
E D (H 2 C -CH 2 ) = 7.5969 eV 



(14.335) 



The results of the determination of bond parameters of CH 2 CH 2 are given in Table 14.1. The calculated results are 
based on first principles and given in closed-form, exact equations containing fundamental constants only. The agreement 
between the experimental and calculated results is excellent. 
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ACETYLENE MOLECULE (CHCH) 

The acetylene molecule CHCH is formed by the reaction of two hydrogen carbide radicals: 



CH +CH -+CHCH (14.336) 

CHCH can be solved using the same principles as those used to solve the methane series CH n=l 2 3 4 as well as ethane, wherein 
the 2s and 2p shells of each C hybridize to form a single 2sp 3 shell as an energy minimum, and the sharing of electrons 
between two C2sp 3 hybridized orbitals (HOs) to form a molecular orbital (MO) permits each participating hybridized orbital to 
decrease in radius and energy. First, two sets of one H atomic orbital (AO) combine with two sets of one carbon 2sp i HO to 
form two hydrogen carbide groups comprising a linear combination of two diatomic H 2 -type MOs developed in the Nature of 



the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section. Then, the two CH groups bond by forming a 
H 2 -type MO between the remaining three C2sp 3 HOs on each carbon atom. 

FORCE BALANCE OF THE C = C -BOND MO OF ACETYLENE 

CHCH comprises a chemical bond between two CH radicals wherein each radical comprises a chemical bond between a 
carbon and a hydrogen atom. The solution of the parameters of CH is given in the Hydrogen Carbide ( CH ) section. The 
C — H bond of CH having two spm-paired electrons, one trom an initially unpaired electron o± the carbon atom and the other 
from the hydrogen atom, comprises the linear combination of 75% 7/ 2 -type ellipsoidal MO and 25% C2sp 3 HO. The proton of 
the H atom and the nucleus of the C atom are along each internuclear axis and serve as the foci. As in the case of H 2 , the 
C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into C2sp 3 HO for 
distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, the MO surface comprises a 
prolate spheroid at the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the other focus. 
The electron configuration and the energy, E \ C , 2sp 3 \ , of the C2sp 3 shell is given by Eqs . (13 . 422) and (13 . 428), respectively . 

Th e c e ntral paramagn e tic forc e du e to spin of th e C — H bond is provid e d by th e spin-pairing forc e of th e CH MO that has th e 
symmetry of an s orbital that superimposes with the C2sp 3 orbitals such that the corresponding angular momenta are 
unchanged. 

Two CH radicals bond to form CHCH by forming a MO between the two pairs of three remaining C2sp 3 - RO electrons 

of th e two carbon atoms. How e v e r, in this cas e , th e sharing of e l e ctrons b e tw ee n two C2sp 3 HOs to form a MO comprising six 
spin-paired electrons permits each C2sp 3 HO to decrease in radius and energy. 

As in the case of the C-H bonds, the C = C -bond MO is a prolate-spheroidal-MO surface that cannot extend into 
C2sp 3 HO for dis t ances shorter than the radius of t he C2sp 3 shell of each atom. — Thus, t he MO surface comprises a partial 
prolate spheroid in between the carbon nuclei and is continuous with the C2sp 3 shell at each C atom. The energy of the H 2 - 
type ellipsoidal MO is matched to that of the C2sp 3 shell. As in the case of previous examples of energy-matched MOs such as 
those of OH, NH, CH , the C = 0-bond MO of C0 2 , the C-C-bond MO of CH 3 CH 3 , and the C = C-bond MO of 
CH 2 CH 2 , the C = C-bond MO of acetylene must comprise 75% of a 77 2 -type ellipsoidal MO in order to match potential, 
kinetic, and orbital energy relationships. Thus, the C = C -bond MO must comprise a linear combination of three MOs wherein 
each comprises two C2sp 3 HOs and 75% of a H 2 -type ellipsoidal MO divided between the C2sp 3 HOs: 

3(2C2sp 3 +0.75 H 2 MO) -» C = C-bond MO (14.337) 

The linear combination of each H 2 - type ellipsoidal MO with each C2sp 3 HO further comprises an excess 25% charge - density 

contribution from each C2sp 3 HO to the C = C -bond MO to achieve an energy minimum. The force balance of the C = C - 
bond MO is determined by the boundary conditions that arise from the linear combination of orbitals according to Eq. (14.337) 

and the energy matching condition between the C2sp 3 -HO components of the MO. 

~~ Similarly, the energies of each CH MO involve each C2sp 3 and each His electron with the formation of each C-H 

bond. The sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the C2sp 3 shell. This energy is determined 
by the considering the effect of the donation of 25% electron density from the three pairs of C2sp 3 HOs to the C = C -bond MO 
with the formation of the C acelylem 2sp 3 HOs each having a smaller radius. The 2sp 3 hybridized orbital arrangement is given by 

Eq. (14.140). The sum E T (c,2sp 3 )of calculated energies of C, C\ C 2+ , and C 3+ is given by Eq. (14.141). The radius r 3 of 
the C2sp 3 shell is given by Eq. (14.142). The Coulombic energy E Coulomb [C,2sp\ and the energy E[C,2sp 3 \ of the outer 
electron of the C2sp 3 shell are given by Eqs. (14.143) and (14.146), respectively. 
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Next, consider the formation of the C = C -bond MO of acetylene from two CH radicals, each having a C2sp 3 electron 
with an energy given by Eg. (14.146). The total energy of the state is given by the sum over the four electrons. The sum 
EjC Mylml 2sp 3 ) of calculated energies of C2sp\ C\ C 2+ . and C 3+ from Eqs. (10.123). (10.113-10.114), (10.68). and 
(10.48), respectively, is 

E T (C acayIm ,2sp 3 ) = -(643921 eV + 483\25eV + 24.2762 eV + E(C,2sp 3 )) 

= -(64.3921 eV + 48.3 125 eV + 24.2762 eV + 14.63489 eV) (14.338) 



= -151.61569 eV 
where E(c,2sp 3 \ (Eq. (14.146)) is the sum of the energy of C, -11.27671 eV , and the hybridization energy. The orbital- 

angular-momentum interactions also cancel such that the energy of the E T (C acely!elle ,2sp 3 ) is purely Coulombic. 

The sharing of electrons between three pairs of C2sp 3 HOs to form a C = C -bond MO permits each participating 
hybridized orbital to decrease in radius and energy. In order to further satisfy the potential, kinetic, and orbital energy 
relationships, each participating C2sp 3 HO donates an excess of 25% of its electron density to the C = C -bond MO to form an 
energy minimum. By considering this electron redist r ibution in the acetylene molecule as well as the fact that the central field 
d e creases by an int e g e r for e ach succ e ssiv e e lectron of th e sh e ll, th e radius r — - — - 3 of th e C2sp 3 sh e ll of ac e tyl e n e may b e 

J a ' acetylenelsp* ^ J J 

calculated from the Coulombic energy using Eq. (10.102): 



9.25e z 



acetylenelsp 



= ^(Z-«)-0.75 



8n6 - (el5\.61569 eV) — 8^(^151.61569 eV) 



= 0.83008a (14.339) 



\n=2 



where Z -6 for carbon. Using Eqs. (10.102) and (14.339), the Coulombic energy E CouIomb (C acev , ene ,2sp 3 ) of the outer electron 
of the C2sp 3 shell is 

E CouIomb {C ac ^„ e ,2sp 3 ) = Q ~ S = _7, nnB = -16.39089 e^ (14.340) 

x ' %7ie a r , , 3 8;r£ n 0.83008a„ 

During hybridization, the spin-paired 2s electrons are promoted to the C2sp 3 shell as unpaired electrons. The energy for the 

promotion is the magnetic energy given by Eq. (13.152). Using Eqs. (14.145) and (14.340), the energy E\C acetyIene ,2sp 3 \ oi the 

outer electron of the C2sp 3 shell is 

E(C lem ,2sp 3 ) = — + 2 ^° e \ = -16.39089 eV + 0.19086 eV = -16.20002 eV (14.341) 

Me ^ace^e2^ Ki^) 

Thus, E T [c = C,2sp 3 \, the energy change of each C2sp 3 shell with the formation of the C = C-boud MO is given by the 
difference between Eq. (14.146) and Eq. (14.341): 

E T [C = C,2sp 3 ) = E{C acelylme ,2sp 3 )-E[c,2sp 3 ) = -16.20002 eF-(-14.63489 e^) = -1.56513 eV (14.342) 

As in the case of Cl 2 , each H 2 -type ellipsoidal MO comprises 75% of the C = C -bond MO shared between two C2sp 3 HOs 

corresponding to the electron charge density in Eq. (11.65) of — : . But, the additional 25% charge-density contribution to 

— c 
each bond of the C = C - bond MO causes the electron charge density in Eq. (1 1 .65) to be - 0.5c . The corresponding force 

constant k' to determine the ellipsoidal parameter c' in terms of the central force of the foci (Eq. (11.65)) is given by Eq. 
(14.152). The distance from the origin to each focus c' is given by Eq. (14.153). The internuclear distance is given by Eq. 
(14.154). The length of the semiminor axis of the prolate spheroidal C^C-bond MO b = c is given by Eq. (13.62). The 
eccentricity, e, is given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other axes of 
each prolate spheroid and eccentricity of the C = C -bond MO. From the energy equation and the relationship between the axes, 
the dimensions of the C = C -bond MO are solved. 

The general equations for the energy components of V e , V , T , V m , and E T of the C = C -bond MO are the same as 

those of the CH M O except that energy of the C ace iyleile ?.sp 3 HO is u sed and the triple- b ond n ature is considered. Tn the case of a 

single bond, the prolate spheroidal tf 2 -typc MO transitions to the C acetylene 2sp 3 HO of each carbon, and the energy of the 

C acelyIem 2sp 3 shell must remain constant and equal to the E\C acetylem ,2sp 3 \ given by Eq. (14.391). Thus, the energy 

E{C a<:rn , trnf „2sp 3 \ in Eq. (14.391) adds to that of the energies of the corresponding j^-type ellipsoidal MO. The second and 

third bonds of the triple C = C -bond MO also transition to each C lene 2sp 3 HO of each C . The energy of a second and a third 
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ff 2 -type ellipsoidal MO adds to the first energy component, and the three bonds achieve an energy minimum as a linear 
combination of the three H 2 -type ellipsoidal MPs each having the carbon nuclei as the foci. Each C-C -bond MO comprises 
the same C acelylme 2sp 3 HO shells of constant energy given by Eq. (1 4 .391). As in the case of the water, NH 2 , ammonia, and 
ethylene molecules given by Eqs. (13.180), (13.320), (13.372), and (14.251), respectively, the energy of the redundant shell is 
subtracted from the total energy of the linear combination of the a MO. Thus, the total energy E T (C = C,a) of the a 
component of the C = C -bond MO is given by the sum of the energies of the three bonds each comp r ising the linea r 
combination of the C acelylene 2sp 3 IIO and th e 7/ 2 -typ e ellipsoidal MO as given by Eq. (14.337) wherein th e E T terms add 

positively and the E(C acetyIelle ,2sp 3 ) term is positive due to the sum over a negative and two positive terms. Using Eqs. (13.431) 
and (14.341), E T (C = C,a) is given by 

E, {C = C , a) = £, +E{C acetylem ,2sp')-E{C acetylene ,2sp i )-E{C acevlem , 2sp i ) 



3e 2 



8tt£ c ' 



(0.91771)1 2---^ |ln^-l 
;| 2a) a-c' 



~ E\y acay i me ,2sp j 



(14.343) 



3e 2 



&JT£ C ' 



(0.91771)1 2 l fl °l lD a + C ' 



16.20002 eV 



2a) a-c 

The total energy term of the triple C = C -bond MO is given by the sum of the three H 2 -type ellipsoidal MOs given by Eq. 
(1 1 .7.1 ?.). To match this boundary conditio^ F. T (C = C . /r\ given by Eq. (14.343) is set equal to three times Eq. (1 3.75): 



-3b* 



4-fc 



a + c 



E T (C = C,a) = - 



8n£ c' 



(0.91771) 2---^|ln- 

v ' 2a a-C 



-1 



-16.20002 eV = -94.90610 eV 



(14.344) 



From the energy relationship given by Eq. (14.344) and the relationship between the axes given by Eqs. (14.153-14.154) and 

(13.62 13.63), the dimensions of the C = C bond MO can be solved. 

Substitution of Eq. (14.1 53) into Eq. (14.344) gives 



3e 2 



8;r£ Jaa 



(0.91771)1 2-1-SL ]]n^±& 
2a) a-Jaa n 



-1 



= el 1 1 . 10613 



(14.345) 



The most convenient way to solve Eq. (14.345) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figur e s is 



a = 1.28714a =6.81122X10-" m 
Substitution of Eq. (14.346) into Eq. (14.153) gives 
c , = 1.13452a n = 6.00362 X 10'" m — 



(14.346) 



(14.347) 



Th e internuclear distance given by multiplying Eq. (14.347) by two is 

2c' = 2.26904a = 1.20072 X 10" 10 m 
The experimental bond distance is [3] 
2c' = 1.203 JT 10~ 10 m 



(14.348) 



(14.349) 



Substitution of Eqs. (14 .3 46-14 . 347) in to E q. ( 1 3.62) gives 



fe = c = 0.60793a„ =3.21704 X10" 11 m 



(14.350) 



Substitution of Eqs. (14.346-14.347) into Eq. (13.63) gives 

e = 0.88143 (14.351) 

The nucleus of the C atoms comprise the foci of the 7/,-type ellipsoidal MO. The parameters of the point of intersection of the 

ff 2 -type ellipsoidal MO and the C lene 2sp 3 HO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection 



angle 0' is given by Eq. (13.261) where r n - r 



acelylenelsp 



3 = 0.83008a„ is the radius of the C 



acetylene 



2sp 3 shell. Substitution of 



Eqs. (14.346-14.347) into Eq. (13.261) gives 
(9' = 137.91° 



(14.352) 



(14.353) 



Then, the angle 6„ „ . 3 „_ the radial vector of the C2sp i HO makes with the internuclear axis is 

7 ^ C=C - 1 sin 2 HI I T 



C-CacetyUn^HO 



'acetylene 2s P H0 

180°-137.91° 



= 42.09° 



as shown in Figure 1 4 .11. 
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Figure 14.11. The cross section of the C = C -bond MO (crMO) and one C - H -bond MO of acetylene showing the axes, 
angles, and point of intersection of each // 2 -type ellipsoidal MO with the corresponding C ta ^ aa %sp i HO. The continuation of 

each H, -type-ellipsoidal-MO basis element of the C = C bond and the C-H -bond beyond the intersection point with each 

C ax g, !em 2sp i shell and a MO is shown as dashed since each only serves to solve the energy match with the C umrf( ,„ c 2s/j J shell 

and does not represent charge density. Similarly, the vertical dashed line only designates the parameters of each intersection 
point. The actual charge density is shown by the solid lines. Legend: a: semimajor axis, b : semiminor axis, c': internuclear 



distance, d, :d c 



„,H 2 MO 



,9t'-0« 



2sp 3 HO ' ^2 '■ d Cmi 



.. a^^tfO ' a " ^W-V 2 ' C-H aceni!me 2 S[ ?HO- 




Consider the right-hand intersection point. The Cartesian i -coordinate of the interception point of the MO and the AO can be 
calculated using the MO ellipsoidal parameters by first calculating the parametric angle in Eq. (I 1 .83) that matches Cartesian j - 
coordinate components at the point of intersection. Thus, the matching elliptic parametric angle a>t = 8 C = C HM0 satisfies 

the following relationship: 



„, , )B u«^ , ,„= 0.83008a,, sin # 



C=C 



iicelyieite 



l.^HO 



= frsin& 






M,MO 



such that 



0.83008a,, sin 9, 



e r =, 



c=c 



c=c 



„Hi-WO 



= sin 



.ce^-sp-" . , 0.83008a sin 42.09° 
— — = sin 



(14.354) 



(14.355) 



with the use of Eq. (14.353). Substitution of Eq. (14.350) into Eq. (14.355) gives 
3>c , aw =66.24° 

L *~ acetylene '"±" v 

Then, the distance rf c , c H M0 along the internuclear axis from the origin of // 2 -type ellipsoidal MO to the point of 

intersection of the orbitals is given by 

d <='C am , ylctle .H 1 MO = aQOS0 C=C ilcayleJ , e ,H 2 MO 

Substitution of Eqs. (14.346) and (14.356) into Eq. (14,357) gives 
= 0.51853a,, = 2.74396 X 10" 11 m 



(14.356) 



(14.357) 



The distance d r , ,, , . . 

C = L ac ety le n e 2s P H0 

orbitals is given by 



(14.358) 
along the internuclear axis from the origin of the C atom to the point of intersection of the 



c=c 



■ni'-vh>\' 



2sp 3 HO 



= c'-d r = 



acetylene 



M-,MO 



Substitution of Eqs. (14.347) and (14.358) into Eq. (.14.359) gives 
a\ =0.615990, = 3.25966 X 10" 11 m 



(14.359) 
(14.360) 
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FORCE BALANCE OF THE CH MOS OF ACETYLENE 

The C-H bond of each of the two equivalent CH MOs must comprise 75% of a ff 2 -type ellipsoidal MO and a C2sp 3 HO as 

given by Eq. (13/ 1 29): 

\C2sp 3 +0J5H 2 MO^-CHMO (14.361) 

The force balance of the CH MO is determined by the boundary conditions that arise from the linear combination of orbitals 

according to Eq. (13. 4 29) and the energy matching condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 type ellipsoidal MO component of the 

CH MO in terms of the central force of the foci is given by Eq. (13.59). The distance from the origin of each C-H -bond MO 
to each focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis of 
the prolate spheroidal C-ff-bondMO b = c is given by Eq. (13.62). The eccentricity, e. is given by Eq. (13.63). The solution 
of the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H- 
bond MO. From the energy equation and the relationship between the axes, the dimensions of the CH MO are solved. 

Consider the formation of the triple C = C -bond MO of acetylene from two CH radicals, each having a C2sp 3 shell 
with an energy given by Eq. (14.146). The energy components of V e , V , T, V m , and E T are the same as those of the hydrogen 

carbide radical, except that two times E T (c = C,2sp 3 \ is subtracted from E T (CH) of Eq. (13.495). The subtraction of the 
energy change of the C2sp 3 shells with the formation of the C = C -bond MO matches the energy of the C-H -bond MOs to 
the decrease in the energy of the C2sp 3 HOs. Using Eqs. (13.495) and (14.342), E T {CH) is given by 



(0.91771) 



1 a n 



to 



a + c' 



E T ^ [CH) = E T + E(c,2sp 3 )-2E T (c = C,2sp 3 )-- 



8ks c ' 



2a) a—c 
14.63489 eV-(-3. 13026 eV) 



(14.362) 



-Ej. (C//) given by Eq. (1 1 .362) is set equal to the energy of the Zf 2 - type ellipsoidal MO given by Eq. (13.75): 



CH 



&7T£ C' 



(0.91771)1 2--^) In — 
1 n 2a) a-c' 



k -14.63489eF-(-3. 13026 eV) 



-31.63537 eV 



(14.363) 



From the energy relationship given by Eq. (14.363) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the CH MO can be solved. 

Substitution of Eq. (13.60) into Eq. (14.363) gives 



u+ 



2aa„ 



(0.91 771) 



?-l-SL | 1 n 



= e? ,Q. 1 3074 



(14 .3 64) 



ttettff- 



2 a 



a — 



2aa 



The most convenient way to solve Eq. (14.364) is by the reiterative technique using a computer. The result to within the round- 
olf error with live-significant figures is 

a = 1.487 19a = 7.86987 X 10 n m (14.365) 

Substitution of Eq. (14.365) into Eq. (14.60) gives 

c' = 0.99572a = 5.26913 X 10" 11 m (14.366) 



The internuclear distance given by multiplying Eq. (14.366) by two is 



2c' = 1.99144a =1.05383^ 10 

The experimental bond distance is [3] 
2c' = 1.060 X 10~ 10 m 



(14.367) 



(14.368) 



Subs t itu t ion of Eqs. (14.365-14.366) into Eq. (14.62) gives 
fe-c-1.10466a„ - 5.84561 X1Q-" m 



(14.369) 

(14.370) 
atom comprise the foci of each H 2 -type ellipsoidal MO . — The 



Substitution of Eqs. (14.365-14.366) into Eq. (14.63) gives 

e = 0.66953 
The nucleus of the H atom and the nucleus of the C 



param e t e rs of th e point of int e rs e ction of th e H 2 - typ c e llipsoidal MO and th e C acelyIme 2sp HO ar c giv e n by Eqs. (13.84 - 13.95) 
and (13.261-13.270). The polar intersection angle 0' is given by Eq. (13.261) where r n = r ^ kmls , = 0.83008a is the radius of 
the C acelylene 2sp 3 shell. Substitution of Eqs. (14.365-14.366) into Eq. (13.261) gives 



9' = 90.99° 



(14.371) 
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Then, the angle 9„ „ „ 3 „^ the radial vector of the C2sp 3 HO makes with the internuclear axis is 

C - H acetylem 2s P H0 

07 2 , w) =180°-90.99° = 89.01° (14.372) 

C ~ M acetylene ZS P MU 

as shown in Figure 14.1 1 . The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using 
the MO ellipsoidal parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate 
components at the point of intersection. — Thus, the matching elliptic parametric angle at - C _ H H M0 satisfies the 

following relationship: 

r , „ ,sinl „ , ,„„ = 0.83008a„sin6> „ „ 3 „ =fesin# r „ „ un (14.373) 

acetylene!^ C-H acaylem 2 S p i HO » C- H acetyIene 2s P H0 C ~ H acetylene> H 2 M0 V ' 



such that 



0.83008a n sinfl„ 



_! c-H acelylene 2 Sp iHO _ . ^ 08300800 s in 89.01° 

J c-H acetylm ,H 1 MO-^ b -sm b 



Oc-h , h,mo = sin" , acemm = sin" 1 "y (14.374) 



with the use of Eq. (14.372). Substitution of Eq. (14.369) into Eq. (14.374) gives 



O^f, =48 . 71° (14 . 375) 

L ~ H acetylene' H T- M0 V ' 

Then, the distance d c _ H H M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of 



intersection of the orbitals is given by 



d c-n ace¥ene ,n 2 MO = n ™*°c-n mtyk „ Jh MO (1437£L 

Substitution of Eqs. (14.365) and (14.375) into Eq. (14.376) gives 
d c _ H h 2 mo =0-98145a =5.19359 X W n m (14.377) 

The distance d„ 3 along the iiiternuclear axis from the origin of the C atom to the point of intersection of the 

L ~ H acetylene 2s P HU 



orbitals is given by 

C -" acetylene 2 ^" " ^ C - H acetylene' 11 1 



d r _„ , ^„n=c'-d C -H , Hi mo (14-378) 



Substitution of Eqs. (14.366) and (14.377) into Eq. (14.378) gives 

d c h 2*>ho = °- 01427 «o = 7-55329 X W n m (14.379) 

^ n acetylene Li P nu 

With the C = C triple bond along one axis, the minimum energy is obtained with the C-H -bond MO at a maximum 
separation. Thus, the bond angle CsC _ H between the internuclear axis of the C = C bond and the H atom of the CH groups is — 

6 CsC _ H =\W° (14.380) 

The experimental angle between the C = C-H bonds is [6] 

C , C _ U =180° (14.381) 

The CHCH MO shown in Figure 14.12 was rendered using these parameters. 

The charge-density in the C = C -bond MO is increased by a factor of 0.25 per bond with the formation of the 
C acaylelle 2sp 3 HOs e ach having a small e r radius. Using th e orbital composition of th e CH groups (Eq. (1 4 .361)) and th e C-C — 

bond MO (Eq. (14.337)), the radii of C\s = 0.171 13a (Eq. (10.51)) and C acelyIene 2sp 3 = 0.83008a (Eq. (14.339)) shells, and the 

parameters of the C^C-bond (Eqs. (13.3-13.4), (14.346-14.348), and (14.350-14.360)), the parameters of the C-H -bond 
MOs (Eqs. (13.3-13.4), (14.365-14.367), and (14.369-14.379)), and the bond-angle parameter (Eqs. (14.380-14.381)), the 
charge-density of the CHCH MO comprising the linear combination of two C — H -bond MOs and a C = C -bond MO bridging 
th e two CH groups is shown in Figur e 14.12. Each C — // - bond MO compris e s a ff 2 - typ c e llipsoidal MO and a C acelylme 2sp 3 
HO having the dimensional diagram shown in Figure 14.11. The C^C-bond MO comprises a H 2 -type ellipsoidal MO 
bridging two C acetylme 2sp 3 HOs having the dimensional diagram also shown in Figure 14.1 1 . 
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Figure 14.12. CHCH MO comprising the linear combination of two C - H -bond MOs and a C = C -bond MO. (A) Color 
scale, translucent view of the charge-density of the C = C-bond MO with the C ace¥s J2sp^ HOs shown transparently. The 

C = C-bond MO comprises a //,-type ellipsoidal MO bridging two sets of three C aaaifa Jlsp % HOs. For each C-H and the 
C = C bond, the ellipsoidal surface of the // 2 -type ellipsoidal MO that transitions to the C^^lsp 1 HO, the C acaylate 2sp i HO 
shell, inner most C\s shell, and the nuclei (red, not to scale), are shown. (B)-(D) Translucent view high-lighting the C = C- 
bond MO and end-on view of the charge-density of the CHCH MO, respectively. 




J 1 e/A 2 
ENERGIES OF THE CH GROUPS 

The energies of each CH group of acetylene are given by the substitution of the semiprincipal axes (Eqs. (14.365-14.366) and 
(14.369)) into the energy equations of hydrogen carbide (Eqs. (13.510-13.514)), with the exception that two times 
E r (C = C,2sp*) (Eq. (14.342)) is subtracted from E T (CH) in Eq. (13.514): 



Ff=(0 .9177l)-4i=m a + >/ ^ 



V = 

Strega 2 -b 2 



r = (0.9177l) 



8^£- Vfl 2 -b 2 a-yja 2 -b 2 
= 13.66428 eV 



-40.62396 eV 



, a + ^ja 2 -b 2 ,-,,«_, r , 
to = 13.65796 eV 



V m =(0.91771) 



2m,<7Vfl 2 - b 2 « - Va 2 -b 2 



to a + ygZg =-6.82898 eV 



Ama4a 2 -It a — Vfl 3 - b 1 



E T \CH\= 



%xs v c ' 



(0.91771)1 2-^)\n — - 
2a) a-c' 



< -14.63489eF-(-3. 13026 eV) 



= -31.63532 eV 



(14.382) 
(14.383) 
(14.384) 

(14.385) 

(14.386) 



where E T {CH) is given by Eq. (14.362) which is reiteratively matched to Eq. (13.75) within five-significant- figure round 
off error. 

VIBRATION OF THE n CH GROUPS 

The vibrational energy levels of CH in acetylene may be solved using the methods given in the Vibration and Rotation of CH 
section. 



THE DOPPLER ENERGY TERMS OF THE '(II GROUPS 

The equations of the radiation reaction force of the CH groups in acetylene are the same as those of the hydrogen carbide 
radical with die substitution of the CH -group parameters. Using Eq. (13.477), the angular frequency of the reentrant oscillation 
in the transition state is 
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J0.75e 2 

1 Att£ h 3 i 


pn.„6 = 3_ 0837fjxlo io md/s 


(14.387) 


where b is given by Eq. (14.369). The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 
E K = hw = £3.08370 X 10 16 md/s = 20.29747 eV 


(14.388) 



In Eq. (11.181), substitution of E T {H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each # 2 -type MO, for E k 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (14.388) for E K gives the Doppler energy of the 
electrons for the reentrant orbit: 



~F ~ h' 



2EL 



-31.63537 eV 



2e(20.29747 eV) 



-0.28197 eV 



(14.389) 






-JK.A- 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH due to the reentrant orbit of each bond in the transition state corresponding to 
simple harmonic oscillation of the electrons and nuclei. E^. . is given by the sum of the corresponding energies. E D given by 
Eq. (14.389) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of each C-H bond. 
Using co e given by Eq. (13.458) for E Kvib of the transition state, E ace¥measc { n CH) is 

^ 1, fi 



{^€H± 



(1 4 .390) 



"* acetylene osc 



2 V 



E ace¥e „ eosc { n CH) = -0.28197 eV + 1(0.35532 eV) = -0.10430 eV 



(14.391) 



TOTAL AND DIFFERENCE ENERGIES OF THE CH GROUPS 



E acetyieneT+o SC ( 12 CH) , the total energy of each n CH group including the Doppler term, is given by the sum of E T ^ (CH ) (Eq. 



(14.386)) and E acetylmosc { 12 CH) given by Eq. (14.391): 



V e +T + V m +V p +E{C,2sp') 



( n cn). 



~* aceAyleneT +osc 



-2E T (c = C,2sp 3 ) + E ,, ( n CH) 

T \ ' Jr J acetylene osc \ ) 

E T^,„, ( CH ) + ^acetylene osc ( "C/f) 



(14.392) 




= -31.63537 eV- 
From Eqs. (14.391-14.393), the total energy of each n CH is 



J^CHj-- 



J^chJ 



■ " :. 



-31.63537 eV + E, 



'acetylene osc 



1 



= -31.63537 eV-\ 0.28197 eV — (0.35532 eV) \ = -31.73967 eV 



(14.394) 



where co e given by Eq. (13.458) was used for the hi— term 



The total energy for each hydrogen carbide radical given by Eq. (13.485) is 
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E radicalT+osc ( U CH) = -3 1 .63537 eV + E mdim!osc ( 12 CH) 

= -31.63537 eF-0.24966 eF + ^(0.35532 eV) 



(14.395) 



= -31.70737 eV 
The difference in energy between the CH groups and the hydrogen carbide radical AE T+osc I U CH\ is given by two times the 



difference between Eqs. (14.394) and (14.395): 



Tffi; — ( 12 ch) = 2(e - ~ ( 12 ch)-e - , T — ( 12 ch)\ 

T+osc \ ) \ acetylene! +osc \ J radicalT+osc \ Jj 



^ radicalT +osc \ 

= 2(-31.73967eF-(-31.70737eK)) 
- -0.06 4 60 eV 



(14.396) 



SUM OF THE ENERGIES OF THE C = C a MO AND THE HOS OF ACETYLENE 

The energy components of V e , V , T , V m , and E T of the C = C -bond MO are the same as those of the CH MO except that 

each term is multiplied by three corresponding to the triple bond and the energy term corresponding to the C acetylme 2sp~ HOs in 
the equation for E T is positive. The energies of each C = C -bond MO are given by the substitution of the semiprincipal axes 
(Eqs. (14.346-14.347) and (14.350)) into three times the energy equations of the CH MO (Eqs. (13.449-13.453)), with the 
exception that E(c,2sp^\ in Eq. (13.453) is positive and given by Eq. (14.341): 





V e -3(0.91771) ^ ln fl + V . fl " - - 182.53826eF 

8^-x/a 2 -b 2 a-*la 2 -b 2 

e 2 


(14.397) 


V -3 -^ °>7770eF 


(14.398) 


p o __ / .2 ;,2 


o7T€ yja —0 




7-3(0.91771) K- \n a + yi f~ b2 - 70.90876 eV 

2ma4a 2 -b 2 — a-4a 2 -b 2 


(14.399) 



V m =3(0.91771) 



E T C = C,a ) = ■ 



-h 2 



4m e a\la 2 - b 2 



In 



a + yja 2 -b 2 
a-y/a 2 -b 2 



-35.45438 eV 



8^s„c' 



(0.9177l)f2-^lln^ ^-l 



2a) a-c' 



-16.20002 eV = -94.90616 eV 



(14.400) 
(14.401) 



where E T (C = C,c) is the total energy of the C = C a MO given by Eq. (14.343) which is reiteratively matched to three times 

Eq. (1 3.75) within five-significant-fignre round off error. 

The total energy of the C = C -bond M O, E T [C = C) , is given by the sum of tw o times E T (c = C, ?,sp 3 ) , the energy 



change of each C2sp^ shell due to the decrease in radius with the formation of the C = C-bond MO (Eq. (14.342)), and 
E T (C = C,a), the a MO contribution given by Eq. (14.344): 

E r (C = C) = 2E T (C = C,2sp 3 ) + E T (C = C,u) 

^2(-1.56513eK) + 
r 



2e l 



1 a n 



(0.91771) 2-- "" In , 1 



a + c 



+ 16.20002 eV 



(14 .40?) 



yv ^e„c' 



2 a 



: 2(-1.56513 eF) + (-94.90610 eV) 
: -98.03637 eV 



.ENE 



The vibrational energy levels of CHCH may be solved as two equivalent coupled harmonic oscillators with a bridging harmonic 
oscillator by developing the Lagrangian, the differential equation of motion, and the eigenvalue solutions [9] wherein the spring 
constants are derived from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the 
Vibration of Hydrogen-Type Molecules section. 
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THE DOPPLER ENERGY TERMS OF THE C = C-BOND MO OF ACETYLENE 

The equations of the radiation reaction force of the C = C -bond MO are given by Eq. ( 1 4.23 1 ), except that the C = C -bond MO 
parameters are used. The angular frequency of the reentrant oscillation in the transition state is 



co- 



0.5e z 

I 47T£ a* 



: 2.00186 X10 16 rails 



(14.403) 



where a is given by Eq. (14.346). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 



E K =ti(o = ti2.0Q\?,6XW b rad Is = 13.17659 eV 



(14.404) 

In Eq. (11.181), substitution of E T [C = C)I3 (Eq. (14.402)) for E hv , the mass of the electron, m e ,for M , and the kinetic energy 
given by Eq. (14.404) for E K gives the Doppler energy of the electrons of each of the three bonds for the reentrant orbit: 



- \2E r |2e(l3. 17659 eV) 

E D =• E hv A — f = -32.67879 eV. — ± -. '- = -0.23468 eV (14.405) 

V Mc y m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the C = C -bond MO due to the reentrant orbit of the bond in the transition state 
corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (14.405) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of 
the C = C bond. Using the experimental C = C E vib (oS) of 3374 cm' 1 (0.41833 eV) [6] for E Kvib of the transition state having 



three bonds, E' mc {^C-C, a) per bond is 

E\ sc {C = C,a) = E D +E Kvib =E D +h[t 



(14.406) 



F. \ >sc [C = C,rr) = -0.73468^ + -(0.41 833 eV) = -0.02551 p.V 



(14.407) 



Given that the vibration and reentrant oscillation is for three C-C bonds of the C = C triple bond, E t 



acetylene osc 



(C = C,a), is: 



(C = C,a) = 3 



^1% 



''acetylene osc 



= 3| -0.23468 eF + -(0.41833 eK) 



(14.408) 



-0.07654 eV 



TOTAL ENERGIES OF THE C = C-BOND MO OF ACETYLENE 

E T+osc (C = C), the total energy of the C = C -bond MO including the Doppler term, is given by the sum of E T (C = C) (Eq. 



(1 4 . 4 02)) and £ 



(C = C,a) given by Eq. (1 4 . 4 08): 



acetylene osc 



t 



K^r+r^+r^E\c^^2sp 

+2E T (C = C, 2sp' ) + E acetylme osc (C = C, a) 



E T+osc ( C = C )-- 



■-E T (C = C,a) + 2E T (c = C,2sp') + E t 



(C = C,e r ) 



(14.409) 



acetylene osc 



■ E T (C = C) + E „, (C = C,a) 

T \ ) acetylene osc \ ' / 



( -3e 2 
8;rg,,c ' 



(0.91771)1 2-±^0ln^-l 
^ I 2 a a-r: 



E T+0SC {C = C) = 



-E{C acetyIem ,2sp') + 2E T {c^C,2sp) 



11 e l 

1 2 4 n:c ( ,a 3 



(14.410) 



m 



2ti\ 



+ 3 -h 



V~ M~ J 



-98.03637 eV- 3 



0.23468 eV — h 



K k 



ev — n. — 



2 \ /j 
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From Eqs. (14.408-14.410), the total energy of the C = C -bond MO is 
E T ^ {C = C) = -94.90610 eV + 2E T JC = C,2sp 3 ) + E^„__ (C = C,a) 



= -94.90610eF + 2(-1.56513eF)-3[ 0.23468 eK--(0.41833 eF) ] (14.411) 

= -98.11291 eV 



where the experimental E^ was used for the h I — term. 

~ — IP 

BOND ENERGY OF THE C = C BOND OF ACETYLENE 

As in the case of n CH 2 and U NH , the dissociation of the C = C bond forms three unpaired electrons per central atom wherein 
the magnetic moments cannot all cancel. The energy per atom Eimagnetic) is given by Eq. (13.524). Thus, the dissociation 
energy of the C = C bond of CHCH , E D {HC = CH), is given by six times E(c,2sp 3 ) (Eq. (14.146)), the initial energy of 
each C2sp 3 HO of each CH radical that forms the triple C = C bond, minus the sum of AE T+0SC ( n CH) (Eq. (14.396)), the 
energy change going from the hydrogen carbide radicals to the CH groups of acetylene, E T+0SC (C = C) (Eq. (14.41 1)), and two 
times E(magnetic) given by Eq. (13.524). Thus, the dissociation energy of the C = C bond of CHCH , is 

E D (HC = CH) = 6(E(c,2sp 3 ))-(AE T+osc ( n CH) + E T+osc (C = C) + 2E (magnetic)) 

=6(-14.63489 eF)-(-0.06460 eF-98. 11291 eF + 0.29606 eV) (14 412) 

= 6(-14.63489 eF)-(-97.88145 eV) 

= 10.07212 eV 

The experimental dissociation energy of the C = C bond of CHCH is [7] 

E D {HC = CH) = 10.0014 eV — (14.413) 

The results of the determination of bond parameters of CHCH are given in Table 14.1. The calculated results are based 
on first principles and given in closed-form, exact equations containing fundamental constants only. The agreement between the 
experimental and calculated results is excellent . 

BENZENE MOLECULE («,//.) 

The benzene molecule C 6 H 6 is formed by the reaction of three ethylene molecules: 

- 3CH 2 CH 2 ^C 6 H 6 + 3H 2 (14.414) 

C 6 H 6 can be solved using the same principles as those used to solve ethylene wherein the Is and Ip shells of each C 
hybridize to form a single 2sp 3 shell as an energy minimum, and the sharing of electrons between two C2sp 3 hybridized 
orbitals (HOs) to form a molecular orbital (MO) permits each participating hybridized orbital to decrease in radius and energy. 
Each 2sp 3 HO of each carbon atom initially has four unpaired electrons. Thus, the 6 H atomic orbitals (AOs) of benzene 
contribute six electrons and the six sp 3 -hybridized carbon atoms contribute twenty-four electrons to form six C-H bonds and 
six C -C bonds. Each C-H bond has two paired electrons with one donated from the H AO and the other from the C2sp 3 
HO. Each C = C bond comprises a linear combination of a factor of 0.75 of four paired electrons (three electrons) from two 
sets of two C2sp 3 HOs of the participating carbon atoms. Each C-H and each C = C bond comprises a linear combination of 
one and two diatomic 7/ 2 -type MOs developed in the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular 
Ions section, respectively. 

FORCE BALANCE OF THE -BOND MO OF BENZENE 

C 6 H 6 can be considered a linear combination of three ethylene molecules wherein a C-H bond of each CH 2 group of 
H 2 C = CH 2 is replaced by a C = C bond to form a six-member ring of carbon atoms. The solution of the ethylene molecule is 
given in the Ethylene Molecule ( CH 2 CH 2 ) section. Before forming ethylene groups, the 2sp 3 hybridized orbital arrangement of 
each carbon atom is given by Eq. (1 4 .1 4 0). The sum E T [c,2sp 3 \ of calculated energies of C, C + , C 2+ , and C 3+ is given by 
Eq. (14.141). The radius r 2s 3 of the C2sp 3 shell is given by Eq. (14.142). The Coulombic energy E Coulomb (C,2sp 3 ) and the 
energy E(c,2sp 3 ) of the outer electron of the C2sp 3 shell are given by Eqs. (14.143) and (14.146). respectively. Two CH 2 
radicals bond to form CH 2 CH 2 by forming a MO b e tw ee n th e two pairs of r e maining C2^p 3 - HO el e ctrons of th e two carbon 
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atoms. However, in this case, the sharing of electrons between four C2sp 3 HOs to form a MO comprising four spin-paired 
electrons permits each C?..<ip 3 HO to decrease in radius and energy. The C. = C -bond MO is a prolare-spheroidal-MO surface 
that cannot extend into C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell of each atom. Thus, the MO surface 
comprises a partial prolate spheroid in between the carbon nuclei and is continuous with the C2sp 3 shell at each C atom. The 
energy of the H 2 -type ellipsoidal MO is matched to that of each C2sp 3 shell. As in the case of previous examples of energy- 
matched MOs such as those of OH, NH , CH , the C = C-bond MO of C0 2 , and the C-C-bond MO of CH 3 CH 3 , the 
C = C -bond MO of ethylene must comprise 75% of a H 2 -type ellipsoidal MO in order to match potential, kinetic, and orbital 
energy relationships. Thus, the C = C -bond MO must comprise a linear combination of two MOs wherein each comprises two 
C2^p 3 HOs and 75% of a # 2 -type ellipsoidal MO divided between the C2sp 3 HOs: 

2(2 C2sp 3 +0.75 H 2 MO] -> C = C-bond MO (14.415) 

The linear combination of each 7/ 2 -type ellipsoidal MO with each C2sp 3 HO further comprises an excess 25% charge-density 

contribution from each C2sp 3 HO to the C = C -bond MO to achieve an energy minimum. The force balance of the C = C - 
bond MO is determined by the boundary conditions that arise from the linear combination of orbitals according to Eq. (1 4 . 4 15) 

and the energy matching condition between the C2sp 3 -HO components of the MO. 

The sharing of electrons between two pairs of C2sp 3 HOs to form a C = C -bond MO permits each participating 
hybridized orbital to decrease in radius and energy. The sum E T (C ethylene ,2sp 3 ) of calculated energies of C2sp 3 , C + , C 2+ , and 

C 3+ is given by Eq. (14.243). In order to further satisfy the potential, kinetic, and orbital energy relationships, each participating 
C2sp 3 HO donates an excess of 25% of its electron density to the C = C -bond MO to form an energy minimum. By 
considering this electron redistribution in the ethylene molecule as well as the fact that the central field decreases by an integer 
for each successive electron of the shell, the radius r , of the C2sp 3 shell of ethylene calculated from the Coulombic 

ethylene2sp 

energy is given by Eq. (14.244). The Coulombic energy E €oulant (C ilhyleui ,2sp 3 ) of the outer electron of the C2sp 3 shell is given 
by Eq. (14.245). The energy E\C elhylem ,2sp 3 \ of the outer electron of the C2sp 3 shell is given by Eq. (14.246). 
E T (C- C,2sp 3 ) (Eq. (14.247)), the energy change of each C2sp 3 shell with the formation of the C = C -bond MO is given by 

the difference between E{C ahy , ^_,2sp 3 \ and EJC.2sp 3 \ . 

Consider the case where three sets of C = C -bond MOs form bonds between the two carbon atoms of each molecule to 
form a six-member ring such that the six resulting bonds comprise eighteen paired electrons. Each bond comprises a linear 
combination of two MOs wherein each comprises two C2sp 3 HOs and 75%o of a j/ ; -type ellipsoidal MO divided between the 
C2sp 3 HOs: 



3(2 C2sp 3 + 0.75 H 2 MO) -+3\C = c)- ethylene -type -bond MO 
6\C = C}-bond MO of benzene 



(14.416) 



The linear combination of each H 2 -type ellipsoidal MO with each C2sp 3 HO further comprises an excess 25% charge-density 
contribution per bond from each C2sp 3 HO to the C = C -bond MO to achieve an energy minimum. Thus, the dimensional 
parameters of each bond C = C -bond are determined using the same equations as those used to determine the same parameters 
of the C = C -bond MO of ethylene (Eqs. (14.242-14.268)) while matching the boundary conditions of the structure of benzene. 
The energies of each C = C bond of benzene are also determined using the same equations as those of ethylene with the 
parameters of benzene. The result is that the energies are essentially given as 0.75 times the energies of the C = C -bond MO of 
ethylene (Eqs. (14.251-14.253) and (14.319-14.333)). 

The derivation of th e dimensional parameters of benzene fo llows th e same procedure a s th e determination of th ose of 

ethylene. As in the case of ethylene, each H 2 -type ellipsoidal MO comprises 75% of the C = C -bond MO shared between two 

C2sp 3 HOs corresponding to the electron charge density in Eq. (11.65) of — '■ . But, the additional 25% charge-density 



contribution to each bond of the C = C-bond MO causes the electron charge density in Eq. (11.65) to be — = -0.5e^ The - 

corresponding force constant k' is given by Eq. (14.152). In addition, the energy matching at all six C2sp 3 HOs further 
requires that k' be corrected by a hybridization factor (Eq. (13.430)) as in the case of ethylene, expect that the constraint that the 
bonds connect a six-member ring of C - C bonds of benzene rather two C2sp 3 HOs of ethylene decreases the hybridization 
factor of benzene compared to that of ethylene (Eq. (14.248)). 
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Since the energy of each 77 2 -type ellipsoidal MO is matched to that of all the continuously connected C benzene 2sp 3 HOs, 
the hybridization-energy-matching factor is 0.85252 . Hybridization with 25% electron donation to each C = C -bond gives rise 
to the C benzette 2sp 3 HO-shell Coulomhic energy ^ emhm J^ hmzen ^l^) given by Eq . (14 . 245) . The corresponding hybridization 

factor is given by the ratio of 15.95955 eV , the magnitude of E Coulomb (C bell2ene ,2sp 3 ) given by Eq. (14.245), and 13.605804 eV , 
the magnitude of the Coulombic energy between the electron and proton of H given by Eq. (1 .264). The hybridization energy 

benzeneC2sp HO 



r . = 8ag f° = S ™f° = 13 - 6Q5804eK = 0.85252 (14.417) 

benzeneClsp HO g 2 g 2 15.95955 eV 

Thus, the force constant k' to determine the ellipsoidal parameter c' in terms of the central force of the foci (Eq. (11.65)) 
is given by 

(0.5)2e 2 (0.5)2e 2 

T^C 3 „ n - - - = 0.85252^- ^= (14.418) 

benzeneC2 S p HO 4^ 4^ ^^^ 

The distance from the origin to each focus c' is given by substitution of Eq. (14.418) into Eq. (13.60). Thus, the distance from 
the origin of the component of the double C = C -bond MO to each focus c' is given by 

c < = al %HnE « = I aa ° '^- (14.419) 
\ (0.85252 ) m/a V 0.85252 _ 

The internuclear distance from Eq. (14.419) is 



2c' = 2. " (14.420) 
\ 0.85252 - 

The length of the semiminor axis of the prolate spheroidal C = C -bond MO b = c is given by Eq. (13 .62). The eccentricity, e , 

is given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other axes of each prolate 

spheroid and eccentricity of the C = C -bond MO. From the energy equation and the relationship between the axes, the 

dimensions of the C = C -bond MO are solved. 

The general equations for the energy components of V e , V , T , V m , and E T of the C = C -bond MO of benzene are the 

same as those of the CH 2 CH 2 MO except that energy of the C benzene 2sp 3 HO is used and the hybridization factor is given by Eq. 

(14.417). Using Eqs. (14.251) and (14.417), E T (C = C,a) is given by 



E T (C = C,a) = E T+ E(C benzene ,2sp 3 )-E(C bemene ,2sp 3 )^ 



-^- 



%im. 



1 1-^ 



(0.85252) 2---=2- ln^-^-1 

A \ 2a) — ' 



a + c' 



=-c~ 



(14.421) 



The total energy term of the double C = C -bond MO is given by the sum of the two H 2 -type ellipsoidal MOs given by Eq. 
(11.212). To match this boundary condition, E T (C = C,a) given by Eq. (14.421) is set equal to two times Eq. (13.75): 



EJC = C,cr)= 2e 



(0.85252)1 2 1 a ° )\n a + C [ 1 



v .... . ,, , = 63.2707 4 eV (1 4 . 4 22) 

&7T£ c' [_ \ 2 a 

From the energy relationship given by Eq. (14.422) and the relationship between the axes given by Eqs. (14.419-14.420) and 
(13.62-13.63), the dimensions of the C-C -bond MO can be solved. 



Substitution of E 


4. (14.419) into Eq. (14.422) gives 

a\ \ m ° 


= e63.27074 




2e 2 
\ 


(0.85252)f2- la »W"' V , - 85252 1 


(14.423) 


aa o 


A 2a) aa 












V 0.85252 


I V 0.85252 J 







The most convenient way to solve Eq. (14.423) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

a = 1.47348a = 7.79733 X 10'" m (14.424) 

Substitution of Eq. (14.424) into Eq. (14.4129) gives 

c' = 1.31468a = 6.95699 X 10" m (14.425) 

The internuclear distance given by multiplying Eq. (14.425) by two is 

2c' = 2.62936a = 1.39 140 X 10~ 10 m (14.426) 

The experimental bond distance is [3] 
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2c' = 1.339 X 1(T 10 m (14.427) 

Substitution of Eqs. (14.424-14.425) into Eq. (13.62) gives 

£ = c = 0.66540« =3.52116* 10" 11 m (14.428) 

Substitution of Eqs. (14.424-14.425) into Eq. (13.63) gives 

e = 0.89223 (14.429) 

The nucleus of the C atoms comprise the foci of the // 2 -type ellipsoidal MO. The parameters of the point of intersection of the 

Hj-type ellipsoidal MO and the C bama J2sp i HO are given by Eqs. (13.84-13.95) and (13.261-13.270). Each benzene carbon 

atom contributes (0.75)(-l. 13380 eV) = -0.85035 eV (Eqs. (14.483) and (14.493)) to each of the two C = C -bond MOs and 
(0,5) (-1.13380 eV) = -0.56690 eV (Eq. (14.467)) to the corresponding C-H-bond MO. The energy contribution due to the 
charge donation at each carbon superimposes linearly. The radius of r i =0.79597a is calculated using Eq. (14.518) 

using the total energy donation to each bond with which it is participates in bonding. The polar intersection angle 6' is given by 
Eq. (13.261) where r ti = r tnc2rpJ =0J9597a is the radius of the C llcn:ene 2sp 1 ' shell. Substitution of Eqs. (14.424-14.425) into 

Eq. (13.261) gives 
0'= 134.24° 



Then, the angle 9 , - „ , , the radial vector of the C2sp 3 HO makes with the intemuclear axis is 

d r r , 3 „ n = 180°- 134.24° = 45.76° 
as shown in Figure 14.13. 



(14.430) 
(14.431) 



Figure 14.13. The cross section of one C = C-bond MO (<r MO) and one C-H-bond MO of benzene showing the axes, 
angles, and point of intersection of each H 2 -type ellipsoidal MO with the corresponding C bcn _ enc 2sp* HO. The continuation of 
each H , -type-ellipsoidal-MO basis element of the C-C bond and the C-H -bond beyond the intersection point with each 
C bmzmc 2sp i shell and a MO is shown as dashed since each only serves to solve the energy match with the C harene 2sp* shell and 

does not represent charge density. Similarly, the vertical dashed line only designates the parameters of each intersection point. 
The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c': intemuclear distance, 

and 



d ^ :d c-H^ me 2sp s HO- 



,2q?W d ?'< d C~C h 



.2sp>B0> R:r be„ : e„eC2 S p^ d l ld C-H bar:em JJ 2 MO > <% ' ^C-H 



Isp'HO' 




Consider the right-hand intersection point. The Cartesian i -coordinate of the interception point of the MO and the AO can be 
calculated using the MO ellipsoidal parameters by first calculating the parametric angle in Eq. (1 1 .83) that matches Cartesian j - 
coordinate components at the point of intersection. Thus, the matching elliptic parametric angle at — # c=c „ M0 satisfies the 
following relationship: 



r. . , sin fl, „ , ,„„ = 0.79597a sin #,, „ , ,„,. = bsin& r _ r „ Mn 

benzene!^ L=C bemem 2sp i HO » t=C & „, rae 2sp 3 ffD c - c be„ : e,,e- H l MO 



such that 



. g^ tet£E£ _ sin 



0.79597a,, sin 45.76° 



(14.432) 



(14.433) 
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with the use of Eq. (14.431). Substitution of Eq. (14.428) into Eq. (14.433) gives 



Or 



C ^^M.MO ■ 



■■ 58.98° 



(14.434) 



Then, the distance d r 



l c-c ii mo a l° n g the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of 
intersection of the orbitals is given by 

d c=c benzm ,H 1 MO = a cose c=c bemene ,H 2 MO (14.435) 



Substitution of Eqs. (14.424) and (14.434) into Eq. (14.435) gives 



: 0.75935a n =4.01 829 X 10"" m 



(14.436) 



The distance d 3 along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 

( -~ l -bmzaie 2s P HO 



is given by 



C-C be ^„2^HO 



-d, 



('=('b^,^lMO 



(14.437) 



Substitution of Eqs. (14.425) and (14.436) into Eq. (14.437) gives 



C=C benzm 2^HO 



:0.55533a n = 2.93870 X 1CT 11 m 



(14.438) 



CII MOS OF BE N ZENE 



Benzene can also be considered as comprising chemical bonds between six CH radicals wherein each radical comprises a 
chemical bond between carbon and hydrogen atoms. The solution of the parameters of CH is given in the Hydrogen Carbide 
( CH ) section. Each C-H bond of CH having two spin-paired electrons, one from an initially unpaired electron of the carbon 
atom and the other from the hydrogen atom, comprises the linear combination of 75% H 2 -type ellipsoidal MO and 25% C2sp 3 
HO as given by Eq. (13.439): 



1 C2sp 3 + 0.75 H 2 MO -> CH MO 



(14.439) 



The proton of the H atom and the nucleus of the C atom are along each internuclear axis and serve as the foci. As in the case 
of H ? , the C-H -bond MO is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into C2sp 3 

HO for distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each MO surface 
comprises a prolate spheroid at the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the 

other focus. 

The force balance of the CH MO is determined by the boundary conditions that arise from the linear combination of 

orbitals according to Eq. (14.439) and the energy matching condition between the hydrogen and C2sp 3 HO components of the 
MO. The force constant k ' to determine the ellipsoidal parameter c ' of each H 2 -type-ellipsoidal-MO component of the CH 
MO in terms of the central force of the foci is given by Eq. (13.59). The distance from the origin of each C - H -bond MO to 



each focus c' is given by Eq. (13.60). The internuclear distance is given by Eq. (13.61). The length of the semiminor axis of the 
prolate spheroidal C-H -bond MO b = c is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution of 
the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H -bond 
MO. From the energy equation and the relationship between the axes, the dimensions of the CH MO are solved. 

Consider the formation of the double C = C -bond MOs of benzene wherein ethylene formed from two CH 2 radicals, 

each having a C2sp 3 shell with an energy given by Eq. (14.146), serves as a basis element. The energy components of V e , V , 

T , V m , and E T are the same as those of the hydrogen carbide radical, except that E T yC = C, 2sp 3 j is subtracted from E T [CH) 

of Eq. (13.495). As in the case of the CH 2 groups of ethylene (Eq. (14.270)), the subtraction of the energy change of the C2sp 3 
shell per H with the formation of the C - C - bond MO matches the energy of each C-H - bond MO to the decrease in the 
energy of the corresponding C2sp 3 HO. Using Eqs. (13.431) and (14.247), E T (CH) is given by 

(0.91771) 1 7.-l-gg.)ln^±^-1 



~E~ T (CH) = E T + E(C,2sp i )-E T (C = C,2sp 3 ) = 



&K£ C' 



2a) a-C 
-14.63489 eV-(-l. 13379 eV) 



(14.440) 



i T (CH) given by Eq. (14.440) is set equal to the energy of the H 2 -type ellipsoidal MO given by Eq. (13.75): 



XCHX= 



&ft£„c' 



(0.91771) 



2^^ 

V 2 a 



. a + c 
In 1 



= -5 1.63537 eV 



(14.441) 



) a — c 

-14.63489 eV-(-l. 13379 eV) 

From the energy relationship given by Eq. (14.441) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the CH MO can be solved. 
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Substitution of Eq. (13.60) into Eq. (14.441) gives 

I 



8jee, 



2aa„ 



(0.9177l)f2--^lhi 



a + . 



\2aa,. 



a— 



2aa n 



= el 8. 13427 



(14.442) 



The most convenient way to solve Eq. (14.442) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 



a = 1.60061a = 8.47006 X 10"" m 
Substitution of Eq. (14.443) into Eq. (14.60) gives 

c' = 1.03299a„ = 5.46636 X 10" m 
The intemuclear distance given by multiplying Eq. (14.444) by two is 

2c' = 2.06598a =1.09327 X 10" 10 m 
The experimental bond distance is [3] 

2c' = 1.101 X\0~ w m 
Substitution of Eqs. (14.443-14.444) into Eq. (14.62) gives 

b = c = \.22265a n = 6A70<MX 10" m 



(14,443) 
(14.444) 
(14.445) 
(14.446) 
(14.447) 



Substitution of Eqs. (14.443-14.444) into Eq. (14.63) gives 

e = 0.64537 (14.448) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the // 2 -type ellipsoidal MO and the C bcn::eiit 2sp i HO are given by Eqs. (13.84-13.95) 

and (13.261-13.270). The polar intersection angle 0' is given by Eq. (13.261) where r a = r bai . em2s i =0.79597a is the radius of 

the C, 



,,.. ^ e 2sp 3 shell. Substitution of Eqs. (14.443-14.444) into Eq. (13.261) gives 
&• = 74.42° 

3 



Then, the angle 8 r , „ 

C—fij 



0„ 



Jsp'HO 



180°-74.42° 



the radial vector of the C2sp HO makes with the intemuclear axis is 
105.58° 



(14.449) 



(14.450) 



as shown in Figure 14.14. 



Figure 14.14. The cross section of one C — H -bond MO of benzene showing the axes, angles, and point of intersection of 
the H 2 -type ellipsoidal MO with the C te „_ cne 2.yp 3 HO. The continuation of the // 2 -type-ellipsoidal-MO basis element beyond 

the intersection point with the 0^,^2.5/?' shell is shown as dashed since it only serves to solve the energy match with the 
C benzene 2sp i shell and does not represent charge density. Similarly, the vertical dashed line only designates the parameters of the 
intersection point. The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c': 



intemuclear distance, d t :d c _ H 



*m>W» 4 : c-H bem 2s P *Ho ' d 2 : d c-H bem i^Ho ' and R : r *mm*tf 
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The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the MO ellipsoidal 
parameters by first calculating the parametric angle in Eq. (1 1.83) that matches Cartesian j -coordinate components at the point 
of intersection. Thus, the matching elliptic parametric angle 0)t = 8 c _ H H M0 satisfies the following relationship: 

'k— .V sin0 c- Hbem 2^ H o = °- 79597 «» ^ c _ Hbm ^ m = bsm0 c _ Hb _ H2MO (14.451) 

such that 

n 0.79597a sin6> 3//0 - o;/9697a Sln nggg 
6 r „ „, , =srn oe "' e " e — = sin ■ " — (14.452) 

C M benzene ' M 2 MU g g v *— 

with the use of Eq. (14.450). Substitution of Eq. (14.447) into Eq. (14.452) gives 

c-H bm ^H 2 MO= 38.84° (14.453) 

Then, the distance d c _ H H M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of 
intersection of the orbitals is given by 

d c-H bemme ,n 2 MO =acos0 c-H benzeneJi2 MO (14.454) 



Substitution of Eqs. (14.443) and (14.453) into Eq. (14.454) gives 



d r -H h ^=1.24678a„= 6.59767 X KT 11 m (14.455) 

— benzene* 2 

The distance d„ 3 „^ along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 

C ~ H benzene 2s P H0 

is given by 

= d c-H^.„.HMo- c ' (14.456) 



C- H benzene^P H 



Substitution of Eqs. (14.444) and (14.455) into Eq. (14.456) gives 

d n a „ 3 „„=0.21379a„ = 1.13131 X 10" 11 m (14.457) 

C ~ H benzene 2s P H0 ° 

The basis set of benzene, the ethylene molecule, is planar with bond angles of approximately 120° (Eqs. (14.298-14.302)). To 
form a closed ring of equivalent planar bonds, the C -C bonds of benzene form a planar hexagon. The bond angle 6 c - c -r_ 
between the internuclear axis of any two adjacent C -C bonds is 

# c=c=c =120° (14.458) 

The bond angle 6 C=C H between the internuclear axis of each C = C bond and the corresponding H atom of each CH group is 

6 C=C _ H = 1 7 0° (14 . 459) 

The experimental angle between the C = C = C bonds is [13-15] 

d c =c=c= l2{i ° (14.460) 

Th e ex perimental angle between the C = C-H bonds i s [1 3-1 5] 

6 C _ C /7 =120° (14.461) 

The C 6 H 6 MO shown in Figure 14.15 was rendered using these parameters. 

The charge-density in the C = C -bond MO is increased by a factor of 0.25 per bond with the formation of the 
C benzene 2sp 3 HOs each having a smaller radius . Using the orbital composition of the CH groups (Eq . (14 . 439)) and the C = C - 

bond MO (Eq. (14.416)), th e radii of C\s = 0.171 13a (Eq. (10.51)) and C benzene 2sp 3 = 0.79597a (Eq. (14.520)) sh e lls, and th e 
parameters of the C = C-bond (Eqs. (13.3-13.4), (14.424-14.426), and (14.428-14.438)), the parameters of the C-H -bond 
MOs (Eqs. (13.3-13.4), (14.443-14.445), and (14.447-14.457)), and the bond-angle parameters (Eqs. (14.458-14.459)), the 

charge-density of the C 6 H 6 MO comprising the linear combination of six sets of C - H -bond MOs with bridging C - C -bond 
MOs is shown in Figure 14.15. Each C-H -bond MO comprises a 77 2 -type ellipsoidal MO and a C bemene 2sp i HO having the 
dimensional diagram shown in Figure 14.14. The C = C -bond MO comprises a 77 2 -type ellipsoidal MO bridging two sets of 
two C bemene 2sp^ HOs having the dimensional diagram shown in Figure 14.13. 
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Figure 14.15. C 6 H 6 MO comprising the linear combination of six sets of C - H -bond MOs bridged by C = C -bond MOs. 
(A) Color scale, translucent view of the charge-density of the C 6 H 6 -bond MO with each C harene 2s]r HOs shown transparently. 
Each C = C-bond MO comprises a // 2 -type ellipsoidal MO bridging two pairs of C beasem 2sp HOs. For each C—H and 
C = C bond, the ellipsoidal surface of the //,-type ellipsoidal MO that transitions to the C t0ame 2^> 3 HO, the C bamem 2sp i HO 
shell, inner most C\s shell, and the nuclei (red, not to scale), are shown. (B)-(D) End-on view, translucent view high-lighting 
each C = C -bond MO, and opaque view of the charge-density of the C 6 H 6 MO, respectively. 




ENERGIES OF THE CH GROUPS 

The energies of each CH group of benzene are given by the substitution of the semiprincipal axes (Eqs. (14.443-14.444) and 
(14.447)) into the energy equations of hydrogen carbide (Eqs. (13.449-13.453)), with the exception that E T (C = C,2sp : ') (Eq. 

(14.247)) is subtracted from E T (CH) in Eq. (13.453): 

-2e 2 



V e =(0.91771) 

ST 

V = 



ln fl+ ^S =-37.10024 eV 



%7ie^a 2 -b 
T = (0.91771) 



8;r; v« 2 —b 1 a-yja 2 -b 1 
= 13.17125 eV 



n 2 



2m e asa 2 -b 2 a—ycf—b 
h 2 



ln fl + ^zg =11^8941 eV 



V m =(0.91771)— ; ^ln a + ^ fl 7 ^ =-5.79470 eK 

Ama-Jcr -b 2 a - Vfl 2 -b 1 



CH 



&X£ C' 



(0.91771)1 2--^lln^^-l 
2 a ) a-c' 



= -31,63539 eV 



(14.462) 
(14.463) 
(14.464) 

(14.465) 

(14.466) 



14.63489 eV -(-1.13379 eV) 

where E T {CH) ls given by Eq. (14.440) which is reiteratively matched to Eq. (13.75) within five-significant-figure round 

off error. 

The total energy of the C — H -bond MO, E T (C — H), is given by the sum of 0.5E T (c = C, 2sp } \, the energy change 

of each C2sp 3 shell per single bond due to the decrease in radius with the formation of the corresponding C = C -bond MO (Eq. 
( 1 4.247)), and E T (CH), the a MO contribution given by Eq. ( 1 4.44 1 ): 
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E T {C-H) = (0.5)E T (c = C,2sp 3 ) + E T (CH) 

benzene ' I \ J \ / benzene *• ^ 

" / '(0.5)(-1.13379eF)+ 



8fte c' 



(0.91771)1 2-l-^|ln^±^-l 
K n 2a) a-c' 



-14.63489 eV-{-\. 13379 eV) 



(14.467) 



= (0.5)(-1.13379t^) + (-31.63537eF) 



-32.20226 eV 



VIBRATION OF THE (II GROUPS 



The vibrational energy levels of CH in benzene may be solved using the methods given in the Vibration and Rotation of CH 
section. 



-Vtr-t 



CH GROUPS 

The equations of the radiation reaction lorce ol the CH groups in benzene are the same as those of the hydrogen carbide radical 
with the substitution of the CH -group parameters. Using Eq. (13.477), the angular frequency of the reentrant oscillation in the 
transition state is 



0.75e 2 



CD- 



I4 ^l = 2.64826 X 10 16 rad/ s 



(14.468) 



wh e re b is given by Eq. (14.447). The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 



■■hco = h2.64826XW rad I s = 17 .43132 eV 



(14.469) 



In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each H 2 -type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (14.469) for E K gives the Doppler energy of the 
electrons for the reentrant orbit: 



\Mc 



\2E r \2e(\l .43132 eV) 
E n =E,„J — f = -31.63537 eF, — * '- = -0.26130 eV 



mx 



(14.470) 



In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH due to the reentrant orbit of each bond in the transition state corresponding to 
simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 
Eq. (14.470) and E Kvjh , the average kinetic energy of vibration which is 1/2 of the vibrational energy of the C-H bond. Using 
oi e given hyEq . (13 . 458) for E Kvib of the transition , E benzt , neusc { n CH} per bond is 



^benzene osc ( ^H )-^D + ^Kvib ~ ^D + - "J 



(14.471) 



E hal2ene osc { Y1 CH) = -0.26130 eV + 1(0.35532 eV) = -0.08364 eV 



(14.472) 



TOTAL AND BOND ENERGIES OF THE 2 CH GROUPS 



''benzeneT+osc 



( 12 CH) 9 the total energy of each n CH group including the Doppler term, is given by the sum of E T [C-H\ 

\ / ' benzene ^ ' 



(Eq. (14.467)) and E haaem mc ( U CH) given by Eq. (14.472): 



\K + T + V m +V p +E(c,2sp 3 )-E T (C = C,2sp 3 )) 



-'beazeneT+osc 



( U CH) = 



+0.5E T (C = C,2sp 3 ) + E balzeneosc ( l2 CH) 



(14.473) 
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f „2 



8^g„ i 



1 a„ 



(0.91771) 2-^- 



In 



a + c' 



■ 0.5(1.13379 eV) 



-14.63489 eV-{-\. 13379 eV) 



" J benzeneT +osc 



( 12 ch)-- 



rm 



I 4 ATZF.J r- 



(14.474) 



(31.63536831 eV) \ 



m 



2 \ju 



m.c 



( 1 fP 

= -32.20226 eV- 0.26130 eV--fi.\— 



From Eqs. (14.472-14.474), the total energy of each n CH is 



^henzeneT+osc 



( l2 CH) = -32.20226 eV + E henzene osc ( l2 CH 2 ) 



= -32.20226 eV- 0.26130 eF-^(0.35532 eV) 
= -32.28590 eV 



(14.475) 



where <»„ given by Eg. (13.458) was used for the hi — term 



As in the case of CH 2 , NH , and acetylene, the dissociation of the C = C bonds forms three unpaired electrons per 
central atom wherein the magnetic moments cannot all cancel. The energy per atom E{magnetic) is given by Eq. (13.524). 
Thus, the bond dissociation energy of each CH group of the linear combination to form benzene, E n ( n CH ) , is given by 

benzene V / 



the sum of the total energies of the C2sp 3 HO and the hydrogen atom minus the sum of E t 



( 12 CH} and E (magnetic) 



benzeneT+osc 



given by Eq. (13.524): 

E o bem ( nCH ) = E i C > 2s P" ) + E W ~ (E^T+osc ( ^h) + E(magnetic)) 



(14.476) 



e(c,2sp*) is given by Eq. (13.428), E n [H) is given by Eq. (13.154), and E(magnetic) is given by Eq. (13.524). Thus, 
E n ( u CH) given by Eqs. (13.154), (13.428), (13.524), (14.475), and (14.476) is 

benzene \ / 



E o bem ( nCH ) = "(14.63489 eV + 13.59844 eV) - (E benzemT+osc (CH) + E(magnetic)) 









= -28.23333 eV - 


(-32.28590 eV 


+ 0.14803 


eV) 










(14.477) 








= 3.90454 eV 
























SUM 


OF 


THE 


ENERGIES 


OF 


THE 


C-- 


-c 


a 


MO 


ELEMENT 


AND 


THE 


HOs 


OF 



BENZENE 

The energy components of V e , V , T , V m , and E T of the C = C -bond MO of benzene are the same as those of the CH 2 CH 2 

MO except that the hybridization factor is given by Eq. (14.417). The energies of each C = C-bond MO are given by the 
substitution of the semiprincipal axes (Eqs. (14.424-14.425) and (14.428)) into energy equations of the CH 2 CH 2 MO (Eqs. 
(14.319-14.323)), with the exception that the hybridization factor is 0.85252 (Eq. (14.417)): 



V e =2(0.85252) 



-2e 2 



In 



a + 4a 2 -b 2 



%ns a 4cf -b 2 a -4 a 2 -b 2 



= -101.12679 eV 



(14.478) 



v =? 

' P *■ r-r 

&7t6\^a —b 



T = 2(0.85252) 



= 20.69825 eV 



(14.479) 



2ma4a 



ln ^^2 = 34.31559 eV 
a - 4a 2 - b 2 



(14.480) 



^=2(0.85252) 



E T [C = C,a) 



4m e a4a 2 - b 

2e 2 



a + 4a 2 -b 2 

rln ' = -17.157/9 eV 

a- 4 a 2 -b 2 



&ne n c' 



(0.85252)1 2 -1-ga- lln^^-1 



2 a 



a — c 



-63.27075 eV 



(14.481) 
(14.482) 
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where E T (C = C,cr) is the total energy of the C = C a MO given by Eq. (14.421) which is reiteratively matched to two times 

F.q. (13JZ5) within five-significant-fignre round off error. 

The total energy of the C = C -bond MO, E T (C = C), is given by the sum of two times E T ( C = C, 2sp 3 J , the energy 

change of each C2sp 3 shell due to the decrease in radius with the formation of the C = C -bond MO (Eq. (14.247)), and 
E T (C = C,a), the a MO contribution given by Eq. (14.422): 



E T (C = C) = 2E T (C = C, 2sp 3 ) + E T (C = C,a) 
f 2{-\. 13380 eV) + 



' 2i 



8^g n i 



(0.85252)| 2-l^)ln^-l 
2a) — a-c' 



(14.483) 



vv 



J J 



= 2(-1.13380 en + (-63.27074 eV) = -65.53833 eV 
which is the same E T (C = C,a) of ethylene given by Eq. (14.324). 



VIBRATION OF BENZENE 

The C = C vibrational energy levels of C f H 6 may be solved as six sets of equivalent coupled harmonic oscillators where each 
C is further coupled to the corresponding C-H oscillator by developing the Lagrangian, the differential equation of motion, 
and the eigenvalue solutions [9] wherein the spring constants are derived from the central forces as given in the Vibration of 
Hydrogen- Type Molecular Ions section and the Vibration of Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERMS OF THE C = C-BOND MO ELEMENT OF BENZENE 

The equations of the radiation reaction force of the C = C -bond MO of benzene are given by Eq. (13.142), except the force- 
constant factor is (0.85252)0.5 based on the force constant k' of Eq. (14.418), and the C = C -bond MO parameters are used. 
The angular frequency of the reentrant oscillation in the transition state is 



I0.852 52 (M4 

-6^ ° = 1. 97272 X\d l6 radls (\ <\ AM) 

m e 

where b is given by Eq. (14.428). The kinetic energy, E K , is given by Planck's equation (Eq. (11. 127)): 

f i ,=ft« = M.97272X10 16 rad ls = 32.73133 eV (14.485) 

In Eq. (11.181), substitution of E T i y H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each i/ 2 - type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (14.485) for E K gives the Doppler energy of the 
electrons for the reentrant orbit: 



\2Er 2e(32.73133 eV) 

E D ^E hv . — | =-3 1 . 6353683 1 eV .— ^ , y = -0 . 35806 eF (14.486) 

V Mc \ m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of the C = C -bond MO due to the reentrant orbit of the bond in the transition state 
corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (14.486) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of 
the C = C bond. Using the experimental C = C E vib {v l6 ) of 1584.8 cm' 1 (0.19649 eV) [16] for E Kvib of the transition state 
having two bonds, E ' osc ( C - C, <r) per bond is 

E' o JC = C,a) = E n+ E Kvfh =E n+ h[^ (14.487) 

E< osc (C = C,a) = -0.35806 eV + -(0.19649 eV) = -0.25982 eV (14.488) 

Given that the vibration and reentrant oscillation is for two C - C bonds of each C = C double bond, E benzelte osc [C = C,a), is: 

E bm .o K (C = C,(T) = 2\ E D +±h^ | = 2f-0.35806 e F + i(0.19649<)l = -0.51963 eV (14.489) 
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TOTAL ENERGIES OF THE ( ( -BOND MO ELEMENT OF BENZENE 

E T+osc (C = C), the total energy of the C = C -bond MO of benzene including the Doppler term, is given by the sum of 

E T (C = C) (Eg. (14.483)) and E tMUaUML (C = C , (T) given by F,q. (14.489): 



E T+osc (C = C) = V e+ T + V m + V p+ 2E T (C = C, 2sp' ) + E bem m (C = C,a) 
= E T {C = C,aYlE T {c = C,l^YE UmtCK {C = C,a) 



(14.490) 



= E I {C = C)+E hammm: {C = C , a) 



( -2i 



^ 8^g i 



(0.85252)1 2-lj- ]ln^-l 



2a) — a-c' 



-2E T (c = C,2sp 3 ) 



.(c = c) = 



(0.85252) 



\2h\ 



1 e 1 

2 AxeJb 3 



2 (31.63536831 eV) I 



(14.491) 



me. 



= -65.53833 eV - 2 
From Eqs. (14.489-14.491), the total energy of the C = C -bond MO is 



( 1 fiP 

0.35806 eV — hi— 
2 V// 



/ 



E T+osc {C = C) = -63.27074 eV + 2E T (C = C,2sp') + E bmzmeosc (C = C,a) 

= -63.27074 e F~ + 2(-l. 13380 eF)-2( 0.35806 eF--(0.19649 eF) 



(14.492) 



-66.05796 eV 



where the experimental £\ 4 was used for the ft J— term. 



Ethylene serves as a basis element for the C -C bonding of benzene wherein each of the six C-C bonds of benzene comprises 
(0.75)(4) = 3 electrons according to Eq. (14.416). The total energy of the bonds of the eighteen electrons of the C = C bonds of 

benzene, E T \C 6 H 6 ,C = c), is given by (6)(0.75) times E T+osc (C = C) (Eq. (14.492)), the total energy of the C = C-bondMO 
of benzene including the Doppler term, minus eighteen times E\C,2sp i ) (Eq. (14.146)), the initial energy of each C2sp i HO of 

3e 

e ach C that forms th e doubl e C = C bonds. Thus, th e total e n e rgy of th e six C = C bonds of b e nz e n e is 



(14.493) 



E T \C 6 H 6 ,C = c\ = {6)(0.75)E T+osc (C = C)-18E(c,2sp i ) 

= (6)(0.75)(-66.05796eF)-18(-14.63489eF~) 



-297.26081 eV -(-263.42798 eV) 



= -33.83284 eV 
Each of the C-H bonds of benzene comprises two electrons according to Eq. (14.439). From the energy of each C-H bond, 

-E D ( n Cff\ (Eq. (14.477)), the total energy of the twelve electrons of the six C-H bonds of benzene, E T (C 6 H 6 ,C-H), is 

given by 

E T (C 6 H 6 ,C-H) = {6)(-E Di _( i2 CH)) = 6(-3.90454 eV) = -23.42724 eV (14.494) 

The total bond dissociation energy of benzene, E D (C 6 H 6 ), is given by the negative sum of E T \ C 6 H 6 ,C = C (Eq. (14.493)) and 

E r (C t H t ,C-H)<Eq. (14.49 4 )): 

C = C\ + EjCM c .C - HY\ 

(14.495) 



E D (C 6 H 6 ) = -\E T ^C 6 H 6 ,C = CJ + E T (C 6 H 6 ,C-H) 

= -((-33.83284 eV) + (-23.42724 eV)) = 57.2601 eV 
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The experimental total bond dissociation energy of benzene, E T (C 6 H 6 ) , is given by the negative difference between the 
enthalpy of its formation (AH f (benzene(gas))) and the sum of the enthalpy of the formation of the gaseous carbons 
(AH f (C(gas))) and hydrogen (AH, (//(gas))) atoms. The heats of formation are [17-18] 

AH ,{benzene(gas)) = 82.9 kJ I mole (0.8592 eV I molecule) (14.496) 

AH, (C(gas)) = 716.68 kJ I mole (7A2174 eV I atom) (14.497) 

f\ H f ( H {g a.s)) = 2\1 . 9WkJlm ol e (2 .2 59 353 eV I a tom) (14 . 498 ) 

Thus, the total bond dissociation energy of benzene, E D (C 6 H 6 ), is 

E D {C 6 H 6 )-E T (C 6 H 6 ) = -(AH, (benzene(gas))-(6AH f (C (gas)) + 6AH f (H(gas)))) 

= -(0 . 8592 eV - 6(7.42774 eV + 2.259353 eV)) (14 . 499) 

= 57.26 eV 
where E T (C 6 H 6 ) is the total energy of the bonds. The results of the determination of bond parameters of C 6 H 6 are given in 

Table 14.1. The calculated results are based on first principles and given in closed-form, exact equations containing fundamental 
constants only. Th e agr ee m e nt b e tw ee n th e e xp e rim e ntal and calculat e d r e sults is e xc e ll e nt. 

CONTINUOUS-CHAIN ALKANES (c n H 2n+2 , « = 3,4,5...oo) 

The continuous chain alkanes, C n H 2n+2 , are the homologous series comprising terminal methyl groups at each end of the chain 
with n - 2 methylene ( CH 2 ) groups in between: 

CH 3 (CH 2 ) n2 CH 3 (14.500) 

C n H 2n+2 can be solved using the same principles as those used to solve ethane and ethylene wherein the 2s and 2p shells of 
each C. hyhridi7e to form a single ?.sp 3 shell as an energy minimum , and the sharing of electrons between two C?.sp 3 
hybridized orbitals (HOs) to form a molecular orbital (MO) permits each participating hybridized orbital to decrease in radius 
and energy. Three H AOs combine with three carbon 2sp 3 HOs and two H AOs combine with two carbon 2sp 3 HOs to form 
each methyl and methylene group, respectively, where each bond comprises a H 2 -type MO developed in the Nature of the 
Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section. The CH. t and CH 2 groups bond by forming 7/ , ,-type 
MOs between the remaining C2sp 3 HOs on the carbons such that each carbon forms four bonds involving its four C2sp 3 HOs. 



T H E C-C-Bi 



C n H 2n+2 comprises a chemical bond between two terminal CH 3 radicals and re-2 CH 2 radicals wherein each methyl and 
methylene radical comprises three and two chemical bonds, respectively, between carbon and hydrogen atoms. The solution of 
the parameters of CH 3 is given in the Methyl Radical ( CH 3 ) section. The solution of the parameters of CH 2 is given in the 

Dihydrogen Carbide Radical (CH 2 ) section and follows the same procedure. Each C-H bond having two spin-paired 
electrons, one from an initially unpaired electron of the carbon atom and the other from the hydrogen atom, comprises the linear 
combination of 75% // 2 -type ellipsoidal MO and 25% C2sp 3 HO as given by Eq. (13.429): 

\C2sp 3 +0J5H 2 MO^C-H MO (14.501) 

The proton of the H atom and the nucleus of the C atom are along each internuclear axis and serve as the foci. As in the case 
ot H 2 , each of the C-H -bond MOs is a prolate spheroid with the exception that the ellipsoidal MO surface cannot extend into 

C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell since it is energetically unfavorable. Thus, each MO surface 
comprises a prolate spheroid at the H proton that is continuous with the C2sp 3 shell at the C atom whose nucleus serves as the 
other focus. The electron configuration and the energy, EJC,2sp 3 ) , of the C2sp 3 shell is given by Eqs. (13.422) and (13.428), 
respectively. The central paramagnetic force due to spin of each C-H bond is provided by the spin-pairing force of the CH 3 
or CH 2 MO that has the symmetry of an s orbital that superimposes with the C2sp 3 orbitals such that the corresponding 
angular momenta are unchanged. The energies of each CH i and CH 2 MO involve each C2sp 2 and each His electron with the 
formation of each C-H bond. The sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the C2sp 3 shell. 
The force balance of the C-H -bond MO is determined by the boundary conditions that arise from the linear combination of 
orbitals according to Eq. (14.139) and the energy matching condition between the C2sp 3 -HO components of the MO. 
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The CH ? and CH 2 groups form C-C bonds comprising H 2 -type MOs between the remaining C2sp 3 HOs on the 
carbons such that each carbon forms four bonds involving its four C2sp 3 HOs . — The sharing of electrons between any two 
C2sp 3 HOs to form a molecular orbital (MO) comprising two spin paired electrons permits each C2sp 3 HO to decrease in 
radius and energy. As in the case of the C-H bonds, each C-C -bond MO is a prolate-spheroidal-MO surface that cannot 
extend into C2sp 3 HO for distances shorter than the radius of the C2sp 3 shell of each atom. Thus, the MO surface comprises a 
partial prolat e sph e roid in b e tw ee n th e carbon nucl e i and is continuous with th e C2sp 3 sh e ll at e ach C atom. Th e e n e rgy of th e 
// 2 -lype ellipsoidal MO is matched Lo thai of the C2sp 3 shell. As in the case of previous examples of energy-matched MOs 
such as the C-C-bond MO of ethane, each C-C-bond MO of C n H 2n+2 must comprise 75% of a H 2 -type ellipsoidal MO in 
order to match potential, kinetic, and orbital energy relationships. Thus, the C-C-bond MO must comprise two C2sp 3 ROs 
and 75% of a H 2 -type ellipsoidal MO divided between the two C2sp 3 HOs: 

2 C2sp 3 +0.75 H 2 MO -^C-C-bond MO (14.502) 

The linear combination of the // 2 -type ellipsoidal MO with each C2sp 3 HO further comprises an excess 25% charge-density 

contribution from each C2sp 3 HO to the C — C - bond MO to achieve an energy minimum. The force balance of the C — C - bond 
MO is determined by the boundary conditions that arise from the linear combination of orbitals according to Eq. (1 4 .502) and the 
energy matching condition between the C2sp 3 -HO components of the MO. 

Before bonding, the 2sp 3 hybridized orbital arrangement of each carbon atom is given by Eq. (14.140). The sum 
E T (C,2sp 3 J of calculated energies of C, C + , C ?+ , and C ,+ is given by Eq. (14.141). The radius r 2s 3 of the C2sp 3 shell is 

given by Eq. (14.142). The Coulombic energy E Coulomb [c,2sp 3 \ and the energy E(c,2sp 3 \ of the outer electron of the C2sp 3 

shell are given by Eqs. (14.143) and (14.146), respectively. 

The formation of each C-C bond of C n H 2n+2 further requires that the energy of all H 2 -type prolate spheroidal MOs ( a 

MOs) be matched at all C2sp 3 HOs since they are continuous throughout the molecule. Thus, the energy of each C2sp 3 HO 

must be a linear combination of that of the C77 3 and CH 2 groups that serve as basis elements. Each CH^ forms one C-C 

bond, and each CH 2 group forms two. Thus, the energy of each C2sp 3 HO of each CH 3 and CH 2 group alone is given by that 

in ethane and ethylene, respectively. The parameters of ethane and ethylene are given by Eqs. (1 4 .1 4 7 1 4 .151) and (1 4 .2 44 
1 4.7.47) ;, respectively. The alkane parameters can be determined by first reviewing those of ethane and ethylene. 

With the formation of the C-C -bond MO of ethane from two methyl radicals, each having a C2sp 3 electron with an 

energy given by Eq. (14.146), the total energy of the state is given by the sum over the four electrons. The sum 

ff r (C ;)i _,2.v/7 3 ) of calculated energies of C2sp 3 , C\ C 2+ ,and C 3+ given by Eq. (14.147), is 



E T (C ahme ,2sp 3 ) = -(64.3921eV + 4&.3\25eV + 24.2762eV + E(c,2sp 3 )'} 



= -(64.3921 eV + 48.3 125 eV + 24.2762 eV + 14.63489 eV) (14.503) 

=-151.61569 eV 

where EJC,2sp 3 ) is the sum of the energy of C . -11.27671 eV . and the hybridization energy. The orbital-angular-momentum 

interactions also cancel such that the energy of the E T ( C aham , 2sp 3 J is purely Coulombic. 

The sharing of electrons between two C2sp 3 HOs to form a C - C -bond MO permits each participating hybridized 
orbital to decrease in radius and energy. In order to further satisfy the potential, kinetic, and orbital energy relationships, each 
C2sp 3 HO donates an excess of 25% of its electron density to the C-C-bond MO to form an energy minimum. By considering 
this electron redistribution in the ethane molecule as well as the fact that the central field decreases by an integer for each 
successive electron of the shell, the radius f" 2 3 of the C2sp 3 shell of ethane may be calculated from the Coulombic energy 

using Eq. (10.102): 

r , , 3= Y(Z-b) -0.25 -. r = -. : - = 0.87495a (14.504) 

aham2sp Vtt J8^ (el51.61569e^) 8^E (el5 1.61569 eV) 

Using Eqs. (10.102) and (14.504). the Coulombic energy E CaulMlb \C itham .2sp 3 \ of the outer electron of the C2sp 3 shell is 

E C o Ul o mb {C el ^,2sp 3 )= "^ =- ~f = -15.55033 eV (14.505) 

u ethanelsp u u 
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During hybridization, one of the spin-paired 2s electrons is promoted to the C2sp 3 shell as an unpaired electron. The energy 
for the promotion is the magnetic energy given by Eg . (14 . 145) , Using Eqs . (14 . 145) and (14 , 505) , the energy E{c etham ,2sp 3 \ 
of the outer electron of the C2.jp 1 shell is 

E(C ahane ,2sp 3 ) = — + 27rM ° e \ = -15.55033 e^ + 0.19086 eV = -15.35946 eV (14.506) 

v ' &?T£ n r , „ 3 m 2 (r) 

Thus, E T (C-C,2sp 3 ) , the energy change of each C2sp 3 shell with the formation of the C-C-bond MO is given by the 

difference between Eq. (14.146) and Eq. (14.506): 

E T (C-C,2sp 1 ) = E(C elhane ,2sp 3 )-E(c,2sp 1 ) = -15.35946 eK-(-14.63489 eF) = -0.72457 eV (14.507) 

Next, consider the formation of the C = C -bond MO of ethylene from two CH 2 radicals, each having a C2sp % electron 

with an energy given by Eq. (14.146). The sum E T (C elhylme ,2sp 3 ) of calculated energies of C2sp 3 , C + , C 2+ , and C 3+ is given 

by Eq. (14.147). The sharing of electrons between two pairs of C2sp 3 HOs to form a C = C -bond MO permits each 
participating HO to decrease in radius and energy. In order to further satisfy the potential, kinetic, and orbital energy 
relationships, each participating C2sp 3 HO donates an excess of 25% of its electron density to the C = C -bond MO to form an 
energy minimum. By considering this electron redistribution in the ethylene molecule as well as the fact that the central field 
decreases by an integer for each successive electron of the shell, the radius r kneis 3 of the C2sp 3 shell of ethylene may be 

calculated from the Coulombic energy using Eqs. (10.102) and (14.147): 



r = Y(Z-«)-0.5 

efnyle.ne2.sp £-^ v J 



ethylenelsp' 

V n=l 

9.5e 2 



, 2 y 8^ (el51.61569eK) 



(14.508) 



8^g (el51.61569eK) 

= 0.85252a 
where Z = 6 for carbon. Using Eqs. (10.102) and (14.508), the Coulombic energy E Coulomb [C ethyleae ,2sp 3 ) of the outer electron of 
the Clsp 3 shell is 

^^'.wV K ~ -= -7^,, =-l^^^e^ (14.509) 

S^o^v 8^ 0.85252a 

During hybridization, one of the spin-paired 2s electrons is promoted to the C2sp 3 shell as an unpaired electron. The energy 
for the promotion is the magnetic energy given by Eq. (14.145). Using Eqs. (14.145) and (14.509), the energy E(C elhylme ,2sp 3 ) 
of the outer electron of the C2sp 3 shell is 

E(C ahylme ,2sp 3 ) = — + 2me % = -15.95955 eK + 0.19086 eV = -15.76868 eV (14.510) 



&7t£r.r 



J OL 



^ 



^ ethylenelsp' 

Thus, E T (c = C,2sp 3 ), the energy change of each C2sp 3 shell with the formaLiou of Hie C = C-boud MO is given by Hie 
difference between Eq. (14.146) and Eq. (14.510): 

E T (C = C,2sp 3 ) = E(C elhylme ,2sp 3 )-E(c,2sp 3 ) 

= -15.76868 eF-(-14.63489 eV) (14.511) 

= -1.13380eF 
To meet the energy matching condition for all a MOs at all C2sp 3 HOs, the energy e[c ' alkam ,2sp 3 \ of the outer 

electron of the C2sp 3 shell of each alkane carbon atom must be the average of E[C etharie ,2sp > \ (Eq. (14.506)) and 

^(C^.VjCEq. (14.510)): 

E{C elhane ,2sp 3 ) + E(C elhylelle ,2sp 3 ) 



E{C altam ,2sp 3 )-. 



2 

( - 15.35946 eF) + ( - 15.76868eF) 

2 
-15.56407 eV 



(14.512) 
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And, E T ^ (C-C,2sp 3 \, the energy change of each C2sp 3 shell with the formation of each C-C -bond MO, must be the 

average of E T {C-C,2sp 3 ) (Eq. (14.507)) ami E T [c = C,2sp 3 ) (Eq. (14.511)): 

,, E T [C-C,2sp 3 ) + E T (C = C,2sp 3 ) 
E T (C-C,2sp 3 ) = -^ —^ ^ —^ 

(-0.72457 p. V\ + (-1 .1 3379 eV) 

' (14.513) 



2 

= -0.92918 eF 
Using Eq. (10.102), the radius r , of the C2sp 3 shell of each carbon atom of C n H 2n+2 may be calculated from the 

Coulombic energy using the initial energy E Cmlomb (c,2sp 3 ) = 1 4 .82575 cV (Eq. (1 4 .1 4 3)) and E T ^(c C,2sp 3 ) Eq. 
(14.513)), the energy change of each Clsp 3 shell with the formation of each C-C -bond MU. Consider the case of a methyl 
carbon which donates E T (C-C,2sp 3 \ Eq. (14.513)) to a single C-C bond: 



alkanelsp' 



? 8^o (Ecou^ {C^P 3 ) + e t^ {C-C,2sp 3 )) 



e 2 



8^ (el4.82575 1 eV + g0.929 1 8 eV) 



(14.514) 



:0.86359a 



Using Eqs. (10.102) and (14.514), the Coulombic energy E Coulomb [C alkane ,2sp 3 \ of the outer electron of the C2sp 3 shell is 

ao^l'^.V K — = B n7l. Q =-^-^493 e^ (14.515) 
: i %7ts R r „ ^ 8^g n 0.86359» n 



alhanelsp 

3 



During hybridization, one of the spin-paired 2s electrons is promoted to the C2sp shell as an unpaired electron. The energy 
for the promotion is the magnetic energy given by Eq. (14.145). Using Eqs. (14.145) and (14.515), the energy E(C altane ,2sp 3 ) 
of the outer electron of the C2sp 3 shell is 

E(C altam ,2sp 3 ) = — + ^W_?L = -15.75493 eV + 0.19086 eV = -15.56407 eV (14.516) 

8 ^o^„ £2s/ m 2 e (r 3 ) 



Thus, 


E T [C-C, 2sp' ) , the energy 


change 


of each C2sp' 


shell with the formation of each C- 


- C -bond MO is given by 


-the 


dillerence between Eq. (14.146) and Eq. (14.516): 

^,JC-C,2sp 3 ) = E(C alkam , 2sp 3 )-E(c,2sp 3 ) = - 
which agrees with Eq. (14.513). 


15.56407 eV- 


-(-14.63489 eV) = 


-0.92918 eV 


(14.5 


17) 



The energy contribution due to the charge donation at each carbon superimposes linearly. In general, the radius r 3 of 
the C2sp 3 HO of a carbon atom of a group of a given molecule is calculated using Eq. (14.514) by considering 
y] E T [MO, 2sp 3 j , the total energy donation to each bond with which it participates in bonding. The general equation for the 



radius is given by 

c 2 






lm ^~^ So (E CoM (c,2sp 3 ) + j:E T jMO,2 S p 3 )) 

e 2 


(14.518) 



8^g fel4.825751 eV + T] E Tm [MO,2sp 3 ) \ 

The C2sp 3 HO of each methyl group of an alkane contributes -0.92918 eV to the corresponding single C-C bond; thus, the 

corresponding C2sp 3 HO radius is given by Eq. (14.514). The C2sp 3 HO of each methylene group of C n H 2n+2 contributes 

-0.92918 eV to each of the two corresponding C-C bond MOs. Thus, the radius of each methylene group of an alkane is 
given by 
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-e 



,J.sp 



8^(^w^( C ' 2 ^ 3 ) + S^ t „. [methylene C-C,2sp 3 )) 



8^ (el4.825751eF + e0.92918eK + e0.92918eF) 
:0.81549a, 



(14.519) 



As in the case with ethane, the // 2 -type ellipsoidal MO comprises 75% of the C-C-bond MO shared between two 



C2sp 3 HOs corresponding to the electron charge density in Eq. (11.65) of 



-0.75e 



But, the additional 25% charge-density 



contribution to the C — C bond MO causes the electron charge density in Eq. (1 1 .65) to be 



- 0.5c . Thus, the force constant 



k' to determine the ellipsoidal parameter c' in terms of the central force of the foci is given by Eq. (14.152). The distance from 
the origin of the C-C-bond MO to each focus c' is given by Eq. (14.153). The internuclear distance from is given by Eq. 
(14.154). The length of the semiminor axis of the prolate spheroidal C-C-bond MO b = c is given by Eq. (13.62). The 
eccentricity, c, is given by Eq. (13.63). The solution of the semimajor axis a then allows for the solution of the other axes of 
each prolate spheroid and eccentricity of the C-C -bond MO. Since the C-C -bond MO comprises a H 2 -type-ellipsoidal MO 

that transitions to the C alkane 2sp 3 HO of each carbon, the energy E[C alkam ,2sp \ in Eq. (14.512) adds to that of the H 2 -type 
ellipsoidal MO to give the total energy of the C-C -bond MO. From the energy equation and the relationship between the axes, 
the dimensions of the C-C-bond MO are solved. Similarly, E(C allcane ,2sp 3 ) is added to the energy of the // 2 -type ellipsoidal 

MO of each C-H bond of the methyl and methylene groups to give their total energy. From the energy equation and the 
relationship between the axes, the dimensions of the equivalent C-H -bond MOs of the methyl and methylene groups in the 
alkane are solved. 
The general equa t ions for the energy components of V e , V , T , V m , and E T of each C-C -bond MO are t he same as 

those of the CH MO except that energy of the C aItane 2sp 3 HO is used. The energy components at each carbon atom 

superimpose linearly and may be treated independently. Since each prolate spheroidal H 2 -type MO transitions to the C altane 2sp 3 

HO of each corresponding carbon of the bond and the energy of the C nltmp 2sp 3 shell treated independently must remain constant 

and equal to the E\C alkam ,2sp \ given by Eq. (14.512), the total energy E T (C-C,cr) of the a component of each C-C- 

bond MO is given by the sum of the energies of the orbitals corresponding to the composition of the linear combination of the 



C altane 2sp HO and the // 2 -type ellipsoidal MO that forms the a component of the C-C-bond MO as given by Eq. (14.502) 
with the electron charge redistribution. The total number of C-C bonds in CJI 2lt+2 is n-\. Using Eqs. (13.431) and(14.512), 



~Ez. (C-C,a) of the n-\ bonds is given by 

Er^(C-C,a) = (n-l)(E T+ E(C a!kam ,2sp 3 )) 



Y±5 



a + c 



(1 4.520) 



= ("-!) 



(0.91771) 



In 



-1 



-15.56407 eV 



oJLUqU i y z. u y l* i^ j / 

To match the boundary condition that the total energy of each /f 2 -type ellipsoidal MO is given by Eqs. (11.212) and (13.75), 
E T (C — C,<j) given by Eq. (14.520) is set equal to («-l) times Eq. (13.75): 



(0.91771) 2 



1 «n 



In 



a + c' 



\ 



E T (C-C,cr) = («-l) 



8ne c' 



2 a 



= («-l)(-31.63536831eF) 



(14.521) 



-15.56407 eV 



From the energy relationship given by Eq. (1 4 .521) and the relationship between the axes given by Eqs. (1 4 .153 - 1 4 .15 4 ) and 
(13.62-13.63), the dimensions of the C-C-bond MO can be solved. 



Substitution of Eq. (14.153) into Eq. (14.521) gives 



8^g„ 



, . , I a„ ) a + Jaa n 

(0.91771)| 2---^- |ln- 



-1 



= el6.07130 



(14.522) 



The most conveni e nt way to solv e Eq. (14.522) is by the reiterative technique using a comput e r. Th e r e sult to within th e round- 
off error with five-significant figures is 



a = 2.12499a =1.12450X10- 10 m 
Substitution of Eq. (14.523) into Eq. (14.155) gives 



(14.523) 



^ = 1 . 45774^=7 .71 40 0X 10 -" m 



(14 .57 .4) 
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The internuclear distance given by multiplying Eq. (14.524) by two is 

2c' = 2.9 1547a =1.54280 X W m m 
The experimental C-C bond distance of propane is [3] 

2c' = \.532X 10 10 m 
The experimental C-C bond distance of butane is [3] 

2c' = 1.531X10" 10 m 
Substitution of Eqs. (14.523-14.524) into Eq. (13.62) gives 

fe=c=T,5461fia„ = 8,18192 JT 10 u m 



(14.525) 
(14.526) 
(14,527) 
(14.528) 



Substitution of Eqs. (14.523-14.524) into Eq. (13.63) gives 

e = 0.68600 (14.529) 

The nucleus of the C atoms comprise the foci of each H 2 -type ellipsoidal MO. The parameters of the point of intersection of 

the // 2 -type ellipsoidal MO and the C alkaitt 2sp^ HO are given by Eqs. (13.84-13.95) and (13.261-13.270). The polar intersection 

angle 9' is given by Eq. (13.261) where for methylene bonds r r =r 



, i =r , , , } =0.8I549a n is the radius of the 



C a!kme 2sp 3 shell given by Eq. (14.519). Substitution of Eqs. (14.523-14.524) into Eq. (13.261) gives 



0* = 56.41° 



Then, the angle 



,2.vp'HO 



the radial vector of the C2sp 3 HO makes with the internuclear axis is 



& f*Jn , 3 „„=180°-56.41° = 123.59° 
as shown in Figure 14.16. 



(14.530) 



(14.531) 



Figure 14.16. The cross section of one C-C-bond MO (<x MO) and one C-H -bond MO of C h H 2h+1 showing the axes, 

angles, and point of intersection of each H 2 -type ellipsoidal MO with die corresponding C alkam 2sp HO. The continuation of 

each H 2 -type-ellipsoidal-MO basis element of the C-C bond and the C-H -bond beyond the intersection point with each 

C alkane 2sp i shell and a MO is shown as dashed since each only serves to solve the energy match with the C Mane 2sp 3 shell and 

does not represent charge density. Similarly, the vertical dashed line only designates the parameters of each intersection point. 
The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c': internuclear distance, 



d > :d c-c a ,ka„ r -HMO' ^ : ^-c„ ta ,2Vro' d 2 :d c - 



eJz&BO - R '• r oS a mC2 9 i ' ^ : d C-H^„„H 2 MO » #2 : 9 



C-H ^,2^ HO 



and d A ;d r „ 



jissfm ' 




Consider the right-hand intersection point. The Cartesian i -coordinate of the interception point of the MO and the AO can be 
calculated using die MO ellipsoidal parameters by first calculating the parametric angle in Eq. (1 1.83) that matches Cartesian j - 
coordinate components at the point of intersection. Thus, the matching elliptic parametric angle cot = 9 C _ C H MO satisfies the 

following relationship: 

r. „ , sin#. „ , j , =0.8]549«„sin<?„ , , , =bsir\0 r „ „ un (14.532) 

such that 



9, 



0.81 549fl„ sin 8 



c-c^.ff-ut) 



= sm 



C-C^l^HO _„j n -l 



0.81549a o sinl23.59 Q 

b b 

with the use of Eq. (14.531). Substitution of Eq. (14.528) into Eq. (14.533) gives 
^-c_,„, uo = 26.06° 



(14.533) 
(14.534) 
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Then, the distance d c _ c H M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection 
of the orbitals is given by 



-acosdf. 



(14.535) 



Substitution of Eqs. (14.523) and (14.534) into Eq. (14.535) gives 



C-C aM „,H 2 MO 

The distance d 



:1.90890a„=1.01015Xl(n m 



(14.536) 



along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals is 



C-C aMm 2 S p'HO 



given by 

Substitution of Eqs. (14.524) and (14.536) into Eq. (14.537) gives 



(14.537) 



= 0.45117a n =2.38748X10" 



m 



(14.538) 



C-C Mm 2sp'HO 



FORCE BALANCE OF THE C V/ ; MOs OF CONTINUOUS-CHAIN ALKANES 

Each of the two CH i MOs must comprise three equivalent C-H bonds with each comprising 75% of a H 2 -type ellipsoidal 

MO and a C2sp 3 HO as given by Eq. (13.540): 

3[l C2sp 3 + 0.75 H 2 MO] ->■ CH, MO (14.539) 

The force balance of the CH 3 MO is determined by the boundary conditions that arise from the linear combination of orbitals 

according to Eq . (14 . 539) and the energy matching condition between the hydrogen and C2sp 3 HO components of the MO . 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 -type-ellipsoidal-MO component of the 
CH i MO in terms of the central force of the foci is given by Eq. (13.59). The distance from the origin of each C-H -bond MO 

to each focus c' is giv e n by Eq. (13.60). The internucl e ar distance is given by Eq. (13.61). Th e l e ngth of the semiminor axis of 
the prolate spheroidal C-ff-bondMO b-c is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution 
of the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H - 
bond MO. Since each of the three prolate spheroidal C-H -bond MOs comprises an H 2 -type-ellipsoidal MO that transitions to 

the C alkane 2sp 3 HO of C n H 2n+2 , the energy E(C alkane ,2sp 3 ^ of Eq. (1 4 .512) adds to that of the three corresponding ff 2 -type 
ellipsoidal MOs to give the total energy of the CH 3 MO. From the energy equation and the relationship between the axes, the 
dimensions of the CH 3 MO are solved. 

The energy components of V e , V , T, and V m are the same as those of methyl radical, three times those of CH 
corresponding to the three C-H bonds except that energy of the C alkane 2sp 3 HO is used. Since each prolate spheroidal H 2 - 
type MO transitions to the C alkane 2sp 3 HO and the energy of the C alkane 2sp 3 shell must remain constant and equal to the 
E[C alkane ,2sp 3 \ given by Eq. (14.512), the total energy E T (CH 3 ) of the CH 3 MO is given by the sum of the energies of the 
orbitals corresponding to the composition of the linear combination of the C alkane 2sp 3 HU and the three _W 2 -type ellipsoidal 
MOs that forms the CK MO as given by Eq. (14.539). Using Eq. (13.431) or Eq. (13.541), E T (CHA is given by 



E T alk JCH 3 ) = E T+ E(C alkane ,2sp 3 ) 



-3e+- 



^r 



(0.91771) 1 2 --"^- lln^^-1 



(1 4 .5 4 0) 



-15.56407 eV 



'iKSsfi' \_ v la) a-c' 

E T (C// 3 ) given by Eq. (14.540) is set equal to three times the energy of the // 2 -type ellipsoidal MO minus two times the 
Coulombic energy of H given by Eq. (13.542): 



E r CH~ = ■ 



3^ 



(0.91771) 2 



1 An 



to 



a + c 



4r 



■ 15.56 -1 07 eV = -67.69 -1 50 eV 



(1 1 .5 -1 1) 



&7Z£ C' 



2a) a-c 

From the energy relationship given by Eq. (14.541) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the CH 3 MO can be solved. 



Substitution of Eq. (13.60) into Eq. (14.541) gives 



3e 2 



W^ 




= £-52.13044 



(14.542) 
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The most convenient way to solve Eq. (14.542) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 

«=1.64920flp = 8.72720 X 10" 11 m (14.543) 

Substitution of Eq. (14.543) into Eq. (14.60) gives 

c ' = ].04856« = 5.54872 X 10" m (14.544) 

The internuclear distance given by multiplying Eq. (14.544) by two is 

2c' = 2.097 lla = 1.1 0974 X W 10 m (14.545) 

The experimental C — H bond distance of propane is [3] 

2c' = 1.107X10~ 10 m (14.546) 

Substitution of Eqs. (14.543-14.544) into Eq. (14.62) gives 

b = c = \ .27295a, = 6.736 1 6 X 1 0" ' ' m (1 4.547) 

Substitution of Eqs. (14.543-14.544) into Eq. (14.63) gives 

e = 0.63580 (14.548) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each //,-type ellipsoidal MO. The 

parameters of the point of intersection of the //,-type ellipsoidal MO and the C aikaiie 2sp i HO are given by Eqs. (13.84-13.95) 
and (13.261-13.270). The polar intersection angle 0' is given by Eq, (13.261) where r a =^ ;tow2r > =0.86359a is the radius of 

the C iabm 2sp i shell. Substitution of Eqs. (14.543-14.544) into Eq. (13.261) gives 

0' =77.49° (14.549) 

Then, the angle 



2np 3 SO 



the radial vector of the Clsp 3 HO makes with the internuclear axis is 



Or- « , ,„ rt = 180 o -77.49° = 102.51 c 
as shown in Figure 14.17. 



(14.550) 



Figure 14.17. The cross section of one C — H -bond MO of C n H ln+2 showing the axes, angles, and point of intersection of 
the H 2 -type ellipsoidal MO with the C MmE 2sp 3 HO. The continuation of the H 2 -type-ellipsoidal-MO basis element beyond the 
intersection point with the C a!kMe 2sp 3 shell is shown as dashed since it only serves to solve the energy match with the C aItdM 2sp 3 

shell and does not represent charge density. Similarly, the vertical dashed line only designates the parameters of the intersection 
point. The actual charge density is shown by the solid lines. Legend: a : semimajor axis, b : semiminor axis, c': internuclear 



distance, d t :d c _ B m , 9^.0 



2^ HO ' ^1 : ^C-H^^l^HO ' aild R '■ r alkamlsp i ' 




The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the MO ellipsoidal 
parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate components at the point 

of intersection. Thus, the matching elliptic parametric angle <ot = c _ H H M0 satisfies the following relationship: 

■-bsm0 c _ H ir „ w (14.551) 



r fcV slI1 W,Vro ' "' '"" : 



:0.86359«„sin6» 



c-8 m „?i> , m 



OHaUane^O 



such that 



0.86359a,, sin <9 



y C- H alka»e> H l M 



= sin 



C-HgtkM^HO 



= sm 



0.86359a n sin 102.51° 



(14.552) 
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with the use of Eq. (14.550). Substitution of Eq. (14.547) into Eq. (14.552) gives 

c-H^ r ,H, M o -41.48° (14-553) 

Then, the distance d c _ H u M0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of 
intersection of the orbitals is given by 

d C-H alkane ,H 2 MO = a C0S e C-H alkam ,H 2 MO (14.554) 

Substitution of Eqs. (14.543) and (14.553) into Eq. (14.554) gives 



*C-H„,,„M,MO ■ 



(14.555) 



The distance d r , „ , „ alone the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 
is given by 

d C H alkan ^HO= d C-H uIk ^H 2 MO-C (1M56L 

Substitution of Eqs. (14.544) and (14.555) into Eq. (14.556) gives 

d n „ „ 3 „ =0.18708a„=9.89999XlCT 12 m (14.557) 



BOND ANGLE OF THE ( 7/ , AND ( // GROUPS 

Each CH 3 MO comprises a linear combination of three C-H -bond MOs. Each C-H -bond MO comprises the superposition 
of a j/ 7 -type ellipsoidal MO and the C alkare 2sp i HO. A bond is also possible between the two H atoms of the C-H bonds. 
Such H-H bonding would decrease the C-H bond strength since electron density would be shifted from the C-H bonds to 
the H-H bond. Thus, the bond angle between the two C-H bonds is determined by the condition that the total energy of the 
H 2 -type ellipsoidal MO between the terminal H atoms of the C-H bonds is zero. From Eqs. (11.79) and (13.228), the 
distance from the origin to each focus of the H-H ellipsoidal MO is 

„' u K 4 r° J5^ (14.558) 

\ m e e 2a V 2 

The internuclear distance from Eq. (14.558) is 

2c ' = 2J^- (14.5 5 9) 

The length of the semiminor axis of the prolate spheroidal H-H MO b = c is given by Eq. (14.62). 

The bond angle of the CH } groups of C n H 2n+2 is derived by using the orbital composition and an energy matching factor 
as in the case with the CH 3 radical. Since each pair of H 2 -type ellipsoidal MOs initially comprise 75% of the H electron 
density of H 2 and the energy of each H 2 -type ellipsoidal MO is matched to that of the C alkanc 2sp i HO, the component energies 
and the total energy E T of the H-H bond are given by Eqs. (13.67-13.73) except that V e , T , and V m are corrected for the 
hybridization-energy-matching factor of 0.86359 . Hybridization with 25% electron donation to the C-C-bond gives rise to 
the C aliane 2sp l HO-shell Coulombic energy E CouIomb (C aIkane ,2sp 3 ) given by Eq. (14.515). — The corresponding normalization 
factor for determining the zero of the total H-H bond energy is given by the ratio of 15.75493 eV , the magnitude of 
^coulomb \paikan C ^- s P^ ) given by Eq. (14.515), and 13.605804 eV , the magnitude of the Coulombic energy between the electron 
and proton of H given by Eq. (1.264). The hybridization energy factor C 3 is 

2 2 
£ £ 



C **f* = *»W. = 13 - 605804eF = 0.86359 (14.560) 

alkaneC2 Sp >HO e 2 e 2 15.75493 eV 

8?re r„ „ 3 8^g 0.86359fl 

u alkanelsp u u 

Substitution of Eq. (14.558) into Eq. (13.233) with the hybridization factor of 0.86359 gives 
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-3—3- 



a + . 



0.75e 2 



\A7T£ n a 



(0.86359)' 



ln- 



-erj 



\2h\ 



m. 



%KS n 



a- 



= 



m,c 



(14.561) 



I0.75e 2 



&K£ a Hxsj a + c ' 



+h\ 



0.5w„ 



From the energy relationship given by Eq. (14.561) and the relationship between the axes given by Eqs. (14.558-14.559) and 

(M.62 - 1 '1 .63), the dimensions of the H — H MO can be solved. 

The most convenient way to solve Eq. (1 4.561 ) is by the reiterative technique using a computer. The result to within the 

round-off error with five-significant figures is 

a = 5.8660a =3.1042 X lO" 10 m (14.562) 
Substitution of Eq. (14.562) into Eq. (14.558) gives 



:1.7126a n =9.0627 X 10- 



rn 



The internuclear distance given by multiplying Eq. (14.563) by two is 

2c' = 3.4252a =1.8125 X 10" 10 m 
Substitution of Eqs. (14.562-14.563) into Eq. (14.62) gives 



(14.563) 
(14.564) 



= 5.6104a„ = 2.9689 X lO" 10 m 



(14.565) 



Substitution of Eqs. (14.562-14.563) into Eq. (14.63) gives 

e = 0.2920 (14.566) 

Using 2c' H _ H (Eq. (14.564)), the distance between the two H atoms when the total energy of the corresponding MO is 

zero (Eq. (14.561)), and 2c' c _ H , the internuclear distance of each C-H bond, the corresponding bond angle can be determined 
from the law of cosines. Since the internuclear distance of each C-H bond of CH 3 (Eq. (14.545)) and CH 2 (Eq. (14.597)) are 
sufficiently equivalent, the bond angle determined with either is within experimental error of being the same. Using, Eqs. 
(13.242), (14.545), and (14.564), the bond angle # between the C-H bonds is 



' = cos 



2(2.09711) -(3.4252) 



= cos 



' (-0.33383) = 109.50° 



(14.567) 



2(2.09711) 

The experimental angle between the C-H bonds is [ 1 9] 

6 = 109.3° (14.568) 

The CH 3 radical has a pyramidal structure with the carbon atom along the z-axis at the apex and the hydrogen atoms at 

the base in the xy-plane. The distance d orj jnH from the origin to the nucleus of a hydrogen atom given by Eqs. (14.564) and 

(13.412) is 
<W- g =l-97754a (14.569) 

The height along the z-axis of the pyramid from the origin to C nucleus d heiht given by Eqs. (13. 4 1 4 ), (1 4 .5 4 5), and (1 4 .569) is 



4^=0.698000,, 



The angle O v of each C-H bond from the z-axis given by Eqs. (13.416), (14.569), and (14.570) is 
6„ = 70.56° 



(14.570) 
(14.571) 



The C-C bond is along the z-axis. Thus, the bond angle 9 C _ C _ H between the internuclear axis of the C-C bond and a H 
atom of the methyl groups is given by 

e c _ c _ H = \m-e v (14.572) 



Substitution of Eq. (14.571) into Eq. (14.572) gives 



-ft 



■- 109.44° 



(14.573) 



J C-C-H 

The experimental angle between the C-C-H bonds is [19] 

C _ C _„ =109.3° (14.574) 

The C n H 2ll+2 MOs shown in Figures 14.18-14.28 were rendered using these parameters. A minimum energy is obtained with a 
staggered configuration consistent with observations [3]. 
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ENERGIES OF THE ( '//, GROUPS 

The energies of each CH 3 group of C n H 2n+2 arc given by the substitution of the scmiprincipal axes (Eqs. (14.543-14.544) and 
(14.54/)) into the energy equations of methyl radical (Eqs. (13.356-13.560)), with the exception that E{C alkane ,2sp^\ (Eq. 
(14.514)) replaces E(c,2sp 3 ) in Eq. (13.560): 

K. =3(0.91771) _ ^ ,, ln — /, \ = -107.32728 eV (14.575) 

&7r£ \la -b~ a-4a~ -if 

3e 2 
V p = , = 38.92728 eV (14.576) 

87T£ Va 2 -b 2 

7 = 3(0.917 7 1) -. In", ~ h = 32.53914eF (14.5 77 ) 

2m e a\a 2 -b 2 a-^la 2 -b 2 

K. =3(0.91771) ~f In— t^~ b =-16.26957 eV (14.578) 

4ma\la z - b 1 a-^Ja 1 -b l 



CHA = 



3e 



8n£ c' 



(0.9177l)f2-I^lln^-i n ' 



= -67.69451 eV (14.579) 



-15.56407 eV 

where E T — (CHf) is given by Eq. (14.540) which is reiteratively matched to Eq . (13.542) within five-significant-figure round 
off error. 

VIBRATION OF THE : C // GROUPS 

The vibrational energy levels of the C-H bonds of CH 3 in C n H 2n+2 may be solved as three equivalent coupled harmonic 

oscillators by developing the Lagrangian, the differential equation of motion, and the eigenvalue solutions [9] wherein the spring 
constants are derived from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the 
Vibration of Hydrogen-Type Molecules section. 

2 C H 3 G ROUPS 



The equations of the radiation reaction force of the methyl groups in C n H 2n+2 are the same as those of the methyl radical with the 

substitution of the methyl-group parameters. Using Eq. (13.561), the angular frequency of the reentrant oscillation in the 
transition state is 



l0.75e 2 



I 4-7TF h 

co = \\ ° = 2.49286 X 10 16 radls (14.580) 

m e 

where b is given by Eq. (1 4 .5 4 7). The kinetic energy, E K , is given by Planck's equation (Eq. (11.127)): 

E K = tia> = taA92MX 10 16 radls ' = 16.40846 eV — (14.581) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (1 1.212) and (13.75)), the maximum total energy of each H 2 -type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (14.581) for E K gives the Doppler energy of the 
electrons of each of the three bonds for the reentrant orbit: 



E D =; £ iv , A | T7 f = -3 1.63537 eVj—± - 2 '- = -0.25352 eV (14.582) 



2£„ 2e(16.40846eF) 

— f-= -3 1.63537 eK.—i = '- 

IMc 2 \ m e c 2 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of C7/ ? due to the reentrant orbit of each bond in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 

Eq. (14.582) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of each C-H bond. 

Using m e given by Eq. (13.458) for E Kvib of 'the transition state having three independent bonds, E' alkam osc ( 12 CH 3 ) per bond is 

E\ lkaimosc { n CH,) = E D+ E Kvib =E D+ U^- (14.583) 
E \ [kam - ( 12 CH 3 ) = -0.25352 eV + -(0.35532 eV) = -0.07586 eV (14.584) 
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Given that the vibration and reentrant oscillation is for three C-H bonds, E alkme osc ( 12 CH 3 \ , is: 



^ — r 



E M „„ rm r ( 12 CH 3 ) = 3 E n +^n \ - =3 -0.25352 eV + U0355Z2eV) =-0.22757 eV 



TT^Ji 



(14.585) 



TOTAL BOND ENERGIES OF THE 12 CH, GROUPS 



^aihmeT+osc ( n CH 3 ) , the total energy of each 12 CH 3 group including the Doppler term, is given by the sum of E Tallmt (CH 3 ) (iiq. 



(14.579)) and E altaneosc { u CH 3 ) given by Eq. (14.585): 



E aItaneT+osc ( U CH 3 ) = V e +T + V m + V p+ E{C a!kam , 2sp 3 ) + E aIkm osc ( l2 CH 3 ) 



re; (cha+e ,. ( u ch 3 ) 



(14.586) 



[Y 



-3e 2 



^S^c' 



(0.91771)1 2-i^]ln^-l 
v n 2a) a-c' 



M 



-15.56407 eV 



A 12 CH,) 



chA = \ 



3 e 1 



\2h\ 



4 AtisJd 6 



-3 



(31.63536831 eF)| 



2 V 



(14.587) 



= -67.69450 eF -3 0.25352 eK — ft 

I 2 V 

From Eqs. (14.585-14.587), the total energy of each 12 CH 3 is 



E„„ r ^ r^ ( "O/, ) - -67.69450 eV + £„, w „ ( 12 C//, ) 



= -67.69450 eV-3\ 0.25352 eK — (0.35532 eF) | = -67.92207 eV 



(14.588) 



where co r given by Eq. (13.458) was used for the hi— term 



The total CH 3 bond dissociation energy, E D ( 12 CH 3 ) is given by the sum of the initial C2sp 3 HO energy, E\C,2sp 3 \ 
(Eq. (14.146)), and three times the energy of the hydrogen atom. E D [H) (Eq. (13.154)). minus E d , U ll eT+ ^( 12 CH 3 ) (Eq. 
(1 4 .588)): 



E °«- ( ' 2C// 3 ) = E(c,2sp') + 3E(H) - E altamT+0SC ( i2 CH 3 ) 
Thus, the total U CH 3 bond dissociation energy, E D ( n CH 3 ) is 



(14.589) 



E *~- C 2 ^)- -(14.63489 6 K + 3(13.59844 eV))-(E a aa uT l m ( 12 CH 2 )) 



(14.590) 



-55.43021 eV -(-67.92207 eF) = 12.49186 eF 



Each of the CH 2 MOs must comprise two equivalent C-H bonds with each comprising 75% of a ff 2 -type ellipsoidal MO and 
a C2sp 3 HO as given by Eq. (13.494): 



2 1~1 C2sp 3 + 0.75 H 2 MO \ -> CH 2 MO 



(14.591) 



The force balance of each CH 2 MO is determined by the boundary conditions that arise from the linear combination of orbitals 
according to Eq. (14.591) and the energy matching condition between the hydrogen and C2sp 3 HO components of the MO. 

The force constant k' to determine the ellipsoidal parameter c' of the each H 2 -type-ellipsoidal-MO component of the 
CH 2 MO in t e rms of th e c e ntral forc e of th e foci is giv e n by Eq. (13.59). Th e distanc e from th e origin of e ach C — H - bond MO 

to each focus c' is giv e n by Eq. (13.60). The internucl e ar distance is given by Eq. (13.61). Th e l e ngth of the s e miminor axis of 
the prolate spheroidal C-H-bon&MO b = c is given by Eq. (13.62). The eccentricity, e, is given by Eq. (13.63). The solution 
of the semimajor axis a then allows for the solution of the other axes of each prolate spheroid and eccentricity of each C-H- 
bond MO. Since each of the two prolate spheroidal C-H -bond MOs comprises an H 2 -type-ellipsoidal MO that transitions to 

the C alkam 2sp 3 HO of C n H 2n+2 , the energy E(C altalle ,2sp 3 ) of Eq. (1 4 .512) adds to that of the two corresponding ff 2 -type 
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ellipsoidal MOs to give the total energy of the CH 2 MO. From the energy equation and the relationship between the axes, the 

dimensions of the CH 2 MO are solved. 

The energy components of V e , V , T, and V m are the same as those of dihydrogen carbide radical, two times those of 

CH corresponding to the two C-H bonds except that energy of the C alkam 2sp 3 HO is used. Since each prolate spheroidal H 2 - 
type MO transitions to the C aIlcane 2sp 3 HO and the energy of the C alkane 2sp 3 shell treated independently must remain constant and 
equal to the E[C alkam ,2sp \ given by Eq. (14.512), the total energy E T ^ (CH 2 ) of the CH 2 MO is given by the sum of the 
energies of the orbitals corresponding to the composition of the linear combination of the C alkam 2sp i HO and the two // 2 -type 
ellipsoidal MOs that forms the CH 2 MO as given by Eq. (14.591). Using Eq. (13.431) or Eq. (13.495), E T ^ (CH 2 ) is given by 



"2^ 



i- 



TH 



a + c 



E T ^(CH 7 ) = E T+ E{C, h , ne ,2sp i Y 



(0.91771) 2 



In 



-1 



-15.56407 eV 



(14.592) 



8tr; c ' |_ ^ l a J a-c' 

E T (CH 2 ) given by Eq. (14.592) is set equal to two times the energy of the H 2 -type ellipsoidal MO minus the Coulombic 
energy of H given by Eq. (13.496): 



E T C H 



2e £ 



fO 91771) 1 ?-- LA|inf±£l. 



(0. 91771) 



1 5.56 40 7 eV = -49 .66 49 3 eV 



(14 .59 3) 



&7T£ C ' 



2a) a-c' 

From the energy relationship given by Eq. (14.593) and the relationship between the axes given by Eqs. (13.60-13.63), the 
dimensions of the CH 2 MO can be solved. 

Substitution of Eq. (13.60) into Eq. (14.593) gives 




3 L V 3 

The most convenient way to solve Eq. (14.594) is by the reiterative technique using a computer. The result to within the round- 
off error with five-significant figures is 



a = 1. 67 122a„ =8.84370X10"" 



(14.595) 



Substitution of Eq. (14.595) into Eq. (14.60) gives 

c' = 1.05553a =5.58563 X 10 " m 
The internuclear distance given by multiplying Eq. (14.596) by two is 

2c' = 2.11106a =1.11713X10- 10 m 



(14.596) 



(14.597) 



The experimental C-H bond distance of butane is [3 J 
2c' = 1.1 17 a: 10" 10 



(14.598) 
(14.599) 



m 



Substitution of Eqs. (14.595-14.596) into Eq. (14.62) gives 
ft = c = 1.29569a„= 6.85652X10"" m 



Substitution of Eqs. (14.595-14.596) inlu Eq. (14.63) gives 

c = 0.63159 (1 4 .600) 

The nucleus of the H atom and the nucleus of the C atom comprise the foci of each H 2 -type ellipsoidal MO. The 

parameters of the point of intersection of the 77 2 -type ellipsoidal MO and the C alkam 2sp 3 HO are given by Eqs. (13.84-13.95) 

and (13.261-13.270). The polar intersection angle 0' is given by Eq. (13.261) where r n =r 3 = 0.81549« is the radius of 



the C me%fe „ e 2V shell (Eq. (14.521)). Substitution of Eqs. (14.595-14.596) into Eq. (13.261) gives 
6' = 68.47° 



(14.601) 



Then, the angle 6 



C-Halkan^pHO 



the radial vector of the C2sp 3 HO makes with the internuclear axis is 



: 180°-68.47 o = 111.53° 



(14.602) 



" C - H alkane 2 °P' H0 

as shown in Figure 14.17. The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using 
the MO ellipsoidal parameters by first calculating the parametric angle in Eq. (11.83) that matches Cartesian j -coordinate 



components at the point of intersection. Thus, the matching elliptic parametric angle cut = 9 C _ H 



„HyMO 



satisfies the following 



relationship: 



sin 



alkane2 S pl C -» alkane 1 ^™ 



= 0.81549a n sin<9 



° C-*a,kane^«° 



= b sin 6, 



C-H„, 



„H 2 MO 



(14.603) 



such that 
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a ■ -l ' 8154900 ^^-^^ 2 ^^ . _ t 0.81549fl SJIll 1 1 .53° nA6nA\ 

9 r „ fr „n=sin ==^ = sin (14.604) 

w ith the use of E g . (14 .602). S ubstitution of Eg. (14 .599) into Eg. (1 4 .6 04) gives 

^^^=35.84" " (14.605) 

Then, the distance d c _ H H M0 along the internuclear axis from the origin of ff 2 -type ellipsoidal MO to the point of 

alkane ' 2 

intersection of the orbitals is given by 



d C-H alkane ^MO=^^C-H alkme , Hl MO ^ 4 - 606 > 

Substitution of Egs. (14.595) and (14.605) into Eg. (14.606) gives 

d c h ffJlOT =1.35486a„ = 7.16963 X 10"" m (14.607) 

The distance d , along the internuclear axis from the origin of the C atom to the point of intersection of the orbitals 

C H allmne 2s P HO 

is given by 

d c-, alkane ^o= d c- Halkane ^MO-C (14.608) 

Substitution of Egs. (14.596) and (14.605) into Eg. (14.608) gives 



H 'alkane 2 ^ >H0 



= 0.29933« =1.58400 X 1Q-" m (14.609) 



The charge-density in each C-C -bond MO is increased by a factor of 0.25 with the formation of the C alkme 2sp 3 HOs 
each having a smaller radius. Using the orbital composition of the C-C-bond MPs (Eg. (14.504)), CH 3 groups (Eg. (14.539)), 
and the CH 2 groups (Eg. (14.591)), the radii of Cls = 0.17113fl (Eg. (10.51)), C a!kane 2sp 3 =0.86359a (Eg. (14.514)), and 
c 'aihme 2 ^ = c 'methylene 2 ^ 3 = 0.81549a (Eg. (14.521)) shells, the parameters of the C-C-bonds (Egs. (13.3-13.4), (14.523- 
14.525), and (14.528-14.538)), the parameters of the C-H -bond MOs of the CH 3 groups (Egs. (13.3-13.4), (14.544-14.545), 
and (14.547-14.557)), the parameters of the C-H -bond MOs of the CH 2 groups (Egs. (13.3-13.4), (14.595-14.597), and 
(14.599-14.609)), and the bond-angle parameters (Egs. (14.562-14.574)), the charge-density of the C n H 2n+2 MO comprising the 

linear combination 2« + 2 C- H -bond MOs and n-\ C-C -bond MOs, each bridging one or more methyl or methylene 
groups is shown for representative cases where data was available [17-18]. Propane, butane, pentane, hexane, heptane, octane, 
nonane, decane, undecane, dodecane, and octadecane are shown in Figures 14.18-14.28, respectively. Each C-H -bond MO 
comprises a 7/ 2 -type ellipsoidal MO and a C aItane 2sp 3 HO having the dimensional diagram shown in Figure 14.16. Each C-C- 

bond MO comprises a 7/ 2 -type ellipsoidal MO bridging two C alkane 2sp 3 HOs having the dimensional diagram shown in Figure 
14.17. 



CH 2 GROU P S 

The energies of each CH 2 group of C n H 2n+2 are given by the substitution of the semiprincipal axes (Egs. (14.595-14.596) and 
(14.599)) into the energy eguations of dihydrogen carbide radical (Egs. (13.510-13.514)), with the exception that 
E(C aliatm ,2sp 3 ) (Eg. (14.512)) replaces E{C,2sp 3 ) in Eg. (13.514): 

V e =2(0.91771) ~2e i n a + y ~ b = -70.41425 eV (14.610) 

Strega 2 -b 2 a--ja 2 -b 2 

2s 2 

V p = ^ == = 25.78002 eF (14.611) 

Km A a 2 -b 2 



7 = 2(0.91771) -. ln^i^ — L = 21.06675 eK (14.612) 

2m.a-Ja 2 -b 2 a-\la 2 -b 2 

V m =2(0.91771) f \n al i b = -10.53337 eV (14.613) 

Am av a 2 -b 2 a-\a 2 -b 2 



iCHj^ 2e2 



(0.91771) 1 2-lA]i n ^-i 



-15.56407 py = -49.66493 e,V (14.614) 



&K£ C' 



2 a 



where E T (CH 2 ) is given by Eg. (14.592) which is reiteratively matched to Eg. (13.496) within five-significant-figure round 
off error. 
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VIBRATION OF THE (II GROUPS 

The vibrational energy levels of the C-H bonds of CH 2 in C n H 2n+2 may be solved as two equivalent coupled harmonic 
oscillators by developing the Lagrangian, the differential equation of motion, and the eigenvalue solutions [9] wherein the spring 
constants are derived from the central forces as given in the Vibration of Hydrogen-Type Molecular Ions section and the 
Vibration of Hydrogen-Type Molecules section. 



H E 17 C// 2 GROU P S 

The equations of the radiation reaction force of the methylene groups in C n H 2n+2 are the same as those of the dihydrogen carbide 

radical with the substitution of the methylene-group parameters. Using Eq. (13.515), the angular frequency of the reentrant 
oscillation in the transition state is 



0.75e 2 



a = Ji^l= 2.42751 X W 6 rad I s 
m. 



(14.615) 



where b is given by Eq. (14.599). The kinetic energy, E K , is given by Planck's equation (Eq. (1 1.127)): 

E K = tio) = ti2A215\X 10 16 radls = 15.97831 eV (14.616) 

In Eq. (11.181), substitution of E T (H 2 ) (Eqs. (11.212) and (13.75)), the maximum total energy of each H 2 -type MO, for E hv , 

the mass of the electron, m e , for M , and the kinetic energy given by Eq. (14.616) for E K gives the Doppler energy of the 
el e ctrons of e ach of the three bonds for the re e ntrant orbit: 



2EZ 



2e(l 5.97831 eV) 



-31.63537 eV 



-0.25017 eV 



(14.617) 



I Mc y m e c" 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of CH 2 due to the reentrant orbit of each bond in the transition state corresponding to 

simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding energies, E D given by 
Eq. (14.617) and E Kvib , the average kinetic energy of vibration which is 1/2 of the vibrational energy of each C-H bond. 
Using or given by Eq. (13.458) for E Kvlb of the transition state having two independent bonds. E\ ;Li ^{ n CH 2 \ per bond is 



E alkane osc ( ^^2 ) _ ^D + ^Kvib ~ ^D + ~ "»/ 

v 2 V>" 

E \ lkam m c ( n CH 2 ) = -0.25017 eV + 1(0.35532 eV) = -0.07251 eV 



(14.618) 
(14.619) 



Given that the vibration and reentrant oscillation is for two C-H bonds, E alkam mc ( 12 CH 2 ) , is: 



■^ alkane osc \ ^** 2 ) ~ ^ 



'^±E 



= 2\ -0.25017 eF + -(0.35532eF) | = -0.14502eF 



(14.620) 



TOTAL BOND ENERGIES OF THE Lll- GROUPS 



E aikaneT+o SC ( n CH 2 ) , the total energy of each n CH 2 group including the Doppler term, is given by the sum of E T (CH 2 ) (Eq. 
(14.614)) and E alkane ~ ( p C// 2 ) given by Eq. (14.620): 



E alkane T, aS c ( U CH 2 ) = V e+ T + V m+ V p+ E(C dkam , 2sp 3 ) + E alkam osc ( 12 CH 2 ) 
= E T (CH,) + E ,. ( 12 ChA 



(14.621) 



' l£l (0.9177l)f2--^lln^^-L---l-5JM07^ 



y 87TS c' 



2 a 



a-c 



\ 12 ch 2 )- 



3 e 1 



4 Au e Jj' 



2%\ 



(31.63536831 eV)\ 



(14.622) 



2 VA 



r 



= -49.66493 eV - 2 



0.25017 eV — hi— 



2 \j ju 
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From Eqs. (14.620-14.622), the total energy of each 12 CH 2 is 



^wr +osc ( U CB 2 ) = -49.66493 eV + E a!kam ~ ( n CH 2 ) 



= -49.66493 eV-2 0.25017 eV --(035532 eV) 
= -49.80996 eV 



(14.623) 



where 0) e given by Eq. (13.458) was used for the ft J— term. 

The derivation of the total CH 2 bond dissociation energy, E D ( 12 CH 2 ) follows from that of the bond dissociation 
energy of dihydrogen carbide radical, E D ( n CH 2 ) , given by Eqs. (13.524-13.527). E D ( 12 CH 2 ) is given by the sum of the 



initial C2sp 3 HO energy, E(C,2sp 3 ) (Eq. (14.146)), and two times the energy of the hydrogen atom, E[H) (Eq. (13.154)), 
minus the sum of E allmneT+mc ( n CH 2 } (Eq. (14.623)) and E(magnetic) (Eq. (13.524)): 



E Dam ( 12 C// 2 ) - E(c,2sp 3 ) + 2E(II)-E alkaneT+0SC ( 12 CII 2 )-E (magnetic) 

Thus, the total 12 CH 2 bond dissociation energy, E D ( 12 CH 2 ) is 

ggZ ( 12CH 2) = -(14.63489 eF + 2(l3.59844 eV))-(E aaaMT+OK ( 12 CH 2 ) + E (magnetic)) 



(14.624) 



= -41.83177 eF - (-49.80996 eF + 0.14803 eV) 
= 7.83016 eV 



(14.625) 



H E C-C a 
CHAIN ALKANES 

The energy components of V e , V , T , V m , and E T of the C-C -bond MOs are the same as those of the CH MO except that 

energy of the C dkam 2sp K HO is used. The energies of each C-C -bond MO are given by the substitution of the semiprincipal 
axes (Eqs. (14.523-14.524) and (14.528)) into the energy equations of the CH MO (Eqs. (13.449-13.453)), with the exception 
that E(C alkane ,2sp 3 ) (Eq. (14.512)) replaces E(c,2sp 3 ) in Eq. (13.453). The total number of C - C bonds of C n H 2n+2 is n-\. 
Thus, the energies of the n - 1 bonds is given by 



F;=(k-1)(0.91771) 
(n-\)e 2 



-2<£ 



#+■ 



4^i 



-(n-l)28J92UeV 



In 



%K£ n 4a 2 -b 2 a-4a 2 -b 



(14.626) 



= (n -1)9.33352 eV 



(14.627) 



K keAci 2 - h 2 



r = («-l)(0.9177l) 



2ma4a 



,ln 



a + yja 



ia 



a-4ci 



r = (n -1)6.11 AM eV 



(14.628) 



-^r 



4a 2 -b 2 



V m =(n-l)(0.9llll) 



Am ayj a 2 - b' 



An 



a + 



{n^ 



a- 4 a 2 -b 2 



T-ftr 



-(« -1)3.38732 eV 



(14.629) 



a i c 



(C-C,a ■) = - 



8^g n : 



(0.91771) 2-^ ln^^T 



-15.56407 eV 



(14.630) 



= -(«-l)31.63537eF 



where E T (C-C,cr) is the total energy of the C-C ct MOs given by Eq. (14.520) which is reiteratively matched to Eq. 

(13.75) within five - significant - figure round off error. 

Since there are two carbon atoms per bond, the number of C-C bonds is n-\, and the energy change of each C2sp 3 

shell due to the decrease in radius with the formation of each C-C-bond MO is E T \C-C,2sp 3 ) (Eq. (14.517)), the total 

1 alkane \ } 
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energy of the C-C -bond MOs, E T lC-C), is given by the sum of 2 (n-l)E T (C-C,2sp 3 ) and E T (C-C,a), the a 

"■alkane ' ' V ' i alkane \ / 1 alhme "• ' 



MO contribution given by Eq. (1 4 ,630): 



Er [C-C) = 2(n-\)E T (C-C,2sp') + E T (C-C, a) 

'alkane V I \ I Alkane V ' ^ I 'alkane V ' 



alkane 

r 2 (-0.9291 8 eF) 

r 



rt^Tj 



i-a* 



(0.91771) 2---^ In 



a + , 



-+- 



%7t£ n 



fOOw 



(14.631) 



-15.56407 eV 



= («-l)(2(-0.92918eF) + (-31.63537gF)) 
= - (»-l) 33. 49 3 7 3eF 



VIBRATION OF CONTINUOUS-CHAIN ALKANES 

Th e vibrational e n e rgy l e v e ls of th e C — C bonds of C n H 2n+2 may b e solv e d as n — 1 s e ts of coupl e d carbon harmonic oscillators 
wher e in e ach carbon is further coupled to two or three equivalent II harmonic oscillators by developing th e Lagrangian, the 
differential equation of motion, and the eigenvalue solutions [9] wherein the spring constants are derived from the central forces 
as given in the Vibration of Hydrogen-Type Molecular Ions section and the Vibration of Hydrogen-Type Molecules section. 

THE DOPPLER ENERGY TERMS OF THE ( -BOND MOs OF CONTINUOUS-CHAIN 
ALKANES 

The equations of the radiation reaction force of each symmetrical C-C-bondMO are given by Eqs. (11.231-11.233), except the 
force-constant factor is 0.5 based on the force constant k' of Eq. (14.152), and the C-C-bond MO parameters are used. The 
angular frequency of the reentrant oscillation in the transition state is 



0.5e 2 
I 4x£ a 3 



-■ 9.43699 X10 15 rad I s 



(14.632) 



wh e r e a is giv e n by Eq. (14.523). Th e kin e tic e n e rgy, E K , is giv e n by Planck's e quation (Eq. (1 1 .127)): 



E K =hco = m .43699 X 10 15 rad I s = 6.21159 eV 



(14.633) 



In Eq. (11.181), substitution of E T — (C - C) (Eq. (14.63 1)) with n-2 for E hv , the mass of the electron, m e , for M , and the 
kinetic energy given by Eq. (14.633) tor E K gives the Doppler energy of the electrons of each of the bonds tor the reentrant 
orbit: 



2E r 



-33. 1 9373 eV 



2e(6.21159eF) 



- 0.16515 eV 



,u-< V > (44^34^- 

I Mc v m e c 

In addition to the electrons, the nuclei also undergo simple harmonic oscillation in the transition state at their corresponding 
frequency. The decrease in the energy of each C-C -bond MO due to the reentrant orbit of the bond in the transition state 
corresponding to simple harmonic oscillation of the electrons and nuclei, E osc , is given by the sum of the corresponding 
energies, E D given by Eq. (14.634) and E Kvih , the average kinetic energy of vibration which is 1/2 of the vibrational energy of 
each C-C bond. Using the ethane experimental C-C E vib (v^) of 993 cm -1 (0.12312 eV) [10] for E Kvib of the transition 
state having n-\ independent bonds, E' alkalleosc (C -C,a) per bond is 



-^ alkane asc (y ^> Cr j Ad ' Am> * D ' ~~Z "J 

£' aam . aK (C-C, < 7) = -0.16515 g F + j(0.12312 e F) = -0.10359 e K 



(1 1 .635) 



(14.636) 



Given that the vibration and r ee ntrant oscillation is for n — 3—6 — C bonds, E alkane osc (C- C, a) , is: 
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E aaaneosc (C-C,a) = («-!) 



V].^ 



= (k-1) -0.16515 eF +-(0.12312 eV) 
= -(«-l)0.10359eF 



(14.637) 



^roTAt 

E altaneT+osc ( C - C) , the total energy of the « - 1 bonds of the C-C -bond MOs including the Doppler term, is given by the sum 
of E T ^(C-C) (Eq. (14.631)) and ^^(C-C.g) given by Eq. (14.637): 



'\^alkane> 2s P ) 



K + T + V m+ V p+ E{C alkane ,< 
+2E T (C-C,2sp 3 ) 

V alkane \ ' 



^ alkaneT +osc 



(c-cy. 



(„-i) 



+ £ atta«eoie(^ ( "'°') 



^^( L, -M+^(»-iK (lta («' , -^V) + ^ hDI . aic (c 1 -c>) 



(14.638) 



= £7, (Cr-CW^,, (C-C,cr) 

7 a/fa»e V ' alkane osc\ - I 



( -e 2 



(0.91771) 



1 a n V a + c ' 



8?F£ C' 



2a) a-c' 



^alkaneT+osc 



(C-C) = («-l) 



-15.56407 eK + 2£ r (C-C,2s/5 3 ) 

alkane \ ' 



1 e 



2* 



1 2 4^-g n a 



1. £ 



2 \„ 



(14.639) 



1 + 



m„c 



U-1) . -33.49373 p.V -0.16515 P.V + -hJ k 



4*=$ 



2 \ fj. 

From Eqs. (14.637-14.639), the total energy of the k-1 bonds of the C-C-bond MOs is 

^ toer+m c(C-C) = ("-l)(-31-63537 e K + 2^ ftme (C-C,2y)) + £ a/fa „ eosc (C-C,aJ- 



= («-!) 



-31.63537 eF + 2(-0.92918 eV) 
-0.16515 c?F+-(0.12312c?F) 



(14.640) 



-{n -1)33.59732 eV 



where the experimental E vih was used for the « | — term. 

M 



TOTAL BOND ENERGY OF THE C-C BONDS OF CONTINUOUS-CHAIN ALKANES 

Since there are two carbon atoms per bond and the number of C-C bonds is n - 1 , the total bond energy of the C-C bonds of 
C„H 2n+2 , E D (C-C\_„ is given by 2(n-l) E (C,2sp 3 ) minus E alkaneT+osc {C-C) (Eq. (14.640)) where E{c,2sp 3 ) (Eq. 

(14.146)) is the initial energy of each C2sp 3 HO of the CH^ and CH 2 groups that bond to the C-C bonds. Thus, the total 



dissociation energy of the C-C bonds of C n H 2n+1 , is 



E D (C-C)^=2( n -l){E(c,2 S p 3 ))-(E alakmT+o JC-C)) 

= 2(«-l)(-14.63489eF)-(«-l)(-33.59732eF) 



=(«- 


-1)(2(-14.63489 


eV)- 


-(- 


-33.59732 eV)) 


= (n- 


-0(4.32754 eV) 






(14.641) 
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TOTAL ENERGY OF CONTINUOUS-CHAIN ALKANES 

E D (C n H 2n+2 ), the total bond dissociation energy of C n H 2n+2 , is given as the sum of the energy components due to the two 

methyl groups, n — 2 methylene groups, and n — \ C-C bonds where each energy component is given by Eqs. (14.590), 
(14.625), and (14.641), respectively. Thus, the total bond dissociation energy of C n H 2n+2 is 

E n (C„H 2lt+2 ) = E n (C-C)„_ 1 +2E n ( n CH,) + (n-2)E n ( n CH ? ) 

=(«-l)(4.32754eF) + 2(l2.49186eK) + (w-2)(7.83016eF) 

The experimental total bond dissociation energy of C n H 2n+2 , E D ( C n H 2n+2 ) , is given by the negative difference between 
the enthalpy of its formation (AH,(C H H 2H+2 (gas))) and the sum of the enthalpy of the formation of the reactant gaseous 
carbons ( AH f (c(gas))) and hydrogen (AH f (H(gas))) atoms: 



E Dar {C n H 2n+2 ) = -{AH, {C n H 2n+2 (gas))-[nAH f (C (gas)) + (2n + 2) AH , (H(gas))]} 

(14.643) 
= - {AH, (C n H 2n+2 (gas) ) - [w 7. 42774 e V + (2n + 2 ) 2.2 59 3 5 3 eV~ 



where the heats of formation atomic carbon and hydrogen gas are given by [17-18] 

AH,(C(gas)) = 716.68 kJ I mole (l A211 A eV I atom) (14.644) 

AH, (H(gas)) = 217.998 kJ I mole (2.259353 eV I atom) (14.645) 

Using the corresponding experimental AH,(C H H 2n+2 (gas)) [18], E D (C H H 2n+2 ) was determined for propane, butane, 

pentane, hexane, heptane, octane, nonane, decane, undecane, dodecane, and octadecane in the corresponding sections, and the 
re sults of th e determination of the to tal energies are given i n T abl e 14 . 1 . Th e calculated re sults are based on fi rst principles and 
given in closed-form, exact equations containing fundamental constants only. The agreement between the experimental and 
calculated results is excellent. 

Using the results for C n H 2n+2 and the functional groups as basis sets that are linearly combined, the exact solution for the 
dimensional parameters, charge density functions, and energies of all molecules can be obtained. For example, one or more of 
the hydrogen atoms of the solution for C n H 2n+2 can be substituted with one or more of the previously solved functional groups or 
derivative functional groups to give a desired molecule. The solution is given by energy matching each group to C n H 2n+2 . 
Substitution of one or more H's of C n H 2n+2 with functional groups from the list of Cr7 3 , other C n H 2n+2 groups, H 2 C = CH 2 , 



HC = CH, F, CI, 


0, OH, NH 


, NH, 


, CN, 


NO, 


NO, 


, CO, 


co 2 , 


and CJi k 


give 


the solutions of branched alkanes, 


alkenes, and alkynes. 


, alkyl halides, 


ethers, 


alcohols, amides, 


amines. 


, nitriles, 


alkyl nitrosos 


, alkyl nitrates, 


aldehydes, 


ketones, 


carbolylic acids, esters, and substituted aromatics. 
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PROPANE (C 3 // 8 ) 

Using Eq. (14.642) with n = 3 , the total bond dissociation energy of C 3 // 8 is 

E D (C i H s ) = E D (C-C) 2+ 2E D ^ 2 CH i ) + E^J"CH 2 ) 

= (2)(4.32754eF) + (2)(12.49186eF) + (l)(7.83016eK) (14.646) 

= 41.46896 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C i H i , E D (C,// g ), given by the negative difference 
between the enthalpy of its formation (AH f [C i H^(gas) = -1.0758 eV)) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( A// / (C(gas)) ) and hydrogen ( AH f (// (gas)) ) atoms is 

E D JC,H s ) = -{AH J (C,H,(gas))-[lAH / (C{gas)) + SAH / (H{ga S ))]} 

= -{-1.0758 eV- [(3) 7.42774 eK + (8)2.259353 eV]} (14.647) 

= 41.434 eV 

The charge-density of the C,// s molecular orbital (MO) comprising a linear combination of two methyl groups and one 
methylene group is shown in Figure 14.18. 

Figure 14.18. C,H S MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl 
groups and one methylene group. (A) Color scale, translucent view of the charge-density of the C-C-bond and C-H -bond 
MOs and the C„ 2sp } HOs. Each C-C-bond MO comprises a H 2 -type ellipsoidal MO bridging two C„ 2sp* HOs. For 



each C-H and the C-C bond, the ellipsoidal surface of the //,-type ellipsoidal MO that transitions to the C „ e 2sp' HO, 
the C m 2sp* HO shell, inner most Cls shell, and the nuclei (red, not to scale), are shown. (B)-(C) Opaque view and 
translucent view high-lighting the C-C-bond MOs of the charge-density of the C,// s MO. 



M 
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BUTANE (C 4 // l0 ) 

Using Eq. (14.642) with n = 4 , the total bond dissociation energy of C 4 H W is 

E D (C t H w ) = E D (C-C) }+ 2E D ^ 2 CH i ) + 2E Dai J' 2 CH 2 ) 

= (3)(4.32754eK) + (2)(12.49186eF) + (2)(7.83016eF) (14.648) 

= 53.62666 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C 4 H I0 , E D (C 4 // 10 ), given by the negative difference 
between the enthalpy of its formation (A// / (C 4 // I0 (gfl^) = -1.3028 eV}) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( A// / (C\gas)) ) and hydrogen ( AH f (// (gr«)) ) atoms is 

E D JC 4 H ]0 ) = -{AH f (C A HM™))-[4W / {C(ga S )) + lOAH / (H{gas))]} 

= -{-1.3028 eV- [(4) 7.42774 eF + (10)2.259353 eV]} (14.649) 

= 53.61 eV 

The charge-density of the C 4 H l0 molecular orbital (MO) comprising a linear combination of two methyl and two methylene 
groups is shown in Figure 14.19. 

Figure 1 4.1 9. C 4 H t0 MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl 
and two methylene groups. (A) Color scale, translucent view of the charge-density of the C-C-bond and C-H -bond MOs 
and the C ham 2sp i HOs. Each C-C-bond MO comprises a // 2 -type ellipsoidal MO bridging two C tasme 2jjp 3 HOs. For each 
C-H and the C-C bond, the ellipsoidal surface of the //,-type ellipsoidal MO that transitions to the C bntMK 2s/? 3 HO, the 
Quiane^sp' HO shell, inner most C\s shell, and the nuclei (red, not to scale), are shown. (B)-(C) Opaque view and translucent 
view high-lighting the C-C-bond MOs of the charge-density of the C A H 10 MO. 
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PENTANE(C 5 // 12 ) 

Using Eq. (14.642) with n = 5 , the total bond dissociation energy of C 5 H n is 

£ fl (C^ 12 ) = £ fl (C-C) 4+ 2£ fi _( 12 C// 3 ) + 3£,_( l2 C// 2 ) 

= (4)(4.32754eF) + (2)(12.49186eK) + (3)(7.83016eF) (14.650) 

= 65.78436 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C 5 // |2 , E D (C s H n ), given by the negative difference 
between the enthalpy of its formation (AH f (C s H l2 (gas) =-1.5225 eV)) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( AH f (C(gas)) ) and hydrogen ( AH f (H (gas)) ) atoms is 

E Dnf (C 5 H n ) = -{AH, (C 5 // i2 (gas))-[5AH / (C(gas))+12AH, {H(gas))]) 

= -{-1.5225 eK-[(5)7.42774eF + (12)2.259353eF]} (14.651) 

= 65.77 eV 

The charge-density of the C s H n molecular orbital (MO) comprising a linear combination of two methyl and three methylene 
groups is shown in Figure 14.20. 

Figure 14.20. C 5 H n MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl 
and three methylene groups. (A) Color scale, translucent view of the charge-density of the C-C -bond and C-H -bond MOs 
and the C penlane 25p 3 HOs. Each C - C -bond MO comprises a H 2 -type ellipsoidal MO bridging two C vc<mae 2sp i HOs. For each 

C-H and the C-C bond, the ellipsoidal surface of the //,-type ellipsoidal MO that transitions to the C t3JX 2sp 3 HO, the 
C P i :na iK2sp J HO shell, inner most Cls shell, and the nuclei (red, not to scale), are shown. (B)-(C) Opaque view and translucent 
view high-lighting the C-C-bond MOs of the charge-density of the C 5 H n MO. 
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HEXANE(C 6 // 14 ) 

Using Eq. (14.642) with n = 6 , the total bond dissociation energy of C 6 H i4 is 

E D (C 6 H U ) = E D (C-C\ + 2E D ^CH } ) + 4E D ^CH 2 ) 

= (5)(4.32754eF) + (2)(12.49186«?F) + (4)(7.83016er) (14.652) 

= 77.94206 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C ( H I4 , E D (C 6 // 14 ) , given by the negative difference 
between the enthalpy of its formation (AH f (C 6 H i4 (gas) = -1.7298 eV^) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( AH f (C(gas)) ) and hydrogen ( AH f (// (gas)) ) atoms is 

E D ^ (C 6 // l4 ) =-{a//,. (^(gajfl-fdAff, (C{gas)) + ]4AH / {H(gas))]} 

= -{-1.7298 eF-[(6)7.42774<?F + (14)2.259353 eF]} (14.653) 

= 77.93 eV 

The charge-density of the C 6 H U molecular orbital (MO) comprising a linear combination of two methyl and four methylene 
groups is shown in Figure 14.21. 

Figure 14.21. C (l // H MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl 
and four methylene groups. (A) Opaque view of the charge-density of the C-C -bond and C-H -bond MOs. Each C-C- 
bond MO comprises a // 2 -type ellipsoidal MO bridging two C hexane 2sp 3 HOs. (B) Translucent view high-lighting the C-C- 
bond MOs of the charge-density of the C 6 H H MO. For each C-H and the C-C bond, the ellipsoidal surface of the // 2 -type 
ellipsoidal MO that transitions to the C hexa]K 2s/r HO, the C heSMle 2sp* HO shell, inner most C\s shell, and the nuclei (red, not to 
scale), are shown. 
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HEPTANE (C 7 // 16 ) 

Using Eq. (14.642) with n = 7 , the total bond dissociation energy of C 7 // 16 is 

E D (C 1 H ls )=E D (C-C) s+ 2E D ^CH i ) + 5E D ^CH z ) 

= (6)(4.32754 eF) + (2)(12.49186 eF) + (5)(7.83016 eV) (14.654) 

= 90.09976 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C 7 // 16 , E D (C 7 // 16 ), given by the negative difference 
between the enthalpy of its formation (A// / (C 7 // I6 (gas') = -1.9443 eV)) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( A//, (C(gas)) ) and hydrogen ( AH f (// (gas)) ) atoms is 

^(C^ 16 ) = -{AW,(C 7 // ]fi (^))^[7A// / (r(gfl.))+16Ay/ / (ff(ga S ))]} 

= -{-1.9443 <?K-[(7)7.42774eK + (16)2.259353eF]} (14.655) 

= 90.09 eV 
The charge-density of the C 7 H U MO comprising a linear combination of two methyl and five methylene groups is shown in 
Figure 14.22. 

Figure 14.22. C 7 H l6 MO comprising a linear combination of C-H-bond MOs and C-C-bond MOs of the two methyl 
and five methylene groups. (A) Opaque view of the charge-density of the C-C-bond and C-H-bond MOs. Each C-C- 
bond MO comprises a // 2 -type ellipsoidal MO bridging two C heptane 25/;' HOs. (B) Translucent view high-lighting the C-C- 
bond MOs of the charge-density of the C 7 // l6 MO. For each C—H and the C-C bond, the ellipsoidal surface of the //,-type 
ellipsoidal MO that transitions to the C\ xmi 2sp' HO, the C h etmm '2sp HO shell, inner most Cls shell, and the nuclei (red, not 
to scale), are shown. 
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OCTANE (C 8 // 8 ) 

Using Eq. (14.642) with n = 8, the total bond dissociation energy of C s // lg is 

= (7)(4.32754eF) + (2)(12.49186e^) + (6)(7.83016eF) (14.656) 

= 102.25746 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C 8 // 18 , E D (C 8 // 18 ), given by the negative difference 
between the enthalpy of its formation (A// / (C s // ls (gas') = -2.1609 eV)) [18] and the sum of the enthalpy of the fonnation of 
the gaseous carbons ( A//, (C(gas)) ) and hydrogen ( AH f (// (gas)) ) atoms is 

E Dmp (Q//, 8 ) = -{AH f (C s // I8 (gas))-[sW f (C(gas)) + l&AH f (H {gas))]} 

= -{-2.1609 eV -[(8)7.42774 eV +(18)2.259353 eV]} (14.657) 

= 102.25 eV 

The charge-density of the C s // ls MO comprising a linear combination of two methyl and six methylene groups is shown in 
Figure 14.23. 

Figure 14.23. C 8 // 18 MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl and 
six methylene groups. (A) Opaque view of the charge-density of the C-C -bond and C-H -bond MOs. Each C-C -bond MO 
comprises a //,-type ellipsoidal MO bridging two C oetane 2^p 3 HOs. (B) Translucent view high-lighting the C-C-bond MOs of 
the charge-density of the C s H n MO. For each C-H and the C-C bond, the ellipsoidal surface of the //,-type ellipsoidal 
MO that transitions to the C oc ^ alle 2.s/r , HO, the C xms 2$p 3 HO shell, inner most C\s shell, and the nuclei (red, not to scale), are 
shown. 
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NONANE(C 9 // 20 ) 

Using Eq. (14.642) with n = 9 , the total bond dissociation energy of C,// 20 is 
E fl (Q// 20 ) = £ fl (C-C) 8+ 2^J' 2 C// 3 ) + 7£ Ai/to (' 2 C// 2 ) 

= (8)(4.32754eF) + (2)(12.49186eF) + (7)(7.83016eF) 

= 114.41516 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C () H 20 , E D (C 9 // 20 ), given by the negative difference 
between the enthalpy of its formation (AH f (C 9 H 2fl (gas) = -2.3651 eV)) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( A// / (C(gas)) ) and hydrogen ( AH f (// {gas)) ) atoms is 

£ Drap (Qtf 20 ) =-{AH> {C 9 H 1u (gas)) - [9AH f {C(gas)) + 20AH f (H(gas))]} 

= -{-2.3651 eK-[(9)7.42774eF + (20)2.259353eF]} (14.659) 

= 1 14.40 eV 

The charge-density of the C 9 H 20 MO comprising a linear combination of two methyl and seven methylene groups is shown in 
Figure 14.24. 

Figure 14.24. C,// 20 MO comprising a linear combination of C-H-bond MOs and C-C-bond MOs of the two methyl 
and seven methylene groups. (A) Opaque view of the charge-density of the C-C-bond and C-H-bond MOs. Each C-C- 
bond MO comprises a H 2 -type ellipsoidal MO bridging two C mBsmc 2sp i HOs. (B) Translucent view high-lighting the C-C- 
bond MOs of the charge-density of the C g // 20 MO. For each C-H and the C-C bond, the ellipsoidal surface of the // 2 -type 
ellipsoidal MO that transitions to the C nonaile 2sp ' HO, the C mmm 2sp 3 HO shell, inner most C\s shell, and the nuclei (red, not to 
scale), are shown. 
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DECANE(C // 22 ) 

Using Eq. (14.642) with n = 10 , the total bond dissociation energy of C W H 22 is 

MCA) = E D {C-C) 9+ 2E D ^CH 3 ) + ZE D ^{ n C H >) 

= (9)(4.32754 eK) + (2)(12.49186 eF) + (8)(7.83016 eV) (14.660) 

= 126.57286 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C HI H 22 , E D (C I0 H 22 ), given by the negative difference 
between the enthalpy of its formation ( AH f (C I0 H 22 (gas) = -2.5858 eV) ) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons (A// / (C(g«,s))) and hydrogen (AH f (H(gas))) atoms is 

£ D „ P (C W H 22 ) =-{AH, (C i0 //„ (gas))-[\0AH f (C (gas)) + 22 AH f (H{gas))]} 

= -{-2.5858 eF -[(10) 7.42774 eF + (22) 2.259353 eF]} (14.661) 

= 126.57 eV 
The charge-density of the C m H 22 molecular orbital (MO) comprising a linear combination of two methyl and eight methylene 
groups is shown in Figure 14.25. 

Figure 14.25. C ln H 22 MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl 
and eight methylene groups. (A) Opaque view of the charge-density of the C-C-bond and C-H -bond MOs. Each C-C- 
bond MO comprises a //,-type ellipsoidal MO bridging two C dectmc 2sp J HOs. (B) Translucent view high-lighting the C-C- 
bond MOs of the charge-density of the C l0 H 22 MO. For each C-H and the C-C bond, the ellipsoidal surface of the //,-type 
ellipsoidal MO that transitions to the C decaiK 2s/r HO, the C decane 2.s/r HO shell, inner most Cl.v shell, and the nuclei (red, not to 
scale), are shown. 
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UNDECANE(C n // 24 ) 

Using Eq. (14.642) with n = 1 1 , the total bond dissociation energy of C U H 24 is 

E D (C U H 24 ) =E D (C-C\ + 2E D _ (»CH } ) + 9E D _ (»CH 2 ) 

= (10)(4.32754er) + (2)(12.49186eF) + (9)(7.83016eF) (14.662) 

= 138.73056 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C U H 24 , E D (C u // 24 ) , given by the negative difference 
between the enthalpy of its formation (AH f (C u H 24 (gas) = -2.8066 eV)) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( AH f (C(gas)) ) and hydrogen ( AH f (H (gas)) ) atoms is 

£D exp (C 11 ^4) = -{AW / (C l] // 24 (gfl 5 ))-[llAW / (C(gfl 5 )) + 24Ai/ / (//(ga 5 ))]} 

= -{-2.8066eF-[(ll)7.42774eF + (24)2.259353eK]} (14.663) 

= 138.736 eV 

The charge-density of the C n H 24 MO comprising a linear combination of two methyl and nine methylene groups is shown in 
Figure 14.26. 

Figure 14.26. C U H 24 MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl 
and nine methylene groups. (A) Opaque view of the charge-density of the C-C-bond and C-H -bond MOs. Each C-C- 
bond MO comprises a //,-type ellipsoidal MO bridging two C undecane 25p 3 HOs. (B) Translucent view high-lighting the C-C- 
bond MOs of the charge-density of the C U H 24 MO. For each C-H and the C-C bond, the ellipsoidal surface of the //,-type 
ellipsoidal MO that transitions to the C undecane 2.s/r HO, the C undeciule 25/j ;l HO shell, inner most Cls shell, and the nuclei (red, 
not to scale), are shown. 
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DODECANE(C ; // ) 

Using Eq. (14.642) with n = 12 , the total bond dissociation energy of C I2 H 26 is 

^(C l2 // 26 ) = ^(C-C) 11+ 2£^J' 2 C// 3 ) + 10^ w (' 2 C// 2 ) 

= (H)(4.32754eF) + (2)(12.49186eK) + (l0)(7.83016eF) (14.664) 

= 150.88826 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C, 2 // 26 , E D (C 12 // 26 ), given by the negative difference 
between the enthalpy of its formation {AH f (C v2 H m (gas) = -2.9994 eV}) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( A// / (C(gas)) ) and hydrogen ( AH r (H(gas)) ) atoms is 

^ esp (C 12 // 26 ) = -{A^ / (C 12 // 26 (gav))-[l2Ai/ / (C(ga.s-)) + 26A^ / (//(g«.v))]j 

= -(-2.9994 eK-[(12)7.42774eF+(26)2.259353eK]} (14.665) 

= 1 50.88 eV 

The charge-density of the C I2 H 26 MO comprising a linear combination of two methyl and ten methylene groups is shown in 
Figure 14.27. 

Figure 14.27. C I7 H 16 MO comprising a linear combination of C - H -bond MOs and C-C-bond MOs of the two methyl 
and ten methylene groups. (A) Opaque view of the charge-density of the C-C -bond and C-H -bond MOs. Each C-C -bond 
MO comprises a //,-type ellipsoidal MO bridging two C dodecane 2.s/r HOs. (B) Translucent view high-lighting the C-C-bond 
MOs of the charge-density of the C I2 H 26 MO. For each C-H and the C-C bond, the ellipsoidal surface of the //,-type 
ellipsoidal MO that transitions to the C iaiaemtf 2sp 3 HO, the C dodecaiK 2s/;' HO shell, inner most C\s shell, and the nuclei (red, 
not to scale), are shown. 
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OCTADECANE (C 18 // 38 ) 

Using Eq. (14.642) with n = 18, the total bond dissociation energy of C K H ti is 

E fl (C ls // 3 J = ^(C-C) 17+ 2£^J l2 C// 3 ) + 16^ fac ( 12 C// 2 ) 

= (17)(4.32754eF) + (2)(12.49186e^) + (16)(7.83016eK) (14.666) 

= 223.83446 eV 
Using Eq. (14.643), the experimental total bond dissociation energy of C lg H n , E D (C 18 //, 8 ) , given by the negative difference 
between the enthalpy of its formation (AH f (C l& H }H (gas) = -4.2970 eV)) [18] and the sum of the enthalpy of the formation of 
the gaseous carbons ( A// / (C(gas)) ) and hydrogen ( AH f (// (gas)) ) atoms is 

£ Dexp (C 18 ff 38 ) = ~{AH f (C K H n {gas))-[WAH f (C(ga S )) + 38AH f {H(gas))]) 

= -{-4.2970 eV -[(18)7.42774 eV + (38)2.259353 eV]} (14.667) 

= 223.85 eV 
The charge-density of the C W H K molecular orbital (MO) comprising a linear combination of two methyl and sixteen methylene 
groups is shown in Figure 14.28. 

Figure 14.28. C l8 //, 8 MO comprising a linear combination of C-H -bond MOs and C-C-bond MOs of the two methyl 
and sixteen methylene groups. (A) Opaque view of the charge-density of the C-C-bond and C -H -bond MOs. Each C-C- 
bond MO comprises a //,-type ellipsoidal MO bridging two C octadecane 2.sp 3 HOs. (B) Translucent view high-lighting the C-C- 
bond MOs of the charge-density of the C 18 //, 8 MO. For each C-H and the C-C bond, the ellipsoidal surface of the //,-type 
ellipsoidal MO that transitions to the C oeMeeme 2sp } HO, the C octadecane 2s/j 3 HO shell, inner most C\s shell, and the nuclei (red, 
not to scale), are shown. 
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Table 14.1. The calculated and experimental bond parameters of C0 2 , N0 2 , CH 2 CH 3 , CH 2 CH 2 , CHCH , benzene, 
propane, butane, pentane, hexane, heptane, octane, nonane, decane, undecane, dodecane, and octadecane. 



Parameter 



Calculated 



Experimental 



Ref. for Exp. 



C0 2 Bond Energy 
C0 2 Bond Length 



5.49553 eV 
1.1616 A 



5.51577 eV 
1.1600 A 



N0 2 Bond Energy 
N0 2 Bond Length 
N0 2 Bond Angle 
HtC — CH^ Bond Energy 
H Z C — CH 2 Bond Length 



3.1532 eV 
1.1 872 A 
131.012° 
3.90245 eV 
1.53635 A 



3.161 eV 

1.193 A 

134.1° 

3.8969 eV 

1.5351 A 



H-CH 2 CH^ Bond Length 
Ethane H-C-H Bond Angle 
Ethane C — C — H Bond Angle 



1.10822 A 
107.44° 
111.44° 



1.0940^ 
107.4° 
111.17° 



H 7 C — CH 2 Bond Energy 



7.55681 eV 



7.597 eV 



H 2 C — CH 2 Bond Length 
H-CHCH 2 Bond Length 
Ethylene H-C-H Bond Angle 



1.3405 A 
1.0826 A 
11631° 



1.339 A 
1.087 A 
116 6° 



3 
3 
11 



Ethylene C = C — H Bond Angle 



121.85° 



121.7° 



11 



HC = CH Bond Energy 10.07212 eV 10.0014 eV 
HC = CH Bond Length 1.2007 A 1.203 A 
H-CCH Bond Length 1.0538 A 1.060 A 
Acetylene C = C-H Bond Angle tS0° r80° 



C 6 H 6 Total Bond Energy 

Benzene C = C Bond Length 
H-C 6 H 5 Bond Length 

C 6 II 6 C — C -C Bond Angle 



57.2601 eV 

1.3914A 

1.0933 A 

r2G° 



57.26 eV 

1.399 A 

1.101 A 

— r2G° — 



17-18 

3 

3 
13-15 



C 6 H 6 C = C-H Bond Angle 

C 3 H S Total Bond Energy 

Propane C — C Bond Length 
Propane C — H Bond Length 



rzo° 

41.46896 eV 
1.5428 A 
— 1.1097A 
109.50° 



120° 

41.434 eV 

1.532 A 

1.107 A 

— m3^ — 



13-15 

17-18 

3 

— 3^ 

19 



Alkanc H — G — H Bond Angle 
Alkane C — C — H Bond Angle 
C 4 // 10 Total Bond Energy 
Butane C — C Bond Length 



109.44° 

53.62666 eV 

1.5428 A 



109.3° 
53.61 eV 
1.531 A 



19 

17-18 

3 



Butane C — H Bond Length 
C 5 H 12 Total Bond Energy 

C 6 H U Total Bond Energy 

C 7 // 16 Total Bond Energy 



1.11713 A 
65.78436 eV 
77.94206 eV 
90.09976 eV 



1.117A 

65.77 eV 
77.93 eV 
90.09 eV 



3 
17-18 
17-18 
17-18 



C s H l s To tal Bond Energy 



102.25746 eV 



102.25 eV 



17-1 8 



C 9 H 20 Total Bond Energy 
C m H 22 Total Bond Energy 
C n H M Total Bond Energy 



114.41516 eV 
126.57286 eV 
138.73056 eV 



114.40 eV 
126.57 eV 
138. 7 36 eV 



17-18 
17-18 
1 7 -18 



C l2 H 26 Total Bond Energy 
C 18 // 38 Total Bond Energy 



150.88826 eV 
223.83446 eV 



150.88 eV 
223.85 eV 



17-18 
17-18 
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ORGANIC MOLECULAR FUNCTIONAL GROUPS 

Al 



DERIVATION OF THE GENERAL GEOMETRICAL AND ENERGY EQUATIONS OF 
ORGANIC CHEMISTRY 

Organic molecules comprising an arbitrary number of atoms can be solved using similar principles and procedures as those used 
to solve alkanes of arbitrary length. Alkanes can be considered to be comprised of the functional groups of CH 3 , CH 2 , and 

C — C. These groups with the corresponding geometrical parameters and energies can be added as a linear sum to give the 
solution of any straight chain alkane as shown in the Continuous-Chain Alkanes section. Similarly, the geometrical parameters 
and energies of all functional groups such as alkanes, branched alkanes, alkenes, branched alkenes, alkynes, alkyl fluorides, 
alkyl chlorides, alkyl bromides, alky! iodides, alkene halides. primary alcohols, secondary alcohols, tertiary alcohols, ethers, 
primary amines, secondary amines, tertiary amines, aldehydes, ketones, carboxylic acids, carboxylic esters, amides, N-alkyl 
amides, N,N-dialkyl amides, urea, acid halides, acid anhydrides, nitriles, thiols, sulfides, disulfides, sulfoxides, sulfones, sulfites, 
sulfates, nitro alkanes, nitrites, nitrates, conjugated polyenes, aromatics, heterocyclic aromatics, substituted aromatics, and others 
can be solved. The functional-group solutions can be made into a linear superposition and sum, respectively, to give the solution 
of any organic molecule . The solutions of the functional groups can be conveniently obtained by using generalized forms of the 
geometrical and energy equations. The total bond energies of exemplary organic molecules calculated using the functional 
group composition and the corresponding energies derived in the following sections compared to the experimental values are 
given in Tables 15.410.1-15.410.43. 

Consider the case wherein at least two atomic orbital hybridize as a linear combination of electrons at the same energy in 
order to achieve a bond at an energy minimum, and the sharing of electrons between two or more such orbitals to form a MO 
permits the participating hybridized orbitals to decrease in energy throug h a decrease in the radius of one or more of the 
participating orbitals. The force-generalized constant A:' of a // 2 -type ellipsoidal MO due to the equivalent of two point charges 
of at the foci is given by: 
CC 2e 2 

k'= ' 2 (tfrnr 

Ane^ 

where C x is the fraction of the H 2 -type ellipsoidal MO basis function of a chemical bond of the molecule or molecular ion 
which is 0.75 (Eq. (13.59)) in the case of H bonding to a central atom and 0.5 (Eq. (14.152)) otherwise, and C 2 is the factor that 
results in an equipotential energy match of the participating at least two molecular or atomic orbitals of the chemical bond. 
From Eqs. (13.58-13.63), the distance from the origin of the MO to each focus cl is given by: 

c , = g I h 2 4x £o ~_ = fjzT 
The internuclear distance is 



-aa?. 



2c' = 2/-^2- (15.3) 

4 |2QC 2 

The length of the semiminor axis of the prolate spheroidal MO b = c is given by 

b = y}a 1 -c' 2 (T5^T 
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And, the eccentricity, e , is 



TT53T 



From Eqs. (11.207-11.212), the potential energy of the two electrons in the central field of the nuclei at the foci is 



K = n A c 2 



-2e 2 . a + yja 2 -b 2 



In 



87rc n \Ja 2 b 1 a — \ja 2 b 



(15.6) 



The potential energy of the two nuclei is 



v P =>h — n 



(15.7) 



The kine t ic energy of t he elec t rons is 



"ft 2 " 



a + Va ? ■ 



.In 



2m e a\a 2 -b 2 a-yla 2 -b 2 
And, the energy, V m , of the magnetic force between the electrons is 



(15.8) 



yja 



-^7 



rfn- 



a + y/a 



-nwy 



4m e ayja 2 -b 2 a-\Ja 2 -b 2 
The total energy of the H 2 -type prolate spheroidal MO, E T {h 2 mo) , is given by the sum of the energy terms: 



E (h \fo\-V +T + V +V 












(15 10) 






- 


















ip i \ n i e 


( „ a n ), a + V« - b 
I a) a -J a 2 -b 2 


-1 


n x e 


( _ a n \, a + c' 
Ci c 2 2—1 In 

^ ay a-c 


-1 


(15.11) 


&7re sja 2 -b 2 


8n£ c' 



where n t is the number of equivalent bonds of the MO and applies in the case of functional groups. In the case of independent 
MPs not in contact with the bonding atoms, the terms based on charge are multiplied by c B0 , the bond-order factor. It is 1 for a 
single bond, 4 for an independent double bond as in the case of the C0 2 and N0 2 molecules, and 9 for an independent triplet 
bond. Then, the kinetic energy term is multiplied by c \ which is 1 for a single bond, 2 for a double bond, and 9/2 for a triple 
bond, c, is th e fraction of th e // 2 - typ c e llipsoidal MO basis function of an MO which is 0.75 (Eqs. (13.67 - 13.73)) in th e cas e of 
H bonding to an nrrhybrrdrzed central atom and 1 otherwise, and c 2 is the factor that results in an equipotenlial energy match of 
the participating MO and at least two atomic orbitals of the chemical bond. Specifically, to meet the equipotential condition and 
energy matching conditions for the union of the H 2 -type-ellipsoidal-MO and the HOs or AOs of the bonding atoms, the factor 
c 2 of a 7/ 2 -type ellipsoidal MO may given by (i) one, (ii) the ratio of the Coulombic or valence energy of the AO or HO of at 
least one atom of the bond and 13.605804 eV , the Coulombic energy between the electron and proton of H , (iii) the ratio of the 
valence energy of the AO or HO of one atom and the Coulombic energy of another, (iv) the ratio of the valence energies of the 
AOs or HOs of two atoms, (v) the ratio of two c 2 factors corresponding to any of cases (ii)-(iv), and (vi) the product of two 

different c 2 factors corresponding to any of the cases (i) - (v). Specific examples of the factor c 2 of a H 2 - type ellipsoidal MO 
giv e n in pr e vious s e ctions ar c 

0.936127, the ratio of the ionization energy of N 14.53414 eV and 13.605804 eV , the Coulombic energy between the 

electron and proton of H; 



0.91771 , the ratio of 14.82575 eV , -E Co . j!omb (c,2sp 3 ), and 13.605804 eV ; 



0.87495, the ratio of 15.55033 eV , -E Coulomb (C ethane ,2sp 3 ) , and 13.605804 eV ; 



0.85252 , the ratio of 15.95955 eV 
0.85252 . the ratio of 15.95955 eV . -E. 



E Caulomb {C elhy!em ,2sp } ), and 13.605804 eV ; 



; (a ; ,^.2sp 3 ). and 13.605804 eV . and 



0.86359 , the ratio of 15.55033 eV , -E CouIomb (C alkam ,2sp 3 ) , and 13.605804 eV . 



In the generalization of the hybridization of at least two atomic-orbital shells to form a shell of hybrid orbitals, the 
hybridized shell comprises a linear combination of the electrons of the atomic-orbital shells. The radius of the hybridized shell 
calculated from the total Coulombic energy equation by considering that the central field decreases by an integer for each 



as 



successive electron of the shell and that the total energy of the shell is equal to the total Coulombic energy of the initial AO 

electrons. The total energy E T (atom,msp 3 ) (m is the integer of the valence shell) of the AO electrons and the hybridized shell 

is given by the sum of energies of successive ions of the atom over the n electrons comprising total electrons of the at least one 
AO shell. 
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E T (atom, msp 3 ) = -^ IP m (15.12) 

where IP m is Llie m Lh ionization energy (positive) of the atom. The radius r — , of the hybridized shell is given by: 

r, - I - ( f- g)g2 3, ? 05.B) 
q =z-nS7T£ E T (atom, msp ) 



msp 



Then, the Coulombic energy E Couhmb (atom, msp 3 ) of the outer electron of the atom msp 3 shell is given by 

2 

E Coulomb { at0m > mS P 3 ) = 7—^ (15.14) 

v msp 

In the case that during hybridization at least one of the spin-paired AO electrons is unpaired in the hybridized orbital (HO), the 



energy change lor the 


promotion 


to the unpaired 


state 


is 


the 


magnetic 


energy 


E(magnetic) 


at the initial radius 


r of the AO 


electron: 






















E(magnetic) - 


2ftjU e 2 n 2 

2—3 


3 
















(15.15) 



m e r r 

Then, the energy e( atom, msp 3 ) of the outer electron of the atom msp i shell is given by the sum of E Coulomb (atom,msp 3 ) and 
E(magnetic) : 

E(atom,msp')= = + ^5H^_ (15.16) 
' 8ns n r , m r r 

Consider next that the at least two atomic orbitals hybridize as a linear combination of electrons at the same energy in 
order to achieve a bond at an energy minimum with another atomic orbital or hybridized orbital. As a further generalization of 
the basis of the stability of the MO, the sharing of electrons between two or more such hybridized orbitals to form a MO permits 
the participating hybridized orbitals to decrease in energy through a decrease in the radius of one or more of the participating 

orbitals. In this case, the total energy of the hybridized orbitals is given by the sum of E (atom, msp ) and the next energies of 

successive ions of the atom over the n electrons comprising the total electrons of the at least two initial AO shells. Here, 

Eyatom,msp 3 ) is the sum of the first ionization energy of the atom and the hybridization energy. An example of 

E(atom,msp 3 ) for E(c,2sp 3 ) is given in Eq. (1 4 .503) where the sum of the negative of the first ionization energy of C, 

-11.27671 eV, plus the hybridization energy to form the C2sp 3 shell given by Eq. (14.146) is E(c,2sp 3 ) = -14.63489 eV . 

Thus, the sharing of electrons between two atom msp 3 HOs to form an atom-atom-bond MO permits each participating 
hybridized orbital to decrease in radius and energy. In order to further satisfy the potential, kinetic, and orbital energy 
relationships, each atom msp 3 HO donates an excess of 25% per bond of its electron density to the atom-atom-bond MO to form 
an energy minimum wherein the atom-atom bond comprises one of a single, double, or triple bond. In each case, the radius of 
the hybridized shell is calculated from the Coulombic energy equation by considering that the central field decreases by an 
integ e r for each successiv e el e ctron of the sh e ll and the total en e rgy of th e shell is equal to the total Coulombic energy of the 

initial AO electrons plus the hybridization ene r gy. The total energy E T (mol. atom, msp 3 ) (m is the intege r of the valence shell) 

of the HO electrons is given by the sum of energies of successive ions of the atom over the n electrons comprising total 
electrons of the at least one initial AO shell and the hybridization energy: 

n 

E T [mol atom, msp 3 \ = El atom, msp 3 )-'^ J IP m (15.17) 

m=2 

where IP m is the m th ionization energy (positive) of the atom and the sum of -IP l plus the hybridization energy is 
E\atom,msp 3 ) . Thus, the radius r 3 of the hybridized shell due to its donation of a total charge -Qe to the corresponding 
MO is given by: 

£ (Z-q)-Q -= £ (Z-q)-s(0.25) -. tt (15.18) 

Kq= z-n J87T£ E T tmol.atom,msp I \ q =z- n )%7T£ a E T (mol.atom,msp J 

where -e is the fundamental electron charge and 5 = 1.2.3 for a single, double, and triple bond, respectively. The Coulombic 

energy E Coulomb [mol. atom, msp 3 ) of the outer electron of the atom msp 3 shell is given by: 

_ 2 

^coulomb (mol.atom,msp 3 ) = (15.19) 

v msp 



r 3 

msp 
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In the case that during hybridization at least one of the spin-paired AO electrons is unpaired in the hybridized orbital (HO), the 
energy change for the promotion to the unpaired state is the magnetic energy Ejmagnetki) at the initial radius r of the AO 

electron given by Eq. (15.15). Then, the energy Eymol.atom, msp 3 J of the outer electron of the atom msp 3 shell is given by the 

sum of E Coulomb (mol. atom, msp 3 \ and E(magnetic) : 

„/ , 3 \ -e 2 2ftu n e 2 ti 2 „,„,« 

E I mot atom, msp ) - I ' (15.20) 

v ' %7t£ n r 3 m p r 

u rns'p £ 

E T (atom - atom, msp 1 ) , the energy change of each atom msp 3 shell with the formation of the atom-atom-bond MO is given by 
the difference between E (mol.atom,msp 3 ) and E (atom, msp 3 ) : 

E T (atom - atom, msp 3 J = EymoLatom, msp 3 J - Eyatom, msp 3 j (15.21) 

As examples from prior sections, E CouIomb (mol.atom,msp 3 ) is one of: 

-^ Coulomb \y ethylene i ^ S P j? ^Coulomb \^ ethane ' ^ S P J' ^Coulomb \~ acetylene ->^ S P j ? an Q ^ Coulomb \^ alkane ' ^ S P )' 

E coulomb (atom,msp 3 ) is one of E Cou!omb (C,2sp 3 ) and E CouIomb (Cl,3sp 3 ); 

E(mol.atom,msp 3 ) is one of E(C ahylme ,2sp 3 ), E[C etham ,2sp 3 ), e[c ' acetylem ,2sp 3 ) and E(C alkam ,2sp 3 ); 

E(atom,msp 3 ) is one of E(c,2sp 3 ) and e( CI, 3sp 3 ); 
E T (atom-atom,msp 3 \ is one of E(C-C,2sp 3 \, E(C = C,2sp 3 ), and E(C = C.2sp 3 \\ 

atom msp 3 is one of C2sp 3 , and Cl3sp 3 

E T (atom-atom(s 1 ),msp 3 ) is E T (C-C,2sp 3 ) and E T (atom-atom(s 2 ),msp 3 ) is E T (C = C,2sp 3 ), and 

r , is one of r ,, r , , r , , r , , r , , and r , . 

msp C2sp ethane2sp ethylenelsp acetylenelsp itlkane2sp C13sp 

In the case of the C2sp 3 HO, the initial parameters (Eqs. (14.142-14.146)) are 

3 = V JZ^Dl ™l - = 0.9177H (15.22) 

^ — ^8,TC u (el48.25751 eV) 8^ (el48.25751 eV) 

^ coulomb {C, 2sp 3 ) = -^— = -—^—— = -14.825757F (15.23) 

v ' &x£(,r 2s 3 8?F£ 0.91771a 

E(ma 8 netic)- 2 ^° e2fl * - - 8 ^ ^ ^ - 0.19086 eV (15.2 4 ) 



m 2 JrJ (0.843 17a„) 



E(C,2sp 3 )= + 2nfi<>e \ = -14.82575 eV + 0.19086 eV = -14.63489 eV (15.25) 

In Eq. (15.18), 

X(Z-q) = l0 (15.26) 

q-Z-n 

Eqs. (14.147) and (15.17) give 
E T (mol. atom, msp 3 \-E T (C aham ,2sp 3 J - -1 5 1 .61 569 eF (15.27) 



Using Eqs. (15.18-15.28), the final values of r C2sp3 , E Coulomb {C2sp 3 ), and E(C2sp 3 ), and the resulting E T C- C,C2sp 3 of 

BO 

the MO due to charge donation from the HO to the MO where C - C refers to the bond order of the carbon-carbon bond for 
different values of the parameter s are given in Table 15.1. 
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Table 15.1. 



The final values of r„, 3 ,E„ , ,i 

C2sp ' ' Coulomb 



(C2sp 3 ), and E(C2sp 3 ) and the resulting E^C m C,C2sp 3 ) of the MO due to 



~^a 



charge donation from the HU to the MU where C C refers to the bond order of the carbon-carbon bond. 



MO 
Bond 
Order 

4sm- 



C2sp- 

Final 



(«o) 



,(C2sp 3 ) 



(eV) 
Final 



E(C2sp 3 ) 

(eV) ' 
Final 



E T \ C-C,C2sp : 
(eV) 



I 



0.87495 



-15.55033 



-15.35946 



-0.72457 



II 



0.85252 



-15.95955 



-15.76868 



-1.13379 



III 



0.83008 



-16.39089 



-16.20002 



-1.56513 



IV 







0.80765 



-16.84619 



-16.65532 



-2.02043 



In another generalized case of the basis of forming a minimum-energy bond with the constraint that it must meet the 
energy matching condition for all MOs at all HOs or AOs, the energy E[mol. atom, msp 3 ) of the outer electron of the 

atom msp 3 shell of each bonding atom must be the average of E(mol. atom, msp 3 ) for two different values of s : 



E(mol.atom,msp 3 ) = 



E ( mol.atom (^ ) , msp 3 ) + Eymol.atom [s 2 ) , msp 3 ) 



(15.28) 



In this case, E T (atom -atom, msp 3 ), the energy change of each atom msp 3 shell with the formation of each atom-atom-bond 
MO, is average for two different values of s : 

E T [atom - atom (^ ) , msp 3 \ + E T [atom - atom (s 2 ),msp 3 ) 



E T [atom - atom, msp 3 J - ■ 



(15.29) 



Consider an aromatic molecule such as benzene given in the Benzene Molecule section. Each C = C double bond 
comprises a linear combination of a factor of 0.75 of four paired electrons (three electrons) from two sets of two Clsp 3 HOs of 
the participating carbon atoms. Each C-H bond of CH having two spin-paired electrons, one from an initially unpaired 
electron of the carbon atom and the other from the hydrogen atom, comprises the linear combination of 75% 7/ 2 -type ellipsoidal 

MO and 25% C2sp 3 HO as given by Eq. (13.439). However, E T ( atom -atom, msp 3 ) of the C-H -bond MO is given by 
0.5E T (c = C,2sp 3 ) (Eq . (14 . 247)) corresponding to one half of a double bond that matches the condition for a single-bond 

order for C — H that is lowered in energy du e to the aromatic character of the bond. 

A further general possibility is that a minimum-energy bond is achieved with satisfaction of the potential, kinetic, and 
orbital energy relationships by the formation of an MO comprising an allowed multiple of a linear combination of H 2 -type 
ellipsoidal MOs and corresponding HOs or AOs that contribute a corresponding allowed multiple (e.g. 0.5, 0.75, 1) of the bond 
order given in Table 15.1. For example, the alkane MO given in the Continuous-Chain Alkanes section comprises a linear 
combination of factors of 0.5 of a single bond and 0.5 of a double bond. 

Consider a first MO and its HOs comprising a linear combination of bond orders and a second MO that shares a HO with 
the first. In addition to the mutual HO, the second MO comprises another AO or HO having a single bond order or a mixed 
bond order. Then, in order for the two MOs to be energy matched, the bond order of the second MO and its HOs or its HO and 
AO is a linear combination of the terms corresponding to the bond order of the mutual HO and the bond order of the independent 

HO or AO. Then, in general, E T ( atom -atom, msp 3 ), the energy change of each atom msp 3 shell with the formation of each 

atom-atom-bond MO, is a weighted linear sum for different values of s that matches the energy of the bonded MOs, HOs, and 
AOs: 



E T [ atom - atom, msp 3 ) = ^ c Sn E T [atom - atom (s n ), msp 3 ) 



(15.30) 



where c s is the multiple of the BO of s n . The radius r 3 of the atom msp shell of each bonding atom is given by the 
Coulombic energy using the initial energy E Coulomb [atom,msp 3 } and E T (atom-atom,msp 3 }, the energy change of each 



atom msp shell with the formation of each atom-atom-bond MO: 

„2 



I Ecou!or . b { atom - ms P 3 ) + E T (atom - atom, msp 3 )) 



&x£ a 1 E CouImb 



(15.31) 



where E Coulomb (C2sp 3 ) = -14.82575 1 eV . — The Coulombic energy E CmIomb [mol. atom, msp) of the outer electron of the 

atom msp 3 shell is given by Eq. (15.19). In the case that during hybridization, at least one of the spin-paired AO electrons is 
unpaired in the hybridized orbital (HO), the energy change for the promotion to the unpaired state is the magnetic energy 
E(magnetic) (Eq. (15.15)) at the initial radius r of the AO electron. Then, the energy E[molMom,msp'\ of the outer electron 
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of the atom msp 3 shell is given by the sum of E Coulo AmolMom,msp 3 \ and E(magnetic) (Eq. (15.20)). 
E T (atom - atom, msp 3 ) , the energy change of each atom msp 3 shell with the formation of the atom-atom-bond MO is given by 

the difference between E[mol.atom,msp 3 \ and E\atom,msp 3 \ given by Eq. (15.21). Using Eq. (15.23) for E Cmlomb [C,2sp \ 

in Eq. (15.31), the single bond order energies given by Eqs. (15.18-15.27) and shown in Table 15.1, and the linear combination 
energies (Eqs. (15.28-15.30)), the parameters of linear combinations of bond orders and linear combinations of mixed bond 
orders are given in Table 15.2. 



Table 15.2. 



The final values of r„. 3, E„ 

C2sp ' ' 



,(C2sp 3 ), and E(C2sp 3 ) and the resulting ErfC - C ,C2sp 3 ) of the MO 



Coulomb^ 

comprising a linear combination of //2-type ellipsoidal MPs and corresponding HOs of single or mixed bond order where c s is 
the multiple of the bond order parameter E T (atom - atom (s„), msp 3 ) given in Table 1 5 . 1 . 





MO 

Bond Order 

(BO) 


s i 


c. 


s 2 


C <2 


*3 


c. 


W(°o) 
Final 


E cou,o m t{C2sp l ) 

(eV) 
Final 


E(C2sp 3 ) 

(eV) 
Final 


E T (c-C,C2sp 3 ) 
(eV) 






1/21 


1 


0.5 














0.89582 


-15.18804 


-14.99717 


-0.36228 






1/211 


2 


0.5 














0.88392 


-15.39265 


-15.20178 


-0.56689 






1/21 + 1/4II 


1 


0.5 


2 


0.25 








0.87941 


-15.47149 


-15.28062 


-0.64573 






1/4II + 1/4(1 + II) 


2 


0.25 


1 


0.25 


2 


0.25 


0.87363 


-15.57379 


-15.38293 


-0.74804 






3/4II 


2 


0.75 














0.86793 


-15.67610 


-15.48523 


-0.85034 






1/21 + 1/211 


1 


0.5 


2 


0.5 








0.86359 


-15.75493 


-15.56407 


-0.92918 






1/21 + 1/2111 


1 


0.5 


3 


0.5 








0.85193 


-15.97060 


-15.77974 


-1.14485 






1/21 + 1/2IV 


1 


0.5 


4 


0.5 








0.83995 


-16.19826 


-16.00739 


-1.37250 






1/2II + 1/2III 


2 


0.5 


3 


0.5 








0.84115 


-16.17521 


-15.98435 


-1.34946 






1/2II + 1/2IV 


2 


0.5 


4 


0.5 








0.82948 


-16.40286 


-16.21200 


-1.57711 






1+1/2(1 + 11) 


1 


1 


1 


0.5 


2 


0.5 


0.82562 


-16.47951 


-16.28865 


-1.65376 
































1/2III + 1/2IV 


3 


0.5 


4 


0.5 








0.81871 


-16.61853 


-16.42767 


-1.79278 






1/2IV + 1/2IV 


4 


0.5 


4 


0.5 








0.80765 


-16.84619 


-16.65532 


-2.02043 






1/2(1 + 1I)+II 


1 


0.5 


2 


0.5 


2 


1 


0.80561 


-16.88873 


-16.69786 


-2.06297 





Consider next the radius of the Au or HO due to the contribution of charge to more than one bond. The energy contribution due 
to the charge donation at each atom such as carbon superimposes linearly. In general, the radius r \ of the C2sp 3 HO of a 

carbon atom of a given molecule is calculated using Eq. (14.514) by considering ~^E T t [MO,2sp 3 \, the total energy donation 
to all bonds with which it participates in bonding. The general equation for the radius is given by 



mo!2sp3 8xs, 



The 



=e e 

*( E co»,o mb {C,2sp 3 ) + Y,E Tm: (MO,2sp 3 )) &H? (el4.825751 eV + J\e t ^ (MO,2^ 3 )|) 

T7 t 7 _.„___. 3\ _£-i1._ _._i _1__i -J^i.1.- _.„___ 3 _1. _11 • • 1._. 



(15.32) 



Coulombic energy E Coulomb (mol.atom,msp 3 ) of the outer electron of the atom msp 3 shell is given by Eq. (15.19). In the 

case that during hybridization, at least one of the spin-paired AO electrons is unpaired in the hybridized orbital (HO), the energy 
change for the promotion to the unpaired state is the magnetic energy E(magnetic) (Eq. (15.15)) at the initial radius r of the AO 

electron. Then, the energy E(mol.atom,msp 3 ) of the outer electron of the atom msp 3 shell is given by the sum of 

E Coulomb [mol . atom, msp 3 \ and E(magnetic) (Eq . (15 . 20)) . 

For example, the C2sp 3 HO of each methyl group of an alkane contributes -0.92918 eV (Eq. (14.513)) to the 
corresponding single C-C bond; thus, the corresponding C2sp 3 HO radius is given by Eq. (14.514). The C2sp 3 HO of each 
methylene group of C n H 2n+2 contributes -0.92918 eV to each of the two corresponding C-C bond MOs. Thus, the radius 

(Eq. (15.32)), the Coulombic energy (Eq. (15.19)), and the energy (Eq. (15.20)) of each alkane methylene group are 

-a 



methylene 



2sp' 



$x£ [E Coulomb (C, 2sp 3 ) + £ E TaMne [methylene C-C, 2sp 3 )) 

e? 

: = 0.81549a„ 

8^g (gl 4 .825751eF + e0.92918eF + g0.92918eF) - 



(15.33) 



E (C 2sd 3 ) = — 

Cou,o mb \ xylene P) g^ (Q.g^g^) 



-16.68412 eV 



(15.34) 
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E\^metkylem2 S P j~ 



27rfJ e 2 n 2 



8^ (0.81549a ) «; (0.843 17a ) 



- = -16.49325 eV 



(15.35) 



In the determination of the parameters of functional groups, heteroatoms bonding to C2sp 3 HOs to form MOs are energy 
matched to the C2sp* HOs. Thus, the radius and the energy parameters of a bonding heteroatom are given by the same 
equations as those for C2sp 3 HOs. Using Eqs. (15.15), (15.19-15.20), (15.24), and (15.32) in a generalized fashion, the final 

va lues of t h e ra dius of t h e H O or AO , r At o mHOA O , R Coul o mb ( m n l.atnm.,msp 3 ) , a nd E(C mol 2s p 3 \ are calculated using 

y] E T (MO, 2sp 3 J , the total energy donation to each bond with which an atom participates in bonding corresponding to the 



values of E T \ C - C,C2sp i of the MO due to charge donation from the AO or HO to the MO given in Tables 15.1 and 15.2. 



Table 15. 3. A. 

BO 



The final values of r AtomHOAO , E Couhmb {mol.atom,msp ), and E(C mol C2sp ) calculated using the values of 



E^C-C ,C2sp s ) given in Tables 15.1 and 15.2. 
































Atom 


( m \ 


/ m \ 


I no \ 


/ !l ° \ 


i m \ 


r Mom.HO.AO 


iv r( ,..™(, \molMom,msp l 1 


E(C_ d 2sp 3 ) 






Hybridization 
Designation 












Final 


(eV) 
Final 


(eV) 
Finai 






1 

















0.91771 


-14.82575 


-14.63489 






2 


-0.36229 














0.89582 


-15.18804 


-14.99717 


















































4 


-0.56689 














0.88392 


-15.39265 


-15.20178 






5 


-0.72457 














0.87495 


-15.55033 


-15.35946 






6 


-0.85034 














0.86793 


-15.6761 


-15.48523 






7 


-0.92918 














0.86359 


-15.75493 


-15.56407 






8 


-0.54343 


-0.54343 











0.85503 


-15.91261 


-15.72175 






9 


-0.18114 


-0.92918 











0.85377 


-15.93607 


-15.74521 






10 


-1.13379 














0.85252 


-15.95955 


-15.76868 






11 


-1.14485 














0.85193 


-15.9706 


-15.77974 






12 


-0.46459 


-0.82688 











0.84418 


-16.11722 


-15.92636 






13 


-1.34946 














0.84115 


-16.17521 


-15.98435 






14 


-1.3725 














0.83995 


-16.19826 


-16.00739 






15 


-0.46459 


-0.92918 











0.83885 


-16.21952 


-16.02866 






16 


-0.72457 


-0.72457 











0.836 


-16.2749 


-16.08404 






17 


-0.5669 


-0.92918 











0.8336 


-16.32183 


-16.13097 


















































iq 


-1 565)3 


n 


n 


n 


n 


0.83008 


-is 3qnsq 


-if, ?nnn? 






20 


-0.64574 


-0.92918 











0.82959 


-16.40067 


-16.20981 






21 


-1.57711 














0.82948 


-16.40286 


-16.212 






22 


-0.72457 


-0.92918 











0.82562 


-16.47951 


-16.28865 


















































24 


-1.79278 














0.81871 


-16.61853 


-16.42767 






25 


-1.13379 


-0.72457 











0.81549 


-16.68411 


-16.49325 






26 


-0.92918 


-0.92918 











0.81549 


-16.68412 


-16.49325 






27 


-0.56690 


-0.54343 


-0.85034 








0.81052 


-16.78642 


-16.59556 






28 


-2.02043 














0.80765 


-16.84619 


-16.65532 






29 


-1.13379 


-0.92918 











0.80561 


-16.88872 


-16.69786 






30 


-0.56690 


-0.56690 


-0.92918 








0.80561 


-16.88873 


-16.69786 






31 


-0.85035 


-0.85035 


-0.46459 








0.80076 


-16.99104 


-16.80018 






in 


_n c^m^ 


_n /iT^i -7 


_n otoi o 


n 


n 


n loom 


_i -i nifiA^ 


_1£ o^o^o 






33 


-0.5669 


-0.72457 


-0.92918 








0.78916 


-17.04641 


-16.85554 






34 


-1.13379 


-1.13379 











0.79597 


-17.09334 


-16.90248 






35 


-1.34946 


-0.92918 











0.79546 


-17.1044 


-16.91353 






36 


-0 464™ 


_0 9iQ 18 


_QQTQ18 


o 


o 


™340 


-17 148 7 1 


-16 Q 5784 




























37 


-0.64574 


-0.85034 


-0.85034 








0.79232 


-17.17217 


-16.98131 




























38 
39 


-0.85035 

-0.72457 


-0.5669 

-0.72457 


-0.92918 
-0.92918 










0.79232 
0.79085 


-17.17218 
-17.20408 


-16.98132 

-17.01322 






40 


-0.75586 


-0.75586 


-0.92918 








0.78798 


-17.26666 


-17.07580 






41 


-0.74804 


-0.85034 


-0.85034 








0.78762 


-17.27448 


-17.08362 






42 


-0.82688 


-0.72457 


-0.92918 








0.78617 


-17.30638 


-17.11552 






43 


-0.72457 


v -0.92918 


-0.92918 








0.78155 


-17.40868 


-17.21782 






44 


-0.92918 


-0.72457 


-0.92918 








0.78155 


-17.40869 


-17.21783 






45 


-0.54343 


-0.54343 


-0.5669 


-0.92918 





0.78155 


-17.40869 


-17.21783 






46 


-0.92918 


-0.85034 


-0.85034 








0.77945 


-17.45561 


-17.26475 






47 


-0.42517 


-0.42517 


-0.85035 


-0.92918 





0.77945 


-17.45563 


-17.26476 






48 


-0.82688 


-0.92918 


-0.92918 








0.77699 


-17.51099 


-17.32013 






49 


-0.92918 


-0.92918 


-0.92918 








0.77247 


-17.6133 


-17.42244 






50 


-0.85035 


-0.54343 


-0.5669 


-0.92918 





0.76801 


-17.71561 


-17.52475 


















































52 


-0.85034 


-0.54343 


-0.60631 


-0.92918 





0.76631 


-17.75502 


-17.56415 






53 


-1.1338 


-0.92918 


-0.92918 








0.7636 


-17.81791 


-17.62705 






54 


-0.46459 


-0.85035 


-0.85035 


-0.92918 





0.75924 


-17.92022 


-17.72936 






55 


-0.82688 


-1.34946 


-0.92918 








0.75877 


-17.93128 


-17.74041 


















































57 


-1.13379 


-1.13379 


-1.13379 








0.74646 


-18.22712 


-18.03626 






3a 


-i./yz/s 


-u.yzyia 


-u.v^yis 


u 


u 


U./30J/ 


-ts.4/t>yu 


-ia.Z8t>U4 
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Table 1 5.3.B. The final values °^ r AtomHOAO -, E Coulomb {mol.atom,msp ), and £(C 7 C2sp ) calculated for heterocyclic groups 

2Q 

using the values of EJC - C ,C2sp ) given in Tables 15.1 and 15.2. 



Atom 
Hybridization 
Designation 

1 



/ BO \ 

E r [C-C,C2sp'j 



I B 

E r \C- 



C,C2sp') 



E,\C-C,C2sp i j E,\C-C,C2sp i j 



I bo _ \ 

E T \C-C,C2sp'j 



Alam.HO.AO 

Final 



0.91771 



^ynoLaiom^nsp j 

(eV) 

Final 

-14.82575 






"l._3\ 



(eV) 

Final 

-14.63489 



0.88392 



-15.39265 



0.72 1 57 



0.87 1 95 



15.55033 



-15.20178 



15.359 1 6 



-0.92918 



0.86359 



-15.75493 



-0.54343 



-0.54343 



0.85503 



-15.91261 



-1.13379 



0.85252 



-15.95954 



-0.60631 



-0.60631 



0.84833 



-16.03838 



-1.34946 
-0.46459 




-0.92918 



0.84115 
0.83885 



-16.17521 
-16.21953 



-15.56407 



-15.72175 



-15.76868 



-15.84752 



-16.02866 



10 
11 
12 



14 



-0.72457 


-0.92918 



-0.72457 
-0.92918 
-0.60631 





-0.56690 





0.83600 
0.83360 
0.83159 



-16.27490 
-16.32183 
-16.36125 







-1.13379 



-0.46459 



0.82840 



-16.42413 



-0.92918 



-0.72457 







0.82562 



-16.47951 



-16.08404 
-16.13097 
-16.17038 



-16.23327 



-16.28864 



-46- 



-0.85035 



-0.85035 



0.82327 



-16.52644 



- 0.82688 



0.82053 



■ 16.58181 



-16.33558 



- 16.39095 



17 
18 



19 

20 



-0.92918 
-1.13379 



-0.92918 

-0.72457 



0.81549 
0.81549 



-16.68411 
-16.68412 



-0.92918 
-1.13379 



-0.56690 
-0.92918 



-0.46459 




0.81052 
0.80561 



-16.78642 
-16.88873 



-0.85035 



-0.85035 



-0.46459 



0.80076 



-16.99103 



-16.49325 
-16.49325 



-16.59556 
-16.69786 



-16.80017 



22 



-1.34946 



-0.82688 



0.80024 



-17.00209 



-16.81123 



23 



24 



25 



27 



-0.85034 



-0.85034 



-0.56690 



0.79597 



-17.09334 



-1.13379 



-1.13380 



0.79597 



-17.09334 



-1.34946 



-0.92918 



0.79546 



-17.10440 



-0.85035 



-0.54343 







0.79340 



-17.14871 



-0.85035 



-0.56690 



-0.92918 



0.79232 



-17.17218 



-16.90247 



-16.90248 



-16.91353 



-16.95785 



-16.98132 



28 



-29- 



-0.56690 



-0.92918 



-0.92918 



0.78870 



-17.25101 



- 0.46459 



.13380 



- 0.92918 



0.78405 



- 17.35332 



-17.06015 



- 17.16246 



30 



32 



-34- 



-0.54343 



-0.54343 



-0.56690 



-0.92918 



0.78155 



-17.40869 



-0.85034 



-0.28345 



-0.54343 



-0.92918 



0.78050 



-17.43216 



-0.92918 



-0.92918 



-0.92918 



0.77247 



-17.61330 



-0.85034 



-0.54343 



-0.60631 



-0.92918 



0.76631 



-17.75502 



-17.21783 



-17.24130 



-17.42243 



-17.56416 



35 



-1.13379 



-0.92918 



-0.92918 



0.76360 



-17.81791 



-17.62704 



36 



37 



38 



39 
40 



-1.13379 



1.13380 



-0.72457 



0.76360 



-17.81791 



-0.46459 



-0.85035 



-0.85035 



-0.92918 



0.75924 



17.92022 



-0.92918 



-1.34946 



-0.82688 



0.75878 



-17.93127 



-0.85034 
-1.13380 



-0.54343 

-1.13379 



-0.60631 
-0.92918 



-1.13379 




0.75758 
0.75493 



-17.95963 
-18.02252 



-1.13379 



.13379 



-1.13379 



0.74646 



-18.22713 



-17.62705 



-17.72935 



-17.76877 
-17.83166 



-18.03627 



From Eq. ( 1 5 . 1 8), the general equation for the radius due to a total charge —Qe of an AO or a HO that participates in 
bonding to form a MO is given by 



= £ {Z-q)-Q 



(15.36) 



&X£ E T (mol.atom,msp 3 J 



\H=Z-» 

By equating the radii of Eqs. (15.36) and (15.32), the total charge parameter Q of the AO or HO can be calculated wherein the 
excess charge is on the MO: 



Q = \ X (Z-q) 



1/ j 

E T hnol.alom,msp~ 



(el4.825751 eV + J^E T ^ [MO,2sp : 



(15.37) 



q-Z-n 



The modulation of the constant function by the time and spherically harmonic functions as given in Eq. (1.29) time-averages to 
zero such that the charge density of any HO or AO is determined by the constant function. The charge density a is then given 
by the fundamental charge -e times the number of electrons n divided by the area of the spherical shell of radius r 3 given 

by Eq. (15.32): 

_ (»-Q)(-e) 



(15.38) 



irr 



..2 



mol2sp 



The charge density of an ellipsoidal MO in rectangular coordinates (Eqs. (1 1.42-1 1.45)) is 



Anabc 



2 2 

x y 



\7iabc 



-D 



(15.39) 
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where D is the distance from the origin to the tangent plane. The charge q is given by the fundamental electron charge —e 

tim e s th e sum of param e t e r n x of Eqs. (15.51) and (15.61) and th e charg e donation param e ter Q (Eq. (15.37)) of e ach AO or HO 

to th e MO. Thus, th e charg e d e nsity of th e MO is giv e n by 

-e(n, +Q) 
a= — *■ ' ^' D (15.40) 

Anabc 

The charge density of the MO that is continuous with the surface of the AO or HO and any radial bisector current 

resulting from the intersection of two or more MPs as given in the Methane Molecule ( CH 4 ) section is determined by the 
current continuity condition. Consider the continuity of the current due to the intersection of an MO with a corresponding AO or 
HO. The parameters of each point of intersection of each H 2 -type ellipsoidal MO and the corresponding atom AO or HO 
determined from the polar equation of the ellipse are given by Eqs. (15.80-15.87). The overlap charge Aq is given by the total 
charge of the prolate-spheroidal MO minus the integral of the charge density of the MO over the area between curves of 
intersection with the AOs or HOs that forms the MO: 

A^ = -eU+Q)- \adA = -eU +Q)\ 1- f - dA\ (15.41) 

J V Anabc J 

The overlap charge of the prolate-spheroidal MO Aq is uniformly distributed on the external spherical surface of the AO or HO 
of radius r^ 3 such that the charge density a from Eq. (15.41) is 

a=^ (15.42) 
A 

where A is the external surface area of the AO or HO between the curves of intersection with the MO surface. 

At the curves of intersection of two or more MOs where they occur, the current between the AO or HO shell and curves of 

mutual contact is projected onto and flows in the direction of the radial vector to the surface of the AO or HO shell. This current 

designated the bisector current (BC) meets the AO or HO surface and does not travel to distances shorter than its radius. Due to 

symmetry, a radial axis through the AO or HO exists such that current travels from the MOs to the AO or HO along the radial 

vector in one direction and returns to the MO along the radial vector in the opposite direction from the AO or HO surface to 

conserve current flow. The MO current onto the bisector currents and the connecting current on the external surface of the AO 

or HO must be continuously maintained. Given the corresponding constant MO a> (Eq. (11.24)), the continuity condition 

requires that the charge density on these surfaces times the area ( <x r~ 2 ) must be a constant corresponding to constant current, 

and this current must be matched at the inflow from the MO to the inflow bisector current, the HO or AO external surface, the 

outflow bisector current, and the return current on the opposite surface of the MO. Thus, a on each surface s having charge 

Aq s is given by Eq. (15.42) wherein Aq = ^ Aq s and Aq is given by Eq. (15.41) with the integral over the MO area between 

curves of intersection of the MOs. A is surface area corresponding to each Aq s of the bisector currents and the external surface 

of the AO or HO between the curves of intersection of the bisector current with the AO or HO surface. Since the potential of an 
MO is that of a point charge at infinity (Eq. (11.36)), an asymmetry in the distribution of charge between nonequivalent HOs or 
AOs of the MO occurs to maintain an energy match of the MO with the bridged orbitals. The charge must redistribute between 
the spherical orbitals to achieve a corresponding current-density that maintains constant current at the equivalent-energy 
condition according to the energy-matching factor such as c 2 or C 2 of Eqs. (15.51) and (15.61). Since the orbital energy and 

radius are reciprocally related, the contribution scales as the square of the ratio (over unity) of the energy of the resultant net 
positively-charged orbital and the initial matched energy of the resultant net negatively-charged orbital of the bond multiplied by 
the energy-matching factor (e.g. c 2 or C 2 ). The partial charges on the HOs or AOs corresponding to the charge contribution are 
equivalent to point charges centered on the nuclei. Due to symmetry, the bond moment /i of each functional group is along the 
internuclear axis and is calculated from the partial changes at the separation distance, the internuclear distance. The dipole 
mom e nt of a given molecul e is th e n given by the vector sum of the bond moments in the molecul e . Thus, the dipol c moment is 
given by taking into account the magnitude and direction of the bond moment of each functional group wherein the function- 
group bond moment stays constant from molecule to molecule and is in the vector direction of the internuclear axis as given in 
the Bonds and Dipole Moments section. 

The angles at which any two prolate spheroidal A - C and B-C -bond MOs intersect can be determined using Eq. 
(13.85) by equating the radii of the elliptic cross sections of the MOs: 

1 + £l 1+ Sl 

(o,-^) /' ={a 2 -c;) , a J— (15.43) 

U — i- cosff,' 3h — —cos 2 ' 

and by using the following relationship between the polar angles d[ and 2 ' : 
0^ CT =0 1 '+0 2 '-36O° (15.44) 
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where ZACB is the bond angle of atoms A and B with central atom C . From either angle, the polar radius of intersection can 

be determined using Eq. (13.85). An example for methane is shown in Eqs. (13.597-13.600). Using these coordinates and the 
radius of the AO or HO, the limits of the integrals for the determination of the charge densities as well as the regions of each 
charge density are determined. 

The energy of the MO is matched to each of the participating outermost atomic or hybridized orbitals of the bonding 
atoms wherein the energy match includes the energy contribution due to the AO or HO's donation of charge to the MO. The 
force constant k' (Eq. (15.1)) is used to determine the ellipsoidal parameter c' (Eq. (13.2)) of each H 2 -type-ellipsoidal-MO in 

terms of the central force of the foci. Then, c' is substituted into the energy equation (from Eq. (15.11)) which is set equal to n x 
times the total energy of H 2 where n x is the number of equivalent bonds of the MO and the energy of H 2 , -31 .6353683 1 eV , 
Eq. (11.212) is the minimum energy possible for a prolate spheroidal MO. From the energy equation and the relationship 
between the axes, the dimensions of the MO are solved. The energy equation has the semimajor axis a as its only parameter. 
The solution of the seiiiiiuajor axis a then allows for Hie solution of the other axes of each prolate spheroid and eccentricity of 
each MO (Eqs. (15.3-15.5)). The parameter solutions then allow for the component and total energies of the MO to be 
determined. 
The total energy. E t (h,mo). is given by the sum of the energy terms (Eqs. (15.6-15.11)) plus E T (AO I HO): 



F Irr irn) — V +T + V +V 


+ F ( iOl HO) 




(15 15) 










17 / \ ^ 


\ a) a—Ja 2 -b 2 


+ E T (AO/HO) 




%K£ y]a 2 -b 2 


(15.46) 



n,e 


( a \ a + c' 








Cl c 2 2-^ ln^_ 
V a ) a—c 


-1 


+ E T {AOIHO) 


87T£ C ' 



where n x is the number of equivalent bonds of the MO, c x is the fraction of the H 2 -type ellipsoidal MO basis function of a 
chemical bond of the group, c 2 is the factor that results in an equipotential energy match of the participating at least two atomic 
orbitals of each chemical bond, and E T (AOi HO) is the total energy comprising the difference of the energy E(AOIHO) of at 
least one atomic or hybrid orbital to which the MO is energy matched and any energy component AE H MO (AOI HO) due to the 
AO or HO's charge donation to the MO. 



E t (AOIHO) = E(AOIHO)-AE HjMO (AOIHO) 

As specific examples given in previous sections, E T [AO I HO) is one from the group of 
E T (AOIHO) = E(02p shell) = -E(ionization; O) = -13.6181 eV ; 



(15.47) 



E T (AOIHO 



= E(N2p shell) = -E(ionization; N) = -14.53414 eV ; 



E T (AO/HO 
E T (AO/HO 



= E{C,2sp i ) = -14.63489 eV ; 

= E Coulomb {Cl,T,sp') = -Um295eV; 



E T (AOIHO 



■ E (ionization; C) + E (ionization; C + ); 



E T (AOIHO 
E T (AOIHO 
E T (AOIHO 



■E(c aham ,2sp') = -153594beV; 
-- E(C ethylene , 2sp 3 ) - E (C elhylme , 2sp 3 ) ; 



= E(c,2sp 3 ) 2E T (c = C,2sp 3 )= 1 4 . 63 4 89 eV ( 2.26758 eK); 



E T (AOIHO 
E T (AOIHO 



= E{C a ^,2&)-E(C a ^,2sp i )-E{C a ^,2 S p i ) = 16.20002 eV; 
= E(c,2sp 3 )-2E T (C = C,2sp 3 ) = -14.63489 eV-(-3. 13026 eV) ; 



E T (AOIHO 
E T (AO/HO 
E T (AOIHO 



- E{C bem ,2sp 3 ) - E(C bem ,2sp 3 ); 

= E(C,2sp 3 )-E T (C = C,2sp 3 ) = -14.63489 eV-(-l. 13379 eV) , and 
= E(C amne ,2sp 3 ) =-15.56407 eV . 



ti Ani> n 



To solve the bond parameters and energies, c' = a 



me' '2C,C,a \2QC. 



(Eq. (15.2)) is substituted into E t (h 2 mo) to 
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Jvi 



H.MO) = — 



&7T£ a \Jt 



. a„ I , a + v a 2 - b 2 
2- — ln- 



a-yJQ 



+ E T (AOIHO) 



a l -b l 



87T£ C ' 



C,C 2 \ 2- 



a-c' 



+ E T (AO/HO) 



(15.48) 









\ 










a + 


\ aa 






r, 


I 




n x e" 


{ a 


y- 


$ 2C X C 2 


-1 


+ E T (AO/HO) 


C _„ / ««0 


\ aa„ 


"^ICfiz 


{2C& 





The total energy is set equal to E(basis energies) which in the most general case is given by the sum of a first integer r\ times 
the total energy of H 2 minus a second integer n 2 times the total energy of H , minus a third integer « 3 times the valence energy 
of E^AO) (e.g. £'(A r ) = -14.53414 eV ) where the first integer can be 1,2,3... , and each of the second and third integers can be 
0,1,2,3. . . . 



E '(basis energies) = n l ( 31.63536831 cV) n 2 ( 13.60580 4 cV) n 3 E(AO) 



(15. 4 9) 



In the case that the MO bonds two atoms other than hydrogen, E(basis energies) is n x times the total energy of H 2 where n x is 
the number of equivalent bonds of the MO and the energy of H 2 , -31.63536831 eV , Eq. (11.212) is the minimum energy 



possible for a prolate spheroidal MU: 

E(basis energies) = », (-3 1.6353683 1 eV) (15.50) 

E T (h 2 mo) , is set equal to E (basis energies) , and the semimajor axis a is solved. Thus, the semimajor axis a is solved 
from the equation of the form: 




+ E T ( AO I HO) = E(basis energies) 



(15.51) 



The distance from the origin of the f^-type-ellipsoidal-MO to each focus c' , the internuclear distance 2c' , and the length of 
the semiminor axis of the prolate spheroidal H 2 -type MO b-c are solved from the semimajor axis a using Eqs. (15.2-15.4). 
Then, the component energies are given by Eqs. (15.6-15.9) and (15.48). 
The total energy of the MO of the functional group, F. T (un), is the sum of the total energy of the components comprising 



th e e n e rgy contribution of th e MO form e d b e tw ee n th e participating atoms and E T (atom — atom,msp i .AO) , th e chang e in th e 

energy of the AOs or HOs upon forming the bond. From Eqs. (15.48-15.49), E T (mo) is 

E T (mo) = E(basis energies) + E T (atom- atom, msp 3 .AO) (15.52) 

During bond formation, the electrons undergo a reentrant oscillatory orbit with vibration of the nuclei, and the 

corresponding energy E osc is the sum of the Doppler, E D , and average vibrational kinetic energies, E mb : 



E o S c=n 1 {E D +E Kvib ) = n l 



2 -^ + l -n. 



m-e- 



rf- 



(15.53) 



v ' e ' r J 

where n x is the number of equivalent bonds of the MO , k is the spring constant of the equivalent harmonic oscillator, and ju is 

the reduced mass. The angular frequency of the reentrant oscillation in the transition state corresponding to E D is determined by 
the force between the central field and the electrons in the transition state. The force and its derivative are given by 



f(*) = -r 



C C e 



0^4) 



and 



^v4 



Ane^ 



C C e 2 



(15 . 55) 



Aks^IC 



such that the angular frequency of the oscillation in the transition state is given by 



-to-- 



[ f(a)-f'(a) 



C C e 

B ° \KS^ 



(15.56) 
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where R is the semimajor axis a or the semiminor axis b depending on the eccentricity of the bond that is most representative 
of the oscillation in the transition state, c BU is the bond-order factor which is 1 for a single bond and when the MO comprises n y 
equival e nt singl e bonds as in the case of functional groups, c BO is 4 for an indep e ndent doubl e bond as in th e cas e of th e C0 2 
and N0 2 molecules and 9 for an independent triple bond. C l0 is the fraction of the H 2 -type ellipsoidal MO basis function of 
the oscillatory transition state of a chemical bond of the group, and C 2o is the factor that results in an equipotential energy match 
of the participating at least two atomic orbitals of the transition state of the chemical bond. Typically, C' l0 = Cj and C 2o = C 2 . 
The kinetic energy, E K , corresponding to E D is given by Planck's equation for functional groups: 



E„ = ha> = h\ 



\C C e 



(15.57) 



The Doppler energy of the electrons of the reentrant orbit is 



\C C e 



4m n R 






2%\ 



£t, = Ei, 



E mc given by the sum of E D and E Kvib is 




(15.58) 



) = n i (E D +E Kvlb ) = n l 



(15.59) 



V 1 —e- J 

E hY of a group having n x bonds is given by E T (mo)/^ such that 



E «c = n i{ E D+ E Kv lb ) = n x 



£ rM/»i,|^+-» 



> 



(15.60) 



, (oroup) is giv e n by th e sum of E T (mo) (Eq. (15.51)) and E-^- c (Eq. (15.60)): 



(f 



%K£ r 



a + 



to- 



2QC 2 



^^ 



. (Omup) = E T (MO) + E osc = 



2C X C 2 
+E T (AO/ HO) + E T (atom - atom,msp 



2Cf 2 
\AO) 



\2h\ 



1+1 



\C C e 
4xs n R 3 



m„ 






m„c 



(15.61) 



\C C e 

1 2ft J 4 ^ R3 



= ( E(basis energies) + E T (atom - atom, msp 3 -AO\\ 



1+i 



+ n x -h.\— 



The total energy of the functional group E T (group) is the sum of the total energy of the components comprising the energy 
contribution of the MO formed between the participating atoms, E(basis energies) , the change in the energy of the AOs or HOs 
upon forming the bond ( E T (atom - atom, msp* .AO) ), the energy of oscillation in the transition state, and the change in magnetic 
energy with bond formation, E . From Eq. (15.61), the total energy of the group E T (e roap ) is 
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( EQbasis energies) + E T (atom - atom, msp 3 .AO) I 



2fr 



C C e 



AxSqR 6 



Ejj [Group) — 



1 + 



(15.62) 



mc 



1 n \E Kvib I E mag 



\ i iwiu mug J 

The change in magnetic energy E which arises due to the formation of unpaired electrons in the corresponding fragments 
relative to the bonded group is given by 



E =c. 

map . 



mag ^— 



where r is the radius of the atom that reacts to form the bond and c 3 is the number of electron pairs. 



\C C e 



Aus.R 6 



2h< 



Ejj. [Group) — 



( EQbasis energies) + E T (atom - atom, msp 3 -AOj) 



1 + 



(15.64) 



mc 



+ n,E r „ : , + c, 



SxMoMI 



I'-'Kvib ' u 3 



The total bond energy of the group E D (Group) is the negative difference of the total energy of the group (Eq. (15.64)) and the total 
energy of the two starting orbitals given by the sum of c A E jnjtial (c 4 AO/ HO) and c s E MtM (c 5 AO/ HO) : 



\C C e 

4xs R 3 



\2h\ 



hi j-. [Group) — — 



[E{basis energies) + E T (atom - atom, msp 3 .AO)) 



1+! 



(15.65) 



+»Am, +c : 



SnUoMJ 



- {c 4 E iml ,., {c 4 AO/HO) + c 5 E initiaI {c 5 AO/ HO)) 



3 3 

r 



In the case of organic molecules, the atoms of the functional groups are energy matched to the C2sp 3 HO such that 
(AO/IIO)- -14.63489 < 



H* 



^eV- 



(15.66) 



For examples of E from previous sections: 



^C2sp 3 ) = c 3 ^ = c 3 



8x/J M B 



(0.91771a ) 



3 =c 3 0.14803eF 



(15.67) 



^{»ip)=c?Z¥± =c 



^I'fs =c . o.!1441e^ 



(15.68) 
(15.69) 



E mas (N2p) = < 



u 3 3 

r 



SxMoMb 



- = c,0.14185eF 



r^ (0.93084a ) 

In the general case of the solution of an organic functional group, the geometric bond parameters are solved from the 
semimajor axis and the relationships between the parameters by first using Eq. (15.51) to arrive at a. Then, the remaining 
parameters are determined using Eqs. (15.1-15.5). Next, the energies are given by Eqs. (15.61-15.68). To meet the 
equipotential condition for the union of the f/ 2 -type-e11ipsoirial-MO and the HO or AO of the atom of a functional group, the 

factor c 2 of a 7/ , ,-type ellipsoidal MO in principal Eqs. (15 . 51) and (15 . 61) may given by 



(i) one: 



c 2 =l 



(15.70) 



'ii) the ratio that is less than one of 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton 
<- " ^ ■■'■-'•• ,.„,! n,„ „, — ;*,,,!„ „i-+u„ ^„,,i„™u;„ ~ nerpv f the participating AO or HO of the atom, 

/ . m , 3\L 1 -• snmn, it . 



4iii 



the ratio that is less than one of 13.605804 eV , the magnitude of the Coulombic energy between the electron ; 
of H given by Eq. (1.264), and the magnitude of the Coulombic energy of the participating AO or HO of 

E Coulomb [MO.atom,msp 3 ) given by Eqs. (15.19) and (15.31-15.32). For \E Coulomb (MO.atom,msp 3 )\>13.605804 



eV: 
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8^r£„«„ 



13.605804 eV 



\^coui om t{ MO - atom ^ ms P')\ 



(15.71) 



8^£„r, , 3 

A-B AorBsp' 



For \ E Coulomb (MO£itom,msp 3 ) <13.605804 eV : 



c, = 



^ KS r A-B AorBsp 3 



E C o U iomt,{ M 0-atom,msp 3 ) 



13.605804 eV 



8,T£„«„ 



(15.72) 



(iii) the ratio that is less than one of 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton 
of H given by Eq. (1.264), and the magnitude of the valence energy, E(yalence) , of the participating AO or HO of the 

atom where E(valence) is the ionization energy or E(MO.atom,msp 3 ) given by Eqs. (15.20) and (15.31-15.32). For 

E(valence) \ >13.605804 eV : 

„2 



8^-g a _ 13.605804 eV 



\ E(valcncc) \ 



(15.73) 



%KC R r , 



A-B AorBsp 3 

For |£ , (va/e«ce)|<13.605804 eV : 

„2 



&7T£ n r 

» A-B 



AorBsp 



E(valence) 



(15-74) 



13.605804 eV 



&n£ Q a Q 



-(iv) — the ratio that is l e ss than on e of th e magnitude of the Coulombic energy of the participating AO or IIO of a first atom, 

E CouIomb yMO .atom, msp 3 j — given by Eqs. (15.19) and (15.31-15.32), and the magnitude of the valence ene r gy, 

E{valence) , of the participating AO or HO of a second atom to which the first is energy matched where E(valence) is 
the ionization energy or E(MO.atom,msp 3 \ given by Eqs. (15.20) and (15.31-15.32). For 

1 E CuulUMb ( MO . atom , msp 3 ) \ > Eiyalence) : 



\E(valence)\ 



E co«,o mb { MO - at ° m > ms P') 



(15.75) 



For \E_ eim h mi (MO.atom,msp 3 ) \ <E(valence) : 



\Eco«io,nb{ M 0-atom,msp' 



\E(yalence) 



(15.76) 



atom of 



-(v) — the ratio of the magnitude of the valence - level energies, E n (valence) , of the AO or HO of the nth participating 

two that are energy matched where E(valence) is the ionization energy or E( MO. atom, msp 1 J given by Eqs. (15.20) and 
(15.31-15.32): 



E 1 (valence) 



(15.77) 



€ 2^ 

E 2 (valence) 
(vi) the factor that is the ratio of the hybridization factor c 2 (l) of the valence AO or HO of a first atom and the hybridization 

factor c 2 (2) of the valence AO or HO of a second atom to which the first is energy matched where c 2 («) is given by 

Eqs. (15.71-15.77); alternatively c 2 is the hybridization factor c 2 (l) of the valence AOs or HOs a first pair of atoms and 

the hybridization factor c 2 (2) of the valence AO or HO a third atom or second pair to which the first two are energy 
matched: 
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c,(l) 

c *=-Ta (15 - 78) 

(vii) the factor that is the product of the hybridization factor c 2 (l) of the valence AO or HO of a first atom and the 
hybridization factor c 2 (2) of the valence AO or HO of a second atom to which the first is energy matched where c 2 («) 
is given by Eqs. (15.71-15.78); alternatively c 2 is the hybridization factor c 2 (l) of the valence AOs or HOs a first pair of 



atoms and the hybridization factor c 2 (2) of the valence AO or HO a third atom or second pair to which the first two are 

energy matched: 

C2 =c 2 (l)c 2 (2) (15.79) 

The hybridization factor c 2 corresponds to the force constant k (Eqs. (11.65) and (13.58)). — In the case that the valence or 
Coulombic energy of the AO or HO is less than 13.605804 eV , the magnitude of the Coulombic energy between the electron 
and proton of H given by Eq. (1.264), then C 2 corresponding to k' (Eq. (15.1)) is given by Eqs. (15.71-15.79). 
Specific examples of the factors c 2 and C 2 of a H 2 type ellipsoidal MO of Eq. (15.60) given in following sections are 



c 2 (C2sp 3 HO to F) = E ( C ' 2sp I c (c2sp 3 HO) = 14 " 63489 eK (0.9177l) = 0.77087 ; 
n ' E(F) v ' -17.42282 eV y ' 

i , x E(Cl) , , x -12.96764 eV , , 

cAC2sp 3 IIOtoCl)- , y >, cAC2sp 3 IIO)- (0.91771)-0.81317; 



E(c,2sp 3 ) n ' -14.63489eF 



/ , \ E(Br) , , x -11 81381 eV , 

C 7 [C2sp 3 HO to Br) = —r± — J —r-c 7 (C2sp 3 HO) = (0.91771) = 0.74081 ; 

V ; E(C,2sp 3 ) V ; -14.63489 eV y ' 



C 2 {C2s p 3 HOto T)= -53 v r 2 ( C7s P 3 Hn)= - mA5U6eV (0.01771) = 0.65537; 
2V ""'"") E{C,2sp 3 ) l l > -14.63489 eV K ' 

c, (C2sp 3 HO to O) = 7 ^ ' ,. c, (C2sp 3 HO) = ~ 13 ' 61806eK (0.91771) = 0.85395 ; 
21 ; F(c.?s p 3 ) 2{ ' -14.63489eF V ; 



Ci {H t0 ^ = _£M_ = -^-^414 eV = Q9 — 
V ; E(c,2sp 3 ) -15.35946 eV 



(C2sp 3 HOtoN)- E ( N \,c 2 {C2sp 3 HO)- 14 " 53414 eV (0.91771) -0.911 4 0; 



E(c,2sp 3 ) n 7 -14.63489 eF 



c 2 (ff to TN) = *W = - 14 ' 53414eF = 0.93383 ; 
V 7 E(c,2sp 3 ) -15.56407 eV 



Cj53 Pto //)^£g#=-: ^ e ^0.76144; 
— u — ' E^TT) -13.60580 eF 

C 2 (C2sp 3 HOto S)= ^^ „ C2 (C2^ 3 gO)= " 10 - 360 ° leF (0.91771) = 0.64965; 
' V _ j g(C,2jj> 3 ) l j -14.63489 et^ ; ^ 



c 2 (6>to S3sp 3 to C2sp 3 HO) = —f-lc 2 (C2sp 3 HO) = - 1361806 eV (0.91771) = 1.20632 ; 
n y E(S) n y -10.36001 eF V 7 

cJs3s p 3 )J c -j s ^ = -;;■;; °» ^o^ ; 

~^ ^ FpJ) -13.60580 eV 

/ ox ElSlsp 3 ) . . -\\ Sl\2(s pV 

C, [C2sp 3 HO to S2,sp 3 ) = —± rVc, (S3™ 3 ) = (0.85045) = 0.66951 ; 

21 l F > E(c,2sp 3 ) l ; -14.63489eF V y 



C (Slsp 3 to O to C2sp 3 HO) = V ' / c ? (C2^p 3 //P) = ^jjjjj gK (0.91771) = 0.77641 ; 
"^ ^ E(G,2p) A ; -13.61806 eK V ^ 

c, (O to N2p to C2sp 3 HO)=^-^-c 1 (C2sp 3 HO) = ~ 13 - 61806 eV (0.91771) = 0.85987 ; 
n > E(N) v ' -14.53414eF v ; ^_ 
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x cAdsp'HOtoN) 0.91140 
.(N2ptnQ2p)= 2 ) ! = =1.06727: 

V ; c^dsp'HO to O) 0.85395 



C 2 (benzenedsp 3 HO) = c 2 (benzeneC2sp 3 HO) = - J ^ ^ — — = 0.85252 ; 



, [arylC2sp 3 HO to O) ■- 



E(0) 



, (arylC2sp 3 HO) 



15.95955 eV 

-13.61806 eV 



(0.85252) = 0.79329 : 



E(c,2sp 3 ) 



-14.63489 eV 



,{H to aniline N) - 



E(N) _ -14.53414 eV 
E(c,2sp 3 )~ -15.76868 eV 



■■ 0.92171; 



■^- Lr-c 2 (arylC2sp 3 HO) = j^^ ^ ( 0.85252 ) = 0.84665 . and 



.{arylClsp^HOtnN)-. 



£(C,2^) 



-14.63489 eK ' 



C 2 (S3p to «^ - ^ C V^?) = 4^4 = " 10 - 36Q ° leF = 0.65700 
2{ _ y _ _ > E( C;2s p 3 ) -15.76868 eV 



Consider the general case of Eqs. (13.84-13.95), wherein the nucleus of a B atom and the nucleus of a A atom comprise the 
foci of each # 2 -type ellipsoidal MO of an A-B bond. The parameters of the point of intersection of each 77 2 -type ellipsoidal 
ML) and the A -atom Ao are determined from the polar equation of the ellipse: 

r = r o ^ 1 + \ , (15-80) 

l + ecos6> 

The radius of the A shell is r A , and the polar radial coordinate of the ellipse and the radius of the A shell are equal at the point 
of intersection such that 



:(a _ c .)__^_ 

1 + — cos#' 
a 



(15.81) 



The polar angle 6 ' at the intersection point is given by 
7 7 7< VT~ 



6>' = cos 



(a-c')- 



(15.82) 



Then, the angle 6 A An the radial vector of the A AO makes with the internuclear axis is 



#,, o =18O°-0' (15.83) 

The Cartesian i -coordinate of the interception point of the MO and the AO can be calculated using the MO ellipsoidal 
parameters by first calculating the parametric angle in Eq. (1 1.83) that matches Cartesian j -coordinate components at the point 

of intersection. Thus, the matching elliptic parametric angle cot = 0„ un satisfies the following relationship: 



r A* in 0AAo =b sin H2MO 



(15.84) 



such that 



-0Z 



, =sin 



r, sin ft. 



(15.85) 



The distance d H u0 along the internuclear axis from the origin of H 2 -type ellipsoidal MO to the point of intersection of the 

orbitals is given by 
d HiUn =acos6 HiUn (15.86) 

The distance d AA0 along the internuclear axis from the origin of the A atom to the point of intersection of the orbitals is given 
by 

(15.87) 



1 =c'-d 

*AAO u H 2 MO 



BOND ANGLES 



Further consider an ACB MO comprising a linear combination of C- A -bond and C - B -bond MOs where C is the general 
central atom. A bond is also possible between the A and B atoms of the C — A and C — B bonds. Such A-B bonding would 
decrease the C-A and C-B bond strengths since electron density would be shifted from the latter bonds to the former bond. 
Thus, the ZACB bond angle is determined by (lie condition that the total energy of (lie H 2 -type ellipsoidal MO between the 
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terminal A and B atoms is zero. The force constant k' of a H 2 -type ellipsoidal MO due to the equivalent of two point charges 
of at the foci is given by : 



CC 2e 

k'= l 2 (15.88) 
Ans 

where C i is the fraction of the 7/ 2 -type ellipsoidal MO basis function of a chemical bond of the molecule which is 0.75 (Eq. 


(13.59)) for a terminal A — H (A is H or other atom) and 1 otherwise and 


C 2 is trie iactor that results in 


an equipotential 


energy match of the participating at least two atomic orbitals ol the chemical 
Eqs. (15.51) and (15.61). The distance from the origin of the MO to each focus 


jond and is equal to the corresr. 
c' of the A-B ellipsoidal MO 


>onding Iactor o± 
is given by: 


„, ,, \ ^ 4 ^o J aa o 


(15.89) 


1/ < 1 1 • 


^m e e"2C 1 C 2 a \j'2C 1 C 2 


The internuclear distance is 
2c' = 2 1™° 

pc,c 2 




(15.90) 



The length of the semiminor axis of the prolate spheroidal A-B MO b = c is given by Eq. (15.4). 

The component energies and the total energy, E T (h z mo) , of the A-B bond are given by the energy equations (Eqs. 
(11.207-11.212), (11.213-11.217), and (11.239)) of H 2 except that the terms based on charge are multiplied by c B0 , the bond- 
order factor which is 1 for a single bond and when the MO comprises n x equivalent single bonds as in the case of functional 
groups. c BP is 4 for an independent double bond as in the case of the CQ 7 and NQ 7 molecules. The kinetic energy term is 
multiplied by c \ which is 1 for a single bond, 2 for a double bond, and 9/2 for a triple bond. The electron energy terms are 
multiplied by c x , the fraction of the H 2 -type ellipsoidal MO basis function of a terminal chemical bond, which is 0.75 (Eq. 
(13.233)) for a terminal A — H (A is H or other atom) and 1 otherwise. The electron energy terms are further multiplied by c' 2 , 
the hybridization or energy - matching factor that results in an equipotential energy match of the participating at least two atomic 
orbitals of each terminal bond. Furthermore, when A-B comprises atoms other than H, E T ( atom- atom, msp^.AOJ, the 

energy component due to the AO or HO's charge donation to the terminal MO, is added to the other energy terms to give 

E T (// z mq) : 



E T (h z mo) = 



-e 



8tt£" c ' 



CjC 2 2c B0 ■ 



Ahn^rr 



+ 1 



-E T (atom- atom, msp 3 .AO) (15.91) 

a J a-C x 

The radiation reaction force in the case of the vibration of A-B in the transition state corresponds to the Doppler 

energy, E D , given by Eq. (11.181) that is dependent on the motion of the electrons and the nuclei. The total energy that includes 



the radiation reaction of the A-B MO is given by the sum of E T 



(Eq. (15.91)) and E asc given by Eqs. (11.213-11.220), 



(11.231-11.236), and (11.239-1 1.240). Thus, the total energy E T (A-B) ofthe A-B MO including the Doppler term is 



'1°2 ^BO u BO m 



a + c 



H E T [atom - atom,msp i .AO\ 



8^g„c' 



c,c. 



a — c 



E T (A-B)-- 



2/n 



C C e 

a 3 

47ts a 



(15.92) 



i-r 



+=M 



8?r£ a 



Sx£ [a + c') 



mc 



M 



where C 1o is the fraction of the H 2 -type ellipsoidal MO basis function of the oscillatory transition state of the A-B bond 
which is 0.75 (Eq. (13.233)) in th e case of H bonding to a central atom and 1 oth e rwise, C 2o is the factor that r e sults in an 
equipotential energy match of th e participating at least two atomic orbitals of the transition state of the chemical bond, and 



ju- 



is the reduced mass ofthe nuclei given by Eq. (11.154). To match the boundary condition that the total energy of 



the A-B ellipsoidal MO is ze r o, E T {A-B) given by Eq. (15.92) is set equal to ze r o. — Substitution of Eq. (15.90) into Eq. 
(15.92) gives 
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a + 



■' , \ 2c u , l -c' A In 



2C,C, 



=i 



+ E T ( atom - atom, msp 



\AO) 



$7lSc 



aa n 



2C,C, 



aa n 



2C,C„ 




(15.93) 



-%Tt£, 



v>Ke n a- 



-% 



2QC 2 



The vibrational energy-term of Eg. (15.93) is determined by the forces between the central field and the electrons and those 
between the nuclei (Eqs. (11.141-11.145)). The electron-central-field force and its derivative are given by 



/(«) = 



f — — - — 

BO A 3 

A7rs a 



(15.94) 



and 



f'{a) = 2 Cj 



BO . 3 

Axe a 



The nuclear repulsion force and its derivative are given by 

7 

f{a \ c')-. 



(15.95) 



(15.96) 



8n£ (a + c') 



and 



f'(a + c')-- 



(15.97) 



4?re (fif + c') 



such that the angular frequency of the oscillation is given by 



'-f{a)-f'{a) 



-_4^a Zne {a + c<) ^^ 

ju ym e \ ju 

Since both terms of E osc =E D +E Kvib are small due to the large values of a and c', to very good approximation, a convenient 
form of Eq. (15.93) which is evaluated to determine the bond angles of functional groups is given by 



a + 



-e 



%71E C , 



aa n 



ln- 



2QC 2 



2QC^ 



aa n 



h E T (atom - atom, msp 3 .AO) 



2Q€^ 



= 



(15.99) 




%ne n a 



%ns n 



a + 



aa„ 



2C,a 



-h 



M 

From the energy relationship given by Eq. (15.99) and the relationship between the axes given by Eqs. (15.2-15.5), the 
dimensions of the A-B MO can be solved. The most convenient way to solve Eq. (15.99) is by the reiterative technique using 

a computer. 

A factor c 7 of a given atom in the determination of c\ for calculating the zero of the total A-B bond energy is typically 

given by Eqs. (15.71-15.74). In the case of a H -H terminal bond of an alkyl or alkenyl group, c' 2 is typically the ratio of c 2 of 
Eq. (15.71) for the H -H bond which is one and c 2 of the carbon of the corresponding C-H bond: 



i Ecouio^c-ne ^sp^- 



c 2 {C2sp) 



13.605804 eV 



(15.100) 



In the case of the determination of the bond angle of the ACH MO comprising a linear combination of C - A -bond and C-H - 
bond MOs where A and C are general, C is the central atom, and c 2 for an atom is given by Eqs. (15.71-15.79), c' 2 of the 
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A-H terminal bond is typically the ratio of c 2 of the A atom for the A-H terminal bond and c 2 of the C atom of the 
corresponding C-II bond: 



c 2 (A(A-II)msp i ) 
c 2 {C{C - H)msp 3 ) 



(15.101) 



In the case of the determination of the bond angle of the COH MO of an alcohol comprising a linear combination of C-O- 
bond and O — H -bond MOs where C , O , and H arc carbon, oxygen, and hydrogen, respectively, c 2 of the C — H terminal 
bond is typically 0.91771 since the oxygen and hydrogen atoms are at the Coulomb potential of a proton and an electron (Eqs. 
(1.257) and (10.162), respectively) that is energy matched to the C2sp 3 HO. 

In the determination of the hybridization factor c 2 of Eq. (15.99) from Eqs. (15.71-15.79), the Coulombic energy, 

of the A or B AO or HO of the heteroatom 



& coulomb (MO.atom,msp 3 ) , or the energy, E(MO.atom,msp 3 ), the radius 



A-B AorBsp* 



of the A-B terminal bond MO such as the C2sp 3 HO of a terminal C-C bond is calculated using Eq. (15.32) by considering 
~^E T (MO,2sp 3 \, the total energy donation to each bond with which it participates in bonding as it forms the terminal bond. 
The Coulombic energy E Cmlomb [MO.atom,msp 3 \ of the outer electron of the atom msp 3 shell is given by Eq. (15.19). In the 



case that during hybridization, at least one o± the spin-paired AO electrons is unpaired in the hybridized orbital (HO), the energy 
change for the promotion to the unpaired state is the magnetic energy E(magnetic) (Eq. (15.15)) at the initial radius r of the AO 

electron. Then, the energy E(MO.atom,msp 3 ) of the outer electron of the atom msp 3 shell is given by the sum of 

E Cm , nmh (MO. atom, msp 3 ) and Ejmagnetic) (Eq. (15.20)). 

In the specific case of the terminal bonding of two carbon atoms, the c 2 factor of each carbon given by Eq. (15.71) is 

determined using the Coulombic energy E CouIomb \C-C C2sp 3 ) of the outer electron of the C2sp 3 shell given by Eq. (15.19) 

with the radius r c _ CC2s i of each C2sp 3 HO of the terminal C-C bond calculated using Eq. (15.32) by considering 

^E T (MO,2sp 3 ) , the total energy donation to each bond with which it participates in bonding as it forms the terminal bond 
including the contribution of the methylene energy, 0.92918 eV (Eq. (14.513)), corresponding to the terminal C-C bond. The 



corresponding E T (atom- atom, msp 3 .AO\ in Eq. (15.99) is E T [C-C C2sp 3 ) = -1.85836 e 



V-^ 



In the case that the terminal atoms are carbon or other heteroatoms, the terminal bond comprises a linear combination of 

the HOs or AOs; thus, c 2 is the average of the hybridization factors of the participating atoms corresponding to the normalized 
linear sum: 

X-, 



c' 2 -—(c' 2 (atom \) + c' 2 (atom 2)j 



(15.102) 



In the exemplary cases of C-C , O-O, and N-N where C is carbon: 



SftSMn 



%71SM„ 



<S7T£ Q r A A A ^ A0IH0 



°^ £ r A-A A^AOIHO J 



(15.103) 



1 



13.605804 eV 



+ - 



13.605804 eV 



A E ^M- A -MOIHO) E Coulomb (A-A.A 2 AO/HO) 



^Coulomb V^ 1 /i./i,/iw/jju^ ^Coulomb^ 

In the exemplary cases of C ' - N , C-U, and C-S , 



2 2 



13.605804 eV 
yE CouIomb {C-BC2sp 3 ) 



+ c 2 (C to B) 



(15.104) 



where C is carbon and c 2 (C to 5) is the hybridization factor of Eqs. (15.61) and (15.93) that matches the energy of the atom 
B to that of the atom C in the group. For these cases, the corresponding E T ( atom- atom, msp 3 .AO\ term in Eq. (15.99) 

depends on the hybridization and bond order of the terminal atoms in the molecule, but typical values matching those used in the 

determination of the bond energies (Eq. (15.65)) are 

E T (C-OC2sp 3 .02p) = -1.44915 eV \ E T (C-Q C2sp 3 .Q2p) = -1.65376 eV : E T (C-N C2sp 3 .N2p) = -1.44915 eV 



E T {C-S C2sp 3 .S2p) = -0.72457 eV ; E T (0-0 02p.02p) = -1.44915 eV 
E T (N-N N2p.N2p) = -1.44915 eV ; E T (N -O Nlp.Olp) = -1.44915 eV 



E T (O - 02p.02p) = -\. 65376 eV 
E T (F-F F2p.F2p) = -1.44915 eV 



E T (CI -CI CBp.CBp) = -0.92918 eV ; E T (Br- Br BrAp.BrAp) = -0.92918 eV ; E T (l-II5p.I5p) = -0.36229 eV 
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E T (C-F C2sp 3 .F2p) = -1.85836 eV ; E T [C-Cl C2sp 3 .Cl3p) = -0.92918 eV ; E T (C-Br C2sp 3 .Br4p) = -0.72457 eV ; 

E T (C-I C2sp 3 .I5p) = -0.36228 eV , and E T (O-Cl 02p.Cl3p) = -0.92918 eV . 

In the case that the terminal bond is X -X where X is a halogen atom, c x is one, and c' 2 is the average (Eq. (15.102)) 
of the hybridization factors of the participating halogen atoms given by Eqs. (15.71-15.72) where E CoulBmb (MO.atom,msp 3 ) is 
determined using Eq. (15.32) and E Cmlomb (MO.atom,msp 3 ) = Y5.b05>H)4ey for X =1 . The factor C x of Eq. (15.99) is one lor 
all halogen atoms. The factor C 2 of fluorine is one since it is the only halogen wherein the ionization energy is greater than that 
13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of H given by Eq. (1.264). For each of 
the other halogens, CI , Br , and I , C 2 is the hybridization factor of Eq. (15.61) given by Eq. (15.79) with c 2 (l) being that of 

the halogen given by Eq. (15.77) that matches the valence energy of X (E 1 (valence)) to that of the C2sp 3 HO 

(E 2 (valence) = -14.63489 eV , Eq. (15.25)) and to the hybridization of C2sp 3 HO (c 2 (2) = 0.91771, Eq. (13.430)). 

E T ( atom- atom, msp 3 .AO) of Eq. (15.99) is the maximum for the participating atoms which is -1.44915 eV , -0.92918 eV , 

-0.92918 eV , and -0.33582 eV for F , CI , Br , and I , respectively. 

Consider the case that the terminal bond is C-X where C is a carbon atom and X is a halogen atom. The lactors c x 



and C[ of Eq. (15.99) are one for all halogen atoms. For X = F , c' 2 is the average (Eq. (15.104)) of the hybridization factors of 
the participating carbon and F atoms where c 2 for carbon is given by Eq. (15.71) and c 2 for fluorine matched to carbon is 
given by Eq. (15.79) with c 7 (l) for the fluorine atom given by Eq. (15.77) that matches the valence energy of F 
(E x (valence) = -17.42282 eV) to that of the C2sp 3 HO (E 2 (valence) = -14.63489 eV , Eq. (15.25)) and to the hybridization of 
C2sp 3 HO (c 2 (2) = 0.91771 , Eq. (13.430)). The factor C 2 of fluorine is one since it is the only halogen wherein the ionization 
energy is greater than that 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of H given 
by Eq. (1.264). For each of the other halogens, CI , Br , aiid / , c' 2 is the hybridization factor of the participating carboii atom 
since the halogen atom is energy matched to the carbon atom. C 2 of the terminal-atom bond matches that used to determine the 
energies of the corresponding C-X -bond MO. Then, C 2 is the hybridization factor of Eq. (15.61) given by Eq. (15.79) with 
c 2 (l) for the halogen atom given by Eq. (1 5.77) that matches the valence energy of X (E 1 (valence) ) to that of the C2sp 3 HO 
(E 2 (valence) = -14.63489 eV , Eq. (15.25)) and to the hybridization of C2sp 3 HO (c 2 (2) = 0.91771, Eq. (13.430)). 
E T ( atom- atom, msp 3 .AO) of Eq. (15.99) is the maximum for the participating atoms which is -1.85836 eV , -0.92918 eV , 

-0.72457 eV , and -0.33582 eV for F , CI , Br , and I , respectively. 

Consider the case that the terminal bond is H — X corresponding to the angle of the atoms HCX where C is a carbon 

atom and X is a halogen atom. The factors q and Q of Eq. (15.99) are 0.75 for all halogen atoms. For X = F , c' 2 is given by 
Eq. (15.78) with c 2 of the participating carbon and F atoms given by Eq. (15.71) and Eq. (15.74), respectively. The factor C 2 

of fluorine is one since it is the only halogen wherein the ionization energy is greater than that 13.605804 eV , the magnitude of 
the Coulombic energy between the electron and proton of H given by Eq. (1.264). For each of the other halogens, CI , Br , and 
I , c 2 is also given by Eq. (15.78) with c 2 of the participating carbon given by Eq. (15.71) and c 2 of the participating X atom 

given by c 2 = 0.91771 (Eq. (13.430)) since the X atom is energy matched to the C2sp 3 HO. In these cases, C 2 is given by Eq. 

(15.74) for th e corr e sponding atom X wh e r e C 2 match e s th e e n e rgy of th e atom X to that of H . 

Using the distance between the two atoms A and B of the general molecular group ACB when the total energy of the 

corresponding A - B MO is zero, the corresponding bond angle can be determined from the law of cosines: 

s t 2 +s 2 -2s l s 2 cosine0 = s^ (15.105) 

With 5 1 , = 2c' c _ A , the internuclear distance of the C — A bond, s 2 = 2c' c _ B , the internuclear distance of each C — B bond, and 
s 3 = 2c \_ B , the internuclear distance of the two terminal atoms, the bond angle 9 ZACB between the C - A and C-B bonds is 
given by 

(2 C ' c _,) 2 +(2 C ' c _,) 2 -2(2 C ' c _J(2 C ' c _ iJ )cosine^ = (2 C V,) 2 (15.106) 



0,. ra - cos 



l (2c' c _ A ) I + (2c' c _ B Y-(2c' A _ B Y' 



(15.107) 



2(2 C ' c _,)(2c' c _,) 

Consider the exemplary structure C b C a (O a )O b wherein C a is bound to C b , O a , and O b . In the general case that the 
thr ee bonds ar e coplanar and two of th e angl e s ar e known, say 9 X and 2 , th e n th e third 8 3 can b e d e t e rmin e d g e om e trically: 
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6> 3 =360-0! -<9 2 (15.108) 

In the general case thai two of the three coplanar bonds are equivalent and one of the angles is known, say 9 l , then Lhe second 
and third can be determined geometrically: 



(360-0,) 
2 =0 3 =i V- (15.109) 

ANGLES AND DISTANCES FOR AN MO THAT FORMS AN ISOSCELES TRIANGLE 

In the general case where the group comprises three A-B bonds having B as the central atom at the apex of a pyramidal 
structure formed by the three bonds with the A atoms at the base in the xy-plane. The C 3v axis centered on B is defined as the 

vertical or z-axis, and any two A-B bonds form an isosceles triangle. Then, the angle of the bonds and the distances from and 
along the z-axis are determined from the geometrical relationships given by Eqs. (13.412-13.416): 
the distance d origin _ B from the origin to the nucleus of a terminal B atom is given by 

2c/ " -" (15.110) 



origi "- B 2 sin 60° 



the height along the z-axis from the origin to the A nucleus d height is given by 

d keishl =J{2c' A _ B ) 2 -(d origin _ B ) 2 , a nd (15.111) 

the angle V of each A-B bond from the z-axis is given by 



0, = tan 



(d . . ^ 

-1 origin- B 



(1 5.1 12 ) 



. height J 

Consider the case where the central atom B is further bound to a fourth atom C and the B-C bond is along the z-axis. 
Then, the bond 9 ZABC given by Eq. (14.206) is 

e /AKC = m-e v (i 5.113) 

DIHEDRAL ANGLE 

Consider the plane defined by a general AC A MO comprising a linear combination of two C- A-bond MOs where C is the 
central atom. The dihedral angle ZBCIACA between the AC A -plane and a line defined by a third bond with C , specifically that 
corresponding to a C- 2? -bond MO, is calculated from the bond angle 9 ZACA and the distances between the A, B, and C 
atoms. The distance d 1 along the bisector of 0^^ from C to the internuclear-distance line between A and A , 2c ' A _ A , is given 

by 

d 1 =2c' c _ A cos^^- (15.114) 

where 2c ' CA is the internuclear distance between A and C . The atoms A, A, and B define the base of a pyramid. Then, the 
pyramidal angle ZABA can be solved from the internuclear distances between A and A , 2c' A _ A , and between A and B , 2c' A _ B , 
using the law of cosines (Eq. (15.107)): 



(2c' A _ B y + (2c< A _ B )' -(2c< A _ A ) ^ 
2{2c\_ B ){2c\_ B ) 



&ZABA = COS" 



(15.115) 



Then, the distance d along the bisector of 6 /4Tt4 from B to the internuclear-distance line 2c\ 4 


is given by 








d 2 2c' A _ B cos ™ 








(O 


lib) 


The lengths d x , d 2 , and 2c' c _ g 


define a triangle wherein the angle between d t 


and the internuclear distance between B and C , 


2c ' c „ . is the dihedral angle ', BC , iCi that can be solved using the law of cosines (Eq. (15.107)): 









dl i (2 £ ' C _ B ) d\ 
2d l (2c' c _ B ) 



"zBCIACA ~ C0S 



(15.117) 



GENEI 

Consid e r th e plan e d e fin e d by a g e n e ral ACB MO comprising a lin e ar combination of C — A and C — B - bond MOs wh e r e C is 
the central atom. The dihedral angle 9 ACDIACB between the ^CB -plane and a line defined by a third bond of C with D, 
specifically that corresponding to a C-D -bond MO, is calculated from the bond angle 9 ZACB and the distances between the A , 
B , C , and D atoms. The distance d, from C to the bisector of the iutemuclear-dis Lance line between A and B , 2c' A _ B , is 
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given by two equations involving the law of cosines (Eq. (15.105)). One with s l = 2c' c _ A , the internuclear distance of the C- A 



bond, s 2 =d 1 , s 3 



half the internuclear distance between A and B , and 8 = 0^^ , the angle between d x and the 



C - A bond is given by 

(^cJ +(d 1 f -2(2c' c _ A )(d l )cosim8 ZACd ^{^-^ 

2c J —_ 

The other with s y = 2c' CB , the internuclear distance of the C-B bond, s 2 =d 1 , s i = — ^- , and 9 - 

is the bond angle between the C-A and C-B bonds is given by 

^2c' ^ 2 



(15.118) 



9 zACB- & zAd, where &zacb 



{ 2 c'c-bY +(d l Y-2(2c' c _ B )(d l )cosme(d ZACB -0 ZACdt ) = 



(15.119) 



V 



Subtraction of Eq. ( 1 5 . 1 1 9) from Eq. ( 1 5 . 1 1 8) gives 

(2c' c _ A ) 2 -(2c' c _ B f 



d 1 = 



2 (J 2 ? 'c-a ) cosinefl^ - (2c ' C _ B ) cosine (0 ZACB - ZACd ^ )) 



(15.120) 



Substitution of Eq. (15.120) into Eq. (15.1 18) gives 



(2c' c _,) 2 + 



(2c' c _ A ) 2 -(2c' c _ B ) 2 



'-({Wc-aY 



-(2c' c _ B )cosmeU 



# 



-A 2c 'c-a) 



(2c' c _ A f -(2c' c _ B f 



2({2c' c _ A )cosme8 ZACdi -(2c' c _ B )cosme(^ 



ZACB "zACd, 



)) 



cosine #, 



(15.121) 



(2c' 



\ 2 
The angle between d x and the C-A bond, 9 ZACd , can be solved reiteratively using Eq. (15.121), and the result can be 

substituted into Eq. (15.120) to give d x . 

The atoms A, B , and D define the base of a pyramid. — Th e n, th e pyramidal angle ZADB can be solved from the 

internuclear distances between A and D, 2c \_ D , between B and D, 2c ' B _ D , and between A and B, 2c \_ B , using the law of 
cosines (Eq. (15.107)): 



(2c' A _ D )' + (2c' B _ D ) -(2c' A _ B y 



-2+ 



= cos 



2(2c' A _ D )(2c' B _ D ) 



(15.122) 



v "-" ' J 

Then, the distance d 2 from D to the bisector of the internuclear-distance line between A and B , 2c \ B , 

two equations involving the law of cosines (Eq. (15.105)). One with s x -2c' A D , the internuclear distance between 



is given by 
A and £>, 






is given by 



2c\ 



, half the internuclear distance between A and B , and = ZADd , the angle between d 2 and the A-D axis 



{ 2c 'a-d) 2 +{ d l) 2 - 2 { 2c 'A-D){ d 2) CO&in ^ZADd 2 



2c\ 



(15.123) 



The other with s x = 2c' B _ D , the internuclear distance between B and D , s 2 =d 2 , and 
angle between the A-D and B-D axes is given by 

2c' 



VzADB-dzADa, where ZADB 



is the bond 



( 2 c 'a-pf +( d i) 1 ~ 2 (2c ' B - D ){d 2 )cosme(0 ZADB -9 ZADdi ) = 

Subtraction of Eq. (15.124) from Eq. (15.123) gives 

rf (2c' A _ D f-(2c' D y 

2 ((2c \_ D ) cosinet^ - (2c \_ D ) cosine (6 ZADB - ZADd2 )) 



(15.124) 



(15.125) 



Substitution of Eq. (15.125) into Eq. (15.123) gives 
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Pe^ 



{2c' A _ D ) 2 -{2c' B _ D f 



2 (( 2 c' A- D )co^c0 ZADdi -(2c' B _ D )cosme(0 ZADB -0 A4 B di )) 



-2{2c' A _ D ) 



(2c' A _ D ) 2 -(2c' B _ D f 



2 (( 2 cV a )cosine<9^ -(2c' B _ D )cosine(0 ZADB -0 ZADd , )) 



cosine 0, 



= 



(15.126) 



-hx* 



The angle between d 2 and the A — D axis, 9 Z 



can be solved reiteratively using Eg. (15.126), and the result can be 



substituted into Eg. (15.125) to give d 2 



The lengths d l , d 2 , and 2c ' CB define a triangle wherein the angle between d l and the internuclear distance between C 
and D, 2c' CD , is the dihedral angle ZCDIACB that can be solved using the law of cosines (Eq. (15. 107)): 



dl+{2c' c D ) -d] 



(15.127) 



-cos 



2d l (2c' c _ D ) 



SOLUT I O N 



The exemplary molecules given in the following sections were solved using the solutions of organic chemical functional groups 
as basis elements wherein the structures and energies where linearly added to achieve the molecular solutions. Each functional 
group can be treated as a building block to form any desired molecular solution from the corresponding linear combination. 
Each functional group element was solved using the atomic orbital and hybrid orbital spherical orbitsphere solutions bridged by 
molecular orbitals comprised of the H 2 -type prolate spheroidal solution given in the Nature of the Chemical Bond of Hydrogen- 
Type Molecules section. The energy of each MO was matched at the HO or AO by matching the hybridization and total energy 
of the MO to the AOs and HOs. The energy E mag (e.g. given by Eq. (15.67) for a C2sp 3 HO and Eq. (15.68) for an 02p AO) 

was subtracted for each set of unpaired electrons created by bond breakage. 

The bond ene r gy is not equal to the component ene r gy of each bond as it exists in the molecule, although, they a r e close. 

The total energy of each group is its contribution to the total energy of the molecule as a whole. The determination of the bond 
energies for the creation of the separate parts must take into account the energy of the formation of any radicals and any 
redistribution of charge density within the pieces and the corresponding energy change with bond cleavage. Also, the 
vibrational energy in the transition state is dependent on the other groups that are bound to a given functional group. This will 
affect the functional-group energy. But, because the variations in the energy based on the balance of the molecular composition 
are typically of the order of a few hundreds of electron volts at most, they were neglected. 

The energy of each functional-group MO bonding to a given carbon HO is independently matched to the HO by 
subtracting the contribution to the change in the energy of the HO from the total MO energy given by the sum of the MO 

contributions and E(C,2sp } ) = -14.63489 eV (Eq. (13.428)). The intercept angles are determined from Eqs. (15.80-15.87) 

using the final radius of the HO of each atom. The final carbon-atom radius is determined using Eqs. (15.32) wherein the sum of 
the energy contributions of each atom to all the MOs in which it participates in bonding is determined. This final radius is used 
in Eqs. (15.19) and (15.20) to calculate the final valence energy of the HO of each atom at the corresponding final radius. The 
radius of any bonding heteroatom that contributes to a MO is calculated in the same manner, and the energy of its outermost 
shell is matched to that of the MO by the hybridization factor between the carbon-HO energy and the energy of the heteioatomic 
shell. The donation of electron density to the AOs and HOs reduces the energy. The donation of the electron density to the 
MO's at each AO or HO is that which causes the resulting energy to be divided equally between the participating AOs or HOs to 
achieve energy matching. 



The molecular solutions can be used to design synthetic pathways and predict product yields based on equilibrium 
constants calculated from the heats of formation. New stable compositions of matter can be predicted as well as the structures of 
combinatorial chemistry reactions. Further important pharmaceutical applications include the ability to graphically or 
computationally render the structures of drugs that permit the identification of the biologically active parts of the molecules to be 
identified from the common spatial charge-density functions of a series of active molecules. Drugs can be designed according to 
geometrical parameters and bonding interactions with the data of the structure of the active site of the drug. 

To calculate conformations, folding, and physical properties, the exact solutions of the charge distributions in any given 
molecule are used to calculate the fields, and from the fields, the interactions between groups of the same molecule or between 
groups on different molecules are calculated wherein the interactions are distance and relative orientation dependent. The fields 
and interactions can be determined using a finite-element-analysis approach of Maxwell's equations. 
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CONTINUOUS-CHAIN ALKANES (C n H 2l1+2 , n = 3,4,5...oo) 

The continuous-chain alkanes, C„// 2 , I+2 , are the homologous series comprising terminal methyl groups at each end of the chain 

with n - 2 methylene ( CH-, ) groups in between: 

CH : XCH 2 \_ 2 CH 3 (15.128) 

C n H 2lH2 can be solved using the same principles as those used to solve ethane and ethylene wherein the 2s and 2p shells of 

each C hybridize to form a single Isp 1, shell as an energy minimum, and the sharing of electrons between two Clsp* 
hybridized orbitals (HOs) to form a molecular orbital (MO) permits each participating hybridized orbital to decrease in radius 
and energy. Three H AOs combine with three carbon 2sp } HOs and two H AOs combine with two carbon 2sp } HOs to form 
each methyl and methylene group, respectively, where each bond comprises a H 2 -type MO developed in the Nature of the 
Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section. The CH 2 and CH 2 groups bond by forming H 2 - 
type MOs between the remaining C2sp 3 HOs on the carbons such that each carbon forms four bonds involving its four C2sp 3 
HOs. Forthealkyl C-C group, E T ( atom- atom, msp y .AO\ is -1.85836eF where both energy contributions are given by Eq. 

(14.513). It is based on the energy match between the C2$p~ HOs of the chain comprising methylene groups and terminal 
methyl groups. 

The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.1 1) and (15.17-15.65)) 
parameters of straight-chain alkanes are given in Tables 15.4, 15.5, and 15.6, respectively. The total energy of each straight- 
chain alkane given in Table 15.7 was calculated as the sum over the integer multiple of each E D (ar m ,) of Table 15.6 

corresponding to functional-group composition of the molecule. The bond angle parameters of straight-chain alkanes 
determined using Eqs. (15.88-15.1 17) are given in Table 15.8. In this angle table and those given in subsequent sections when 
c' 2 is given as the ratio of two values of c 2 designated to Atom 1 and Atom 2 and corresponding to E Colllombjc of Atom 1 and 

(* I AtCiYYt 2 1 

Atom 2, respectively, then c 2 = -^ . The color scale, translucent view of the charge-density of exemplary alkane, 

c 2 [Atom 1) 

butane comprising the concentric shells of atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined 

with one or more hydrogen MOs is shown in Figure 15.1. 

Figure 15.1. Color scale, translucent view of the charge-density of butane showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 1 5.4. The geometrical bond parameters of straight-chain alkanes and experimental values [l]. 



Parameter 


C - C 
Group 


C-H (CH 3 ) 
Group 


C-H (CH 2 ) 
Group 


a (a a ) 


2. 1 2499 


l .64920 


1.67122 


c' {a ) 


1. 45744 


1 .04856 


1.05553 


Bond Length 

2c' (A) 


l. 54280 


1.10974 


1.11713 


Exp. Bond Length 


1.532 
(propane) 

1.531 
(butane) 


1.107 
(C-H propane) 

1.117 
(C-H butane) 


1.107 
(C-H propane) 

1.117 
(C-H butane) 


b,c (a ) 


1. 546 1 6 


1.27295 


1.29569 


e 


0.68600 


0.63580 


0.63159 



Tahle 15.5, The MO to 



HCi intercept 



geometrical bond parameters c>f straight- 



;hain alkanes. 



is is (atom 



■atom, msp .40) 



(eV) 
Eond l 



(eV 
3ond 



(e\') 
Bon J 3 



(eV) 
Bond 4 



Final Total 

Energy 

asp* 

(eV) 



— (<'V) 
(eV) 
Final 



<s(C2sp>) 

(eV) 
Final 



C-H (CH 3 ) 



.92918 
.92918 




3.92918 



-152.54487 
-153.47406 



771 
771 



0.8(359 
0.81549 



-15.75493 
-16.68412 



■15.56407 
16.49325 



77.4 9 
68.4 7 



i02.;;i 

111. S3 



41.48 
35.84 



1.23564 
1.35486 



18708 
2993? 
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Table 15.6. The energy parameters (eV) of functional groups of straight-chain alkanes. 



Parameters 



C-C 
Group 



Cff, 



CH, 



Group 



Group 



1 



0.5 



0.75 



0.75 



C, 



1 
0.91771 



1 
0.91771 



1 
0.91771 



1 



C,„ 



0.5 



0.75 



0.75 



C„ 



1 



1 



1 



K (eV) 



-28.79214 



-107.32728 



-70.41425 



VAsYX 



9.3335? 



38.92728 



25.78002 



T(eV) 



6. 77464 



3 2.53 914 



21.06675 



V m (eV) 



-3.38732 



-16.26957 



-10.53337 



E(aoiho) (eV) 



-15.56407 



-15.56407 



-15.56407 



iL 



( Aoi ho) (eV) 



JL 



JL 



JL 



E t (aoiho) (eV) 



-15.56407 



-15.56407 



-15.56407 



E T (h 2 mo) (eV) 



-31.63537 



-67.69451 



-49.66493 



E T (atom- atom, msp 3 .AO) (eV) -1.85836 



E t (mo) (eV) 



-33.49373 



-67.69450 



-49.66493 



fr-7^5 , , \ 

co iiu raais\ 



V.4J0W 



Z4.VZ80 



Z4.Z/M 



E K (eV) 



6.21159 



16.40846 



15.97831 



E D (eV) 



-0.16515 



-0.25352 



-0.25017 



{eV\_ 



0.35532 



0.35532 



0.12312 [2] 



(Eq. 
(13.458)) 



(Eq. 
(13.458)) 



E mc (eV) 



-0.10359 



-0.22757 



-0.14502 



-ieVf- 



0.14803 



0.14803 



0.14803 



E T (Group) (eV) 



-33.59732 



-67.92207 



-49.80996 



E inmal^ A0 ' H °) ( eV ) 

E ilMal (c,AoiHo) (eV) 



-14.63489 




-14.63489 
-13.59844 



-14.63489 
-13.59844 



E D (Group) (eV) 



4.32754 



12.49186 



7.83016 



Table 15.7 

[3] 



The total bond 



energies of n- 



alkanes calculated using th; functional g 



roup composition and the energies of 



Table 15.6 compared to the experimental values 



Calculated 
Total BondEner; 



lil 



YL_ 



Experimental 
Total Bond Energy (eV) 



C3H: 

C4H0 

C,H 2 

C 6 H 4 

C 7 H 6 

C S I-I , 

CqH;o 

C10I-22 
C,iL M 
C I2 I-2S 
C1ST3S 



Ftopane 

Ilutaine 

Ientar e 

Hexane 

Heptane 

Octaine 

Nonare 

Decane 

Undecane 

Dodecane 

Octaidecane 



2 
3 
4 
5 
6 
7 
8 
9 
10 



41.468% 
53.62661. 
65.78431. 
77.94201. 
90.09971. 
102.25746 
114.41516 
126.57286 
138.73056 
150.88826 
223.83446 



41 



434 
5:3.61 
65.77 
77.93 
50.09 
102.25 
1 4.40 
26.57 
138.736 
1.0.88 
223.85 



-0.0008:i 
-0.00036 
-0.0001'' 
-0.0001O 
-O.OOOl:: 
-O.OOOOn 
-0.00012 

-0.00001 

0.0000" 
-0.0000* 

0.0000s 



Table 15.8 



The bond angle parameters of straight-chain alkanes. and experimental values ['..] 



[n the calculation of (9, 



the parameters frDm the prececing angle 



were 



used 



I. E T is 



E {atom - atom, msp .AO). 



Atoms of 
Angle 



Band l 



2c' 
Bond 2 



2c 
Term 



( a < 



nal 



Atom 1 



Atom I 
Hybridization 
Designation 

(Tabic 15.3. A) 



Atom 2 



Atori 2 
Hybridization 



(Table 1 



5.3.A) 



E T 
(eV) 



(') 



Cal. I 



Lxp. l) 



A ethylene 
ZHC H 



-15.7549]! 
C 



0.75 1.15796 



107 
■ane) 



(propai 



112 

•oparie) 
113.t 

(frutan ;) 

II.C' 
utan ;) 



(P' 



_!!» 



Methyl 
ZHC H 



-15.7549 
C 



5796 



ZCC b C e 
ZCCJI 



'0.56 
'0.56 



109.44 
109.44 
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BRANCHED ALKANES (C„/¥ 2 „ +2 , n = 3,4,5...oo) 

The branched-chain alkanes, CJH ln+1 , comprise at least two terminal methyl groups (CH,) at each end of the chain, and may 

comprise methylene ( CH 1 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The 

methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C-C bonds can be 
identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl 
((Cr7 3 ), CH) and t-butyl ((C//,), C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C 
bonds comprise functional groups. The branched-alkane groups are solved using the same principles as those used to solve the 
methyl and methylene functional groups wherein the 2s and 2p AOs of each C hybridize to form a single 2sp 3 shell as an 
energy minimum, and the sharing of electrons between two C2$p 3 HOs to form a MO permits each participating hybridized 
orbital to decrease in radius and energy. E T (atom- atom, msp } .AO\ of each C-C-bond MO in Eq. (15.61) due to the charge 

donation from the C atoms to the MO is -1.85836 eV or -1.44915 eV based on the energy match between the Clsp 1 HOs 
corresponding to the energy contributions equivalent to those of methylene, -0.92918 eV (Eq. (14.513)), or methyl, 
-0.72457 eV (Eq. (14.151)), groups, respectively. 

The symbols of the functional groups of branched-chain alkanes are given in Table 15.9. The geometrical (Eqs. (15.1- 
15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of branched- 
chain alkanes are given in Tables 15.10, 15.1 1, and 15.12, respectively. The total energy of each branched-chain alkane given in 
Table 15.13 was calculated as the sum over the integer multiple of each E D {amu P ) of Table 15.12 corresponding to functional- 
group composition of the molecule. The bond angle parameters of branched-chain alkanes determined using Eqs. (15.88- 
15.117) are given in Table 15.14. The color scale, translucent view of the charge-density of exemplary alkane, isobutane, 
comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with 
one or more hydrogen MOs is shown in Figure 15.2. 

Figure 15.2. Color scale, translucent view of the charge-density of isobutane showing the orbitals of the atoms at their radii, 
the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (A) Top view. (B) Side view. 




ie \ : 



Table 15.9. The symbols of functional groups of branched alkanes. 



Functional Group Group Symbol 

CH, group C-H (CH,) 

CH 2 group C-H (CH 2 ) 

CH C-H 

CC bond («-Q C-C (a) 

CC bond (iso-Q C-C (b) 

CC bond (tert-Q C-C (c) 

CC (iso to iso-Q C-C (d) 

CC(t to t-Q C-C(e) 

CC(t to iso-C) C-C (f) 



Ta 



ble 15.1 



The geometrical bond parameters of branched alkanes and expe imental values [ 



Parameter 

Bond Length 
2c' (A) 



"-H (CH,) 

Group 

1.64920 
1.04856 

1.10974 



C-H (CU 2 ) 
Group 
1.6712; 
1.0555; 

i.ii7i; 



H 
Group 

1.6746:i 

1.0566. 



C (a) 
Group 



12499 

.45744 

54280 



C-C (b) 
Group 

2.12499 

1.45744 

1.54280 



C-C 



(c) 



Group 

2.10725 
1.45164 

1.536 55 



(d) 



C-c 

Group 

2.12499 
1.45744 

1.54280 



r:-c: (e) 
Group 

2.10725 

1.45164 

1.53635 



C-C (f) 

Group 

2.10725 
1.45164 

1.53635 



Exp. Bond 

Length 



(C 



1.107 

H propane) 
1.117 

C- H butane) 



1.107 
(C-H propane) 

1.117 
(C-H butkne) 



.122 
fiscbutare) 



1.532 
(p "opane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(pro pa 

1.5. 
(butare) 



1.532 
(propane) 

1.531 
'butane) 



1.532 
propane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



b,c {a.) 



1.27295 
0.63580" 



1.2956? 
0.6315? 



54616 
68600~ 



1.54616 
0.68600 



1.527f0 
~0l 



1.54616 
3.686 00~ 



1.52750 
0.68888 



1.52750 
0.68888 



ratile 15.111. 

Bond 



The MO to HO intercept geometrical 



bond parameters 



of branched-ohain alkanes. 



v) 



(eV) 
Bond 2 



E, 

(eV) 
Bond 3 



0*0 
Bend 4 



Energy 



K) 



R, R', R" 



are 



, mb (<\2sp 
(eV 



H or alky f grpups. £ ip if, 

~~ 6" 

C) 



(eV) 
Fir al 



(atom - atom, msp i .A§)). 
') (° 



M (< 



C-H (C//j) 







1.23564 0.1S70S 



C-H (CH 2 ) 



■0.92918 



-0.92918 







153.17406 



0.91771 



.81549 



6.68412 



-16.49325 



68.47 



1.53 



35.54 



1.35486 0.2S933 



C-H (CH) 



0.92918 



-0.92918 



-0.92918 



154.10324 



0.91771 



77247 



] 7.61330 



17.42244 



61.10 



1 8.90 



31.37 



1.42988 0.37 



H 7 C l 

(C 

Hfi, 

(C 



C„H 2 CH 2 - 
C(a)) 
C„H 2 CH 2 - 
f (a)) 



R-ll 2 C a C t (H,C^- R')HCH 2 



i£l 



"(b)) 



-0.92918 
-0.92918 
-0.92918 





-0.92918 
-0.92918 







-0.92918 



-152.5448'' 
-153.17406 
-154.10324 



0.91771 
0.91771 
0.91771 



.86359 
.81549 

.77247 



5.75493 
6.68412 
17.61330 



-15.5ii407 
-16.49325 
-17.42244 



63.82 
56.41 
48.30 



6.18 

1*3.59 
131.70 



30j)8 
26j)6 
21.90 



1.83879 0.3S 

1.90890 0.4i 

1.97162 0.5 



106 

117 



R-H 1 C (R'-H J C J \C t (,l"-H 2 C^CH 2 - 



(C- 



C(c)) 



0.92918 



-0.72457 



-0.72457 



2457 



154.71860 



0.91771 



75889 



7.921166 



17.73779 



48.21 



131.79 



21.74 



1.95734 0.5C570 



C.C^ffjC, -/?')pCff[ 

"(d)) 

„(/C-//,C,,)C, 

g(e)) 



(C- 

lerlC 

(C 

tertdC t (Hfi,-R') 



(R- 



H 1 C I )CH 1 



(£; 



C(t)) 



-0.92918 
-0.72457 
-0.72457 



-0.92918 
-0.72457 
-0.92918 



-0.92918 

-0.72457 
-0.92918 





2457 




-154.10324 
-154.51399 



-154 



19863 



0.91771 
0.91771 
0.91771 



.77247 
76765 
.78155 



17.61330 
17.921S66 
7.40869 



-17.42244 
-17.73779 
-17.21783 



48.30 
50.04 
52.78 



131.70 
129.96 
127.22 24.04 



21.90 
22j)6 



1.97162 0.5 

1.94462 0.4' 

1.92443 0.4' 



isoC, 



(R'-H 2 C fl )C h (R'- 



H 2 C C )CH 2 



-0.72457 



-0.72457 



2457 



0.91771 



76765 



7.921166 



50.04 



129.96 



22.66 



1.94462 0.45298 
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Group 




C-C (d) 
Group 
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Group 






C-C (f) 
Group 




n \ 












3 
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1 
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1 
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1 
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n 2 












2 
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C, 












0.75 




0.75 









75 






0.5 








0.5 






0.5 




0.5 




0.5 






0.5 






<-\ 












1 




1 








1 






1 








1 






1 




1 




1 






1 






c, 












1 




1 








1 






1 








1 






1 




1 




1 






1 






<-% 












0.91771 




0.9177 


i 




0.9 


771 






0.917 


71 




0. 


31771 






0.91771 




0.91771 




0.91771 






0.91771 




c 1 

















1 








1 



























1 




1 













c 4 












1 




1 








1 






2 








2 






2 




2 




2 






2 






c 5 












3 




2 
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c l,, 












0.75 




0.75 









75 
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0.5 




0.5 




0.5 






0.5 






C 2» 












1 
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1 








1 






1 




1 




1 






1 






C, (« 


V) 










-107.32728 




-70.414 


25 




-35. 


2015 






28.79 


214 




-28 


79214 






■29.10112 




-28.79214 




-29.10112 






-29.10.12 




^(< 


V) 










38.92728 




25.780 
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12.8 


7680 






9.333 


52 




9. 


33352 






9.37273 




9.33352 




9.37273 






9.372 73 




r( e 













32.53914 




21.066 


!5 




10.4 


8582 






6.774 


64 




6. 


77464 






6.90500 




6.77464 




6.90500 






6.905 X) 




n,( 


V) 










-16.26957 




-10.533 


37 




-5.2 


4291 






3.38' 


32 




-3 


38732 






-3.45250 




-3.38732 




-3.45250 
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-15.56407 
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15.35946 
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-67.69451 
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63537 






31.63535 




-31.63537 




-31.63535 






-31.63 


535 




M« 


<tom-atom,msi 


\A0 


) (eV) 



























1.85! 


36 




-1 


85836 






-1.44915 




-1.85836 




-1.44915 






-1.44915 




£, (» 


o) (eV) 










-67.69450 




-49.664 


33 




-31. 


5353' 






33.49 
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-33 


49373 






33.08452 
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9.55643 






9.55613 




£,( 
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6. 


21159 






10.19220 




6.21159 
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21 




£»( 


sV) 










-0.25352 




-0.250 
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-0.2 


4966 
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16515 






-0.20896 




-0.16515 
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-14.63489 
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S9 
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.63489 
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The total 
values [3]. 



bond energies of branched 



alkanes calculated using the functional group composition 



-C (a) 



C-C (b) 



C- C (c) 



(d) 



and the energies of Table 1 5.12 compared to the 



C-C (e) 



C-C (1) 



Calculated 
Total Bond 

Erergy (eV) 



I ixper mental Rela :ive £ rror 



Total 



Energy (eV) 



Bond 



QH 

C 5 H 

C 5 H 

C^Hh 

C,,H 

QH 

C6H14 

C 7 H 

C 7 H 

O7H16 

C7H16 

C 7 H 

C 7 H 

C 7 H 

0„H 

i:«h 
qh 

C 8 H 
C 8 H 

e«H,g 

C 8 H 

QH| 8 

C 8 H 

i: 8 h 
i:«h 

C 8 H 
QH| 8 
C 8 Hi 8 
C 8 H 

c„h 

C 8 H 

C,H 2 o 

C,H : 

CqH20 

C,H : 
C,H: 
C9H20 
^ioH2i 
I0H2 J 



Isobutane 
Isopentane 
Neoptntant 



2- 

3-: 

2,2 

2,3 

2- 

3- 

3- 

2,2. 

2.2. 

2,4- 

3.3. 

2- 

3- 

4- 

3-Eth' 

2.2- 

2,3- 

2,4- 

2.5- 

3,3- 

3,4- 



Methylpentane 

Methylpentane 
■Di meuVlbutane 
■Dimeth^lbutane 

Methylhexane 

Methylhexane 

Ethylpemane 
■Dimethylpentane 
3-Trimethylbutane 
■Di meth ylpentane 
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ALKENES (C„H 2a , « = 3,4,5...oo) 

The straight and branched-chain alkenes, C„H ln , comprise at least one carbon-carbon double bond comprising a functional 

group that is solved equivalently to the double bond of ethylene. The double bond may be bound to one, two, three, or four 
carbon single bonds that substitute for the hydrogen atoms of ethylene. Based on the condition of energy matching of the 
orbital, any magnetic energy due to unpaired electrons in the constituent fragments, and differences in oscillation in the 
transition state, three distinct functional groups can be identified." C vinyl single bond to -C(C) = C, C vinyl single bond to 

-C(H) = C , and C vinyl single bond to -C(C) = CH-, . In addition, CH-, of the -C = CH n moiety is an alkene functional 
group. 

The alkyl portion of the alkene may comprise at least two terminal methyl groups ( CH 3 ) at each end of the chain, and 
may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. 

The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be 
identified. Then-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl 
({CH i ) 1 CH) and t-butyl ((C7/,), C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C 

bonds comprise functional groups. The branched-chain-alkane groups in alkenes are equivalent to those in branched-chain 
alkanes. The solution of the functional groups comprises the hybridization of the 2s and 2p AOs of each C to form a single 

2sp 3 shell as an energy minimum, and the sharing of electrons between two C2sp 3 HOs to form a MO permits each 

participating hybridized orbital to decrease in radius and energy. E T ( atom -atom, msp i .AO) of the C = C-bond MO in Eq. 

(15.61) due to the charge donation from the C atoms to the MO is equivalent to that of ethylene, -2.26759 eV , given by Eq. 

(14.247). E T (atom-atom,msp\AO) of each C-C-bond MO in Eq. (15.61) is -1.85836 eF or -1.44915 eV based on the 

energy match between the C2sp % HOs corresponding to the energy contributions equivalent to those of methylene, 
-0.92918 eV (Eq. (14.513)), or methyl, -0.72457 eV (Eq. (14.151)), groups, respectively. 

The symbols of the functional groups of alkenes are given in Table 15.15. The geometrical (Eqs. (15.1-15.5) and 
(15.41)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.56)) parameters of alkenes are given in 
Tables 15.16, 15.17, and 15.18, respectively. The total energy of each alkene given in Table 15.19 was calculated as the sum 
over the integer multiple of each E D (<jtmp) of Table 15.18 corresponding to functional-group composition of the molecule. For 

each set of unpaired electrons created by bond breakage, the C2sp } HO magnetic energy E that is subtracted from the 

weighted sum of the E D (o roup ) (eV) values based on composition is given by Eq. (15.67). The bond angle parameters of alkenes, 
determined using Eqs. (15.88-15.117), are given in Table 15.20. The color scale, translucent view of the charge-density of 
exemplary alkene, propene, comprising the concentric shells of atoms with the outer shell bridged by one or more H 2 -type 
ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.3. 

Figure 1 5.3. Color scale, translucent view of the charge-density of propene showing the orbitals of the atoms at their radii, 
the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (A) Top view. (B) Side view. 
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Table 15.15. The symbols of functional groups of alkenes. 
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Table 15.19. The total bond energies of alkenes calculated using the functional group composition and the energies of Table 15.18 compared to the experimental 
values [3]. Tie magnetic eier\ry E ma that is subtracted from the weighted sum of the E D ( Group ) <[eV) values b£.sec on composition is given by (15.58). 
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ALKYNES (C„H 2n _ 2 , « = 3,4,5..j») 

The straight and branched-chain alkynes, C„// 2 „_ 2 , have at least one carbon-carbon triple bond comprising a functional group 
that is solved equivalently to the triple bond of acetylene. The triple bond may be bound to one or two carbon single bonds that 
substitute for the hydrogen atoms of acetylene. Based on the energy matching of the mutually bound C , these C-C-bond MOs 
are defined as primary and secondary C-C functional groups, respectively, that are unique to alkynes. In addition, the 
corresponding terminal CH of a primary alkyne comprises a functional group that is solved equivalently to the methylyne group 
of acetylene as given in the Acetylene Molecule section. 

The alkyl portion of the alkyne may comprise at least two terminal methyl groups ( CH i ) at each end of the chain, and 

may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. 
The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C-C bonds can be 
identified. Then-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropy I 
((Cffj) CH ) and t-butyl ((C7/ 3 ), C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C 

bonds comprise functional groups. The branched-chain-alkane groups in alkynes are equivalent to those in branched-chain 
alkanes. 

The solution of the functional groups comprises the hybridization of the 2s and 2p AOs of each C to form a single 

2sp } shell as an energy minimum, and the sharing of electrons between two C2sp i HOs to form a MO permits each 

participating hybridized orbital to decrease in radius and energy. E T (atom-atom,msp i JiO) of the C = C-bond MO in Eq. 

(15.61) due to the charge donation from the C atoms to the MO is equivalent to that of acetylene, -3.13026 eV , given by Eq. 

(14.342). E T [atom- atom,msp i AO) of each -alkyl-bond MO in Eq. (15.61) is -1.85836eF or -1.44915 eV based on the 

energy match between the C2sp } HOs corresponding to the energy contributions equivalent to those of methylene, 
-0.92918 eV (Eq. (14.513)), or methyl, -0.72457 eV (Eq. (14.151)), groups, respectively. For the C-C groups each 
comprising a C single bond to C = C, E r (atom- atom, msp~.AO) is -0.72457 eV based on the energy match between the 

C2sp y HOs for the mutually bound C of the single and triple bonds. The parameter co of each group is matched for oscillation 
in the transition state based on the group being primary or secondary. 

The symbols of the functional groups of alkynes are given in Table 15.21. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkynes are given in 
Tables 15.22, 15.23, and 15.24, respectively. The total energy of each alkyne given in Table 15.25 is calculated as the sum over 
the integer multiple of each E D (om up ) of Table 15.24 corresponding to functional-group composition of the molecule. The bond 

angle parameters of alkynes determined using Eqs. (15.88-15.1 17) are given in Table 15.26. Each C of the C = C group can 
further bond with only one atom, and the bond is linear as a minimum of energy as in the case of acetylene. The color scale, 
translucent view of the charge-density of exemplary alkyne, propyne, comprising the concentric shells of atoms with the outer 
shell bridged by one or more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.4. 

Figure 15.4. Color scale, translucent view of the charge-density of propyne showing the orbitals of the atoms at their radii, 
the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.21. The symbols of functional groups of alkynes. 



Functional Group Group Symbol 



CC triple bond C = C 

C single bond to C = C (1°) C - C (i) 
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The geometrical bond parameters of alkynes and experimental values [1], 
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(*■ 



H 2 C V )CH 2 



-0.72457 



0.72457 



-154.51 



0.91771 



0.76765 



-17.73775' 



50.04 



29.9 5 



22.66 



1.94462 



1.49258 



•„C, 1 (/Y 2 C ^ -/i , ) 

C(f)) 

,(R'-Hfi d )C 
C (f)) 



[*■■ 



H,C r )CH 2 - 



-0.92918 
-0.72457 



0.92918 

■0.72457 



-154.1' 
-154.5 



0.91771 
0.91771 



0.7:S155 
0.76765 



-17.21782 
-17.73775' 



52.78 
50.04 



.27.22 
129.95 



24.04 
22.66 



1.92443 
1.94462 



1.47279 
1.49238 



Table 15.24. 



The enerjjy parameters 



(eP) of functional groups of alsynes 



c = c 

Group 

3 



C (i) 
Group 



Grour> 
1 



[ii) 



C-H (i) 
Grcup 



CH, 
Group 



CH 2 
Group 

2 



H (ii) 
Group 



(a) 



Groip 
1 



(b) 



Grorp 
1 



C-C (c) 

Group 



C-C (d) 

Group 



C(e) 
Group 
1 



c 

G roup 
1 



0.5 
I 



0.75 
I 



0.75 
I 



0.5 
I 



0.5 
I 




0.5 



3 
0.75 



2 
0.75 



1 

0.75 




0.5 




0.5 



en 



35.97770 
70.90876 



9.54042 
7.85528 



$.64042 
85528 



13.6(428 
13.6:796 



38.9272!! 
32.5391'" 



25.78002 
21.06675~ 



9.33352 
■5T7454~ 



9.37273 
6.90500 



9.33352 
6.77464 



9.37273 
6.90500 



9.17273 



eK) 



«,) (eC) 



y(^0:'Mf) (£7) 



■o) (eV) 



vuo) (eF) 



-94.90616 



.63533 



1.63:33 



-31.6.5532 



-67.6945 1 



-49.66493 



31.63533 



31.63 537 



-31.6: 



537 



-31.63535 



-31.63537 



63535 



.6353 



atom- atom,msD ,AO\ (eV) 



ao) (eV) 



10" rod Is) 



20.0186 
13.17659 



7.5426 
1.54682 



30.8370 
20.29747 



24.9286 
16.40846 



24.2751 
15.97831 



24.1759 
1 i. 9 1299 



9.436» 
5.21159 



15.4846 
10.19220 



9.43699 
6.21159 



9.55643 
6.29021 



9.55643 
6.29021 



(cV) 



-0.23468 



-0.2(197 



-0.2535; 



■0.24966 



0.16: 



-0.16 



-0.20896 



-0.16515 



6416 



16416 



, (.eV) 



0.27773 
[91 



0.38989 
_JS 



0.0891:9 



0.35532 
E q. (13.458. 



0.35532 
Eq. (13.45 8) 



0.35532 
Eq. (13.458) 



_Ec. 



.35532 
(1 3.458) 



0.123 

m 



0.17<>78 
[4|_ 



0.09944 
[5]_ 



0.12312 
__E] 



0.12312 

_J2] 



Ta 



(cT)_ 
(eK) 



-0.09581 
0.14803 



12255 
14803 



-0.17250 
0.14803 



-0.1(430 
0.14803 



-0.22755 
0.14803 



-0.14502 
0.14803 



■(1.07200 
14803 



■O.IO; 59 
0.14833 



-0.07526 
0.1 4! 103 



-0.15924 
0.14803 



-0.10359 
0.14803 



-0.10260 
0.14803 



10260 
4803 



i (eV) 



-98.02775 



32.48249 



-31.75967 



-67.9220/ 



-49.80996 



33.59 '32 



-33.4(373 



-33.24376 



-33.59732 



18712 



1871 



HeV) 
I (eV) 



-14.63489 




-14.63489 




4.63' 89 




-14.65489 
-13.59844 



-14.6348) 
-13.59841 



-14.6348 9 
-13.59844 



.6 3489 
3.59844 



4.63189 




-14.63 




-14.63489 




■14.63489 




53489 




*348j9 




.,) (eV) 



ble 15. 

values [3]. 



;>5, 



The total bond energies o'alkynes calculated usirg the functional j^oup composition and the energies of Table 15.24 compared to tie experimental 



c-c 

(i) 



CH (i) 



CH (ii) 



(ii) 



C-C (a) C-C (b) 



C-C (c) C 



C (d) C-C (e) 



C-C (I) 



15nsrgj 



ted 
ond 
eV) 



Experimental 

Bond 

(eV 



Re ative 
Energy Epror 



■ik 



Propyne 
1-Butynt 

2-Butyne 
1 -Nonyi 



41. 

41.7551' 
102. 



.00085 
.00077 
(0070 



-0. 
-0 
0. 
-0.00021 



Ta 

E. 



Iile 15.26. 

(atom - atom, 



The bond angle parameters of alkynes and experimental values [1]. In the calculation of 9 V , the: parameters f "om the preceding angle 
msp AG) 



wqreused. 4 r is 



Atoms of Angle 



2c' 
Bond 1 



1c 
Bon| 

(a, 



Terminal 

Atoms 



E c . 



Atom 1 
Hybridizati 
Designatic 

(Table 15.3 



Ai. 



Atom 2 



At<jm2 

F ybric ization 

designation 



( Table 



15.3 A) 



E T 
eV) 







f) C) 



Exp 

P 



Methylene 
ZHCH 



^cac, 



Methyl 
ZHCH 



1C7 
(propane) 

II 2 
(propane) 

n:.8 

(butiine) 

11(1.8 

(isobutane) 



111 



.0 



(butiine) 

111.4 

(isobutane) 



^C„C„C L 
ZCC,H 



70.: 
70.: 



Z-C„C£ C 
iso C rJ 

Z-C b C„H 
iso C 



.91547 
.91547 



2.91 
2.11. 



4.7958 
4.1633 



6841(2 
C, 

55( 
C„ 



26 

5 



16.68412 

C 

14.82575 



0.81549 
0.91771 



0.81549 
1.04887 



85836 




ll(i.8 
(isobutane) 



ZCf h H 
iso C (J 

ZCfifi h 
tert c„ 



.91547 



4.1633 



5033 
Q 

684112 
C 



14.82575 
C„ 

16.68412 

C, 



0.91771 



1.04887 







111.' 
(isobutane) 

11(1.! 
(isobutane) 
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ALKYL FLUORIDES (C„H 2n+2 _ m F m , n = 1,2,3, 4,5...oo w=l J 2,3...oo) 

The branched-chain alky] fluorides, C n H 2ii+2 _ m F m , may comprise at least two terminal methyl groups ( CH y ) at each end of the 
chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon 
single bonds wherein at least one H is replaced by a fluorine. The C-F bond comprises a functional group for each case of 
F replacing a I of methane in the series H 4 _ m C-F m , m — 1,2,3,4, and F replacing a H of an alkane. The methyl, 

methylene, methylyne functional groups are equivalent to those of branched-chain alkanes. Six types of C - C bonds can be 
identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C—C bonds within isopropyl 
((Cff 3 ) CH) and t-butyl ((C//,) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C 

bonds comprise functional groups that are equivalent to those of branched-chain alkanes. 

The solution of the C-F functional groups comprises the hybridization of the 2s and 2p AOs of each C to form a 

single 2sp } shell as an energy minimum, and the sharing of electrons between the C2sp* HO and the F AO to form a 
molecular orbital (MO) permits each participating orbital to decrease in radius and energy. In alkyl fluorides, the C2sp~ HO has 
a hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding energy of E(c,2sp 3 \ = -14.63489 eV (Eq. (15.25)), and 
the F AO has an energy of E[F) = -17.42282 eV . To meet the equipotential condition of the union of the C-F H 2 -type- 
ellipsoidal-MO with these orbitals, the hybridization factor c 2 of Eq. (15.61) for the C-F -bond MO given by Eqs. (15.77) and 
(15.79) is 

/ , \ E(C,2sp } ) , , . _i4 63489 eV , 

cJC2sp } HO toF)= V , ; > cJC2sp 1 HO) = 0.91771 =0.77087 (15.129) 

n ' E(F) n ; -17.42282eF V ' 

E T {atom-atom,msp\AO} of the C-F -bond MO in Eq. (15.61) based on the charge donation from F to the MO is 

determined by the linear combination that results in a energy that is a minimum which does not exceed the energy of the AO of 
the F atom to which it is energy matched. 

The symbols of the functional groups of branched-chain alkyl fluorides are given in Table 15.27. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
branched-chain alkyl fluorides are given in Tables 15.28, 15.29, and 15.30, respectively. The total energy of each branched- 
chain alkyl fluoride given in Table 15.31 was calculated as the sum over the integer multiple of each E D [Group) of Table 15.30 
corresponding to functional-group composition of the molecule. For each set of unpaired electrons created by bond breakage, 
the C2sp } HO magnetic energy E that is subtracted from the weighted sum of the E D (arou P ) (eV) values based on 

composition is given by Eq. (15.67). In the case of trifluoromethane, E is positive since the term due to the fluorine atoms 
cancels that of the CH group. The C-C bonds to the CHF group (one H bond to C ) were each treated as an iso C-C 
bond. The C-C bonds to the CF group (no H bonds to C ) were each treated as a tert-butyl C-C . E was subtracted for 

each t-butyl group. The bond angle parameters of branched-chain alkyl fluorides determined using Eqs. (15.70-15.79), (15.87- 
15.117) and (15.129) are given in Table 15.32. The color scale, translucent view of the charge-density of exemplary alkyl 
fluoride, 1-fluoropropane, comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type 
ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.5. 

Figure 15.5. Color scale, translucent view of the charge-density of l-fluoropropane showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 




I e A- 
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Table 1 5.27. The symbols of functional groups of branched-chain alkyl fluorides. 



Functional Group Group Symbol 



CFofCFH, C-F(i) 

m 4-m V / 

CFofCH, . F C-F (ii) 

CH 3 group C-H (CH 3 ) 



CH 2 group C-H (CH 2 ) 

CH C-H 

CC bond (n-Q C-C(a) 

C'C bond (iso-C) C - C (b) 



CC bond (tert-Q C - C (c) 

CC (iso to iso-C) C - C (d) 

CC(* to *-C) C-C(e) 

CCfftowo-Q ^-^(Q 



Ifatile 15.23. 



The geometrical bond parameters of branched-chain alkyl fluorides and experimental values [1 



C-F (i) 

Group 



(«») 



-F (ii) 
Gk>up 



C-H (CH,) 

Group 

1 .64920 



C-H (CH,) 
Group 

1.67122 



C-H 
Group 



C-C (a) 
Group 



C-C (b) 

Group 



C-C (c) 
Group 



C-C (d) 
Group 



c-c oo 

Group 



C-C 
Groub 



M 



04856 



1.05553 



Bone 

1c 



Length 
(4 



.10974 



1.11713 



1.54280 



1.54280 



1.53635 



1.54280 



1.53635 



1.53635 



Exf . Bond 
Length 



J) 



1.382 
(methyl ^uoride) 



382 



(nethy tluoride) 



(C; 



1.107 

ii propane) 
1.117 
- H butane) 



1.107 
(C-H propane) 

1.117 
(C-H butane) 



1.122 
(isobutane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane ) 



1.532 
(propane) 

1.53 
(butane) 



>>,'■ « 



27295 



1.29569 



1.54616 



1.54616 



1.52750 



1.54616 



1.52750 



1.52750 



Ifatile 15.2!). 



The MO to HO intercept geometrical 



bond parameters 



of branch^ sd-ohain alky 



fluorides. R. 



R', 



R " are H or a lkyl group s. E is E (atom - atom, 



msp 

Bond 



AG). 



(eV) 
Bond 2 



E T 

(eV) 

Bond 3 



Total 



Final 

V) Enejgy 

4 C2.*p~ 

ten 



« 



(eV) 
Fiial 



E(C2sp'] 

(eV) 
Final 







fY 4 _, 

H l-, 

(C_- 



•'„ - F ,„ 



(l 



-152.95515 



F('» 



F (ii)) 











0.78069 



0.114 



00.77 



7).23 



47i 



1.15488 



157H 



C-H 

(C 
H,C, 

(Cz 
R- 
(C- 
R- 

&£. 

; i'yC" 

&£. 

rertC 

1CL 

(ertC 

(C 



(c"0 
(eg) 

C t H,CH 2 
<' (a)) 




-0.92918 
-0.92918 









-0.92918 





-152.54487 
-153.47406 

-154.43324 

-152.54487 



0.91771 
0.91771 
0.91771 

0.91771 



0.116359 
0.111549 
0.''7247 
0.116359 



-16.(8412 
-17.(1330 



-15.' 



549: 



-15.56407 
-16.49325 

-17.42244 

-15.56407 



7.49 
68.47 
61.10 

63.82 



2.51 
1.53 
8.90 

6.18 



41.48 
35.84 
31.37 

30.08 



1.23564 
1.35486 
1.42988 

1.83879 



1870 i 
29931 
37323 

38105 



C„H 2 CH 2 - 

C (a)) 

,CJC, (H 2 C U - 

f W) 

C a (R'-H 2 C d 

£LM. 



R')H 



rn 2 - 

H 2 C r )CH 2 



-0.92918 
-0.92918 
-0.72457 




-0.92918 

-0.72457 



-153.47406 
-154.43324 
-154.71860 



0.91771 
0.91771 
0.91771 



0.111549 
0.''7247 
0.''5889 



-16.(8412 
-17.(1330 



-17.< 



2866 



-16.49325 

-17.42244 
-17.73779 



56.41 
48.30 
48.21 



26.06 
21.90 
21.74 



1.90890 
1.97162 
1.95734 



4511 

5138fe 

5057) 



C„(H 2 C\.-R) 



HCH 



-0.92918 



0.91771 



0.''7247 



17.42244 



48.30 



1.70 



21.90 



1.97162 



5138J 



(n-MAK 

C (e)) 

fi b (H£,-R'\ 
CJSl 



(R". 
HCH. 



H,C\)CH 2 - 



(R-H,C d )C, 
C (f» 



i?"- 



H 2 C C )CH 2 - 



Table 15.30 



The energy parameters 



(el') of functional groups of branched-chain 



alkyl fluorides 



(i) 
Gioup 



(ii) 
Group 



Group 



CH, 

Group 



C-F 
Grou j 



Group 



t'0>) 
Group 



C-C(c) 
Gioup 



(i) 



Grcup 



C-C 



(e) 



Group 
1 



C-C 
Group 



in 








0.75 





0.7$ 



i'V) 



1 
■170.41 



1 
792 1|4 



1 
-29.10 



»0_ 
V) 



9.3 )097 
-4.65048 



9.3C097 
-4.6:1048 



32.53914 
■ 16.21,957 



1.06675 
10.53337 



X485B2 
5.242)1 



77464 
.38732 



6.77464 
-3.3! 732 



6.90! 00 
-3.45250 



6.90500 
-3.452)0 



«>) (eV) 



ho) (eV) 




.14.63489 




15.56407 




15.56*07 





5640b 




-15.35946 




-15.35946 




-15.359/16 



uo) (eV) 
ntom-atom,ms 



sp'AO) on 



-31.63534 
-2.69892 



■31.63534 
-2.60892 



■67.66451 




49.66193 




63537 
S5836 



-31.63535 
-1.44915 



-31.63535 
-1.44915 



,(eV) 



m [W" radls) 



M 
E c , 

£„„ 

E 7 \ 
E m , 
E lm 
E„ 



eV) 
eV) 



16.4C846 
-0.25352 



5.971131 
0.25<H7 



1 S.91299 
-0.249)6 



.1651 



6.:il 15B 

-0.16515 



6.29C21 
-0.16416 



-0.164I6 



(eV) 
(<T 



1849 
0] 



(ElAll 



458)) 



(Et.(13 



458)) 



(Eg 



q.355!.2 
(13.458)) 



1231P 

[2] 
.1035:9 



7978 

m 

3752* 



0.09944 
[ 5] 



0.12312 
[5L_ 



0.12312 

[2] 

-0.10260 



0.123:2 

EL_ 

-0.102 50 



(eV) 
„„) (eP) 



0.14803 
-34.53976 



0.14803 
■34.47800 



0.14803 
■67.92207 



3.14803 
■49.80 »6 



1480 



480: 

4937h 



0.11803 
-33.24376 



0.14803 
-33.5)732 



0.14803 
-33.18712 



0.1480: 
-33.18' 



(„*■») (eV) 



(,,«,:„,>) (eV) 
■»,.) (eV) 




5.2)998 



13.59844 
12.4S186 



13.59844 
7.83016 



-13.59844 
;. 32601 





3275(1 




4.29921 




3.9 7398 




3.621 




3.917:4 



to 

(1 



ble 15 

the ex 
58) 



31. Thetota 

perimental values 



bond energies of branched 
The mag 



[3] 



netic energy ii 1 



■chain alkyl fluorides calculated using tht fuhctional gktui) composition 
that is 



subta 



cted from 



the 



using 
weighted 



and the energies of Tafcle 1 5.30 compared 



sum of the E D (G r , mp ) (eV) values based on composition 



is given by 



Foimula 



CF 4 
CHF 
CH : 

C3H7F 

C3E7F 



Tetraluoomethane 
Triflu oron lethane 
Difl 111 )rom ethane 
l-Flu)ropiopane 
2-Flu)rop]'opane 



C-F (i) 

4 
3 
2 





C-F (ii) 



CH. 



CH, 



CH 



C-C (a) 



C-C (b) 






2 



C (c) C- 



C (d) C-C (e) 



-C(f) 



Calculated 
Total Bond 
Energy (eV) 
21.07992 
19.28398 
18.37012 
41.86745 
41.96834 



Experimental 

Total Bond 

nergy (eV) 

21.016 

19.362 

18.280 

41.885 

41.963 



Rektive 

Error 

-0.00303 
0.00405 
-0.00496 
0.00041 
-0.00012 



Ta 

iing 



l>le 15. 

[e were 



sof 
4ngle 



32. 

used. 



U) 



The bond 



E T is E T (ittorp - atom, ytsp 



2c' 
Bond 2 

(a,.) 



Terminal 
Atom:* 



angle parameters of branched- chain alkvl fluorides and e?:perimental values [1]. In the calculation 



Atom 1 



AG). 

\tom 1 
Hy jridization 
Designation 

(Ta>le 15.3.A) 



Atom 2 
Hybridizatio 
Designai 

(Table 15, 



(eV) 



of V , the aarameters from 



C) 



:he preced 



Cal 

(1 



ing 



Exp 

C 



to 
4^ 



(C 



FC„F 
-Mi)) 



2.62403 



-16.17521 



13 



'5.17521 
F 



0.84115 



0.84115 



0.84115 



44915 



110.53 



10S..8 

(fluorcform 



(C 



(C, 

z 

_(C 

M 



/HC,F 
-F (i)) 

-F(ii)) 



1106 

547 



2.62403 
2.62403 



-17.10440 
C„ 

-16.68412 
C, 



35 

26 



.42282 
F 



?.42262 



0.79546 
0.81549 



(Iq 



0.78092 
(15.73)) 

0.77087 

(Eq. 
15.129)) 



0.75 
1 



0.98172 
0.79318 




85836 



110.38 
111.53 



ll(i.3 
(l,2-diflucroeth3ne) 



C b C a H 
-F (ii)) 
ethylene 



ZHC,H 



1547 
1106 



2.11106 
2.11106 
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ALKYL CHLORIDES (C„H 2n+2 _ m Cl m , n = l,2,3,4,5...oo m = l,2,3.~<») 

The branched-chain alkyl chlorides, C n H 2nV2 _ m Cl m , may comprise at least two terminal methyl groups (CH^) at each end of the 
chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon - carbon 
single bonds wherein at least one H is replaced by a chlorine. The C -CI bond comprises a functional group for each case of 
CI replacing a H of methane for the series H 4 m C-Cl m , m = 1,2,3, with the C-Cl bond of CCl 4 comprising another 

func t ional group due to the limi t ation of the minimum energy of CI ma t ched to t ha t of the C2sp 3 HO. In addition, t he C -CI 
bond due to CI replacing an 77 of an alkane is a functional group. The methyl, methylene, methylyne functional groups are 
equivalent to those of branched-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the 
same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((C# 3 ) 2 CH) and t-butyl ((Cff 3 ) 3 C) 

groups and the isopropyl to isopropyl, isopropyl to t - butyl, and t - butyl to t - butyl C — C bonds comprise functional groups that 
are equi v alent to those of branched-chain alkanes. 



The solution of the C-Cl functional groups comprises the hybridization of the 2s and 2p AOs of each C to form a 
single 2sp 3 shell as an energy minimum, and the sharing of electrons between the C2sp 3 HO and the CI AO to form a MO 
permits each participating orbital to decrease in radius and energy. In alkyl chlorides, the energy of chlorine is less than the 
Coulombic energy between the electron and proton of H given by Eq. (1.264). Thus, c, in Eq. (15.61) is one, and the energy 

matching condition is determined by the C 2 parameter. Then, C2sp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) 
with a corresponding energy of E(c,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the CI AO has an energy of 
A (c/) = -12.96764 eV . To meet the equipotential condition of the union of the C-Cl /7 2 -type-elhpsoidal-MO with these 
orbitals, the hybridization factor C 2 of Eq. (15.61) for the C -CI -bond MO given by Eqs. (15.77) and (15.79) is 

C 2 (C2sp 3 HOto Cl)= f' \, c 2 (C2sp 3 HO)= ~ U ' 96764eV (0.91771) = 0.813 17 (15.130) 
n ; E{C,2sy 3 ) V ; -14.63489 eV y ' 

Th e va lence energy of the carbon 2p is - 11 .2603 eV and that of the CI AO is - 12 .967 64 eV . Th e energy difference is m ore 



than that of 2E T (C- C,2sp 3 \ given by Eq. (14.151) for a single bond. Thus, E T ( atom- atom, msp 3 .AO\ of the C-Cl -bond 
MO of CCl m H 4 m and C n H 2n+2m Cl m in Eq. (15.61) due to the charge donation from the C and CI atoms to the MO is 
-1.44915 eV based on the energy match between the C2sp i HO and the CI AO corresponding to the energy contributions 
equivalent to those of methyl groups, -0.72457 eV (Eq. (14.151)). E T (atom-atom,msp 3 .AO) of the C-Cl -bond MO of 
chloroform with four C-Cl bonds is -0.92918 eV (Eq. (14.513)) based on the maximum single-bond-energy contribution of 

the C2sp 3 HO. 

The symbols of the functional groups of branched-chain alkyl chlorides are given in Table 15.33. The geometrical (Eqs. 

(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
branched-chain alkyl chlorides are given in Tables 15.34, 15.35, and 15.36, respectively. The total energy of each branched- 
chain alkyl chloride given in Table 15.37 was calculated as the sum over the integer multiple of each E D {a r0 u P ) of Table 15.36 
corresponding to functional-group composition of the molecule. For each set of unpaired electrons created by bond breakage, 
the C2sp 3 HO magnetic energy E that was subtracted from the weighted sum of the E D (Group) (eV) values based on 

composition is given by Eq. (15.67). The C-C bonds to the CHCl group (one H bond to C) were each treated as an iso 
C-C bond. The C-C bonds to the CCl group (no H bonds to C ) were each treated as a tert-butyl C-C . E was 

subtracted for each t-butyl group. The bond angle parameters of branched-chain alkyl chlorides determined using Eqs. (15.70- 
15.79), (15.88-15.117) and (15.130) are giv e n in Table 15.38. Th e color scale, translucent view of th e charge-d e nsity of 
exemplary alkyl chloride, 1-chloropropane, comprising the concentric shells of atoms with the outer shell bridged by one or 
more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.6. 
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Figure 15.6. Color scale, translucent view of the charge-density of l -chloropropane showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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ALKYL BROMIDES (C n H 2n+2 _ m Br m , n = 1,2,3,4,5...^ w = U,3...oo) 

Th e branch c d - chain alkyl bromid e s, C n H 2n+2 _ m Br m , may compris e at l e ast two t e rminal m e thyl groups (C// 3 ) at e ach e nd of th e 
chain, and may comprise methylene (CH 2 ), and methylyne (CH) functional groups as well as C bound by carbon-carbon 
single bonds wherein at least one H is replaced by a bromine. The C -Br bond comprises a functional group for each case of 
Br replacing a H of methane for the series H Am C-Br m , m = 1,2,3, with the C-Br bond of CBr 4 comprising another 

functional group due to the limitation of the minimum energy of Br matched to that of the C2sp 3 HO. In addition, the C-Br 
bond due to Br replacing a H of an alkane is a functional group. The methyl, methylene, methylyne functional groups are 
equivalent to those of branched-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the 
same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((C// 3 ) CH) and t-butyl ((C7/ 3 ) C) 

groups and the isopropyl to isopropyl, isopropyl Lo 1-buLyl, and t-butyl to L-bulyl C-C bonds comprise functional groups that 

are equivalent to those of branched - chain alkanes. 

The solution of the C-Br functional groups comprises the hybridization of the 2s and 2p shells of each C to form a 

single 2sp 3 shell as an energy minimum, and the sharing of electrons between the C2sp 3 hybridized orbital (HO) and the Br 
AO to form a molecular orbital (MO) permits each participating orbital to decrease in radius and energy. In alkyl bromides, the 
energy of bromine is less than the Coulombic energy between the electron and proton of H given by Kg. (1 .264). Thus, r. 2 in 



Eq. (15.61) is one, and the energy matching condition is determined by the C 2 parameter. Then, the C2sp 3 HO has a 
hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding energy of E\C,2sp 3 \ = -14.63489 eV (Eq. (15.25)), and 
the Br AO has an energy of E (Sr) = -1 1 .8 1 38 1 eV . To meet the equipotential condition of the union of the C-Br H 2 -type- 
ellipsoidal-MO with these orbitals, the hybridization factor C 2 of Eq. (15.61) for the C-Br -bond MO given by Eqs. (15.77) 
and (15.79) is 

C, (C2sp 3 HO lu Br) = —r^ r \. c ? (C2sp 3 HO) = — ~ 81381 eV (0.91771) = 0.74081 (15.131) 

2l ' E(C2sp 3 ) y ' -14.63489 eV V ' 

The valence energy of the carbon 2p is -11.2603 eV and that of the Br AO is -11.81381 eV . The energy difference is less 
than that of E T ((Z-C, 2 sp 3 J given by Eq. (14.151) for a single bond. Thus, E T ( atom- atom, msp 3 .AOj of the alkyl C-Br- 
bond MO in Eq. (15.61) due to the charge donation from the C and Br atoms to the MO is -0.92918 eV (Eq. (14.513)) based 
on the maximum single-bond-energy contribution of the C2sp 3 HO. E T (atom-atom,msp 3 .AO\ of the series 
CBr m H A _ m m = 1,2,3 is equivalent to those of methyl groups, -0.72457 eV (Eq. (14.151)). For CBr 4 , 

E T (atom — atom,msp 3 .AO\ of the C — Br -bond MO in Eq. (15.61) due to the charge donation from th e C and Br atoms to the 
MO is -0.36229 eV based on the maximum charge density on the C2sp 3 HO. It is given by Eqs. (15.18-15.20) and Eq. (15.29) 
with a linear combination of s = \ corresponding to E T ( atom -atom,msp 3 .AO\ = -0.72457 eV and 5 = corresponding to 

E T ( atom, - a tom,, msp 3 . A O J = . 

The symbols of the functional groups of branched chain alkyl bromides are given in Table 15.39. The geometrical (Eqs. 

(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
branched-chain alkyl bromides are given in Tables 15.49, 15.50, and 15.51, respectively. The total energy of each branched- 
chain alkyl bromide given in Table 15.52 was calculated as the sum over the integer multiple of each E D {arm P ) of Table 15.51 
corresponding to functional-group composition of the molecule. For each set of unpaired electrons created by bond breakage, 
the C2sp 3 HO magnetic energy E that was subtracted from the weighted sum of the E D (armp) (eV) values based on 

composition is given by Eq. (15.67). The C-C bonds to the CHBr group (one H bond to C) were each treated as an iso 
C-C bond. The C-C bonds to the CBr group (no H bonds to C ) were each treated as a tert-butyl C-C . The bond angle 
parameters of branched-chain alkyl bromides determined using Eqs. (15.70-15.79), (15.88-15.117) and (15.131) are given in 
Table 15.44. The color scale, translucent view of the charge-density of exemplary alkyl bromide, 1-bromopropane, comprising 
the concentric shells of atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.7. 
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Figure 15.7. Color scale, translucent view of the charge-density of 1-bromopropane showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.39. 



The symbols of functional groups of branched-chain alkyl bromides. 



Functional Group 



CBr of CBr m H 4 _, r 
CBr of CBr 4 

CBr of C„//,„ + , „ 

CH, group 
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CH 

CC bond (n-Q 
CC bond (iso-Q 
CC bond (tert-Q 
CC (iso to iso-C) 
CC(t to t-Q 
CC(t to iso-Q 



Br„ 



Group Symbol 



C-Br (i) 

C-Br (ii) 

C-Br (iii) 

C-H (CH } ) 

C-H (CH 2 ) 

C-H 
C-C (a) 
C-C (b) 
C-C (c) 
C-C (d) 
C-C (e) 
C-C(f) 



Table 15.40. The geometrical bond parameters of branched-chain alkyl bromides and experimental values [1". 
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736 Chapter 15 

ALKYL IODIDES (C n H 2n+2 _J m , n = 1,2,3,4,5...* /n = l,2,3...oo) 

The branched-chain alkyl iodides, C a H 2ll+2 _ m I m , may comprise at least two terminal methyl groups (CH 3 ) at each end of the 
chain, and may comprise methylene (CH 2 ), and methylyne (CH ) functional groups as well as C' bound by carbon-carbon 
single bonds wherein at least one H is replaced by an iodine atom. The C — I bond comprises a functional group for / 
replacing a H of methane (CH 3 I) or for / replacing a H of an alkane corresponding to the series C n H 2n+2m I m . The C — I 
bond of each of Ch 2 l 2 and CH1 3 comprise separate functional groups due to the limitation of the minimum energy of 1 
matched to that of the C2sp 3 HO. The methyl, methylene, methylyne functional groups are equivalent to those of branched- 
chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain 
alkanes. In addition, the C-C bonds within isopropyl ((CH 3 ) 2 CH) and t-butyl ((C7/ 3 ) 3 C) groups and the isopropyl to 

isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups that are equivalent to those of 
branched-chain alkanes. 

The solution of the C — I functional groups comprises the hybridization of the 2s and 2p AOs of each C to form a 

single 2sp 3 shell as an energy minimum, and the sharing of electrons between the C2sp 3 HO and the / AO to form a MO 
permits each participating orbital to decrease in radius and energy. In alkyl iodides, the energy of iodine is less than the 
Coulombic energy between the electron and proton of H given by Eq. (1.264). Thus, c 2 in Eq. (15.61) is one, and the energy 

matching condition is determined by the C 2 parameter. Then, the C2sp 3 HO has a hybridization factor of 0.91771 (Eq. 

(13.430)) with a corresponding energy of E{C,2sp 3 ) = -14.63489 eV (Eq. (15.25)). The I AO has an energy of 

E(l) = -10.45126 eV . To meet the eqnipotential condition of the union of the C — I f^-type-ellipsoidal-MO with these 

orbitals, the hybridization factor C 2 of Eq. (15.60) for the C-/-bond MO given by Eqs. (15.77) and (15.79) is 

C, (C2sp 3 HO to i) = ^-±-L^c 2 (C2sp 3 HO) = ~ 10 ' 45126 eV (0.91771) = 0.65537 (15.132) 

A E ' E{c,2sp 3 ) { ' -14.63489 eV K l 

The valence energy of the carbon 2p is -11.2603 eV and that of the / AO is -10.45126 eV . The energy difference is 

positive. Thus, based on the maximum charge density on the C2sp 3 HO E T ( atom- atom, msp 3 .AO) of the C - / -bond MO in 

Eq. (15.61) due to the charge donation from the C and I atoms to the MO is -0.36229 eV (Eqs. (15.18-15.20 and Eq. (15.29) 

with a linear combination of ,v = 1 , E T (atom, - atom, m,sp 3 .AO\ - -0.72457 e.V and E T {atom, - atom., msp 3 .AO\ - 0) for methyl 

and alkyl iodides, -0.181 14 eV for diiodomethane, and for CHI 3 . 

The symbols of the functional groups of branched-chain alkyl iodides are given in Table 15.45. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
branched-chain alkyl iodides are given in Tables 15.55. 15.56. and 15.57. respectively. The total energy of each branched-chain 
alkyl iodide given in Table 15.49 was calculated as the sum over the integer multiple of each E D (arou P ) of Table 15.48 
corresponding to functional-group composition of the molecule. For each set of unpaired electrons created by bond breakage, 
the C2sp 3 HO magnetic energy E that was subtracted from the weighted sum of the E n {aroup) (eV) values based on 

composition is given by Eq. (1 5.67). The C-C bonds to the CHI group (one H bond to C ) were each treated as an iso C-C 
bond. The C-C bonds to the CI group (no H bonds to C ) were each treated as a tert-butyl C-C . E mag is subtracted for 

each t-butyl group. The bond angle parameters of branched-chain alkyl iodides determined using Eqs. (15.70-15.79), (15.88- 
15.117) and (15.132) are given in Table 15.50. The color scale, translucent view of the charge-density of exemplary alkyl iodide, 
1-iodopropane, comprising the concentric shells of atoms with the outer shell bridged by one or more # 2 -type ellipsoidal MOs 
or joined with one or more hydrogen MOs is shown in Figure 15.8. 
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Figure 15.8. Color scale, translucent view of the charge-density of l-iodopropane showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 



Table 15.45. The symbols of functional groups of branched-chain alkyl iodides. 



Functional Group 



Group Symbol 



C/ofC// 3 /andC„i/ 2 „ +2 _ m /„ 
CI of CH 2 I 2 
CI of CHI, 
CH, group 

CH : group 

CH 

CC bond {n-Q 

CC bond (iso-Q 

CC bond (tert-Q 

CC (iso to iso-C) 

CC(t to t-Q 

CC (t to iso-C) 



C-I (i) 
C-I (ii) 
C-I (iii) 
C-H (CH } ) 
C-H (CH 2 ) 

C-H 
C-C (a) 
C-C(b) 
C-C (c) 
C-C (d) 
C-C (e) 
C-C (f) 



Table 15.4(1. 



»( 



2.67103 



The geometrical bond parameters of branched-chain alkyl iodides and experimental values [I] 



c-i 

Group 
2.( 8865 



(ii) 



Group 
2/'0662 



-/ 



iii) 



(J TOUp 

l.'S492<> 







Group 

.5712! 



C-H 
Grouj 

.67465 



-C 

Grour| 

12499 



a) 



-C 
jroup 



.124! '9 



C-C 
Grou) 



(c) 



C-C 



Group 

::. 124)9 



(d) 



C-C 



Grovp 

2.10725 



(e) 



f-C(f) 
Group 

2.10725 



-J 

00 



,'(: 



2.0322: 



.457^4 



.45744 



1.45164 



2c' 
Exp. 



Bond 



(-i 



2 
(methyl 



132 
iod 



de) 



32 
(methyl iodide) 



.15 

(c arbor 

teta iodide) 



(C - t' pro jane) 

1.117 
(C- il butane) 



(C- 

(C- 



1.107 
H propane) 

1.117 
- .'-J butane) 



1.122 
(isobutane) 



1.532 
•opar e) 
1.531 
(l iutani ?) 



(p 



1.53; 

(proparie) 

1.531 
(hutan ;) 



1.532 
(propane) 

1.53 
( jutan e) 



1.53! 
(propaie) 

1.531 
( butar e) 



1.532 

(jropane) 

1.531 

butane) 



1.532 
(bropzne) 
1.531 
^butan e) 



b,c (a ) 



1.27295 



.5461 



.5461 



.52750 



.54616 



1.52750 



1.52750 



0.75582 



0.75334 



0.'5358(l 



5315') 



63095 



68600 



.68600 



0.68600 



168888 



© 





rO 




O 








O 




CD 




CD 




O 




7T 




I - 




CO 




rj 






r> 


TJ 


=V- 


O 




6 

CD 






<fl 




-! 





< 
CD 

Q. 



Table 15.47 



Band 



The MO to HO intercept 



geometrical bond parameters of branched-chain alkyl 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bone 4 



Final Total 
Ener£ y 
C2sr? 
(eV; 



iod: 



des. R,R 



R 



are H or alkyl groups. 3 



e(c2s P '] 

(eV) 
Final 



is 3j(atom -atom,msp AO) 



(C.-l (i)) 



-151.79S83 



CHJ 



H,C. 



CJ 
(0) 



(<: 

(C.-i (ii)) 



//,C, 



(i)) 



C //,/ 



■O.09O57 



-l 51. 70526 



0.91771 



0.91214 



14.91632 



-14.7254( 



68.61 



111 



39 



28.7 



2.35818 



33272 






(ii)) 
(iii)) 



■0.09057 



1.30183 
0.91771 



0.91214 
J1771 



0.' 



-14J9163? 
-14. 



68.61 
67.56 



111.39 
112.44 



28.71 
28.32 



2.35818 
2.38256 



33272 
35035 



cjrr 3 

(C.-t ('ii)) 



1.30183 



0.91771 



67.56 



112.44 



28.32 



2.38256 



35035 



C -H 



CH, 



(a)) 



(C-C 



HfH 2 
(a)) 



OZ 



(b)) 



f')HCH. 



,C a [R'-Hf (l ] 
(c)) 



K(* 



■H 2 C^)CH 1 



0.92918 



-0.72457 



0.72457 



0.72'-57 -154.71860 



0.91771 



0.75889 



17.92865 



-17.7377? 



48.21 



21.74 



1.95734 



50570 



i<QL 



«'- Hf i )C h 

m 



A)C"2 



-0.72457 



0.72457 



0.72. 



57 -154.51 



399 



0.91771 



0.76765 



-17.73775 



50.04 



22.66 



1 .94462 



49298 



(c-c 



(C-C 



C h {llf c -R') 

ffl) 

R '- H 2 C j) C l' 

IS) 



f' 2 C c )CH, - 



-0.92918 
-0.72457 



0.92918 

0.72457 



0- 

0.72- 



-154.19863 
■57 -154.51399 



0.91771 
0.91771 



0.78155 
0.76765 



-17.21783 
-17.73775 



52.78 
50.04 



24.04 
22.66 



1 .92443 
1 .94462 



47279 
49298 



Tab 



e 15.48. The energy parameters (eV) of functional 



groups of bn nched-chdn alkyl iodides 
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(0 

Group 

1 




C- 

(i) 

Grcup 

1 



C-i 

(iii) 

Grou]) 

1 





CH, 
Group 

3 
2 



CH 2 
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2 
1 



C-H 
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1 




C-C(a) 
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1 




'-C(b) 
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1 





C (c) 
Group 

1 





C-C (4) 
Group 



C'-C 
Group 

1 




(<0 



Group 

1 





3 



1 



















7 . (e'O 



0.5 
0.65537 
-26 59109 



0.65537 
-26.34902 



0.5 
0.655 



0.75 

1 

-107.32728 



0.75 
1 

-70.41425 



0.75 

1 

-35.12015 



0.5 

1 

-28.79214 



0.5 

1 

■28.79214 



0.5 
1 
10112 



0.5 

1 

9.10 



5.5 
1 
1011 



'„0 



n 



6.'3951 



38.9272? 



25.78002 



12.87680 



9.33352 



J.33352 



J7273 



'.'.3727 



7273 



T (eV 



n 



E(.„ 



>)ieV) 



,(,o,„„)(eV) 



E r (,, 



,)(eV) 



-14 
-31 



29907 
63534 



-14.4)375 
-31.63535 



-14.63489 
-31.63540 



-15.5640' 
-67.6945 . 



-15.56407 
-49.66493 



-14.63489 
-31.63533 



-15.56407 
-31.63537 



15.56407 
■31.63537 



.35946 
.63535 



15.56407 
31.63537 



-15.35946 
-31.63535 



35945 
63535 



,» fit) 1 



E, (< 



'om - atom, msp' 

rad 1 s\ 
V) 



AO\(eV) 



99766 

.2318 

3472 



5.36799 
3.53331 




-31.63513 
9.900S 
6.516! 8 





-67.6945( 1 
24.9286 
16.40846 




-49.66493 
24.2751 
15.97831 




-31.63537 
24.1759 
15.91299 



-1.85836 
-33.49373 
9.43699 
6.21159 



.85836 
33.49373 
5.43699 
5.21159 



-1 44915 
.08452 

15.4846 
19220 



-l.8>836 

■33.49373 



10 



1.44915 
.08*52 
*.55643 
6.29021 



.4491! 
08452 
5643 
9021 



E,A( 



V) 



16421! 



-0.15977 



-0.25352! 



-0.25017 



-0.24966 



-0.16515 



0.16515 



20896 



0.164 



16 



16416 



\eV) 



0.0660S 



0.06508 

_U!iL_ 



0.0661 '8 



0.35532 
(Eq. (13.458)) 



0.35532 
(Eq. (13.4581) 



0.35532 
(Eq. (13.458)) 



0.12312 

a 



117978 
IS 



0. 



59944 

IS 



0.123 
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12 



0.12312 

__E1 



\E 



",V) 
eV) 



13124 
4803 



-0.0S527 
0.14S03 



-0.12673 
0.148(3 



-0.22757 
0.14803 



-0.14502 
0.14803 



-0.07200 
0.14803 



-0.10359 
0.14803 



-0.07526 
114803 



15924 
14803 



-0.10359 
0.14 803 



-0.10260 
0.14803 



E. , 



, r )(eV) 



l AO!H o)( e V) 



63489 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



14.63489 



.63489 



14.63489 



4.63*89 



6348? 



(,,».■«/) (eV) 



E i„„, 

Table 15.49 

th|e experimental 



v )(eV) 



The total bond energies 
values [3]. The magnetic 



of branched-eha 
energy E mag that 



n alkyl iodides calculated using the Junctional group composition and the energiss of Tabh 1:>.48 compared to 



is subtracted 5rom the weig! 



hted sum of the E D ( 



\Growj^ 



)(i? (Rvalues 



based on composition is given 



by (15.58). 



CHI 3 
CH2I2 
CH3I 



iHjI 
H 7 I 

CkH 7 I 
C4H9I 



Triiodoriiethane 

Diiodorr ethane 

Iodometiane 

Iodoethane 

1-Iodoptopan 

2-Iodopi opan 

2-Iodo-2. 



-/ 

(0 



■metliylpropane 



C-I 

(ii) 



C-I 
(iii) 



CH (i 



) CH (ii) 



C-C 
(J) 



c-c 

(b) 



C-C 
(c) 



C-C 
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C-C 
(e) 
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Bond 

■gy 



Experimental 



Ml 

358:^8 
.946 14 
.20294 
.36064 
.51834 
.61923 
96057 



Total Bo 
Energy (f 

iO40~5 

12.921 
15.16: 
27.343 
39.516 
39.623 
51.899 



Relative 
Error 



0.00444 
-0.00195 
-0.00263 
-0.00066 
-0.00006 
0.00009 
-0.00119 



Table 15.50 

were used. E-, 



z 
(£. 

/HC 

/HO, 
C„- 
zLC 

(C, 



Atoms of 
Angle 



-1 (i)) 

,ff 

H 

i m 

„C t H h 
-I (i)) 



2;' 

Bond 1 

0.) 



4.o: 

2.11 



The bond angle parameters 



is Ej{atom - 



2c' 

Bond 2 

H) 



4.05092 
4.03763 

2.09711 



2c' 
Terminal 



atcm,msp AG) 



(", 



6.7205 
5.2203 

3.4252 



Atom 1 



-10.451216 

/ 
-14.8257|5 

C„ 



Atom 1 
hybridization 
] designation 

(Table 

15.3.A) 



of branched-ohain alkyl iodides and experimental values [1]. In the 



Atom 

AtorJi2 Hybridization 

Designal ion 

(Tabic 
15.3.4) 
10.4: 
I 

10.45 
I 



Atom 1 Atom 2 



0.91771 0.9177 



1 

0.75 

1 



165537 
(El. (15.132)) 

3.76815 
(Eq. (15.74)) 



1 
0.75 

0.75 



calculation of6 v , the parameters from the preceding angle 



V) 



9, 
C) 



C) 



1 12.10 
112.39 

109.50 



E;p. 



111.2 
(methyl iodide) 



{C„ -I (i)) 
Methylene 
ZHCH 



4.03763 
2.11106 



5.7S39 
3.4252 



-15.55033 



10.45 



0.87495 d.87495 



165537 
(Ec. (15.132)) 



0.87495 
1.15796 



07 
(propane) 



12 
(propane!) 

113.8 

(butane) 

110.8 

(isobutan:) 



^\C,,H 



111.0 

(butane) 

111.4 

(isobutan?) 



Methyl 
ZHC a H 

ZC\/O t H 



70.56 
70.56 



109.44 
109.44 



ZC\CJO c 
is 3 C„ 



-16.684 lp 



16.68412 
C, 



0.81549 d.81549 



110.8 
(isobutan:) 



ZC h C a H 
is 3 C„ 



-15.55033 
C„ 



14.82. 
C, 



0.87495 0.91771 0.75 



is) C„ 



-15.55033 



14.82. 
C, 



0.87495 0.9177 



111.4 
(isobutan;) 



tet C„ 



-1 6.684 IP 



16.68412 



0.81549 0.81549 



110.8 
(isobutan:) 
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742 Chapter 15 

ALKENYL HALIDES (C n H 2n _ m X m , n = 3,4,5...oo w = l,2,3...oo) 

Th e branch c d - chain alk c nyl halid c s, C tt H 2tt+2m X m with X = F, CI, Br, I , may compris e alkyl and alk e nyl functional groups 
wher e in at l e ast one 77 is r e plac e d by a halogen atom. In the case that a halogen atom r e plac e s an alkyl 77 , the C — X bond 
comprises the alkyl-halogen functional groups given in their respective sections. The alkenyl halogen C-X bond comprises a 
separate functional group for each case of X bonding to the C = C -bond functional group given in the Alkenes section. In 
addition the CH group of the moiety XCH = C comprises a functional group unique to alkenyl halides. The straight and 
branched-chain alkenes, C n H 2n , comprise at least one carbon-carbon double bond comprising a functional group that is solved 

equivalently to the double bond of ethylene. The double bond may be bound to one, two, three, or four carbon single bonds that 
substitute for the hydrogen atoms of ethylene. The three distinct functional groups given in the Alkenes section are C vinyl 
single bond to -C(C) = C,C vinyl single bond to -C(H) = C , and C vinyl single bond to -C(C) = CH 2 . In addition, C77 2 of 
the -C - CH 2 moiety is also an alkene functional group solved in the Alkenes section. 

Consider the case where X = Cl substitutes for a carbon single bond or a hydrogen atom. Based on the condition of 
energy matching of the orbital, any magnetic energy due to unpaired electrons in the constituent fragments, and differences in 
oscillation in the transition state, two distinct C-Cl functional groups can be identified: CI vinyl single bond to -C(C) = C 
and CI vinyl single bond to -C(H) = C . The alkenyl-halide CH group is equivalent to that solved in the Hydrogen Carbide 
(CH ) section except that AE HMO (AO/HO) = -l. 13379 eV in order to energy match to the C-Cl and C = C bonds. 



The alkyl portion of the alkenyl halide may comprise at least two terminal methyl groups ( CH 3 ) at each end of the chain, 
and may comprise methylene (CH 2 ), and methylyne (CH ) functional groups as well as C bound by carbon-carbon single 
bonds. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds 
can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within 
isopropyl ((C77 3 ) 2 C77) and t-butyl ((C77 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl 

C-C bonds comprise functional groups. The branched-chain-alkane groups in alkene halides are equivalent to those in 
branched-chain alkanes. 

E T (atom - atom, msp 3 .AO\ of the C = C -bond MO in Eq. (15.61) due to the charge donation from the C atoms to the 

MO is equivalent to that of ethylene, -2.26759 eV , given by Eq. (14.247). E T ( atom -atom, msp 3 . AOj of each C-C-bond 

MO in Eq. (15.61) is — 1.85836 eV or — 1.44915 eV based on th e e n e rgy match b e twe e n th e C2sp 3 IIOs corresponding to the 
e n e rgy contributions e quival e nt to thos e of m e thyl e n e , — 0.92918 eV (Eq. (14.513), or m e thyl, — 0.72457 eV (Eq. (14.151)), 
groups, respectively. 

The solution of each C-X functional group comprises the hybridization of the 2s and 2p AOs of the C atom to form 

a single 7s p 3 shell as an energy minimum, and the sharing of electrons between the O.sp 3 HO and the X AO to form a MO 
permits each participating orbital to decrease in radius and energy. The alkenyl C- X-hond functional g r oups comprise single 
bonds and are equivalent to those of the corresponding alkyl halides except that the halogen AO and the C-X -bond MO are 
each energy matched to the alkene C2sp 3 HO. In alkenyl halides with X = CI, Br, or I , the energy of the halogen atom is less 
than the Coulombic energy between the electron and proton of 77 given by Eq. (1.264)). Thus, c 2 in Eq. (15.61) is one, and the 
energy matching condition is determined by the C 2 parameter. For example, the hybridization factor C 2 of Eq. (15.61) for the 
alkenyl C -CI -bond MO given by Eq. (15.130) is C 2 (C2sp 3 HO to Cl) = 0.81317 . 

E T ( atom -atom, msp 3 . AOj of the alkenyl C-Cl -bond MO in Eq. (15.61) due to the charge donation from the Cand 
CI atoms to the MO is -1.44915 eV for the CI vinyl single bond to -C(H) = C C-Cl group and -0.92918 eV for the CI 
vinyl single bond to -C(C) = C C-Cl group. It is based on the energy match between the CI atom and the C2sp 3 HO of an 
unsubstituted vinyl group and a substituted vinyl group given by Eqs. (14.151) and (14.513), respectively. 

The symbols of the functional groups of branched-chain alkenyl chlorides are given in Table 15.51. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
branched-chain alkenyl chlorides are given in Tables 15.52, 15.53, and 15.54, respectively. The total energy of each branched- 
chain alkenyl chloride given in Table 15.55 was calculated as the sum over the integer multiple of each E D {amu P ) of Table 15.54 

corresponding to functional-group composition of the molecule. The bond angle parameters of branched-chain alkenyl chlorides 
determined using Eqs . (15 . 70-15 . 79), (15 . 88-15 . 117) and (15 . 130) are given in Table 15 . 56 . The color scale , translucent view of 
the charge-density of exemplary alkenyl halide, 2-chloropropene, comprising the concentric shells of atoms with the outer shell 
bridged by one or more 77 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.9. 
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Figure 15.9. Color scale, translucent view of the charge-density of 2-chloropropene showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 



Table 15.51 . The symbols of functional groups of branched-chain alkenyl chlorides. 



Functional Group Group Symbol 

CI vinyl single bond to -C(H)=C C-Cl (i) 

CI vinyl single bond to -C(Q=C C-Cl (ii) 

CC double bond C = C 

C vinyl single bond to -C(Q=C C - C (i) 

C vinyl single bond to -C(H)=C C-C (ii) 

C vinyl single bond to -C(Q)=CH 2 C-C (iii) 

CH (alkenyl halide) C - H (i) 

CH 2 alkenyl group C -H (CH 2 ) (i) 

CHs group C-H (CH,) 

CH 2 alkyl group C-H (CH 2 ) (ii) 

Ctf(alkyl) C-H (ii) 

CC bond (n-Q C-C (a) 

CC bond (iso-Q C-C (b) 

CC bond (tert-O C-C (c) 

CC {iso to wo-C) C - C (d) 

CC (t to f-C) C-C(e) 

CC (t to iro-C) C-C (f> 



Table 1 5. 52!. The geometrical bond parameters of branched-chain alkenyl chlorides and experimental values [1]. 
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. The MO to HO intercept geametrical bond parameters of branched-chain alkenyl chlorides. R,R,R are H or alkyl groups. 
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Table 15.54. 



The energy parameters (eV) of functional groups of branched-chain alkenyl chlorides. 
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ALCOHOLS (C n H 2n+2 O m , n = 1,2,3, 4,5...oo) 

The alkyl alcohols, C„H 2n+2 O m , comprise an OH functional group and two types of C - O functional groups, one for methyl 
alcohol and the other for general alkyl alcohols. The alkyl portion of the alkyl alcohol may comprise at least two terminal 
methyl groups ( C/Y, ) at each end of the chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as 
well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are equivalent to those of 
straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same as that of straight- 
chain alkanes. In addition, the C-C bonds within isopropyl ((C7/.,), CH ) and t-butyl {(CHA.C) groups and the isopropyl to 

isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The branched-chain-alkane 
groups in alcohols are equivalent to those in branched-chain alkanes. 

The OH functional group was solved in the Hydroxyl Radical (OH) section. Each C—O group is solved by 
hybridizing the 2s and 2p AOs of the C atom to form a single 2sp' shell as an energy minimum, and the sharing of electrons 
between the C2sp 3 HO and the O AO to form a MO permits each participating orbital to decrease in radius and energy. In 
alkyl alcohols, the C2sp' HO has a hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding energy of 
E (C,2sp s ) = -14.63489 eV (Eq. (15.25)) and the O AO has an energy of E(0) =-13.61806 eV. To meet the equipotential 
condition of the union of the C—O //,-type-ellipsoidal-MO with these orbitals, the hybridization factor c, of Eq. (15.61) for 
the C-<9-bond MO given by Eqs. (15.77) and (15.79) is 

cAC2sp'HOto 0)= E ^°' ^ cJC2sp-HO)= ~ U ' 6m6eV (0.91771) = 0.85395 (15.133) 

n ' E[c,2sp) V ' -14.63489 eV y ' 

E T ( atom- atom, msp\AO\ of the C-O-bond MO in Eq. (15.61) due to the charge donation from the C and O atoms to the 

MO is -1.65376 eV for the CH s -OH C-O group. It is based on the energy match between the OH group and the Clsp' 
HO of a methyl group and is given by the linear combination of -0.92918 eV (Eq. (14.513)) and -0.72457 eV (Eq. (14.151)), 
respectively. For the alkyl C-O group, E f (atom-atom, msp^.AO) is -1.85836 eV . It is based on the energy match between 

the O AO and the Clsp 1 HO of a methylene group where both energy contributions are given by Eq. (14.513). 

The symbols of the functional groups of branched-chain alkyl alcohols are given in Table 15.66. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
alcohols are given in Tables 15.58, 15.59, and 15.60, respectively. The total energy of each alkyl alcohol given in Table 15.61 
was calculated as the sum over the integer multiple of each E D (aroup) of Table 15.60 corresponding to functional-group 

composition of the molecule. The bond angle parameters of alkyl alcohols determined using Eqs. (15.88-15.117) are given in 
Table 15.62. The color scale, translucent view of the charge-density of exemplary alcohol, 1-propanol, comprising the concentric 
shells of atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs 
is shown in Figure 15.10. 

Figure 15.10. Color scale, translucent view of the charge-density of l-propanol showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or # 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (A) Side view. (B) Front view. 
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Table 15.57. The symbols of functional groups of alkyl alcohols. 



Functional Group 



Group Symbol 



OH group 
CH 3 OHC-0 
Alkyl C-O 



C-0 (i) 
C-0 (ii) 
C-H (CH 3 ) 

C-H (CH 2 ) 

C-H 
C-C (a) 



CH, group 

CH 2 group 

CH 

CC bond (n-Q 



CC bond (iso-C) 
CC bond (tert-Q 
CC (iso to iso-C) 
CC(t to t-Q 
CC(t to iso- Q — 



TT- 



riby 



C-C (d) 
C-C (e) 
C-C(f) 



ab 



e 15.58. The geometrical bond parameters of a: 



OH 

Group 



0( 

C iroup 



0(if) 
Croup 



Iky 

Jc, 

G roup 



alcohols and 



G roup 



(«0 



experimental values [1] 



Gj oup 



■-C(aj 
Gioup 



c- :: (b)| 

Gmup 



C-C'(c) 
Gr< >up 



Grt up 



:<d) 



C-C(e) 
Group 



Groap 



(i) 



Btmd 

Le|gth 



i 


0.(1716: 



1.7825^ 
1.3351 



1.67465 
1.05661 



2.17499 
1.4 5744 



2.12499 

1.4.S744 



2.12499 

1.45744 



Exp 



Bond 



Length 



(e 



■0_ 

to~ 



0.971 

*:hanol) 

C.9451 

(methanol) 

8692) 

~~ 07267; 



1 4246 
(methanol) 

1.1942'! 
~~ a 7464:! 



1.431 
(ethanoll) 



1.1810' 
~b7v490(' 



(C 



1.1 

H propane) 

1.1 



propane) 



{C-H but me) 



7295 
43580 



(C-H ] 
1 1 
(C-F butjme) 

i.; 
67a 



i. 



122 



1.532 
(propane) 



9569 
159 



(isotutant) 



1.29924 
0.63095 ~ 



(bu 



ane) 



1.54616 
0.63600 



1.1132 
(propane) 

1..S31 
(bulane) 
1.54616 
0.6:11600 



(propane) 

1.531 
(butane) 



1.5: 



750 



1.532 
(prof ane) 

1.531 
(butiine) 
1.54616 
0.68600 



1.5 52 
(propane) 

1.551 
(butitie) 
1.52750 
0.68 388 



1.532 
(proptne) 

1.531 
(butane) 
1.52''50 
0.681188 



Table 15.5^. jThe MO tck Hp intercep 

Bond 



geometrical sorid parameters of alkyl abohols. R, R 



R lire H or alkyl 



groups. F T is E-riatom 



atom,msp AO) 



n 3 co 



H 



(e\) 
Bond l 

-0.82688 



E 1 

(eV) 
Bond 2 





(eV) 
Bond 3 





(g\ 



') 



Bon 14 





Final Total 
Energy 

C2v' 
(eV) 



to 

1.00000 



<:«o 



:V) 



e(c2sp s ) 

(eV) 
Final 







(•) 



to 



d i 



a. 



,s f, 

"-C 



O-H 
OH 
(0) 



-0.82688 



1.0000 
0.91771 



-15. 
-15.65263 



115.09 
96.59 



64.12 
46.30 



0.55182 
1.23986 



0.099111 



,C 

:-c 

ff,C, 
I'-C 



OH 

(i)) 
-OH 



-0.82688 
-0.92918 




-0.92918 



1 .00000 
0.91771 



(5263 
(8411 



96.59 
93.09 



46.30 
43.59 



1.23986 
1.29114 



099111 
0.04398 



Hfi 
'J-C 



OH 

m 



-0.92' 



118 







1.00000 



549: 



97.20 



46.50 



1.22692 



10820 



(™,) 



(™,) 



(CH) 



f,CCf,ff,Cff 2 

M 



-c 











-152.54487 



0.91771 



-15.56407 



03.82 



30.08 



1.83879 



(.38106 



HfC f 

?-_c 

H 
■C. 
H. 
"-C 



HfH. 

(a)) 
CC t {Hf:,-R' 

(bJl 
c£r'- Hf tl 

Ml 



y, 



)hch. 



■ H 1 c/y , H 1 ■ 



-0.92918 
-0.92918 
-0.72457 




■0.92918 
■0.72457 



-153.4'406 

-154.40324 



■0.72457 -154.7 



0.91771 
0.91771 
0.91771 



1549 
7247 
5889 



-16.. 
-17.1 
-17.5 



(8412 
(1330 
2866 



-16.49325 
-17.42244 
-17.73779 



56.41 
48.30 
48.21 



26.06 
21.90 

21.74 



1.90890 
1.97162 
1.95734 



.451 7 
■.513118 
,505:'0 



iot\C 
C 

t{rtCJ, 
C 



(h 2 c c - iv)h 

m 

Ml 



,c)o/ 2 - 



-0.92' 
-0.72- 



-0.92918 
-0.72457 



■0.92918 
■0.72457 



■0.72457 -154.5 



0.91771 
0.91771 



7247 
'6765 



-17.( 
-17. 



1330 



-17.42244 
-17.73779 



48.30 
50.04 



1.70 
:9.96 



21.90 
22.66 



1.97162 
1.94462 



(■.513118 



hrtCJ. 

•;-c 



(/7 2 C -,R')/ji 



-0.72- 



-0.92918 



0.92918 



0.91771 



-17.21783 



;;2.78 



24.04 



.92443 



"-C 



R'- tf,C,)C t (, 
<$} 



A)™ 2 - 



■0.72457 -154.5 399 



Tab 



e 15.6fli. The energy p; 



rameters (< 



eV) of functional groups of alkyl alcohols 



Parameters 



OH 

Groujb 



0(\ 

G'oup 



C-O(ii) 
Group 



Group 



CH 2 
Group 



C-H 
Group 



C-C (a) 
Group 



C-CQs) 
Group 



t'-C'(c) 

Group 



C(d) 
Group 



C'(e) 
Croup 



c-"(f> 

Group 



0.75 



0.5 



0.5 



0.75 



0.75 



0.75 



0.5 



0.5 



0.5 



0.5 



0.5 



'', 



V) 



X92709 



-33. 



47304 



-33.711820 



-107.32/28 



-70.41425 



-35.12015 



-28.79214 



(.79214 



-29.10112 



.8.79214 



-29. 



.10112 



-29.10112 



', ( 



V) 



V) 



■'„ ( 



V) 



s(. 



r„)(eV) 



. ('0'uo)(eV) 



K>)(eV) 



,»») (eV) 



*A 



atom— alam,msp~ 



\AO 



)(eV) 



E,(, 



,){eV) 



1.635 



.2891 



-67.694 50 



-49.6649 



-31.63537 



-33.49373 



-33.49373 



-33.08452 



S.49373 



.08452 



1S rarf/j) 

eV) 
eV) 
(cK) 



44. 







1776 
1.07844 
.33749 
4631F 
17-1J 1 



22 



2.3978 

14/'426' 

-0.2528' 

0.12808 

_[19]_ 



12.2*31 

8.08494 

-0.18841 

~0A3 m~ 



24.92)16 
16.40816 
-0.25352 
0.355:2 
(Eq. (13.458)) 



24.2751 
15.9783 
-0.2501' 
035:532 
(Eq.(13.4 



18)) 



24.1759 
15.91299 
-0.24966 
0.35532 
(Eq. (13.45811) 



9.43699 
6.21159 
-0.16515 
0.12312~ 



9.43699 

6.21159 

-0.16515 

1). 17978 

__[4] 



15.4846 

10.19220 

-0.20896 

" 0.09944~ 

[5] 



9.43699 
6.21159 
0.16515 
$42312 

m 



9J5643 

6.J9021 

6416 

12312 
12] 



6.29021 
-0.16416 



(eV) 



.105"4 



-0.1 



-0.227 57 



-0.1450: 



-0.07200 



-0.10359 



-0.07526 



-0.15924 



0.1 0359 



10260 



E,t 



OH 



1.11441 
1.74130 



0.14803 



0.14-S03 



-33. 



47795 



0.14803 
-67.92207 



0.14803 
-49.80995 



0.14803 
-31.70737 



0.14803 
-33.59732 



0.14803 
-33.49373 



0.14803 

-33.24376 



0.14803 

3.59732 



14803 
.18712 



0.1' 803 



u 



,(.,. ml ,o){eV) 
™,)( e K) 



3.61111 
5.59844 
41035 



-14.5348? 


4.20817 



-14.63489 




-14.634 89 
-13.59*44 
12.491 86 



-14.6348? 
-13.59844 
7.83016 



-14.63489 

-13.59844 
3.32601 



-14.63489 


4.32754 



-14.63489 


4.29921 



-14.63489 


3.97398 



14.63489 


4.17951 



.63489 

.62128 



Table 15.61 



experimental values [3] 



The total bond energies 



of alkyl alcohols calculated using the functional group 



c-o (0 

Grcup 



C-0 (ii) 
Group 



C-C (a) C-C (b) C-C 



composition and 



the energies of Table 1!>.6(J compared to 



C-C (d) 



C-C (e) C-C (f) 



Calculated 
Total Bond 

Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



the 



Relative 
Error 



c:h 4 o 

c: 2 h s c 

t: 3 H 8 Ci 

c: 3 HsCi 

c 4 HioO 

c,u m o 

C,H 10 O 

C4H10P 

CjHi 

C5HI2P 
c: 5 h 



o 



c:,Hi 2 p 
c: 5 Hi 2 

C 5 H, 2 t> 

c: h 14 o 

c:,Hi 6 o 

CgHuO 

CnHisp 

Q-9H2C 

,H 2 iO 

(f.2H2,0 

c:, 6 h*o 



Methano 

Ethanol 

l-Propan:3l 

2-Propan:)] 

1 -Butane 

2-Butano 

2-Methyl 

2-Methyl 

1-Pentanol 

2-Pentan:il 

3-Pentanol 

2-Methyl 

3-Methyl- 

2-Methyl- 

3-Methyl- 

1-Hexano 

2-Hexano 

1-Heputnol 

I -Octano 

2-Ethyl-l 

1-Nonan 

1-Decanol 

l-Dodecjinol 

l-Hexadecanol 



II 
II 

1 -pr 3pananol 
-2-pr upananol 



4-butananol 

■1-butananol 

2-bntananol 

2-bi|tananol 

I 

I 

jl 

I! 

-hi 

il 




1 

2 
2 
3 
3 


4 
4 
2 
1 
1 
1 

5 
5 
6 
7 
4 
8 
9 
11 
IS 



21.11038 
33.40563 
45.56333 
45.72088 
57.72103 
57.87858 
57.79359 
58.15359 
69.87873 
70.03628 
69.97962 
69.95129 
69.95129 
70.31129 
69.96081 
82.03643 
82.19398 
94.19413 
106.35183 
106.42439 
118.50953 
130.66723 
154.98263 
203.61343 



21.131 
33.428 
45.584 
45.766 
57.736 
57.922 
57.828 
58.126 
69.887 
70.057 
70.097 
69.957 
69.950 
70.246 
70.083 
82.054 
82.236 
94.214 
106.358 
106.459 
118.521 
130.676 
154.984 
203.603 



0.00(197 

0.00(166 

0.00(46 

0.00(i98 

0.00(i26 

0.00(174 

0.00(160 

■0.00' 

0.00(ill 

0.00d29 

0.00168 

0.00(108 

■0.00' 

■0.00 

0.001 

O.OWQl 

0.00('52 

0.00021 

0.00006 

0.00032 

0.00010 

0.00X107 

0.00C01 

0.00J05 



348 



© 





w 


















CD 




0) 




O 




7T 




I - 




CO 




3- 






r> 


TJ 


st- 


O 




6 

CD 






<fi 




-i 





< 
CD 

Q. 



Table 15.62. The bond mgle parameters of alkyl alcohols and ex] )eri mental val 
is Efiatom - atom,msp 3 .AO), 



ues [1]. In the calculation of 6 V , the parameters from tie preceding angi 



e were used. 



Atcms of Angle 



2c' 
1 Bond : 



2c' 
Terminal 

Atoms 
K) 



Atom 1 
Hybridizati 
Designation 

(Table 15.3.A ) 



Atom 2 



Atom 2 

bridi; 

Desigiation 



Hybridization 



flable 



I5.3.A) 



E, 
leV) 



C) 



Cal. e 

(°) 



Exp 



o: 



■„-O0)) 



2.67935 1.8361» 



0.75 0.9177 



(methanol 



ZC„OH 
O (ii)) 



2.67024 1.83611) 



1547 2.67024 



0.91771 

0.85395 

(Eq. 
(15."4)) 



0.75 0.91771 



I 0.83472 



105 
(ethiinol) 

107.8 
(ethiinol) 



Methylene 
ZHCH 



1106 2.1110O 



1 



0.75 1.15796 



107 
(propane) 



(pro]>ane) 



(butane) 



(isobntane^ 



^-Cfi b H 



(butane) 



(isobntai 



Methyl 
ZHCM 



2.09711 2.0971 



0.75 1.15796 



^CC.ff 



so C (V 
£C£J1 

iso C, 
/-C a C h H 

iso C„ 



1547 2.915^ 
1547 2.113: 
1547 2.0971 



1.7958 
1.1633 
1.1633 



26 
5 



16.68412 
C c 

14.82575 

Q 
14.82575 

C„ 



0.81549 
0.91771 
0.91771 



0.75 



I 0.81549 

75 1.04887 
75 1.04887 



11 



D.8 



(isobnta! 



11 

(isobi 



1.4 
iitane 



ten c 



2.93327 2.9032'' 



1.7958 



16.68412 



0.81549 



I 0.81549 



11 D.8 
(isobutane^ 



754 
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ETHERS (C„H 2n+2 O m , k = 2,3,4,5...co) 

The alkyl ethers, C„H lll+1 O m , comprise two types of C-0 functional groups, one for methyl or t-butyl groups corresponding to 
the C and the other for general alkyl groups. The alkyl portion of the alkyl ether may comprise at least two tenninal methyl 
groups (CH 3 ) at each end of the chain, and may comprise methylene (CrY 2 ), andmethylyne (CH ) functional groups as well as 
C bound by carbon-carbon single bonds. The methyl and methylene functional groups are equivalent to those of straight-chain 
alkalies. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In 
addition, the C-C bonds within isopropyl ((C//,),C//) and t-butyl ((C//,),C) groups and the isopropyl to isopropyl, 

isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The branched-chain-alkane groups in ethers 
are equivalent to those in branched-chain alkanes. 

Each C-0 group is solved by hybridizing the 2s and 2/j AOs of the C atom to form a single 2sp ' shell as an energy 
minimum, and the sharing of electrons between the Clsp' HO and the O AO to form a MO permits each participating orbital to 
decrease in radius and energy. In alkyl ethers, the Clsp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) and an 
energy of E(c, 2sp') = -14.63489 eV (Eq. (15.25)) and the O AO has an energy of E(0) = -13.61806 eV . To meet the 
equipotential condition of the union of the C-0 H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factor c 2 of Eq. 
(15.61) for the C-O-bond MO given by Eq. (15.133) is c 2 [C2sp l HO to O)=0.85395. E T [atom- atom, mspKAO) of the 

C-0 -bond MO in Eq. (15.52) due to the charge donation from the C and O atoms to the MO is -1.44915 eV for the 
CH^-O- and (CH,), C-O- C-O groups. It is based on the energy match between the O AO, initially at the Coulomb 

potential of a proton and an electron (Eqs. (1.257) and (10.162), respectively), and the C2sp HO of a methyl group as given by 

Eq. (14.151). Forthe alkyl C-0 group, E T \atom-atom,msp % AO\ is -1.65376 eF. It is based on the energy match between 

the O AO and the C2sp } HO of a methylene group and is given by the linear combination of -0.72457 eV (Eq. (14.151)) and 
-0.92918 eV (Eq. (14.513)), respectively. 

The symbols of the functional groups of branched-chain alkyl ethers are given in Table 15.63. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
ethers are given in Tables 15.64, 15.65, and 15.66, respectively. The total energy of each alkyl ether given in Table 15.67 was 
calculated as the sum over the integer multiple of each E D (Group) of Table 15.66 corresponding to functional-group composition 
of the molecule. The bond angle parameters of alkyl ethers determined using Eqs. (15.88-15.1 17) are given in Table 15.68. The 
color scale, translucent view of the charge-density of exemplary ether, diethyl ether, comprising the concentric shells of atoms 
with the outer shell bridged by one or more //, -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in 
Figure 15.11. 

Figure 15.1 1 . Color scale, translucent view of the charge-density of diethyl ether showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or # 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (A) Oblique view. (B) View along the nitrogen atom. 
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Table 15.63. The symbols of functional groups of alkyl ethers. 



Functional Group 


Group Symbol 


C-0(CH 3 -0- and (CH^C-O-) 
CO (alkyl) 
CH 3 group 


C-0 (i) 
C-0 (ii) 
C-H (CH 3 ) 


CH 2 group 


C-H (CH 2 ) 



CH C-H 

CC bond (n-Q C-C (a) 

CC bond fao-Q C-C (b) 

CC bond (tert-Q C-C (c) 



CC (iso to iso-Q C-C (d) 

CC (f to *-Q C-C (e) 

CC(ftoKO-C) C-C (f) 



Table 15.64 



The geometr: 



cal bond parameters of ilkyl ethers and experimental values [1]. 



Parameter 



0{ 
Group 



Group 



(ii) 



(«0 



Gioup 



jroup 



C-H 

Group 



C-C (a) 

Group 



C-C(b) 
Group 



C-C (c 
Group 



C-C 
Group 



(d) 



C-C(e) 
Group 



C (f) 
Group 



« ('0 



j^0_ 

Bond 

Lenjrth 
2cji)_ 

llxp. Bond 
Letijjth 

M 



416 
(dimelhyl e 



her) 



(ethyl 



1.41 

me! 
(avj 



thyl ether 
)) 



1 

(C-H 

1 



(07 

propane) 
117 
butane) 



C- 
(C-, 



1.107 

H propane) 

1.117 

H butane) 



1.122 
(isobutane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane ) 

1.531 
(butane) 



1.532 
(propane) 

1.53 
(butane) 



32 
(propane) 



31 



(butane) 



..532 

(propane) 

.531 

(b utane ) 



b,c(, 



<0 



.29569 



1.54616 



1.54616 
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760 Chapter 15 

PRIMARY AMINES (C n H 2n+2+m N m , /i = U3,4,5...oo) 

Th e primary amin e s, C n H 2n+2+m N m , compris e an NH 2 functional group and a C — TV functional group. Th e alkyl portion of th e 
primary amine may comprise at least two terminal methyl groups (C// 3 ) at eacli end of the chain, arid may comprise methylene 
( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene 
functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane 
C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((C'// 3 ) CH ) and t- 

butyl ((C7/ 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise 

functional groups. The branched-chain-alkane groups in primary amines are equivalent to those in branched-chain alkanes. 

The primary amino ( NH 2 ) functional group was solved using the procedure given in the Dihydrogen Nitride ( NH 2 ) 

section. Using the results of Eqs. (13.245-13.368), the primary amino parameters in Eq. (15.61) are « x =2, C 1 =0.75, 

C 2 =0.93613 (Eqs. (13.248-13.249)), C l0 =1.5, and q =0.75. In primary amines, the C2sp 3 HO of the C-Mf 2 -bond MO 

has an energy of E{c,2sp 3 ) = -15.35946 eV (Eq. (15.18) with s = l and Eqs. (15.19-15.20)) and the TV AO has an energy of 

BIN) = -14.53414 eV . To meet the equipotential condition of the union of the N-H H 2 -type-ellipsoidal-MO with the 

C2sp 6 HO, the hybridization factor c 2 of Eq. (15.61) for the N- H -bond MO given by Eq. (15.77) is 

c 2 (Htol°N) = ?( N \^- U - 534UeV =0.94627 (15.134) 
2 2 ; E(c,2sp 3 ) -15.35946 eV ' 

The C — N group is solved by hybridizing the 2s and 2 p AOs of the C atom to form a single 2 sp 3 shell as an energy 

minimum, and the sharing of electrons between the C2sp 3 HO and the N AO to form a MO permits each participating orbital 

to decrease in radius and energy. In primary amines, the C2sp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) with a 

corresponding energy of E(c,2sp 3 } = -14.63489 eV (Eq. (15.25)), and the N AO has an energy of E(N) = -14.53414 eV . 

To meet the equipotential condition of the union of the C-N H 2 -type-ellipsoidal-MO with these orbitals, the hybridization 

factor c 2 ofEq. (15.61) for the C - TV -bond MO given by Eqs. (15.77) and (15.79) is 

c 2 (C2sp 3 HO to N) = —-±-L—c 2 (C2sp 3 HO) = zl 4 -! 53414 eV (0.91771) = 0.91 140 (15.135) 



E{c,2s p 3 ) n ' -14 .63 489 eV 



E T ( atom- atom, msp 3 .AOj of the C-N -bond MO in Eq. (15.61) due to the charge donation from the Cand TV atoms to the 

MO is -1.44915 eV . It is based on the energy match between the TV of the NH 2 group and the C2sp 3 HO corresponding to 
the energy contributions to the single bond that are equivalent to those of methyl groups, -0.72457 eV (Eq. (14.151)), where the 
N-H bonds are also energy matched to the C-N bond. 

The symbols of the functional groups of branched-chain primary amines are given in Table 15.69. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of primary 
amines are given in Tables 15.70, 15.71, and 15.72, respectively. The total energy of each primary amine given in Table 15.73 
was calculated as the sum over the integ er multiple of each E D (n rnup ) of Table 15.72 corresponding to flincrionakgroup 

composition of the molecule. The bond angle parameters of primary amines determined using Eqs. (15.88-15.117) are given in 
Table 15.74. The color scale, translucent view of the charge-density of exemplary primary amine, propylamine, comprising the 
concentric shells of atoms with the outer shell bridged by one or more 7^ -type ellipsoidal MOs or joined with one or more 
hydrogen MPs is shown in Figure 15.12. 
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Figure 15.12. (A)-(B) Color scale, translucent views of the charge-density of propylamine showing the orbitals of the atoms 
at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 



B 





le/A 2 



Table 15.69. The symbols of functional groups of primary amines. 
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14803 



79 



25(7 
14.63489 

98101 



-0.227 57 
C. 14803 
-67.922 07 
-14.63^89 
-13.59! 44 
12.49186 



■(1.145 32 
14803 
419.80(96 
4.63'89 
3.59S44 
830 6 



■0.07200 
0.14803 
31.70737 
14.63' -89 

(3.591:44 
32601 



$.12312 

PI 

■110359 

0.148i)3 

:3.59' r 32 

(4.63489 


4.32754 



0.17978 

141 

107526 

(M4803 

3.49373 

4.63489 



4.29921 



0.099*4 

PI 

-115S24 

0.148)3 
3.24376 
14.63489 


3.973 38 



0.12312 

PI 

0.10359 

11148)3 
J3.59 732 
4.63489 


4.17951 



'1123 

P] 

-O.io: 



12 



60 

'1148b3 

18712 

4.63189 


3.62128 



1123 

J?] 

■ O.IO: 



12 



c:60 

114803 
-33.18712 
-4.63489 


5.91734 



Table 15. 72) 



experimental values [3]. 



The total bond energies 



of primary amines calculated i sing the functional group camposition ardthe energies of Table 15.72 compared to the 



NH 2 
Group 



Group 



(a) 



(b) 



CH 5 M 
C2H7M 

c 3 h,: 
C4H1 
c 4 Hi 
C4H1 
cUHj 



Methyl 

Ethyl ar 
"J Propyls 

N Butylar 

N sec-] 

N t-Butylimine 

N Isobuty l; 



;-Bulyli 



C-C (c) 



-C(d) 



C'-C'lf) 



Calculated 
Total Bond 
Energy (eV) 
23.88297 
36.04067 
48.19837 
60.35607 
60.45696 
60.78863 
60.42863 



Experimental 



Total 



Enejgy 



Bond 

(eV) 
.857 
.062 
.243 
.415 
.547 
.717 



Relative 
Error 

-O.UOlll) 
0.00060 
0.('0092 
0.(i0098 
0.00148 
-0.D01 li: 
0.00094 



Table 15.74 

E T hEjiatom 



Atoms of Angle 



The bond 

aiom,msp 3 



angle parameters 
AO). 



of primary ariines and experimental values [1]. In 



the 



calculation of V , the parameters from ths precedin: 



g angle were used. 



<> 



2c' 
Bond : 

K) 



2c' E Cl 

terminal 
Atoms 
("0) At 



Atom 1 
Hybridization 
Designation 

(Table 15,3,4) 



Hyt ridization 



De 



(Tal l, 



3.A) 



(eV) 



C) 



(°) 



Cal. e 





E(p. 6 
C) 



0.946 

Eq. 

(15-1 



3;1))_ 



107.1 
(metlylamine) 



3.8816 -14.53414 



0.911 
(Eq 

(15. 



1*21 



10.3 
(metlylamine) 



Methylene 
:.HCH 



^Cfifi, 



3.4252 -15.75493 



me I 



108.0 
(metlylam 
107 
(pnpan<k) 

112 
(pnpani) 

113.8 

(b jtane I 

110.8 

(isobutane) 



1.0 
(b atane I 
111.' 
(isobutane) 



Methyl 
/.HCH 



3.4252 -15.75493 



zccjT 



109.44 
109.44 



iso C„ 



6.68412 
C, 



110.8 
(isobutane) 



iso C„ 



4.82575 
C, 



Z.C a C h H 
iso C u 

Z.C h C a C,, 
tert C„ 



4.82575 
C„ 

16.68412 



111.4 
(isobutane) 

110.8 

(isobutane) 
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SECONDARY AMINES (C n H 2n+2+m N m , « = 2,3 5 4,5...oo) 

Th e s e condary amin e s, C n H 2n+2+m N m , compris e an NH functional group and two typ e s of C — N functional groups, on e for th e 
methyl group corresponding to the C of C — N and th e oth e r for general alkyl s e condary amines. — The alkyl portion of the 
secondary amine may comprise at least two terminal methyl groups (CH 3 ) at each end of the chain, and may comprise 

methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and 
methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C-C bonds can be identified. The 
n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((Cif 3 ) CH) 

and t-butyl ((C77 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise 

functional groups. The branched-chain-alkane groups in secondary amines are equivalent to those in branched-chain alkanes. 

the secondary amino (NH ) functional group was solved using the procedure given in the Hydrogen Nitride (NH ) 



section. Using the results of Eqs. (13.245-13.316), the secondary amino parameters in Eq. (15.61) are 7^=1, (^=0.75, 
C 2 =0.93613 (Eqs. (13.248-13.249)), C lo = 0.75, and c 1= 0.75. In secondary amines, the C2sp 3 HO of the C - NH -bond MO 
has an energy of E (c,2sp i ) = -15.56407 eV (Eqs. (14.514-14.516)); Eq. (15.29) with s = l and s = 2, Eq. (15.31), and Eqs. 
(15.19-15.7.0)) and the N AO has an energy of E(n) = -14.53414 p.V (Eq. (13.7.51)). To meet the eqi ^potential condition of 

the union of the N-H H 2 -type-ellipsoidal-MO with the C2sp 3 HO, the hybridization factor c 2 of Eq. (15.61) for the N-H - 
bond MO given by Eq. (15.77) is 

c 2 { HtoTN)= ffl, - 14 ^414 g F 
V ; E(C,2sp 3 ) -15.56407eF 

The C-N group is solved by hybridizing the 2s and 2p AOs of the C atom to form a single 2sp 3 shell as an energy 
minimum, and the sharing of electrons between the Clsp 3 HO and the N AO to form a MO permits each participating orbital 
to decrease in radius and energy. In secondary amines, the C2sp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) with 
a corresponding energy of E(C,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the N AO has an energy of E(N) = -14.53414 eV . 
To meet the equipotential condition of the union of the C-N H 2 -type-ellipsoidal-MO with these orbitals, the hybridization 

factor c 2 ofEq. (15.61) for the C - JV - bond MO given by Eq. (15.135) is c 2 {C2sp 3 HO to /y)- 0.91 1 4 0. 

As given in the Continuous-Chain Alkanes (C n H 2n+2 , n = 3,4,5. ..oo) section, each methylene group forms two single 
bonds, and the energy of each C2sp 3 HO of each CH 2 group alone is given by that in ethylene, -1.13379 eV (Eq. (14.511)). 
In secondary amines, the N of the NH group also binds to two C2sp 3 HOs and the corresponding E T [atom - atom,msp 3 .AO) 

of each C-N -bond MO in Eq. (15.61) due to the charge donation from the Cand N atoms to the MO is -1.13379 eV . It is 
based on the energy match between the N of the NH group to the two C2sp 3 HOs corresponding to the energy contributions 
to each of the two single bonds that are equivalent to those of independent methylene groups, -1.13379 eV (Eq. (14.511)), 
where the N-H bond is also energy matched to the C-N bonds. E T ( atom- atom, msp 3 .AO\ of the C-JV-bond MO in Eq. 

(15.61) due to the charge donation from the Cand N atoms to the MO is -1.13379 eV . It is based on the energy match 
between the N of the NH group to two C2sp 3 HOs corresponding to the energy contributions to the single bond that are 
equivalent to those of methyl groups, -0.72457 eV (Eq. (14.151)), where the N-H bonds are also energy matched to the 

C-N bond. 

The symbols of the functional groups of branched-chain secondary amines are given in Table 15.75. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
secondary amines are given in Tables 15.76, 15.77, and 15.78, respectively. As in the case of NH 2 (Eq. (13.339)), C lo = 2C 1 
rather than C lo =C X in Eq. (15.61) for the C-N bond. The total energy of each secondary amine given in Table 15.79 was 
calculated as the sum over the integer multiple of each E D (Grou P ) of Table 15.78 corresponding to functional-group composition 

of the molecule. The bond angle parameters of secondary amines determined using Eqs. (15.88-15.117) are given in Table 
15.80. The color scale, translucent view of the charge-density of exemplary secondary amine, dimenthylamine, comprising the 
concentric shells of atoms with the outer shell bridged by one or more ,ff 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in figure 15.13. 
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Figure 15.13. (A)-(B) Color scale, translucent views of the charge-density of dimethylamine showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 1 5.75. The symbols of functional groups of secondary amines. 



Functional Group 



Group Symbol 



NH group 
C-N (methyl) 
C-2V(alkyl) 
CH,, group 

CH, group 
CH 

CC bond (n-C) 
CC bond (iso-Q 
CC bond (tert-Q 
CC (iso to iso-C) 
CC (t to t-Q 
CC (t to iso-Q 



NH 

C-N (i) 
C-N (ii) 
C-H (CH,) 
C-H (CH 2 ) 

C-H 
C-C (a) 
C-C (b) 
C-C (c) 
C-C (d) 
C-C (e) 

c-c(f) 



Ta 



ble 15.76 



The geometrical bond 



parameters of secondary amines and experimental values [ 1]. 



Group 



C-W(i) 
Grc'up 



/(ii) 

■up 



(CH,) 
HE 



(CH 2 ) 



Grcup 



Grcup 



C-C (a) 
Group 



(b) 
Group 



Group 



(c) 



Group 



(d) 



Group 



w 



Group 



«) 



<-(<0 



to 



Bond Length 



Exp. Bond 
Length 



i 

(dijnethy 



$0 
lamine) 



(diinethy 



1.455 
lamine) 



107 



propane) 
117 
butane) 



(C -H 
1.1 

(C-H 



propane) 
17 
butane) 



1.1 



22 



(isobutane) 



1.512 

[propEine) 

1.511 
(butsne) 



1.5)2 
^propane) 

1.511 
(butsne) 



1.512 
'prop ine) 



1.5 



(butane) 



1.SI2 
^prop me) 

l.sil 
(butane) 



1.512 
prop me) 

1.5:11 
(butane) 



1.5:12 
prop, me) 

1.5:il 
(butane) 



'to 



1.35960 
0.71637 



1 

063 



1.29M4 
0.63 195 



1.545.16 
068 SWT 



1.54 516 

0.68500 



1.52750 
0.68188 



1.54616 
0.68600 



1.52750 
0.681188 



1.52''50 
0.681188 



Ta 



ble 15.77 



The MO 



to HO intercept geometrical bond parameters of secondary amines. R,k,R are fj or 

to 



alkyl groups 



Blind l 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Eond4 



Find To' 
Eierg} 



al 



to 



(eV) 
Final 



E(c2sp 3 ") 



(eV) 
Final 



£r is Ej{atom - atom,rtisp' 

(') 



,40). 



to 



to 



N(C b H 2 )-H 



:mr,„„,)-h 



H 3 C 



-NH-CM, 



- NH - C„H, 



-H 2 



-NH-as. 



0.5669(1 



-0.9291:1 



.111 



77 



0.91771 



0.83360 



16.32 



183 



-16.13097 



78.89 



36. » 



1.55650 



16057 



-H, 



.'.-W-C.H, 



■1 ( CH d 




-0.9291 



0.91771 
0.91771 



0.86359 
0.81549 



-15.56407 
-16.49325 



77.49 
68.47 



41,18 

35.54 



1.23564 
1.35486 



18708 
29933 



H (CH) 



Hf 
(C- 



C b H,CH 2 - 
C (a)) 



Hf 
(C- 



C\HfH 2 - 
C(a» 



(C- 



HfC b {H,C c - 
C(b)) 



•syn 



R- 
.(C 

LmC 

_{C 

tertC 

_{C 

lertC 

.<£ 

tsoC 



7,C (R'-H 2 C\ 
C(c» 

\C t (Hf c ~ R')> 
C (d)) 

\{K-Hffc, 
C(e» 
'C h (ti£ c -R< 

CJM ' 

(»'- Hf'^^ 

CJM 



HCH. 
(ffCTf. 



R"-// 2 C)CM ! 
H 2 CjpH 2 - 
*V,)OT 2 - 



-0.72451? 

-0.9291 

-0.7245]7 

-0.9291 

-0.7245V 



-0.72457 
-0.92918 
-0.72457 
-0.92918 
-0.72457 



72457 


72457 


72457 



0.91771 
0.91771 
0.91771 
0.91771 
0.91771 



0.75889 
0.77247 
0.76765 
0.78155 
0.76765 



-17.73779 
-17.42244 
-17.73779 
-17.217(3 
-17.73779 



48.21 
48.30 
50.04 
52.78 
50.04 



13 1.79 
131.70 
129.96 



127 



.22 



21.74 
21. W 

22,56 

24.04 
22,56 



1.95734 
1.97162 
1.94462 
1.92443 
1.94462 



50570 
51388 
49298 



Table 15. 7B. 



The energy parameters 



(el r ) of functional groups of secondary amines 



Grcup 



N 
Jrouf 



•oup 



Group 



CH. 
Grou]) 



C-H 

Group 



C-C(a) 
Group 



C-C(b) 
Group 



C-C(c) 
Group 



C(d) 
3roup 



C(e) 
Group 



:-C(f) 

Group 



0.5 



1 
1 

91140 


2 



1 
1 

0.5(1140 


2 



1 
1 

0.91771 

1 



1 

1 

0.9171 

1 
1 



1 
1 
0.91771 
1 
1 



1 

1 

0.91771 



2 



1 

1 

0.91771 



2 



1 
1 

0.91771 
1 

2 



1 

1 

0.91771 

1 







1 















C, 



V, (if) 



V ,( 



■V) 



14.3:050 



74677 



38.9: 



25.780i)2 



12.87680 



9.33352 



9.33352 



9.37273 



5.33352 



9.37273 



9.37273 



T(e 



V) 



V ,A 



V) 



10349 



■4.1 0345 



-10.53337 



-5.24291 



-3.38732 



-3.38732 



-3.45250 



-3.38732 



3.4 5250 



:m) (eV) 
Mlt (Ao;no)(eV) 

,w) (eV) 
atom- atom,ms J 



AO~)(eV) 



4.63489 
13379 
3.50110 
1.63540 
13379 



-14.63489 
-1.13375 
). 50110 
1.53540 
.13375 



-13 



-15.56407 


-15.5li407 
-67.69451 



-15.564 07 



-15.56407 
-49.66493 





-14.63489, 



-14.6348$ 
-31.6353: 





-15.56407 


-15.56407 
-31.63537 
-1.85836 



-15.56407 


-15.56407 
-31.63537 
-1.85836 



-15.35946 


-15.35946 
-31.63535 
-1.44915 



5.56407 


5.56407 
.63537 
85836 



-15. 15946 



15.55946 
31.53535 
1/4915 



5.35946 


15.35946 
51.63535 
1.44915 



£ A-„1 



')W 

0" radls) 

eV) 

eV) 

~W) 

(eV) 

(eV) 
-w) (eV) 

d, M .m)(er) 

(,.M,iHo)( e V) 

■ m ){eV) 



-31.( 
47.( 
30.9 
-0.3 
~0M 

P4] 
-0.14 

0.14 
-31.7 
-14.5 
-13.5 

3.50 



.76516 
5.19! 3 

1.003 77 
.20505 

1294 ~4~ 

[23] 
.14033 

14803 
2.90549 
4.634^89 


.63971 



7691i) 
0778 



17. 6484 



16855 
1159 

0.2128C 



4803 
2.981 
14.5348^ 

121 



-67.69450 
24.9286 
16.4C846 

-0.25P52 
035 
(Eq-(1 
-0.22J757 

0.14:i03 
-67.91207 
-14.6: 
-13.5f844 

12.451 



-49.66493 
24.27; 1 
15.97851 
-0.250 7 
0.35532 



) (Eg. (13, 



58)) 



-0.14502 
0.148C3 
-49.80996 
-14.63489 
-13.59844 
7.83016 



-31.6353" 

24.1759 
15.91299 
-0.24966 

0.35532 

(Eq. (13.458)) 

-0.07200 

0.14803 
-31.7073' 
-14.6348^ 
-13.5984'- 

3.32601 



-33.49373 
9.43699 
6.21159 

-0.16515 

0.12312 

[2] 

-0.10359 

0.14803 

-33.59732 

-14.63489 



4.32754 



-33.49373 
9.43699 
6.21159 
-0.16515 
0.17978 

[4] 
-0.07526 

0.14803 

-33.49373 

-14.63489 



4.29921 



-33.08452 
15.4846 
10.19220 
-0.20896 

" 0.09944 

[5] 

-0.15924 

0.14803 

-33.24376 
-14.63489 



33.49373 
5.43699 
C 21159 

0.16515 

(j.12312 

P] 

f.10359 
C. 14803 
33.59732 
14.63489 


4.17951 



9.55643 
6.29021 
-0.16416 
0.12312 

_J?J 

-0.10260 

0.14803 

-33.18712 

-14.63489 



3.62128 



33.08452 

9.55(43 

6.29(21 

0.16416 

0.12312 

[2] 

0.10260 

0.14803 

53.18712 

14.63489 


3.91734 



Tahle 15.79 



The total 



bord energies of 



secondary 



amines calculated using the functional g'oup composi 



ion and the energies of Tahle 



5.78 compared to the 



experimental values [3] 



Formula 



2IW 



Name 



lamne 



NH 
Group 



C- 



N(i 



C, 



sHi 5 N 
S H 15 N 



C S H 1S N 



Dimethy 
DiethyU.mine 
Dipropy [amine 
Diisopropylamine 
Dibutylamin; 



c 8 h, 



N Diisobuylaniine 



Group 



C-N (ir 
Group 



CH, 



CH 



CH 



C-C (a) C-C (b) C-C 



(c) 



C-C (d) 



C-C(t) C-C (f) 



Calculated 

Total Bond 

Energy 

(eV) 

35.76895 
60.22930 
84.54470 
84.74648 
108.86010 
109.00522 



Experimental 
I Bond 

:rgy (eV) 



Total 1 
Energ 



35.765 

60.211 

84.558 

84.846 

108.872 

109.106 



Rel itive 
Eiror 



-0.00012 
-0.00030 
0.00016 
0.00117 
0.00011 
0.00092 



Tab 

were 



I e 15.80. The bond ingle parameters bf secondary kmines and eiperimentajl values [ 1 ] . tn the calculation 
used. Et is Ej(atom - atom,msp .AC). 



of8 v , the parameters from the preceding 



angle 



Atons of Angle 



IHCN 
V(i)&(ii)) 

/-HNC t 
V (0&(")) 



(«o) 



Bond 
(a, 



2c' 
Terminal 
Atoms (a ) 



Hybrid 
Desig 

( Table 



izatic n 
latioi 

15.3.. 



A) 



Atom 2 



-14.53414 

-15.56407" 

(Eq. 
J15J36V2.. 



Atom 2 
Hybridization 
Designation 

(Table 15.3.A) 



0.91 



0.91 

(Ejl 

K15T 



«2L 



0.9338: 

(Eq. 
(15.13 6; 

0.8741 



(eV) 



(°) 



(°l 



~al. 



Exp. .9 



112 
(dimetrylainiine) 

107 
(dimetrylajiiine) 



i.CNC 
V(i)&(ii)) 



-17.04641 



1 1 1 .8 
(dimet rylain^ine) 



M ethylene 
HCH 



^'CJCfi, 



Vlethyl 

:.hc„h 



107 
(dim etiylam line) 



(propan e) 



(propane) 



13.8 
iitane; 
10.8 



(isobutan;) 
I 
(bitane; 



(isobutan;) 



z'C b C B C\ 
iso C 



16.68412 

(', 



-16.68412 
C, 



10.8 



(isobutan;) 



■■■Cfiji 
iso C 



■15.55033 
C'„ 



-14.82575 



-C.CJf 
iso C' 



•15.55033 



-14.82575 
C„ 



11.4 



(isobutan;) 



ten C'„ 



■16.68412 

C. 



-16.68412 



10.8 



(isobutan;) 



770 
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TERTIARY AMINES (C n H 2n+l N, » = 3,4,5...oo) 

The tertiary amines, C t! H 2ll+i N , have three C-N bonds to methyl or alkyl groups wherein C-N comprises a functional 
group. The alkyl portion of the tertiary amine may comprise at least two terminal methyl groups (CH } ) at each end of the chain, 
and may comprise methylene (CH 2 ), and methylyne (CH) functional groups as well as C bound by carbon-carbon single 
bonds. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds 
can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within 
isopropyl {(CH } ) 2 CH) and t-butyl ((CH,). C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl 

C-C bonds comprise functional groups. The branched-chain-alkane groups in tertiary amines are equivalent to those in 
branched-chain alkanes. 

The C-N group is solved by hybridizing the 2s and 2p AOs of the C atom to form a single 2sp 3 shell as an energy 
minimum, and the sharing of electrons between the C2sp 3 HO and the N AO to form a MO permits each participating orbital 
to decrease in radius and energy. In tertiary amines, the C2sp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) with a 
corresponding energy of E(c,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the N AO has an energy of E(N) = -14.53414 eV . 
To meet the equipotential condition of the union of the C-N H 2 -type-ellipsoidal-MO with these orbitals, the hybridization 
factor c, ofEq. (15.61) for the C- W -bond MO given by Eq. (15.135) is c 2 [C2sp l HO toN) = 0.91140. 

As given in the Continuous-Chain Alkanes (C„//,„ +2 , n = 3,4,5...*) section, the energy of each C2sp' HO must be a 
linear combination of that of the C// 3 and CH 2 groups that serve as basis elements. Each CH } forms one C-C bond, and 
each CH 2 group forms two. Thus, the energy of each C2sp* HO of each C//, and CH 2 group alone is given by that in ethane, 
-0.72457 eV (Eq. (14.151)), and ethylene, -1.13379eF (Eq. (14.511)), respectively. In order to match the energy of the 
component HOs and MOs for the entire molecule, the energy E T (C - C ,2sp f \ given as a linear combination of these basis 

elements is -0.92918 eV (Eq. (14.513)). In tertiary amines, the N binds to three C2sp* HOs and the corresponding 
E T (atom- atom, msp 3 .AO) of each C-N -bond MO in Eq. (15.61) due to the charge donation from the Cand N atoms to the 
MO is -0.92918 eV . It comprises a linear combination of the energy for a primary amine, -0.72457 eV and a secondary 

amine, -1.13379 eV . 

The symbols of the functional groups of branched-chain tertiary amines are given in Table 15.81. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of tertiary 
amines are given in Tables 15.82, 15.83, and 15.84, respectively. The total energy of each tertiary amine given in Table 15.85 
was calculated as the sum over the integer multiple of each E D (a r m P ) of Table 15.84 corresponding to functional-group 

composition of the molecule. The bond angle parameters of tertiary amines detennined using Eqs. (15.88-15.117) are given in 
Table 15.86. The color scale, translucent view of the charge-density of exemplary tertiary amine, trimethylamine, comprising the 
concentric shells of atoms with the outer shell bridged by one or more 7f 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.14. 

Figure 15.14. Color scale, translucent view of the charge-density of trimethylamine showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). (A) Top view. (B) Side view. 
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Table 15.81. The symbols of functional groups of tertiary amines . 



Functional Group 


Group Symbol 


C-N 


C-N 


CH, group 


C-H (CH 3 ) 


CH 2 group 


C-H (CH 2 ) 



CH C-H 

CC bond (k-O C-C (a) 

CC bond (iso-Q C-C (b) 

CC bond (tert-Q C-C (c) 

CC (iso to iso-C) C-C (d) 



CCOtof-Q C-C (e) 

CC(f to zjo-Q C-C (f) 



Tab 



e 15.82 



The geometrical bond parameters of tertiary amines md experimental 



values [1]. 



to 



C-N 
Group 



.96313 
.40112 



C-H (CH } ) 
Group 

1.64920 
1.04856 



-H (ct\) 
Group 
1.67122 
1.05553 



C-H 
Grc up 

1.67465 
1.05 561 



C-C 



(a) 



Grorp 

2.12459 

.457*4 



C(b) 
Group 



12499 
45744 



C-C(d) 
Group 



2.10725 
1.45164 



C-C (A) 
Group 



2.12499 
1.45744 



C-C 



(e) 



Groip 

2.10725 
1.45164 



C 

Group 



0725 
45164 



Bond Length 

" ( A ) 

Exp. Bond 
Length 



1.458 
(trim;thylamine) 



1.10974 

1.107 
C - H propane^ 

1.117 
C-H butane) 



1.11713 

1.107 

- H propane) 

1.117 

(C-H butane) 



(C 



1.1 



22 



(isobutane) 



.54230 

1^532 
(bropane) 

1.531 
( butan e) 



1.: 



542S0 



..532 
(propane) 

.531 
(t utane) 



1.53635 

1.532 
(propane) 

1.531 
(butane) 



1.54280 

L532 
(propane) 

1.531 
(butane) 



1.53635 

L53T 
(propane) 

1.5: 

(butane) 



5363 



1.532 
opane) 
1.531 
( butane ) 



(P 



to 



1.27295 



1.29569 



.54616 



1.: 



54616 



1.52750 



1.54616 



1.52750 



52750 



Tabl 



e 15.83 



. The MO to 



HO intercept 



geometrical bond parameters of tertiary amines. R,R,R 



are //or a Iky I groups. E T is Ei{atom -atom,msp .AO] 



(eV) 
Bend 1 



(eV) 
Bond 2 



(eV) 
Bond 3 



E, 
eV) 



Final Total 

Energy 

C2sp 3 

(eV) 



to 



to 



(e 
Fin 



:V) 



b(c'2jji 3 ) 



(eV) 
Final 







4 
(«.) 






N-(C a H,\ 



-is: 



.08028 0.91771 



N-(C.H,\ 



N 



■0/6459 



-0.46459 



0.93084 



0.83885 



78.02 



1.57525 



17413 



(C, 



N 

N-([ 
C 
C 
C 



"»-X 

~(CHJ_ 

\CH) 



(.'„ -0/6459 

N -0.46459 

C -0.92918 

C -0.92918 

C -0.92918 



-0.9291); 
-0.46459! 



-0.9291!: 
-0.9291!: 



-0.46459 




-0.92918 



-153.00946 0.91771 
0.93084 
-151.54487 0.91771 
-15: . 47406 0.91771 
-15'-.403:>4 0.91771 



0.83885 
0.83885 
0.86359 
0.81549 
0.77247 



W3 
353 



6.68112 



-15.56407 
-16.49325 
-17.42244 



78.02 
78.02 
77.49 
68.47 
61.10 



.51 

1.53 
.90 



1.57525 
1.57525 
1.23564 
1.35486 
1.42988 



17413 
17413 
18708 
29933 
37326 



C t HfH 1 
-■ (a)) 



C 



■0.92918 











-15: 



544:57 0.91771 



0.86359 



15.56407 



63.82 



1.83879 



38106 



H,C 
C- 



Wff r 
ZJsH. 



c, 



■0.92918 



-0.9291!: 











15r .47406 0.91771 



0.81549 



-16.49325 



56.41 



• (b)) 

' 2 C\(R'- H 2 C], 
" (c)) 






CH 2 - 
i!"- fl 2 C )C// 2 



C, -0.92918 

C, -0.S291S 



-0.9291): 
-0.7245 



-0.92918 
-0.72457 



-15'..40324 0.91771 

72457 -15'-.718ii0 0.91771 



0.77247 
0.75889 



-17.42244 
-17.73779 



48.30 
48.21 



1.70 
79 



'.saC 
I C- 



- (d)) 



■0.92918 



-0.9291!: 



-0.92918 







15'.40324 0.91771 



0.77247 



61 ?30 



-17.42244 



i.30 



.70 



21. W 



1.97162 



5138 



•ertC 






(*.- 



w 2 c>'ff 2 - 



-0.' 



2457 



-0.72457 



-0.72457 



72457 -15'-.513')9 0.91771 



0.76765 



92366 



-17.73779 



50.04 



129.96 



22.56 



1.94462 



.49298 



•ertC 
C 

! soC a 
C- 



C s (Hf.-R' 

'- (0) 

(R'~ H,Cj)C h ( 

■ (0) 



)HC 



r7 2 C 'jCi7 2 - 



2457 
2457 



-0.9291!: 

-0.7245' 



-0.92918 
-0.72457 



15'-.513!)9 0.91771 



178155 
0.76765 



17.217)3 
-17.73779 



52.78 
50.04 



22 
1.96 



24.1 

22 



1 .92443 
1.94462 



Tj 


bl 


e 15.84. 


T 


he energy 


par 


ameters (e 


V) 


)f functior 


al| 


»roups oft 


£rti 


ary amine 


1. 


































p 


iramt 


ters 










C-JV 
Group 




Of, 
Group 




CH, 
Group 




C-H 
Group 






C-C (a) 
Group 






C-C(b) 
Group 






C-C(c) 
Group 






C-C(d) 
Group 




C-C(e) 
Group 




C-C(f) 
Group 




n 














1 




3 




2 




1 






1 






1 






1 






1 




1 




1 




n 



















2 




1 















































n 








































































C 














0.5 




0.75 




0.75 




0.75 






0.5 






0.5 






0.5 






0.5 




0.5 




0.5 




C 


2 












1 




1 




1 










1 






1 






1 






1 




1 




1 




c 














1 




1 




1 










1 






1 






1 






1 




1 




1 




c 














0.91140 




0.91771 




0.91771 




0.91771 






0.91771 






0.91771 






0.91771 






0.91771 




0.91771 




0.91771 




c 
























1 































1 




1 









c 














2 




1 




1 










2 






2 






2 






2 




2 




2 




c 



















3 




2 














































C 














0.5 




0.75 




0.75 




0.75 






0.5 






0.5 






0.5 






0.5 




0.5 




0.5 




C 


'(» 












1 




1 




1 




1 






1 






1 






1 






1 




1 




1 




V 


{eV 


) 










31.67393 




107.32728 




-70.41425 




-35.12015 






-28.79214 






-28.79214 






-29.10112 






-28.79214 




-29.10112 




-29.10112 




V 


, (fiV 


) 










9.71067 




38.92728 




25.78002 




12.87680 






9.33352 






9.33352 






9.37273 






9.33352 




9.37273 




9.37273 




7 


{eV 












8.06719 




32.53914 




21.06675 




10.48582 






6.77464 






6.77464 






6.90500 






6.77464 




6.90500 




6.90500 




V 


r, ^ 


) 










-4.03359 




-16.26957 




-10.53337 




-5.24291 






-3.38732 






-3.38732 






-3.45250 






-3.38732 




-3.45250 




-3.45250 




i 


{aoih 


ow 










14.63489 




-15.56407 




-15.56407 




-14.63489 






-15.56407 






-15.56407 






-15.35946 






-15.56407 




-15.35946 




-15.35946 




A 


E„,„ 


(.»-«,) (eK) 










-0.92918 

























































E 


,.(,<>. 


k) (eF) 










13.70571 




-15.56407 




-15.56407 




-14.63489 






-15.56407 






-15.56407 






-15.35946 






-15.56407 




-15.35946 




-15.35946 




I 


M 


')(*) 










31.63537 




-67.69451 




-49.66493 




-31.63533 






-31.63537 






-31.63537 






-31.63535 






-31.63537 




-31.63535 




-31.63535 




I 


i\ alL 


m- alom^msp. 


r«o) 


eF) 






-0.92918 





















-1.85836 






-1.85836 






-1.44915 






-1.85836 




-1.44915 




-1.44915 




i 


, ('««) 


(eV) 










32.56455 




-67.69450 




-49.66493 




-31.63537 






-33.49373 






-33.49373 






-33.08452 






-33.49373 




-33.08452 




-33.08452 




Cb 


(lO 1 


■mills) 










18.1298 




24.9286 




24.2751 




24.1759 






9.43699 






9.43699 






15.4846 






9.43699 




9.55643 




9.55643 




I 


A" 


') 










11.93333 




16.40846 




15.97831 




15.91299 






6.21159 






6.21159 






10.19220 






6.21159 




6.29021 




6.29021 




I 


„ (''» 


') 










-0.22255 




-0.25352 




-0.25017 




-0.24966 






-0.16515 






-0.16515 






-0.20896 






-0.16515 




-0.16416 




-0.16416 




I 


™ ( 


>n 










0.12944 
[23] 


(I 


0.35532 
!q. (13.458)) 


( 


0.35532 
Eq. (13.458)) 




0.35532 
(Eq. (13.458)) 






0.12312 
[2] 






0.17978 
[4] 






0.09944 
[5] 






0.12312 
[2] 




0.12312 

[2] 




0.12312 
[2] 




I 


,„ <« 


^) 










►0.15783 




-0.22757 




-0.14502 




-0.07200 






-0.10359 






-0.07526 






-0.15924 






-0.10359 




-0.10260 




-0.10260 




I 


,.,„( 


n 










0.14803 




0.14803 




0.14803 




0.14803 






0.14803 






0.14803 






0.14803 






0.14803 




0.14803 




0.14803 




L 


,(<>, 


,)(eK) 










32.72238 




-67.92207 




-49.80996 




-31.70737 






-33.59732 






-33.49373 






-33.24376 






-33.59732 




-33.18712 




-33.18712 




I 


-,„(' 


, .io/ffij)(eF) 










14.63489 




-14.63489 




-14.63489 




-14.63489 






-14.63489 






-14.63489 






-14.63489 






-14.63489 




-14.63489 




-14.63489 




I 


„ „(■ 


AO<no)(eV) 















-13.59844 




-13.59844 




-13.59844 










































I 


„(<,.» 


,)(eV) 










3.45260 




12.49186 




7.83016 




3.32601 






4.32754 






4.29921 






3.97398 






4.17951 




3.62128 




3.91734 



































































Table 15.85 



experimental values [3] 



C- 
CsH 



Ccft iN 



ahle 15.85 

tLj is Ej{atom - 



H,\[ 



N 



Trimeliylafaine 
Trieth famine 
Tripropylariine 



The bond 

dtom,msp . 



The total bond energies of 



angle parameters of tertiary amines and experimental values [1]. In 
AO). 



C-N 
Group 

3 
3 
3 



tertiary amines calculated u sing the functional group composition and the energies of Table 



C-C(a) 



C-C(b) 







C-C(c) C 







the calculation of 6 V , the parameters from the preceding angle were used 



C(i) 



(e) 



15.84 compared to the 



C-C(f) 



Calculated 
Total Bond 
Energy (eV) 
47.83338 
84.30648 
120.77958 



Experimental Felatr 



tal Bond 

Tgy (eV) 
17.761 
S4.316 
] 20.864 



■0.00152 



Atoms of Angle 



2c' 
Bond 1 



U) 



80224 2.83224 



2c' 

Terminal 

Atoms ( a ) 



E 
Atom I 



/.torn 
ridizi 



Hybi 
Designation 



(Tab le 



3.A) 



f 
Atom 



Atom 2 

Hybridization 

Designation 

(Table I5.3.A) 
36 



Atam i Aton 2 



9340 0.79:40 



(eV) 



C) 



8 1 

C) 



C) 



Cal. 6 
(°) 



Exp. 

C) 



110.9 
(trim|ethyl limine) 



Methylene 
ZHC„H 



^■CJOfi, 



11106 2.1 



107 

(dim ethyl; unine) 

107 

(propane) 

112 
(bropane) 

113.8 

(butane) 

110.8 

(iiiobutme) 



111.) 

(butane) 

111.1 

(i;;obutane) 



Methyl 
ZHCH 



09711 2.09711 



zcc.c, 



109.44 



Z.Cfi t H 

ZC t C ll C i 
iso C„ 



70.56 



91547 2.91547 



5.68412 



-16.684 2 
C, 



1549 0.81:49 



109.44 
110.67 



110.8 
(i:;obutine) 



^■C t C a H 

iso C, 



91547 2.1 



lp.55033 
C„ 



-14.825 



0.S7495 0.91 



110.76 



Z.Cf b H 
iso C„ 



91547 2.09711 



5.55033 



-14.825 
C, 



0.S7495 0.91 



111.1 
(i:;obutine) 



^c h c„c„ 

tert C„ 



90327 2.9)327 



4.7958 



1 £.6841 2 



26 



-16.6841 



0.8 



1549 0.81:49 



0.81 549 



-1.85836 



111.37 



110.8 
(i:;obutane) 
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ALDEHYDES (C n H 2n O, « = l,2,3,4,5...oo) 

Th e alkyl ald e hyd e s, C n H 2n O , e ach hav e a HC = O moi e ty that compris e s a C = functional group and a CH functional 
group. The single bond of carbon to th e carbonyl carbon atom, C — C(0)II , is a functional group. In addition to the C -O 
functional group, formaldehyde comprises a CH 2 functional group. The alkyl portion of the alkyl aldehyde may comprise at 
least two terminal methyl groups (C7/ 3 ) at each end of the chain, and may comprise methylene (CH 2 ), and methylyne (CH) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same 
as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH 3 ) 2 CH) and t-butyl ((C# 3 ) 3 C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 

branch c d-chain-alkanc groups in aldehydes ar c equival e nt to thos e in branched-chain alkanes. 

The CH functional group was solved in the Hydrogen Carbide ( CH ) section except that E is not subtracted since 

unpaired electrons are not created with fragmentation of the CH functional group of aldehydes. The CH 2 functional group of 

formaldehyde is solved in the Dihydrogen Carbide ( CH 2 ) section except that the energy of each C-H MO is matched to the 

initial energy of the C2sp i HO (Eq. (15.25)). The C = and C-C(0)H groups are solved by hybridizing the 2s and 2p 

AOs of each C atom to form a single 2sp 3 shell as an energy minimum, and the sharing of electrons between the C2sp 3 HO 

and the O AO or between two C2sp 3 HOs, respectively, to form a MO permits each participating orbital to decrease in radius 

and energy. In alkyl aldehydes, the C2sp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding 

energy of E[C,2sp 3 ) = -14.63489 e.V (Eq. (15.25)) and the O AO has an energy of E(Q) = -13.61806 eV . To meet the 

equipotential condition of the union of the C = H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factor c 2 of Eq. 

(15.61) for the C = -bond MO given by Eq. (15.133) is c 2 (C2sp 3 HO to O) = 0.85395 . The unpaired electrons created by 

bond breakage of the double C = bond requires that two times the 02p AO magnetic energy E mag (Eq. (15.69)) be 

subtracted from the total energy to give E D (Group) (eV) for C = . 

E T ( atom- atom, msp 3 .AOJ of the C = 0-bondMO in Eq. (15.61) due to the charge donation from the Cand O atoms 

t o t he MO is -2.69893 eV which is an energy minimum for the double bond between t he pair of C2sp 3 HO electrons of t he C 
atom and the p air of AO elect r ons of the O atom. It is given as a linear combination of the energy contributions cor r esponding 
to a double bond, -1.13379 eV (Eq. (14.247)), and a triple bond, -1.56513 eV (Eq. (14.342)). The triple bond contribution 
includes the C2sp 3 HO electron of the C-H bond in addition to the pair involved directly in the double bond with O . 
E T ( atom- atom, msp 3 .AO\ of the C-C(0)II g r oup is equivalent to that of an alkaue, -1.85836 eV , whe r e both ene r gy 

contributions are given by Eq. (14.513). It is based on the energy match between the C2sp 3 HOs of the aldehyde. In order to 
match energy between the groups bonded to the C = , electron-density is shared. Due to the interaction in the transition state 



between the groups based on the sharing, C lo - 2C X rather than C 1o - C 1 in Eq. (15.61) for the C-C(0)H bond. 

The symbols of the functional groups of alkyl aldehydes are given in Table 15.87. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl aldehydes are 
given in Tables 15.88, 15.89, and 15.90, respectively. The total energy of each alkyl aldehyde given in Table 15.91 was 
calculated as the sum over the integer multiple of each E D (croup) of Table 15.90 corresponding to functional-group composition 

of the molecule. The bond angle parameters of alkyl aldehydes determined using Eqs. (15.88-15.117) are given in Table 15.92. 
The color scale, translucent view of the charge-density of exemplary aldehyde, Propanal, comprising the concentric shells of 
atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown 
in Figure 15.15. 
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Figure 15.15. (A)-(B) Color scale, translucent views of the charge-density of propanal showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 1 5.87. The symbols of functional groups of alkyl aldehydes. 



Functional Group 



Group Symbol 



CH 2 (formaldehyde) group 
CH (aldehyde) group 
C=0 
C-C(0)H 

CH, group 

CH 2 (alkyl) group 

CH (alkyl) 

CC bond (n-C) 

CC bond (iso-Q 

CC bond (tert-Q 

CC (iso to iso-C) 

CC (t to t-Q 

CC (t to iso-Q 



C-H {CH 2 ) (i) 
CH (i) 
C = 0(i) 

C-C(0)H 

C-H (CH,) 

C-H (CH 2 ) (ii) 

C-H (ii) 
C-C (a) 
C-C (b) 
C-C (c) 
C-C (d) 
C-C (e) 
C-C jf) 



Tabl 



ZSL 

Bond 

Length 
2c' [A) 

lixp. Bond 

Length 



e 15.88. The geometrical bond parameters of alkyl aldehydes an i experiment; 



H (fh 
i) 

1.6^010 

1.0*566 

1.1)668 

1.116 
(forma dehyde) 



(i) 
Grotp 

1.67465 
1.05661 

1.111127 



(acetald';hyds) 



C = V 

Group 

1.299C 
1.139' 



1.2062 



1.20! 

malde]: 

1.21C 



(formaldehyde) 



(acetaldeliyde) 



C-C(0) 
Group 

2.04740 
1.43087 

1.51437 



1.515 
(acetaldehyde 



c-h(ch. 

Group 

1.64920 
1.04856 

1.10974 



1.107 

(C-H 

propane) 

1.117 

(C-H butane) 



c-h{ch 2 ) 

(ii) 
Group 

1.67122 
1.05553 

1.11713 

1.107 

(C-H 

propane) 

1.117 

(C-H butanel) 



lvalues []]. 



C-H (ii) 
Group 

1.67465 
1.05661 

1.11827 



1.122 
(iso butane) 



C-C (a) 
Group 



2.12499 
1.45744 

1.54280 



1.532 
(propane) 

1.531 
(butane) 



cf'-C(b) 
Group 



2.12499 
1.45744 

1.54280 



1.532 

(propane) 

1.531 

butane) 



C (c) 
Group 



10725 
45164 

53635 



.532 
(propane) 

.531 
(tutane) 



C-C (6) 
Gioup 

2.12499 
1.4)744 



1.51280 



1.532 
(propane) 

1.531 
(butane) 



Grojp 



.53635 



1.5:i2 
propane) 

1.5:il 
(butane) 



<e) 



C'S) 
Group 



2.107: 



.451(4 
.53635 



1.532 
(propane) 

1.531 
(butan;) 



b,c (a„) 



0.623, 
0.877: 



1 .46439 
0.69887 



1.27295 
0.63580 



1.29569 
0.63159 



1.29924 
0.63095 



1.54616 
0.68600 



1.54616 
168600 



52750 



1.54616 
0.65600 



1.52''50 

OoIiissT 



.527. 



Tabl 



e 15.89 



The MO to 



HO intercept 



geometrical bond parameters cf alkyl aldehydes. R, R 



R 



are H or alkyl groups. E T is E T (atom - atom,msp AO). 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 



Ent rgy 

C7sp* 

_JeV]_ 



to 



to 



(eV) 
Final 



E(c2sp' 

(eV) 
Final 



$' 





(•) 



(■) 



4 

to 



HC(P)-H (C"H,)( 



,C,(0)-H (c/)(i 



O 



■C„h 



,C„(H)=0 



RH 2 (J, 
H,C. 



-C.(H%0) 

■c.(nyp) 



-0.9291! 




-153.1(943'. 
-1 52.54487 



0.91771 
0.91771 



0.79546 
0.86359 



-17.10440 
-15.75453 



-16.91353 
-15.5640' 



135.34 
72.27 



44.6.5 

107.73 



63.78 
34.17 



0.57401 
1.69388 



0.56576 
0.26301 



-CJHXO) 



(«,) 



(CT 2 )(ii) 



-0.92918 



153.47406 



0.91771 



111.53 



0.29933 



(0/)(ii) 

\H 1 CH 1 - 
' (a)) 



-0.9291! 




-154.4032' 
-152.54487 



0.91771 
0.91771 



118.50 
116.18 



0.37326 
0.38106 



-\H 2 CH 2 ■ 
M 



-0.92918 











153.47406 



0.91771 



0.81549 



-16.68412 



123.59 



0.45 



117 



fC b (Hf c - 
'(b)) 

,c,(ie- H,c d 
IfclL 






H 2 C yZti- 



-0.92918 
-0.72457 



-0.92918 

-0.72457 



D -154. 

72457 -154. 



.4032'. 
7186(' 



0.91771 
0.91771 



.77247 
.75889 



-17.61330 
-17.928(6 



0.51388 

0.50570 



: (d)) 



-0.92918 



-0.92918 



D 



0.91771 



0.77247 



-17.61330 



0.51388 



(R'~ Hf^J 

Lisa 



H 2 c r y.H 2 



-0.72457 



-0.72457 



0.72457 -154.:>1395' 



0.91771 



0.76765 



7.928(6 -17.73775 



50.04 



129.56 



22.66 



1 .94462 



m 

(R , -H 1 C^f,A 

m 



\ C ^ H 2- 



-0.92918 
-0.72457 



-0.92918 

-0.72457 



I) -154.1 

72457 -154. 



0.91771 
0.91771 



78155 
.76765 



-17,(0869 
-17.928(6 



-17.21783 
-17.73775 



52.78 
50.04 



127.22 
129.56 



24.04 
22.66 



1.92443 
1.94462 



ab 



e 15.90. The energy parameters ( 



eV) of functional 



groups of alkyl aldehyc es 



CH, (i) 



CH ( 
Group 



C = 
Group 



C-C(0)H 
Group 



CH, 
Group 



(ii) 



Grc'up 



Group 



C-C 
Group 



(a) 



C-C (b) 
Group 



C-C(c) 
Group 



•-C'(d) 
Group 



Group 



(e) 



:-c (f\ 
Group 



3 



l 


0.75 







0.75 





0.5 





0.5 



2 



0.75 





175 






0.5 






0.5 



1 



1 



0.917 




0.85395 

2 



0.91771 




0.91771 




0.91771 
1 



0.917''l 




0.91771 




0.91771 




.91771 
1 



0.917 
I 



0.91771 
3 



1 

0.75 



4 

0.5 



1 
1 

175 



2 

0.5 



2 

0.5 



C,_, 



V, iy¥) 



V) 



1)234/ 
'S5990 



12.876*0 
10.485 12~ 



23.87467 
42.82081 



9.50874 

7.37432 



38.92728 
"32.53914 



25.711002 
21.01.675 



12.87680 
10.48582 



9.33352 
6.774<5~ 



9.33352 
6.77464 



9.37273 
6.90500 



33352 
77464 



9.37273 
905MT 



9.3'273 
6.9i WOO 



n )(eF) 



-10. 
-14, 



9799: i 
63489 



-5.24291 
-14.63489 



-21.41040 




-3.68716 
-14.63489 



6.26957 
5.56407 



-10.55337 
15.5 5407 



-3.387 32 
-15.56*07 



-3.38732 
-15.56407 



-3.45250 
-15.35946 



38732 
5.56407 



-3.45250 
-15.35946 



U"«a)(eV) 



E T (, 



,0) (eV) 



£ r (, 



10) (eV) 



66437 



-31.63533 



-63.27074 



-31.63534 



67.69451 



■49.65493 



6353 



-31.63537 



-31.63535 



31.63535 



31.1.353: 



E i Litom- atom,msp^ .AO f(eV) 



)(eV) 
0" rati I s) 



66493 
2077 



-31.63537 
24. 17f 9 



-65.96966 
59.4034 



-33.49373 
23.3291 



67.69450 
4.9286 



49.65493 
24.2751 



6353 
1759 



-33.49373 
9.43699 



-33.08452 
15.4846 



-33.08452 
9.5.643 



E k I 



eV) 



39.10034 



15.35563 



1 5.40846 



15.31299 



6.21159 



10.19220 



.21159 



E, 



eV) 
(eV) 

(eV) 



-0. 

(Eq.( 
-0.07727 



:5493 
5532 
13.458)) 



0.355: 
(Eg. (13, 



-0.40804 
0.21077 

[12] 
-0.30266 



-0.25966 
0.13800 

[26] 
-0.19066 



IEq 



1.25352 
((.35532 

(13.458)) 
0.22757 



-0.2:017 
0.35532 



( Eg. (1 



■458)) 



-0.2496(i 

0:^532" 

(Eg. (13.45 

-0.07200 



8)1 



-0.165 
0.123 

[21 

-0.103 



-0.16515 
0.17978 

[4] 
-0.07526 



-0.20896 
0.09944 

[5] 
-0.15924 



■Q.16515 

12312 

m 

.10359 



0.16416 
0.12:12 

[2; 

0.10260 



-0.16416 
0.12312 

[ 2] 

-0.10260 



(eV) 



0.11441 



0.14803 



(1.14803 



0.14803 



0.14803 



14803 



0.14C03 



,)(eV) 



81941! 



-31.70737 



-66.57498 



-33.68439 



tl. 92201 



7073 



-33.59' 



32 



-33.49373 



-33.24376 



3 i.59732 



-33. 



8712 



,,„)(eV) 



1.63489 
1.59841 
83968 



-14.63489 
-13.59844 
3.474C4 



-14.63489 


7.80660 



-14.63489 


4.41461 



4.63489 
3.59844 
2.49186 



14.63489 
13.55844 



63489 
59844 
:2601 



-14.63489 


4.32714 



-14.63489 


4.29921 



-14.63489 


3.97398 



4.63489 


17951 



4.63489 




-14.6348S 

3 
3.91734 



able 15.91 

vlaluus [3]. 



The total bond energies 



of E.lkyl aldehydes calculated using the functional group composition and the energies, of Table 15.90 compared to the experimental 



ch 2 o 

CjH.,0 
CjH 6 
C(,H S 

o 

Hn 
Hi. 
Hi, 



CiHgi 



C,HisO 



Formaldehyd, 

Acetaldehyde 

Propanal 

Butanal 

Isobutanal 

Pentanal 

Heptanal 

Octanal 

2-Ethylhe> anal 



"H 
Group 

1 












CH (i) 

Group 



c=o 

Group 



C(C 
Grou) 



)H 



'ff 2 (ii) 



CH (ii 



-C (a) 



C(b) 



C (c 



C-C (d) 



C(e) C-C (I) 



Calculated 

Total Bond 

Energy 

(eV) 
15.64628 
28.18711 
40.34481 
52.50251 
52.60340 
64.66021 
88.97561 
101.13331 
101.23420 



Experimental 
Total Bond 
Energy (eV) 

15.655 
28.198 
40.345 
52.491 
52.604 
64.682 
8.942 
1*1.179 
101.259 



Relative 
Error 



0.00056 
0.0003S 
0.0000C 
-0. )002: 
0.00001 
0.00034 
-0.)003ll 
0.00045 
0.00025 



Table 15.91!. The bond mg 



Et nEi{atom 



alomjnsp .AG) 



2c' 
Bond 1 



2c 
Bondf 



le parameters 



2c' 
"erminal 
Atoms 



E, 
Atobi 1 



of alkyl aldehydes and experimental values [1]. In 



Atom 1 
Hybridization 
Designation 

(T able 15.3.A ) 



E VmlMM c Atom 

Atom* 2 Hybridizition Atom 
Designation 



(Ta ble 15 



.3.A) 



the calculation of 8 V , the parameters from ths preceding angle were used 



(°) 



C) 



Exp. 

c: 



(C„ff 2 (0) (!)) 



19 



H 



116.5 
(formaldehyde 



ZC ,, C , H 



-15.75493 



4.82575 



91771 



115 
(acetaldeltyde; 



.85395 
(Eq. 
5.133)) 



124.1 
(acetaldehyde^ 



Methylene 
ZHC„H 



1 



107 
(propane) 



112 
(propane) 

113. 

(butane) 

110. 

(isobunine) 



Methyl 
ZHC a H 
ZCjC t C :: 



111 

Jbuta 

111. 



(butane) 



(isobtitime) 



ZC.CM 



zc t c „ c , 
iso C" 



4.7958 



6.68412 
C, 



81549 



0.81549 



110.3 
(isobutiine) 



ZC„C,H 

iso C a 
ZC u C b H 

iso c, 



4.1633 
4.1633 



4.82575 
C„ 

4.82575 
C 



0.8749) 
0.8749.) 



.91771 
.91771 



1.04887 
1.04887 



111.4 
(isobutine) 



tert C„ 



4.7958 



6.68412 



.81549 



0.81549 



(isobutine) 
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780 Chapter 15 

KETONES (C n H 2n O, n = 1,2,3, 4,5.. .w) 

Th e alkyl k e ton e s, C n H 2n O , e ach hav e a C = moi e ty that compris e s a functional group. Each of th e two singl e bonds of 
carbon to the carbonyl carbon atom, C — C(O), is also a functional group. The alkyl portion of the alkyl ketone may comprise at 
least two terminal methyl groups (C7/ 3 ) at each end of the chain, and may comprise methylene (CH 2 ), and methylyne (CH) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
e quival e nt to thos e of straight - chain alkan e s. Six typ e s of C — C bonds can b e id e ntifi e d. Th e n - alkan e C — C bond is th e sam e 
as that of straight chain alkanes. In addition, the C — C bonds within isopropyl ((C7/ 3 ) CH) and t butyl {(CH 3 ) 3 C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 
branched-chain-alkane groups in ketones are equivalent to those in branched-chain alkanes. 

The C = and C - C(O) groups are solved by hybridizing the 2s and 2p AOs of each C atom to form a single 2sp 3 

sh e ll as an e n e rgy minimum, and th e sharing of e lectrons b e tw ee n th e C2sp 3 HO and th e O AO or b e tw ee n two C2sp 3 HOs, 
respectively, to form a MO permits each participating orbital to decrease in radius and energy. In alkyl ketones, the C2sp 3 HO 
has a hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding energy of E[C,2sp 3 ) = -14.63489 eV (Eq. (15.25)) 
and the O AO has an energy of £(0) = -13.61806 eV . To meet the equipotential condition of the union of the C = O H 2 - 
type-ellipsoidal-MO with these orbitals, the hybridization factor c 2 of Eq. (15.61) for the C = 0-bond MO given by Eq. 
(15.133) is c 2 [C2sp 3 HO to O) = 0.85395 . The unpaired electrons created by bond breakage of the double C = bond requires 
that two Limes the 02p AO magnetic energy E mag (Eq. (15.69)) be subtracted from the total energy Lo give E D (aroup) (eV) for 
C = 0. 

As in the case with aldehydes, E T ( atom- atom, msp 3 .AOJ of the C = 0-bond MO in Eq. (15.61) due to the charge 

donation from the C and O atoms to the MO is -2.69893 eV which is an energy minimum for the double bond between the 
pair of C2sp 3 HO electrons of the C atom and the pair of AO electrons of the O atom. It is given as a linear combination of 
the energy contributions corresponding to a double bond, -1.13379 eV (Eq. (14.247)), and a triple bond, -1.56513 eV (Eq. 
(14.342)). The triple bond contribution includes the C2sp 3 HO electron of the C -C(O) bond in addition to the pair involved 
directly in the double bond with O. Consequently, E T \atom-atom,msp 3 .AO) of the C-C{Q) -bond MO is -1.44915 eV , 

corresponding to the energy contributions of the two Clspl HOs to the single bond that are equivalent to those of methyl 
groups, -0.72457 eV (Eq. (14.151)). Since there are two C-C(O) bonds in ketones versus one in aldehydes, C 1o = C x in Eq. 
(15.61) for each C-C(0) ketone bond. 

The symbols of the fun c tional groups of alkyl ketones are given in Table 15 . 93 . The geometrical (Eqs . (15 . 1-15 . 5) and 

(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.64)) parameters of alkyl ketones are given 
in Tables 15.94, 15.95, and 15.96, respectively. The total energy of each alkyl ketone given in Table 15.97 was calculated as the 
sum over the integer multiple of each E D (Gmu P ) of Table 15.96 corresponding to functional-group composition of the molecule. 

For each set of unpaired electrons created by bond breakage , the C2sp 3 HO magnetic energy E that is subtracted from the 
weighted sum of the E D (aroup) (eV) values based on composition is given by Eq. (15.67). The bond angle parameters of alkyl 

ketones determined using Eqs. (15.88-15.117) are given in Table 15.98. The color scale, translucent view of the charge-density 
of exemplary ketone, methyl ethyl ketone, comprising the concentric shells of atoms with the outer shell bridged by one or more 
# 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.16. 
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Figure 1 5.1 6. (A)-(B) Color scale, translucent views of the charge-density of methyl ethyl ketone showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.93. The symbols of functional groups of alkyl ketones. 



Functional Group 


Group Symbol 


C-0 


c = o 


C-C(O) 


C-C(0) 


CH 3 group 


C-H (CH,) 


CH 3 group 


C-H (CH,) 


CH 


C-H 


CC bond (n-Q 


C-C (a) 


CC bond (iso-C) 


C-C (b) 


CC bond (tert-Q 


C-C (c) 


CC (iso to iso-C) 


C-C (d) 


CC (t to t-Q 


C-C (e) 


CC(t to iso-C) 


C-C(f) 



Table 15.94. 



Bond 

2c 



Exp 



Length 

Bond 

ngth 



The geometri 



c 



Group 
1.3i:!172 
1.14550 



1.213 
(acetone) 

1.219 
i-butanone) 



O 



C 



Group 
2.(14740 
l.<-3087 

1.51437 



520 
:tone) 
518 
(2-butanone) 



al bond parameters of alky 1 ketones and 



C(0) 



H (CH,) 

Group 

1 .64920 
1.04856 

1.10974 

1.107 

H propane) 

1.117 

H butane) 



-h(ch 2 ) 

Group 

1.67122 
1.05553 

1.11713 

1.107 

H propane) 
1.117 
- H butane) 



experimental 



C-H 
Group 

1.67465 
1.05661 



1.122 
(isobutane) 



values [1] 

C-C (a) 
Group 

2.12499 
1.45744 



1.532 
(propane) 

1.531 
(butane) 



C-C (b) 
Group 

2.12499 

1.45744 



1.532 
(propane) 

1.531 
(butane) 



C-C (c 
Group 

2.10725 
1.45164 



1.532 
(propane 1 

1.531 ' 
(butane) 



C-C (d) 
Grour 

2.12499 
1.45744 



1.532 
(propane) 

1.531 
(butane) 



Group 



2.10' 
1.45 



1.5:2 
(propiiine) 

1.5:1 
(butaie) 



(e) 



C-C (fj 
Graup 

2.10725 
1.45164 



1.532 
(profane) 



(bu 



ane) 



<« 



U-6439 



1 .27295 



.29569 



1.54616 



1.54616 



1.52750 



1.5461 



1.52: 



50 



Table 15. 9£). 



The MO to HO intercept geometrical 



bond parameters 



of alkyl ketones. R, R 



R £.re H or alley l groups. E r is E T (atom 



atomjnsp .AG), 



<eV) 
Bond l 



(eV) 
Bond 2 



(eV) 
Bond 3 



(iV) 
Botid4 



Energy 

Ci sp' 

_JeV)_ 



M 



(«.) 



ieV) 
Final 



E(c2sp J ) 



(eV) 
Final 



0' 
(■) 



8? 
(0 



J, 



('.) 



R'C, 
R'C C 
H,C, 
RHJ 



■ 2 (RC„H 2 )C a 
■ 2 (RC t H 2 )C„ 

- c.(QX*') 

- ff,C, - C„ 



(0\R 



-1 .34946 
-1.34946 
-0.72458 
-0.72458 




-0.72458 


-0.92918 





-0.72458 





-154.(1430 
-152. 14026 



1.00000 
0.91771 
0.91771 
0.91771 



84115 
77199 
87495 
82562 



-16.175 
-17.624: 
-15.550: 



16.479! 1 



-17.43350 
-15.35946 
-16.2886:: 



136.09 
133.02 
73.62 
67.40 



65.72 
61.86 
34.98 
31.36 



0.53955 
0.61878 
1.67762 

1.74821 



0.245675 

0.31734 



(™.) 











0.91771 



86359 



-15.5640' 



77.49 



41.48 



1.23564 



-?(CH,) 



-f(CH) 



H 2 CH 2 - 

: (a)) 



■0.92918 







152.5448'' 



0.91771 



86359 



-15. 



15.5640' 



63.82 



30.08 



C- 
R- 1 
C- 
R-J 
C- 



'(a)) 
ff b (Hf i 

■(b)) 

fX R '- H 2 C J ) 
- (<0) 



n: 



"-H,C c )CH, 



-0.92918 
-0.92918 
-0.92918 



-0.92918 
-0.92918 
-0.72457 




-0.92918 

-0.72457 






-0.72457 



-153.17406 
-154,10324 
-154.7186(1 



0.91771 
0.91771 
0.91771 



81549 -16. 

77247 -17 

75889 -17. 



-16.49325 
-17.4224'- 
-17.7377" 



56.41 
48.30 
48.21 



26.06 
21.90 

21.74 



:;(h 2 c - r'), 



-0.92918 



-0.92918 



54.40324 



0.91771 



77247 



-17. 



-17.4224:. 



48.30 



21.90 



:erfC 
C-i 



(r '-Hf d )c; 



(*■- 



ff,C )c/7 2 • 



■0.72457 



-0.72457 



-0.72457 



0.91771 



-17.73779 



50.04 



22.66 



1.94462 



0.4<298 



•)* 



c;(// 2 c - r 

(ffl 

(r- // 2 c„X;(. 
(f)) 



? 2 c y , H 1 - 



-0.72457 
-0.72457 



-0.92918 
-0.72457 



-0.92918 

-0.72457 



0.91771 
0.91771 



76765 -17.92866 



-17.2178: 
-17.73779 



52.78 
50.04 



24.04 
22.66 



1.92443 
1.94462 



0.47279 
0.4<298 



Tab 



e 15.96. The energy p; 



jroup 



xameters (eV) of functic'nal 



C - C(0) 
Group 



"H, 
Crroup 



groups of alkyl ketones 



Gro up 



GrDup 



C-C (a) 
Group 



:-C(b) 

Gro'ip 



Group 



(<0 



C(d) 

Group 



c (<t) 
Group 



C-C (f 
Gioup 



1 
85395 



1 
91771 



1 

1771 



1 

9177 



4 

0.5 



1 

3 
}.75 



V, (i;C) 



K,( 



V) 



T{, 



V) 



E(, 



sV) 



«,)(eV) 



-20.80063 




.26957 
.56407 



53337 
56407 



-5.24291 
-14.63489 



-3.31732 
15.55407 



-3.38 732 

15.5(407 



-5.45250 
15.35"46 



45250 
5946 



-3.45250 
-15.35946 



AE, 



(io:««)(eV) 



.34946 















3 










o:im) (eV) 

atom-atom,msb' 



)(eV) 



34946 

1.27071 

1.69893 



H.63489 

.63534 
-1.44915 



.56407 
.69451 




56407 
66493 




-14.63489 

-31.63533 

3 



15.55407 
31.63537 



15.35946 
1.63:135 
1.44915 



-1:5.564)7 
-31.635 37 



635 
M91* 



-15.35946 
-31.1)353! 
-1.44915 



E T (> 



') (eV) 



65.96966 



3[. .08452 



.69450 



66493 



31.63537 



33.4S373 



3.08452 



-33 



08452 



-33.0845;: 



a (l 

£, 
E l 
E, 



0" radls) 
*V) 

en 

\eV) 



57.0928 
3''.57947 
■(1.40003 

.21462 

P7J 



16.4962 

1C.85807 
121568 
)jl4655 

PS] 



(Eq. 



40846 
25352 



13.458)) 



2751 
)7831 
25017 
5532 



15.51299 
-0.24966 



l Eg. ( 1 3.458)) 



< 5q (] 



3.458)) 



9.43699 
6.21159 
-0.16515 
0.17978 
_[4 



' 5.4846 
10.19230 
X 

<p709944 
111 



43699 
21159 
.16515 
1231 2~ 
J2] 



9.:i564j 
6.29021 
).164l| 

EL 



9.55643 
6.25021 
-0.16416 
0.12312 " 
[2]_ 



(eV) 



-0.29272 



-0. 



14240 



22757 



■0. 4502 



■0.07 526 



0.15924 



103 



-0. 



10260 



(eV) 



£ 
£. 



d, *>.;«>) (eV) 
(c, Ao:m) (eV) 
w) (eV) 



-65.55510 
-14.63489 



-3::.22692 
-1/..63489 



92207 
63489 



80996 
63489 



■33.59732 
14.63489 



! 3.24376 

14.63489 



-33.59752 
-14.63449 



Table 1 5.97. The total bond energies of alkyl ketones calculated using the functional group composition and the energies of Table 1 5.96 compared to the 
experimental values [3]. The magnetic energy E mag that is subtracted from the weighted sum of the E D (Group) (eV) values based on composition is given by (l 5.57). 



-a 

so 

4- 



bormula 



Name 



C = 

Group 



C-C(0) 
Group 



CH, 



at-. 



CH 



C-C(a) C-C (b) C-C (c) C-C (d) C-C (e) C-C (f) £,„ 



Calculated 
Tolal Bond 
Energy (eV) 



Experimental Relative 
Tolal Bond Error 
Energy' (eV) 



C.,H f) 


Acetone 


2 


2 





























40.68472 


40.672 


-0.00O3 1 


C 4 H 8 


2-BuLanone 


2 


2 


1 





1 




















52.84242 


52.84 


-0.00005 


C 5 H l0 O 


2-Penlanone 


2 


2 


2 





2 




















65.00012 


64.997 


-0.00005 


C,H,„0 


3-Pentanone 


I 2 


2 


2 





2 




















65.00012 


64.997 


-0.00005 


C,H, O 


3-Meth\ l-2-butanone 


2 


3 





1 





2 

















65.10101 


65.036 


-0.00099 


C 6 H,,0 


2-Ilexanone 


I 2 


2 


3 





3 




















77.15782 


77.152 


-0.00008 


C 6 H,,0 


3-Hexanone 


2 


2 


3 





3 




















77.15782 


77.138 


-0.00025 


C 6 H, 2 


2-Methyl-3-pentanone 


2 


3 


1 


] 


1 


2 

















77.25871 


77.225 


-0.00043 


C 6 H n O 


3.3-Dimethyl-2-butanone 


1 2 


4 














3 











-2 


77.29432 


77.273 


-0.00028 


C 7 H u O 


3-Heplanone 


2 


2 


4 





4 




















89.31552 


89.287 


-0.00032 


C,H l4 


4-Heptanone 


2 


2 


4 





4 




















89.31552 


89.299 


-0.00018 


C,H, 4 


2.2-Dimethyl-3-pentanone 


2 


4 


1 





1 





3 











-2 


89.45202 


89.458 


0.00007 


C 7 H u O 


2,4-Dimethyl-3-pentanone 


2 


4 





2 





4 














1) 


89.51730 


89.434 


-0.00093 


C s H lt O 


2,2,4-Trimethyl-3-pentanone 


2 


5 





1 





2 


3 











-2 


101.71061 


101.660 


-0.00049 


CH l8 


2-Nonanone 


2 


2 


6 





6 

















(1 


113.63092 


113.632 


0.00001 


C.,H ls O 


5-Nonanone 


2 


2 


6 





6 




















113.63092 


113.675 


0.00039 


C«H, g O 


2,6-Dimethyl-4-heptanone 


2 


4 


2 


2 





6 

















113.77604 


113.807 


0.00027 





M 




O 




— ^ 




o 




03 




n> 




o 




7T 




r~ 




IQ 




=r 






n 


Tl 


a^ 


o 


i; 


> 


a 


CD 






«s 




Si 


~ 



<■ 

CD 

a 



Ifalile 15.91) 



is EAjxtom - atom,msp .AO 



The bond 



angle parameters of alkyl ketones and experimental values [1]. In tlie calculation 



of V , the parameters from the preceding angle were used. 



Atoms of Angle 



a„) 



2c' 

Bond 

(«o) 



2c' 

Terminal 

Atoms 



Atom 1 
Hybridizatior 
Designation 

(Table I5.3.A[> 



Atom 



l 2 

Hybridization 
signal ion 



De 



(Tatlel5 



XA)_ 



(eV) 



(°) 







Cal. Exp. 
(°) (° 



zc„c„(0)t; 

^C d C t C„(°) 

] Methylene 
ZHCH 



2.8617) 4.S477 



2.8617 5 4.8374 



86175 
1106 



2.29K 
2.1111 



4.5166 

3.4252 



26 



(6.68412 
C, 

(6.68412 
C„ 

(3.61806 

H 



26 



0.81549 

"1X85395 

(Eq. 

(15-133)) 

1 



0.81545 
0.8644. 
1.1579* 



-1.85836 

-1.44915 




116 







113.71 

122.07 
108.44 



(acetone) 
U3 
(2j 
butanajne) 
121 < 
(2- 
butanaane) 

10'' 
(proptne) 



112 
(props ne) 

1138 

(butaie) 

110 

(isobulane) 



Methyl 
ZHCH 



111 







(buta le) 

111 

(isobdane) 



109.50 
109.44 



iso C 



2.91547 4.7958 



-16.6 8412 



(6.68412 
C, 



1108 
(isobulane) 



ZCfi^H 
iso C„ 



2.11323 4.1633 



-15.5 5033 
C, 



4.82575 



0.91771 



1.0488 







£(-',,C h B 
iso C a 

zc h c a c t 

tert C„ 
ZCX'C~ 



2.0971 

2.9032fr 



P 4.1633 
4.7958 



-15.5 5033 
-16.6 S412 



4.82575 
C, 

(6.68412 



0.91771 
0.81549 



1 .0488 
0.8154S 




-1.85836 



(isobi 

110 
(isobi 
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786 Chapter 15 

CARBOXYLIC ACIDS (C n H 2n 2 , n = 1,2,3, 4,5...oo) 

Th e alkyl carboxylic acids, C n H 2n 2 , compris e a C = O functional group, and th e singl e bond of carbon to th e carbonyl carbon 
atom, C — C(0) , is also a functional group. Formic acid has a IIC - O moiety that comprises a more stable C - O functional 
group and a CH functional group. All carboxylic acids further comprise a C - OH moiety that comprises C-O and OH 
functional groups. The alkyl portion of the alkyl carboxylic acid may comprise at least two terminal methyl groups ( CH 3 ) at 

each end of the chain, and may comprise methyl e ne (CII 2 ), and methylyne {CI I) functional groups as well as C bound by 
carbon-carbon single bonds. The methyl and methylene functional groups a r e equivalent to those of st r aight-chain alkanes. Six 
types of C - C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the 
C-C bonds within isopropyl ((C7/ 3 ) 2 CH) and t-butyl ((C77 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, 

and t-butyl to t-butyl C — C bonds comprise functional groups. — The branchcd-chain-alkanc groups in carboxylic acids arc 

equivalent to those in branched-chain alkanes . 

The CH functional group was solved in the Hydrogen Carbide ( CH ) section except that the energy of the C-H MO is 
matched to the carbon-atom contribution to AE HMO (AO/ HO) and E T (atom-atom,msp 3 .AO) of the C-0 group. The alkyl 

carboxylic acid C - O and C — C(O) groups arc equivalent to those given in th e Aldehydes section e xc e pt that E Kvib is that of a 
carboxylic acid, and C - C(0) is equivalent to the n-alkane C-C bond group in the case of conjugated carbonyls wherein the 
alkene groups when present such as the C = C group are equivalent to those of the corresponding alkene. The formic acid 
C = group is solved equivalently to that of the alkyl carboxylic acid group, except that AE HMO (AO/ HO) and 

E T (atom - atom, msp 3 .AO) correspond to a 25% increase in the donation of charge density from the orbitals of the atoms to the 

C = O MO due to the presence of a H bound to the carbonyl carbon. Also, E Kvib is that corresponding to formic acid. The 
C-O and OH groups are equivalent to those of alkyl alcohols given in the corresponding section except that the energy of the 
C-O MO is matched to that of the C = group and E Kvih is that of a carboxylic acid. AE„ un (API HO) of the C-O group 

is equal to E T (atom - atom, msp 3 .A O) of the alkyl C-O group in order to match the energies of the corresponding MOs. 

As in the case with aldehydes and ketones, E T ( atom- atom, msp 3 .AO) of the C = 0-bond MO in Eq. (15.61) of alkyl 
carboxylic acids due to the charge donation from the C and O atoms to the MO is -2.69893 eV which is an energy minimum 
for the double bond between the pair of C2sp 3 HO electrons of the C atom and the pair of AO electrons of the carbonyl O 
atom. It is given as a linear combination of the energy contributions corresponding to a double bond, -1.13379 eV (Eq. 
(14.247)), and a triple bond, -1.56513 eV (Eq. (14.342)). The triple bond contribution includes the energy match of the 
carbonyl C2sp 3 HO electron with the O of the C-O -bond MO in addition to the pair involved directly in the double bond with 
the carbonyl O . 

E T ( atom- atom, msp 3 .A0\ of the formic acid C' = 0-bond MO in Eq. (15.61) due to the charge donation from the C 



and O atoms to the MO is -3.58557 eV . This is also an energy minimum for the double bond between the pair of C2sp 3 HO 
electrons of the C atom and the pair of AO electrons of the carbonyl O atom. It is given as a linear combination of the energy 
contributions corresponding to a triple bond, -1.56513 eV (Eq. (14.342)), and a quadruple bond, -2.02043 eV (Eqs. (15.18- 
15.21) with s-4)) where the bond order components are increased by an integer over that of alkyl carboxylic acids due to the 
presence of a H bound to the carbonyl carbon. 

E T (atom - atom, msp 3 .AO) of the carboxylic acid C-C(0) group is equivalent to that of alkanes and aldehydes, 

-1.85836 eV , where both energy contributions are given by Eq. (14.513). It is based on the energy match between the C2sp i 
HOs of the carboxylic acid. As in the case of aldehydes, C l0 = 2C 1 in Eq. (15.52). 

E T ( atom -atom, msp 3 . AO) of the carboxylic acid C-O group is equivalent to that of alkyl alcohols, -1.85836 eV . It 
is based on the energy match between the O AO and the C2sp 3 HO of a methylene group (the maximum hybridization for a 
single bond) where both ene r gy cont r ibutions are given by Eq. (14.513). E T ( atom -atom, msp 3 . AO) of the C-O grou p 

matches that of the C-C(0) group. 

The symbols of the functional groups of alkyl carboxylic acids are given in Table 15.99. The geometrical (Eqs. (15.1- 
15.5) and (15.51)), interc e pt (Eqs. (15.80-15.87)), and en e rgy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
carboxylic acids are given in Tables 15.100, 15.101, and 15.102, respectively. The total energy of each alkyl carboxylic acid 
given in Table 15.103 was calculated as the sum over the integer multiple of each E D (omu P ) of Table 15.102 corresponding to 

functional-group composition of the molecule. For each set of unpaired electrons created by bond breakage, the C2sp 3 HO 
magnetic energy E that is subtracted from the weighted sum of the E D (omup) (eV) values based on composition is given by 
Eq. (15.67). — The bond angle parameters of alkyl carboxylic acids determined using Eqs. (15.79-15.108) are given in Table 
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15.104. The color scale, translucent view of the charge-density of exemplary carboxylic acid, Propanoic acid, comprising the 
concentric shells of atoms with the outer shell bridged by one or more //2-type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.17. 

Figure 15.17. (A)-(B) Color scale, translucent views of the charge-density of propanoic acid showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or H, -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 



B 





le/A 2 



Table 15.99. The symbols of functional groups of alkyl carboxylic acids. 



Functional 


Group 


Group Symbol 


CH (formic acid) group 




C-H (i) 


C-C(O) 




C-C(0) 


C=0 (formic acid) 




C = 0(i) 


C=0 (alkyl carboxylic acid) 


C = (ii) 


(O)C-O 




C-0 


OH group 




OH 


CH 3 group 




C-H (CH 3 ) 


CH, group 




C-H (CH 2 ) 


CH (alkyl) group 




C-H (ii) 


CC bond (n-Q 




C-C (a) 


CC bond (iso-Q 




C-C (b) 


CC bond (tert-Q 




C-C (c) 


CC (iso to iso-C) 




C-C (d) 


CC (t to t-Q 




C-C (e) 


CC (t to iso-Q 




C-C(f) 


CC double bond 




c = c 



rab 



e 15.10 

C-H ( 
Group 



a (a,) 



The geometrical bond parameters of 



C-C(0) 
Group 

2.04740 



0(1) 
Group 



Group 



(iy 



Group 



alkyl carboxylic 



OH 

Group 



acids and experimental values [1]. 



-H (CH,) 
Group 

1.64920 



Group 



>up 

122 



■-H (ii) 
Gr?up 



C-C (a) 
Group 



C-C (b) 
Group 



C-C (c) 
Grc up 

2.10725 



Gro lp 



(A) 



C-C (e) 
Group 



Group 



C = 
Group 



-J 

00 
00 



>,) 



1.43087 



Bond 
Leng :h 

2c' 



Exp 
Bon. 
Leng 



h 



1.097 
(formic 



at id) 



' (".) 



1.2359 
0.6428 



1.520 
(acetic acid) 



1.46439 
0.69887 



1.202 
(foimic acid) 



.61267 
.88018 



1.2H 
(acetic iicid) 



1.3'3 
(methyl 
formate) 

l.l: 

~0l 



0.972 
(formic acid 



0.86925 
0.72615 



1.107 
(C-H 
propane) 

1.117 
(C-H 
butane) 
1.27295 
0.63580 



107 
H 



propane) 
1. 

(C 



22 



117 
H 



1569 



(isob jtane 



1.532 
(propane) 

1.531 
(butane) 

1.54616 
0.68600 " 



1.532 
(propane) 

1.531 
(butane) 

1.54616 
0.68600 



1.532 
(prof ane) 

1.531 
(butane) 

1.52750 
0.68888 



1.532 
(propane) 



531 



1 
(but 



1.54616 
0.68O00 



1.532 
(propane) 

1.531 
(butane) 

1.52750 
0.68888 



1.532 
opane) 
1.531 
(Butane) 



1.342 
?-mi :thyfr ropene) 

1.346 

-buti;ne) 

1.349 

■buta diene) 
0.75C55 
0\86C30 



© 





ho 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






r> 


TJ 


;v 


O 




6 

CD 






<ti 




-s 





< 
CD 

Q. 



Tatile 15.11)1. 



The MC to HO intercept 



geometrical bond parameters of alkyl 



car boxy lie acids. R,R,R ire 



H or alkyl 



groups. E T viE r (atom-atom,msp 3 .AO) 



RC/pp-H 



HC 

l(C= | 



[0)-OH 
O (i)) 



E,. 
(cV) 



-0.92918 
-0.92918 



(eV) 
Bond 2 






(eV) 
Bond 3 






eV) 
:>nd4 



FiriEl Totd 

Energy 

C2sp 

(sV) 



(<0 

1. 00000 
1. 00000 



0.86359 
0.86359 



(eV) 
Fina 



5.75493 



e(c2, t 

(eV) 
Final 



0' 

o 

115.09 
101.32 



64. 31 
78.58 







64.12 
48.58 



« 

0.55182 
1.14765 



<<%) 



o.: 



6625 
6950 



77C, 

| (C= | 

m 
m 



[0)-OH 

O (■)) 

~i,C.(P)- 0H 
"„C a (0)-OH 
''flH) = 
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CARBOXYLIC ACID ESTERS (C n H 2n 2 , n = 1,2,3, 4,5...oo) 

Th e alkyl carboxylic acid e st e rs, C n H 2n 2 , compris e a C = functional group, and th e singl e bond of carbon to th e carbonyl 
carbon atom, C — C{0) , is also a functional group. Formic acid ester has a IIC - O moiety that compris e s a more stable C -O 
functional group and a CH functional group. All carboxylic acid esters further comprise a COR moiety that comprises a C-0 
functional group and three types of O - R functional groups, one for R comprising methyl, one for R comprising an alkyl ester 
group of a formate, and one for R comprising an alkyl ester group of an alkyl carboxylate. The alkyl portion of the alkyl 
carboxylic acid ester may comprise at least two terminal methyl groups ( CH 3 ) at each end of the chain, and may comprise 
methylene (CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and 
methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The 
n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl {{CHS) CH) 

and t - butyl ((C// 3 ) 3 C) groups and th e isopropyl to isopropyl, isopropyl to t - butyl, and t - butyl to t - butyl C — C bonds compris e 

functional groups. The branched-chain-alkane groups in carboxylic acid esters are equivalent to those in branched-chain 
alkanes. 

The CH functional group is equivalent to that of formic acid. The alkyl carboxylic acid ester C = O and C-C{Q) 

groups are equivalent to those given in the Carboxylic Acids section. The formic acid ester C = O group is equivalent to that 
given in the Carboxylic Acids section except that E Kvib is that corresponding to a formic acid ester. The C-O group is 
equivalent to that given in the Carboxylic Acids section except that the parameters corresponding to oscillation of the bond in the 
transition state. E D (eV) and E Kvib . are those of a carboxylic acid ester. As in the case with the alkyl ethers, each O — C group 
is solved by hybridizing the 2s and 2p AOs of the C atom to form a single 2sp 3 shell as an energy minimum, and the sharing 
of electrons between the C2sp 3 HO and the O AO to form a MO permits each participating orbital to decrease in radius and 
energy. To meet the equipotential condition of the union of the O — C H 2 -type-ellipsoidal-MO with other orbitals of the 
molecule, — the — hybridization — factor — xr 2 — of — Ecr. — (15.60) — for — the — O-C -bond — MO — given — by — Err. — (15.133) — rs~ 
c 2 {Clsp'HO to O) = 0.85395 . 

E T ( atom- atom, msp 3 .AO\ (Eq. (15.61)) of (1) the C = group of alkyl carboxylic acid esters, (2) the C = group of 

formic acid esters, (3) the alkyl carboxylic acid ester C-C(Q) group, and (4) the carboxylic acid ester C-0 group are 
equivalent to those of the corresponding carboxyl i c acids. Th e v alues give n i n the Carboxyl ic A cids section are -2.69893 eV , 
-3.58557 eV , -1.85836 eV , and -1.85836 eV , respectively. E T ( atom- atom, msp 3 .AOj of the C-0 group matches that of 
the C-C(O) group. Also, as in the case of aldehydes, C l0 = 2C 1 in Eq. (15.61) for the C-C(O) group. 
~~ E T ( atom- atom, msp 3 .AO\ of the O-C-bond MO in Eq. (15.61) due to the charge donation from the C and O atoms 



to the MO is -1.13379 eF forthe 0-CH 3 group of formate and alkyl carboxylates, -1.44915 eV forthe O — R group of alkyl 

carboxylates, and -1.85836 eV for the O — R group of alkyl formates, where R is an alkyl group. Each is based on the energy 
match between the O AO, initially at the Coulomb potential of a proton and an electron (Eqs. (1.257) and (10.162), 
respectively), the C2sp i HO of the methyl or alkyl ester group, and the carbonyl carbon. The increasing energy contributions to 
the single bond correspond to the increasing hybridization of linear combinations of increasing bond order. The energy 
contributions corresponding to one half of a double bond and those of the methyl-methyl and methylene-methylene bonds are 
-1.13379 eV (Eq. (14.247)), two times -0.72457 eV (Eq. (14.151)), and two times -0.92918 eV (Eq. (14.513)), respectively. 

The symbols of the functional groups of alkyl carboxylic acid esters are given in Table 15.105. The geometrical (Eqs. 

(15.1-15.5) an d (15.51)) : intercept (E qs. ri5.80-15.87U and energy (E qs. (15.6-15.11) and (15.17-15.65)) p arameters of alkyl 
carboxylic acid esters are given in Tables 15.106, 15.107, and 15.108, respectively. The total energy of each alkyl carboxylic 
acid ester given in Table 15.109 was calculated as the sum over the integer multiple of each E D {Gmu P ) of Table 15.108 
corresponding to functional-group composition of the molecule. For each set of unpaired electrons created by bond breakage , 
the C2sp 3 HO magnetic energy E ma); that is subtracted from the weighted sum of the E D (arou P ) (eV) values based on 

composition is given by Eq. (15.67). The bond angle parameters of alkyl carboxylic acid esters determined using Eqs. (15.88- 
15.117) are given in Table 15.110. The color scale, translucent view of the charge-density of exemplary carboxylic acid ester, 
methyl acetate, comprising the concentric shells of atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MOs 
or joined with one or more hydrogen MOs is shown in Figure 15.18. 
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Figure 15.18. Color scale, translucent view of the charge-density of methyl acetate showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 15.105. Tli 


e symbols of functional groups of alkyl carbo 


xylic acid esters. 




Functional Group 


Group Symbol 




CH (formic acid ester) group 


C-H (i) 




C-C(O) 


C-C(O) 




C=0 (formic acid ester) 


C = 0(i) 




C=0 (alkyl carboxylic acid ester) 


C = (ii) 




(O)C-O 


C-O 




0-CH s 


0-C(i) 




O-R (formic acid ester) 


O-C (ii) 




O-R (alkyl acid ester) 


O-C (hi) 




OH group 


OH 




CH 3 group 


C-H (CH,) 




CH 3 group 


C-H (CH 2 ) 




CH (alkyl) group 


C-H (ii) 




CC bond («-<D 


C-C (a) 




CC bond (iso-C) 


C-C (b) 




CC bond (tert-Q 


C-C (c) 




CC (iso to iso-C) 


C-C (d) 




CC(t to t-Q 


C-C (e) 




CC (t to iso-Q 


C-C(f) 



Tabl 



e 15.1013. 



C-A-(i) 
Group 



The geometrical bond parameters of alkyl carboxy 



C-C(O) 
Group 
2.04740 



O(i) 
Gjoup 

1.200799 



C = (ii; 
Group 



C-O 

Group 



<P-C(i) 
Group 



C(i 

Group 



ic acid esters 



O-C (iii) 
Group 



and experimental values [1 j. 



C-H (Cff,) 
Group 
1.64920 



<\.-H(CH 2 ) 
Group 
1.67122 



H(u) 

Gkuip 

1.(7465 



C-C (a) 
Grcup 



c-r(b) 

Group 



C(c) 
Group 



(d) 
Grbup 

2.12499 



C-C (e) 
Group 



C-C(f) 

Group 



1.43087 



Bond length 



2c' 



Exp. 



M 



Length 

(■') 



l.Ki 

(methyl 
formate) 



1.520 
(acetic acid) 



206 
Jthyl 



formate) 



i.;:i4 

(aceti: acid) 



1.393 

(avg. methy 

formate) 



1.393 1.393 

(avg. methyl (avj;. meihyl 

lormate) fcrmate) 



1.393 

(avg. metHyl 

formate 1 



1.08 
(methyl formate' 

1.107 
C-H propane i 

1.117 

C-H butane) 

1.27295 



(C 



1.107 

H propane) 
1.117 
( <p - H butane) 

1.29569 



122 



(isobutane) 



1.5 52 
(propane) 



1.5 



(butane) 



1.532 
(propane) 

1.531 
(butane) 

1.54616 



1.532 
(propane) 

1.531 
(bjtane) 

1.52750 



l.J>32 

(prooane) 

I.:i31 
(buiane) 



1.532 

(propane) 

1.531 

(butane) 

1.52750 



1.532 
(propane) 

1.531 
(butane) 



0.63580 



Talkie 15.107. The MO to HO intercept 



geometrical bond parameters of alky] carboxylic acid esters. R, R , R are Hoi alkyl groups. Ej 



is Et (atom - atom,msp 



~.AO) 



OS 



(:V) 



B< 



nd I 



(eV) 
Bond 2 



(eV) 



>V) 



Final Tolal 

Eiergy 

C2sp* 

leV) 



(«0 



(«o) 



(eV) 
Find 



E(c.2sf?\ 0' 



(eV) 

Final 



(') 



4 
fc.) 



4 
(0 



O- 
HC, 

o- 



0)0-C t H, 

<M 

cjm 

[oyj-C^fi^R 

CJM 



o 
o 



-0.<>291f 

-0.5669C 
-0.9291S 



-0.5669$ 


-0.9291 



1.00000 

-15|.I8259 0.91771 

1.00000 



0.83360 
0.88392 
0.81549 



6.32 



183 



5.39 !65 
6.68(12 



90.63 
95.01 
93.09 



89.37 42.70 

84.99 45.76 

86.91 43.59 



1.34246 
1.27445 
1.29113 



07716 
04399 



;0)0-C A « 2 C,.f/ 2 R 
CJM 



■0.92911: 



-0.92911! 



-15:1.474 



)5 0.91771 



0.81549 



6.68(11 



93.09 



86.91 



43.59 



1.29113 



04399 



R'C„ 
O- 



(0)0-C t H 2 C.H 2 R 
C (iii)) 



R'C, 
O- 



(0)0-C t H,C,H 1 R 
C (iii)) 



26945 0.91771 



C = 

o- 

UC„i 

c= 

(o- 



0)-OC b H, 
o (i)) 
C(i)) 

0)-OCJI, 
O (i)) 
C(i)) 



© 



-154.337)5 0.91771 



-17.35685 93.94 





w 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






r> 


TJ 


=V- 


O 




6 

CD 






<tl 




-! 





|C = 

[ O- 

HC, 

C = 

O- 



0)-OR 
0(0) 

C (ii)) 
0)-OR 

O(0) 
C (ii)) 



154.337)5 0.91771 



17.35685 93.94 



R'H 
C 

to 

R'H 

(C 

o 



iQc„(0)-oc,// 3 

O (ii)) 

C(i)) 

,C t C„(0)-OC,ff3 

O (ii)) 

C(i)) 



-154.823)2 0.91771 



-17.84271 91.96 



03 46.;!2 



88.04 41.90 



R'H 
C = 
O- 



C,C,{p)-OC,H 2 C 
O (ii)) 
C QiQ) 



68 46. 



< 
CD 
Q. 



R'H 
C = 
O- 



.qcXo)-*:,//^ 

o (ii)) 

C (ii')) 



154.82352 0.91771 



17.84271 91.96 



C = 



OR)=0 
O(0) 



Table 15.107 Cont'd 

atom,msp 3 .AO]\. 



The MO to HO 



ntercept geometrical bond parameters, of alkyl carboxylic acid esters. R,R,R 



are H or alkyl graups. Ej ii Ey (atom 



:V) 



(eV) 
Bond 2 



(eV) 
Bond 3 






Fina 

En 

c: 




Tot 

ifergy 

V) 



(O 



(«») 



r. aiuim 

(eV) 
Final 



f(c2sp ! 
(eV) 
Final 



0' 





e:» 






(<0 



« 



HC,(0R)=O 
C=0(i)) 



-0.9291! 







-154 



0.77536 



135.24 



0.58561 



m 

Y 2 C„(CW)=0 

m 




-0.92918 





-0.92918 



0.84115 
0.75447 



137.27 
133.47 



0.52193 
0.62072 



C(0)OR 

m 

-C\(o)OR 



-1.79278 
-0.91918 



-0.9291 
-1.34946 





-0.92918 



-154 
-154 



0.91771 
0.91771 



0.77536 
0.75447 



-17.35685 
-17.84272 



69.89 
56.25 



110. 
123.' 



36.09 
25.3'' 



1.30373 
1.85002 



0.26662 
0.41915 



u,c„ 



C,(0)OR 



B'77, 



-Jh c h - C X° 



)OR 



("O 



(c//)(ii) 

M 



-0.91918 

-0.91918 



-0.92918 
-0.92918 




-0.92918 



-153 
-154 



0.91771 
0.91771 



0.81549 
0.77247 



-16.68412 
-l'.613?0 



-16.49325 
-17.42244 



68.47 
61.10 



111. 
118. 



35.84 
31.3' 



1.35486 
1.42988 



0.29933 

0.3|7326 

0.3 



Z.HfH, ■ 
ML ' 



R- 

C-( 



2 CC h (H 2 C v - 
(b» 



v~)a 



0.92918 



-0.92918 



-0.92918 







0.91771 



0.77247 



-17.42244 



48.30 



21.90 



1.97162 



R-l 

C- 
IsoC 
C-( 
>ertC t 
C-< 



fi.( R '- H £* 

■(c)) 
",(ff 2 C -R'), 

: (d» 

(«'- Hf d )p, 

Ml 





itfCH. 



w 2 c;M 



-0.9.1918 
-0.9.1918 

-0.7 1457 



-0.72457 
-0.92918 
-0.72457 



-0.72457 
-0.92918 
-0.72457 



'2457 




-154 
-154 
-154 



0.91771 
0.91771 
0.91771 



0.75889 
0.77247 
0.76765 



-17.73779 
-17.42244 
-17.73773 



48.21 
48.30 
50.04 



131. 
131. 
129. 



21.74 
21.90 
22.61 i 



1.95734 
1.97162 
1.94462 



KrtC 
C-t 



C 4 (ff 2 C -fi') 

<m 



-0.92918 



-0.92918 



0.91771 



0.78155 



-17.2178: 



52.78 



24.04 



1.92443 



C- 






,7,C )c// 2 ■ 



able 15.108 



The energy parameters (e) 7 ) of functional groups of alkyl carboxyli: acid esters. 



00 



C-H® 
Grou3 



C-C(0) 
Group 



Grcup 



a;) 



Groi.p 



C-O 
Group 



O-C'(i) 

Group 



0-C i'ii) 
Grou]) 



O-C (iii) 
Group 



Group 



CH. 

Grour: 



C-H (ii) 
Group 



C 

Group 



(a) 



C-C(b 

Group 



(f-C(c) 
Group 



C (I) 
Group 



C-C{e) 
Group 



C(f) 
Group 



l 





0.75 
1 
1 






0.5 
1 
1 



0.5 
1 
1 






0.5 
1 
1 



2 

0.7$ 
1 
1 



1 

0.75 
1 
1 





0.75 
1 
1 






0.5 
1 
1 






0.5 
1 
1 






0.5 
1 
1 



0.75 



0.5 



0.5 



0.5 



0.5 



0.7.5 



0.75 



0.75 



0.5 



0.5 



0.5 



0.5 



0.5 



0.5 



© 



Ce-n 



-36.74167 



-30.19634 



12.61934 



-111.2; 



473 



-35.08488 



32.67173 -33.78830 



-33.15757 



07.32728 -70.41425 



■35.12015 



28.791 14 -28.79214 



29.10112 -28.79214 



-29.10112 -29.10112 





io 




o 








o 




CD 




0) 




O 




7T 




I - 




CO 




3- 






r> 


TJ 


IT- 


o 


'S 


6 

CD 






<ti 




-s 





u-i- 



10.01)642 10.19070 



(eV\ 



(el 



«.,,,„ 



)(eV) 



-14.63489 







14.63489 



■14.63489 



■14.63489 



-15.564D7 



14.63489 



5.56^07 -15.5640'' 



15.35946 



-15 



.564C7 



-15.35946 -15.35946 



(10- 



>)(eV) 

m- atom,msp 
(eV) 
5 radfs) 



AOMeV) 



-0.9291 
-13.70: 
-31.63: 

-31.63: 

26.05 




-14.63489 
-31.63534 

-1.85836 
-33.49373 

23.3291 



-3.51557 
3.58557 
-63.27075 
-3.51557 
-66.8)630 
60.9581 



-2.69193 

2.69893 
-63.27)74 

-2.69193 
-65.96)66 

59.4034 



-2.69893 
-11.93596 
-31.63541 
-1.85836 
-33.49373 
12.7926 



-1.1:379 
-13.53110 



-1.1: 



.379 



-32.75916 
21.4553 



-1.85836 
-12.77653 
-31.63536 
-1.85836 

-33.49373 
22.774 9 



-1.44915 
-13.18574 
-31.63533 
-1.44915 
-33.08452 
12.0329 





15.56407 
■67.69451 



■67.69450 
24.9286 





-15.564(17 
-49.664p3 



-49.664^3 
24.2751 




■14.63489 
■31.63533 


■31.63537 
24.1759 





5.56^07 
1.63; 37 
.85856 





-15.5640* 
-31.63537 

-1.85 
-33.4937J 

9.43699 




15.35946 
31.63535 
1.44915 
33.08452 
15.4846 





-15.56407^ 
-31.63537 

-1.85836 
-33.4937: 

9.4369!' 




-15.35946 
-31.63535 
-1.44915 
-33.08452 
9.55643 



.63535 
.44915 
■ .08452 
55643 



(CO 



17.151 



15.35563 



39.10034 



8.42030 



14.990*5 



7.92028 



16.40846 15.978: 1 



15.91299 



6.21159 



10.19220 6.21 159 



6.29021 



29021 



'„ (*>0 



0.25352 



-0.2501 



-0.24966 



UV) 



0.3551 
(Eq 

Jill 



45i))_ 



0.10502 
[29] 



[32] 



0.21077 
[12 



0.14965 
[32] 



[3>] 



0.114(9 
[32] 



0.16118 
[4] 



3.35532 

(Eq. 
13.458)) 



0.3553P 

(Eq. 
(13.458b) 



0.35532 

(Eq. 
(13.458)) 



0.123 
[2] 



0.17978 
[4] 



3.09944 
[5] 



12312 
[2] 



0.12312 
[2] 



12312 
[2] 



L (e 

'„,, ( 



V) 

V) 

■ )W 

AoiH(i) (eV) 
mi,ho)(<sV) 
)(eV) 



-0.08153 
0.14803 
-31.71690 
-14.63' 89 
-13.59144 
3.48357 



-0.20715 
0.14803 
-33.70088 
-14.63489 


4.43110 



0.11441 

-67.47664 

-14.6)489 

C 



■0.30; 66 
0.11441 
-66.57(98 
-14.631489 


7.80660 



-0.11745 
0.14803 
-33.61118 
-14.63489 


4.34141 



-0.11:628 
0.14803 
-32.95544 
-14.6)489 

(■ 

3.68566 



-0.19921 
0.148(3 
-33.69294 
-14.63489 


4.4231 



-0.10361 
0.14803 
■33.18813 
14.63489 


3.91835 



0.22''57 
D.14S03 

■67.92207 
14.63489 
13.59^844 

12.4 



-0.145C2 
0.1480) 
-49.80996 
-14.634:59 

-13.59844 
7.8301 5 



-0.07200 
0.14803 
■31.70737 
14.63489 
13.59844 
3.32601 



0.103 59 

14803 

3.5973 

lft63$S9 


4.327*4 



-0.07526 
0.14803 
-33.49371 
-14.6348? 


4.29921 



0.15924 
3.14803 
33.24376 
14.63489 


5.97398 



-0.10359 
0. 480; 
3.59732 
H634fl<r 

7951 



-0.10260 
0.14803 
-33.18712 
-14.63489 


3.62128 



■0.10260 



14803 
31187 12 
14.63489 



< 
CD 

Q. 



Table 15.109. The total bond energies of alkyl carboxylic acid esters calculated using the functional group composition and the energies of Table 15.108 compared to 
the experimental values [3]. The magnetic energy E mag that is subtracted from the weighted sum of the E D (a m „p) (eV) values based on composition is given by (15.57). 



C-H C-CtO) c = C = C-0 

(i) (i) (ii) Group 

Group Group Group Group 



U-C 0-C O-C 

(1) (ii) (iiil 

Group Group Group 



CI I, CM (ii) 



C-C 

(a) 



C-C 
0>) 



C-C 
(c) 



C-C 

Idl 



C-C 



C-C 

ffl 



Calculated 

Total Bond 

Energy 

ICVl 



Experimental Relative 
lotal Uond Error 
Energy (cV) 



III 0: 


Methyl formate 


1 


1 1 


1 1 








1 











1) 

















32.71076 


32.762 


1 MIU I 5l. 


CjllcOj 


Methyl acetate 





1 


1 1 








: 


11 























1.1 


45.24849 


45.288 


0.00087 


CeHuOj 


Methyl pentunoate 





1 


1 1 








2 


3 





3 





1) 














81.72159 


81.726 


0.00005 


C 7 HhOj 


Methyl hexanoate 





1 


1 1 


a 





2 


4 





4 





a 





a 








93.87929 


93.891 


0.00012 


C 8 ll,„0. 


Methyl heptanoate 





1 


1 1 


a 





2 


5 





5 





i 








ii 


u 


106.03699 


106.079 


0.00040 


CsHinOa 


Methyl octanoate 





1 


1 1 


a 





2 


6 





6 




















118.19469 


118.217 


0.00018 


CioIIioOj 


Methyl nonanoate 





1 


1 1 








2 


7 





7 





1 














130.35239 


130.373 


0.00016 


CnHiiOi 


Methyl decanoate 





1 


1 1 








2 


8 





s 





a 














142.51009 


142.523 


0.00009 


CuHa02 


Methyl undecanoate 





1 


1 1 








2 


9 





9 





a 














154.66779 


154.677 


0.00006 


CHmOj 


Methyl dodecanoate 





1 


1 1 








2 


10 





10 





ii 














166.82549 


1 66.842 


0.00010 


CuH-«0, 


Methyl tridceanoalc 





1 


1 1 








2 


II 






















ii 


178.98319 


1 79.000 


0.00009 


CisH w O, 


Methyl letradecanoale 





1 


1 1 


11 





2 


12 





12 




















191.14089 


191.170 


0.0O0I5 


CtjHnOj 


Mflthyl penludecanoaLc 





1 


1 1 








2 


13 





13 




















203.29859 


203.356 


0.00028 


C 4 H«0 2 


Propyl Ibrmate 


1 


) 1 


1 1) 


1 





1 


2 





2 











a 








57.76366 


57.746 


-0.00030 


CJ i,o- 


Ethyl acetate 





1 


1 







2 


1 





1 

















ii 


57.63888 


57.548 


-0.OOI 57 


CsHioOj 


Isopropyl acetate 





1 


1 (1 


a 




3 





1 





2 


1 














69.89747 


69.889 


-0.0OOI3 


C'slluO: 


Ethyl propanoale 





1 


1 


a 




2 


2 





2 





1 











1 


69.79658 


69.700 


-0.00139 


CbHijOj 


Rutyl acetate 





1 


1 







2 


3 





3 




















81.95428 


81.873 


-0.00099 


C 6 ll,;0; 


['-Butyl acetate 





1 


1 


a 




4 














3 











•1 


82.23881 


82.197 


-0.00051 


CsHijOi 


Methyl 2.2-dimethylpi-opanonte 


1) 


1 


1 1 


a 





4 














3 











-1 


82.00612 


81.935 


-0.00087 


CI 1,40; 


Ethyl pcttlartoate 





1 


1 


a 




2 


4 





4 

















i 


94.11198 


94.033 


-0.0OO84 


CTH14O3 


Kthyl 3-inelhylhutanoate 





1 


1 


a 




3 


2 


1 


I 


3 


a 














94.18454 


94.252 


0.00072 


c,ii, 4 o : 


Ethyl 2.2-dirnethyIpropanoale 





1 


1 


a 




t 


1 





1 





3 











-1 


94.39651 


94.345 


-O.0OO54 


C 8 H,„0! 


Isolmlyl isobutannate 


1) 


1 


1 







4 


1 


2 





5 


ii 














106.44313 


106.363 


-0,00075 


C,l luO; 


Propyl pentanoate 





1 


1 


I! 




2 


5 


11 


5 




















106.26968 


106.267 


-0.0OOO3 


CsHitO: 


Isopropyl pentanoatc 





tl 1 


1 (1 







3 


3 


1 


3 


2 











ii 





106.37057 


106.384 


0.00013 


C»H| S 0; 


Duty 1 pentanoate 





1 


1 







2 


6 





6 





a 











u 


118.42738 


118.489 


0.00052 


C,H|„0; 


See-Butyl pentutioaie 





1 


1 







3 


4 


1 


-1 


2 


■ 1 











11 


118.52827 


118.624 


0.00081 


CHmOj 


Isohutyl pentanoate 





II 1 


1 1) 


i) 




J 


4 


1 


3 


.5 


ii 


(i 


ii 


(1 


11 


118.49994 


]S. ; /i. 


0.00064 
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Table 15.110. 

were used. E T is E\i(atom - htork,msp\AO\) 



The bond angle parameters of alkyl carboxylic acid esters and experimental values [1]. In 



:he calculation of 8 V , the parameters from 



the preceding angle 



CO 

o 
o 



Ate 'ins of Angle 



2c' 2c' 

>nd 1 Bond 



Terminal 

Atoms 

(«o) 



Atom 1 
Hybridizat 
Designatit 

(Table 15 .3 



Ooulomtilc 

Atom 2 



^- 



Hybriii 
Desij;nati 



2 
ization 
ion 



( Table 



1S.3.A) 



(eV) 



C) f> 



Oal. (9 
C) 



E:;p. £ 

(°) 



;cg(i);C = Q (i)) 
;cg (i);C = Q (i)) 
[CH (i);C = (1)) 



.(19711 2.703: 
7227 2.634: 
'0321 2.634: 



3.9463 
4.4045 
4.4833 



7 

24 
17 



-13.61806 
-16.68412 

-18.47690 
C„ 



0.f635? 







0.8539: 
(Eq. (15.12 



3)) 



3187 

83360 



0.75 0.9) 
1 0.8: 

1 0.71 





710 -1.65376 
-1.85836 



110 
(methyl fornate) 

127 
(methyl forrjiate) 

114 
(methyl formate) 



Methylene 
ZHCH 



2.11106 2.111(6 



3.4252 



H 



0.75 1.15796 







107 

(propane) 

fl2~ 

(pr)pantj) 

13.8 
(butane' 



10.! 



© 



(isojutan s) 





(Si 




o 








o 




CD 




CD 




O 




7T 




r - 




co 




3- 






n 


TJ 


=V- 


O 




6 

CD 






<tl 




-! 





(b, 



111.0 

bytane 

11.4 

(isobutans) 



Methyl 
ZHCH 



2.09711 2.0971 



0.75 1.15796 



^CC,,C,. 



109.44 



ZC,C,F 

zc t cj: c 

iso C' 



2.91547 2.91547 



-16.68412 
C, 



1 0.81549 -1.85836 



109.44 
110.67 



10.! 
(iso nutans) 



ZC h C,H 
iso C' 



2."1547 2.113: 



-14.82575 
C, 



0.75 1.04S87 



110.76 



ZCJC b H 

iso C' 



2."1547 2.0971 



-14.82575 
C 



0.75 1.04S87 



11.4 
(iso nutans) 



ZC h CJZ t 
tert C„ 



2."0327 2.9031 



-16.68412 



1 0.81549 -1.85836 



10.8 
(iso nutans) 



< 
CD 
Q. 
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AMIDES (C n H 2n+l NO, n = U,3,4,5...oo) 

Th e alkyl amid e s, C n H 2tt+1 NO , compris e a C = O functional group, and th e singl e bond of carbon to th e carbonyl carbon atom, 

-(5 — C{0) , is also a functional group. Formamide has a IIC - O moiety that comprises a more stable C - O functional group 

and a CH functional group that is equivalent to that of the CH (i) of aldehydes given in the corresponding section. It is also 

equivalent to that of the iso- CH group of branched-chain-alkyl portion of the alkyl amide except that E (Eq. (15.47)) is not 

subtracted from E D (croup) . All amides further comprise a C-NH 2 moiety that comprises a NH 2 functional group and two types 
of C-N functional groups, one for formamide and the other for alkyl amides (RC(0)NH 2 where R is alkyl). The alkyl 
portion of the alkyl amide may comprise at least two terminal methyl groups ( CH 3 ) at each end of the chain, and may comprise 
methylene (CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and 
methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The 
n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH 3 ) CH) 

and t-butyl ((C77 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise 

functional groups. The branched-chain-alkane groups in amides are equivalent to those in branched-chain alkanes. 

The NH 2 functional group was solved in the Dihydrogen Nitride ( NH, ) section except that the energy of the N-H 

MO is matched to the nitrogen-atom contribution to AE H MO (AO/ HO) and E T ( atom- atom, msp 3 .AO) of the C-N group. 
Both alkyl amide C = groups and the C - C{0) group are equivalent to those given in the Carboxylic Acid Esters section 
except that E Kvib of the C-C{0) group is matched to that of an amide. The C-N groups are equivalent to those of alkyl 
amines given in the corresponding section except that the energy of the C-N MO is matched to that of the C = O group and 
E Kvib is that of a amide. AE HiMO [AO/ HO) ofthe C-N group is equal to E T (atom -atom, msp 3 . AO) of the alkyl C = and 

C-N groups in order to match the energies ofthe corresponding MOs. 

As in the case of primary amines, each C - N group is solved by hybridizing the 2s and 2p AOs of the C atom to form 



a single 2sp 3 shell as an energy minimum, and the sharing of electrons between the C2sp 3 HO and the AT AO to form a MO 
permits each participating orbital to decrease in radius and energy. To meet the equipotential condition of the union of the 
C-N H 2 -type-ellipsoidal-MO with other orbitals of the molecule, the hybridization factor c 2 of Eq. (15.52) for the C-Af-bond 

MO given by Eq. (15.133) is c 2 [Clsp'HO to N) = 0.91 140 . 

E T ( atom- atom, msp 3 .AO) (Eq. (15.52)) ofthe C = group of alkyl amides and the C = group of formamide are 

equivalent to those of the corresponding carboxylic acids and esters. The values given in the Carboxylic Acids section are 

-2.69893 eV and -3.58557 eV , respectively. 

eA atom, -atom., msp 3 . AO) ofthe amide C-C(Q) group is the same as alkanes, aldehydes, carboxylic acids, and 



carboxylic acid esters, -1.85836 eV , where both energy contributions are given by Eq. (14.513). Also, as in the case of 
aldehydes, C l0 =2C X inEq. (15.61). 

In order to match energy throughout the chain ofthe amide molecule, E T (atom -atom, msp 3 .AO) ofthe C-A^-bond 

MO in Eq. (15.61) due to the charge donation from the C'and N atoms to the MO is -1.653/6 eV . It is based on the energy 
match between the C2sp 3 HO of the carbonyl and the primary amino group NH 2 . It is given by the linear combination of 
-0.92918 eV (Eq. (14.513)) which matches the contiguous C-C(0) or HC{0) group and -0.72457 eV (Eq. (14.151)), the 
contribution of a primary amino group given in the Primary Amines section. 

The symbols of the functional groups of alkyl amides are giveii in Table 15.111. The geometrical (Eqs. (15.1-15.5) and 

(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl amides are given 
in Tables 15.112, 15.113, and 15.114, respectively. The total energy of each alkyl amide given in Table 15.115 was calculated 
as the sum over the integer multiple of each E D (arou P ) of Table 15.114 corresponding to functional-group composition ofthe 

molecule. The bond angle parameters of alkyl amides determined using Eqs. (15.88-15.117) are given in Table 15.116. The 
color scale, translucent view ofthe charge-density of exemplary amide, propionamide, comprising the concentric shells of atoms 
with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in 
Figure 15.19. 
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Figure 15.19. (A)-(B) Color scale, translucent views of the charge-density of propionamide showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 



Table 15.111. The symbols of functional groups of alkyl amides. 



Functional Group 


Group Symbol 


CH (fonnamide) group 


C-H (i) 


C-C(O) 


C-C(O) 


C=0 (fonnamide) 


C = Oi\) 


OO (alkyl amide) 


C = (ii) 


(0)C-N (fonnamide) 


C-N (i) 


(O)C-N (alkyl amide) 


C-N (ii) 


NH : group 


NH 2 


CH, group 


C-H (CH,) 


CH, group 


C-H (CH 2 ) 


CH (alkyl) group 


C-H (ii) 


CC bond (n-Q 


C-C (a) 


CC bond (iso-Q 


C-C (b) 


CC bond (tert-Q 


C-C (c) 


CC (iso to iso-C) 


C-C (d) 


CC (t to t-Q 


C-C (e) 


CC (t to iso-Q 


C-C {f) 



Table 15.112. The geometrical bond parameters of alky l amides and experimental values [ l ] . 



Parameter 


r-// (i) 

Group 


Group 


C = 0(i) 
Group 


C = D(ii) 

Group 


C-N (i) 
(iroup 


C-N (ii) 
Group 


,\v; 

Group 


C-1I (CRT,) 

Croup 


C-H (CHj) 

Ciroup 


C-//(ii) 
Group 


C-C in) 
Group 


C-C'(b) 
Group 


C-C (c) 
Group 


C'-C(d) 
Group 


C-C (e) 

Group 


C-C (1) 

Group 


»K) 


I. 67465 


2.04740 


1.290799 


1.29907 


1 .70920 


1.75370 


1 .32297 


1.64920 


1.67122 


1.67465 


2.12499 


2.12499 


2.10725 


2.12499 


2.10725 


2.10725 


<■• w 


l. 0566 1 


]. 43087 


1.13613 


1.13977 


1.30736 


1.32427 


0.97065 


1.04856 


1.05553 


1.05661 


1.45744 


1.45744 


1.45164 


1.45744 


1.45164 


1.45164 


Bond Length 
2C {A) 


I.II827 


1. 5 1 437 


1.20243 


1.20628 


1.38365 


1.40155 


1.02729 


1.10974 


1.11713 


1.11827 


1.54280 


1.54280 


1.53635 


1.54280 


1.53635 


1.53635 


lixp. Bond 
Length 


I.I25 
dormant ide) 


I.519 

(acetamide) 

1,520 

IN-methylacetainide) 


1.212 
(formamide) 


1.220 

(acetamide) 

1.225 

(N-methylacetamide) 


1.368 
(form amide) 


1.380 

(acelamide) 


1.027 

(formamide) 

1.022 

(acetamide l 


1.107 
( C - H propane) 

1.117 
( C - H butane) 


1.107 
(C — H propane) 

1.117 
(C-H butane) 


1.122 
(isobulane) 


1.532 

(propane) 

1.531 

( butane 1 


1.532 
(propane) 

1.531 
i nutanel 


1.532 

1 propane) 

1.531 

(bulane) 


1.532 

(propane) 

1.531 

( butane ) 


1.532 

(propane) 

1.531 

( butane l 


1.532 
(propane) 

1.531 
(butane) 


b.c (o„) 


I.29924 


1.46439 


0.61267 


0.62331 


1. 98 


1 14968 


D.89K94 


1.27295 


1.29569 


1.29924 


1.54616 


1.54616 


1.52750 


1.54616 


1.52750 


1.52750 


..- 


n.o3n95 


0.69887 


0.88018 


0.87737 


ri.7i.49l) 


0.75513 


0.73369 


0.63580 


0.63159 


<i.6.?ii95 


Lnlirt" 


0.686(10 


11.68888 


0.68600 


0.68888 


0.68888 
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Table 15.1113. 



The MO 



to HO intercept geometrical bund parameters of alkyl 



am: 



des. R, R 



R ire //or alkyl 



groups. E 



t is E T (atom - a'om,msp .AO) 



(iV) 
Bond 1 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bond 4 



Fine 1 Tot^l 

Energy 

C2sp' 

( -V) 



M 



M 



Ec„„,,„ 

(ev; 

Fina 



E(C2sp 
(eV) 
Final 







0' 

(•) 







d l 



cl, 

<<0 



RC(0)N(H)- H 



(i) and (ii)) 



HC(0)-NH 2 
0(0) 
V(0) 



iC = 



-0.S2688 
-0.S2688 



0.93084 
0.93084 



0.86923 
0.86923 



113.90 
103.93 



62.1 

50. 



0.61843 
1.09814 



0.35222 
0.20922 



HC(0)-NH 2 



O(0) 
V(0) 



RH,C h C£0)- NH, 

O (ii)) 

V (ii)) 

: b cXo)-NH 2 

(ii)) 

V (ii)) 



c = 

c- 

RH,( 

iC = 

i c- 



■0.S2688 



-0.S2688 



0.91771 



0.93084 



0.77991 



0.86923 



5.65: 



96.81 



100.14 



79 



1.21492 



1.17127 



0.09244 



5300 



HCJMH 2 )=0 



C-- 



0(0) 



1.00000 



0.81871 



6.61f:53 



137.10 



0.53635 



0.39978 



HCANH 2 )=0 



•C- 



0(0) 



RCJ1 2 C\(NH 2 )=0 
(JQ) 



-I54.235J5 0.91771 
1.00000 



0.77991 
0.84115 



7.44M1 
6.17i21 



135.44 
137.27 



0.58044 
0.52193 



0.35569 
0.61784 



RC,H 2 C ll (NH 2 )=0 



C = 



(ii)) 



-1.3 



4946 



-0.8268S 



-0.92918 



-154 



.72i::l 0.91771 



0.75878 



7.93127 



-17.74041 



133.67 



0.61582 



0.52395 



H-t:.(0)NH 2 



CH 



(0) 



RH.l 



1„-C„(p)NH 2 



-1.3494( 



-154 



721 



1 0.91771 



0.75878 



-17.74041 



57.02 



25. 



1.84386 



0.41299 



H,C, 



- C„(0).Vff, 
RH.fr H 2 C„ - C„(0)NH 2 

H ( CH d 



-0.52918 
-0.52918 
-0.52918 





-0.9291 i 




-152 
-153 
-152 



.544S7 0.91771 
.474(i5 0.91771 
.5445:7 0.91771 



0.86359 
0.81549 
0.86359 



5.75^-93 



-15.56407 
-16.493:15 
-15.56407 



72.27 
65.99 
77.49 



107.73 
114.01 
102.51 



34.17 
30.58 
41.48 



1.69388 
1.76270 
1.23564 



0.26301 
0.33183 
0.18708 



C-H (CH,~) 



■0.52918 



-0.9291 i 







-153 



.47406 0.91771 



0.81549 



6.68M2 



-16.49325 



3.47 



35.S4 



1.35486 



0.29933 



C-H (CH) (ii) 



,C,HfH 2 - 
' -''(*)) 



-0.52918 
-0.S2918 



-0.9291 i 




-0.92918 




-154 
-152 



,403::4 0.91771 
.54487 0.91771 



0.77247 
0.86359 



7.61:30 
5.75<-93 



-17.42244 
-15.56407 



61.10 
63.82 



31 
30.( 



1 .42988 
1.83879 



0.37326 
0.38106 



i/ 3 C 
C- 



C,HfH, ■ 



-0.S2918 



-0.9291; 











-153 



.47406 0.91771 



0.81549 



6.68'12 



-16.49325 



56.41 



26.C 



1.90890 



0.45117 



R-H,CC t (H,C r - 



(b)) 



R- if 2 C(i?'- Hf n 



R'ytCH 2 - 

jr^iv- H 2 c c y-H 2 



(<=)) 



-0.S2918 
-0.5291 



-0.9291 i 
-0.72451 



-0.92918 
-0.72457 





72457 



.40324 0.91771 



-154.71860 0.91771 



0.77247 
0.75889 



-17.42244 
-17.737'9 



48.30 
48.21 



131 
131 



21.50 
21.14 



1.97162 
1.95734 



0.51388 
0.50570 



isoC t 
C 



C t (Hf r - R'),1CH 
" (d)) 



-0.52918 



-0.9291 1 



-0.92918 







0.77247 



-17.42244 



48.30 



21.50 



1.97162 



0.51388 



lertC 

i'C 



(R- Hf^^ [R-- 

" W) 



H 2 C/)pH,- 



154.51399 0.91771 



tertC 
C 



c 1 (h 2 c c -r^hch 2 - 

"(0) 



-0.9291S 



-0.92918 



19863 0.91771 



0.78155 



l''.40*>9 



-17.21783 



52.78 



127. 



22 



24.04 



1.92443 



0.47279 



lsoC\ 
(C- 



<31 



H 2 c c y:H 2 - 



-154.51399 0.91771 



fab 



e 15.114. 



The energy parameters (elO of functional groups of alkyl amides. 



h-(i) 



Group 



C-C(0) 

Group 



: = 0(i) 

Group 



C----0 (ii) 
Croup 



C-N (i 
Group 



C-N (ii) 
Group 



NH, 
Groip 



CH, 
Group 



CH 2 
Group 



-ff(ii) 

Graup 



(a) 



Group 



C-C(b) 
Group 



C (c) C-C (d) 



Croup 



Group 



C-C(e) 
Group 



-C(f) 
Group 



3 





0.5 





0.5 





0.5 



2 



0.75 



1 



0.75 





0.5 





0.5 





0.5 



1', (el 

~ ]7 A e 



-35.1 
12.8 



-30.19634 
9.50874 



2.61934 
95107 



.254 n 
87467 



-38.240011 
10.40705 



■36.88558 
10.27417 



8.77 719 
2|8.03<46 



-107.32''28 
38.92728 



-70.41425 
25.78002 



-28.79214 
9.33:152 



-28.79214 
9.33352 



-29.10112 
9.37273 



' (eV 



l'„ (eiO 



.1(ao 



(ao>ho) (eV) 



14.63489 






.58557 





-2.59896 



-14.6348" 
-5.23932 



14.63489 
■4.35268 



-15.564 07 




-15.56407 




14.63489 
3 



-15.5d407 




-15.56407 




35946 
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808 Chapter 15 

N-ALKYL AND N,N-DIALKYL-AMIDES (C n H 2n+i NO, « = 2,3,4,5. °o) 

Th e N - alkyl and N,N - dialkyl amid e s, C n H 2n+1 NO , compris e a C = O functional group, and th e singl e bond of carbon to th e 
carbonyl carbon atom, C — C(0) , is also a functional group. Formamide has a IIC - O moiety that compris e s a more stable 
C = functional group and a CH functional group that is equivalent to that of the iso- CH group of branched-chain-alkyl 
portion of the N-alkyl or N,N-dialkyl amide. All amides further comprise a C-N(R l )R 2 moiety that comprises two types of 

C - N functional groups, one for formamide and the other for alkyl amides ( RC(0)N(R 1 ) R^ where R is alkyi). The N or N,N- 

dialkyl moiety comprises three additional groups depending on the alkyl substitution of the nitrogen. In the case of a single 
methyl or alkyl substitution, the NH - C bond and NH are functional groups, and the N-C bond of a di-substituted nitrogen 
is the third. 
The alkyl portion of the N - alkyl or N,N - dialkyl amide may comprise at least two terminal methyl groups (C/f 3 ) at each 

end of the chain, and may comprise methylene ( CH 2 ), and mcthylync ( CH ) functional groups as well as C bound by carbon- 
carbon single bonds. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of 
C-C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C 
bonds within isopropyl ((C// 3 ) 2 CH) and t-butyl ((C/f 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t- 

butyl to t - butyl C — C bonds comprise functional groups. Th e branched - chain - alkan e groups in N - alkyl or N,N - dialkyl amid e s 
are equivalent to those in branched-chain alkanes. 

The NH functional group was solved in the Hydrogen Nitride ( NH ) section except that the energy of the N-H MO is 
matched to the nitrogen-atom contribution to J\E U iI 3 (API HO) and E T ( atom- atom, msp 3 .AO) of the C-N group. The 

C-C(0) group, both N-alkyl or N,N-dialkyl amide C -O groups, and both C-N groups are equivalent to those given in the 
Amides section. 

As in the case of primary amines, each N-C group is solved by hybridizing the 2s and 2p AOs of the C atom to form 

a single ?,sp 3 shell a s a n energy m inimum, and th e sharing of electrons between th e C2sp 3 H O a nd th e N A O to fo rm a M O 

permits each participating orbital to decrease in radius and energy. To meet the eqn.ipotent.ia1 condition of the union of the 

N-C H 2 -type-ellipsoidal-MO with other orbitals of the molecule, the hybridization factor c 2 of Eq. (15.61) for the N-C - 

bond MO given by Eq. (15.133) is c 2 [C2sp 3 HO to N) = 0.91 140 . 

E T ( atom -atom, msp 3 . AO) of the JN-substituted amide C-C((J) group is the same as alkanes, aldehydes, carboxylic 



acids, carboxylic acid esters, and amides, -1.85836 eV , where both energy contributions are given by Eq. (14.513). Also, as in 
the case of aldehydes, C l0 = 2C 1 in Eq. (15.61). 

E T (atom -atom, msp 3 . AO) (Eq. (15.61)) of the C = Q group of N-substituted alkyl amides and the C = Q group of N- 

substituted formamide are equivalent to those of the corresponding carboxylic acids, carboxylic esters, and amides. The values 
given in the Carboxylic Acids section are -2.69893 eV and -3.58557 eV , respectively. 

E T ( atom -atom, msp 3 . AO\ of both C-N functional groups are the same as those of the corresponding groups of 

amides, — 1 .65376 eV . E T (atom — atom, msp 3 .AO) of the singly - substituted NH — C - bond MO in Eq. (15.61) due to the charge 
donation from the N and C atoms to the MO is -0.92918 eV . It is equivalent to that of tertiary amines and matches the energy 
of the NH -C group to that of the C-N group wherein E T (atom-atom,msp 3 .AO) of the latter is a linear combination of 

-0.92918 eV (Eq. (14.513)) and -0.72457 eF(Eq. (14.151)). E T (atom-atom,msp 3 .AO) of the doubly-substituted N-C- 
bond MO is -0.72457 eV . It is equivalent to that of the contribution of each atom of a primary amine and also matches the 
energy of the N-C group to that of the C-N group by matching one of the components of E T (atom -atom, msp 3 . AO) of the 

latter. 

The symbols of the functional groups of N-alkyl and N.N-dialkyl amides are given in Table 15.117. The geometrical 

(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.1 1) and (15.17-15.65)) parameters of N- 
alkyl and N,N-dialkyl amides are given in Tables 15.118, 15.119, and 15.120, respectively. The total energy of each N-alkyl or 
N,N-dialky 1 amide given in Table 15.121 was calculated as the sum over the integer multiple of each E D (g™« p ) of Table 15.120 

corresponding to functional-group composition of the molecule. The bond angle parameters of N-alkyl and N,N-dialkyl amides 
determined using Eqs. (15.79-15.108) are given in Table 15.122. The color scale, translucent view of the charge-density of 
ex e mplary aikyl - amid e , N,N - dim e thylac e tamid e , comprising th e concentric sh e lls of atoms with th e outer sh e ll bridg e d by on e 
or more 7f 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.20. 
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Figure 15.20. Color scale, translucent view of the charge-density of N,N-dimethylacetamide showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.117. The symbols of functional groups of N-alkyl and N,N-dialkyl amides. 
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UREA (CH 4 N 2 0) 

Urea, CH 4 N 2 , comprises a C = functional group and two C - NH 2 moieties that each comprise a NH 2 functional group 
and a C - N functional group. The C = O group is equivalent to that given for formamide in the Amides section except that the 
energy terms due to oscillation in the transition state are matched to that of urea. The NH 2 and C-N functional groups are 

also equivalent to those given in the Amides section. E T (atom - atom, msp 3 .AO^ (Eq. ( 1 5.61 )) of the C = O and C-N groups 

are equivalent to those of formamide. The values given in the Amides section are -3.58557 eV , and -1.65376 eP, 
respectively. 

The symbols of the functional groups of urea are given in Table 15.123. The geometrical (Eqs. (15.1-15.5) and (15.51)), 
intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of urea are given in Tables 15.124, 
15.125, and 15.126, respectively. The total energy of urea given in Table 15.127 was calculated as the sum over the integer 
multiple of each E D (arou P ) of Table 15.126 corresponding to functional-group composition of the molecule. The bond angle 
parameters of urea determined using Eqs. (15.88-15.117) are given in Table 15.128. The color scale, translucent view of the 
charge-density of urea comprising the concentric shells of atoms with the outer shell bridged by one or more H 2 -type ellipsoidal 
MOs or joined with one or more hydrogen MOs is shown in Figure 15.21. 

Figure 1 5.21 . Color scale, translucent view of the charge-density of urea showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or //, -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




I c/A 2 



Table 15.123. The symbols of functional groups of urea. 
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Group Symbol 
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Table 1 5.1 24. The geometrical bond parameters of urea and experimental values [l]. 
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Table 1 5.1 25. The MO to HO intercept geometrical bond parameters of urea. E T is E T {atom - atom,msp .AO). 
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Table 15 



,126. The energy parameters (e V) of functional groups of urea. 
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CARBOXYLIC ACID HALIDES (C„H Zn _pX, X = F,Cl,Br,I; n = 1,2,3, 4,5...°o) 

The alkyl carboxylic acid halides, C lt H lnl OX , comprise a C = O functional group, and the single bond of carbon to the 
carbonyl carbon atom, C-C(0), is also a functional group. All carboxylic acid halides further comprise a C- X functional 
group where X is a halogen atom. The alkyl portion of the alkyl carboxylic acid halide may comprise at least two terminal 
methyl groups ( CH 3 ) at each end of the chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as 

well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are equivalent to those of 
straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same as that of straight- 
chain alkanes. In addition, the C-C bonds within isopropyl ((C7/ 3 ), C#) and t-butyl ((C7/,) C) groups and the isopropyl to 

isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The branched-chain-alkane 
groups in carboxylic acids are equivalent to those in branched-chain alkanes. 

The alkyl carboxylic acid halide C = O and C-C(O) groups are equivalent to those given in the Aldehydes section and 

the Ketones section, respectively. The values of E T ( atom- atom, msp'.AO\ given in these sections are -2.69893 eV and 

-1.44915 eV , respectively. 

As in the case of alkyl halides, each (O)C-X group is solved by hybridizing the 2.$ and 2/> AOs of the C atom to 
form a single 2sp' shell as an energy minimum, and the sharing of electrons between the C2sp' HO and the X AO to form a 
MO permits each participating orbital to decrease in radius and energy. For example, to meet the equipotential condition of the 
union of the (O)C-Cl # 2 -type-ellipsoidal-MO with other orbitals of the molecule, the hybridization factor C, of Eq. (15.61) 

for the (0)C-CI -bond MO given by Eq. (15.130) is C 2 (C2sp"HO to C/) = 0.81317. The solution is equivalent to that of the 

alkyl chloride bond except that the energy parameters corresponding to oscillation in the transition state are matched to those of 
a carboxylic acid chloride. 

As in the case with the C-Cl group of alkyl chlorides, E T ( atom- atom, msp\AO\ of the (0)C-CI -bond MO in Eq. 

(15.61) of alkyl carboxylic acid chlorides due to the charge donation from the C and CI atoms to the MO is -1.44915 eV 
where both energy contributions are given by Eq. (14.5 1 1). This matches the energy of the C-C{0) functional group with that 
of the (0)C-CI group within the carboxylic acid chloride molecule. 

The symbols of the functional groups of alkyl carboxylic acid chlorides are given in Table 15.129. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
carboxylic acid chlorides are given in Tables 15.130, 15.131, and 15.132, respectively. The total energy of each alkyl carboxylic 
acid chloride given in Table 15.133 was calculated as the sum over the integer multiple of each E D (a ra «p) of Table 15.132 
corresponding to functional-group composition of the molecule. The bond angle parameters of alkyl carboxylic acid chlorides 
determined using Eqs. (15.88-15.117) are given in Table 15.134. The color scale, translucent view of the charge-density of 
exemplary carboxylic acid halide, acetyl chloride, comprising the concentric shells of atoms with the outer shell bridged by one 
or more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.22. 

Figure 1 5.22. Color scale, translucent view of the charge-density of acetyl chloride showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.129. The symbols of functional groups of alkyl carboxy lie acid chlorides . 



Functional Group Group Symbol 



C-CiO) C-C(U) 

C=0 (alkyl carboxy lie acid chloride) C = 

(0)C-CI C-Cl 

CB 3 group C-H (CH 3 ) 

CH 2 group C-H (CH 2 ) 

CH (alkyl) group C-H 

CC bond (n-Q C-C (a) 

CC bond (iso-Q C-C (b) 



CC bond (tert-C) 


C-C (c) 


CC (iso to iso-C) 


C-C (d) 


CC (t to t-Q 


C-C (e) 


CC (t to iso-Q 


C C(f) 



Table 15.1:10. 



(O) 



Gro jp 



The geometrical bond 



Grojp 



parameters of ailyl carboxylic 



c-a 

Group 



Gro up 



CH,) 



■H ICff,) 
Gro up 



acid chlorides and experimental values [1] 



Group 



Group 



'(a) 



Group 



(b) 



Group 



(c) 



Group 



(d) 



'00 



Group 



C-C(f) 
Group 



to 



to 



Bond 

2c 



Length 



Exp. 

Laij 



Bond 
gth 



::o 

acetone) 



1.5: 
iceti 

1.5 
butaione) 



.1117 



(ac^l 



1.1 

■tyl 

1.2 
dcetic 



cliloride) 
4 
acid) 



1.7' >8 
(act tyl cliloride) 



(C- 



107 

propane) 
7 
butane) 



107 



fjropane) 
7 
butane) 



1.122 
sobu:ane) 



1.5:12 

proptne) 

1 .531 

(butgne) 



1.5ii2 

prop me) 

' 1.5:11 

(butene) 



prop me) 

1.5.S1 
(butine) 



1.5.52 

j)rop me) 

1.531 
(butane) 



1.5.!2 
jprop ane) 

1.5 SI 
(btiUne) 



prop me) 

1.511 
(buttne) 



to 



1.46439 



1.52750 



1.52 750 



able 15.131 

toml 



The MO 



to HO intercept geometrical bond parameters of alkyl 

Atom 



carboxylic ac id chlorides. R, P. , R are H or 



(eV) 
Bond l 



(eV) 
Bond 2 



(eV) 
Bond 3 



(<:V) 
Bond 4 



Final 



Total 



Energy 



to 



to 



;eV) 
-inal 



e(c:2. v - 

(eV) 
Final 



) 



alkyl groups 





. EY is Et {Mom - atom,msp 

(1 o to 



.40). 

(4) 






:,(°)- cl 
■Xo)-a 
:„(c;)=o 
: a (ci)=o 
-c„(o)-a 



-0.72457 
-1.34946 
^134»16 
-1.34946 




-0.72457 


-0.72457 
-1.34946 




-0.72457 


-0.72457 
-0.72457 



-154 
-154 



41431) 
11430 



1.05158 
0.91771 
1.00000 
0.91771 
0.91771 



0.87495 
(1.77199 
0.84115 
0.77199 
0.77199 



16.17521 



-17.43350 
-17.43350 



69.62 

54.69 
137.27 
134.28 
59.30 



110.38 
125.31 
lZ73~ 
45.72 
120.70 



30.9C 
23.23 
66.31 
62.45 
26.96 



1.99599 
2.13760 
0.52193 
0.60076 
1.82495 



0.3O463 
0.44625 



784 
901 



1A 



-c£o)-a 



o 







0.91771 



0.87495 



73.62 



106.38 



34.9S 



1.67762 



■: (ch s ) 



" (o/ 2 ) 



(CH)(\i) 



:„h 1 ch 2 ■ 

• W) 



-15.5640' 



63.82 



116.18 



0.38106 



ff 3 C 

C- 

R-K 

C 

R-K 

C- 

soC 

C- 



(a)) 
Cf b (Hf r 

(b)) 
C (#'-//,C 

(c)) 

:;(/7,c 



V)HC 



>« 



>, 



"- 7/,C )C/7, 



-0.92918 
-0.92918 
-0.92918 



-0.92918 
-0.72457 
-0.92918 



-0.92918 
-0.72457 
-0.92918 





2457 




-154. 
-154 



0.91771 
0.91771 
0.91771 



0.77247 
(1.75889 
(1.77247 



61330 
92866 
61330 



-16.49325 
-17.42244 
-17.73779 
-17.42244 



56.41 
48.30 
48.21 
48.30 



123.59 
131.70 
131.'9 
131.70 



21.9C 
21.74 
21.9C 



1.97162 
1.95734 
1.97162 



0.45117 
0.5: 388 
0.5O570 
0.5 388 



(if- HjCjp^R"- H 2 C c y.'H 2 - 
-' (e)) 



•0.72457 



-0.72457 



-0.72457 



2457 



0.91771 



(1.76765 



92866 



-17.73779 



50.04 



129.96 



22.66 



1.94462 



0.49298 



C t (li 2 C e -R'' 

<m. 



>* 



(r'- 77,c, ):;(«"- h 2 c\)c , H J - 
(S) 



Table 15.1)2 



The energy 
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Grorp 
1 



0.5 
1 
1 



parameters (e V) of functional groups 



o) 



= 

Group 

2 



1.5 
1 
1 



C-C! 
GrDup 



of alkyl carbc'xylic acid chlorides. 



Ch, 
Group 

3 
2 

0.75 
1 
1 



CH. 
Group 

2 
1 

0.75 
1 
1 



C-H (if 
Group 






0.75 

1 
1 



C-C (a) 
Group 

1 



0.5 
1 
1 



C-C(b) 
Group 

1 




0.5 
1 
1 



C-C (a) 

Group 

1 



0.5 
1 
1 



<f-C(d) 
Group 

1 


0.5 

1 
1 



C-C (e) 
Group 

1 




0.5 
1 
1 



C-C(f) 
Gri >up 



CO 

to 
to 



3.91771 



0.91 



71 



0.9177 



© 



'. (el 



) 





w 




o 








o 




CD 




0) 




O 




7T 




I - 




CO 




3- 






o 


TJ 


Fr- 


o 


4=3 


6 

CD 






<ti 




-s 





' (en 



' (eV 



■'. 



V) 



41040 



3 13018 



-16.2(957 



-10.53337 



-5.24291 



-3.38732 



-3.38732 



-3.45250 



3.38732 



45250 



■3.4:!250 



B( J( 



,)(eV) 



-15.56417 



-14.6348!! 



-15.56407 



-15.56407 



-15.35946 



5.56407 



35946 



E, (x,_, 
(al 

H 



„(».„„) ( e K) 

■>) (eV) 

)(eV) 

n-atom,msp' .AO 
)(eV) 
rod / i J 



)(eV) 





4.63 189 

■ | 1.63 534 

1.44515 

■33.08152 
16.4962 



.270: r 4 
69893 
.96966 



-1 41915 
-13.18574 
-31.63536 
-1.44915 
-33.(18452 
7.41 !995 





-15.56407 
-67.65451 



-67.65450 
24.9186 





-15. 564p7 
-49.664f>3 



-49.66493 
24.2751 





-14.63489; 
-31.6353: 


-31.6353' 
24.1759 




-15.56407 
-31.63537 

-1.85836 
-33.49373 

9.43699 




-15.56407 
-31.63537 
-1.85836 
-33.49373 
9.43699 




-15.35946 
-31.63535 
-1.44915 
-33.08452 
15.4846 




.5.56407 
31.63537 
1.85836 
33.49373 
J.43699 



.35946 
.63535 
44915 
.08452 



-15.3 
-31.6 



5946 
3535 



-33.C 
9.5 



8452 
643 



E,. (c 



V) 



0.851107 



15.978!!! 



15.91299 



6.21159 



6.21159 



10.19220 



5.21159 



E„ 



V) 



eV) 



1.14655 

I?8 1_ 



2107? 
.[121 



0.09063 



0.35:32 



(Eg- (13 



458) ) 



0.35532 
(Eg. (1 3.458)) 



0.35532 
( Eg. (13.45 i)) 



0.12312 

[2] 



0.17978 
[4] 



0.09944 
[SI 



1.12312 
[2] 



12312 

m 



o.i; 
[: 



312 
'■} 



M 



V) 



0.14240 



-0 



30266 



■0.09943 



-0.22757 



-0.145(12 



-0.07200 



-0.10359 



-0.07526 



-0.15924 



0.10359 



-0. 



10260 



1260 



< 
CD 

Q. 



. ( 

E> 



eV) 

«) (eV) 

AO<H(f)(eV) 

m.)!h{>) (eV) 



1.14803 
13.22592 
4.63 189 


S.95714 



0.11441 

66.57498 

H6341J9 



30660 



0.14803 

-33.18395 

-14.6348? 

1 

3.76614 



0.145.03 

-67.92207 
-14.63489 
-13.55844 



0.14803 
-49.80936 
-14.63439 
-13.59814 

7.83016 



0.14803 
-31.7073' 
-14.6348?; 
-13.5984'. 

3.32601 



0.14803 

-33.59732 

-14.63489 



4.32754 



0.14803 

-33.49373 

-14.63489 



4.29921 



0.14803 

-33.24376 

-14.63489 



3.97398 



1.14803 
33.59732 
4.63489 


4.17951 



14803 
.18712 
.63489 

3.62128 



0.1' 
-33.1 
-14.6 



803 

8712 

3489 



IP 



Table 15.133. The total 
to the experimental values [3|] 



bond energies of alkyl cart oxylic acid chlorides calcu 



ate d using the fractional group composition 



and the energies of Table 1 



5.132 compared 



C- C(O) c 
Group 



Graup 



C-Cl 
Group 



CH, 



CH- 



CH 



C-C (a) C-C 



(b) C-C 



(c) 



C-C (d) 



C-C (e) C-C (f) 



C 2 H 3 C1Q Acetyl chloride 



Calculated 

Total Bond 

Energy 

(eV) 

28.02174 



Experimental 
Bond 
'(eV) 



Total I 
Eiergy ( 



27.990 



Rel itive 
Eiror 



■0.00115 



ab 

ajigli 



e 15.1 

were 



34. 



used. 



The bond 

E T isEj{ai- 



angle param^terjs 
om - atom. 



:,msp 



of alkyl parrpoxylic aqd cplorides aqid ejxperimentp,l \|alues [1]. 
AG). 



In 



he calculation of V , the 



parameters from 



the preceding 



Atoms of Angle 



a.) 



2c 
Bond 



2c' E c 

2 |Terminal ^ 
Atoms 



Atom 1 
Hybridization 
Designatic n 



£ Qm ,„„j„. 
Atom 2 



(Table 15.3 



AL 



Atom 2 
hybridization Atom 

Designation 



( Table 



15 3 .A) 



E, 
(eV) 



(°) 



« 



Cal. 6 

C) 



xp. 6 



4 4.5826 -16. 



0.85395 
(Eq. 

(13.132))| 



.5841 
O 



-12.96764 
CI 



-15.55033 

a 



0.86359 



0.II154S 0.87495 



0.813 
(Eq. 

(15.13 

0.813 
(Eq. 

(15.13 



dl 



111.6 
(acetyl chloride) 

121.2 
(acetyl chloride) 



Methylene 
ZHCH 



106 



2.111C6 3.4252 -15 



.75493 



0.II635S 



0.75 1.1 



5796 



107 
(propans) 



.CC££ C 



112 
(propans) 

113.8 
(tutant) 

110.8 
(isobutane) 

111.0 
(tutane) 

111.4 
(isobutane) 



Methyl 
dHC,H 



1 3.4252 -15. 



■C££ c 

:cc,h 



70.56 
70.56 



109.44 
109.44 



iso C it 
'-C£Jt 

iso C a 
/ -C£ t H 

iso C u 
CC££ b 
tert c o 
'-C££., 



2: 
2: 
2: 
2.90327 



1547 
1547 
1547 



2.91547 4.7958 

2.113 

2.097(1 

2.9037 



.5841: 
.5503. 
.5503 
5841 



26 
5 
5 
26 



-16.68412 
C, 

-14.82575 
C, 

-14.82575 
C„ 

-16.68412 
C, 



154? 

8749: 

(1749: 

154? 



0.81549 
0.91771 
0.91771 
0.81549 



1 
0.75 
0.75 

1 



1 0.8 

0.75 1 

0.75 1 

1 0.8 



1549 
0t*887 
0^887 

1549 



-1.85836 




-1.85836 



72.50 



110.67 

110.76 

111.27 

111.37 
107.50 



110.8 
(isobutai 



le) 



111.4 
(isobutane) 

110.8 
(isobutane) 
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CARBOXYLIC ACID ANHYDRIDES (C„H 2n _ 2 3 , n = 2,3,4,5 ...oo) 

The alkyl carboxylic acid anhydrides, C n H ln _ 2 0, , have two (0) C-0 moieties that each comprise C = and C-0 functional 
groups. The single bond of carbon to the carbonyl carbon atom, C - C(0) , is also a functional group. The alkyl portion of the 
alkyl carboxylic acid anhydride may comprise at least two terminal methyl groups (CH,) at each end of the chain, and may 
comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The 
methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be 
identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl 
((CH 3 ) CH) and t-butyl ((CffA C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C 

bonds comprise functional groups. The branched-cham-alkane groups in carboxylic acid anhydrides are equivalent to those in 
branched-chain alkanes. 

The alkyl carboxylic acid anhydride C = and C—C(0) groups are equivalent to those given in the Carboxylic Acid 

Esters section and die Ketones section, respectively. The values of E T ( atom- atom, msp'.AO) given in these sections are 

-2.69893 eV and -1.44915 eV , respectively. The C-O group is also equivalent to that given in the Carboxylic Acid Esters 

section except that E T (atom -atom, msp'.AO) is equivalent to that of an alkyl ether as given in the corresponding section and 

the energy terms due to oscillation in die transition state are matched to that of a carboxylic acid anhydride. 

For the C-0 group, E T (atom- atom, msp y .AO) is -1.65376 eV . It is based on the energy match between the O AO 

and the C2sp } HO of each C-C(O) group and is given by the linear combination of -0.72457 eV (Eq. (14.151)) and 
-0.92918 eV (Eq. (14.513)), respectively. This matches -0.72457 eV , the energy contribution of each of the Clsp 1, HOs to 
each C-C(0) functional group, with that of the corresponding energy component of the C-0 group and gives a minimum 
energy within the carboxylic acid anhydride molecule. 

The symbols of the functional groups of alkyl carboxylic acid anhydrides are given in Table 15.135. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
alkyl carboxylic acid anhydrides are given in Tables 15.136, 15.137, and 15.138, respectively. The total energy of each alkyl 
carboxylic acid anhydride given in Table 15.139 was calculated as the sum over the integer multiple of each E D (Gr<m P ) of Table 
15.138 corresponding to functional-group composition of the molecule. The bond angle parameters of alkyl carboxylic acid 
anhydrides determined using Eqs. (15.88-15.117) are given in Table 15.140. The color scale, translucent view of the charge- 
density of exemplary carboxylic acid anhydride, acetic anhydride, comprising the concentric shells of atoms with the outer shell 
bridged by one or more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.23. 



Figure 15.23. (A)-(B), color scale, translucent views of the charge-density of acetic anhydride showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 




I L" V 
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Table 15.1 35. The symbols of functional groups of alkyl carboxylic acid anhydrides. 



Functional Group Group Symbol 



C-C(O) C-C(O) 



C=0 (alkyl carboxylic acid anhydride) C = O 

(O)C-O C-O 

CH, group C-H (CH,) 



CHj group C-H (CH.,) 

C/f (alkyl) group C-H 
CC bond (n-Q C-C (a) 
CC bo nd (is n-Q C-C (h ) 



CC bond (tert-Q C-C (c) 



CC iiso to iso-C) C-C (d) 

CC(t to t-Q C-C (6) 
CC (t to iso-C) C-C (f) 
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1.520 
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e) 



(C- 

(C 
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1.11 

H 



(C- 
biitane) I ( C 



.107 
H propane) 



.11 



1.122 
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(aropi 



tie) 



H butane) 
.295 39 



1.531 
butane) 



.54 

L5l2 
(]propane) 

1.5: 
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1.54616 
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(propane) 

1.531 
(butane) 
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propane) 

1.531 
(bute ne) 
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Ipropane) 
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(butane) 
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(but tine) 
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(1.63159 
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168600 



0.68600 



0.68)188 



0.68(500 
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The MO to fJO intercept geometricaf bojnd param^ter^ of alkyl c|arqoxylic aciji anhydrides. 
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(R'C c H 2 C,{0, 
2 (R'C r H 2 CXO, 
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-1. 

-0. 





-0.72457 
-1.34946 




-0.82688 
-0.82688 



-154 .5161 iO 

-154.51660 



1 .00000 
0.91771 
0.91771 



0.84115 
0.76753 
0.76753 



6.17)21 

7.72667 



-17.53580 
-17.53580 



137.27 
134.08 
58.55 



0.52193 
0.60583 
1.83133 
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0.53394 
0.40045 



*Q 



c a (opcXo)c c h 2 R 











0.91771 
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(CH 3 ) 
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-0.92918 
-0.92918 
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The energy parameters {eV) of functional groups 
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1 
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1 
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0.75 
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0.75 
1 
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0.5 
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0.5 
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0.91771 
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0.5 
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0.5 
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0.91771 
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0.5 
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0.5 

1 
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3.91771 

1 

2 


0.5 

1 



C (e) 
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0.91771 
1 
2 


0.5 
1 



C-C(f) 
Group 



V, 



V) 



1.2547: 



-35. 



0848 



-70.41 '-25 



-28.79214 



-28.79214 



-29.10112 



28.79214 



-29. 



10112 
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>-') 



9.50S74 



23.87457 



5296)1 



38.92728 



25.78002 



12.87680 
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9.37273 



5.33352 
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-15.56407 




-15.56407 
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E T (, 
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'A atom- atom„msp 3 .AC'i(eV) 
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eV) 
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■V) 



(eV) 
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[35J 



(Eq. (1 



■458 1) 



0.35532 
( Eq. (13.458)) 



0.35532 
(Eq. (13.458)) 



0.12312 
[2] 



0.17978 
[4] 
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m 
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-33.59732 



-33.49373 



-33.24376 
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-33.1 



8712 



(,*.,«) (eF) 



(c s ao:ho) (eV) 



-13.5)844 



-13.59844 



-13.59841 
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„„„) (eV) 
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8061.0 
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3.32601 



4.32754 



4.29921 



3.9739 



1.17951 



3.52128 



3.91 
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Ttib e 15.139. The total 
compared to the experimental 



bond energies ofjalkyl carbjoxylic acid arihydrides calculated using the functional brohp compoiitidn and the bnetgies of Tible 
values [3] 
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Acetic ; 
Propano 
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56.9409!' 
81.2563! 



56.948 
81.401 



0.00313 
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able 15.140. The bond 
angle were used. E'r is Ei(atom 



angle parameters of alkyl ^arrpoxylic aojd anhydrides 
atomjnsn 3 .AO). 



and experimental values [T|. In the calculation of V , tlie parameters 



from the preceding 



Atoms of Angle 



2c' 



2c' 
Bond; 

Oo) 



2c' E Cc 

Terminal ^ 
Atoms 



Atom 1 
Hybridizatio r 
Designatiorj 

(Table 15.3./.) 



Atom 2 



bridization 



Designation 
(T able 15.3.A 



V) 






f) 



e 1 
C) 
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E;.p. 



■'-QC,O h 
-'■CAC„ 



2.6343 
2.6343 



13 



■16.47951 

O,, 
■17.30638 

C„ 



0.78617 



0.83339 
0.78617 



-1.44915 

-1.8 5836 



122.00 
117.09 
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(acetic 
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(acetic 
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anhycride) 

[3(0 
iinhytride) 



■ '■CJCa 



2.634J 



t.4944 -15.5 50. 



■13.618 



0.85395 

(Eq. 
(15.133)) 



0.86445 



1.44915 



109.65 
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(acetic 



3 [36] 
iinhytride) 



Methylene 
S-HCH 



2.27954 
2.11106 



(.6368 -16.' 
5.4252 -15. 



22 
7 



■13.618 
H 



0.825 
0.863 



0.85395 

(Eq. 
(15.133)) 

1 



0.83979 
1.15796 



128.46 
108.44 



07 
(propane!) 



12 
(propane) 



(butane^ 

110.8 

(isobutan;) 



111.0 

(butane^ 

111.4 

(isobutan;) 



Methyl 
/-HC„H 



3.4252 -15.7549. 



so C 



2.9154:' (.7958 



■16.68412 
C, 



110.8 
(isobutan;) 



C b C a H 
so C' 



2.1132:; (.1633 



■14.82575 
C h 



0.91771 3.75 



Cf h H 
so C n 



■14.82575 
C„ 



111.4 
(isobutan 



■■'■ c h c . c b 
tert C a 

-C t C a C d 



5.68412 
C,, 



110.8 
(isobutan;) 
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NITRILES (C H // 2jl _,JV, b=2,3,4,5...oo) 

The nitriles, C„H 2n _ l N, comprise a C = N functional group, and the single bond of carbon to the nitrile carbon atom, C-CN , 
is also a functional group. The alkyl portion of the nitrile may comprise at least two terminal methyl groups (C//,) at each end 
of the chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon- 
carbon single bonds. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of 
C-C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C 
bonds within isopropyl ((C//.) 2 CH) and t-butyl ((C//,), C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t- 

butyl to t-butyl C-C bonds comprise functional groups. The branched-chain-alkane groups in nitriles are equivalent to those in 
branched-chain alkanes. 

The nitrile C = N is solved equivalently to acetylene as given in the Acetylene Molecule section except that the energy 
for E(aoiho) is two times that given in Eq. (14.343), 16.20002 eV , in order to match the N AOs to that of the nitrile Clsp 3 HO 

having a bond order of three. E T ( atom- atom, msp } .AO) of the C = N functional group is -1.56513 eV (Eq. (14.342)) 

corresponding to the third-order bonded ttsp 3 HO. 

The C-CN functional group is equivalent to that of an alkyl C-C group given in the Continuous-Chain Alkanes 
section except that E T (h,mo) and E Kvib are those corresponding to a nitrile. As given in the Continuous-Chain Alkanes section, 

E T ( atom- atom, msp } .AO) of the alkyl C-C group is -1.85836 eV where both energy contributions are given by Eq. 
(14.513). It is based on energy matching within the nitrile. It corresponds to the maximum-magnitude energy contributions of a 
single-bonded and a third-order bonded C2sp HO. 

The symbols of the functional groups of nitriles are given in Table 15.141. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of nitriles are given in 
Tables 15.142, 15.143, and 15.144, respectively. The total energy of each nitrile given in Table 15.139 was calculated as the 
sum over the integer multiple of each E D (amp) of Table 1 5. 144 corresponding to functional-group composition of the molecule. 

For each set of unpaired electrons created by bond breakage, the C2sp 3 HO magnetic energy E mag that is subtracted from the 
weighted sum of the E D (Group) ieV) values based on composition is given by Eq. (15.67). The bond angle parameters of nitriles 
determined using Eqs. (15.88-15.117) are given in Table 15.146. The C of the C = N group can further bond with only one 
atom, and the bond is linear as a minimum of energy as in the case of acetylene and alkynes. The color scale, translucent view of 
the charge-density of exemplary nitrile, propanenitrile, comprising the concentric shells of atoms with the outer shell bridged by 
one or more 7/ 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.24. 

Figure 1 5.24. Color scale, translucent view of the charge-density of propanenitrile showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.141. The symbols of functional groups of nitriles. 



Functional G r oup G r oup Symbol 



-e-m c - c (i) 

CN C = N 

CH, group C-H (CH 3 ) 

CH 2 group C-H (CH 2 ) 



CH (alkyt) group C-H 

CC bond (n-Q C-C (a) 

CC bond (iso-Q C-C (b) 

CC bond (tert-C) C - C (c) 



CC (iso to iso-Q C-C (d) 



CC (t to t-Q C-C (e) 

CC (fto iso-Q C-C (f) 



Table 15.142 



The geometrical bond parameters of nitriles and experimental vdues [1] 
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C-C(i) 
Grcup 



Group 



(iroup 



H (C//,) 
Group 



C-H 
Group 



C-C(a) 
Group 



C-C(b) 
Group 



C-C(c) 
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C-C (d) 
Group 



C-C (e; 

Group 
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Bond 

2c 

Exp. 



to_ 
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Bond 



10974 
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') 



1.458 
(acetoritrile) 
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^acetonitrile) 



107 

propane) 
117 
¥ butane) 



.11713 

1.107 

// propane) 
1.117 
H butane) 



1.122 
(isobutane) 



1.54280 

17532 
(propane) 

1.531 
(butane) 



1.54280 

1.532 
(propane) 

1.531 
(butane) 



1.53635 

1.532 
(propane) 

1.531 
(butane) 



1.54280 

1.532 

(propane) 

1.531 

(butane) 



1.53635 

1.532 
(propane) 

1.531 
(butane) 



1.5363:; 

1.532 
(propantjO 

1.531 
(butaneb 



Tabl 



to 



e 15.143 



0.49828 
0.9 1 064 



.27295 
!S3580 



.29569 
0.63 1 59 



1.29924 
0.63095 



1.54616 
0.68600 



1.54616 
0.68600 



1.52750 
0.68888 



1.54616 
0.68600 



1.52750 
0.68888 



1.52750 
0.68881: 



The MO i;o HO intercept geometrical bond parameters of nitriles. R,R,R are 



H or alkyl groups. E T is E-Xatom - atom 



msp .AG). 
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- C „ N 
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-0.92918 
-0.92918 



-0.92918 

-0.78257 





-153.: 
-153.: 
-152.f 



0.91771 
0.91771 
0.91771 



-16.5: 
-16.5: 
-15.7: 



-16.34664 
-16.34664 
-15.56407 



145.42 
81.32 
8 5.50 



69.58 
38.00 
40.67 



.42077 
.50718 
45066 



1!H 2 C 
ll=atkyl 



-0.92918 



-0.92918 







0.91771 



-16.49325 



80.53 



37.51 



.51718 



342: 



(CH) (ii) 



-0.92918 
-0.92918 
-0.92918 




-0.92918 
-0.92918 







0.92918 



-152.5 
-1534 
-154.4 



0.91771 
0.91771 
0.91771 



359 
1549 



-15.7: 
-16.6: 
-17.6 



-15.56407 
-16.49325 
-17.42244 



7.49 
«8.47 
< 1.10 
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35.84 
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23564 
.35486 
.42988 
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0.2993; 
0.37326 



C-C 



H,CH 2 
(a)) 
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-15.56407 



(3.82 
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H 
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•-H 
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oC 

:-Q 
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)HC 
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C-C 

'f rtC: ',. 

:-c 
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R- 77,C,)C 4 (i 
(fi) 
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Table 15.144 



The energy parameters (eJO of functional groups cf nitriles 
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207.49229 
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2015 



28.79214 
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28.79:14 
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92728 



33342 





w 




o 








o 




CD 




0) 




O 




7T 
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CO 
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O 
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CD 
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v) 



v) (eV) 



8 63043 

-4.31522 
lfl\63489 



.03250 
.01625 
.40004 



53914 

26957 
56407 



)6675 
53337 
56407~ 



10.4 8582 
-5.24291 
-"IT63489 



-3.3!!732 
15.56407 



6.77464 
-3.38732 



15.35546 



t .7741.4 
-3.38752 
1 5.56' 07 



6 90503 
-3.45250 



45250 
3594 (T 



A£, 



(M,:m)i.eV) 















£,.(4 



,uo)(eV) 
atom- atom.msp 



A())(eV) 



12.77652 
1.63537 
85836 



-1 



56407 
69451 




56407 
66493 




-14.63489 

-31.63533 




15.56407 
31.63537 



15.56407 
31.63537 



15.35546 
31.63535 
1.44m 5 



5.56^07 
1.63537 
.85856 



.63535 
.44915 



63535 
44913 



£,(, 



„)(eV) 



33.49374 



.69450 



66493 



31.63537 



53.08452 



33.493 



73 



•A 



P radii) 



5.2516 



.9286 



9.43699 



9.43699 



15.4846 



5 .436**9 



55643 



9.35643 



£,- ( 



eV) 



.53031 



10.19220 



< .211^:9 



29021 



E ~s 
EA 



'V) 

(eV) 

K) 

(eV) 



.23588 
U407 

137] 

.17884 
14803 



24250 
28107 

[37] 

10197 
14185 



0.25017 



(Eq.l 
0. 



13.458)) 

22757 



5532 
Eq.(tt3.4S8 )) 
0. 4502 
0.14803 
-49.8 



-0.24966 
1X35532 



( 3q.(l 



3.458)) 



-0. 07200 
0.14803 



_[2J 

-0.10359 

0.14 803 

■33.59732 



-0.16515 

[4 | 

-0.07526 
0.14:103 
33.49373 



0.201:96 
1099 44 _ ~ 

is 

0.15"24 
114803 
53.24376 



0.165 
123" 

■0.103 59 

14803 



.16416 
123Tr _ 

J2] 

.1021:0 
14805 



16410 

237 
, [2] 
1026(1 



< 
CD 

Q. 



U«)(^) 



14.63489 



K.63489 



63489 



63489 



14.(53489 



14.63489 



14.6: 



489 



14.63489 



14.634:59 



63489 



£„(< 



„,)(eC) 



59844 



59844 



13.39844 



ab 



le 15.1 

values [3]. The 



45. 



The total 
;netic 



energy 



bond energies of nitriles calculated usin^ the functional group composition and the energies of Tatle 15.144 compared to the experimen 



C-C (1) 
Group 



E mag that is subtracted from the weighted, sum of the E D (aroup) (eV) values based on composition is given by (15.58). 



Cs A 
(jrouf 



CH, 



CH, 



C-C (a) 



C-C (b) 



-C(c) 



C (.1) 



C-C (e 



C-C (f) 



Total 

Energy 



Ilond 

(eV) 



:al 



Experiment 

al 
Total Bond 

Energy (eV) 



Relative 
3rror 



Cf 2 H 3 M 
: 3 H 5 M 
■4H7M 
■4H7M 

: s h,m 
Wi 

<f7H )3 M 
C 8 H, 5 >J 
CioHmN 
C14H21N 



Acetonitrile 

Propanei litrile 

Butanen trile 

2-Methy Iprop anenitrile 

Pentaneritrile 

2,2-Dimi ;thyl] iropanenitrile 

Heptane] litrile 



Octanen: 



trile 



Decanenitrile 
Tetradec aneni trile 



25.7 
37.8 
50.C 
50.1 
62.1 
62.4 
86.5 
98.( 
122.' 
171.61 



25.77 
37.94 
50.08 
50.18 
62.26 
62.40 
86.59 
98.73 
123.05 
171.70 



00174 
00171 
00082 
00092 
00111 
.00132 
00089 
00069 
00057 
00052 



Table 15.146 



Edatom - atom,msp .AO). 



The bone angle parameters of nitriles arid experimental values [1] 



In the calculation of (9, 



the 



parameters from the preceding angle 



were used. E 



t is 



Atoms of Angle 



2c' 

Bond 1 

K) 



2c 
Bond 

("0". 



2c' E, 

Terminal A \. om 
Atoms 

K) 



Atom 1 
Hybridiza 
Designation 

(Table 15.3.A) 



Atom 2 



Atom 2 
Hybiidization 
Designation 

jTable 15.3.A) 



C, 



(eV) 



f) C) 



Cal. 6 



Exp. 6 



'Cfi u N 

ThcJT 

^HC,C 



2.09711 



2.097 1 1 



3.4252 -15. 



754513 



0.86359 



0.75 



15796 



180 
109.50 
109.44 



109.7 
(acetanitrile) 



Methylene 
ZHCH 



3.4252 -15. 



108.44 



107 
(propane) 



112 
(propane) 

113.8 

(butane) 

110.8 

(isoutane) 



1.0 

(biitane) 

11.4 

(isoxitane) 



Methyl 
ZHCH 



3.4252 -15. 



109.44 



ZCC.H 



109.44 



^C t Cfi r 
iso C a 

iso C„ 
^C c ,C t H 
iso (7 



2.91547 
2.01547 
2.91547 



2.91547 
2.11323 
2.097 1 1 



4.7958 
4.1633 
4.1633 



.68412 

C, 

550313 

C„ 

.550: 
C, 



-16.68412 
C, 

-14.82575 

Q 

-14.82575 

C 



(.81549 0.81549 

(.87495 0.9177 

(.87495 0.9177 



0.81 



549 -1.858J6 




1.04887 
1.04887 







110.67 
110.76 
111.27 



0.8 
(isobutane) 



111.4 
(isoutane) 



- c fft 
tert C„ 



2.90327 



2.90327 



4.7958 



.68412 



-16.68412 



81549 0.81549 



0.81549 -1.85836 



111.37 



110.8 
(isomtane) 
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THIOLS (C n H 2n+2 S m , n = l,2,3,4,5...oo) 

Th e alkyl thiols, C n H 2n+2 S m , compris e a SH functional group and a C — S functional group. Th e alkyl portion of th e alkyl thiol 
may comprise at least two terminal methyl groups (C// 3 ) at each end of the chain, and may comprise methylene (CH 2 ), and 
methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional 
groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond 
is the same as that of straight - chain alkanes. — In addition, the C — C bonds within isopropyl ((CH 3 \CH) and t - butyl 

((C7/ 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional 

groups. The branched-chain-alkane groups in thiols are equivalent to those in branched-chain alkanes. 

The parameters of the SH functional group is solved using Eq. (15.41). As in the case of the C-H bonds of 
CII„ n = 1,2,3, the S- II -bond MO is a partial prolate spheroid in between the sulfur and hydrogen nuclei and is continuous 
with the S3p shell. The energy of the H 2 -type ellipsoidal MO is matched to that of the S3p shell and comprises 75% of a 
/f 2 -type ellipsoidal MO in order to match potential, kinetic, and orbital energy relationships. Since the energy of S, 
E(S) = -10.36001 eV , is less that that of H , the linear combination of the H 2 -type ellipsoidal MO with the S3p shell further 
comprises an excess 50% charge-density donation from H to the S3p shell of the S-H -bond MO to achieve an energy 
minimum. The initial total energy of the shell is given by the sum over the four 3p electrons. From Eq. (15.12), the sum 
E T (S,3p) of the energies of S , S\ S 2+ , and S i+ [38] is 

E T (S,3p) = \036001eV + 23 .33788 eF + 34.79 eF + 47.222 eF = 115.70989 eF (15.137) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the S3p 
shell may be calculated from the Coulombic energy using Eqs. (15.13) and (15.137): 

"" {Z-q)e l&r 2 - 



r, 



p ^ 2 Me (el 15.70989 eV) — Me (el 15.70989 eV) 

where Z = 16 for sulfur. Using Eqs. (15.14) and (15.138), the Coulombic energy E Coulomb (S,3p) of the outer electron of the 
S3p shell is 

E CauIamb (JJp) = r-^- = - - -'I. — - -1 1-57099 eV (I5T39T 

° ns o r ?p 8^e 1.17585a 

The sharing of the electrons between the 5* and H atoms permits the formation an S - H -bond MO that is lowered 

more in energy than the participating S3p orbital which consequently increases in energy. By considering the 50% electron 

redistribution in the S — H group as well as the fact that the central field decreases by an integer for each successive electron of 

the shell, the radius r s _ Hi of the S3p shell may be calculated from the Coulombic energy using Eq. (15.18) 

'Ji. ^ e 1 10 5^ 2 
Y(Z-«) + 2(0.25) ; -^ ; r - 1.23 ^1 65a, (15.1 4 0) 



■ S-H3p 



8^ (el 15.70989 eV) &te (el 15.70989 eV) 



where the s = -2 in Eq. (15.18) due to the charge donation from H to S . Using Eqs. (15.19) and (15.121), the Coulombic 
energy E Caulamb (S s _ H ,3p) of the outer electron of the S3p shell is 

E CMlailb {S s _ B ,ip)= "^ = ~f = 11.01999 cV (t5J44>- 

oKe n r s _ Hl 8^£ 1.23465a 

Thus, E T (S-H,3p) , the energy change of each S3p shell with the formation of the S-H -bond MO is given by the 
difference between Eq. (15.139) and Eq. (15.141): 

E T (S-H,3p) = E(S s _ H ,3p)-E(S,3p) = -\ 1.01999 eV-(-l 1.57099 eV) = 0.55100 eV (15.142) 

Then, in Eq. (15.51): 

£ , r (^O///O) = £ , (5)-£' r (5'-//,3 j p) = -10.36001eK-0.55100eF = -10.91101 eV (15.143) 

And, inEq. (15.65), 

E T [atom -atom,msp\AO) = 0.55100 eV (15.144) 
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Due to the charge donation from H to S , c x =\ in both Eqs. (15.51) and (15.65). As in the case of the C-H-bond 
MO. C, = 0.75 based on the orbital composition. In alkyl thiols, the energy of sulfur is less than the Coulombic energy between 
the electron and proton of H give n by F,q. (1 .7, 64) . Th us, c 2 i n F,q. (1 5. 61) i s also one, and the energy m atching condition is 



determined by the C 2 parameter. Using the energy of S , E(S) = -10.36001 eV in Eq. (15.74), the hybridization factor C 2 of 
Eq. (15.61) for the S -H -bond MO is 

C t ( S 3 P toH)-^ S ; 3p )-- W3€001eV -0.76m (15.145) 

2V ' E(H) -13.60580 eV 

Since the energy of S is matched to the Coulombic energy between the electron and proton of H, E(H(a )), 
Kuiai {c A AOI HO) = E(H(a )) = -13. 60580 eV , E Mlial (c 5 AO/ HO) = E(H) = -13.59844 eV , and E mag is that corresponding 
to £(//(a )) given by Eq. (15.67). E D (omu P ) for hydrogen sulfide is equivalent to that of the SH functional group, and the 
E D (proup) (eV) for dihydrogen sulfide follows the same derivation as that for the SH functional group except that the parameters 

correspond to n x = 2 rather than n y =l in Eqs. (15.51) and (15.65). 

Furthermore, with the energy of S matched to the Coulombic energy between the electron and proton of H , the energy 

of the C-S 1 -bond MO is the sum of the component energies of the H 2 -type ellipsoidal MO given in Eq. (15.51) with 

E^AOI HO) = and E T (AO/ HO) = AE H MO (AO/ HO). Then, the solution of the C-S functional group comprises the 
hyb r idization of the 2a and 2p AOs of C to form a single 2sp 3 shell as an ene r gy minimum, and the sharing of elect r ons 
between the C2sp 3 HO and the S AO to form a MO permits each participating orbital to decrease in radius and energy. Since 
the energy of sulfur is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264), c 2 in Eq. 
(15.61) is one, and the energy matching condition is determined by the C 2 parameter. Then, C2sp 3 HO has a hybridization 
factor of 0.91771 (Eq. (13.430)) with a corresponding energy of E(c,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the S AO has 
an energy of £(5) = -10.36001 eV . To meet the equipotential condition of the union of the C-S H 2 -type-ellipsoidal-MO 
with these orbitals, the hybridization factor C 2 of Eq. (15.60) for the C-S -bond MO given by Eqs. (1 5.77) and (15.79) is 

C 2 (C2sp 3 IIOto S)- , E ( S > ^ c 2 (C2sp'no)-~ 10360 ° l eV (0.91771) -0.6 1 965 (15.146) 

21 ; E(c,2sp 3 ) l ' -14.63489 eV { ' 

Since the sulfur is energy matched to £(//(a )) in the S - H -bond MO, E T (atom-atom,msp 3 .AO) of the C- S -bond 

MO in Eq. (15.61) due to the charge donation from the C and S atoms to the MO is -0.72457 eV corresponding to the energy 
contribution equivalent to that of a methyl group (Eq. (14.151)). 

The symbols of the functional groups of branched-chain alkyl thiols are given in Table 15.147. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
thiols are given in Tables 15.148, 15.149, and 15.150, respectively. The total energy of each alkyl thiol given in Table 15.151 
was calculated as the sum over the integer multiple of each E D (c,r„, v ) of Table 15.150 corresponding to functional-group 

composition of the molecule. For each set of unpaired electrons created by bond breakage, the C2sp 3 HO magnetic energy E 
that is subtracted from the weighted sum of the E D (o m u P ) (eV) values based on composition is given by Eq. (15.67). The C-C 
bonds to the HCSH group (one H bond to C ) were each treated as an iso C-C bond. The C-C bonds to the CSH group 
(no // bonds to C ) were each treated as a tert-butyl C-C . — E was subtracted for each t-butyl group. — The bond angle 

parameters of alkyl thiols determined using Eqs. (15.88-15.117) are given in Table 15.152. The color scale, translucent view of 
the charge-density of exemplary thiol, ethanethiol, comprising the concentric shells of atoms with the outer shell bridged by one 
or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.25. 
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Figure 15.25. Color scale, translucent view of the charge-density of ethanethiol showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 1 5.1 47. The symbols of functional groups of alkyl thiols. 



Functional Group 


Group Symbol 


SH group 


SH 


H,S 


H 2 S 


C-S 


C-S 


CH 3 group 


C-H (CH,) 


CH : group 


C-H (CH 2 ) 


CH 


C-H 


CC bond (n-Q 


C-C (a) 


CC bond (iso-Q 


C-C (b) 


CC bond (tert-Q 


C-C (c) 


CC (iso to iso-Q 


C-C (d) 


CC (t to t-Q 


C-C (e) 


CC (t to iso-Q 


C-C(f) 



Table 15.148 
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68600 
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Table 15.149. 



The MO 



to HO intercept geometricd bond parameters of alkyl thiols. R,R,R are 77 or all:yl groups. Er is 



Ej{atom 



atom,msp .AO) 



s 

(hydrogen sulfide) 
(dih)drogen sulfide) 



(tV) 
Bond 1 



(eV) 
Bond 2 



Final 



Total 
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(eV) 



Energy 



to 



to 



eV) 
Final 



E(c2sp>'\ 

(eV) 
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(•) 







(') 



to 



d. 
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RS 



H 



CH, 



-SH 



-0.3 



6229 



151.J7791! 
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88C4 -14.9971 



69.84 



10.1 
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1.67692 
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Hf 
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-0.92918 



3 
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78155 



17.40869 -17.21783 
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24.04 



1.92443 0.47279 
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',C- 



(R'-H 2 C d )p h 
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92866 -17.7377S 
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SULFIDES {C„H 2)!+2 S m , « = 2,3,4,5...a>) 

The alkyl sulfides, C„/f 2 „ +2 5 m , comprise two types of C-S functional groups, one for t-butyl groups corresponding to the C 
and the other for the remaining general alkyl groups including methyl. The alkyl portion of the alkyl sulfide may comprise at 
least two terminal methyl groups (CH,) at each end of the chain, and may comprise methylene (CH 2 ), and methylyne (CH) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same 
as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH % \CH) and t-butyl ((C//,).C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 
branched-chain-alkane groups in sulfides are equivalent to those in branched-chain alkanes. 

Each C-S group is solved by hybridizing the 2s and 2p AOs of the C atom to form a single 2sp } shell as an energy 
minimum, and the sharing of electrons between the Clsp' HO and the S AO to form a MO permits each participating orbital to 
decrease in radius and energy. Since the energy of sulfur is less than the Coulombic energy between the electron and proton of 
H given by Eq. (1.264), c, in Eq. (15.61) is one, and the energy matching condition is determined by the C, parameter. As in 

the case of thiols, C 2 of Eq. (15.61) for the C-S -bond MO given by Eq. (15.146) is C 2 (dsp'HO to S) = 0.64965 . 

The C-S group of alkyl sulfides is equivalent to that of thiols where E T [ atom- atom, msp } .AO) is -0.72457 eV (Eq. 

(14.151)). The t-butyl- C-S group is also equivalent to that of thiols except that the energy parameters corresponding to the 
oscillation in the transition state are matched to those of the t-butyl group. 

The symbols of the functional groups of branched-chain alkyl sulfides are given in Table 15.153. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
sulfides are given in Tables 15.154, 15.155, and 15.156, respectively. Consider that the C - S bond is along the x axis in the xy- 
plane. The S nucleus is at the focus +c and the C nucleus is at the focus -c. The elliptic angle 9' is taken as counterclockwise 
from the x-axis for S and as clockwise from the -x-axis for C . The total energy of each alkyl sulfide given in Table 15.157 
was calculated as the sum over the integer multiple of each E D (omup) of Table 15.156 corresponding to functional-group 
composition of the molecule. E given by Eq. (1 5.67) was subtracted for each t-butyl group. The bond angle parameters of 

alkyl sulfides determined using Eqs. (15.88-15.1 17) are given in Table 15.158. The color scale, translucent view of the charge- 
density of exemplary sulfide, dimethyl sulfide, comprising the concentric shells of atoms with the outer shell bridged by one or 
more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.26. 

Figure 1 5.26. Color scale, translucent view of the charge-density of dimethyl sulfide showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.153. The symbols of functional groups of alkyl sulfides. 
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C-C (d) 
C-C (e) 
C-C (f) 
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Table 1 5.1 57. The total bond energies of alkyl sulfides calculated using the functional group composition and the energies of Table 15. 1 56 compared to the 
experimental values [3]. The magnetic energy E mag that is subtracted from the weighted sum of the E D (Group) (eV) values based on composition is given by (15.58), 
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DISULFIDES {C„H 2n+2 S 2m , n = 2,3,4, 5...oo) 

The alkyl disulfides, C n H 2i ^ 2 S 2m , comprise C-S and S-S functional groups. The alkyl portion of the alkyl disulfide may 
comprise at least two terminal methyl groups (CHj) at each end of the chain, and may comprise methylene (CH 2 ), and 

methylyne (CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional 
groups are equivalent to those of straight-chain alkanes. Six types of C C bonds can be identified. The n-alkane C-C bond 
is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((C//.) 2 C//) and t-butyl 

((C//j), C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional 

groups. The branched-chain-alkane groups in disulfides are equivalent to those in branched-chain alkanes. 

Each C-S group is equivalent to that of general alkyl sulfides given in the corresponding section. As in the case of 

thiols and sulfides, C 2 of Eq. (15.61) for the C-S-bond MO given by Eq. (15.146) is C 2 {C2sp i HO to S) = 0.64965 and 
E T (atom-atom,msp\AO) is -0.72457 eV (Eq. (14.151)). 

The S-S group is solved as an H 2 -type-ellipsoidal-MO that is energy matched to the energy of sulfur, 
£(S) = -10.36001 eF, such that E(AOIHO) =-10.36001 eV in Eq. (15.51) with E T (AOI HO) = E(AOI HO). The S-S- 
bond MO is further energy matched to the C2sp } HOofthe C - S -bond MO. C 2 of Eq. (15.61) for the S - S -bond MO given 
by Eq. (15.146) is also C 2 (dsp'HO to S) = 0.64965 . In order to match E T {atom- atom, msp' .AO) of the C-S group 
(-0.72457 eV (Eq. (14.151))), E T {atom- atom, msp'.AO) of the S - S -bond MO is determined using a linear combination of 
the AOs corresponding to -0.72457 eV and eV in Eq. (15.29), Eq. (15.31), and Eqs. (15.19-15.20). The result corresponding 
to bond order 1/21 in Table 15.2 is E T (atom-atom,msp\AO) = -036229 eV . 

The symbols of the functional groups of branched-chain alkyl disulfides are given in Table 15.159. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
alkyl disulfides are given in Tables 15.160, 15.161, and 15.162, respectively. The total energy of each alkyl disulfide given in 
Table 15.163 was calculated as the sum over the integer multiple of each E D {Grm P ) of Table 15.162 corresponding to functional- 
group composition of the molecule. E given by Eq. (15.67) was subtracted for each t-butyl group. The bond angle 

parameters of alkyl disulfides determined using Eqs. (15.88-15.117) are given in Table 15.164. The color scale, translucent view 
of the charge-density of exemplary disulfide, dimethyl disulfide, comprising the concentric shells of atoms with the outer shell 
bridged by one or more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.27. 

Figure 1 5.27. Color scale, translucent view of the charge-density of dimethyl disulfide showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 
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Table 15.159. The symbols of functional groups of alkyl disulfides. 



Functional Group Group Symbol 
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C-S 


S-S 


S-S 


CH, group 


C-H (CH 3 ) 



CH 2 group C-H (CH 2 ) 
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SULFOXIDES (C n H 2n+1 (SO) m , « = 2,3,4,5...a>) 

The alkyl sulfoxides, C n H 2n+2 (SO) , comprise a C-SO-C moiety that comprises C-S and SO functional groups. The 
alkyl portion of the alkyl sulfoxide may comprise at least two terminal methyl groups ( CH 3 ) at each end of the chain, and may 
comprise methylene (CH 2 ), and methylyne (CH) functional groups as well as C bound by carbon-carbon single bonds. The 
methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be 
identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl 
((C7/ 3 ) CH) and t-butyl ((CH 3 ) 3 C) groups and the isop.ropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C 

bonds comprise functional groups. The branched-chain-alkane groups in sulfoxides are equivalent to those in branched-chain 
alkanes. 

The electron configuration of oxygen is is 2 2s 2 2 p^ , and the orbital arrangement given by Eq. (10.154) has two unpaired 



electrons corresponding to the ground state 3 P 2 . The SO functional group comprises a double bond between the two unpaired 
electrons of O . The sulfur atom is energy matched to the C2sp 3 HO. In alkyl sulfoxides, the C2sp 3 HO has a hybridization 
factor of 0.91771 (Eq. (13.430)) with a corresponding energy of E(C,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the S AO has 
an initial energy of £'(5') --10.36001 eV [38]. — To meet the equipotential condition of the union of the S — O — H 2 -type- 
ellipsoidal-MO with these orbitals, the hybridization factor c 2 of Eq. (15.61) for the S = -bond MO given by Eqs. (15.77) and 
(15.79) is 

cAo to S3sp 3 to C2sp'HO)- E yl c,(C2sp'HO) -~ 13Mg06 gF (0.9177l)-1.20632 (15.147) 

The S atom also forms a single bond with each of the C2sp 3 HOs of the two C-S groups. The formation of these 
bonds is permitted by the hybridization of the four e lectrons of the S3p shell to give the orbital arrang e ment: 

3sp 3 state 
JL J_ JL _L (15.148) 
QmQ M L£ LJ 

where the quantum numbers (i,m t ) are below each electron. The 3s shell remains unchanged. Then, the Coulombic energy 
E CouIomb (S,3sp 3 ) of the outer electron of the S3sp 3 shell given by Eq. (15.137) with r v =1.17585a (Eq. (15.138)) is 
-11.57099 eV . Using Eq. (15.16) with the radius of the sulfur atom r 16 =1.32010a given by Eq. (10.341), the energy 
E(S3sp 3 ) of the outer electron of the S3sp 3 shell is given by the sum of E Coulomb (S3sp 3 ) and E(magnetic) : 

EJSZsp 3 ) ~ e ' i ln ^ el%1 ~ el | 2 ^o e2 ft 2 
l ' 8flg„r 3 _, mlrl 8^g n 1.17585a n « L ?(l,3201Qg ) 3 (15.149) 



-11.57099 eV + 0.0 4 973 --1 1.52126 eV 



Then, the hybridization energy E hybridimti (S3sp 3 \ of the S3sp 3 HO is 

E ky b r^a, ia n{s^sp 3 ) = E{S3sp 3 ) E (s) = 11 .52126 cV 10.36001 cV = 1.16125 eV (15.150) 

The SO group is matched to the C-S group with which it shares the common hybridized S atom. Consequently, 
^ hybridization (s3sp 3 ) is subtracted from E T (Group) in the determination of E D {Group) (Eq. (15.65)). Furthermore, the energy of 
the S = Q -bond MO is the sum of the component energies of the j/ 2 -type ellipsoidal MO given in Eq. (15.51) with the energy 
match e d to the final e n e rgy of th e hybridiz e d S atom such that E(AO I HO) = E(S3sp 3 )~ — 11.52126 eV and tsE HM0 
(AOIHO) = E hybrjdizatim i y S3sp 3 ) = -1.16125 eV . Then, E T (AO/HO) = E(S) = -10.36001 eV . Also, E T (atom - atom,msp 3 .AO) 

of the S = bond is zero since there are no bonds with a C2sp 3 HO. 

The C-S group is solved as an energy minimum by hybridizing the 2s and 2p AOs of the C atom to form a single 
2sp 3 shell and by hybridizing the four S3p electrons to form a S3sp 3 shell, and the sharing of electrons between the C2sp 3 
HO and the S3sp 3 HO to form a MO permits each participating orbital to decrease in radius and energy. Using the Coulombic 
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energy of the S3sp 3 shell, E CouIomb (S3sp* ) given by Eq. (15.139) in Eq. (15.72), the SSsp 3 -shell hybridization factor, 

c 2 (S3sp'j, is 

JiV) >'y' - - 1U7 °" eV =0.85045 (15.151) 

v ; £(//) -13.60580 e>F 

As in the case of thiols, sulfides, and disulfides, the energy of sulfur is less than the Coulombic energy between the 
electron and proton of H given by Eq. (1.264). Thus, c, and c, are equal to one in Eq. (15.61), and the energy matching 

condition is determined by the C 2 parameter. In alkyl sulfoxides, the C2sp } HO has a hybridization factor of 0.91771 (Eq. 

(13.430)) with a corresponding energy of E(C,2sp l ) = -14.63489 eV (Eq. (15.25)) and the S3sp 3 HO has an energy of 

E(S3sp 3 )=-l 1.52126 eV (Eq. (15.149)). To meet the equipotential condition of the union of the C-S //,-type-ellipsoidal- 

MO with these orbitals, the hybridization factor C 2 of Eq. (15.61) for the C-S -bond MO given by Eqs. (15.77) and (15.79) is 

/ , ,\ ElSisp 3 ) , ., -11 52126 eK, 

C 2 (C2sp } HO to S3sp 3 ) = —± 4rc, (S3sp } ) = 0.85045) = 0.66951 (15.152) 

n ; E(c,2sp 3 ) X ' -14.63489eF v ; 

As in the case of thiols, sulfides, and disulfides, with the energy of S matched to the Coulombic energy between the 
electron and proton of H , the energy of the C-S -bond MO is the sum of the component energies of the H 2 -type ellipsoidal 

MO given in Eq. (15.51) with E(ao(bo) = and E T (AOI HO) = AE HMO (AOI HO). For sulfoxides, 

AE^ MO (AO/HO) = -0.72457 eV . Further equivalent^, E T [atom- atom, msp i .AO)= -0.72457 eV (Eq. (14.151)). 

The symbols of the functional groups of branched-chain alkyl sulfoxides are given in Table 15.165. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
alkyl sulfoxides are given in Tables 15.166, 15.167, and 15.168, respectively. Consider that the C-S bond is along thex axis in 
the xy-plane. The S nucleus is at the focus +c and the C nucleus is at the focus -c. The elliptic angle 9' is taken as 
counterclockwise from the x-axis for S and as clockwise from the -x-axis for C. The total energy of each alkyl sulfoxide given 
in Table 15.169 was calculated as the sum over the integer multiple of each E D {a*»&) of Table 15.168 corresponding to 

functional-group composition of the molecule. The bond angle parameters of alkyl sulfoxides determined using Eqs. (15.88- 
15.117) are given in Table 15.170. The color scale, translucent view of the charge-density of exemplary sulfoxide, dimethyl 
sulfoxide, comprising the concentric shells of atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or 
joined with one or more hydrogen MOs is shown in Figure 1 5.28. 

Figure 1 5.28. (A)-(B) Color scale, translucent views of the charge-density of dimethyl sulfoxide showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or /f 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.165. The symbols of functional groups of alkyl sulfoxides. 



Functional Group Group Symbol 



~CZS U^S 

SO SO 

CH 3 group C-H (CH 3 ) 



CH 2 group C-H (CH 2 ) 

CH C-H 

CC bond (n-Q C-C (a) 

CC bond (iso-Q C-C (b) 

CC bond (tert-Q C-C (c) 

CC (iso to iso-Q C-C (d) 

CC(t to t-Q C-C(e) 

CC(t to iso-Q C-C (f) 



fab 



e 15.16 



The geometiical bond parameters of alkyl sulfoxides knd experibneiital values 

H (c//j) C-H(CH,) 



c-s 

Group 



Group 



Gioup 



Group 



Grcup 



[1 



Grojp 



Group 



(b) 



Group 



(c) 



C 
jroup 



t'« 
Group 



-C(f) 
Group 



c ' to 



1.87325 
1.67271 



2.12499 
1.45' r 44 



Pond 

2c' 



Length 



)974 



713 



2.12499 
1.45744 

1.54280 



.53655 



.124! '9 
.457^4 

.542! .0 



10725 
45164 



1. 



53635 



Exp. Bond 
Leigth 

(K)_ 

to 



1.799 
(ilmelhyl sulfoxide) 

184328 
189294 



(dimethyl 



sulfo dde) 



(C 



107 

propane) 
117 
butane) (X 



1.3' 
~bTrt974 



1.2)7295 

He 



1. 

- H 
1. 
-H 
1.2<'569 
Ool 



107 

propane) 
17 
butane) 



1.122 
(isobitane) 



1.29924 
0.63 D95 



1.532 
propane) 

1.51 1 
(butane) 
1.54616 
0.681)00 



1.532 

(bropjne) 

1.531 

butane) 



1.532 

(iiropaie) 

1.531 

( butar e) 

527 50 
A.688S8 



1.53; 

(pjropane) 
1.531 

lutan =) 

5461 6 
686M)~ 



1.532 
(pi 
1.531 
( butane) 

1 5275P 

~~ 



1.532 

(propane) 

.531 

b atane ) 

1.52750 
575SS8!S 



i .; 

Jbui 

l.: 

~0.': 



rab 

"Bond 



e 15.167 



The MO 



to HO intercept geometrical bond parameters of alkyl sulfoxides. R 



R are Hor a 



R 2 S-0 



V) 



(eV) 
Bond 2 



(eV) 
Bond 3 



Final 



Em rgy 



( £ V) 
Bo|id.4 C2 

(M- 





to 



to 

87495 



:V) 
.Ftinal 



kyl group 

e(c2s P ^ 

(eV) 
Final 



r is Ej{ati\>m \- atom, ms^ .4-0). 

o o 

79.78 



2 




to 



d, 

to 



R 2 S 



O 



D 



.91771 



84.06 



.87495 



129. 55 



H,C 



-S(0)-C t H,CH,I, 



0.3 5229 



151.9779! 0.91771 



89582 



18804 



-14.99717 



130.19 



49.81 



54,24 



1.09461 



0.57! 09 



-S(0)-C„H, 



ZH 2 t 



0.3 5229 



-0.92918 











152.90716 0.91771 



84418 



11722 



-15.92636 



128.05 



51.9: 



52.03 



1.15245 



0.52(26 



C-, 
C- , 
C- , 

H f, 
• C- 



M) 
JCH) 

C I H£.H 2 - 

c' fa)) 



-0.92918 
-0.92918 
-0.92918 

-0.92918 




-0.92918 
-0.92918 









-0.92918 





-152.5448'; 0.91771 

-153.47406 0.91771 

-154.4032": 0.91771 







-152.5448' 



0.91771 



.86359 
.81549 
.77247 

86359 



-15.56407 
-16.49325 
-17.42244 

-15.56407 



77.49 
68.47 
61.10 

63.82 



02.51 
11.53 
18.90 

16.1:! 



41.48 
35.84 
31.37 

30.08 



1.23564 
1.35486 
1.42988 

1.83879 



0.18-08 
0.29533 
0.37326 

0.38106 



ff,C 
■C- 



C h H 1 CH 1 - 
Cla)) 



0.92918 



153.47406 0.91771 



0.45117 



R- 

■'C- 



',CC t (H 2 C- 
C (b)) 



*y 



R- 

C- 



■ 2 C£R--H£ d 



u 



r-/7 2 c)a/ 2 - 



154.'186(' 0.91771 



isoC 
■ ;c- 

terlC 
C 



C,,(H 2 C c -Jt') ! 

C (d)) 

("'-H 2 C d )C t 
C (e)) 



HCU. 



Hf^pH 2 - 



0.7 2457 



-0.72457 



-0.72457 



154.51399 0.91771 



76765 



-17. 73779 



50.04 



29.96 



22.66 



1.94462 



tertC 

■ ;c- 

isoC 
C 



C t (H 2 C c - R' 

| C (0) 

p (f» 



H 2 C )Ctf, - 



-0.7 2457 
-0.72457 



-0.92918 

-0.72457 



-0.92918 

-0.72457 



154.51399 0.91771 



78155 
76765 



-17.21783 
-17.73779 



52.78 
50.04 



1P7.22 
29.9.5 



24.04 
22.66 



1 .92443 
1.94462 



Tubl 



e 15.16B. 



The energy parameters (ef-) of functional groups of alkyl sulfoxides 



s 

Group 



SO 

Group 



CH, 
Group 



Gioup 



(a) 
Grbup 



C-C(b) 
Group 



f-C (c) 
Group 



(d) 



(e) 



Group 



Group 



C-C 

3roub 



M 



3 
0.75 



2 
(1.75 



c 



V, (eV 



V) 



(eV) 



S6951 

73032 
I3401 
47306 
23653 




l 
.63003 

1325 
8H83~ 
.40592 
.52126 



1 

.32728 

)2728 

53914 

26957 

56407 



1 
1^1425 
25.78002 
21.06675 
153337 
5.56407 



-70. 



12.! 7680 
TO/ 8582 
-5.24291 
-14.153489 



9214 

1352 



6.7'464 



5732 
6407 



-28.79214 
9.33352 

"6/77464 
-3.311732 



29.10112 

9.37273 
"<39()500 
-3.45250 



28.79214 
9.33352 
6/77464^ 
3.38''32 
15.56407 



1 

■1910112 
9.37273 

3.45250 
1 5.35946 



23.101 



© 



37253 
rj.905(<P 

.452.50 
16.35946 





fO 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






r> 


TJ 


=V- 


O 




6 

CD 






<tl 




-! 








/n)(eC) 
,)(eK) 



72457 
72457 
63521 



16125 
36001 
27088 





56407 

69451 





56407 

66493 




-14.1)3489 
-31.D3533 



•15.: 6407 
-31.63537 



-15.55407 
-31.63537 



■ 15.35946 

31.63535 





15.56407 
■J 1.63 537 




1 5 35946 
: 1.63:535 



1.63: 



*A« 



(10 



atom,msp 
5 mdls) 



(eV\ 



72457 
35994 




.27074 





69450 

9286 





66493 

2751 




-31.D3537 
24.1759 



-1.85836 

-33/9373 



-1.85836 
-33.49373 



-1.44915 
33.011452 



1.851(36 

53.49373 
9.43(99 



1 .449 15 
3.08452 
1.55613 



-1.44915 
-33.08452 
9.556' 3 



Ji, (e 



V) 



15.91299 



6.211 



59 



6.290 >1 



2901 



% (« 



n 



eV) 



18543 

[42] 



2832 

1 43] 



5532 



I Eq. (13.458)) 



0.35532 
( Eq. (13.458)) 



0.3 5532 
(feq. (13.458)) 



017978 
M 



0.09944 
IS ] 



0.12312 
13 



0.123 
PI 



12312 



( 



V) 

in 



24595 
14803 



14932 
1441 



-0.22757 
0.14803 



4502 
4803 



-0.C7200 
0.1*803 



-0.15924 
014(03 



0.10359 
0.14SO3 



-3.10260 
0.148)3 



0.102.50 
148(3 



< 
CD 
a. 



,o)(eV) 
,o) (eV) 



,)(eV) 



Table 15.1(19 



experimental values [3] 



The total bond energies of alkyl sulfoxides calculated using the functional group composiiion 



and the energies of Table 1 5.168 compared to the 



c-s 

Group 



SO 

Group 



CH, 



CH 2 



CH 



C-C (a) C-C (b) 



C-C (c) 



C-C (d) C-C 



(e) C-C 



(t) 



Calculated 
Total Bond 



E sperimental 
Total Bond 



Relative 
Eiror 



Energy (eV^ Energy (eV) 



:,H 6 30 



: 4 h. 



so 



Di nethyl sulfoxide 



■6H| |SQ 



Diethyl 



sulfoxide 



Dipropy l sulfoxide 



35.52450 
59.83990 
84.15530 



35.435 
59.891 
84.294 



-0.00253 
0.00085 
0.00165 



Table 15.170 



The bond angle parameters of alkyl 



sulfoxides and experimental values [1]. In tie calculation 



of 8 V , the parameters from 



the preceding 



angle were used. 



E T is E T (atom 



-atom,msp .AG]. 



Atoms of Angle 



Methylene 
ZHCH 



Bond 1 



3.24541 
3.24541 
2.11106 



2c' 

Bond 

(«„) 



3.3454 1 
2.81792 
2.111C6 



2c 1 

Terminal 

Atoms 



Atom 1 



-16,1795 

-15.18804 

C. 



Atom 1 
Hybridization 
Designation 



(Table 1 5.3 
22 



A)_ 



Eo./„„»„ 
Atom 2 



43.61806 
O 



Atom 2 
Hybridization /\tom 1 

Designation 



'able 



15 .3.A) 

:2 0.82562 



0.82562 

0.85395 

I'Eq. 
(15.133)) 

1 



0.825(2 
0.874(9 



175 1.15756 



(eV) 



-1.85836 
-1.65376 





C) 



C) 



Ca. 9 




.20 
106.88 
1011.44 



Ex j. 6 



(dimethyl 



suite xide) 



1C6.7 



(dimethyl 
1 



xide) 



137 
(pro jane) 



112 
(pro jane) 

113.8 

(buane) 

110.8 

( isobutand) 



^C a C t H 



11 

(bu 

11 



(isobutane) 



Methyl 
ZHC a H 

CC,C h C, 



3.75 1.15756 



109.50 
100.44 



110.3 



(dimethyl 



sulfc xide) 



so C„ 



-16.5841 



16.68412 
C, 



110.8 
(isobatane 



£C h CJi 

so C„ 



2.113: 



4.1633 



. 5503:: 

c. 



14.82575 



0.91771 



11.75 



3.75 1.048(7 



£C£ t H 
iso C u 

tert C„ 



1547 
0327 



2.0971 
2.903 



4.1633 
4.7958 



-15.55033 

C, 



5 
26 



14.82575 
C, 

16.68412 
C, 



0.91771 
0.81549 



p.75 
1 



3.75 1.048(7 
1 0.815*9 



(isobutane 

110.8 
(isobutane) 
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DIMETHYL SULFOXIDE DIHEDRAL ANGLE 

The dihedral angle 8 ZS _ , CSC between the plane defined by the CSC MO comprising a linear combination of two S-C -bond 
MPs and a line defined by the S = -bond MO where S is the central atom is calculated using the results given in Table 15.170 
and Eqs. (15.114-15.117). The distance d l along the bisector of 9 ZCSC from S to the internuclear-distance line between C and 
C ,2c ' c _ c , is given by 



d-, = 2c ' s _ r cos 



#7 



- = 4.9800a„cos 



96.20° 



= 2.23423a„ 



(15.153) 



where 2c ' s _ c is the internuclear distance between S and C . The atoms C , C , and O define the base of a pyramid. Then, the 
pyramidal angle ZCOC can be solved from the internuclear distances between C and C , 2c' c _ c , and between C and O, 
2c' r _ n , using the law of cosines (Eq. (15.115)): 



"acoc ~ cos 



r (2c' c _ ) 2 +(2c' c _ ) 2 -(2c' c _ c ) 2 ^ 
2(2c' c _ )(2c' c _ ) 



= cos 



(4.95984) 2 +(4.95984) 2 -(4.9800) 
2(4.95984)(4.95984) 



2\ 



= 60.27° 



(15.154) 



Th e n, th e distanc e d 2 along th e bis e ctor of 9 ZC0C from O to th e int c rnucl c ar-distanc c lin e 2c ' c _ c , is giv e n by 

d 2 = 2c' c _ cos^^ = 4.95984a cos 60 ' 27 = 4.28952a 
The lengths d lr d 2 , and 2c ' s _ define a triangle wherein the angle between d i and the internuclear distance between O and S . 



(15.155) 



2c' s=0 , is the dihedral angle O z 



that can be solved using the law of cosines (Eq. (15.117)): 



"07 



- cos 



d 1 l+ (2c' s __ ) 1 -d 1 2 



- cos 



/ '(2.23423) 2 +(2.81792) 2 -(4.28952) 2> 



= 1 15.74° 



(15.156) 



2d 1 {2c' s __ ) 



2(2.23423)(2.81792) 



The experimental [1] dihedral angle ZS=OICSC 

& /R-ntrvr — 1 1 J.J 



(15.157) 
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SULFONES (C n H 2n+2 (S0 2 ) m , « = 2,3,4,5...oo) 

The alkyl sulfones, C n H 2i:+2 (S0 2 ) , comprise a C-S0 2 -C moiety that comprises C - S and S0 2 functional groups. Thealkyl 
portion of the alkyl sulfone may comprise at least two terminal methyl groups (C//,) at each end of the chain, and may comprise 
methylene (CH-, ), and methylyne (CH) functional groups as well as C bound by carbon-carbon single bonds. The methyl and 
methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The 
n-alkane C- C bond is the same as that of straight-chain alkanes. In addition, the C - C bonds within isopropyl ((Cff 3 ) CH ) 

and t-butyl ((C/f,)^ C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise 

functional groups. The branched-chain-alkane groups in sulfones are equivalent to those in branched-chain alkanes. 

The two unpaired electrons of each O atom form a MO with two unpaired electrons of the sulfur atom such that the MO 
comprises a linear combination of two bonds, each of bond order two involving the sulfur HOs and oxygen AOs of both oxygen 
atoms. Due to the bonding between unpaired electrons of different oxygen atoms E (Eq. (15.68)) is subtracted from the total 

energy. Otherwise, the S0 2 -bond MO of sulfones is solved in the same manner as the SO -bond MO of sulfoxides given in the 

corresponding section wherein «, in Eqs. (15.51) and (15.61) is four versus two. Also, the C - S -bond MO is equivalent to that 

of sulfoxides having E r (atom- atom, msp } .AO\ = -0.72457 eV (Eq. (14.151)). 

The symbols of the functional groups of branched-chain alkyl sulfones are given in Table 15.171. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
sulfones are given in Tables 15.172, 15.173, and 15.174, respectively. The total energy of each alkyl sulfone given in Table 
15.165 was calculated as the sum over the integer multiple of each E D {a-ou P ) of Table 15.174 corresponding to functional-group 
composition of the molecule. The bond angle parameters of alkyl sulfones determined using Eqs. (15.88-15.117) are given in 
Table 15.176. The color scale, translucent view of the charge-density of exemplary sulfone, dimethyl sulfone, comprising the 
concentric shells of atoms with the outer shell bridged by one or more /f,-type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.29. 

Figure 1 5.29. (A)-(B) Color scale, translucent views of the charge-density of dimethyl sulfone showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.171. The symbols of functional groups of alkyl sulfones. 



Functional Group 


Group Symbol 


C-S 


C-S 


S0 2 


so 2 


CH3 group 


C-H (CH,) 


CH: group 


C-H (CH 2 ) 


CH 


C-H 


CC bond (n-C) 


C-C (a) 


CC bond (iso-Q 


C-C (b) 


CC bond (tert-C) 


C-C (c) 


CC (iso to iso-C) 


C-C (d) 


CC (t to t-Q 


C-C (e) 


CC (t to iso-Q 


C-C(f) 



ab 



e 15.172 



The geometrical bond 



parameters of alkyl sulfones arid experimental values [1]. 



a \ 






s 

(jrouf 

87325 
67271 



Bo ad 
Length 



w 



SC 1 
Grojp 



c-h (ca) 

Group 
1.64920 
1.04856 



h(ch 2 ) 



jroup 

.67122 



C-H 
Group 

1.67465 
1.05661 



C-C(a) 
Group 

2.12499 

1.45744 



C-C(b) 
Group 

2.12499 
1.45744 



C-C(c) 
Group 

2.10725 
1.45164 



C-C(d) 

(jTOUp 

2 12499 
14574-: 



-C 



<e) 



Group 
2.10725 
1.45154 

1.53635 



Group 
2.1(i725 
1.4M64 



Exp. 3ond 
Length 



1.771 
(dimetryl si lfone) 



(dim 



1.4: 

ibthyl 



5 
sulfone) 



(c- 



107 

propane) 
117 
' butane) 



1.107 

1 propane) 

1.117 

H butane) 



1.122 
(isobutane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane) 
' 1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propani) 

1.531 
(butane]) 



1.53 2 
(propane) 

1.531 
(butane) 



(propane) 

l.<31 
(butane) 



v ft) 



.29569 



1.54616 



1.54616 



1.52750 



1.54616 



1.52750 



1.5: 



750 



Table 15.173 



The MO 



to HO intercept geometrical bond parameters of alkyl surf Dries. R,R,R are Hor alkyl groups. E T is Ej{atom - atom,msp 



AC). 



v) 



(eV) 
Bond 2 



(eV) 
Bond 3 



(fV) 
Bond 4 



Energy 
C2sp J 
(e V) 



M 



to 



(eV) 
final 



e(cV) 

(eV) 
Final 



(■) 







to 



R 2 (C)S=0 



-15 55033 



R 2 (C)S=0 
R^SO 



_) 

1.3 5229 





-0.36229 



1.0000 
1.32010 



.91771 -1 4 82575 
.87495 -15 55033 



95.05 
129.35 



46.36 
53.36 



1.28256 
1.11799 



0.08( 71 
0.55^72 



H.C 



- s(oy c t H./:,H 2 h 



0.35229 



151.97791: 0.91771 



89582 



-15 18804 



-14.99717 



130.19 



49.81 



54.24 



1.09461 



0.57i:09 



-Sif))-C h H,CH 2 F 



0.35229 



-0.92918 



152.90716 0.91771 



84418 



-15.92636 



128.05 



52.03 



1.15245 



0.521 26 



(™ 3 ) 



(^0 



153.47406 0.91771 



(CH) 



-0.92918 



-17.42244 



61.10 



31.37 



Hf 

Hf 
C- 



C h H,CH 1 

C (a)) 

C t H 2 CH, 
C (a)) 




-0.92918 



-153.47406 0.91771 



81549 



16 6841 



-15.56407 
-16.49325 



63.82 
56.41 



30.08 
26.06 



1.90890 



R- 

\C 
R 
[C 
isoC 
C 

terlC 
'C- 



C (b)) 

,C («'- 77,C 
| C' (<0) 

C (d)) 

„(*'- 77 2 C,>- 
C (e)) 



■/C/Y 



;"-fi r ,c )cff 2 
/r 2 c)c'i/ 2 - 



-0.92918 
-0.72457 
-0.92918 
-0.72457 



-0.92918 
-0.72457 
-0.92918 
-0.72457 




-0.72457 


-0.72457 



0.91771 



-154.4032' 

-154.71860 0.91771 

-154.4032' 0.91771 

-154.5139" 0.91771 



77247 
75889 



1761330 
17 92866 



77247 -1.7 61330 



76765 



17 92866 



-17.42244 
-17.73779 
-17.42244 
-17.73779 



48.30 
48.21 
48.30 
50.04 



311.7 



7) 



29.% 



21.90 
21.74 
21.90 
22.66 



1.97162 
1.95734 
1.97162 
1.94462 



0.51388 
0.50: 70 
0.512 88 



0.49: 



98 



teni. 

isoC 
C 



C t (Hf-R' 

C (0) 

(/J'-W,C,)C, 

|CJB 



77, C )C77 2 - 



-0.92918 
-0.72457 



-0.92918 
-0.72457 



1 54.5 139'' 0.91771 



78155 -17.40869 

76765 -1 7 92866 



-17.21783 
-17.73779 



52.78 
50.04 



27.22 
29.9 



24.04 
22.66 



1.92443 
1.94462 



Table 15.174 



The energy parameters 



c-s 

Group 



{eV) of functiDnal groups of alley l sulfones. 



so, 

Ijroup 

4 



CH, 

Group 

3 



CH, 
Crroup 

2 



Group 
I 



C-C(a) 
Gioup 



'-C'(b) 
Group 



P-C(c) 
Group 



Group 

1 



(d) 



C-C 

Grout 



(e) 



C(f) 
Group 







0.5 



0.5 



(1.66951 
1 
1 



1 
1 

91771 











C, 
C. 

5l 

A_ ( 

ro 

Ail 

AC 

4 

AC 

£ 



0.66951 



1 



1 



A_ 

V) 



-46.73032 
1.13401 
1 1 2.47306 " 
-5.23653 



-1110.36454 

30.92103 

^152397 

-24.26198 



-107.32728 
3f .92728 

1^.53914 — 
-16.26957 



.41425 
78002 
.06675 
.53337 



12015 
37680 
*8582~ 



-28.79214 
9.3 5352 



352 
'464~ 



■29.10112 
9.37273 
6^90500 
-3.45250 



28.79214 

133352 

5J774J4 

■3.38732 



12 



■29.101 

S.372:'3 

-3.452)0 



37271 
9O50P 
.452: 



ho) (eV) 







1.52126 



5.56407 



56407 



63489 



15.56407 



15.56407 



5.35946 



15.56*07 



5.35546 



15.35946 



a (Ao;m)(eV) 



172457 























• ■xo)(eV) 
ua)(eV) 
'itom- atom.ms, 

>o)(eV) 
0" rod Is] 
eV) 



)(eV) 



0.72457 
M.63521 
0.72457 
2.35994 
30.8880 
20.33104 



1 136001 



6.54154 

46.54147 

1.5378 
159437 



-15.56407 
-67.69451 



-6|.6945() 
24.9286 
1 « .40846 



56407 
66493 


-45|.66493 
2^.2751 
15 97831 



63489 
63533 


63537 
1759 
SI 299 



-15.56407 
-31.63537 
■U5836 
-33.49373 
9.45699 
6.21159 



-15.56407 
■31.63537 
-1.85836 
-33.49373 



■15.35946 
31.63535 
-1.44915 
33.01:452 
15.4:146 
10.IS220 



15.56*07 
51.63537 
■1.851:36 
3.49373 
143699 
5.2 1 1 59 



5.35546 
1.63535 

.44915 
■33.08*: 52 
5.556'-3 
(.29021 



-15.35946 
-31.63535 

1.44915 
..08452 

>5564? 

5.29021 



eV) 



128866 



■0.17247 



25352 



25017 



o.i6; 



15 



0.16416 



16416 



(eV) 



$.08543 
[42] 



q. 12832 
[43] 



35532 
(13.458)) 



M: 



55532 
13.458)) 



5532 
Eq. (113.4.58)) 



2312 
J 2] 



_L0_ 



0.09944 
[5 1 



1123 



12 



0.123 
PI 



(eV) 



(eV) 



0.14803 



C.I 1441 



14803 



14803 



0.1 



4803 



1803 



0.1*803 



0.14:103 



114803 



14803 



1480! 



..r)(eV) 



(.,JO'M))(eC) 



,( H AO:m){eV) 
r „ r ){eV) 




3.33611 



16125 
.61994 





4.3 2754 




3.97398 




1.17951 





3.6211. 




91734 



Table 1 5. 1 |75J The total bond energiss of alkyl sulfones calculated using the functional group composition aid the energies of Table 
experimental vak.es [3]. 



15, 174 compared to the 



Formula 



c 2 h: 6 so 2 



Name 



Di methyl sulfone 



C-S 
Group 



SO., 

Group 



CH, 



CH, 



CH 



C-C (i.) 



C-C (b) 



C (c) C- 



C (d) C-C (:) 



C-C(f) 



Cale 
Tolal 



ulated 
Bond 
Energy (eV) 
40.27588 



Experimental 



Total 



Ener: 



4'). 



Bond 
•gy (eV) 
316 



] Relative 
En or 



100100 



ab 

ris 



e 15.176. 

Et (atom f- atpm 



Aloms of Angle 



2c' 2c' 

1 Bond 

k) (■%) 



Bond 



72654 2.726f.4 4.7539 



The bond angle parameters of alkyl sulfones and experimental \ 
O). 



msp .A 



2c' 
2 |Terminal 
Atoms 



Atom 
Hybridizalio i 
Designation 



(Table 15.3 . 
10 



11 



E c „„,„„,,„. 
Atom 2 



15.95954 
O, 



Atom 2 
Hybridization 

iftion 



Design; 



(Ta il: 



1" 



A). 



alues [1]. In 



the 



calculation of 6 V , the pa-ameters from the: preceding angle were i sec. 



E,. 
(eV) 



C) 



C) 







Qal. 

C) 



Eip. ( 




(dimetlyl su fone) 



CO 
OS 

to 



3.54541 3.345<1 5.2154 -16.1 



0.84418 



102 
(dimetl yl su fone) 



3.54541 2.726:4 4.9193 



13.61806 
O 



0.874): 



0.85395 

(Eq. 
(15.133)) 



0.8644! 



4.65376 



07.79 



Methylene 
ZHCH 



11106 2.11106 3.4252 -15. 



1 



107 

(prjpani) 

uT 

(prjpanc) 

113.8 
(b .itane I 

110.8 
(iso butane) 



© 





fo 




o 








o 




CD 




0) 




O 




7T 




I - 




CO 




3- 






n 


TJ 


Jt- 


o 




6 

CD 






<fl 




-! 





Z.CJC„H 



111.0 

(b atane I 

111.4 

(isobutare) 



Methyl 
ZHCJI 

zc„c t c c 



2.39711 2.09711 3.4252 -15. 



109.50 
109.44 



^C„C,, H 



iso C 



2.31547 2.915' 7 4.7958 



16.68412 
C, 



110.8 
(isobutanle) 



iso C„ 



2.31547 2.113: 



14.82575 



^■CJ2,H 
iso C' 



2.31547 2.09711 4.1633 



14.82575 
C„ 



111.4 
(isobutare) 



ten t" 



2.30327 2.903: 



16.68412 



110.8 
(isobutare) 



< 

Q. 



©2010 BlackLight Power, Inc. All rights reserved. 



Organic Molecular Functional Groups and Molecules 863 

SULFITES {C n H 2n+2 (S0 3 ) m , « = 2,3,4,5...qo) 

The alkyl sulfites, C n H 2n+2 (S0 3 ) , comprise a C-O-SO-O-C moiety that comprises two types C — O functional groups, 
one tor methyl and one tor alkyl, and O-S and SO functional groups. The alkyl portion of the alky! sulfite may comprise at 
least two terminal methyl groups (CH^) at each end of the chain, and may comprise methylene (CH 2 ), and methylyne (CH) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
equivalent Lo those of straight-chain alkalies. Six types of C - C bonds can be identified. The n-alkaiie C-C bond is the same 
as that of straight-chain alkalies. In addition, the C-C bonds within isopropyl ((C// 3 ) 2 CH) and t-butyl ((C// 3 ) C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 
branched-chain-alkane groups in sulfites are equivalent to those in branched-chain alkanes. 
The SO functional g r oup is equivalent to that of sulfoxides with E T (atom- atom, msp 3 .AOj = as given in the 



Sulfoxides section. The methyl and alkyl C-O functional groups having E T (atom- atom, msp 3 .AO) = -1.44915 eV and 
E T ( atom- atom, msp 3 .AOJ = -1.65376 eV , respectively, are equivalent to the corresponding ether groups given in the Ethers 

section except for the energy terms corresponding to oscillation of the bond in the transition state. 

The electron configuration of oxygen is ls 2 2s 2 2p 4 , and the orbital arrangement given by Eq . (10 . 154) has two unpaired 

electrons corresponding to the ground state 3 P 2 . The SO functional group comprises a double bond between the S atom and 

the two unpaired electrons of O . The S atom also forms single bonds with two additional oxygen atoms that are each further 
bound to methyl or alkyl groups. The first bond-order bonding in the O-S groups is between the sulfur atom and a 02 p AO 
of each oxygen of the two bonds. The formation of these four bonds with the sulfur atom is permitted by the hybridization of the 
four electrons of the S3p shell to give the orbital arrangement given by Eq. (15.148). Then, the Coulombic energy 

E CouIomb (S,3sp 3 ) of the outer electron of the S3sp 3 shell given by Eq. (15.139) with r v =1.17585a (Eq. (15.138)) is 

-11.57099 eV . Using Eq. (15.16) with the radius of the sulfur atom r 16 = 1.32010a given by Eq. (10.341), the energy 

E(S3sp 3 ) of the outer electron of the SJsp 3 shell given by the sum of E Caalomb (S3sp i \ and E(magnetic) Is~ 

E(S3sp 3 ) = -11 .52126 eF(Eq. (15.149)). 

Thus, the O — S group is solved as an energy minimum by hybridizing the four S3p electrons to form a S3sp 3 shell, and 

the sharing of electrons between the 02p AO and the S3sp 3 HP to fo r m a MO permits each pa r ticipating orbital to decrease in 
radius and energy. As in the case of thiols, sulfides, disulfides, and sulfoxides, the energy of sulfur is less than the Coulombic 
energy between the electron and proton of H given by Eq. (1.264). Thus, q and c 2 are equal to one in Eq. (15.61), and the 

energy matching condition is determined by the C 2 parameter. — Each C2sp 3 HO has a hybridization factor of 0.91771 (Eq. 

(13.430)) with a corresponding energy of E(c,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the S HO has an energy of 

E (S3sp 3 \ = -11. 52126 eV . To meet the equipotential condition of the union of the O-S H 2 -type-ellipsoidal-MO with these 

orbitals with the oxygen that further bonds to a C2sp 3 HO, the hybridization factor C 2 of Eq. (15.61) for the O — S - bond MO 
given by Eqs. (15.77) and (15.79) is 

C,(S3sp 3 toOtoC2sp 3 HO)= \' SP } cAC2sp 3 HO)= ~ 1L52126 eV (0.91771) = 0.77641 (15.158) 
n > E(Q,2p) n > -13.61806 eV y ' 

As in th e case of thiols, sulfid e s, disulfides, and sulfoxid e s, with th e e nergy of S matched to th e Coulombic e n e rgy 

between the electron and proton of H , the energy of the O-S -bond MO is the sum of the component energies of the H 2 -type 

ellipsoidal MO given in Eq. (15.51) with E(AO/HO) = and E T {AOI HO) = AE H2MO (AO/ HO). For sulfites, 
AE HzU0 {AO/HO) = -0.92918 eV and equivalently, E T [atom - atom, msp 3 .AO) = -0.92918 eV (Eq. (14.513)) due to the 

maximum energy match with the oxygen AO as in the case with carboxylic acid esters. 

The symbols of the functional groups of branched-chain alkyl sulfites are given in Table 15.177. The geometrical (Eqs. (15.1- 
15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl sulfites 
arc given in Tables 15.178, 15.179, and 15.180, respectively. The total energy of each alkyl sulfite given in Tabic 15.175 was 
calculated as the sum over the integer multiple of each E D (cmu P ) of Table 15.180 corresponding to functional - group composition 
of the molecule. The bond angle parameters of alkyl sulfites determined using Eqs. (15.88-15.117) are given in Table 15.182. 
The color scale, translucent view of the charge-density of sulfite, dimethyl sulfite, comprising the concentric shells of atoms with 
the outer shell bridged by one or more /f 2 -type ellipsoidal MPs or joined with one or more hydrogen MPs is shown in Figure 
15.30. 



864 
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Figure 15.30. Color scale, translucent view of the charge-density of dimethyl sulfite showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.177. The symbols of functional groups of alkyl sulfites. 



Functional Group 


Group Symbol 


C-0 (methyl) 


C-0 (i) 


CO (alkyl) 


C-0 (ii) 


O-SO, 


o-s 


SO 


so 


CH } group 


C-H (C//j) 


CH 3 group 


C-H (CH 2 ) 


CH 


C-H 


CC bond (n-Q 


C-C (a) 


CC bond (iso-Q 


C-C (b) 


CC bond (tert-Q 


C-C (c) 


CC (iso to iso-C) 


C-C (d) 


CC (t to t-C) 


C-C (e) 


CC (t to iso-C) 


C-C(f) 



fab 



e 15.178. 



The geometrical bond Darameters of alkyl sulfites and. experimental values [l'| 



Parameter 



«(<0 



c' (i ( 



Bond 

Length 



M) 



Kxp. liond 

Length 



M 



t'-C'(i) 
Group 

1.80717 
1.34131 



C-0 
Group 

1.794' 
1.3391 



Hi) 



1.70299 
1.48102 



1.574 

(H 2 so t 



1.98517 
1.40896 



1.485 
(dimethyl 
sulfoxide) 



C-H (CH 3 ) 

Group 
1.64920 



1.107 

H propane) 
1.117 
(C-H butane) 



(f 



C-H (c// 2 ) 
Group 
1.67122 



1.11713 

1.107 
- # propane) 

1.117 
T - H butane) 



C-H 
Group 

1.67465 
1.05661 



1.122 
[isobutane) 



f-C (a) 
Group 

2.12499 

1.45744 

1.54280 

1.532 

(propane) 

1.531 

^butane) 



C(b) 
Group 



12499 
45744 

54280 



1.532 
(p'opane) 
1.531 
( butane) 



C- 



C'(c) 



Group 

2.1D725 
1.45164 



(pre pane) 

1.531 
(butane) 



--C (d) 
Group 

2.12499 
1.45744 



^prop me) 

1.5:11 
(butane) 



C 

Group 



(e) 



1.53;: 
(rjropane) 

1.531 
(butanp) 



C'-C(l) 
Group 

2.1 0725 
l.'-5164 

l.!i3635 

1532 
(propane) 

1.531 
(butane^ 



4,c (. 



>.) 



1.39847 



1.27295 



1.29569 



1.54616 



54616 



1.52750 



1.54ijl6 



527! .0 



1.5275C 



fab 



e 15.17 



9. 



The MO 



to HO intercept geometricaf bqnd param^terp of alkyl quiff tes. R, R 

Atom 



V) 



(eV) 
Bond 2 



(eV) (e 

Bond 3 



Final 

Energy 

Bo|id4 C2sp 3 

(e7)_ 



(<0 



R are H or a 



Iky^ groups. Ej i:> Ej(atom 



(«.) 



(cV) 



(eV) 
Final 



(°) 



C) 



om,msp AO) 









CO 
OS 
OS 



(RO),S=0„ 



-0.46459 



1.32010 



86359 



7549: 



01.44 



37.25 



1.58026 



(1.17130 



(RO\S=O a 



CH, 
CH. 
(C- 



I'J.-StpyOR' 

,^„-s(o)OJ^ , 

Q(i)) 



-0.46459 
-0.72457 



1.32010 
1.00000 



86359 
0.84957 



7549: 
3149$ 



126.68 
126.03 



53.32 
53.97 



55.47 
54.81 



0.96521 
0.98133 



0.51581 
0.49969 



RCi 



,O a - S(0)OR 

o 00) 



Ltc 



(lS(())OR 



-0.46459 



1.00000 



84957 



31492 



93.85 



..15 



44.57 



1.28731 



(1.05700 



<.c- 

RH, 

RH. 
(C- 



O tl S(f))OR 

O (0) 
C„-C„.S'(0)Oi( 

O (ii)) 

.C„-OJS(0)OR 
o (ii)) 




-0.46459 
-0.92918 



0.91771 
1.00000 
0.91771 



87495 
084418 
82053 



5503. 
11722 
5818 



95.98 
94.50 
92.41 



84.02 
115.50 
87.59 



46.10 
44.80 
43.35 



1.25319 
1.27343 
1.30512 



0.091 12 
(1.06624 
(1.03456 



© 





rO 




O 








O 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


Jt- 


O 




6 

CD 






(IS 




-! 





c- 



ff {CH,) 







0.91771 



0.86359 



75493 



77.49 



102.51 



41.48 



1.23564 



0.18708 



H (CH 2 ) 



H (Cff) 



Hf 
(C- 



C\H,CH 2 - 
C (a)) 











3 



152.54487 



0.91771 



86359 



75493 



-15.56407 



63.82 



16.1* 



30.08 



1.83879 



(1.38106 



Hf 

Lt5> 

R- 



,C t H,CH. 

'cm 

Ff 2 C C,(H" 2 C - 
C (b)) 

.ifi£ir-H 2 c d 

C(c)) 



>'■ 






'CH 2 - 

.?"- 77,C )C77, 



-0.92918 
-0.92918 
-0.72457 



3 -153.'-740e 

-0.92918 3 -154.^-0324 

-0.72457 -0.72457 -154.71S6C 



0.91771 
0.91771 
0.91771 



81549 
77247 
075889 



5841 
5133 



-16.49325 
-17.42244 
-17.73779 



56.41 
48.30 
48.21 



123 



13 



5S 
31.7C 
1.7S 



26.06 
21.90 
21.74 



1.90890 
1.97162 
1.95734 



0.45117 
0.5131S8 
0.505'0 



isoC 
(C- 
tertC 



C„(Hf. L -K i 
C (d)) 

'„(«'- 77,C,)C- 
C (e» 






h,c V://. 



-0.92918 
-0.72457 



-0.92918 



3 



154.'-0324 



-0.72457 -154.51399 



0.91771 
0.91771 



0.77247 
76765 



-17.42244 
-17.73779 



48.30 
50.04 



131.7C 



129.9( 



21.90 
22.66 



1.97162 
1.94462 



(I.513ii8 
0.49298 



tertC. 
(C- 

L(c 



Cj(/7 2 C, .-«' 

C(f» 

,(«'- 7/,c,)c, 
C(f» 



I/7C/V, - 



Hfi r ~pH 7 - 



-0.92918 
-0.72457 



■0.72457 -154.M39S 



0.91771 
0.91771 



0. -, 8155 
076765 



-17.21783 
-17.73779 



52.78 
50.04 



.7.22 
29.9t 



24.04 
22.66 



1 .92443 
1.94462 



47279 
0.49298 



< 
CD 
Q. 



Table 15.180 



The energy parameters (e^ of functional groups of alkyl sulfites. 



0(i 

Glroup 



C-0 
Group 



(ii) 



O-S 
Group 



SO 

Group 



CH 3 

Group 



Graup 



C-B 

(jtouj: 



Group 



w 



C-C (b; 
Group 



C-C(c) 
Group 



'-C(d) 
Group 



(e) 



GrOUp 



-C (!) 
Group 















1 















cF) 



).5 

1 
1575 



0.5 
1 
-33.47: 



0.5 
0.77641 
-48.93512 



0.5 
1 

-82.63003 



0.75 
1 

(07.32728 



0.75 
1 

-31120 



0.5 
1 

-28.79214 



0.5 

1 

-29.10112 



0.5 

1 

-29.10112 



V (eV) 



1210: 



9.18680 



19.31325 



1.92728 



9.33352 



9.37273 



J. 5727: 



T(< 



V) 



V ,A 



eV) 



-7.18371 



-10.40592 



16.26957 



10.53337 



.242' 



-3.38732 



-3.45250 



3.38732 



3.4525 



ho) (eV) 
nm>) (eV) 



-1.653 
-12.981 




-0.92918 
0.92918 



-11.52126 
-1.16125 
-10.36001 



15.56407 


15.56407 



-15.56407 

3 
-15.56407 



-14.634$9 


-14.634*9 



-15.56407 




-15.56401/ 


-15.56401/ 



-15.35946 


-15.35946 



15.56407 


15.56407 



-.35946 


■ .35946 



atom- alom,msh : 



\Ac)(eV) 



-31.63543 
-0.92918 



-63.27088 




•■ 57.69451 




-49.66493 
3 



.635J3 




-31.63537 
-1851136 



-31.6353- 
-1.85836 



-31.63535 
-1.44915 



31.63537 
1.85836 



-31.(3535 
-1.44915 



6352 5 
44915 



E T (, 



•)(eV) 



-33 



0845 2 



-32.56455 



-63.27074 



-)7.69450 



■■33.4937: 



-33.08452 



■33.49373 



3.084f : 



5_< 



0" rod Is) 

«V) 

eV) 



22 0240 
14,(9660 
-0.24921 



33.4164 
21.99527 
-0.30214 



17.6762 
11.63476 
-0.21348 



24.9286 
1 6.40846 
■0.25352 



24.2751 
15.S7831 



.912<'9 
,249«6 



9.43699 
6.21159 
-0.16515 



15.4846 
10.19220 
-0.20896 



9.43699 
5.21159 
0.16515 



9.55643 
6.29021 



556411 
2902 
16415 



(eV) 



0.1 



3663 
[2IJ 



0.13663 
[21] 



0.08679 
[42] 



0.12832 
[43] 



3.35532 
(Et . (13.458)) 



3q- (i 



, 4- •-.,. 



(Eg. 



3553 2 
(13.458)) 



0.12; 

[2 



12 



0.17978 
[4] 



0.09944 

[5] 



3.12312 

m 



312 

jj] 



,1231| 



(eV) 

\eV) 



-0. .808!' 

0.14803 
26541 



-33 



-0.117J9 
0.148$: 

-33.40' 



11 



-0.25875 
0.11441 
-32.82330 



-0.14932 

0.11441 
-63.56937 



■ 0.22757 
3.14803 
■67.92207 



-0.14502 
0.11803 
-49.110996 



.072C0 
1480! 

.70737 



-010359 
0.14S03 

-33.59732 



-0.07526 
0.14803 
-33.49373 



-0.15924 
0.14803 

-33.24376 



0.10359 
3.14803 
13.59732 



10263 

1480: 

.18712 



„„,)(eV) 



-14.6348P 


3.S9563 



-14.63^8 


4.137113 



-14.63489 


3.55352 



-14.63489 
-1.16125 
3.86856 



14.63489 

3.59844 

12.49186 



-14.63489 
-13.59844 
7.83016 



-l'-.6341!9 
-K.598 14 

332601 



-14.63489 




-14.63489 


4.29921 



-14.63489 


3.97398 



14.63489 


4.17951 



-14.63439 


341734 



Table 15.1U1. 



experimental -values [3]. 



The total bond energies of alkyl sulfites: calculated using the functional group composition and the energies 



of Table 1 



5.1 SO compared :o the 



Fomula 



Name 



lp-0 (i) 

Group 



l 2 H 6 50 3 
4H111SO; 



sulfite 



C 8 H 



Dimethyl 
Diethyl sulfite 
S0 3 Dibutyl sulfite 



C-O I 

Grou]) 



ii) 



OS 

Group 



SG 
Group 



CH, 



CH, 



CH 



C-C (; 



) C-C (b) C-C 



c) C-C (d) C-C (e) C 



C(f) 



Calculate^ 

Total Bor 

Energy 

(eV)_ 

43.95058 
68.54939 
117.1801 



J 



Experimental 
Total Bond 
nergy (eV) 

44.042 
68.648 

117.191 



Relative 
Error 



0.00207 
0.00143 
0.00009 



ab 

T 



e 1 5.1 82. The bond angle parameters of alkyl sulfites and experimental vs.lues [1]. In the calculation of 1%, the parameters from 
Ej{atom - aiom,msp 3 .AO) 



:he 



preceding 



;le were used 



Atoms of Angle 



>c' 



2c' 
Bond: 



2c' E n , 

terminal Ato(ll , 
Atoms 
(«o) 



Atom 1 

Hybridizalior 
Designation 

(Table 15.3.A|) 



Hytridizution 



De 



>igna 



(Table 15 



ion 

3.A) 



c ? 
Atom 



E, 
(eV) 







(°) 



Cil. 9 



E>p. 



zo „ s( \ 
zo.so. 



1792 
46203 



2.96203 
2.96203 



-15.95954 
O, 



16.11722 

16.11722" 
0, 



0.852; 2 
0.84418 



0.84418 
0.84418 



1 



0.84835 
0.84418 



-1.65376 
-1.65376 



108.46 
103.35 



zcas 



2.96203 



0.36001 
S 



0.86359 



0.77641 

(Eq. 
(15.158)) 



0.77641 

(Eq. 
(15.158)) 



0.82000 



-0.72457 



7.84 



Methylene 
ZHCH 



3.4252 -15.75493 



1 



107 
(propaneb 



112 
(propane » 

113 
(bi tane) 



10.8 



( isolmtanc ) 



11.0 



(bi tane) 



11.4 



( isoliutane j 



Methyl 
ZHC U H 

zc/:,c c 

ZCC'H 



3.4252 -15.75493 



70.56 
70.56 



109.44 
109.44 



^c h c„c c 

iso C' 



2.91547 



4.7958 



26 



16.68412 

C, 



26 



0.81549 



0.81549 



0.81549 



-1.85836 



10.8 



(isobutane) 



Z C,,C„ H 
iso C' 



2.11323 



4.1633 



1 4.82575 

C, 



0.8745 



0.91771 



1.04887 



ZCJC h H 
iso C' 



2.0971 



4.1633 



14.82575 



0.874? 



0.91771 



1.04887 



11.4 



(isobutane) 



^c h c,c t 

tert (.' 



2.('0327 



2.90327 



26 



16.68412 



26 



0.81549 



0.81549 



0.81549 



-1.85836 



10.8 



(isobutane) 
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SULFATES (C n H 2>!+2 (S0 4 ) m , « = 2,14,5...w) 

The alkyl sulfates, C„// 2 „ +2 (50 4 ) , comprise a C-O-SO, -O-C moiety that comprises two types C-0 functional groups, 
one for methyl and one for alkyl, and O-S and SO-, functional groups. The alkyl portion of the alkyl sulfate may comprise at 
least two terminal methyl groups (CH,) at each end of the chain, and may comprise methylene (CH,), and methylyne (CH) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
equivalent to those of straight-chain alkanes. Six types of C-C bonds can be identified. The n-alkane C-C bond is the same 
as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH : ,) 2 CH) and t-butyl ((C//,),C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 
branched-chain-alkane groups in sulfates are equivalent to those in branched-chain alkanes. 

The methyl and alkyl C-O functional groups having E T ( atom - atom, ms/r .AO\ = -\. 44915 eV and 

E T (atom -atom,msp } .AO\ = -\ .65376 eV , respectively, are equivalent to the corresponding groups given in the Sulfites 

section. The O-S functional group having E T (atom - atomjnsp* .AOj = -0.92918 eV is equivalent to that given in the Sulfites 

section. The S0 2 functional group is equivalent to that of sulfones with E r (atom- atom, msp 3 .AO) = as given in the Sulfones 

section. 

The symbols of the functional groups of branched-chain alkyl sulfates are given in Table 15.183. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
sulfates are given in Tables 15.184, 15.185, and 15.186, respectively. The total energy of each alkyl sulfate given in Table 
15.187 was calculated as the sum over the integer multiple of each E D {or mp ) of Table 15.186 corresponding to functional-group 

composition of the molecule. The bond angle parameters of alkyl sulfates determined using Eqs. (15.88-15.1 17) are given in 
Table 15.188. The color scale, translucent view of the charge-density of exemplary sulfate, dimethyl sulfate, comprising the 
concentric shells of atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.3 1 . 

Figure 15.31. (A)-(B) Color scale, translucent views of the charge-density of dimethyl sulfate showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 




I c .V 
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Chapter 15 



Table 15.183. The symbols of functional groups of alkyl sulfates. 



Functional G r oup 



G r oup Symbol 



CO (methyl) 
C-O (alkyl) 
OS0 3 
SQ 2 



C 0(i) 
C-0 (ii) 
O-S 
SO, 



CHj group 

CH2 group 

CH 

CC bond (n-C) 



C-H (CH,) 
C-H (CH 2 ) 

C-H 

C-C (a) 



CC bond (iso-C) 
CC bond (tert-Q 
CC (iso to iso-C) 
CC (t to t- Q 



C-C (b) 

C-C (c) 

C-C (d) 

C-C (e) 



CC (t to iso-C) 



C-C(f) 



Tubl 



e 15.184. 



The geometrical bond parameters of alkyl sulfates and. experimental values [1 1. 



c-o ( 

GroLp 



C-0 (i 

Group 



C-H (CH 3 ) 

Group 



-h(c Ui ) 

Group 



C-H 
Group 



C(a) 
Group 



C(b) 

Group 



:-C(c) 

Group 



(d) 



Group 



C U 
Grour. 



C-C (fi 

Group 



a (0 



• („ 



Bond 
Leng:h 

Exp. Bjnd 
Leng;h 



: („ 



.) 



1 .42276 



1.4178: 



1.56744 

1.574 
(H,SO t ) 



1.44282 



1.435 
(dimethyl 
sulfone) 

1.26315 



1.10974 

~~ 1.107 
C-H propane I ( ( 

1.117 
[C-H butane) < 

1.27295 



1.107 
- H propane) 

1.117 
- H butane) 
1.29569 



1.122 
(isobutane) 



54280 

17532 
(propane) 

1.531 
( butane) 

.54616 



1.54280 

i:532 

(pr jpane) 

1.531 

(b utane) 

1.54616 



1.5:635 

(pro] )ane) 
l.i 31 

(butane) 



1.54280 

(propjne) 
1.531 

^butan e) 

1.54616 



53635 

L532~ 
(popane) 

1.531 

( butane ) 

1 52753 



1.: 



1.532 
(pre pane 

1.531 
(butane) 
1.52750 



0.63580 



0.63159 



('.68600 



0.68600 



3.68600 



0.68888 



Tubl 



e 15.185 



The MO lo EO intercept geometrical bo id parameters of alkyl sulfstes. R, R 



R are H or alky] groups. Et is Ej{atom 



awmjnsp .AG) 



CHft,, 



V) 



(eV) 
Bond 2 



(eV) 
Bond 3 



(tV) 
Bo ad 4 



Emrgy 
asp 1 



(<0 



to 



eV) 



E(c2sp 1> \ 

(eV) 
Final 







e 2 

(•) 






(0„)S=0„ 

"fcT)s=o„ 

'„-,S(0 2 )0«' 



J> 

S -0.4 







-0.46459 



-0.46459 





-0.46459 




1.32010 
1.00000 
1.32010 



0.86359 
0.91771 
0.86359 



-15 
-14 

-15 



90.46 
95.05 
126.68 



89.5. 
84.9! 
53.3: 



43.13 
46.36 
55.47 



1.35635 
1.28256 
0.96521 



0.00693 
0.08071 
0.51581 



CH, 
_L£L 



,P,-S( i)° R ' 
o (i)) 



o 



-0.4 



-0.72457 







1.00000 



0.84957 



126.03 



53.9' 



54.81 



0.9813 



0.49"69 



RCh 



,0„ -S(0,)OR 

O (ii)) 



5459 



-0.82688 



1,00000 



0.84418 -16 



125.77 



54.2. 



54.56 



0.98753 



H,C 



0£(p 2 )OR 

P (i)) 

o,s(o 2 )c« 

ft (i)) 



-0.7 
-0.7 



2457 
2457 



-0.46459 




1.00000 
-152.S4024 0.91771 



0.84957 
0.87495 



-16 
-15 



55033 



93.85 
95.98 



..is 
84.o: 



44.57 
46.10 



1.28731 
1.25319 



0.05' 
0.09 



RH 2 
RH 2 



\-OJS(p 2 )OF 

P 00) 

: a -o„s(o 2 )oi' 

O (ii)) 



-0.46459 
-0.92918 



1.00000 

-153.67175; 0.91771 



0.84418 
0.82053 



11 
5818 



722 



94.50 
92.41 



85.50 
87.59 



44.80 
43.35 



1.27343 
1.30512 



0.06624 
0.03'56 



© 





w 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


Jt- 


O 




6 

CD 






<fi 




-s 





(CH,) 







152.54487 



0.91771 



0.86359 



75493 



77.49 



02.51 



41.48 



1.23564 



o.i8: 



(CH,) 



153.47406 0.91771 



(c H ) 



154.4032' 0.91771 



H f, 



C„H£H 2 - 

C (a)) 



Hf 



C b H£H 2 
c'(a» 



153.47406 0.91771 



R- 

',C- 



c M h a- 

C(b» 



*■> 



-0.9 



2918 



-0.92918 



-0.92918 



154.4032' 0.91771 



0.77247 



61330 



17.42244 



48.30 



31.7) 



21.90 



1.97162 



0.5 1: 



R- 

isoC 

;c 



C^R'-Hfj 

c;(// 2 c -/<") L 

c (d)) 



fcO 



,K"H 



- h,c;)ot 2 



-0.9 
-0.9 



2918 
2918 



-0.72457 
-0.92918 



-0.72457 
-0.92918 



-154.71860 0.91771 
-154.4032' 0.91771 






75889 


-17 





77247 


-17 





76765 


-17 


0.78155 


-17.. 





76765 


-17 



-17.73779 
-17.42244 



48.21 
48.30 



21.74 
21.90 



1.95734 
1.97162 



0.50570 
0.51:88 



tertC 
',C- 
tertC 
_[C 

isoC 
[C- 



,(*'-H 2 C,)c, 
C(e» 

t;(ff 2 c. - i; 

c (fi) 

(r'-HC,):, 

c(fi) 



)ffO? 



H 2 C r )pH 2 - 

2 

Hf^fH,- 



2457 
2457 
2457 



-0.72457 
-0.92918 
-0.72457 



-0.72457 
-0.92918 
-0.72457 



154.51399 0.91771 



154.51399 0.91771 



-17.73779 
-17.21783 
-17.73779 



50.04 
52.78 
50.04 



95 



29. 

'.22 
29.93 



127. 



22.66 
24.04 
22.66 



1.94462 
1.92443 
1.94462 



0.49298 
0.47279 
0.49298 



< 
CD 
Q. 



fab 



e 15.186. 



The energy parameters 



(ePO of functional groups of alkyl sulfates. 



CO (i 
Group 



C-0 

Group 



(ii) 



O-S 
Group 



so, 

Group 



CH, 
Group 



CH 2 

G 'QU|p 



C-H 
Grou) 



C-C (a) 

Grtup 



c-c (if) 

Group 



C-C(c) 
Group 



C-C(d) 
Group 



C- C (e) 
Group 



Group 









0.5 
0.7764 1 





0.5 
l 





0.75 

l 





0.5 
l 





0.5 
l 





0.5 
I 





0.5 



1 



1 



1 



1 



$5395 

2 

3.5 



0.853J5 


2 

0.5 




2 

0.5 



1 .20632 
1 



1 
0.5 



0.91771 

I 



0.S1771 
1 
1 
2 
:.75 



0.91771 

2 

0.5 



0.91771 

2 

0.5 



0.91771 
1 
2 

0.5 



0."1771 

1 

2 



0.5 



<t.917'1 

2 

0.5 



1 



1 



1 



1 



y, (>' v ) 



VA' 



V) 



y.( 



V) 



17385 

5869;; 



9.325.87 
-4.66268 



14.36741 
-7.18371 



48.52397 
-24.26198 



J2.53914 
16.26957 



1 0.48582 
-:i.242)l 



6.77464 
-3.3S732 



6.77464 
-3.38732 



6.90500 

-3.45250 



6.77464 
-3.38732 



6."050( ) 
-3.45250 



(1.90500 
-S. 452 50 



£(*. 



■o)(eV) 



„(»»)(<C) 



E T Q, 



'iio) (eV) 






htom - atom, msj i 3 . 



)(eV) 



635 
,14911 



-1.65: 



76 



-31.63543 
-0.92918 



-126.54154 




67.69451 




66493 




-1.8: 



836 



-31.63537 
-1.85836 



-31.63535 
-1.44915 



■31.63537 
-1.85836 



1.14915 



-1.4491 



E T (> 



,)ieV) 



0" rad/s) 



el") 



eV) 



(eV) 



1 211 



0.136.53 

[21] 



0.08679 

[42] 



0.12832 
[43] 



0.35532 
(E 1.(13.458)) 



0.3. 



5532 



C.355: 



I Eq. (13. 458)) 



(Eq 



(13.458)) 



0.12(312 

P 



0.17978 

m 



0.09944 
[5] 



0.12312 
[2] 



2312 

m 



0.123 2 

[2] 



E_ n 

E „„i„ 
E „„, 



(ffO 

(eV) 

■„ v )( e y) 

,(t,.«.»o)(eV) 
,<,,A„,H„)(eV) 



18089 

4803 

26541 

6348P 





-0.11799 
0.148i)3 
-33.40''ll 
-14.63+89 




-0.25875 
0.11441 
-32.82330 
-14.63489 




-0.10831 
0.11441 
-126.97472 
-14.63489 
-1.16125 



-0.22757 
0.14803 
67.92207 
14.63489 
13.59844 



4502 

4803 

80996 

63489 

59844 



■0.072)0 
C. 148<P 
1.70' 



37 
4.63489 



-0.1(359 
0.14803 
-33.5 )732 
-14.63489 



-0.07526 
0.14803 
-33.49373 
-14.6348fT 




-0.15924 
0.14803 
-33.24376 
-14.63489 




-0.10359 
0.14803 
33.59732 
14.63489 




10260 

4803 

18712 

63489 





-0.10250 
0.14803 
-33.18712 
-14.63' 89 



Talle 15.11J7. 



experimental values [3] 



The total bend energies of alkyl sulfates calculate d using the functional grou 3 compositior. and the energies of Table 15.186 compared 



to the 



Formula 



Name 



C-O 



© 



Group 



C-O 
Grou 



i") 



o-s 

Group 



S0 2 
Group 



CH, 



CH. 



CH C-C (a) C-C 



(b) 



C-C (c) 



C (d) C-C (e 



I C-C(f) 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



] Relative 
Error 



C 2 H s S0 4 Dimethyl 



sulfate 



C 4 H 
C»iH 



0SO4 
4SO4 



Dietliyl sulfate 



Dipropyl 



sulfate 



48.70196 
73.30077 
97.61617 



4* .734 



.346 
.609 



0.00067 
0.00061 
0.00008 



Table 15.11(8. 



The bond angle parameters of alkyl 



sulfates and experimental values [1]. In the 



calculation of 6> v , the parameters from 



the: preceding an 



gle were used. 



Erii Et (atom 



atom,msp .AO). 



zoso. 



2c' 

Bind 1 

<4,) 



2.72(554 



2c 
Bond£ 



2c' 
terminal 
Atoms 

(<*„) 

4.7329 



E,, 
Atobi 1 



-15.95954 



Atom 1 
Hybridization 
Designation 

( Table I5.3.a|) 
10 



Atom 2 



5.95954 



Atom2 
Hybridizition 
Designaion 



( Tarpel5 
10 



Mi 



c 2 
Atom 1 



0.8525: 



85/32 



fcV) 



0.85252 -1.65376 



C) 



(°) 



Cal. 1 



Exp. 



120. 
(dimethyl 



3 [44 1 
sul iate) 



ZO a SO c 
ZO r SO d 



2.72(554 
2.96203 



4.6690 
4.6476 



-15.95954 

C'„ 
-16.11722 

O, 



10 

12 



6.11722 

O c 
6.11722 



0.8525: 
0.8441! 



84418 
84418 



0.84835 -1.6537(5 
0.84418 -1.6537S 



109.67 
(dimethyl 

103.! 
(dimethyl 



sul fate) 

m 

sul !ate) 



/.COS 



2.(58862 



4.8416 



-15.75493 
C'„ 



0.36001 
S 



0.8635' 



77641 
(Eq. 

(1^.158)) 



0.77641 

(Eq. 
;15.158) ) 



0.82000 -0. 



72457 



11 7.43 [44] 
(dimethyl sulfate) 



Methylene 
AHCJI 



zc;c/; 



Methyl 
ZHCH 



1 



1 



107 
(pro pane; 

11T 

(propane' 

113.8 
(butane) 

110.8 
(isobutanq 1 ) 

111.0 
(butane) 

111.4 



(isobutane 



ZCC.H 



ZC t Cfi c 
iso C a 

/C„C„H 
iso C a 

ZCfi t H 
iso C, 



2. 
2.' 
2.91547 



1547 
1547 



2.91 

2.113: 

2.0971 



54 7 



4.7958 
4.1633 
4.1633 



26 
5 
5 



6.68412 
C„ 

4.82575 

Q 
4.82575 

C„ 



0.8154' 
0.8749f 
0.8749; 



81549 1 

91771 0.75 

91771 0.7S 



0.81549 -1 

1.04887 

1.04887 



110. 
(isotutane) 



111.4 
(isoh utane 



tert C„ 
zc ,F,f„ 



2.903: 



4.7958 



6.68412 



0.8154' 



81549 



0.81549 -1 



110.8 
(isotutane 
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NITROALKANES (C n H 2n+2 _ m (N0 2 ) m , « = 1,2,3, 4,5...^) 

The nitroalkanes, C n H 2n+2 _ m (N0 2 ) , comprise a N0 2 functional group and a C-N functional group. The alkyl portion of the 
nitroalkane may comprise at least two terminal methyl groups ( CH 3 ) at each end of the chain, and may comprise methylene 
(CH 2 ), and methylyne (CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene 
functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane 
C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((Q7 3 ) 2 CH) and t- 

butyl ((C7/ 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise 
functional groups. The branched-chain-alkane groups in nitroalkanes are equivalent to those in branched-chain alkanes. 
The electron configuration of oxygen is \s 2 2s 2 2p A , and the orbital arrangement given by Eq. (10.154) has two unpaired 



electrons corresponding to the ground stale 3 P 2 . — The electron configuration of nitrogen is h 2 2s 2 2p i , and the orbital 
arrangement given by Eq. (10.134) has three unpaired electrons corresponding to the ground state 4 S 3 /2 . The bonding in the 
nitro (N0 2 ) functional group is similar to that in the S0 2 group given previously. It also has similarities to the bonding in the 
carbonyl functional group. In the N0 2 group, the two unpaired electrons of the O atoms form a MO with two unpaired 
electrons of the nitrogen atom such that the MO comprises a linear combination of two bonds, each of bond order two involving 
the nitrogen AOs and oxygen AOs of both oxygen atoms. The nitrogen atom is then energy matched to the C2sp 3 HO. In 
nitroalkanes, the C2sp* HO has a hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding energy of 
E[C2sp i ) = -14.63489 eV (Eq. (15.25)), the N AO has an energy of E(N) = -14.53414 eV , and the O AO has an energy of 
E(0} - -13.61806 eV [38]. To meet the equipotential condition of the union of the N = H 2 -type-ellipsoidal-MO with these 
orbitals, the hybridization factor c 2 of Eq. (15.61) for the N = -bond MO given by Eqs. (15.77) and (15.79) is 

c, (O to N2p to C2sp^HO) = -^4-c 2 (C2sp'HO) = ~ 13 - 61806 eV (0.91771) = 0.85987 (15.159) 

n > E(N) V ' -14.53414eF v ' 

Since there are two O atoms in a linear combination that comprises the bonding of the N0 2 group, the unpaired electrons of 
each O cancel each others effect such that E is not subtracted from the total energy of N0 2 . Additionally, 

E T (atom -atom,msp l .AO\ = -3.71673 eV = 4(-0. 92918 eV) (Eq. (14.513)) is the maximum given the bonding involves four 

electrons comprising two bonds, each having a bond order of one. 

The C-N group is equivalent to that of primary amines except that the energies corresponding to vibration in the 

transition state are matched to a nitroalkane and AE H MO (AOI HO) = -0.72457 eV for nitroalkane and 

AE HiM0 (AO/HO) = -1.44915 eV for primary amines. Whereas, E T [atom- atom, msp 3 .AO^) = -1.44915 eV for both 

functional groups. This condition matches the energy of the C-N group with the N0 2 having AE H MO (AO/HO) = 0. 

The symbols of the functional groups of branched-chain nitroalkanes are given in Table 15.189. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), inte r ce p t (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) paramete r s of 
nitroalkanes are given in Tables 15.190, 15.191, and 15.192, respectively. The total energy of each nitroalkane given in Table 
15.193 was calculated as the sum over the integer multiple of each E D {Group) of Table 15.192 corresponding to functional-group 

composition of the molecule. — E mag given by Eq. (15.67) was subtracted for each t-butyl group. The bond angle parameters of 

nitroalkan e s d e t e rmin e d using Eqs. (15.88 - 15.117) ar c giv e n in Tabl e 15.194. Th e color scal e , transluc e nt vi e w of th e charg e — 
density of exemplary nitroalkane, nitroethane, comprising the concentric shells of atoms with the outer shell bridged by one or 
more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.32. 
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Figure 1 5.32. Color scale, translucent view of the charge-density of nitroethane showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 



Tabl 



e 1 5.1 89. The symbols of functional groups of nitroalkanes. 



Functional Group 



Group Symbol 



NO: group 

C-N 

CH, group 

CH : group 

CH 

CC bond (k-Q 

CC bond (iso-Q 

CC bond (tert-Q 

CC (iso to iso-C) 

CC (t to t-Q 

CC (t to iso-Q 



N0 2 
C-N 
C-H (CH 3 ) 

C-H (CH 2 ) 

C-H 
C-C (a) 
C-C(b) 
C-C (c) 
C-C (d) 
C-C (e) 
C-C(f) 



Bond 

2c 



able 15 

Pariimeter 



to 
to 

Length 



15(0 



NO, 
Group 
1. 33221 
1.15421 

1.22157 



The geometrical bond 



C-N 
Group 



parameters of nilroalkanes 



h(ch,) 

Group 
64920 
04856 



.10974 



anc experimental values [1| 



h(ch 2 ) 

Group 

1.67122 
1.05553 

1.11713 



C-H 
Group 



1.67465 
1.05661 



C-C(a) 
Group 

2.12499 
1.45744 

1.54280 



C-C(b) 
Group 

2.12499 
1.45744 

1.54280 



C-C(c) 
Group 

2.10725 
1.45164 

1.53635 



C-C(d) 
Group 

2.12499 
1.45744 

1.54280 



C-C 



Group 
2.10725 
1.45154 

1.53635 



(e) 



C-C(t) 

Group 



2.1C725 
1.45164 



Exp. Bond 
Length 



1J24 
(niti'om ethane) 



<nitro:nethane) 



1.107 

H propane) 

1.117 

H butane) 



1.107 

H propane) 
1.117 
- H butane) 



1.122 
(isobutane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 
(propane) 

1.531 
(butane) 



1.532 

(propane) 
1.531 

(butane) 



1.532 
(propane) 

1.531 
(butane ) 



1.53 I 

(propane) 

1.531 
(butan e) 



1.532 
(propane) 

1.531 
(but me) 



to 



27295 



1.29569 



1.54616 



1.54616 



1.52750 



1.54611* 



1.52750 



Table 15.15M. 



The MO 



to HO intercept geometrical bond parameters of nitroalkanes. R, R 



R are H or alky] groups. E T i:5 Ei(atom 



atom,msp AO). 



(eV) 
Bond 2 



(eV) 
Bond 3 



Final Total 

(dv) E ""gy 

Bojrd 4 C2<p' 



to 



to 



L '<!tmtomb 

(eV) 
Final 



E(c2sp^\ 

(eV) 
Final 











4 
to 



to 



1N(C) = 

<tN(0) = 




-0.92918 





-0.72457 



1.00000 
0.93084 



0.86359 -15 75493 
78155 -17 40869 



135.25 
131.57 



44.75, 
48.4 



66.05 
61.50 



0.54089 
0.63558 



0.61333 
0.51:S64 



H,C 
<t = 

U 2 c 



NO, 
-NO, 

.-NO, 




-0.92918 
-0.92918 





-0.72457 




0.91771 
0.93084 
0.91771 



0.87495 -15 55033 
078155 -1740869 
0.82562 -16 47951 



80.47 
69.30 
74.96 



99.5: 

110.7 
I05.C 



38.35 

31.71 
34.98 



1.55123 
1 .68259 
1.62061 



0.14484 
0.27620 
0.21422 



-t< 



(CM,) 











0.91771 



0.86359 -15 75493 



77.49 



102.5 



41.48 



1.23564 



0.18708 



(<*.) 



0.81549 -16 68412 



-F 



(CH) 



-0.92918 



154.40324 



0.91771 



0.77247 -17 61330 



-17.42244 



61.10 



31.37 



0.37326 



C- 

c- 



- t H,CH 2 
' (a)) 
: b HfH 2 
(a)) 




-0.92918 



-152.;I44S7 

-153.474M 



0.91771 
0.91771 



0.86359 -15 75493 

0.81549 -1668412 



-15.56407 
-16.49325 



63.82 
56.41 



30.08 
26.06 



0.38106 

0.45117 



CC b (H£ r - 
(b)) 



r> 



-0.92918 



154.40324 



0.91771 



0.77247 -17 6133 



-17.42244 



48.30 



21.90 



0.51 






>;( 



-H,L\)pH 2 



-0.72457 



-0.72457 



0.72457 



54."'186C 



0.91771 



0.75889 -17 92866 



-17.73779 



48.21 



21.74 



1.95734 



0.50.J70 



soC i 
C- 
ertC 
C- 
ertC 
C- 
is'oC 
C- 



,:;(/i 2 c -Ryu 

im 

C t (H 2 C\ - If). 

(fi) 

(R'- Hf^, 

(0) 



H 2 C C )PH 2 - 

i/ 2 C )Cff 2 - 



-0.92918 

-0.72457 
-0.92918 

-0.72457 



-0.92918 
-0.72457 
-0.92918 
-0.72457 



3 -154.40324 

-0.7P457 -1544139? 
-154. 



0- 



986: 



0.72457 -154.;il395 



0.91771 
0.91771 
0.91771 
0.91771 



0.77247 -17 61 

76765 -17 92 

0.78155 -17 

0.76765 -17 



-17.42244 
-17.73779 
-17.21783 
-17.73779 



48.30 
50.04 
52.78 
50.04 



21.90 
22.66 
24.04 
22.66 



1.97162 
1.94462 
1.92443 
1.94462 



0.51388 
0.49298 
0.47279 
0.49298 



Table 15.192. 



The energy parameters, (e'Z) of functionil groups of nitroalkaneis. 



N0 2 
Group 



N 
Group 



CH, 
Group 



CH 1 
G roup 



Group 



:--(a) 
Gmup 



C-C (b) 



Grc 



■up 



Group 



(c) 



Group 



(j) 



-c 

jroup 



h 



C-C(f) 
Group 



1 

91140 



1 
31771 



1 
.9177 



1 

3177 





0.5 

1 

-1^)6.90919 

21.57588 





0.5 
1 

-3 (.36351 
) 67426 



3 
3.75 



2 
$.75 

1 

.41425 
78002 



0. 



1 

.75 

1 

12015 



-28.7J214 
9.33352 




0.5. 

1 
29.1C 
9.37: 



112 

73 



.8.79214 
4.333 >2 





0.5 
1 

-29^10112 
). 37273 



© 





ho 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


Jt- 


O 


43 


6 

CD 






<fi 




-s 





T(e 



V) 



4').12475 



92833 



06675 



J0500 



K,( 



V) 



i") jeV) 



(aohio) (eV) 
o;m) (eV) 



-0.72457 
-13.91032 





.56407 




.56407 




S3489 



) 
15.: 6407 




5.56407 





lfi.35946 




.35946 



£,.(, 



m) (eV) 



E r (. 



li Aatom - atom,msp~ 



\AO)(eV) 



EA> 



,)(eV) 



15 rad / sj 



19.0113 



24. 



759 



15.4)46 



9.436 W 



.55643 



5564:i 



eV) 
eV) 

(eV) 



12.51354 
(1.23440 
.19342 ~ 

[45] 

0.13769 



■0.17214 







10539 

[45] 

■0.11945 



16 
-0 
0. 
(A 
-0 



40846 

25352 
35532 
13.458)) 

22757 



15 



97831 



-0.25017 
~~ 0/15532 
Eq. ( 13.458)) 

-0.14502 



15.01299 
-0.24966 
0.35532 
13.458)) 



159 

S515 



( Eq.( 



0.12312 
__[?] 



0.07200 



-0.lf.515 

0.17978 

HI 

-0.0' 



10.19220 
■0.20 i96 
0.09944 

[s; 

■0.15924 



6.211 >9 
0.16515 

|).12312~ 

PJ 

0.10359 



2902; 1 
( J.164 

.12312 

PI 
0.102*0 



2902 

16415 

1231? 

PI 

10260 



< 
CD 
Q. 



£,.(. 



£„(- 



(;,Aoi:o){eV) 
-;-)(eV) 



.11441 







14803 



14803 
.92207 



4803 
.80996 



0.14803 
■33.59732 



0.14803 
-33.4H73 



0.14(103 
33.24376 



0.148 



.148C3 



14803 
.18712 



Tbble 15.19&. The total 
experimental vdues [3]. The 



Formula 



Name 



borjd energies of nitroalkarles Calculated 
netic enen 



va. 

Croup 



Group 



gy 



E mag that is subtracted from the weighted 



CH, 



using the functional group composition and the energies of Table 15 



CH-, 



CM 



c-c 



(a) 



sum of th^ E\> (croup) (e 

C-C (b) CfC~(cj C- 



V) values based on composition is given by (15.58) 



C (d) C-C (e 



C-C(f) 



192 compared to the 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Bond 
(eV) 



Total 1 
E nergy ( 



Rel; 
Ertar 



GH,NO 



C 2 H 5 
C,H- 

C 3 HJ] 
C 4 H. 

'-4rldl 

C 5 H 



N0 2 
N0 2 
N0 2 
NO, 
N0 2 
NO, 



Nitrom ethane 
Nilroethane 
1-Nitropropane 
2-Nitro propane 
1-Nitro butane 
2-Nitroisobutane 
1-Nitro pentane 



25.14934 
37.30704 
49.46474 
49.56563 
61 .62244 
61 .90697 
73.78014 



25.107 
37.292 
49.451 
49.602 
61.601 
61.945 
73.759 



0.00168 
0.00040 
■0.00028 
0.00074 
■0.00036 
0.00061 
0.00028 



labile 15.1 

Ej{atom 



94. 



Er is 



The bone, angle parameters of nitroa kanes and experimental values [1]. In the calculation of 6 V , the parameters from the preceding angle were used. 



atomjnsp .AO). 



Atoms of Angle 

CNC CI H 
CO„VO., 



"„) 



2c' 

Bond 

(«„) 



2c' 

Terminal 

Atoms 

(«o) 

3.9665 

4.1231 



Atom 1 
Hybridization 
Designation 



. 4257$ 
~5847 



(Table 15.3. 
1 

25 



A) 



£,:„„„„,, 
Atom 2 



16.68411 



Atcm2 

Tybric ization 

Designation 



( Table 



15.3. A) 



771 
1549 



0.91140 

(Eq. 
(15.135)) 

0.81549 



(eV) 




-1.44915 







C) 



Cal. e 

C) 



106.87 
126.52 



tjxp. q 
(°) 



107 
(nitrometi 



(nit 



ane) 

125.3 
tromettane) 



Methylene 
CHCH 



1106 



2.11106 



3.4252 



75493 



0.86359 



0.75 



1S7S6 







108.44 



107 
"opane) 



69.51 



110.49 



112 
(p -opane) 

13.8 
(butane) 

110.8 
sobutaie) 



111.0 

(butano) 

111.4 

(isobutaie) 



Methyl 
/HC„H 



/-CJL\H 

■ CC t Cfi c 

iso C 
-C h C,H 
iso C„ 

/-CfiJI 
iso C t< 

/-C t C a C t 
tert C, 

■ '-Cfifit 



7D.56 
70.56 



2: 
2: 
2: 

2.90327 



1547 
1547 
1547 



1547 



1323 



2.91 
2.11 
2.0971 
2.90327 



4.7958 
4.1633 
4.1633 
4.7958 



26 
5 
5 
26 



16.68412 
C c 

14.82575 
C, 

14.82575 
C, 

16.68412 

Q 



1549 
87495 
87495 

1549 



0.81549 
0.91771 
0.91771 
0.81549 



1 
0.75 
0.75 

1 



1 
0.75 
0.75 

1 



81549 -1.85836 
048S7 

048S7 

.81549 -1.85836 



109.44 
109.44 

110.67 

110.76 

111.27 

111.37 
107.50 



110.8 
(isobutaie) 



111.4 
(isobutaie) 

110.8 
(isobutaie) 
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880 Chapter 15 

ALKYL NITRITES (C n H 2n+2 _ m (N0 2 ) m , n = 1,2,3, 4,5...oo) 

The alkyl nitrites, C n H 2n+2 _ m (N0 2 ) , comprise a RC — O-NO moiety that comprises C — O, O-N , and NO functional 
groups. The alkyl portion of the alkyl nitrite may comprise at least two terminal methyl groups (CH 3 ) at each end of the chain, 
and may comprise methylene (CH 2 ), and methylyne (CH) functional groups as well as C bound by carbon-carbon single 
bonds. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds 
can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within 
isopropyl ((CH 3 ) 2 CH) and t-butyl ((CH i ) } C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl 

C-C bonds comprise functional groups. The branched-chain-alkane groups in alkyl nitrites are equivalent to those in 
branched-chain alkanes. 

The electron configuration of oxygen is Ls 2 2s 2 2p i , and the orbital arrangement given by Eq. (iu.154) has two unpaired 
electrons corresponding to the ground state i P 2 . The electron configuration of nitrogen is ls 2 2s 2 2p i , and the orbital 
arrangement given by Eq. (10.134) has three unpaired electrons corresponding to the ground state *S° I2 . The bonding in the 
nitro ( NO ) functional group is similar to that in the SO group given previously. It also has similarities to the bonding in the 
carbonyl functional group. In the NO group, the two unpaired electrons of the O atom form a MO with two unpaired electrons 
ot the nitrogen atom such that the MO comprises a double bond. The nitrogen atom is then energy matched to the U-N 
functional group that is further energy matched to the C2sp 3 HO of the C — O functional group. To meet the equipotential 
condition of the union of the N = H 2 -type-ellipsoidal-MO with other orbitals of the molecule, the hybridization factor c 2 of 
Eq. (15.60) for the N = O-bond MO given by Eq. (15.159) is c 2 (O to N2p to C2sp 3 HO) = 0.85987 . 

As in the case of the carbonyl group, two unpaired O electrons result upon bond breakage of the N = O bond which 
requires that two times E of oxygen (Eq. (15.68)) be subtracted from the total energy of NO. Additionally, 

E T ( atom- atom , msp 3 . AO) and hE HMU (AOI HO) are equal to -0 . 92918 eV (Eq . (14 . 513)) which matches the energy of the 

N = bond with the contiguous O — N bond and matches the energy contribution of an oxyg e n atom. 

The O-N functional group comprise a single-bond, H 2 -type-ellipsoidal-MO between the remaining unpaired nitrogen 

electron and an unpaired electron of the second oxygen atom which further forms a single bond with the C2sp 3 HO of the 
C — O functional group. In alkyl nitrites, the hybridization factor c 2 of Eq. (15.61) for the C-O-bond MO given by Eq. 

(15.133) is c 2 {C2sp l HOto OJ = 0.85395. The hybridization factor c 2 of Eq. (15.61) for a C-N-bond MO given by Eq. 
(15.135) is c 2 (C2sp 3 HO to #) = 0.91 140 . Thus, the hybridization factor c 2 of Eq. (15.61) for O-N that bridges the C-0 
and N -O bonds given by Eq . (15 . 78) is 

c 2 (c2sp z HO to N) 0.91140 

cJNlp to02p)=— ) f = — - = 1.06727 (15.160) 

V ' c 2 {C2sp 3 HOtoO) 0.85395 

E T ( atom- atom, msp 2 .AO) = -0.92918 eV in order to match the energy of the NO group and 
E (AO/ HO) = -1535946 eV in order to match the C-O functional group. 

The C-0 functional group is equivalent to that of an ether as given in the corresponding section except that 
E T ( atom- atom, msp 3 .AO) and AE „ un (AO / HO) are both -0.72457 eV which matches the energy contribution of an 

independent Clsp 3 HO (Eq. (14.151)). Also, the energy terms corresponding to the oscillation of the bond in the transition state 
are matched to a nitrite. 

The symbols of the functional groups of branched-chain alkyl nitrites are given in Table 15.195. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
nitrites are given in Tables 15.196, 15.197, and 15.198, respectively. The total energy of each alkyl nitrite given in Table 15.199 
was calculated as the sum over the integer multiple of each E D (ara, P ) of Table 15.198 corresponding to functional-group 

composition of the molecule. The bond angle parameters of alkyl nitrites determined using Eqs. (15.88-15.117) are given in 
Table 15.200. The color scale, translucent view of the charge-density of exemplary alkyl nitrite, methyl nitrite, comprising the 
concentric shells of atoms with the outer shell bridged by one or more II 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.33. 
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Figure 15.33. (A)-(B) Color scale, translucent views of the charge-density of methyl nitrite showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 
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ALKYL NITRATES (C n H 2n+2 _ m (N0 3 ) m , n = 1,2,3, 4,5.. oo) 

The alky I nitrates, C„// 2 „ +2 _ m (^'C , ,) , comprise a RC-0-N0 2 moiety that comprises C-O, O-N , and N0 2 functional 
groups. The alkyl portion of the alkyl nitrate may comprise at least two terminal methyl groups (CH,) at each end of the chain, 
and may comprise methylene ( CH, ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single 
bonds. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C-C bonds 
can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within 
isopropyl ((CH S ) 2 CH) and t-butyl ((C#,), , C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl 

C-C bonds comprise functional groups. The branched-chain-alkane groups in alkyl nitrates are equivalent to those in 
branched-chain alkanes. 

The NO, functional group is equivalent to that of nitro alkanes with the exception that AE H MO (AOI HO) as well as 

E T (atom-atom,msp\AO) is equal to -3.71673 eV in order to match the group energy to that of the contiguous O-N bond. 

Furthermore, the O-N group with E r ( atom- atom, msp*.AO) = -0.929]&eV is equivalent to that of nitrites as given in the 

corresponding section. 

The C-O functional group is equivalent to that of an ether as given in the corresponding section except that 

E T (atom-atom,msp 3 .AOf and &E HiMO {AOI HO) are both -0.92918 eV which matches the energy contribution of an 

independent C2sp 3 HO (Eq. (14.513)). Also, the energy terms corresponding to the oscillation of the bond in the transition state 
are matched to a nitrate. 

The symbols of the functional groups of branched-chain alkyl nitrates are given in Table 15.201. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
nitrates are given in Tables 15.202, 15.203, and 15.204, respectively. The total energy of each alkyl nitrate given in Table 
15.205 was calculated as the sum over the integer multiple of each E D {Group) of Table 15.204 corresponding to functional-group 

composition of the molecule. The bond angle parameters of alkyl nitrates determined using Eqs. (15.88-15.117) are given in 
Table 15.206. The color scale, translucent view of the charge-density of exemplary alkyl nitrate, ethyl nitrate, comprising the 
concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.34. 

Figure 1 5.34. (A)-(B) Color scale, translucent views of the charge-density of ethyl nitrate showing the orbitals of the atoms 
at their radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). 

B 





©2010 BlackLight Power, Inc. All rights reserved. 



886 



Chapter 15 



Table 15.201. The symbols of functional groups of alkyl nitrates. 
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Table 15.203. 



The MO 



to HO intercept geometrical bond parameters of alkyl 
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is E T (atom 



atom,msp .AO) 



bON(0) = 



(eV) 
Bond 



(eV) 
Bond 2 

6 



(eV) 



(e\ 



Final dotal 

Energy 

C2s/ 

&__ 



K) 



<h) 



E(C2sp r 
(eV) 
Final 







d 2 



,fi ON( 



'>) = <> 

"(oX 



-0.464: 



-0.92918 
-0.46459 



0.46459 




0.93084 
1.00000 



9340 
S6359 



-17. 

-15.15493 



1 35.60 
98.78 



J14.40 
81.22 



63.83 

47.30 



0.57133 
1.19655 



131 



"(OX 



S 77,(7, 
l=H 



-0„N(O x X 
alkyl 



Hfiu 



O h N(0„) 



CH 2 H 2 C a -O t N(O d 



-0.46459 



-0.92918 







0.91771 



-16.02866 



89.90 



93.10 



42,44 



0. 



.0014 3 



(CH,) 

(CH 2 ) 
(CH) 



-0.92918 
-0.92918 
-0.92918 




-0.92918 
-0.92918 







■0.92918 



-152.5' 
-153.4' 
-154.4i 



0.91771 
0.91771 
0.91771 



86359 
1549 

7247 



7|5493 

2 

330 



.68411 
.61 



-15.56407 
-16.49325 
-17.42244 



77.49 
68.47 
61.10 



102.51 
11 1.53 
1 1 8.90 



41.48 
35.84 
31.37 



1.23564 
1.35486 



.187C 
.299. 
373: 



H 



c-c 
c-c 



,H 2 CH 2 - 

m 

\H 2 CH 2 - 

m 



-0.92918 







-0.92918 











-153.4 



0.91771 



0.91771 



-15.56407 



-16.49325 



63.S2 



6.18 



..59 



30.08 



0. 



38K6 



,fi 



Hj' 

:-c 

-H. 

:-c 



Cji: t (H 2 C x -R 

(bj) 

C a (R'-H 2 C d y 

m 



'■M 



-H 2 C\CH 2 - 



-0.92918 



-0.92918 

-0.72457 



■0.92918 

■0.72457 



0.72457 



-154, 
-154.71 



860 



0.91771 
0.91771 



7247 
5889 



17.92866 



-17,42244 
-17.73779 



48.21 



1.70 
131.79 



.505 



!0C\C 

C-C 



,(H 2 C C -R')H 

<m 



-0.92918 



0.92918 



0.91771 



7247 



-17.42244 



48.30 



1.70 



21.90 



1.97162 



VrfC, 
C-C 
•crtC u 
C-C 

j'oc;( 
c 



«'-ff 2 Cj)Cj( 

m 

->(HA-R') 

ffl) 

"-H 2 C d )C t ( 

ffi) 



R"- H 2 C r )CH 2 - 



hCH, 



h,C c )CH 2 



-0.724: 
-0.724: 
-0.724, 



-0.72457 
-0.92918 
-0.72457 



0.72457 
0.92918 
0.72457 



-154.51 
-154.1 
-154.5 



0.91771 
0.91771 
0.91771 



6765 
8155 
6765 



92866 
40869 
92866 



-17.73779 
-17.21783 
-17.73779 



0.04 
2.78 
50.04 



19.96 

17.22 
19.96 



22.66 
24.04 
22.66 



1.94462 
1.92443 
1.94462 



TaMe 15.204. 



The energy 



parameters (e 



V) of functiorial groups 



of E.lkyl nitrates. 



Groip 



O-h 
Group 



O 

Gijoup 



Group 



Group 



C-H 
Group 



C-C (a) 
Group 



C-C(b) 
Group 



C-C(o) 
Group 



C(d) 
Group 



'- C (c) 
Gnup 



"(f) 
Group 








0.75 





0.75 

l 





0.5 
l 




0.5 

l 





0.5 
l 




0.5 



l 



0.:i 



0.5 



0.7! 



0.75 



0.75 



0.5 



0.5 



0.5 



0.5 



0.5 



V (e 



V) 



K(> 



V) 



485<I3 



38.92 728 



25.780(2 



12.87680 



9.33352 



9.33352 



9.37273 



33352 



E(,o 



V) 



o) (eV) 



13/ 

21.7: 





1373 9 

06870 
.35916 



8.79304 
-4.39652 
-14.(i348S 



32.53914 
-16.26957 
-15.56407 



21.0. 

-10,53317 

-15.56407 



10.48582 
-5.24291 
-14.63489 



6.77464 
-3.38732 
-15.56407 



6.77464 
-3.38732 
-15.56407 



6.90500 
-3.45250 
■15.35946 



6 7 7464 
-3.38732 
-15.56407 



6.90500 
-3.45250 



'5.359- 



em 



»)(#) 



-3.71 

3.71 
63.2 



573 

$73 

107 




.359^6 

.63527 



-0.92918 
-13.'0571 

-31.6354: 





-15.56407 





-15.564^)7 
-49.66493 




-14.63489 

-31.63533 




-15.56407 
-31.63537 




-15.56407 
-31.63537 




■15.35946 
■31.63535 





-1^.56407 
.63537 





:5.35 
31.63 



)46 
>35 



torn- alom,msf 



? .A0\eV) 



3.71 



573 



.9291 



■0.92918 











-1.85836 



-1.85836 



-1.44915 



.85836 



E T (. 



,)(eV) 



co (ID " rod / s ) 



E ,:( 



V) 



13.05099 



l;. 374:10 



16.40*46 



15.97831 



6.21159 



6.21159 



10.19220 



21159 



6.29021 



6.29021 



E A 



eV) 



(el-) 



0.19342 
_J4t]_ 



1072|5 
[47] 



0.13663 



0.35 
(Eg. (13 , 



32 
458) ) 



0.35532 
(Eg. (13.458)) 



0.35532 
(Eg. (13.45? )) 



0.12312 
[2] 



0.17978 
[4] 



0.09944 
[5] 



12312 
J2J 



0.12312 



0.1231 

J2L 



eV) 



0.14267 



-0.1 



7172 



-0.22757 



-0.14502 



-0.07200 



-0.10359 



-0.07526 



-0.15924 



■0.10359 



-0.1 



3260 



-d.io; 



60 



(eV) 



E(u 



,u,)(eV) 



t*'»)(«f) 



(c,4o:„o) (eV) 



EA 



r )(eV) 



Table 15.205 



The total bond energies of alkyl nitrates calculated using the functional group composition and the energies of Table 1 5.204 compared 



to the 



experimental \ 



aluss [3]. 



Formula 



Nfme 



N0 2 
Gr:>up 



Group 



C-O 
Group 



CH, 



CH 



C-C (a) C 



b) C-C (<;) C-C (d) C-C (e) C-C (f) 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



CH 
C 2 R 
C 3 H 7 
C,H 7 



:NO; 



Methyl 
;N0 3 Ethyl 
SO, Propy 

■NO; 



nitrate 
iitra:e 
nitrate 



Isoprcpyl nitrate 



28.18536 
40.34306 
52.50076 
52.60165 



28.117 
40.396 
52.550 
52.725 



-0.0 3244 
0.00131 
0.00093 
0.00233 



1 

I 


ab 

Vis 


le 15. 2( 

Eriatom j 


»6. 

-at 


The bon 

om, msp 3 .. 


lar 
iO 


igle pan 


im 


etei 


■S( 


rfalkyl 


niti 


ates and 


e 


tpe 


rimental v 


ilut 


;s[l]. Int 


he 


jalculatior 


of 


6v, the par 


am 


sters 


from 


the 


preceding angle were used 






Ate 


ms of Angle 


Be 

( 


le' 
mdl 

a.) 


2c' 

Bond 

(a. 


2 


2c' 

Terminal 

Atoms 

(«o) 


i 


or 

E 

Uom 


1 


Atom 
Hybridiza 
Designat 

(Table 15. 


ion 

on 

I.A1 


Atom 2 


i 


Ate 

[ybri 
3"esi£. 

rable 


>m 2 

lization 

nation 

15.3.A) 


c 
Ato 


nl 


c 2 
Atom 2 




c, 




c 2 




q 




A 


(« 


:V) 


e, 







C) 


C) 


Cal 
( 


. e 
) 


Exp 
(° 


9 
) 








Methyl 
Z HC„H 


2.C 


9711 


2.097 


11 


3.4252 


-i 


5.754 


93 


7 




H 






i 


0.86 


359 


1 




i 




l 




0.75 




1.15796 

















105 


.50 












iH fifi. 
























































70.56 










105.44 


11 

(methyl 




nitrate) 






ZH £A: 


2.C 


9711 


2.712 


(7 


3.7238 


-i 


4.825 


75 


1 




-13.61806 






3 


0.91 


771 


0.85395 

(Eq. 
(15.133)) 




0.75 




i 




0.75 




0.93052 

















10C 


.68 


1C3 
(methyl nitrate) 






^0 C ,N0„ 


2.2 


7630 


2.276 


iO 


4.1231 


-i 


6.684 
0„ 


11 


25 




-16.68411 

o,, 






5 


0.81 


549 


0.81549 




1 




i 




1 




0.81549 


-1.4 


4915 












125.83 












^0 {1 N0, 




























































1 29.83 




115.09 

(Iq. 

(15.: 08)) 


1111.1 
(methyl nitrate) 






zo t NO , 




























































1 29.83 




115.09 

(Eq. 

(15.: 08)) 


112.4 
(methyl nitrate) 






ZC0 1: N 


2.' 


1287 


2.656 


)1 


4.4721 


-i 


6.684 


12 


26 




-14.53414 

N 






•4 


0.81 


549 


0.91140 

(Eq. 
(15.135)) 




1 




l 




1 




0.86345 


-1.4 


4915 












112 


.79 


112.7 
(methyl nitrate) 






Methylene 
ZHC a H 


2.1 


1106 


2.111 


)6 


3.4252 


-i 


5.754 


93 


7 




H 






i 


0.86 


359 


1 




1 




l 




0.75 




1.15796 

















10S.44 


K7 
(propane) 








^Cfi b L\ 
























































69.51 










IK 


.49 


112 
(propane) 

113.8 

(but me) 

110.8 

(isobitanej 








^C.C h H 
























































69.51 










11C 


.49 


n: .0 

(butane) 

11 ' .4 

(isobitanej 








Methyl 


2.C 


9711 


2.097 


11 


3.4252 


-i 


5.754 


93 


7 




H 






i 


0.86 


559 


1 




1 




i 




0.75 




1.15796 

















105.50 












zc , c ^l 
























































70.56 










105.44 












ZCfi t H 
























































70.56 










105.44 












zc t cjc r 

iso C ct 


2.5 


1547 


2.915 


17 


4.7958 


-i 


6.684 


12 


26 




-16.68412 
C, 






6 


0.81 


549 


0.81549 




1 




i 




1 




0.81549 


-1.8 


5836 












IK 


.67 


110.8 
(isobrtane; 








Z-C t C„H 
iso C g 


2.c 


1547 


2.113 


!3 


4.1633 


-i 


5.550 


33 


5 




-14.82575 
C„ 






1 


0.87 


195 


0.91771 




0.75 




l 




0.75 




1.04887 

















IK 


.76 












ZCfi h H 
iso C a 


2.5 


1547 


2.097 


11 


4.1633 


-l 


5.550 
Q 


33 


5 




-14.82575 
C„ 






1 


0.87 


195 


0.91771 




0.75 




l 




0.75 




1.04887 

















111 


.27 


11 ' .4 
(isobvtane' 








ZC t CJ£ b 

tert C„ 


2.5 


0327 


2.903 


!7 


4.7958 


-i 


6.684 


12 


26 




-16.68412 






6 


0.81 


549 


0.81549 




1 




i 




1 




0.81549 


-1.8 


5836 












111 


.37 


110.8 
(isobrtanej 








^CfiJJj 
























































72.50 










10' 


.50 

























































































© 2010 BlackLight Power, Inc. All rights reserved. 
890 Chapter 15 

CYCLIC AND CONJUGATED ALKENES (C„H 2t!+2 _ 2m _ 2c , « = 3,4,5...oo, m = 1,2,3 ..., c = or 1 ) 
The cyclic and conjugated alkenes are represented by the general formula C i: H 2i!+2 _ 2m _ 2c , n = 3,4,5. ..«, m = 1,2,3..., c = or 1 
where m is the number of double bonds and c = for a straight-chain alkene and c = \ for a cyclic alkene. They have at least 
one carbon-carbon double bond comprising a functional group that is solved equivalently to the double bond of ethylene. 
Consider the cyclic and conjugated alkenes 1,3-butadiene, 1,3-pentadiene, 1 ,4-pentadiene, 1,3-cyclopentadiene, and 
cyclopentene. Based on the condition of energy matching of the orbital, any magnetic energy due to unpaired electrons in the 
constituent fragments, and differences in oscillation in the transition state, five distinct C-C functional groups can be identified 
as given in Table 15.208. The designation of the structure of the groups are shown in Figures 15.35A-E. In addition, CH 2 of 

any -C = CH 2 moiety is a conjugated alkene functional group. The alkyl portion of the cyclic or conjugated alkene may 

comprise at least one terminal methyl group (C//,), and may comprise methylene (CH 2 ), and methylyne (CH) functional 

groups that are equivalent to those of branched-chain alkanes. 

The solution of the functional groups comprises the hybridization of the 2s and 2p AOs of each C to form a single 

2sp } shell as an energy minimum, and the sharing of electrons between two Clsp 1 HOs to form a MO permits each 
participating hybridized orbital to decrease in radius and energy. The C-C groups are solved in the same manner as those of 
the branched-chain alkanes given in the corresponding section. For example, the cyclopentene C a - C h group is equivalent to 
the n-C-C alkane group. Many of the corresponding energies of the molecules of this class are similar, and they can be related 
to one another based on the structure. For example, cyclopentadiene is formed by ring closure of 1,3-pentadiene with the 
elimination of H from the terminal methyl and methylene groups. Thus, the energy of each of the corresponding carbon-carbon 
bonds in cyclopentadiene is the same as that in 1,3-pentadiene except that the difference between the energies of the 1,3- 
pentadiene C c -C d and the cyclopentadiene C„ -C b groups is the magnetic energy (Eq. (15.67)) which is subtracted from the 

C a —C b total bond energy according to Eqs. (13.524-13.527) due to the formation of a CH group from the methylene group. 
The color scale, translucent view of the charge-density of exemplary cyclic and conjugated alkene, 1,3-butadiene, comprising the 
concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.35. 

Figure 1 5.35. Color scale, translucent view of the charge-density of 1,3-butadiene showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




I c \ : 



E T ( atom- atom, msp\AO) of the C= C-bond MO in Eq. (15.61) due to the charge donation from the C atoms to the 

MO is equivalent to that of ethylene, -2.26759 eV , given by Eq. (14.247). E T (atom - atom,msp } .AO) of each C-C-bond 

MO in Eq. (15.61) is -2.26759 eV or -1.85836 eV based on the energy match between the C2sp' HOs corresponding to the 
energy contributions equivalent to those of alkene, -1.13379 eV (Eq. (14.247)), or methylene, -0.92918 eV (Eq. (14.513)), 
groups, respectively, that are contiguous with the C-C-bond carbons. In the former case, the total energy of the C-C bond 
MO is matched to diat of the alkane energy in the determination of the bond length. The charge density of 0.5e must be donated 
to the C-C bond in order to match the energy of the adjacent flanking double bonds. This further lowers the total energy of the 
C-C-bond MO and increases the C-C bond energy. This additional lowering of the C-C-bond energy by additional charge 
donation over that of an alkane bond due to adjacent double bonds is called conjugation. 

The symbols of the functional groups of cyclic and conjugated alkenes are given in Table 15.207. The structures of 1,3- 
butadiene, 1,3-pentadiene, 1,4-pentadiene, 1,3-cyclopentadiene, and cyclopentene are shown in Figures 15.35A-E, respectively. 
The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.1 1) and (15.17-15.65)) 
parameters of cyclic and conjugated alkenes are given in Tables 15.208, 15.209, and 15.210, respectively. The total energy of 
each cyclic or conjugated alkenes given in Table 15.21 1 was calculated as the sum over the integer multiple of each E D (Group) of 
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Table 15.210 corresponding to functional-group composition of the molecule. For each set of unpaired electrons created by 
bond breakage, the C2sp i HO magnetic energy E that is subtracted from the weighted sum of the E D (Group) (eV) values 

based on composition is given by Eq. (15.67). The bond angle parameters of cyclic and conjugated alkenes determined using 
Eqs. (15.88-15.1 17) are given in Table 15.212. 



Figure 15.35A. 1,3 Butadiene 
Figure 15.35B. 1,3 Pentadiene 




Figure 15.35C. 1 ,4 Pentadiene 

b b 

r^C^ ^"^ ^Cri2 



Figure 15.35D. 1,3 Cyclopentadiene 

a 




Figure 15.35E. Cyclopentene 

a 




Table 15.207. The symbols of functional groups of cyclic and conjugated alkenes. 
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896 Chapter 15 

AROMATIC AND HETEROCYCLIC COMPOUNDS 

Aromatic and heterocyclic molecules comprise at least one of an aromatic or a cyclic conjugated alkene functional group. The 
latter was described in the Cyclic and Conjugated ALkenes section. The aromatic bond is uniquely stable and requires the 
sharing of the electrons of multiple //2-type MOs. The results of the derivation of the parameters of the benzene molecule given 
in the Benzene Molecule ( C 6 H 6 ) section can be generalized to any aromatic functional group(s) of aromatic and heterocyclic compounds. 

C 6 H 6 can be considered a linear combination of three ethylene molecules wherein Z.C-H bond of each CH 2 group of 
H 2 C = CH 2 is replaced by a C = C bond to form a six-member ring of carbon atoms. The solution of the ethylene molecule is 
given in the Ethylene Molecule (CH 2 CH 2 ) section. The radius ^ e(i felle2s 3 (0.85252a ) of the C2sp 3 shell of ethylene calculated 

from the Coulombic energy is given by Eq. (14.244). The Coulombic energy E Couhmb (C elhylme ,2sp 3 ) (-15.95955 eV) of the 

outer electron of the C2sp 3 shell is given by Eq. (14.245). The energy E[C clhylcnc ,2sp 3 ) (-15.76868 eV) of the outer electron 

of the C2sp 3 shell is given by Eq. (14.246). E T (c = C,2sp 3 ) (-1.13380 eV ) (Eq. (14.247)), the energy change of each C2sp 3 

shell with the formation of the C = C-bond MO is given by the difference between E[C elhyIene ,2sp 3 ) and E[c,2sp 3 ). C 6 H 6 
can be solved using the same principles as those used to solve ethylene wherein the 2s and 2p shells of each C hybridize to 
form a single 2sp 3 shell as an energy minimum, and the sharing of electrons between two C2sp 3 hybridized orbitals (HOs) to 
form a molecular orbital (MO) permits each participating hybridized orbital to decrease in radius and energy. Each 2sp 3 HO of 
each carbon atom initially has four unpaired electrons. Thus, the 6H atomic orbitals (AOs) of benzene contribute six electrons 
and the six sp 3 -hybridized carbon atoms contribute twenty-four electrons to form six C - H bonds and six C = C bonds. Each 
C-H bond has two paired electrons with one donated from the H AO and the other from the C2sp 3 HO. Each C = C bond 
comprises a linear combination of a factor of 0.75 of four paired electrons (three electrons) from two sets of two C2sp 3 HOs of 
the participating carbon atoms. Each C-H and each C=C bond comprises a linear combination of one and two diatomic H2- 
type MOs developed in the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section, respectively. 
Consider the case where three sets ot C = C'-bond MOs tbrm bonds between the two carbon atoms of each molecule to torm 
a six-member ring such that the six resulting bonds comprise eighteen paired electrons. Each bond comprises a linear combination 
of two MOs wherein each comprises two C2sp 3 HOs and 75% of a H 2 -type ellipsoidal MO divided between the C2sp 3 HOs: 



3(2 C2sp 3 + 0.75H 7 MO) -> 3\C = C)- ethylene -type -bond MO 



, ^ (15.161) 

^— >6\C = C)-bond MO of benzene 
The linear combination of each H 2 -type ellipsoidal MO with each C2sp 3 HO further comprises an excess of 25% charge- 
density contribution per bond from each C2sp 3 HO to the C = C -bond MO to achieve an energy minimum. Thus, the 
dimensional parameters of each bond C -C -bond are determined using Eqs. (15.51) and (15.1-15.5) in a form that are the same 
equations as those used to determine the same parameters of the C=C-bond MO of ethylene (Eqs. (14.242-14.268)) while 
matching the boundary conditions of the structure of benzene. 

Hybridization with 25% electron donation to each C = C -bond gives rise to the C bmzem 2sp s HO-shell Coulombic energy 

^coulomb [f- benzene ^ s Pj given by Eq. (14.245). To meet the equipotential condition of the union of the six C2sp 3 HOs, c 2 and C 2 

3e 

of Eq. (15.51) for the aromatic C = C -bond MO is given by Eq. (15.71) as the ratio of 15.95955 eV , the magnitude of 
EcouiombWbenzene'^ s P) (^1- (14.245)), and 13.605804 eV , the magnitude of the Coulombic energy between the electron and 
proton of H (Eq. (1.264)): 

C 2 (benzeneC2sp 3 HO) = c 2 (benzeneC2sp 3 HO) = 13 - 605804eF = 0.85252 (15.162) 

Se 

The energies of each C = C bond of benzene are also determined using the same equations as those of ethylene (Eqs. 

3c 

(14.251-14.253) and (14.319-14.333)) with the parameters of benzene. Ethylene serves as a basis element for the C = C bonding 

3e 

of benzene wherein each of the six C = C bonds of benzene comprises (0.75)(4) = 3 electrons according to Eq. (15.161). The 

3e 1 Te X 

total energy of the bonds of the eighteen electrons of the C = C bonds of benzene. E T \C 6 H 6 .C = C), is given by (6)(0.75) times 



E T+osc (C = C) (Eq. (14.492)), the total energy of the C = C -bond MO of benzene including the Doppler term, minus eighteen 

i i\ -\ 3e 

times E\ C, ?.s p J (Eq . (14 . 146 )), the i n itial energy of each C7,sp H O of each C th at fo rms th e C = C bonds of bond ord er tw o. 
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Thus, the total energy of the six C = C bonds of benzene with three electron per aromatic bond given by Eq. (14.493) is 
E T (c 6 H 6 ,C = Cy(6)(0.15)E T+osc (C = C)-(6)(S)E{C,2sp 3 ) 



= (6)(0.75)(-66.05796eF)-18(-14.63489eF) 

= -297.26081 c?F-(-263.42798eF) = -33.83284 eV 



(15.163) 



The results of benzene can be generalized to the class of aromatic and heterocyclic compounds. E hv of an aromatic bond is 
given by E T (H 2 ) (Eqs. (1 1.212) and (14.486)), the maximum total energy of each H 2 -type MO such that 

1 



E Q S c= n i( E D +E Kvib) = r h 



-31.63536831 eV. 



2E r 



+-h 



(15.164) 



V ' ' J 

The factor of 0.75 corresponding to the three electrons per aromatic bond of bond order two given in the Benzene Molecule 
(C 6 H 6 ) section modifies Eqs. (15.61-15.65). Multiplication of the total energy given by Eq. (15.64) by f x =0.75 with the 
substitution of Eq. (15.164) gives the total energy of the aromatic bond: 



E (basis energies) + E T [atom - atom, msp 3 .AO) 



£*rp [Group) — /, 



2M 



\C C e 
4xs R 3 



^M M B 



(15.165) 



-31.63536831 eV\ 



- + n x E Kvib + c 3 



The total bond energy of the aromatic group E D {Grm P ) is the negative difference of the total energy of the group (Eq. (15.165)) 
and the total energy of the starting species given by the sum of c A E initM (c 4 AO/HO) and c 5 E initM (c 5 AO/HO) : 
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AnSgR' 
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-31.63536831 eV 



■ + H,£s^,;, + C, 



%Wo m I 



m.c 



V -M„ ; «w {AO/HO) + c 5 E MtiaI (c, AO/HO)) 
Since there are three electrons per aromatic bond, c 4 is three times the number of aromatic bonds. 



Benzene can also be considered as comprising chemical bonds between six CH radicals wherein each radical comprises a 
chemical bond between carbon and hydrogen atoms. The solution of the parameters of CH is given in the Hydrogen Carbide 
(CH ) section. Those of the benzene are given in the Benzene Molecule (C 6 H 6 ) section. The energy components of V e , V , T , 

F m ,and E T are the same as those of the hydrogen carbide radical, except that E T (c = C,2sp 3 \ = -\. 13379 eV (Eq. (14.247)) is 

subtracted from E T (CH) of Eq. (13.495) to match the energy of each C-H -bond MO to the decrease in the energy of the 

corresponding Clsp 3 HO. In the corresponding generalization of the aromatic CH group, the geometrical parameters are 

det e rmin e d using Eq. (15.51) and Eqs. (15.1-15.5) with E T (atom — atom,msp 3 .AO) = — 1.13379 eV . 

The total energy of the benzene C-H -bond MO, EZ [C-H\, given by Eq. (14.467) is the sum of 

■* benzene > ' 

0.5^ (C = C, 2sp 3 ) , the energy change of each Clsp 3 shell per single bond due to the decrease in radius with the formation of 

the corresponding C' = C'-bond MO (Eq. (14.24/)), and E T (eff), the a MO contribution given by Eq. (14.441). In the 
corresponding generalization of the aromatic CH group, the energy parameters are determined using Eqs. (15.165-15.166) with 

1 1 mn i/ 

/j =1 and E T ( atom- atom, msp 3 .AO) = — '■ . Thus, the energy contribution to the single aromatic CH bond is one 



half that of the C = C double bond contribution. This matches the energies of the CH and C = C aromatic groups, conserves 
the electron number with the equivalent charge density as that of ,y = lin Eqs. (15.18-15.21), and further gives a minimum 

3c 

energy for the molecule. Breakage of the aromatic C = C bonds to give CH groups creates unpaired electrons in these 
fragments that corresponds to c 3 = 1 in Eq. (15.65) with E given by Eq. (15.67). 



898 



© 2010 BlackLight Power, Inc. All rights reserved. 
Chapter 15 



Each of the C-H bonds of benzene comprises two electrons according to Eq. (14.439). From the energy of each C-H 
bond, -E n ( n CH) (Eq. (14.477)), the total energy of the twelve electrons of the six C-H bonds of benzene, 

benzene V / 

E T (C 6 H 6 ,C-H), given by Eq. ( 1 4.494) is 

£ r (C 6 // 6 ,C-//)=(6)(-£ Pftc m ( 12 C//)) = 6(-3.90454eF) = -23.42724 eV (15.167) 

The total bond dissociation energy of benzene, E D (C 6 H 6 ), given by Eq. (14.495) is the negative sum of E T \C 6 H 6 ,C=Cj (Eq. 
(14.493))and E T (C 6 H 6 ,C-H) (Eq. (14.494)): 

E d (C 6 H 6 ) = -[e t \C 6 H 6 ,C = c) + E T (C 6 H fs ,C-H)) = -((-33.8?,284eV) + (-23A2724eV)) = 57.2601 eV (15.168) 

Using the parameters given in Tables 15.214 and 15.216 in the general equations (Eqs. (15.51), (15.1-15.5), and (15.165-15.166)) 
reprodtices the results for benzene given in the Benzene Molecule (Q// 6 ) section as shown in Tables 15.214 and 15.216. 

The symbols of the functional groups of aromatics and heterocyclics are given in Table 15.213. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) 
parameters of aromatics and heterocyclics are given in Tables 15.214, 15.215, and 15.216, respectively. The total energy of 
benzene given in Table 15.217 was calculated as the sum over the integer multiple of each E D {Gm» P ) of Table 15.216 

corresponding to functional-group composition of the molecule. The bond angle parameters of benzene determined using Eqs. 
(15.88-15.117) are given in Table 15.218. The color scale, translucent view of the charge-density of exemplary aromatic, 
benzene, comprising the concentric shells of atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MOs or 
joined with one or more hydrogen MOs is shown in Figure 15.36. 

Figure 1 5.36. Color scale, translucent view of the charge-density of benzene showing the orbitals of the atoms at their radii, 
the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




I I c \ : 



Table 1 5.21 3. The symbols of functional groups of aromatics and heterocyclics. 



Functional Group 



Group Symbol 



CC (aromatic bond) 
CH (aromatic) 



C = C 

cu (.) 



fable 15.214. The geometrical bond parameters of aromatics and heterocyclics and experimental values [l]. 



Parameter 


C =C Group 


CH Group 


« («o) 


l. 47348 


1.60061 


c' («o) 


1. 31 468 


1.03299 


Bond Length 2c' (A) 


1.39140 


1.09327 


Exp. Bond Length 
(4 


1.399 
(benzene) 


1.101 
(benzene) 


b,c (a ) 


0.66540 


1.22265 


e 


0.89223 


0.64537 



Table 15.215. 



The MO to HO intercept geometrical bond parameters of benzene. E T is E T {atom - atom,msp\AO). 



C-F (CH) 



O'V) 



(eV) 
Bond 



(eV) 
Bond 3 



(eV) 



Final Total 

Energy 



(tV) 



(«,) 



iClsp' 



(«=V) 
Final 



(eV) 
Final 



(°) 







(°) 






rf 2 
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Table 1 5.216. The energy parameters (eV) of functional groups of aromatics and heterocyclics. 



Parameters 



C = C 

Group 



CH 
Group 



0.75 



0.5 



0.75 



0.85252 



1 



1 



0.85252 



0.91771 



-0- 



-4- 




0.5 



1 

0.75 



C,„ 



0.85252 



1 



V e (eV) 
V„ (eV) 



-101.12679 
20.69825 



-37.10024 
13.17125 



T(eV) 



34.31559 



11.58941 



V (eV) 



-17.15779 



-5.79470 



r, {m'Hii)(ev ) 



_u_ 



-14.tl.j48S' 



E T (Aoiiio)(eV) 
E T (ii,no)(eV) 







-63.27075 



-1.13379 
-13.50110 
-31.63539 



E T [atom - atom, msp 3 .AO ) (e V) 



-2.26759 



-0.56690 



E T (wo) (eV) 
co (lO 15 rod Is) 



-65.53833 
49.7272 



-32.20226 
26.4826 



E K (eV) 



32.7313 



17.43132 



E n (eV) 



-0.35806 



-0.26130 



E M (eV) 



0.19649 
[49] 



0.35532 
Eq. (13.458) 



E ,. (eV) 



-0.25982 



-0.08364 



(eV\ 



E T ^mup) (eV) 



-49.54347 



-32.28590 



-14.63489 



-14.63489 







-13.59844 



Table 15.21 

viluqs [3]. 

Fotmula 



CftHi 



Table 15.21 



Benzene 



8. 



Name 



The total 



bond energies of benzene calculated usin; 



The bone angle parameters of benzene End experimental values 



c-c 



CH 



Total 



Calculated 



Bond Energy 

M) 



g the functional group composition and the energies of Table 15.216 compared to 



7.26008 



Experimental 
Total Bond pner 
(eVl 



57.26340 



[1] 



Relative Error 



0.00006 



Et is Ej {atom - atom, 



msp AO ). 



the 



experimental 



Atoms of Angle 



2c 
Bond 1 



2c' 
Bond 2 (a (! ) 



2c' 
Terminal 
Atoms 



At am ' 



Atom 1 
Hybridizatit 
Designation 

(Table 15.3.A ) 



Atom 2 



H 



bridi 



resignation 



5.3.A) 



E T 
(eV) 






e, 
(°) 



Cal. i 




Exp. e 
C) 



zc:cc 

(iiromatic) 

ZCC'tf 
(iiromatic) 



120.19 
119.91 



120 [50-52] 

(benzene) 

[50-52] 

(benzene) 
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NAPHTHALENE 

Naphthalene has the formula C 10 // 8 and comprises a planar molecule with two aromatic rings that share a common C-C group. 
In order to be aromatic, the total number of bonding electrons must be a multiple of 3 since the number of electrons of the 
aromatic bond is (0.75)(4) = 3 as shown in the Benzene section. In the case of naphthalene, the peripheral 10 carbons form the 
aromatic MO with the center bridged by a C-C single bond. Then, 30 electrons of the 48 available form aromatic bonds, two 
electrons form the bridging C-C single bond, and 16 electrons form the eight C-H single bonds. The energies of the 
aromatic carbons are given by the same equations as those of benzene (Eqs. (15.51), (15.1-15.5), and (15.165-15.166)), except 
that there are 10 in naphthalene versus six in benzene. Since there are three electrons per aromatic bond, c 4 is three times ten, 
the number of aromatic bonds. Similarly, the aromatic C-H group of naphthalene is equivalent to that of benzene. 

To meet the equipotential condition of the union of the ten C2sp' HOs bridged by the C-C single bond, the parameters 
c,, C 2 , and C,„ of Eq. (15.51) are one for the C-C group, C,„ and C, are 0.5, and c 2 given by Eq. (15.161) is 
c, (C2sp 3 HO) = 0.85252 . Otherwise, the solutions of the C-C bond parameters are equivalent to those of the replaced C-H 
groups with E(AO/HO) = -14.63489 eV and AE HMO (AO/ HO) = -I. \3379 eV per carbon in Eq. (15.51). Similarly, the 

/ - v -1.13379 eV 
energy parameters are determined using Eqs. (1 5.61-15.65) with E T [citorn- atom, msp'.AO) = . 

The symbols of the functional groups of naphthalene are given in Table 15.219. The corresponding designation of the 
structure is shown in Figure 15.37B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of naphthalene are given in Tables 15.220, 15.221, and 
15.222, respectively. The total energy of naphthalene given in Table 15.223 was calculated as the sum over the integer multiple 
of each E D {aro, v ) of Table 15.222 corresponding to functional-group composition of the molecule. The bond angle parameters of 
naphthalene determined using Eqs. (15.88-15.117) are given in Table 15.224. The color scale, translucent view of the charge- 
density of naphthalene, comprising the concentric shells of atoms with the outer shell bridged by one or more //, -type 

ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15. 3 7 A. The polycyclic aromatic hydrocarbon 
pentacene was imaged by atomic force microscopy using a single CO molecule as the probe [53]. The resulting breakthrough in 
resolution revealed that in contrast to the fuzzy images touted by quantum theoreticians as proof of the cloud model of the 
electron, the images showed localized bonding MOs and AOs in agreement with the classical solution as shown in Figure 15.38. 

Figure 15.37. (A) Color scale, translucent view of the charge-density of naphthalene showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 

atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of 
naphthalene. 




B 
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Figure 15.38. Atomic force microscopy image of pentacene by Gross et al. [53] and the superimposed analytical classical 
solution that matches the physical structure. 




Table 1 5.21 9. The symbols of functional groups of naphthalene. 



Functional Group 



Group Symbol 



C a C a (aromatic bond) 

CH (aromatic) 

C lt -C b (bridging bond) 



C = C 

CH (i) 

c-c 



Tab 



Table 15.22:1. 



e 15.221) 



Lengl 



ISond Length 2c 

Exp. Bond 

W 



g ( g o) 



'W 



The geometrical bond parameters of naphthalene aid experimental values [1] 



The MO 



1.47348 



.39140 

1 40 (avg.) 
(naphthalene) 

).66540 



to HO intercept geometrical bond parameters of naphthalene. E T is E T (atom - atom,msp .AO) 



c=c 

Group 



CH 
Group 



1.5006 



1.3932 

1.101 

(benzen 



C-C 
Group 



1.40250 

1.42 
(naphthalene) 



O 
4^ 



(cV) 






(eV) 



-0.8503:; 
-0.8503:; 



£,. 

(eV) 

Bond 3 

-0.56690 
-0.56690 



(cV) 
Bond 4 



final Total 

Ene'gy 

C2;p 3 

_@Q 

153.88327 

153.88327 



h) 



0.91771 
0.91771 



M 

0.79597 
0.79597 



„„( C2s Pl 
(eV) 
Final 



-17.09334 
-17.09334 



4V, 

eV) 
: inal 



-16.90248 
-16.90248 



(°) 

4.42 
1 14.24 



C) 

105.58 
45.76 



k; 



38.84 
58.98 



1 .2 4678 
0.^5935 



0.21379 
0.55533 



© 





rO 




O 








O 




CD 




CD 




O 




7T 




r - 




CO 




J 






n 


TJ 


5f 


O 




6 

CD 






(fl 




-! 





(Q)=c 



C), 



c,-c h (cX 



< 

Q. 
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Table 15.222. 



The energy parameters (eV) of functional groups of naphthalene. 



ir aicuucici a 



C = C 

Group 



CH 
Group 



C-C 
Group 



U./J 

2 



C, 



0.85252 
1 



0.85252 



0.91771 



0.85252 




0.5 



1 
0.75 





0.5 



K (eV) 



■101.12679 



-37.10024 



-34.43791 



V, (eV) 



20.69825 



13.17125 



10.26723 



T(eV) 



34.31559 



11.58941 



9.80539 



V <eV\ 



E{m,!ho) (eV) 



-14.63489 
-1.13379 



-14.63489 
-1.13379 



E T (aoiiio) ieV) 



-13.50110 



-13.50110 



E (» mo\ <eV) 



E r (atom - atom.msp'.AO ) (eV) 



-2.26759 



-0.56690 



-0.56690 



E T (Mo)(eV) 



-65.53833 



-32.20226 



-32.20226 



to (l0 15 rad/.s) 



49.7272 



26.4826 



23.6343 



E K (eV) 



32.73133 



17.43132 



15.55648 



_n T<;snft 



_n ">f.\ 3n 



_n n^\nn 



0.19649 
[49] 



0.35532 
Eq. (13.458) 



0.12312 
[2] 



E „,c ( eV ) 



-0.25982 



-0.08364 



-0.18971 



W 



0.14803 



0.14803 



0.14803 



E T (cro V ) (eV) 



-49.54347 



-32.28590 



-32.39198 



E _ , Q 5 ao/ho) (eV) 







-14.0J4SV 

-13.59844 



-i4.ojtsy 




E D (a m , P )(eV) 



5.63881 



3.90454 



3.12220 



Table 15, 

vklues [3]. 



Tab 



22:3 



NaphtLali 



e 15.22:4 



The total bo ad energies of naphthalene 



The bond ar 



gle parameters of naphthalene and experimental values [1]. Et is Ej (atom - atom 



c=c 

10 



calculated 



using the fun 



ctional group 



composition and 



Group 



the energies of Table If .222 compared to the experimental 



Calculated 

. Bond Energy 

90.74658 



i(eV) 



,msp AG] 



Experimental 
1 Bend Energy (eV) 
S0.79143 



Relative Error 
0.0C049 



O 



Atoms of Angle 



2c' 
Bond 1 



2c' 
Bord2 



2c' 

Terminal 

Atoms 

(«o) 



." lulambic 

torn 1 



Ato|n 1 
zation 
riation 



Hybrid 
Di;si 



(Table 15.3 .A) 



oulom 

:om 



Ato n 2 
2 Hybrid izatilon Atom 1 



Desig 
(Table 



15.3 



AL 



Atom 2 



(eV) 



f) 



3 
C) 



Cal. 



3xp. 



c a c c c c 

(naphthalene) 



62936 



2.65034 



4.5585 



■17 



17218 



3iS 



-17 



172 



3 3 



0.79232 



79232 



0.79: 



.32 



-1.85836 



119.40 



119.4 
(naphthalene) 



© 
o 
o 

CD 



TJ 

O 

S 

CD 



:c c c a H 

(naphthalene) 



119.40 



120.30 



ZCCC 
romatic) 
^CCH 
romatic) 



2.62936 



2.62936 



4.5585 



■17 



17218 



31! 



-17 



.172 



a 



0.7923;: 



79232 



0.79: 



32 



-1.85836 



120.19 



120.19 
119.91 



123 



j\v 



[50-52] 
lenzene) 



123 



_& 



[50-52] 
ienzene) 



9 



< 

Q. 
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TOLUENE 

Toluene has the formula C 1 H i and comprises the benzene molecule with one hydrogen atom replaced by a methyl group 

3$ 

corresponding to a CH, functional group and a C-C functional group. The aromatic C=C and C-H functional groups are 
equivalent to those of benzene given in the Aromatic and Heterocyclic Compounds section. The Cffj functional group is the 
same as that of continuous and branched-chain alkanes given in the corresponding sections. 

The bond between the methyl and aromatic ring comprises a C-C functional group that is solved using the same 
principles as those used to solve the alkane functional groups wherein the 2s and 2p AOs of each C hybridize to form a single 

Isp 3 shell as an energy minimum, and the sharing of electrons between two C2sp' HOs to form a MO permits each 
participating hybridized orbital to decrease in radius and energy. To match energies within the MO that bridges methyl and 

-1 13379 eV 
aromatic carbons, E(AOIHO) and hE„^ (AOIHO) in Eq. (15.50) are -15.35946 eK(Eq. (14.155)) and — — , 

respectively. 

To meet the equipotential condition of the union of the aromatic and methyl C2sp } HOs of the C-C single bond, the 
parameters c,, C 2 , and C 2o of Eq. (15.51) are one for the C-C group, C 1o and C, are 0.5, and c 2 given by Eq. (13.430) is 
cAC2sp*HO\= 0.91771. To match the energies of the functional groups, E T (atom-atom,msp\AO} of the C-C-bond MO 

in Eq. ( 1 5 .6 1 ) due to the charge donation from the C atoms to the MO is - 1 . 1 33 79 e V which is the same energy per C2sp' HO 
as that of the replaced C-H group. 

The symbols of the functional groups of toluene are given in Table 15.225. The corresponding designation of the 
structure is shown in Figure 15.39B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of toluene are given in Tables 15.226, 15.227, and 15.228, 
respectively. The total energy of toluene given in Table 15.229 was calculated as the sum over the integer multiple of each 
E D (Grou P ) of Table 15.228 corresponding to functional-group composition of the molecule. The bond angle parameters of toluene 
determined using Eqs. (15.88-15.117) are given in Table 15.230. The color scale, translucent view of the charge-density of 
toluene comprising the concentric shells of atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined 
with one or more hydrogen MOs is shown in Figure 15.39A. 

Figure 15.39. (A) Color scale, translucent view of the charge-density of toluene showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of toluene. 




B 




l e/A 2 
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Table 15.225. The symbols of functional groups of toluene. 



Functional Group 


Group Symbol 


CC (aromatic bond) 


3e 

c=c 


CH (aromatic) 


CH(i) 


C„ -C h (CH^ to aromatic bond) 


c-c 


C// 3 group 


C-H (CH 3 ) 



Table 15.226. The geometrical bond parameters of toluene and experimental values [ 1 ] . 



-**$">) 



Parameter 



C=C 
Group 



CH(i) 
Group 



C-C 
Group 



to 



Group 



1.47348 



1.60061 



2.06004 



1.64920 



-fr 



1.31468 



1.03299 



1.43528 



1.04856 



Bond Length 
2c- (A) 



1.39140 



1.09327 



1.51904 



1.10974 



Exp. Bond Length 
(') 



1.399 
(toluene) 

0.66540 



1.11 (avg.) 
(toluene) 

1.22265 



1.524 
(toluene) 

1.47774 



1.11 (avg.) 
(toluene) 

1.27295 



fab 



C-fl (C„ff 3 ) 



e 15.227. 



The MO 

Atom 



to HO intercept geometrical bend parameters of toluene, j5Y is £> (atom 



(eV) 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bond 4 



Final 



Energy 

C'd.sp' 
(eV) 



Total 



('l 



M 



- atom,msp 

(eV) 
Final 



40). 

(eV) 
Final 



(°) 



»2 
C) 



4 
(<%) 






C-.H 



(<V) 






fi,)C„=C 
C„-C„H, 



0.85035 



-0.8503 5 



-0.56690 



153.S8327 



0.9 



77 1 



0.79597 



-17.09334 



6.90248 



134.24 



45.76 



58.98 



0.75935 



'5.55533 



©2010 BlackLight Power, Inc. All rights reserved. 



910 



Chapter 15 



Table 15.228. 



The energy parameters (eV) of functional groups of toluene. 







3c 

c=c 


CH (i) 


C-C 


CH 3 








Group 


Group 


Group 


Group 






/ 


0.75 


1 










«1 


2 


1 


1 


3 






»2 











2 






« 3 


















c, 


0.5 


0.75 


0.5 


0.75 






c, 


0.85252 




1 


1 






c l 


1 




1 


1 






C 2 


0.85252 


0.91771 


0.91771 


0.91771 






c. 

















C 4 


3 




2 


1 






C 5 










3 






c l0 


0.5 


0.75 


0.5 


0.75 






Q„ 


0.85252 


1 


1 


1 






^ (eH 


-101.12679 


-37.10024 


-29.95792 


-107.32728 






K_ (eV) 


90 6989 s ; 


n 17125 


9 47957 


38 97778 




















T(eV) 


34.31559 


11.58941 


7.27120 


32.53914 






V m (eV) 


-17.15779 


-5.79470 


-3.63560 


-16.26957 






E(aoiho) (eV) 





-14.63489 


-15.35946 


-15.56407 






^H,M(A A0IH °) ( eV ) 





-1.13379 


-0.56690 









E T (aoiho) (eV) 





-13.50110 


-14.79257 


-15.56407 






E t (h 2 mo) (eV) 


-63.27075 


-31.63539 


-31.63537 


-67.69451 






E T (atom- atom, msp'.AO) (e.V) 


-? ?6759 


-0 56690 


-1 13379 























F (\m\ (pV\ 


65 53033 


"51 IflTlfi 


31 7^016 


67 6<M50 




















a nu raais) 


49.7272 


26.4826 


16.2731 


24.9286 






E K (eV) 


32.73133 


17.43132 


10.71127 


16.40846 




















E D (eV) 


-0.35806 


-0.26130 


-0.21217 


-0.25352 






E Kvib (eV) 


0.19649 
[49] 


0.35532 
Eq. (13.458) 


0.14940 
[54] 


0.35532 

(Eq. 
(13.458)) 






E„,r (eV) 


-0.25982 


-0.08364 


-0.13747 


-0.22757 






E (eV) 


0.14803 


0.14803 


0.14803 


0.14803 




















E T {crm v ) (eV) 


-49.54347 


-32.28590 


-32.90663 


-67.92207 






E, nkild (c, mi ho) (eV) 


-14.63489 


-14.63489 


-14.63489 


-14.63489 






E, M .,,Ac. aoiho) (eV) 





_n. 59844 





-H. 59844 




















E D ia-om) (eV) 


5 63881 


3 90454 


3 63685 


1749186 





Table 15.22 

values [3] 



9. 



The total 



bond energies of toluene calculated using the functional g'oup composition and the energies of Table 15.228 



compared to the experimental 



CH([) 



c-c 

Group 



Calculated 
Total Bont Ene 



■BY (eV) 



Experimental 
Totiil Bond Energy 



eV) 



Relative Enor 



fab 



e 15.23 



The bone, angle parameters of toluene and experimental values 1 1]. 



Et is Et (atom - atomjnsp 



.AG). 



Atoms of Angle 



2c' 

$ondl 

(«„) 



( >„) 



2c' 

Terminal 

Atoms 

K) 



Hybrif 
Desif 

(Table 



Designation 



£,.„,„„„„. 
Atom 2 



Atom 2 
hybridization 
Designation 

([Table 15. 3 .A) 



(eV) 



f) 



Cal. e 





I Exp. 

(°) 



zeec 

aromatic) 



38 



38 



12) [50 



■52] 



(b enzene) 



ZCCH 
aromatic) 



12) [50 



52] 



(l enzene) 
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HALOBENZENES 

Halobenzenes have the formula C 6 H 6 _ m X m X = F,Cl,Br,I and comprise the benzene molecule with at least one hydrogen 

3c 

atom replaced by a halogen atom corresponding to a C — X functional group. The aromatic C = C and C-H functional groups 
are equivalent to those of benzene given in the Aromatic and Heterocyclic Compounds section. The hybridization factors of the 
aryl C — X functional groups are equivalent to those of the corresponding alkyl halides as given in Tables 15.30, 15.36, 15.42, 
and 15.48, and are solved using the same principles as those used to solve the alkyl halide functional groups as given in the 
corresponding sections. In each case, the 2s and 2p AOs of each C hybridize to form a single Isp 3 shell as an energy 
minimum, and the sharing of electrons between the C2s/; 3 HO and X AO to form a MO permits each participating hybridized 
orbital to decrease in radius and energy. Therefore, the MO is energy matched to the C2sp' HO such that E[AOI HO) in Eq. 

(15.51) is -14.63489 eV . E T ( atom- atom, msp i .AO\ of each C—X functional group given in Table 15.234 that achieves 
matching of the energies of the AOs and HOs within the functional groups of the MOs are those of alkanes and alkenes given in 
Tables 15.1 and 15.2. To further match energies within each MO that bridges the halogen AO and aromatic carbon C2sp 3 HO, 
AE HMO (AO/ HO) in Eq. (15.51) is E T [atom-atom,msp y .AO) ofthealkene C = C functional group, -2.26759 eV given by 
Eq. (14.247), plus the maximum possible contribution of E T \atom - atom,msp' .AO) of the C — X functional group to minimize 

the energy of the MO as given in Table 15.234. E. mltM (c 4 AOIHO) is -14.63489 eV (Eq. (15.25)), except for C-I due to the 
low ionization potential of the / AO. In order to achieve an energy minimum with energy matching within iodo-aryl molecules, 
E mithi{ c A AO I HO) of the C-I functional group is -15.76868 eV (Eq. (14.246)), and E T (atom-atom,msp'.AO) is 

-1.65376 eV given by the linear combination of -0.72457 eV (Eq. (14.151)) and -0.92918 eV (Eq. (14.513)), respectively. 

The small differences between energies of ortho, meta, and para-dichlorobenzene is due to differences in the energies of 
vibration in the transition state that contribute to E osc . Two types of C-Cl functional groups can be identified based on 

symmetry that determine the parameter R in Eq. (15.57). One corresponds to the special case of 1,3,5 substitution and the other 
corresponds to other cases of single or multiple substitutions of CI for H . P-dichlorobenzene is representative of the bonding 
with R = a. 1,2,3-trichlorobenzene is the particular case wherein R = b . Also, beyond the binding of three chlorides E is 

subtracted for each additional CI due to the formation of an unpaired electrons on each C-CI bond. 

The symbols of the functional groups of halobenzenes are given in Table 15.231. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of 
halobenzenes are given in Tables 15.232, 15.233, and 15.234, respectively. The total energy of each halobenzene given in Table 
15.235 was calculated as the sum over the integer multiple of each E D {or 0up ) of Table 15.234 corresponding to functional-group 

composition of the molecule. For each set of unpaired electrons created by bond breakage, the C2sp' HO magnetic energy E 

that is subtracted from the weighted sum of the E D [aroap) (eV) values based on composition is given by Eq. (15.67). The bond 

angle parameters of halobenzenes determined using Eqs. (15.88-15.1 17) are given in Table 15.236. The color scale, translucent 
view of the charge-density of chlorobenzene comprising the concentric shells of atoms with the outer shell bridged by one or 
more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.40. 

Figure 1 5.40. Color scale, translucent view of the charge-density of chlorobenzene showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Table 15.231. The symbols of functional groups of halobenzenes. 



Functional Group Group Symbol 



CC (aromatic bond) 


3e 

c=c 


CH (aromatic) 


CH(i) 


F-C (F to aromatic bond) 


C-F 



Cl-C (CI to aromatic bond) C-Cl (a) 

Cl-C (CI to aromatic bond of 1,3,5- „ „, ,,.. 

trichlorobenzene) 

Br-C (Br to aromatic bond) C-Br 

I - C (I to aromatic bond) C — I 



Table 15.232. 



Exp. Bond 
Lenj^h 



b,c ( 



<•( 



.til 



ralile 15.233 

Bone 



Grou p 



1.40) 

(chlorobeiizene) 



.31458 



The geometrical bond parameters of halobenzenes 



The MO to 



(iV) 
Bend 1 



1.083 
(c hlorobenzene) 



HO intercept geometricil bond parameters of halofcemienes. ErisEriatom - atot.n.msp .AC). 



CH (i) 
Group 



1.60061 



1.03299 
1.09327 



(eV) 
Bondt 



1.26494 



1.3: 



6 [55] 



(fluorobenzone) 



(eV) 
Bond 3 



(eV) 
Bond 4 



and experimental values [1] 



1.737 
(c hlorobenzene) 



Energy 
Clip" 
(eV) 



■J -CI (a) 
Group 



1 .64782 



('.) 



:/(b|) 

Gioup 



1 .6 4-782 



737 



(chloro ^enzt ne) 



(«%) 



J V„,„, (C2.sp J ) E'C2xp') 



1.8674 [56] 
omobenzene) 



(eV) 
Final 



C-Br 
Group 



2.30810 



1.76512 
1.86812 



(eV) 
Final 



2.0? 
(iodob 



[57] 
;nzer 



501 



C-H (C„H) 
C = tlC t =C 
C„ - F 



C.-F 



-0.115035 
-0.115035 

-1.(13149 
-1.(13145 



-0.850: 
-0.850. 







-0.56690 
-0.56690 







153.88327 
153.88327 



0.91 771 
0.91771 

0.91771 
0.7i:069 



0.79597 
0.79597 

0.77491 
0.85802 



-17.09334 
-17.09334 

-17.55793 
-15.85724 



6.90248 
6.90248 



74.4: 

34.2)1 

06.5g 
12.3 



105.51! 
45.76 

73.42 
67.65 



38.84 
58.98 

49.28 
54.08 



1.24678 
0.75935 

1.04378 
0.93865 



0.2137') 
0.55533 

0.22116 
0.32629 



C„-C7 

i 

c-a 



-o.: 



6225 
6225 



-0.850: 




-0.85035 




0.91 771 
1.05158 



0.80561 
0.89582 



-16.88873 
15.18804 



106.61! 
97.08 



31.67 

37.22 



1.87911 

1.75824 



0.23129 



c; =i 



CT\C=C. 



(C, bound to CI) 



-0.850: 



-0.85035 



0.91 771 



0.80561 



-16.88873 



45.35 



59.47 



0.74854 



-0. 



8114 











1.15169 



0.90664 



-15.00689 



85.7: 



94.27 



37.44 



1.83258 



-0.II268S 

-0.11268* 



-0.850. 




-0.85035 




0.91 771 
1.30183 



0.78405 
0.86923 



-17.35332 
-15.65263 



71.4: 
80.65 



108.511 
99.31 



28.33 
33.21 



2.20480 
2.09565 



1.14064 



lab 



Parameters 



le 15.2:14. 



The energy parameters (elO of functional groups of hulobenzenes. 



c=c 

Group 



CK (i) 
Group 



Group 



C-Cl (a) 
Group 



C-Cl 



Group 



(b) 



Br 
Group 



C-l 

Group 



0.75 



0.5 



(1.5 



0.5 



0.5 



0.5 



0.5 



0.85252 
1 



0.81317 



0.813(7 
1 



C.74081 



C .65537 



0.85252 



0.9 



771 



0.77087 



0.5 



75 



0.5 



0.5 



0.5 



0.5 



-2„ 



V) 



0.85252 
-101.12679 



-37.1 



0024 



0.5 
■35. 58388 



0.81317 
-31.85648 



0.813.7 
-31.85648 



C.74081 



-3 



1.06 



557 



C. 65537 
29.13543 



v , (fV) 



20.69825 



13.1712; 



io: 



5610 



8.25686 



8.256156 



7.708 



16 



( .95946 



TJe_ 



V) 



34.31559 
-17.15779 



_1_L5894 

-5.73470 



11. 



1948 



5.5 5974 



7.21391 
-3.60695 



7.21391 
-3.60695 



( .72969 
-3.36^84 



5 78 
1.90789 



E(ao 
~\E, 



ho) (eV) 
m (mino) (eV\) 



-14^63489 
-1.13379 



14. 63489 

6759 



-14.63489 
-2.99216 



-14.63^ -89 
-2.99216 



■■99: 
4.63 



116 
489 



-2.26759 
14.63489 



m) (eV) 
i^uo) (eV) 
atom — atom, 



iO) (eV) 




-63.27075 
-2.26759 



-13.50110 

-31.63539 
-0.5 569C 



12.36730 



-31 



3535 



-2.06297 



-1 1 .64273 
-31.63539 

-0.72457 



-n.64: 



73 



-31.63539 
-0.72457 



1.64 
1.63 

436; 



273 
530 
29 



2.36730 
1.63538 

.65376 



,9 (l 



o) (eV) 
15 radls) 
sV) 



-65.53833 

49.7272 
32.73133 



-32. 



0226 



26.4826 
17.43132 



33.' 59834 

14.4431 



9.50672 



-32.35994 
8.03459 
5.28851 



-32.35994 
14.7956 
9.738'?0 



1.99 

.175 



766 

33 



A .72293 



33.28912 

2.0764 

7.94889 



E n ( 



eV) 



-0.35806 



-0.25130 



0555 



-0.14722 



-0.199 



78 



■0.13' 



57 



-0.18568 



(eV) 



0.19649 
[49] 



0.35532 



Eg. (1. 



3.45 B) 



0.10911 
[ 11] 



0.08059 
[12] 



0.08059 
[12] 



q.083 

mi 



32 



0,06608 
[16] 



jeV) 

(eV) 



-0.25982 
0.14803 



-0.03364 
0.14803 



-0.1 



5100 



0.14803 



-0.10693 
0.14803 



-0.15949 
0.14803 



■0.09591 
.14803 



-0.15264 
C. 14803 



(eV) 



-49.54347 



-32. 



,8590 



33. 54934 



-32.46687 



-32.51943 



2.09 



357 



3.44176 



ft 4 aw ho) {eV) 



-14.63489 



14.63489 



14.63489 



-14.63489 



-14.63-: 89 



4.63 



489 



5.76868 



£(„„„ 



[csAoiho) (eVj 




5.63881 



-13.59844 
3.90454 




4.57956 




3.19709 




3.249*5 





.823 



79 




190439 



Table 15.2:15. 



experimental \ 



alues [3]. The magnetic energy E mag thai is subtracted 



The total bond energies of halobenzenes calculated using the functional group composition and the energies of Table 15 



C.I (i) 



C-F 
Grcup 



CI 
Jroub 



from the weighted sum of Ihe E D (Group) ( 



(a) 



'-CV(bj) 
G 'oup 



C- Br 
Group 



eJ 7 ) values based 



c-/ 

Group 



on compcsitian is given b> 



Calculated 
Total Bond Energy 



34 compared 



xpen 
(eV) Total rfond 



to the 

(15.58). 

mental 

Energy (eV) 



Relative 
Error 



OS 



C«,H,I 

HjH. 

C 6 H, 

CeH : 

CtHjCpl 

C 6 C1, 

C 6 H : 

CtHjl 

Liqui d. 



,01 



,C1 3 



Br 



Fluorobenzene 
ChloroDenzene 



1,2,3-1 

1 ,3,5-ttfichlo 



> ;nzene 
•obenzene 
■obenzene 



Hexacl lorot enzene 
Bromonenzene 



57.93: 
56.55: 
55.84: 
55.13' 

55.293,42 
52.57 

56.179;: 

55. 



587 
581 

552 
377 
255 
.177 
91» 
261 



-0.0)083 
0.0(1051 
0.00012 
-0.0)111 
-0.0)073 
-0.0)179 
0.00376 
0.00001 



able 15.236. 

Atoms of Angle 



The boni angle parameters of halobenzenes and experimental v 



alues [1]. E T 



is Et (atom - 



atom.msp .AG) 



2c' 
Bond 1 



2c' 

Bond 2 

K) 



ZCCC 
[aromatic) 



ZCCH 

ZCCX 

(aromatic) 



62936 2.62)36 



2c' 
Terminal 
Atoms 

K) 



4.5585 



7.17218 



Aton) 1 
Hybridi: 
Designation 

( Table 13.3.AI) 



£c,„,„,„ t ,< 

Atom 2 



Atom 2 
Hybridization 
Designation 

(Table 15.3.A) 



-17.17218 



79232 



0.79232 



0.79232 



1.85836 



0, 
C) 



(°) 



(°) 



\.e 



120.19 



Exp 
(' 



120 



(ZCC 
chlorobcn 
121 

(ZCC(C1)C 
chloro benzene) 



H)C 

zene) 

7 



120 
(be 

120 
(be 



[50 



[50 



© 





ho 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




"J 






r> 


TJ 


;v 


O 




6 

CD 






<ti 




-s 





< 
CD 

Q. 
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PHENOL 

Phenol has the formula C 6 H 6 and comprises the benzene molecule with one hydrogen atom replaced by a hydroxyl 

:-c 
corresponding to an OH functional group and a C-O functional group. The aromatic C = C and C-H functional groups are 

equivalent to those of benzene given in the Aromatic and Heterocyclic Compounds section. The OH functional group is the 
same as that of alcohols given in the corresponding section. 

The bond between the hydroxyl and aromatic ring comprises a C-0 functional group that is solved using the same 
principles as those used to solve the alcohol functional groups wherein the 2.v and 2p AOs of each C hybridize to form a 

single 2sp' shell as an energy minimum, and the sharing of electrons between the C2sp' HO and O AO to form a MO permits 
each participating hybridized orbital to decrease in radius and energy. In aryl alcohols, the aromatic C2sp* HO has a 
hybridization factor of 0.85252 (Eq. (15.162)) with an initial energy of E(C,2sp 3 ) = -14.63489 eV (Eq. (15.25)) and the O 
AO has an energy of E(0) = -13.61 806 eV . To meet the equipotential condition of the union of the C-O //,-type- 
ellipsoidal-MO with these orbitals, the hybridization factor c 2 of Eq. (15.61) for the C-0 -bond MO given by Eqs. (15.77) and 
(15.79) is 

cAatylC2sp'HO to o)= , ' ' ,, c, (arylC2sp 3 HO) = ~ 13 - 61806 eV (0.85252) = 0.79329 (15.169) 

n ; E(c,2sp') V ; -14.63489 eV y ' 

E T (atom- atom, msp'.AO) of the C-O-bond MO in Eq. (15.61) due to the charge donation from the C and O atoms 

to the MO is -1.49608 eV . It is based on the energy match between the OH group and the C2sp 3 HO of an aryl group and is 
given by the linear combination of -0.92918 eV (Eq. (14.513)) and -1.13379 eV (Eq. (14.247)), respectively. 

The symbols of the functional groups of phenol are given in Table 15.237. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of 
phenol are given in Tables 15.238, 15.239, and 15.240, respectively. The total energy of phenol given in Table 15.241 was 
calculated as the sum over the integer multiple of each E D (g™ p ) of Table 15.240 corresponding to functional-group composition 
of the molecule. The bond angle parameters of phenol determined using Eqs. (15.88-15.117) are given in Table 15.242. The 
color scale, translucent view of the charge-density of phenol comprising the concentric shells of atoms with the outer shell 
bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.41. 

Figure 15.41. Color scale, translucent view of the charge-density of phenol showing the orbitals of the atoms at their radii, 
the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 15.237. The symbols of functional groups of phenol. 



Functional Group 


Group Symbol 


CC (aromatic bond) 

CH (aromatic) 
Aryl C-0 
OH group 


C = C 
CH (i) 

C-0 (a) 
Oil 



Table 15.238. 



Exp. 



Tubl 



a k) 



Bend 

Ler gth 
2c' 



Bond 



Ler gth 
b t c [a ) 



e 15.239 



1.39140 



.397 avg. 
(phenol) 

0.66540 



The geometrical bond parameters of phenol and experimental values [1]. 



c=c 

Group 



1.47348 



0.89223 



The MO lo EO intercept geometrical bond parameters of phenol 



CH (i) 
Group 



1.6(061 



1.09327 



l.C 



(phenol) 

1.22265 



0.64537 



'84 



C-0 (a] 
Group 



1.6S220 



1.3 



!.:■ 



(phonol) 



1.0 



0.77101 



'268 



64 



126 



E T is E T (atom 



OH 
Group 



1.26430 



0.971651 



0.956 
(phenol) 

0.86925 



0.72615 



atom.msp .AO) 



00 



© 





w 




o 








o 




CD 




0) 




O 




7T 




r - 




CO 




3- 






n 


TJ 


IV 


O 




6 

CD 






<tl 




-! 





(eV) 
Bond 



•-H 



C.O-H 



o 



(eV) 
Bond 



-0.850. 




(eV) 
Bond 3 



-0.56690 




E, 
eV) 



Energy C 

(eV) 



(«„ 



0.91' 
1.00( 



0.79597 
0.87363 



(eV) 

Final 

-17.09334 

-15.57379 



E(C2.vp J ) 

(eV) 

Final 

16.90248 



74.42 
115.79 



105.58 

64.21 



&2 


38.84 
64.82 



M 

1.24678 
0.53799 



(«, 

0.21379 
0.38009 



C,= 



C-OH 



-0.8503 



-0.85035 



0.78762 



-17.27448 



ICO.OO 



00 



46.39 



1.16026 



0.13674 



Q = 



" 







0.87363 



15.57379 



C6.51 



51.43 



1.04871 



0.24ii29 






k; I c;o« 



c„ 



-0.850: 
-0.850: 



-0.85035 
-0.56690 



0.91' 
0.91' 



0.78762 
0.79597 



-17.27448 
-17.09334 



17.08362 
-16.90248 



133.88 

134.24 



58.55 
58.98 



0.76870 
0.75935 



0.54598 
0.55533 



< 
CD 
Q. 
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Table 15.240. The energy parameters (eV) of functional groups of phenol. 



Parameters 



C=C 
Group 



Group 



C-U (a) 
— Group — 



Group 



0.75 



0.5 



0.75 



0.5 



0.75 



a 



0.85252 



i 



()7S 



0.85252 



0.91771 



0.79329 



a 







1 







0.5 



0.75 



0.5 



0.75 



c 



0.85252 



1 



1 



1 



V e (eV) 



-101.12679 



-37.10024 



-34.04658 



-40.92709 



V (eV\ 

■?•--■' 

T(eV) 

V (eV) 



20.69825 
34.31559 
-17.15779 



13.17125 
11.58941 
-5.79470 



in ,49024 
10.11966 
-5.05983 



J4 Q1QOO 

16.18567 
-8.09284 



c (aoiho) (ev ) 



U 



-J4.0J4Sy 



-14.0J4KV 



-U.01S1 



AE H,Mo( AO > HO )( eV ) 



-1.13379 



-1.49608 



E T {aoiho) (eV) 







-13.50110 



-13.13881 



-13.6181 



E T (h. 2 mo) (eV) 



-63,27075 



-31.63539 



-31.63532 



-31.63247 



E T [atom - atom, rnsp 3 .AO)(eV) 



-2.26759 



-0.56690 



-1.49608 



-e- 



E T (mo) (eV ) 
co (lO 15 rod Is) 
E r (eV) 



49.7272 
32.73133 



-JZ.ZUZZO 

26.4826 
17.43132 



-JJ.1J14D 

13.3984 
8.81907 



-5 1.053$ I 

44.1776 
29.07844 



E D (eV) 



-0.35806 



-0.26130 



-0.19465 



-0.33749 



(eV) 



0.19649 
[491 



0.35532 
Eq. (13.458) 



0.12808 
[191 



0.46311 

[17-18] 



E (eV) 

osc v J 



-0.25982 



-0.08364 



-0.13061 



-0.10594 



E (eV) 

mag v ' 



0.14803 



0.14803 



0.14803 



0.11441 



— J v / v- ' / 



-4Q ^4^47 



-32 28590 



-33 26206 



-31 74130 



; (t 4 M)IHo)(eV) 



-1463489 



1463489 



-1463489 



-136181 



; (c, aoiho) (eV) 



-0- 



■ 13.598 4 4 



-0- 



- 13.5984 4 



initial ' 

E D (poup)(eV) 



5.63881 



3.90454 



3.99228 



4.41035 



Tat 

values 



le 15. 

[3] 



241 



The total bend energies of phenol calculated using the functional group composition and the energies of 



CH ( 



Grou p 



(a) 



OH 
Group 



Cal 
Total Bond 



:ulatcd 

Energy (eV) 



Table 15.240 compared to the 



Experimental 
1 Bond Energy ^eV) 



experimental 



Relative En or 



to 

o 



Q,H,,0 



fabl 



e 15 

Atoms of Angle 



242 



The bond an 



gle parameters of phenol ard experiment*! values [1] 



E T is E T {atom 



2c' 
Bond 1 



2c' 
Bond 



2c' 
Terminal 
Atoms 



Hybridizat on 



Atom 1 

'bridiza 

Designati 

(Table 15.3 



Atom 2 



Atcm 2 
Hybridization Atom 
Designation 



able 



15. 3 .A) 



-atom,msp 

~c, \ c7~ 



AG). 



:V) 



C) 



Ex J. 



ZCCC 
aromatic) 



38 



8 0.79' 



12C.19 



120 [50-52J 
(ber zene^ 



ZCCH 
aromatic) 

ZCOH 



0.91771 0.75 



115.91 
105.84 



120 [50-5: 
(berzene 



© 



(Ph 



■nol) 





w 




o 








o 




CD 




CD 




O 




7T 




r - 




CO 




J 






r> 


TJ 


IV 


O 




6 

CD 






<tl 




-! 





< 
CD 

Q. 
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ANILINE 

Aniline and methyl aniline have the formula C 6 H 7 N and C 7 H 9 N , respectively, They comprise the benzene and toluene 

molecules with one hydrogen atom replaced by an amino group corresponding to an NH 2 functional group and a C — N— 

3e 

functional group. The aromatic C = C and C-H functional groups are equivalent to those of benzene given in the Aromatic 
and Heterocyclic Compounds section. The C-C and CH 3 functional groups of methyl anilines are equivalent to those of 



toluene given in the corresponding section. 



The aryl amino ( NH 2 ) functional group was solved using the procedure given in the Dihydrogen Nitride ( NH 2 ) section. 
Using the results of Eqs. (13.245-13.368), the aryl amino parameters in Eq. (15.60) are n x =2, C l = 0.75 , C 2 = 0.93613 (Eqs. 
(13.248-13.249)), C 1o =1.5, and q =0.75. In the determination of the hybridization factor c 2 of Eq. (15.61) for the N-H - 
bond MO of aryl amines, the C2sp 3 HP of the C - NH 2 -bond MO has an energy of E ( C, 2sp 3 ) = - 1 5 .76868 e V (Eq. (15.18)) 
corresponding to s-2 in Eqs. (15.18-15.20), and the TV AO has an energy of E(N) = -14.53414 eV . To meet the 
equipotential condition of the union of the N-H H 2 -type-ellipsoidal-MO with the C2sp 3 HO, the hybridization factor c 2 
given by tq. (15.77) is 

E(N) - | 4 534 1 4 pV 

c 2 (H to aniline N)= , v '. = : = 0.92171 (15.170) 

n ; E(c,2sp 3 ) -15.76868 eV 

The bond between the amino and aromatic ring comprises & C-N functional group that is the same as that of 2° amines 
(methylene) except that the energies corresponding to oscillation in the transition state are those of aniline. The group is solved 
using the same principles as those used to solve the primary and secondary-amine functional groups wherein the 2s and 2p 

AOs of each C hybridize to form a single 2sp 3 shell as an energy minimum, and the sharing of electrons between the C2sp 3 
HO and N AO to form a MO permits each participating hybridized orbital to decrease in radius and energy. The hybridization 
is determined in a similar manner to that of the C — O group of phenol. In anilines, the aromatic Clsp 3 HO has a hybridization 
factor of 0.85252 (Eq. (15.162)) with an initial energy of £(C,2,sp 3 ) = -14.63489 eV (Eq. (15.25)) and the AT AO has an 
energy of E(N) = -14.53414 eV . To meet the equipotential condition of the union of the C-N H 2 -type-ellipsoidal-MO with 
these orbital s, the h ybridization f actor c 2 of Eq. (1 5.60) fo r th e C- N -bond M O given by Eqs. (1 5. 77) and (1 5.7 9) i s 



, (arylC2sp 3 HO to N) = — I ' - c 2 (arylC2sp 3 HO) 



E(c,2sp 3 ) 
-14.53414 eV 



(0.85252) ( 1 5. 171) 



-14.63489 eV 



= 0.84665 
E T (atom - atom,msp 3 .AOj of the C-iV-bond MO in Eq. (15.61) due to the charge donation from the C and N atoms to the 

MO is -1.13379 eV (Eq. (14.247)). It is based on the energy match between the NH 2 group and the C2sp 3 HO of the aryl 

group and is twice that of the aryl C-H group that it replaces. 

The symbols of the functional groups of aniline and methyl-substituted anilines are given in Table 15.243. The 
geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and 
(15.165-15.166)) parameters of aniline and methyl-substituted anilines are given in Tables 15.244, 15.245, and 15.246, 
respectively. The total e nergy of each aniline and methyl-substitut e d aniline given in Tabl e 15.247 was calculated as the sum 
over the integer multiple of each E D (a - oup) of Table 1 5.2 4 6 corresponding to functional - group composition of the molecule. The 

bond angle parameters of aniline and methyl-substituted anilines determined using Eqs. (15.88-15.117) are given in Table 
15.248. The color scale, translucent view of the charge-density of aniline comprising the concentric shells of atoms with the 
outer shell bridged by one or more 7/ 2 -type ellipsoidal MPs or joined with one or more hydrogen MPs is shown in Figure 
15.42. 
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Figure 15.42. Color scale, translucent view of the charge-density of aniline showing the orbitals of the atoms at their radii, 
the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 1 5.243. The symbols of functional groups of aniline and methyl-substituted anilines. 



Functional Group 


Group Symbol 


CC (aromatic bond) 




3d 1 

C = C 


CH (aromatic) 




CH (i) 


Aryl C-N 




C-N (a) 


NH group 




NH, 


C a -C„ (CH; to aromatic 


bond) 


C-C (a) 


CH, group 




C-H (C/f 3 ) 



Table 15.244 



The geomelrical bond 



parameters of ariline and methyl-substituted anilines and experimental 



values [1] 



Groip 



C1(i) 
Group 



(a) 



Gro j.p 



NH, 
Group 



C-C (a) 
Group 



C-H (c/f,) 

Group 



a ( a o) 



•M 



Bonii Length 2c' (A 



E?.p. Bond Length 



397 
iphei 



1) 



1.084 

(phenol; 



1.4::l 
(aniline) 



0.998 
(aniline) 



1.524 
(toluene) 



1.11 (avg.) 
(toluene) 



b.c ( a ) 



1.89223 



0.(4537 



0.69673 



0.63580 



Table 15.245 



The MO 



to HO intercept geometrical bond parameters of aniline and methyl 



substituted anilines. Et is Et {atom - atom.msp .AO). 



(:V) 
Bond l 



(eV) 
Bondi 



(eV) 
Bond 3 



(eV) 
Bond 4 



Fina Total 
Energy 
Clsp' 
("V) 



(<%) 



E a,i„i,\ c2s P 
(eV) 



4(C'2s/)' 
(eV) 



0' 




« 



4 



d 2 



C-H (C,H) 
C-H (C„H S ) 

C,,= C a NH-H 



-0.85035 
-0.5669C 



-0.8502 




-0.56690 




88328 
18259 



0.91771 
0.91771 



0.79597 
0.88392 



-17.09334 
-15.39265 



-16.90248 
-15.20178 



74.42 
79.89 



105. 
101. 



38.84 
43.13 



.24678 
.20367 



0.21379 
0.155 LI 

0.46500 



C-NH, 



0.0211) 



C,,-- C a -NH 2 



■0.;i669C 



0.9 



.084 



0.88392 



-15.39265 



96.32 



83.1 



46.43 



.24859 



0.09756 



C h -CH, 



C h -C„H, 






H 2 N)C„~=C 

H 3 C„)C,=C 
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Table 1 5.246. The energy parameters (eV) of functional groups of aniline and methyl-substituted anilines. 



Parameters 



C = C 



CH (i) 



C - N (a) 



NH, 



C-C (a) 



CH 



Group 



Group 



Group 



Group 



Group 



Group 



0.5 



0.75 



0.5 



0.75 



0.5 



0.75 



0.85252 



0.93613 



1 

0.85252 



1 
0.91771 



1 
0.84665 



0.75 
0.92171 



1 
0.91771 



0.91771 







1 















~TX5~ 



TT75- 



~U5~ 



~H5~ 



TT5~ 



-Cr, 



0.85252 



-1- 



-1- 



-i- 



-i- 



nr75~ 

—i— 



K ( eV ) 



-101.12679 



-37.10024 



-32.76465 



-78.97795 



-29.95792 



-107.32728 



z.u.vyoz.j 



IU.IUO /VJ 



lO nfnl c 



y.H lyjz. 



jo.yz / z.a 



T(eV) 



34.31559 



11.58941 



9.04312 



31.73641 



7.27120 



32.53914 



v „ (eV) 



-17.15779 



-5.79470 



-4.52156 



-15.86820 



-3.63560 



-16.26957 



E [ac 



>) (eV) 
(aoiiio) (eV) 



-14.63489 
-1.13379 



-14.63489 
-1.13379 



-14.53414 




-15.35946 
-0.56690 



-15.56407 




E T (ao/jio) (eV) 



-i3.501 iO 



-13.50110 



-14.53414 



-14.79257 



-15.56407 



E(n,AOIHo) (eV) 

E T (11,110) (eV) — 





- 63.27075 




- 31.63539 




- 31.635 4 9 



-14.53414 
-4 8.7365 4 





- 31.63537 




- 67.69 4 51 



E T (atom — atom,msp^ .AOj (eV) 



-2.26759 



-0.56690 



-1.13379 



-1.13379 



E t (mo) (eV) 



-65.53833 



-32.20226 



32.76916 



-48.73660 



-32.76916 



-67.69450 



(lO 15 rod Is 



4 9.7272 



26. 4 826 



11.9890 



68.9812 



16.2731 



2 4 .928 



E K (eV) 



32.73133 



17. 4 3132 



7.89138 



4 5. 4 4 65 



10.71127 



16. 4 08 4 6 



E„ (eV) 



-0.35806 



-0.26130 



-0.18211 



-0.42172 



-0.21217 



-0.25352 



(eV) 



0.19649 
T491 



0.35532 
Eq. (13.458) 



0.15498 
T581 



0.40929 
T221 



0.14940 
T541 



0.35532 
(Eq. 



(13.458)) 



E 0!C {eV) 



-0.25982 



-0.08364 



- .10 46 2 



-0.21708 



-0.13747 



-0.22757 



(eV) 



0.14803 



0.14803 



0.14803 



0.14803 



0.14803 



0.14803 



E T (<sroup) (eV) 
E,..,.,.,(c,aojho) (eV\ 



-49.54347 
-14,63489 



-32.28590 
-14,63489 



-32.87379 
-14,63489 



-49.17075 
-14,53414 



-32.90663 
-14,63489 



-67.92207 
-14,63489 



(c^ao/ho) {eV) 







-13.59844 







-13.59844 







-13.59844 



E D (tiroup) (eV) 



5.63881 



i. 90454 



1.60401 



7.43973 



3.63685 



12.49186 



Tab 



le 15. 

ccimpared to thtk 



.247 



ex i 



The total 
perimental 



bond energie| 
values [3]. 



of 



aniline and methyl-substituted anilines calculated v.sing the functional group CDmposition arid the energies of 



'-.V(a) 
Group 



NH 2 
Group 



C-C'(a) 
Group 



Calculated 

Total Bond Energy 

(eV) 



Experimental 
Total Bond l Energy (eV) 



Table 15.246 



Relative Error 



Tiibl 



Si 



Aniline 
2-meth; 
3-methylanil 
4-meth' 



lanil 
lanil 
vlanil 



64.43373 
76.62345 
76.62345 
76.62345 



64.374 
76.643 
76.661 
76.654 



e 15.248 



The bond 



angle parameters of aniline and methyl-substituted anilines and experimental values 1 1]. Ej is Et (atom - atcm.insp AG) 



.00093 

.ooo;:5 

00050 
00040 



ns of Angle 



«.) 



2c' 
Bond 



2c' 
Terminal 
Atoms 



Atom 
Hybridiz; 
Designai 

(Table 15 



3-A) 



Er„„„ t „ 
Atom 2 



Atom 2 
Hybridization 
Designation 

(Table 15.3.A) 



E,. 
(eV) 



f) 



Cal. 
(°) 



Exp, 





zccc 

itromatic) 

ZCCH 

( iromatic) 



38 



38 



0.79232 0.79232 



3 [50-52] 
■enzene) 
3 [50-52] 
enzene) 



ZHNH 



)36i:i 

Eq. 

.248 

S4665 

Eq. 

.171 



1 



0.86284 
(Eq. 
■) I (15.73)) 



113.3 
(aniline) 
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ARYL NITRO COMPOUNDS 

Aryl nitro compounds have a hydrogen of an aryl group replaced by a nitro corresponding to an N0 2 functional group and a 
C-N functional group. Examples include nitrobenzene, nitrophenol, and nitroaniline with formulas C 6 H 5 N0 2 , C 6 H 5 NO, , and 

C 6 H 6 N 2 2 , respectively. The aromatic C=C and C-H functional groups are equivalent to those of benzene given in the 
Aromatic and Heterocyclic Compounds section. The OH and C-O functional groups of nitrophenols are the same as those of 
phenol given in the corresponding section. The NH 2 and C-N functional groups of nitroanilines are the same as those of 
aniline given in the corresponding section. The differences between the total bond energies of the nitroanilines given in Table 
15.252 are due to differences in the E mc term. For simplicity and since the differences are small, the E ox terms for nitroanilines 
were taken as the same. 

The N0 2 group is the same as that given in the Nitroalkanes section. The bond between the nitro and aromatic ring 
comprises a C-N functional group that is the same as that of nitroalkanes given in the corresponding section except that 
E T (atom- atom, msp } . .40 j is -0.72457 eV , one half of that of the C- N -bond MO of nitroalkanes and equivalent to that of 

methyl (Eq. (14.151)) in order to maintain the independence and aromaticity of the benzene functional group. In addition, the 
energy terms due to oscillation in the transition state correspond to those of an aryl nitro compound. 

The symbols of the functional groups of aryl nitro compounds are given in Table 15.249. The geometrical (Eqs. (15.1- 
15.5) and (15.42)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) 
parameters of aryl nitro compounds are given in Tables 15.250, 15.251, and 15.252, respectively. The total energy of each aryl 
nitro compound given in Table 15.253 was calculated as the sum over the integer multiple of each E D [orou P ) of Table 15.252 
corresponding to functional-group composition of the molecule. For each set of unpaired electrons created by bond breakage, 
the C2sp 3 HO magnetic energy E that is subtracted from the weighted sum of the E D (Grmp) (eV) values based on 

composition is given by Eq. (15.67). The bond angle parameters of aryl nitro compounds determined using Eqs. (15.88-15.1 17) 
are given in Table 15.254. The color scale, translucent view of the charge-density of exemplary aryl nitro, nitrobenzene, 
comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with 
one or more hydrogen MOs is shown in Figure 15.43. 

Figure 15.43. Color scale, translucent view of the charge-density of nitrobenzene showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 



Table 1 5.249. The symbols of functional groups of aryl nitro compounds. 



Functional Gr 


oup 


Group Symbol 


CC (aromatic bond) 




C = C 


CH (aromatic) 




CH® 


Aryl C-N (aniline) 




C-N (a) 


Aryl C-N (nitro) 




C-N (b) 


Aryl C-O 




C-O (a) 


N0 2 group 




NO, 


NH 2 group 




NH 2 


OH group 




OH 



TiJbl 



e 15.25D 



The geometrical bond parameters of ary nitro compounds and experimental values [1]. 



Blind L 
Exp. 



a (a v 1 

.ngth 2c' (A) 
Bond Length 



c=c 

Group 

1.47348 

1.31468 

1.39140 

1.397 avg. 
(phenol) 



CH 
Groub 

,60oJ) 

.03 

,093t7 



lenol) 



C-N (a) 
Group 

1.81158 

1.34595 

1.42449 

1.431 
(aniline) 



C- V (b 
Goup 

1.9' 794 

1.40639 

1.48846 



C-0 (a) 
Group 

1.68220 

1.29700 

1.37268 

1.364 
(phenol) 



NO. 
Group 
1 .3322|l 

1.1 
1.221 
1.224 



IIH, 



G 



oup 



15421 



57 



(nitrometl ane) 



1.24428 

0.54134 

0.S9627 

0.998 
(aniline) 



OH 
Group 

1.26430 

0.91808 

0.971651 

0.956 
(phenol) 



,i,c (a„) 



0.66540 
0.89223 



1.21254 
0.74297 



1.07126 
0.77101 



0.66526 



0.81370 
0.75653 



0.86925 
0.72615 



Tab 



e 15.25 1 



The MO to HO intercept geometrical 



bond parame :ers 



of aryl nilro compounds. E T is E T (mom 



- atom,mvp AO). 



(«V) 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bond 4 



Final 



Total 



Ene "gy 
CI 



<P 



M'l 



M 



— (Clsp') 



(eV) 
Final 



E(72sp\ 



>V) 
Final 



C) 



(•) 



0, 

f) 



c-/r (c,//) 



-0.8503 > 



-0.56690 







0.91771 



0.79597 



-17.09334 



74.42 



105.58 



38.8. 



1.24678 



0.2 



1379 



C,= CO-H 



Q= C.-OH 





-0.8503 







-0.85035 





1.00'JOO 
0.91771 
l.OOiWO 



0.87363 
0.78762 
0.87363 



-15.57379 
-17.27448 
15.57379 



15.79 64.21 

lOO.OO 80.00 

106.51 73.49 



64.82 
46.39 

51.43 



0.53799 
1.16026 
1.04871 



0.3 5009 
0.1)674 
0.21829 



-0.8503 i 



-0.85035 



0.78762 



17.27448 



1:13.88 



46.12 



58.55 



0.76870 



C 



f'C. 



=(/r) 



c 

C I COH 






%c a )c„=c 

CNH-H 



Q 



C.-NH, 



C,= C-NH, 



C t -C a H, 

Q-c„h, 



RN(0) = 



RN<0) = 



C = 



C-NO, 



0.36229 



-0.8503 j 



-0.85035 



0.80561 



-16.88873 



72.49 



107.51 



33.53 



1.64875 



0.24236 



C = 

c=( 



c, - no, 



-0.92918 
-0.36229 



-0.92915 
-0.8503 5 



-0.36229 
-0.85035 



0.93 
0.91 



0.79816 
0.80561 



-17.04640 
■ 16.88873 



71.53 
114.65 



108.47 
45.35 



32.98 
59.47 



1.65923 
0.74854 



0.25284 
0.5 5614 
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Table 15.252. 



The energy parameters (eV) of functional groups of aryl nitro compounds. 



c=c 



CH (i) 



Group 



C-N (a) C-N (b) C-O (a) 



Group 



Group 



Group 



NO, 



Group 



NH, 



OH 



Group 



Group 



Group 



0.75 



1 



_0_ 



_0_ 



n 




0.5 

0.85252 





0.75 

1 





0.5 
1 




0.5 

1 




0.5 

1 





0.5 
1 



1 

0.75 

0.93613 





0.75 
1 

A TZ 



0.85252 



0.91771 



0.84665 



0.91140 



0.79329 



0.85987 



0.92171 



-0- 



-+- 



-e- 



-o- 



-e- 



-e- 



-e- 



0.5 



0.75 



0.5 



0.5 



0.5 



0.5 



1.5 



0.75 



C„ 



0.85252 



1 



1 



1 



1 



1 



1 



1 



K (?V) 



V p (eV) 
T(eV) 
V m (cV) 



-101.12679 



-37.10024 



-32.76465 



-31.36351 



-34.04658 



-106.90919 



-78.97795 



-40.92709 



20.69825 
34.31559 
-17.15779 



13.17125 
11.58941 
-5.79470 



10.10870 
9.04312 
-4.52156 



9.67426 
7.92833 
-3.96416 



10.49024 
10.11966 
-5.05983 



23.57588 
40.12475 
-20.06238 



28.90735 
31.73641 
-15.86820 



14.81988 
16.18567 
-8.09284 



(eV) 



_Q_ 



-14 63489 



-14 63489 



-14 63489 



-14 634S9 



_Q_ 



-14 53414 



-136181 



A£„ 



jiAoiuo) (eV) 



E T {aouio) (eV) 



E( r ,,Ao,fro) (eV) 



E.Jh 



ieV * 



-1.13379 



-1.13379 



-0.72457 



-1.49608 











-13.50110 



-13.50110 



-13.91032 



-13.13881 



-14.53414 



-13.6181 



-14.53414 



TTTKT<rro- 



_n ai^aq 



_n Msin 



.11 AIS-JI 



_« ->7ft01 



_4K 71A54 



_n «rai 



E T (atom- atom, msp\AOj (eV) 
E T {m>)(eV) 



to (lO 15 rarf/s) 



-2.26759 
-65.53833 
49.7272 



-0.56690 

-32.20226 
26.4826 



-1.13379 

-32.76916 

11.9890 



-0.72457 

-32.35994 

17.8228 



-1.49608 

-33.13145 

13.3984 



-3.716/3 

-66.98746 

19.0113 





-48.73660 

68.9812 




-31.63537 
44.1776 



E K (eV) 



32.73133 



17.43132 



7.89138 



11.73128 



8.81907 



12.51354 



45.40465 



29.07844 



E n (cV) 



- 0.35806 



- 0.26130 



- 0.18211 



- 0.21927 



- 0.19 4 65 



- 0.23 44 



- 0. 4 2172 



- 0.337 4 9 



E Kvit (eV) 



0.19649 
[49] 



0.35532 
Eq. (13.458) 



0.15498 
[58] 



0.10539 
[45] 



0.12808 
[19] 



0.19342 
[45] 



0.40929 
[22] 



0.46311 
[17-18] 



{eV) 



-0.25982 
0.14803 



-0.08364 
0.14803 



-0.10462 
0.14803 



-0.16658 
0.14803 



-0.13061 
0.14803 



-0.13769 
0.11441 



-0.21708 
0.14803 



-0.10594 
0.11441 



E r (a*up) (eV) 



-49.54347 



-32.28590 



-32.87379 



-32.52 6 52 



-33.2 6 206 



-67.26284 



-49.17075 



-31.74130 



. ( c ao!iio\ ieV\ 



14 M4SQ 



.14 61480 



-14S148Q 



14 614SQ 



.14 A14RQ 



.14 61480 



.14 S1414 



.11 fi1R1 



s aoiho) (eV) 



-13.59844 



-13.59844 



-13.59844 



E n (c. 



(eV) 



5.63881 



3.90454 



3.60401 



3.25674 



3.99228 



i.72329 



7.43973 



4.41035 



lab 



experimental values [3]. The magnetic energy E mag that is subtracted 



le 15.25.3 



The tota 



bond energies of aryl nitro compounds calculated using the functional :|roup composition and the energies of Table 15.25 



from the weighted sum of the E D {Group) 



eV) values ba 



sed 



on composition is giveri by 



compared to 



(15.58). 



the 



Formula 



Name 



C = C 



CH (i) 



C 



N 



(a) C-N (1)) C-O (a) 



CrTOL.p 



Group 



Grou]) 



N0 2 
Group 



NH 2 
Group 



OH 
Group 



Calculated 
Total Bona 
Energy (e 



V) 



Experimsntal 
Total 

Energy 



Bbnd 

eVi 



Relative 
En or 



5 N0 2 

4N2O5 



6N 2 2 
6 N 2 2 
C 6 $6N 2 Q 2 



Nitrobenzene 
4-dinitrophenol 
■nitroaniline 
■nitroaniline 

1 -nitroaniline 



65.18754 
77.61308 

72.47476 
72.47476 
72.47476 



65.217 
77.642 
72.424 
72.48 1 
72.476 



0.00046 
0.00037 
-0.00070 
-0.00009 
-0.0000 



able 15.254. 

Atoms of Angle 



The bond angle parameters of aryl nitre compounds and experimental values 



[i] 



Bcndl 



2c' 
Bond 



2c' 
Terminal 
Atoms 



Atbml 



Atom 

Hybridization 
Designatic r 



(Table 15.3 



AL 



Atom 2 Hybridization 
Designation 



( Table 



15. 3 A) 



Et is E T \attyn - atom,msp 3 .AO). 



(eV) 



8, 




f) 



C) 



:al. 6 
(°) 







zeec 

( aromatic) 



12(1 
(b 



[50. 



52] 



< snzetie) 



ZCCH 
( aromatic) 



£ONO h 



12(1 
(b 



52] 



.5841 
0, 



-16.68411 
Q, 



[50-! 
i^nzerie) 

trabenzene) 

125.3 



123 



(nitr 
(nitrometliane) 



0.85395 

(Eq. 
(15.133)) 



118.5 [:i7] 
(nitrobenzene) 



0.91771 



109.C 
;enc 1) 



h'h 



0.93 513 

E([. 
(13.248)) 



1 



(an 



113.? 
linj) 



0.84 565 

(El 
(15.171)) 



0.84665 
(Eq. 

(15.171)) 
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930 Chapter 15 

BENZOIC ACID COMPOUNDS 

Benzoic acid compounds have a hydrogen of an aryl group replaced by a carboxylic acid group corresponding to an 
C — C(0) — OH moiety that comprises C = O and OH functional groups that are the same as those of carboxylic acids given in 
the corresponding section. The single bond of aryl carbon to the carbonyl carbon atom, C-C(O), is also a functional group. 
This group is also equivalent to the same group of carboxylic acids except that AE Hilo (AO/ HO) in Eq. (15.51) and 

/ \ -1 13379 eV 
E T l atom- atom, msp~\AO) in Eq. (15.61) are both -1.29147 eV which is a linear combination of , 

E T (atom-atom,msp : \AO\ of the C-H group that the C-C(0) group replaces, and that of an independent Clsp" HO, 
-0.72457 eV (Eq. (14.151)). 

Examples include benzoic acid, chlorobenzoic acid, and aniline carboxylic acid with formulas C 7 H 6 2 , C 7 H S 2 CI , and 

ie 

C 1 H 1 N0 2 , respectively. The aromatic C=C and C-H functional groups are equivalent to those of benzene given in 
Aromatic and Heterocyclic Compounds section. The NH 2 and C—N functional groups of aniline carboxylic acids are the 

same as those of aniline given in the corresponding section. The C — Cl functional group of 2-chlorobenzoic acids 
corresponding to meta substitution is equivalent to that of chlorobenzene given in the corresponding section. The C-Cl 
functional group of 3 or 4-chlorobenzoic acids corresponding to ortho and para substitution is also equivalent to that of 
chlorobenzene, except that E T ( atom- atom, msp'.AO\ in Eq. (15.61) is -0.92918 eV (Eq. (14.513)) for both cases since each 

of these positions can form a resonance structure with the carboxylic acid group which is permissive of greater charge donation 
from the C2sp* HO. 

The symbols of the functional groups of benzoic acid compounds are given in Table 15.255. The corresponding 
designations of benzoic acid is shown in Figure 15.44B. The geomettical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80- 
15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of benzoic acid compounds are given in 
Tables 15.256, 15.257, and 15.258, respectively. The total energy of each benzoic acid compound given in Table 15.259 was 
calculated as the sum over the integer multiple of each E D (ormp) of Table 15.258 corresponding to functional-group composition 

of the molecule. The bond angle parameters of benzoic acid compounds detennined using Eqs. (15.88-15.117) are given in 
Table 15.260. The color scale, translucent view of the charge-density of benzoic acid comprising the concentric shells of atoms 
with die outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in 
Figure 15.44A. 

Figure 15.44. (A) Color scale, translucent view of the charge-density of benzoic acid showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical staicture and atom designation of 
benzoic acid. 




©2010 BlackLight Power, Inc. All rights reserved. 



Organic Molecular Functional Groups and Molecules 931 

Table 15.255. The symbols of functional groups of benzoic acid compounds. 



Functional Group Group Symbol 



CC (aromatic bond) 


ie 

c=c 


CH (aromatic) 


CH(i) 


C-C{0) 


C-C(0) 



C=0 (aryl carboxylic acid) C = O 

(0)C-0 C-0 

OH group OH 

Cl-C (CI to aromatic bond of 2- 
chlorobenzoic acid) 



C-Cl (i) 



-G4 — C (CI to aromatic bond of 3 or 4- 



C-Cl (ii) 



chlorobenzoic acid) 

Aryl C-N (aniline) C-N 

NH, group NH 2 



fab 



e 15.256. 



The geometrical bond Darameters of benzoic acid 



onipounds and experimental values [1]. 



to 



Parameters 



Group 



CH [i> 
Groip 



C-C(0) 
Gro.ip 



C= O 
Group 



C -0 

Graup 



6)H 
■oup 



cm 

Croup 



a ii 

Group 



C-l" 
Grous 



NH 2 
Group 



1 

0.7$ 



C,„ 



© 



v, (f 





ho 




o 








o 




CD 




CD 




O 




7T 




r- 




CO 




J 






r> 


TJ 


=V- 


O 




6 

CD 






(fl 




-! 








Y) 



9.741)55 
8.23945 



23.8''467 
42.K 108l" 



8.2568$ 

^!139 



28394 
3270(T 



8.90''35 
1.73041 



K, (< 



V) 



\(eV) 



,o) (eV) 



-1.13. 



79 



-1.29147 



■2.69893 



2.69893 



992: 



,9921 



.133 



£,(. 



») W) 



i,H (eK) 






( 'torn - atom, msi > 3 .A C 



(eV) 



-63. 2707 '5 
-2.267: i9 



-31.63539 
-0.56690 



-63.27074 
-2.69893 



-31.63541 
-1.85836 



6324)7 




635 
7245 



1.63. 
1.133 



■48.73554 




£ r 



,) (<■{') 



£» (10" rad/j) 



^( 



BF) 



32.73133 



17.43 32 



29.i)784' 



5.2885 



34070 



89138 



'5.40465 



E, 



°-V) 

(eV) 

[eV) 



-0.35806 
0.1 964 <T 

[49] 
-0.259!I2 



-0.26130 

0.355P2 
Bq.(13 

-0.08: 



458) 
64 



-0.17309 

_J2JL 
-0.12558 



-0.25535 
"0.14010 



[12] 
-0.30266 



-o.:;3745 

1X46317 
JTM81 
-0. 0594 



-0.1472! 
0.()805? 

121 
-0.1069 



148i8 
0805 9~ 
[12] 
.108:9 



0.18211 
Q.154'18 

158] 

0.1O4S2 



0.421 72 
).40929 

P2| 

0.21708 



< 
CD 

Q. 



(eV) 



0.148C3 



0.14803 



0.1 



1441 



0. 1480: 



14803 



(.14803 



X14803 



£,(< 



\(eV) 



)(eV) 



E r ,(< 



U,m,w) (eV) 
,.„) (eV) 



Table 15.2!i7 



^tfyl C-H 



The MO 

Atom 



to HO intercept geometrical bond parameters of benzoic acid compounds. E T is E T (atom - atom,msp AO). 



E T 
(eV) 



(e 
BonA 



y) 



(eV) 
Bond 3 



(eV) 
Bond 4 



Final Total 
Energy 

C2sp' 

SY) 

-151.88327 



(eV) 
Final 

-17.09334 



(C2 S p>) 

(eV) 

Final 



e 2 
C) 






d 2 



c=a 



=c 



C={hOOC„)C b =C£H) 



C b C„ 



(df)C,=C t (H) 
N)C u =C b (H 

(h 



O-H 
OH 



c, 

o 
o 



■(1.92918 
(1.92918 



WOOD 
30001) 



0.8635?' 

0.8635" 



-15.75493 
-15.75493 



64.91 
78.1,8 



64.12 
48.58 



0.55182 
1.14765 



1.36625 
1.16950 






>)-OH 



c„ 
o 



(1.92918 
1 .34946 



-1.34946 




-0.64574 




.54007 0. 

1. 



JI77 

1000(1 



0.7665: 
0.8411! 



-17.75013 
-16.17521 



86.119 

42.' '3 



42.68 
66.31 



1.27551 
0.52193 



C h C„(0H) = O 



<-W 



,(0)OH 
JO)OH 



■0.64574 
d.645'4 



-1.34)46 
-0.85')35 



-0.92918 
-0.85035 



-155. 



.54007 0. 

.96212 0. 



3177 . 

3177 



0.7665: 
0.7923: 



-17.75013 
-17.17218 



17.55927 
16.98131 



73.74 



109. 
106. 



32.00 
33.94 



ndto H, CI 



NH 2 ) 



boun< 



1.65466 
1.61863 



1.25784 
1.22181 



15 3.67867 0. 



<;=«■ 

(Q 



'0C„ = C, 
■undto H or C 



C a -NH 2 
C„ - NH, 



N 
C, 

N 



(1.36229 

(1.56690 
(1.56690 
(1.56690 



-0.85')35 



-0.85(135 




-0.85035 



-0.85035 





151.67867 0.1177 



0. 

1.88328 0. 

0. 



33084 

1177 

13084 



0.80561 

0.8839: 
0.7959' 
0.8839;: 



-16.88873 

-15.39265 
-17.09334 
-15.39265 



121 



74 



88.49 

96.32 



45. 

58.26 

9i.;;i 

83.68 



59.47 

67.49 
41.01 
46.43 



0.74854 
0.47634 
1 .36696 
1.24859 



<;=(/' 2 jv)c;=c 



-0.85035 



-0.56690 



151.88327 0.3177 



0.79597 



-17.09334 



134. 



24 



45.''6 



58.98 



0.75935 



Tab 



e 15.258 



The energy parameters (e V) of functional groups of benzoic acid compounds. 






c=c 

Grou[i 



ch ;i) 

Groip 



(O) 



Groap 



Group 



GrDup 



OH 
G'oup 



Cl{ 
Group 



Clli 
Group 



GrouD 



NH, 
Group 



0.75 







0_ 

0.5 

0.8525^2 

1 





0.75 



0_ 

0.5 
0.:il31 





0.5 
8131[7 

1 



0.75 
3.93613 

0.75 



0.852512 

3 



0.91''71 


2 



0.85395 
3 



0.8461)5 


2 



1921 




71 







0.85252 



5131 



© 



K (e 



V) 





w 




o 








o 




CD 




0) 




O 




7T 




I - 




CO 




J 






c\ 


TJ 


=V- 


O 




6 

CD 






<fi 




-s 





v p (< |/ ) 



20.698:!5 



13.17 25 



10.32968 



28394 



8.90''35 



EUo 



f) 

V) 

«o) (eV) 
^UoiHo) (eV) 
. ho) (eV) 



34.3155 9 
-17.157P9 









11.58"41 

-5.79^70 
-14.63 189~ 
-1.13:79 
-13.50110 



8.23945 
-4.1 1 373 
-14.6:489 
-1.29147 

-13.3<342 



42.82 081 
-21.41040 



-2. 
2.691893 



10. 



1150 

5.06575 
144348? 
■2 
ll.*359e 



1856: 



.6181 



.6181 



7.2139 



6069) 

634j9~ 

9921 

642" 



7 32700 
-3.663: 
3 [tJ34J<r 
-2.99216 



'■.043 

-4.521 
1463^ 
- .133 



.64273 



3.501 10 



: 1.73641 
15.86820 
14.53414 


14.53414 



•mo) (eV) 















14.53414 



E, 



no) (eV) 
Mom - atom, msfo 



AC) (eV) 



-63.27075 
-2.26759 



-31.63 539 
-0.56690 



-63.27074 
-2.69893 



-31.63541 
-1.85836 



6324)7 




635 
7245 



1.63 
.13: 



■48.73554 




E, (.. 



(eV) 



a 10" mills) 



E K ( 



zV) 



32.73133 
-0.35806 



17.43 
-0.261 



39.10034 
-0.40804 



16.03660 
-0.25535 



34070 
148S8 



89138 
0.18211 



'5.40465 

0.421 72 



(eV) 



0.19649 
_[49]__ 



Eq.(13 



458) 



0.10502 
_[2?L 



_[i?l 



0.46311 

ri -r -i8i 



0.i)8059 



08059 

1121 



0.15498 
158] 



3.40929 

[22 1_ 



-£,,.. 'fiV) 



< 
a. 



(en 



l(eV) 



)(eV) 



-32.28590 
-14.63 489 



-66.57498 
-14.63489 



-33 
-14.4348S 



-31 

-13 



7413 
6181 



.466* 7 
634S 9 



-32.67314 
-14.634 S9 



■49.17375 
4.53414 



\(eV) 



\(aV) 




5.638S1 



-13.59844 
3.90454 





3.77''64 



3 

4.4 925 





3.1970* 




160401 



13.59844 
7.43973 



Tahle 1 5.2 59. The total bond energies of benzoic acid compounds calculated 
experimental values [3]. 



using the functional group composition and 



:he energies of Table 15 



258 compared tc the 



Group 



a: © 

Graup 



C-C(0\ 
Group 



C = 
Group 



C-O 
Group 



OH 
Croup 



Grotp 



C-Cl (ii 
Graup 



C-N 
Grouf 



NH 2 
Group 



Calculated 
Total Bond 

Energy (eV) 



Experimental 
lBond 
gy (eV) 



Total I 
E nergy 



Rel ttive 
Error 



OH 

C 7 H : 

C 7 H 

C 7 H. 

C7H7] 

C 7 H 

C 7 H 



,0 2 
CI0 2 
C10 2 
C10 2 

,M0 2 
■H0 2 

,H0 2 



Benzo 

2-chlo 

3-chkrobenzoic 

4-chlo "obenlzoic 

Anilin,;- 

Anilin,;. 



:-2-i 
;-3-i 
Anilinfe-4-, 



acid 

acid 
carboxylic acid 
carboxylic acid 
carboxylic acid 



73.76938 
73.06193 
73.26820 
73.26820 
80.90857 
80.90857 
80.90857 



73.762 
73.082 
73.261 
73.247 
80.941 
80.813 
80.949 



-0.00010 
-0.00028 



Table 15.2(10. 



The bond angle parameters of benzoic acid compounds and experimental values 



[1]. E T is 



Et [atom - atom 



msp 3 .AO) 



Atoms of Angle 



ZCCC 
aromatic) 



2c ' 2c 

Bond 1 Bone 2 



2.52936 2.62936 



2c' 
Terminal 
Atoms 

«> 



Aton 
Hybridi: 
Design; 

(Table 1^.3.A[) 
38 



Atom 2 



Atom 2 

Hybridization 

D ;signation 

(Ta|ble 1S.3.A) 
38 



E,. 
(eV) 



(°) 



Cal. 9 

C) 



c: 



120 [: 



0-521 



(benzene; 



ZCCH 
aromatic) 
Z CA H 



2. 6343 1 1.83616 
2.82796 2.27954 



3.6405 
4.4721 



4.82575 
7.17218 



-14.82575 
-13.61806 



0.91771 
0.85395 

(Eq. 
(15-33)) 



0.75 
1 



0.91771 
0.82313 




-1.65376 



119.91 
107.71 



1 20 [i 0-52] 
(beiu:ene ) 



122 
enzo 



[59] 
c acid) 



^<-)£A 



82796 2.63431 



4.6690 



1 6.40067 



-13.61806 



0.85395 

(Eq. 
(15.133)) 



1 



0.84177 



-1.65376 



118 

enzo 



[59] 
c acid) 



ZCCC 
aromatic) 



27954 2.63431 



2.62936 2.62936 



16.17J21 



-15.75493 
Ok 



0.86359 



122 
enzo 

Y: 



[59] 
c acid) 
5 



/CC{H)C 
ob mzene) 

121.7 

zcc[a)c 

b arzene) 
1 20 [i 0-52] 
(bem:ene ) 



ZCCH 
ZCCCl 
aromatic) 



120.19 



119.91 



1 20 [: 0-52] 
(benzene) 



ZHNH 



0.936 
Eq. 
(13.24$)) 



1 



113.9 

(aniline) 



2.S9190 1.88268 



0.8461 i 5 

(Eq. 
(15-17 1)) 



0.84665 

(Eq. 
(15.171)) 
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ANISOLE 

Anisole has the formula C 7 // 8 and comprises the phenol molecule with the hydroxyl hydrogen atom replaced by the moiety 
-0-CH i to form an ether comprising aromatic and methyl functional groups as well as two types of C-O functional groups, 

one for aryl carbon to oxygen and one for methyl carbon to oxygen. The aromatic C = C and C-H functional groups are 
equivalent to those of benzene given in the Aromatic and Heterocyclic Compounds section. The C// 3 and methyl C-O 

functional groups are the same as those of the corresponding ether groups given in the corresponding section. 

The C-O functional group comprising the bond between the ether oxygen and aromatic ring is equivalent to that of the 

methyl ether C-O functional group except that AE HMO (AOI HO) in Eq. (15.51) and E T ( atom- atom, msp'.AO) in Eq. 

(15.61) are both -1.13379 eV (Eq. (14.247)). E T ( atom- atom, msp\AO) is based on the energy match between the OCH, 

group and the C2sp* HO of the aryl group and is twice that of the aryl C-H group that it replaces. 

The symbols of the functional groups of anisole are given in Table 15.261. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of 
anisole are given in Tables 15.262, 15.263, and 15.264, respectively. The total energy of anisole given in Table 15.265 was 
calculated as the sum over the integer multiple of each E D (orwp) of Table 15.264 corresponding to functional-group composition 
of the molecule. The bond angle parameters of anisole determined using Eqs. (15.88-15.117) are given in Table 15.266. The 
color scale, translucent view of the charge-density of anisole comprising the concentric shells of atoms with the outer shell 
bridged by one or more /f 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.45. 

Figure 15.45. Color scale, translucent view of the charge-density of anisole showing the orbitals of the atoms at their radii, 
the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




I c V 



Table 15.261. The symbols of functional groups of anisole. 



functional 


Group 


Group Symbol 


CC (aromatic bond) 

CH (aromatic) 
Aryl C-O 
Methyl C-O 
CH; group 




C = C 
CH (i) 
C-O (a) 
C-O (b) 
C-H (CH 3 ) 



Table 15.2CI2 



Parameter 



lab 



Exp. Bond Lengl 
(A) 



"{%) 



«'« 



Length 2c' (A) 



b,c (a ) 



le 15.2(13. 



The geometrical bond 



c=c 

Group 



1.39140 



1.397 a' 
(phenol 

0.66540 
0.8922 



The MO 



to HO intercept geometrical bond parameters of anisol e. E T is E T (atom - atom,msp 



parameters of anisole and experimental values [1] 



CH (i) 



1.084 

(phenol) 

1.222i 55 
645; \T 



09327 



O(a) 
Group 



22900 
0.73986 



.43047 



C-0 (b) 
Group 



1.42276 



1.20776 
0.74388 



C-H 



(?«) 



Grcup 



1.10974 



1.11 (avg.) 
(tolusne) 

1.27295 
0.63580 



AG). 



(e\) 
Bond 1 



(eV) 
Bond 2 



E,. 

(eV) 

Bond 3 



E,. 

(eV) 

Bond 4 



Fiial Total 

Energy 

C2sp 3 

_i5Y) 



:«.) 






(t'2.^ 3 ) 



(eV) 
Final 



E(C2sp') 
(eV) 
Final 



C) 







4 
(«.) 



(<yl 






(oc c // 3 ) 



-0.56691) 




-153.88327 
-1:12.34026 



.917 
.9177 



0.79597 
0.87495 



-17.09334 
-15.55033 



16.90248 
15.35946 



74.42 
78.85 



105 
101 



38.84 
42.40 



1.24678 
1.21777 



1.21379 
116921 



■0.72457 



■0.5ii690 







000C0 



0.84418 



-16.11722 



93.38 



44.25 



1.29456 



104975 



C„-OC,7f, 
C u -OC t H, 
CfiC,M 3 
=(fi)C t ) C u OC,H, 



O 



■0,56690 
■0.56)90 
■0.56690 



-0.85035 
-0.72457 
-0.8)035 
-0.85035 



-0.85035 



-0.85035 
-0.56690 



153.88327 



-153.88327 
-153.88327 



,917; 1 
.000C0 
.91771 
.91771 



0.79597 
0.84418 
0.79597 
0.79597 



-17.09334 
-16.11722 
-17.09334 
-17.09334 



16.90248 



16.90248 
16.90248 



87,00 
91.59 

134.24 
134.24 



93. 



40.30 
43.36 
58.98 
58.98 



1.39329 
1.32814 
0.75935 
0.75935 



104170 
102346 
155533 
155533 
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Table 15.264. 



The energy parameters (eV) of functional groups of anisole. 



Parameters 



C=C 
Group 

0.75 



CH (i) 
Group 



C-O(a) 
Group 



C-0 (b) 
Group 



CH, 
Group 





— e— 

0.5 



0.5 



0.75 



0.5 



0.75 



0.85252 




0.9 1 77 1 

1 



0.85395 




0.85395 




0.91771 




J_ 



V. (cV) 





0.5 
0.85252 



1 

0.75 

1 




0.5 

1 




0.5 

1 



3 

0.75 

1 



V c (en 



T (eV) 

v,„ («n 



E(m:na)(eV) 



..^AojMAieV) 



34.31559 
-17.15779 



11.58941 
-5.79470 



8.94231 
-4.47115 



9.17389 
-4.58695 



32.53914 
-16.26957 



E T {aoijjo) (eV) 



E T {, 2 Mii)(eV) 



T (atom- atom,msp\AO)(eV) 



E, («o) (eV) 



(l0 15 radls\ 



E K ("V) 



32.73133 



17.43132 



7.79284 



7.92028 



16.4084 6 



E D (eV) 
I M (eV) 



-0.35806 

0.19649 

[491 



-0.26130 

0.35532 

Eq. (13.458) 



-0.18097 
0.13663 

mi 



-0.18420 
0.13663 



-0.25352 

0.35532 

(Eq. (13.458)) 



£ (eV) 



-0.25982 



-0.08364 



-0.11266 



-0.11589 



-0.22757 



(eV) 



E T ^„ P )( e V) 



^A«""°)( eV ) 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



E mkll (, ao!ho) (eV) 
E n { r „ r )(eV) Z 



-13.59844 



-13.59844 



265 



Table 15. 

vklutjs [3]. 

Formula 



Table 15.2CI6 



The total 



Name 



The bond argle parameters of aniso 



bond energies of anisole calculated using the functional group composition and the energies of Table 15.264 compared to i;he experimental 



CM (i) 

1 



e aid experimental values 



C-0(a) 
Group 

1 



!]• 



c-o (to 

Group 

\ 



E T is E T {atom - atomjnsp .AG). 



( iroup 

1 



Calculated 
I Bo ad Energy (eV) 
73.39006 "~ 



Experimental 

Total Bond Energy (e' 

73.355 



V) 



Relative Error 



Atoms of Angle 



ZCCC 
aromatic) 



(<>■ 



2c 1 
d 1 Bond 

,) O.) 



2.62936 2.62936 



2c' 

"erminal 

Atoms 

(»,) 

4.5585 



E< ,„„*. 
Alom 1 



Atom 1 
ybridiza 
Designati 

(Table 15.3 
38 



Hybridization 



AI 



£<■„,*.»„■ 

Atom 2 



Hytri 



^tom2 

■idization 
^ignation 



(Tar)lel5.3.A) 
38 



E r 
fcV) 



(°) 



e 2 
f) 



Exp. 

C) 



120 [50-52] 
(ben2 ene) 



ZCCH 
([aromatic) 



120 [50-52] 
(bem ene) 
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PYRROLE 

Pyrrole having the formula C 4 H 5 N comprises the conjugated alkene 1,3-butadiene that forms a cyclic structure by terminal- 
atom bonding to a NH functional group. The two symmetrical carbon-to-nitrogen bonds comprise the C-N-C functional 
group. The 1,3-butadiene moiety comprises C-C, C = C , and CH functional groups. The C-C and C = C groups are 
equivalent to the corresponding groups of 1,3-butadiene given in the Cyclic and Conjugated Alkenes section except that the 
energy terms corresponding to oscillation in the transition state match pyrrole. Furthermore, the conjugated double bonds have 
the same bonding as in 1 ,3-butadiene except that the hybridization terms c 2 of the C-C and C = C groups and C, and C 2o of 
the C = C group in Eqs. (15.51) and (15.61) become that of benzene given by Eq. (15.162), 
(C 2 (benzeneC2sp i HO) = c 2 (benzeneC2sp'HO) = 0.85252), in the cyclic pyrrole MO which has aromatic character. The 

bonding in pyrrole, furan, and thiophene are the same except for the energy match to the corresponding heteroatoms. The 
hybridization pennits double-bond character in the carbon-heteroatom bonding. 

The NH group is solved equivalently to that of a secondary amine as given in the corresponding section except that the 
hybridization term c 2 is that of the amino group of aniline in order provide double-bond character to match the group to the 
other orbitals of the molecule. Similarly, the CH functional group is equivalent to that of 1,3-butadiene, except that 
AE HMO (AO/ HO) = -2.26758 eV (Eq. (14.247)) in Eq. (1 5.5 1) in order to provide matching double-bond character. 

The solution of the C-N-C functional group comprises the hybridization of the 2s and 2p AOs of each C to form a 
single 2sp 3 shell as an energy minimum, and the sharing of electrons between two C2sp* HOs and the nitrogen atom to form a 
MO pennits each participating hybridized orbital to decrease in radius and energy. Thus, the C-N-C -bond MO comprising a 
linear combination of two single bonds is solved in the same manner as a double bond with n, =2 in Eqs. (15.51) and (15.61). 

The hybridization factor c 2 (a?ylC2sp' HO to N\ = 0.84665 (Eq. (15.171)) matches the double-bond character of the C2sp* 

HOs to the N atom of the NH group, and C 2 and C 2o in Eqs. (15.51) and (15.61) become that of benzene given by Eq. 

(15.162), C 2 (benzeneC2sp } HO) = 0.85252 . Furthermore, AE HiMO (AO/ HO) in Eq. (15.51) and E T (atom-atom,msp 3 .AO) in 

Eq. (15.61) are both -0.92918 eV (Eq. (14.513)) per atom corresponding to -3.71673 eV in total. This is the maximum energy 
for a single bond and corresponds to methylene character as given in the Continuous-Chain Alkanes section. 
The symbols of the functional groups of pyrrole are given in Table 15.267. The strucmre of pyrrole is shown in Figure 15.46B. 
The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) 
parameters of pyrrole are given in Tables 15.268, 15.269, and 15.270, respectively. The total energy of pyrrole given in Table 
15.271 was calculated as the sum over the integer multiple of each ErfQroap) of Table 15.270 corresponding to functional-group 
composition of the molecule. The bond angle parameters of pyrrole determined using Eqs. (15.88-15.117) are given in Table 
15.272. The color scale, translucent view of the charge-density of pyrrole comprising the concentric shells of atoms with the 
outer shell bridged by one or more /f>-type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 
15.46A. 

Figure 1 5.46. (A) Color scale, translucent view of the charge-density of pyrrole showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of pynole. 

B 





I ,• A- 
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Table 15.267. The symbols of functional groups of pyrrole . 



Functional Group 


Group Symbol 




C a — c t uouuie Dona 


c - u 


c b -c b 


C-C 


C a ~N-C a 


C-N-C 


NH group 


NH 


CH 


CH 



Table 15.2(18. 



The geometrical bond 



parameters ol'pyrrole and experimental values [1] 



to 



c=c 

Group 



C-C 
Group 



Grpup 



NH 
Grojp 



CH 

jroup 



'W 



Aond Length 2c 
Exp. ESond Lergth 



M 



1.382 
(pyrrole) 



1.33404 

1.4118. 

1.417 
(pyrrole ; 



1.2%14 

1.37178 

1.370 
(pyirole) 



0.9' 16 

[pyrrole) 



.01120 

.07021 

1.076 
(pyrrole) 



•"to 



269 



Table 15. 

msp 3 .AO) 



The MO 



to HO intercept geometrical bond parameters of pyrrole. Ri is an alley l group and R, R', R" are H or alkyl groups. Et is E 



(atom 



atom 



(eV 
Bond 



(eV) 
Bond 2 



E T 

(eV) 

Bond 3 



E T 

(eV) 

Bond 4 



Total 

lergy 
C2sp 2 
l eV) 



<0 



M 



(eV) 



(C2.sp' 

(eV) 
Final 



f) 



C) 



© 





w 




o 








o 




CD 




cu 




o 




7T 




r - 




(Q 




"J- 






r> 


TJ 


=V- 


O 


43 


6 

CD 






<ti 




••s 





=(■'-')' 



(C*) 

C,,-Q(/7) 



1. 13380 
1.13380 



-0.92918 
-1.13380 



.67867 
88328 



0.80561 
0.79597 



-16.88873 
-17.09334 



1 6.69786 
] 6.90248 



83.35 
82.2 



96.65 
97.79 



43.94 
43.14 



10452 
11914 



0.09331 
0.1 0794 



. COCK 



1.133 



-1.13 



380 



88328 
67867 



0.79597 
0.80561 



-17.09334 
-16.88873 



1 6.90248 
1 6.69786 



136.36 
36.75 



43.64 

43.25 



59.86 
60.35 



72857 
71784 



0.^7606 
0.:.8678 



IJV-C„=C,(fl 
\N-C.=C t (H 



1.133 



-0.92918 



.67867 



0.91771 



0.80561 



-16.88873 



1 6.69786 



38.54 



41.46 



61.09 



0.59238 



0.60376 



(NH) 



< 
CD 

Q. 
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Table 1 5.270. The energy parameters (eV) of functional groups of pyrrole. 



Parameters 



C.=C 



C.-C 



C-N - C 



NH 



C. H 



Group 



Group 



Group 



Group 



Group 



-&r5- 



-ft5- 



-6r5- 



-6t?5- 



-0t?5- 



0.85252 



0.85252 



0.93613 



1 



1 



1 



0.75 



0.85252 



0.85252 



0.84665 



0.92171 



0.9 



771 















1 



0.5 
0.85252 



0.5 

1 



0.5 

0.85252 



0.75 
1 



0.75 
1 



p; (eV) 



-11)4.37986 



-33.80733 



-106.58684 



-39.48897 



-39.09538 



V p (eV) 



20.85777 



10.19898 



20.99432 



14.45367 



13.45505 



T(eV) 



35.96751 



9.49831 



37.21047 



15.86820 



12.74462 



V m (eV) 



-17.98376 



-4.74915 



-18.60523 



-7.93410 



-6.37231 



E(aoiho) (eV) 







-14.63489 







-14.53414 



-14.63489 



-2.26759 



-1.85836 



-3.71673 







-2.26758 



<>) (eV) 



2.26759 



-12.77653 



3.71673 



-14.53414 



-12.36731 



E,.(h 2 mo) (eV) 



-63.27075 



-31.63572 



-63.27056 



-31.63534 



-31.63533 



E T (atom- atom, msp^.AO) (eV) 



-2.26759 



-2.26759 



-3.71673 











E t (mo) (eV) 



-65.53833 



-33.90295 



-66.98746 



-31.63537 



-31.63537 



co (10 15 rod Is) 



15.4421 



12.3131 



15.7474 



48.7771 



28.9084 



E K {eV) 



10.16428 



8.10471 



10.36521 



32.10594 



19.02803 



E.. (eV) 



-0.20668 



-0.19095 



-0.21333 



-0.35462 



-0,27301 



0.17897 
[6] 



0.14829 
[48] 



0.11159 
[12] 



0.40696 

[24] 



0.39427 
[59] 



E K „„ (.eV) 



{eV) 



-0.11720 



-0.11680 



-0.15754 



-0.15115 



-0.07587 



(eV) 



0.14803 



0.14803 



0.14803 



0.14803 



0.14803 



E T {orm,p) (eV) 



-65.77272 



-34.01976 



-67.30254 



-31.78651 



-31.71124 



(c t AoiHo) (eV) 



-14.63489 



-14.63489 



-14.63489 



14.53414 



-14.63489 



(c,aoiiio) (eV) 















13.59844 



13.59844 



E D (Group) (eV) 



7.23317 



4.74998 



8.76298 



3.51208 



3.32988 



Tab 

value's 



e 15.27 

[3]. 



The total 



bond energies of pyrrole calculated using the functional g: 



oup composi 



ion and the energies of Table 15.270 



compared to the experimental 






C„H. 



ab 

r 



Pyrrole 



e 15.272 



c=c 

2 



c-c 
i 



C-N-C 
i 



NH 
I 



Calculated 
Total ilond Energy (eV) 



Experimental 

Total Bond Energy (eV> 

44.785 



Relative En or 
^00057 



The bond angle parameters of pyrrole and experimental values [1]. 



In the calculation of Ov, 



the parameters from the preceding angle 



were used. E T is 



(atom - ator\i,m l pp :l .AO). 

Atoms of Angle 



2c' 
Bond 1 



2c 
Bond 



2c' 

Terminal 

Atoms 



Atom 
Desi; 
(Table 15 
1 



1 
Hybridization 



53) 



E aJmMc 
Atom 2 



\tom 2 
iridization 
nation 



Hybi 
Dt sigi 



(Talk 



1S.3.B) 
N C 



0.92171 
1 Eq. 

(15170)) 



(eV) 



C) 



f) 



121 



(pyrrole) 



zc;c;// a 



131.97 



© 



ZRNC„ 



.32241 



2.. 
2.668b7 



3.8987 
4.2111 



-15.95954 



0.82493 
(Eq. 
((5.171)) (15.73)) 



.805<.l 0.85252 



0.97435 
1.05822 



120.37 
127.20 



12 



(pyrrole) 





fO 




o 








o 




CD 




CD 




O 




7T 




r - 




CO 




J 






r> 


TJ 


=V- 


O 




6 

CD 






<tl 




-! 





ZHCC. 



4.2111 



-15.95954 
C, 



805*. 1 0.85252 



1.05822 



130.36 



-16.47951 
C„ 



79597 0.82562 



12 



.1 



(pyrrole) 



ZNC f ,C\ 
ZC„NC a 

zcaa 



.59228 
.50925 



4.1952 

4.2426 
4.2426 



-17.09334 



-17.81791 
-18.02252 



(Eq. 
(15.171)) 



(. 



7631.0 
76360 



0.79597 

0.76360 
0.75493 



0.82131 

0.76360 
0.75927 



.44915 

.85836 
.85836 



107.52 

109.83 
107.01 



10' 

(pyrrole) 

(pyrrole) 



10' 



.4 



(pyrrole) 



< 
CD 
Q. 
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FURAN 

Furan having the formula C A H A comprises the conjugated alkene 1,3-butadiene that forms a cyclic structure by terminal-atom 
bonding to an oxygen atom. The two symmetrical carbon-to-oxygen bonds comprise the C-O-C functional group. The 1 ,3- 
butadiene moiety comprises C-C , C = C , and CH functional groups. The CH , C—C , and C = C groups are equivalent to 
the corresponding groups of pyrrole given in the corresponding section. 

The C-O-C functional group of furan is solved in a similar manner as that of the C-N-C group of pyrrole. The 
solution of the C-O-C functional group comprises the hybridization of the 2s and 2p AOsofeach C to form a single 2sp' 
shell as an energy minimum, and the sharing of electrons between two C2sp 3 HOs and the oxygen atom to form a MO permits 
each participating hybridized orbital to decrease in radius and energy. Thus, the C-O-C -bond MO comprising a linear 
combination of two single bonds is solved in the same manner as a double bond with b, = 2 in Eqs. (15.51) and (15.61). The 

hybridization factor c, {arylClsp^HO to 0\ = 0.79329 (Eq. (1 5. 169)) matches the double-bond character of the C2sp i HOs to 

the atom, and C 2 and C lo in Eqs. (15.51) and (15.61) become that of benzene given by Eq. (15.162), 

C, [benzeneC2sp i HO) = 0.85252 . Furthermore, E T [atom- atom, msp^AO) in Eq. (15.61) is -0.92918 eV (Eq. (14.513)) per 

atom corresponding to -3.71673 el 7 in total. 

The symbols of the functional groups of furan are given in Table 15.273. The structure of furan is shown in Figure 
15.47B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and 
(15.17-15.65)) parameters of furan are given in Tables 15.274, 15.275, and 15.276, respectively. The total energy of furan given 
in Table 15.277 was calculated as the sum over the integer multiple of each E D (am„ P ) of Table 15.276 corresponding to 

functional-group composition of the molecule. The bond angle parameters of furan determined using Eqs. (15.88-15.1 17) are 
given in Table 15.278. The color scale, translucent view of the charge-density of furan comprising the concentric shells of atoms 
with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in 
Figure 15.47A. 

Figure 15.47. (A) Color scale, translucent view of the charge-density of furan showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or # 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical strucmre and atom designation of furan. 

B 





Table 15.273. The symbols of functional groups of furan. 



Functional 


Group 


Group Symbol 


C a = C b double bond 




C = C 


Q-Q 




C-C 


c.-o-c. 




C-O-C 


CH 




CH 



Tab 



Boid Length 2c' 
Elxp. Bond Lengl 

*,c (fl ) 



fab 



e 15. 

Parameter 



274 



e 15.275 



k«) 



The geometrical bond aarameters of furan and experimental values [1] 



c 

(iroin: 



3046 

3807^ 

61 
1'uran 



The MO 

Atom 



6351 
8994 



to HO intercept geometrical bond parameters of furan. 



:V) 



c-c 

Group 



1.77965 

1.33404 

1.41188 

1.431 
(furan) 

1.17792 
0.74961 



(eV) 
Bond 3 



C-O-C 
Group 



1.211854 

1.36373 

1.:.62 
(fu'an) 



E T 

(eV) 

Bond 4 



Final 



-15 



Tolal 
Energy 
L2sp' 

jei) 
.67867 



0.91771 



CH 
Group 



1.53380 

1.01120 

1.07021 

1.075 
(furan) 

1.15326 
" 0.6592ir 



Rj is an alkyl group and R R', R" are H or alkyl groups. E T is E T (atom - atom,msp 



k) 



(C2. V ' 



(eV) 
Final 



5(C2sp') 
(eV) 
Final 



C) 



(°) 



ft, 
(°) 

43.94 



0452 



AG). 



42» 

OS 



© 





w 




o 








o 




CD 




CD 




O 




7T 




I - 




(Q 




J 






r> 


TJ 


=V- 


O 




6 

CD 






<tl 




-! 





(Qff) 



-is: 



.88328 



0.91771 



43.14 



1. 1914 



'•.=( 



.¥)C,-C,(W) = 



380 
380 



380 
3380 



0.79597 
0.79597 



-17.09334 
-17.09334 



-16.90248 
16.90248 



88.43 

43.64 



42.49 
59.86 



1. 



1226 



0.'2857 



0.02177 
0.57606 



C>(H) 

, = c»(g) 



380 
380 



.67867 
.67867 



1.03000 



0.80561 
0.80561 
0.81549 



-16.88873 
-16.88873 



16.69786 
16.69786 



136.75 
140.16 



43.25 
39.84 



60.35 
61.75 
62.25 



0.''1784 
0.66992 
0.65906 



0.58678 
0.61862 



< 
CD 
Q. 
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Table 1 



5.276. The energy parameters (eV) of functional groups of furan. 



r aiaiiicicis 



y^ — \_> 

Group 



Group 



^ — ^j — i^ 

Group - 



Group 



947 











-0r5- 



U.COZJZ 



-0r5- 



-0t5- 



-0t75- 



u.ojzjz 



0.85252 



0.85252 



0.79329 



0.91771 



-e- 



-e- 



-e- 



-0:5- 



-*5- 



-0:5- 



-Or75- 



-er. 



0.85252 



-i- 



0.85252 



-i- 



K ( eV ) 



-104.37986 



-33.80733 



-102.49036 



-39.09538 



V P (eV) 



20.85777 



10.19898 



21.11822 



13.45505 



^tun- 



35.96751 



9.49831 



36.20391 



12.74462 



V (eVt 



-17QK^7fi 



-4 74Q1S 



-IS Ifliqfi 



-f, 37731 



E{aoiho) (eV) 







-14.63489 



-14.63489 



A£„ 



(aoiho) (eV) 



-2.26759 



-1.85836 



-2.26758 



E T (aoiho) (eV) 



2.26759 



-12.77653 



-e- 



-12.36731 



E T (h 1 mu) (eV) 



-63.27075 



-31.63572 



-63.27019 



-31.63533 



E T ( atom - atom, msp" .AO) (eV) 
E t (mo) (eV) 



-2.26759 
-65.53833 



-2.26759 
-33.90295 



-3.71673 
-66.98746 




-31.63537 



co (10" rod Is) 



E K (e.V) 



15.4421 
10.16428 



12.3131 
8.10471 



58.0664 
38.22034 



28.9084 
19.02803 



E D (eV) 
E™. (eV) 



-0.20668 
0.17897 



-0.19095 
0.14829 



-0.40965 
0.12523 



-0.27301 
0.39427 



T61 



T481 



T60 



T591 



E osc (eV) 



-0.11720 



-0.11680 



-0.34704 



-0.07587 



(eV) 



0.14803 



0.14803 



0.14803 



0.14803 



E T (croup) (e V) 



-65.11212 



-34.01976 



-67.68154 



-31.71124 



; (c t aoiho) (eV) 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



, aoiho) (eV) 















-13.59844 



H D {Group) [eV ) 



IJi'iYl 



4.74998 



9.14198 



3.32988 



able 15.277. 

\jalii3s [3]. 

Formula 



O4H4O 



ab 

(atom 



e 15. 

atom 



278 



msp 



Name 



The bond anjgle param^terjs of furan 
'AG). 



The total bond energies o::" furan calculated using 



c=c 



c-c 



and experimental values [1 



the 



functional 



group composition and the 



Ii the calculation of V , the parameters 



CH 



Calculated 
Total Bond 
'BY (eV) 



Energ' 



41.67782 



energies of Table 15.276 compared to the experiments.! 



Exf erimental 
Total Bond 
Em:rgy (eV) 



41.692 



Relative 
En or 



from the preceding angle were used. E : 



is T 



00 



Atoms of Angle 



2c' 
Bond 2 



Atoms 



E,. 
Atoln 1 



Atom 
Hybridization 
Designation 

(Table 15.3.B ) 



Atom 2 



Atom 2 
Hybridization 
Designation 

(Ta>lei:.3.B) 



e, 
(°) 







Cal. e 

C) 



Exp. I 



3.9328 -16.83873 



0.79329 

Eq. 
(15.169)) 



115.9 

(furan) 



© 





to 




O 








O 




CD 




CD 




O 




7T 




I - 




CO 




J 






r> 


TJ 


=V- 


O 




6 

CD 






<tl 




-! 





HfiA. 



-16.83873 
C 



5.95954 
Q 



128.0 
(furan) 



-16.83873 



5.95954 



6.47951 
C„ 



125.76 



/-CX',0 



2.57707 



4.2661 



-17.0M34 
C 



3.61806 



0.79329 

Eq. 
(15.169)) 



0.79463 



127.23 
110.69 



128.0 
(iuran) 

110.7 
(iaran) 



■-C.OC, 
<-'-C.CJL\ 



2.57707 
2.66807 



.1231 
.2426 



-18.22713 
-17.81791 



41 

35 



8.22713 
8.02252 



0.74646 
0.75493 



0.74646 
0.75927 



106.25 
107.01 



106.6 
(f uran) 

106.1 
(furan) 



< 
CD 
Q. 
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THIOPHENE 

Thiophene having the formula C i H i S comprises the conjugated alkene 1,3 -butadiene that forms a cyclic structure by terminal- 
atom bonding to an oxygen atom. The two symmetrical carbon-to-sulfur bonds comprise the C — S -C functional group. The 
1 ,3-butadiene moiety comprises C-C , C = C , and CH functional groups. The CH , C-C , and C = C groups are equivalent 
to the corresponding groups of pyrrole and furan given in the corresponding sections. 

The C-S-C functional group of thiophene is solved in a similar manner as that of the C-N -C group of py note and 
the C-O-C group of furan. The solution of the C-S-C functional group comprises the hybridization of the 2s and 1p 

AOs of each C to form a single 2sp 3 shell as an energy minimum, and the sharing of electrons between two C2sp' HOs and 
the sulfur atom to form a MO permits each participating hybridized orbital to decrease in radius and energy. Thus, the 
C-S-C -bond MO comprising a linear combination of two single bonds is solved in the same manner as a double bond with 
w,=2 in Eqs. (15.51) and (15.61). 

In thiophene, the energy of sulfur is less than the Coulombic energy between the electron and proton of H given by Eq. 
(1.264). Thus, c 2 in Eq. (15.61) is c, (benzeneC2sp i HOj = 0.85252 to match the double-bond character of the Clsp' HOs, and 

the energy matching condition is further determined by the C 2 parameter. Using the energy of S , E(S) = -10.36001 eV in Eq. 
(15.77) and the Clsp 3 HO energy of E(C,2sp 3 ) = -\5.76868 eV (Eq. (15.18)) corresponding to s = 2 in Eqs. (15.18-15.20), 
the hybridization factor C 2 of Eq. (15.61) for the C-S-C -bond MO is 

C, (S3p to aryl-type C2sp i HC>) = E } S ^ P > = ~ 10 - 36001 eV = 0.65700 ( 1 5 . 1 72) 

n ' E(C;2sp } ) -15.76868 eV 

C Xo is also given by Eq. (15.172). Furthermore, AE HMO (AO/HO) of the C-S-C-bond MO in Eq. (15.51) and 
E T ( atom- atom, msp 3 .AO) in Eq. (15.61) are both -0.72457 eV per atom corresponding to -2.89830 eV in total. The energy 
contribution equivalent to that of a methyl group (Eq. (14.151)) and that of the C-S-bond MO of thiols given in the 
corresponding section matches the energy of the sulfur atom to the Clsp 3 HOs. 

The symbols of the functional groups of thiophene are given in Table 15.279. The structure of thiophene is shown in 
Figure 15.48B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) 
and (15.17-15.65)) parameters of thiophene are given in Tables 15.280, 15.281, and 15.282, respectively. The total energy of 
thiophene given in Table 15.283 was calculated as the sum over the integer multiple of each E D (a r , Mp ) of Table 15.282 

corresponding to functional-group composition of the molecule. The bond angle parameters of thiophene determined using Eqs. 
(15.88-15.117) are given in Table 15.284. The color scale, translucent view of the charge-density of thiophene comprising the 
concentric shells of atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.48A. 

Figure 1 5.48. (A) Color scale, translucent view of the charge-density of thiophene showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical stntcture and atom designation of 
thiophene. 

B 
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Table 15.279. The symbols of functional groups of thiophene. 



Functional Group 


Group Symbol 


C a = C b double bond 


C = C 


c b -c b 


C-C 


c.-s-c. 


C-S-C 



CH 



CH 



Table 15.280. The geometrical bond parameters of thiophene and experimental values [1]. 



Parameter 



C = C 



C - C 



C - S - C 



-GH- 



Group 



Group 



Group 



Group 



a ( a o) 



1.45103 



1.77965 



1.74058 



to 



1.30463 



1.33404 



1.62766 



Bond Length 2c ' (A) 



1.38076 



1. 4 1188 



1.7226 4 



1.53380 



1.01120 



1.07021 



Exp . Bond Length 



h370 

(thiophene) 

0.63517 



h423 

(thiophene) 

1.17792 



L7L4 

(thiophene) 

0.61671 



L078 

(thiophene) 

1.15326 



b,c (a ) 



0.89910 



0.7 4 961 



0.93513 



0.65928 



Table 15.2f:1. 

atom,msp 3 .AO). 



The MO 



to HO intercept geometrical bond paramsters of thiophene. Ri is an 



alkyl group and R, R\R" are II or alkyl groups. Et is EY {atom 



(eY) 
Boidl 



(f'V) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bond 4 



Final Total 

Lnergy 
Z1sp i 
(eV) 



M 



E, :ml „,i,{C2sp') 



(eV) 
Final 



C2sp') 

(eV) 

Final 



C) 



(') 



C-H 

C-h 






-1.13380 
-1.13380 



3.47406 
3.88328 



5177 

.mr 



0.81549 
0.79597 



-16.68412 
-17.09334 



1 6.49326 
16.90248 



84.45 
82.21 



95.51 
97.79 



44.74 
43.14 



O.C'833 
0.10794 



c = 



H)C t -C h (H) 



-l.i:i380 
-1.13380 



3.88328 
3.88328 



5177 
5177 



0.79597 
0.79597 



-17.09334 
-17.09334 



16.90248 
16.90248 



91.5 
36.3S 



88.43 
43.64 



42.49 
59.86 



0.02177 
0.5''606 



c,(g) 

C a =C h (H) 
C,=C t (H) 



2457 
2457 



3.47406 
3.47406 



5177 

.mi 



0.81549 
0.81549 



-16.68412 
-16.68412 



1 6.49326 
1 6.49326 



37.11 

41.52 



42.86 
38.48 



60.85 
55.36 



0.70685 
0.98926 



0.59777 
0.63840 
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Table 15.282. 



The energy parameters (eV) of functional groups of thiophene. 





Parameters 


C = C 
Group 


C-C 

Group 


C-S-C 
Group 


CH 
Group 






"i 


2 


1 


2 


1 






"i 


















n^ 


















r t 


5 


' 


' 


7' 




















c, 


0.85252 


1 


0.65700 


1 






c. 


1 


1 


1 


1 






£-, 


0.85252 


0.85252 


0.85252 


0.91771 






C 3 











1 






r 


4 


9 


4 


i 




















c s 











1 






c-;„ 


0.5 


0.5 


0.5 


0.75 






c 2 „ 


0.85252 


1 


0.65700 


1 






K (eV) 


-104.37986 


-33.80733 


-96.78916 


-39.09538 






v, < e n 


9(1 85777 


10 1Q8Q8 


16 7189(1 


13 45505 




















T (eV) 


35.96751 


9.49831 


27.80371 


12.74462 






K W 


-17.98376 


-4.74915 


-13.90186 


-6.37231 






Eiiwno) (eV) 





-14.63489 





-14.63489 






AEh.mo (-«"»') (« V) 


-2.26759 


-1.85836 


-2.89830 


-2.26758 






E r (Aau!o} (eV) 


2.26759 


-12.77653 


2.89830 


-12.36731 






E r (i V m) (eV) 


-63 9707S 


-31 63577 


-63 77080 


-31 63S33 






E t i atom- atom, msp'.AO) (eV) 


-2.26759 


-2.26759 


-2.89830 









E, (mo) (eV) 


-65.53833 


-33.90295 


-66.16903 


-31.63537 






0) (lO l5 rod Is) 


15.4421 


12.3131 


10.3184 


28.9084 






n i i^\ 






.- _,.._,., 








E K (el ) 














E., (eV\ 


-0 90668 


-n 19095 


-0 17058 


-0 97301 




















E K „„ (eV) 


0.17897 
[6] 


0.14829 
[48] 


0.08146 

[41] 


0.39427 
[59] 






£,,,. (eV) 


-0.11720 


-0.11680 


-0.12985 


-0.07587 






E lm (.eV) 


0.14803 


0.14803 


0.14803 


0.14803 






E, («„„,,) (eV) 


-65.77272 


-34.01976 


-66.42873 


-31.71124 






L ■!••■"■ 


-14.63489 


-14.63489 


-14.63489 


-14.63489 






A-MH («n 











-13.59844 






£„ (<;™»,,) (e7) 


7.23317 


4.74998 


7.88917 


3.32988 





lab 



\plues [3]. 

Formula 

<faH 4 l 



le 15.2(13 



Thicphen: 



The tota 



bond energies ofthiophene calculated u>ing the functional group composition and the energies 



c=c 

2 



C- 

1 



i'-s 
i 



CH 

4 



Calculate! 

Total Bond Eneigy (eV) 

40.42501 



of Table 15.282 compared 



Experimental 

Total Bond Energy (eV) 

40.430 



to the experimental 



Relative Error 

o.oooi: 



Table 15.2(14. 



The bond angle parameters of thiop^ens and experimental valuss [1]. In the 



calculation of ft 



the parameters from the: preceding angle were used 



t is E T (atom 

Atcms of Angle 



atom,msp .AO). 



Bcndl 



2c' 
Bond 



2c' 
Terminal 

Atoms 



£<■„„„„„„ 

Atom 1 



Atom 1 
Hybridization 
Designation 



(Table 15 



3.B) 



Atom 2 



Hyb 
Des 



idization 
ignation 



(Ta b le 15.3.B) 



E, 
(oV) 







Cal. 9 
(°) 



E>p. 6 



0.117495 

Eq. 
(1:5-74): 



0.76144 

(Eq. 
15.145)) 



0.76144 

(Eq. 
15.145)) 



119.9 
(thicphen;) 



■ iC t CM„ 



124.58 



'-H„C t C„ 



2.02241 
2.02241 
2.02241 



2.66837 
2.60925 
2.60925 



4.1633 
4.1633 
4.0825 



16.68412 

Q 

I6.68ftl2 
C„ 

L7.09[334 
C 



-15.95954 

Q 
-15.95954 

C b 
-16.68412 

C„ 



;1549 
'9597 



0.85252 
0.85252 
0.81549 



0.7: 
0.7: 
0.7: 



0.75 
0.75 
0.75 



1.04540 
1.04540 
1.02453 



124.58 
127.57 
123.13 
123.27 



12. 



24.3 
(thicphenp) 



124.3 
(thicphen?) 



^c.c„s 



17.81791 



0.65700 

Eq. 
(15.172)) 



0.65700 

Eq. 
(15.172)) 



115.84 



115.5 
(thicphen;) 



0.81549 



1 



S2.2 
(thic phenfe) 



112.5 
(thicphen.;) 
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IMIDAZOLE 

Imidazole having the formula C i H i N 2 comprises a conjugated system that is equivalent to pyrrole with one of the conjugated 
CH groups replaced by a nitrogen atom. The CH , NH , and C = C groups are equivalent to the corresponding groups of 
pyrrole, furan, and thiophene where present. In addition, the nitrogen substitution creates a C-N = C moiety comprising 
C-N and N = C functional groups. The C-N bonding is the same as that of a tertiary amine except that the hybridization 
term c 2 in Eqs. (15.51) and (15.61) is that of the amino group of aniline, c, (arylC2sp s HO to n) = 0.84665 (Eq. (15.171)). The 

hybridization factor provides double-bond character to match the group to the other orbitals of the molecule. AE HMO (AO/ HO) 

in Eq. (15.51) and E T ( atom- atom, msp'.AO) in Eq. (15.61) are both -0.92918<?F (Eq. (14.513)). This matches the energy of 

the group to that of the contiguous N = C group wherein AE HMO (AO/ HO) in Eq. (15.51) and E T (atom-atom,msp } .AO\ in 

Eq. (15.61) are both -0.92918 eV (Eq. (14.513)) per atom of the double bond with aromatic character as in the case of the prior 
heterocyclic compounds. As in the prior cases of pyrrole, furan, and thiophene, «, = 2 and C, and C 2o are the same as 

C 2 (benzeneC2sp i HO) = 0M252 (Eq. (15.162)) in Eqs. (15.51) and(15.61). To match the energy of the nitrogen to the C2sp 3 

HO, c 2 of the N = C-bond MO is also given by Eq. (15.171). These parameters also provide an energy match to the C-N-C 
group. 

As in the case of pyrrole, the C-N - C-bond MO comprising a linear combination of two single bonds is solved in the 
same manner as a double bond with «, = 2 in Eqs. (15.51) and (15.61). The hybridization factor 

c 2 (arylC2sp 3 HO toN~) = 0.84665 (Eq. (15.171)) matches the double-bond character of the C2sp } HOs to the N atom of the 

NH group, and C, and C 2o in Eqs. (15.51) and (15.61) become that of benzene given by Eq. (15.162), 

C 2 [benzeneClsp^HO] = 0.85252 . Furthermore, AE HMO (AO/HO) in Eq. (15.51) and E T [atom-atom,msp\AO) in Eq. 

(15.61) are both -0.92918 eV (Eq. (14.513)) per atom corresponding to -3.71673 eV in total. 

The symbols of the functional groups of imidazole are given in Table 15.285. The structure of imidazole is shown in 
Figure 15.49B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) 
and (15.17-15.65)) parameters of imidazole are given in Tables 15.286, 15.287, and 15.288, respectively. The total energy of 
imidazole given in Table 15.289 was calculated as the sum over the integer multiple of each E D (r,r,m P ) of Table 15.288 

corresponding to functional-group composition of the molecule. The bond angle parameters of imidazole determined using Eqs. 
(15.88-15.1 17) are given in Table 15.290. The color scale, translucent view of the charge-density of imidazole, comprising the 
concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.49A. 

Figure 1 5.49. (A) Color scale, translucent view of the charge-density of imidazole showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of 
imidizole. 
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Table 15.285. The symbols of functional groups of imidazole. 



Functional 


Group 


Group Symbol 


C a - C b double bond 




C = C 


N b = C c double bond 




N = C 


C h -N„ 




C-N 


C.-N.-C. 




C-N-C 



N a H group 
CH 



NH 
CH 



Table 15.286. The geometrical bond parameters of imidazole and experimental values [1]. 



Parameter 



C = C 
Group 



N = C 
Group 



C-N 
Group 



C-N-C 
Group — 



NH 
Group 



CH 
Group 



a (a n ) 



1.45103 



1.44926 



1.82450 



1,43222 



1.24428 



1.53380 



-' ( a o) 



1.30463 



1.30383 



1.35074 



1.29614 



0.94134 



1.01120 



Bond Length 2c' (A) 
Exp. Bond Length 



■PT 



1.38076 
1.382 



1.37991 



1.42956 



1.37178 
1.370 



0.996270 
0.996 



1.07021 
1.076 



(pyrrole) 



(pyrrole) 



(pyrrole) 



(pyrrole) 



b,c (a ) 



0.63517 



0.63276 



1.22650 



0.60931 



0.81370 



1.15326 



0.89910 



0.89965 



0.74033 



0.90499 



0.75653 



0.65928 



Tab 



atom,msp .AO] 



e 15.287. 



The MO 



to HO intercept geometrical bond parameters of imidazole. Ri is an 



alkyl group and R, R', R" are H or alkyl groups. E T is E T (atom 



(eV) 
Bondl 



(eV) 
Bond 2 



(eV) 
Bond 3 



(,:V) 
Bend 4 



Final Totil 

Energy 

C2sp s 

(eV) 



w 



(« 



E rmhmt [C2s, 



(eV) 
Final 



£(C2.sp-') 
(eV) 
Final 







f) 



(°) 



4 
(".) 



d. 



(C.H) 



-153.67867 



(Qff) 



C-H 



H)C h -N h 



-0.92918 
-0.46459 



0.92918 
■1.13380 



-153.474(15 
-153.214(i8 



0.91771 
0.91771 



0.81549 
0.82840 



-16.68411 
-16.42414 



-16.49325 
-16.23327 



84.49 
90.36 



95.5 
89.64 



44.47 
42.49 



1.08953 

1.34547 



0.(17833 
0.00527 



<-.=( 



H)C t -N h =C 



i;„=(: a (^)Ar, =c r 



.1N,C, = C h (H) 



f'.(»J 






-1.13380 
-0.92918 



0.92918 
0.92918 



0.91771 
0.93084 



0.80561 
0.81549 



-16.88873 
-16.68411 



138.54 
138.92 



41.4$ 
41 



61.09 
61.59 



0.69238 
0.68147 



0.00376 
0.1.1467 



V-.fi (N U H) 



-0.92918 



-0.92918 



0.93084 



0.81549 



-16.68411 



17.34 



62.66 



62.90 



0.56678 



0.:7456 



© 





w 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






r> 


TJ 


=V- 


O 




6 

CD 






<tl 




-! 





<ff)c 



:-N,C a =C,(H) 



C„=(H)C t N,,=C c 



'■X 



H)C,N t 



< 
CD 
Q. 



T 


ab 


le 15.28 


8. 


The ener 
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)arameters 





of funct 


on 


jl groups c 


>f ir 


nidazole. 




































5 ara 


meters 












C = 
Grc 


C 

up 




N = 
Grou 


: 
p 








C-N 
Group 






( 


'-A 
Grc 


-C 
up 




NH 
Grou 


P 








CH 
Group 








"i 














2 






2 










1 








2 






1 










1 








"2 














C 


























C 


























«3 














C 


























C 


























c, 














0. 


5 




0.5 










0.5 








0. 


5 




0.75 










0.75 








c 2 














0.85 


252 




0.852 


52 








1 








D.85 


252 




0.936 


13 
















'1 














1 






1 










1 








1 






0.75 


















C 2 














0.85 


252 




0.846 


65 








0.84665 








).84 


665 




0.921 


71 








0.91771 








c 3 














C 


























C 






1 


















c 4 














4 






4 










2 








4 






1 


















C 5 














C 


























C 






1 


















Q, 














0. 


5 




0.5 










0.5 








0. 


5 




0.75 










0.75 








c 2 „ 














185 


252 




0.852 


52 








1 








).85 


252 




1 










1 








K ( 


eV) 










-1 


04.3 


7986 




■103.92 


756 








-32.44864 






-1 


06.5 


8684 




-39.48 


597 








-39.09538 








r,( 


eV) 












0.8; 


1777 




20.87C 


50 








10.07285 








0.9 C 


1432 




14.45: 


67 








13.45505 








T( £ 


V) 










" 


5.9f 


.751 




35.85? 


39 








8.89248 








7.2 


047 




15.868 


20 








12.74462 








^,,( 


eV) 












17.9 


«76 




-17.92 


770 








-4.44624 








18.6 


)523 




-7.934 


10 








-6.37231 








E(a 


7i ho) (eV) 












C 

















-14.63489 








C 






-14.53 


114 








-14.63489 








AE h 


,M0( A0!H °) (<= 


V) 










2.26 


759 




-1.858 


36 








-0.92918 








3.71 


673 















-2.26758 








E T ( 


10/Ho) {eV) 












2.26 


759 




1.858 


36 








-13.70571 








3.71 


673 




-14.53 


114 








-12.36731 








E T ( 


iM (eV) 










- 


S3. 2 


7075 




-63.27 


100 








-31.63527 






- 


53.2 


7056 




-31.63 


534 








-31.63533 








E,{ 


atom - atom 


msj. 


\AO) (eV) 








2.2C 


759 




-1.858 


36 








-0.92918 








3.71 


673 
























£,.( 


,0) (eV) 










- 


55.5 


5833 




-65.12 


310 








-32.56455 






- 


56.9 


S746 




-31.63 


537 








-31.63537 








«( 


10 15 radls) 












15.4 


421 




15.47 


04 








21.5213 








15.7 


474 




48.77 


71 








28.9084 








£«• 


(eV) 










1 


O.K 


,428 




10.182 


90 








14.16571 






1 


0.3f 


,521 




32.105 


94 








19.02803 








^ 


eV) 












0.2C 


668 




-0.205 


58 








-0.24248 








0.21 


333 




-0.354 


62 








-0.27301 








£« 


(eV) 












0.17 


897 

1 




0.207 
[62 


68 








0.12944 
[23] 








).ll 

[1 


159 

21 




0.406 
[24 


96 








0.39427 
[601 










(eV) 












0.11 


720 




-0.101 


74 








-0.17775 








O.i; 


754 




-0.151 


15 








-0.07587 








£ ™ 4 


(eV) 












1.14 


803 




0.148 


)3 








0.14803 








D.14 


803 




0.148 


D3 








0.14803 








£ r ( 


;,„,„) (eV) 










- 


55.7 


7272 




-65.33 


£59 








-32.74230 






- 


57.3 


1254 




-31.78 


551 








-31.71124 








£ Mn 


al {c t A0!H0) (e 


V) 










14.6 


?489 




-14.63 


♦89 








-14.63489 








14.6 


?489 




-14.53 


114 








-14.63489 








£,„,„ 


:/ (c, aoiuo) (e 


V) 










C 


























C 






-13.59 


844 








-13.59844 








£ D ( 


inmp) (eV) 












7.23 


317 




6.793 


03 








3.47253 








5.76 


298 




3.512 


t)8 








3.32988 
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The total 



bond energies of imidazole calculated using the functional group composition and the energies 



of Table 15.288 compared :o the experimental 



Formula 



Name 



C = C 



N = C 



C-N 



C-N 



NH 



CH 



Calculi 
Total Bkmd 
Energy 



ted 
ond 

ieV} 



Experiment; 
Total Bond 
Energy 



(eV 



1 Relative 
Error 

i 



C3FL.N2 



Imidazole 



39.76343 



39.74 



06 



-0.00056 



ab 



le 15.29 

(atom - 



The bone, an 
msp 3 .AO) 



gle parameters of imidazole and experimental values [62]. In the calculation of 6 V 



the parameters from thg preceding angle were used. E; 



Atoms of Angle 



2c' 
Bond 2 



2c' 
Terminal 

Atoms 
K) 



Atoih 



Atom 1 
Hybridizatior 
Designation 

(Table 15.3B; 



Hyb 



idization 



Designation 



(Table 15 



3B) 



i'i 



6, 
C) 



C) 



Cal. 9 
(°) 



1 



Oil 



52171 
Eq. 
■ 170)) 



117.4 
(Imidazole' 



z C£ a H a 



120.51 10C63 



136.3 
(imidazole; 



ZffiVC, 



2.59228 



8987 



-14.5: 



6.49325 



(Table 



3A) 



0.84665 

(Eq. 
(15.170)) 



.82493 

(Eq. 

S.73)) 



0.7;; 



).75 



0.97435 



120.37 



122. 
(imidazole 



zH££ b 
zH££ ll 

■lH£,.N„ 



2.60925 
2.60925 



.2895 
.2740 



-16.8$873 

t 
-15.95,954 

C 



-15.9^:954 
C 



20 
6 



5.75493 
C t 

4.82575 



0.80561 
0.85252 



86359 
51771 



0.7:; 
0.7:; 



1.07196 
1.07647 



134.28 111 



UlL 



84665 
(Eq. 
.171)) 



135.30 
134.28 
114.54 
112.37 



136.3 
(imidazole", 

133. 
(imidazole' 

TTs! 

(imidazole; 

110.4 
(imidazole' 



zN£ r H t 
S-HNC 



112.37 10S.83 



0.84665 

(Eq. 
(15.170)) 



B6284 

(Eq. 
S.73)) 



137.80 
129.96 



13 

(|midabolei 

129.1 
(imidazole^ 



zJVX'.C, 



17.09334 



0.84665 

(Eq. 
(15.171)) 



0.79597 



107.52 



106.3 
(imidazole'; 



0.76360 



107.2 
(i midazole^ 



::QjV,,Q 



2.70148 



3128 



7.61330 



0.77247 



0.77247 



1.85836 



108.64 



(i midazole^ 



^'C D C t W, 



2.70148 
2.60766 



3818 

2544 



14.53414 
16.21953 



0.85252 
0.81549 



B4665 
(Eq. 
■170) 



0.84958 
0.82717 



-1.85836 

-1.44915 



111.18 
109.80 



109.8 

(imidazole^ 



11 



(imidazole^ 
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PYRIDINE 

Pyridine has the formula C 5 H 5 N and comprises the benzene molecule with one CH group replaced by a nitrogen atom which 

3e 3e 

gives rise to a C = N functional group. The aromatic C = C and C-H functional groups are equivalent to those of benzene 
given in the Aromatic and Heterocyclic Compounds section with the aromaticity maintained by the electrons from nitrogen in 

3e 

the C = N group, which is also aromatic. 

As in the case of the aromatic carbons of benzene, each pyridine C2sp 3 HO initially has four unpaired electrons. Each 
C-H bond has two paired electrons with one donated from the H AO and the other from the C2sp 3 HO. In pyridine the three 

3c 3e 

N2p electrons are donated to the aromatic bond. Thus, as in the case of the C = C group, each C = N bond comprises a linear 
combination of a factor of 0.75 of four paired electrons (three electrons) from the C2sp" HO and the N2p AO of the 
participating carbon and nitrogen atoms, respectively. 



3e 

The solution of the C = N functional group comprises the hybridization of the 2s and 2p AOs of each C to form a 
single 2sp 3 shell as an energy minimum, and the sharing of electrons between the C2sp 3 HO and the nitrogen atom to form a 

3e 

MO p e rmits each participating hybridized orbital to decrease in radius and e nergy. The C = N -bond MO is solved as a doubl e 
bond with n x = 2 in Eqs. (15.51) and (15.166). The hybridization factor c 2 [C2sp 3 HO to n) = 0.91 140 (Eq. (15.135)) matches 

the double-bond character of the C2sp 3 HO to the N atom, and C 2 and C 2a in Eqs. (15.51) and (15.166) are also given by Eq. 
(15.135) in order to match the nitrogen to the aromatic C2sp 3 HO such that AE H MO (AO/ HO) = in Eq. (15.51). Furthermore, 

E T latom-atom,msp 3 .AOj of the C=N -bond MO in Eq. (15.166) due to the charge donation from the Cand N atoms to the 

MO is -1.44915 eV corresponding to an energy contribution from each atom that is equivalent to that of an independent methyl 
group, -0.72457 eV (Eq. (14.151)). The contributions are also the same as those for a primary amine group as given in the 
corresponding s e ction. As in th e case of benzene, the aromatic E T (omup) and E D (omup) arc given by Eqs. (15.165) and (15.166), 
respectively, with f x = 0.75 . The breakage of the CNC bonds results in three unpaired electrons on the N atom. Thus, the 
corresponding E mag given by Eq. (15.69) was normalized for the two bonds per atom and for f x = 0.75 and was subtracted from 

Te 

the total energy of the r=<V-hondMO in Eq. (15.166). The pyridine vibrational energies are similar to those of benzene [63]; 
thus, the value for benzene was used. 

The symbols of the functional groups of pyridine are given in Table 15.291. The corresponding designation of the 
structure is shown in Figure 15.50B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of pyridine are given in Tables 15.292, 15.293, and 15.294, 
r e sp e ctiv e ly. Th e total e n e rgy of pyridin e giv e n in Tabl e 15.295 was calculat e d as th e sum ov e r th e int e g e r multipl e of e ach 
E D (orou P ) of Table 15.294 corresponding to functional-group composition of the molecule. The bond angle parameters of 
pyridine determined using Eqs. (15.88-15.117) are given in Table 15.296. The color scale, translucent view of the charge-density 
of pyridine comprising the c oncentric shells of atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MPs or 
joined with one or more hydrogen MOs is shown in Figure 15.50A. 
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Figure 1 5.50. (A) Color scale, translucent view of the charge-density of pyridine showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of pyridine. 




B 




Table 1 5.291 . The symbols of functional groups of pyridine. 



Functional Group 



CC (aromatic bond) 



Group Symbol 



CH (aromatic) 

C=N 



c=c 

CH 

C = N 



Table 1 5.292. The geometrical bond parameters of pyridine and experimental values [I]. 



Parameter 


C=C 

Group 


CH 

Group 


C=N 
Group 


"('0 


l. 47348 


1.60061 


1.47169 


c ' (<0 


l. 31 468 


[.03299 


1.27073 


Bond Length 2c' (A) 


1.39140 


1 .09327 


1 .34489 


Exp. Bond Length 


1.394 
(pyridine) 


1.084 
(pyridine) 


1.340 
(pyridine) 


b,c (a ) 


0.66540 


1.22265 


0.74237 


e 


0.89223 


0.64537 


0.86345 



fab 



e 15.293. 



The MO 



to ipO intercept geometricaf bqnd param^ter^ of pyridine. Ej is Ej (ijitoifi - atom.itysp' 

E, 



E, 

(eV) 

Bond 2 



E, 

(eV) 

Bond 3 



E, 

(:V) 

Bond 4 



Final Total 

En;rgy 

C\sp' 

(lYl 



M 



M 



(c: 

;eV) 
'inal 



.AG). 

sp^j EyClsp'' 
(eV) 
Final 



(°) 











M 



d 2 

M 



c- 
c- 

(H) 
Jif). 

(H) 

(«)■ 



H (C„H) 



-0.85035 



-0.56690 



0.9 1 77 1 



.81052 



lii.78642 



76.35 



103.6:; 



40.11 



1 ,22423 



0.19124 



C,,(H)C U =NC, 
C t (H)C a =NC, 



C„ 

C„ 

N 



-0.85035 
-0.54343 
-0.54343 



-0.56690 

-0.56690 





88327 
57636 



0.91771 
0.91771 
0.93084 



79597 
.81052 
,85503 



1'09334 
16.78642 
I .i.91261 



-16.902411 
-16.5955(i 



74.42 
128.54 
130.61 



105.54 
51.46 
49.39 



38.84 
58.65 
60.97 



1.24678 
0.76572 
0.71418 



0.21: 79 
0.505 01 
0.55(56 



C t =C„(H)N 



-0.85035 



-0.56690 



0.91771 



.81052 



j.78642 



134.85 



45.15 



59.72 



0.74304 



0.57: 



65 



C t =C lt (H)N 
C„=C h (H)C„(H) 



©2010 BlackLight Power, Inc. All rights reserved. 



962 



Chapter 15 



Table 15.294. The energy parameters (eV) of functional groups of pyridine. 



Parameters 



C=C 
Group 



CH 
Group 



C = N 
Group 



0.75 



0.75 

















573 

0.85252 





"0775" 

1 





03 

0.91140 



1 



1 



1 



0.85252 



0.91771 



0.91140 




0.5 



1 

0.75 




0.5 



C,„ 



0.85252 



1 



0.91140 



V (eV) 



-101.12679 



-37.10024 



-102.01431 



y p (en 

T{eV) 



20.69825 
34.31559 



13.17125 
11.58941 



21.41410 
34.65890 



V (eV) 



-17.15779 



-5.79470 



-17.32945 



E(aoiiio)(cV) 



-0- 



14.63489 
-1.13379 



-e- 



E T (AoiHo)(eV) 







-13.50110 







£ r (// : .«o)(en 



-63.27075 



-31.63539 



-63.27076 



E_ (atom - atom, msp 2 .AO) (eV) 



-2.26759 



-0.56690 



-1.44915 



E T (uo)(eV) 
(D (l0 l5 raJ/.v) 
E K (eV) 



-65.53833 
49.7272 
32.73133 



-32.20226 
26.4826 
17.43132 



-64.71988 
43.6311 

28.71875 



E D (eV) 



-0.35806 



-0.26130 



-0.33540 



Ey ■, (eV) 
E ,. (eV) 



0.19649 

[49] 
-0.25982 



0.35532 

Eq. (13.458) 

-0.08364 



0.19649 
[49] 

-0.23715 



E (eV) 



0.14803 



0.14803 



0.09457 



E t {;,„„!,) (eV) 



-49 S4347 



-3? 78590 



-48 8747? 



,, (-, aoiho) (eV) 



-14.63489 




-14.63489 
-13.59844 



-14.6348 




E D ((i,„up)(eV) 



5.63881 



3.90454 



4.92005 



Table 15. 

values [3]. 



C 5 H 



Tab 



e 15 

Atoms of Angle 



ZCCC 
(iiromatic) 



2JI5 



Formula 



29 6 



The total bond energies o:~pyridine 

Nam? 
Pyridine 



The bond an 



2c' 
Bond 2 



gle parameters of pyridine und experimental values 



a,) 



E, 
Atordi 



:alculated usiig Ihe functional 



Atom 1 
Hybridization 
Designation 

(Table 15.3B) 



Atom 2 



CH 

5 



Atom '1 
Hybridization 
Designation 



( Tatle 1 



C = N 

Group 

2 



3B) 



c-. 
Atom 1 



0.7923; (1.79232 



group compo sition and 



[1] 



Calculated 
Bond 

•gy( e 



Totil 



Ene 
51 



. E T \sEj 



91802 



{atom - atom 



the 



eV) 



Experimental 
lBond 
• gy (eV) 
57927 



Tot; 

pner 
51 



msp .AO). 



energies of Table 15.294 compared to the experimental 



Relative 
Error 

00075 



(,:V) 



C) 



8, 
C) 



Cal. 
C) 



Exp. 

("1 



120 [50- 

52 
lenzene) 



1183 
(jpyridii 

1185 
(pyridine) 



ine) 



/LCCH 

(aromatic) 



120 [50- 

52 1 
^benziaie) 

121 3 
(pyridine) 



0.91771 



0.91 140 

Eq. 

15. 135)) 



115 9 
(pyridine) 



-lii.52644 



0.9114$ 

Eq 
(15.135; 



0.82327 



123 9 
(pyridine) 



0.76801 0.76801 



116 8 
( pyrid ine) 



964 
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PYRIMIDINE 

Pyrimidine has the formula C i H i N 2 and comprises the pyridine molecule with one additional CH group replaced by a nitrogen 

atom, which gives rise to a second C = N functional group that is equivalent to that of pyridine given in the corresponding 

section. The aromatic C = C and C-H functional groups are also equivalent to those of pyridine and benzene given in the 

Aromatic and Heterocyclic Compounds section with the aromaticity maintained by the electrons from nitrogen in the C = N 
group which is also aromatic. 

The symbols of the functional groups of pyrimidine are given in Table 15.297. The corresponding designation of the 
structure is shown in Figure 15.51B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of pyrimidine are given in Tables 15.298, 15.299, and 
15.300, respectively. The total energy of pyrimidine given in Table 15.301 was calculated as the sum over the integer multiple 
of each E D (omup) of Table 15.300 corresponding to functional-group composition of the molecule. The bond angle parameters of 
pyrimidine determined using Eqs. (15.88-15.117) are given in Table 15.302. The color scale, translucent view of the charge- 
density of pyrimidine comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal 
MOs or joined with one or more hydrogen MOs is shown in Figure 15.51 A. 

Figure 15.51. (A) Color scale, translucent view of the charge-density of pyrimidine showing the orbitals of the 
atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell 
of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom 
designation of pyrimidine. 



B 





Table 1 5.297. The symbols of functional groups of pyrimidine. 



Functional Group 



Group Symbol 



CC (aromatic bond) 
CH (aromatic) 



C .*4= N 



C=C 

CH 

ie 

C = N 



Table 1 5.298. The geometrical bond parameters of pyrimidine and experimental values [l]. 



Parameter 


C=C 

Group 


CH 
Group 


3e 

Group 


■6) 


1 .47348 


1.60061 


1.47169 


" (<0 


1.31468 


1.03299 


1.27073 


Bond Length 

2C (A) 


1.39140 


1.09327 


1.34489 


Exp. Bond Length 


1.393 
(pyrimidine) 


1.084 
(pyridine) 


1.340 
(pyrimidine) 


b,c («„) 


0.66540 


1.22265 


0.74237 


e 


0.89223 


0.64537 


0.86345 



Tab 



e 15.299 



The MO to HO intercept geometrical bond parameters of pyrimi dine. Er is Er (atom - atom.msp .AO) 



(eV) 



(eV) 
Bond 2 



E r 

(eV) 

Bond 3 



(eV) 
Bo id 4 



Total 

gy 



:o_ 



M 



(C2sp : 



E[C2sp> 
(eV) 
Final 



9' 
f) 



f) 



(") 



rf, 






C-F (C.H) 



C-F (C t<l F) 






-0.54343 



-0.85035 



-0.56690 



0.91771 



-16.5955(i 



76.35 



03.6 5 



40.11 



1 .22423 



0.191 



(H). 



(c,h) 

(H)C, = N h C, 
(H)C 4 =N a C 



-0.85035 
-0.85035 



-0.85035 
-0.54343 



-0.56690 
-0.56690 



-153.11832'; 
-153.57631: 



0.91771 
0.91771 



9597 
1052 



-17.')933' 
-16.7864:: 



-16.9024!: 
-16.59556 



74.42 
128.54 



05.5* 
51.4C 



38.84 
58.65 



1.24678 
0.76572 



0.21:79 
0.:50:01 



(M). 

_(H} 
(H)4 

(H)C 
_(ff)< 

N , 
W. 
".( 



(if), 



(H)C t = N t C, 
(H)C d =N£, 
(H)C t N t =C 
(H)C d N„=C 
(H)C t N„=C, 
(H)C d N„=C 
C d =C r (H)C 
C»=C,(H)C 

)Q=c,(w) 
)c,=c(ff)c. 









■0.54343 



-0.54343 







0.93084 



130.61 



49.3S 



60.97 



0.71418 



0.55(156 



©2010 BlackLight Power, Inc. All rights reserved. 



966 



Chapter 15 



Table 15.300. 



The energy parameters (eV) of functional groups of pyrimidine. 





Parameters 


C=C 


CH 


C = N 










P 








./; 


0.75 


1 


0.75 






», 


2 


1 


2 






«2 















«3 















C, 


0.5 


0.75 


0.5 






c 2 


0.85252 


1 


0.91140 






C ! 


1 


1 


1 




















0.85252 


0.91771 




















3 












c 4 


3 


1 


3 






C 5 





i 









c,„ 


0.5 


0.75 


0.5 






c 2 „ 


0.85252 


1 


0.91140 






K, ( e,/ ) 


-101.12679 


-37.10024 


-102.01431 






^ (eV) 


20.69825 


13.17125 


21.41410 






T(eV) 


34.31559 


11.58941 


34.65890 






T7 / T^\ 
























F( 1 n / ,,,,)( e V) 


n 


-14 63480 


n 


















A£„ „„C<o/«o)(eK) 





-1.13379 









£, (.o/m) (eF) 





-13.50110 









£,(«,,«)) on 


-63.27075 


-31.63539 


-63.27076 






f 1 titt\m — /ittnn mvn AC)\(t>V\ 
rV" —;~~ r — , v-. , 


-2.26759 


-0.56690 


.1 44Q1^ 






£ r (.»)(en 


-65.53833 


-32.20226 


-64.71988 






o (lO 15 rarf//) 


49.7272 


26.4826 


43.6311 






E K (eV) 


32.73133 


17.43132 


28.71875 






E D (eV) 


-0.35806 


-0.26130 


-0.33540 






£ M W 


0.19649 
[49] 


0.35532 
Eq. (13.458) 


0.19649 
[49] 






£ vc (eK) 


-0.25982 


-0.08364 


-0.23715 






£ (eK) 


0.14803 


0.14803 


0.09457 






£ r (t,v™„)( e F) 


-49.54347 


-32.28590 


-48.82472 






£ ,» M C -*"»') ( fiK > 


-14.63489 


-14.63489 


-14.63489 






£ ™« (i -*""") ( eF ) 





-13.59844 









£ D (;™p)(eF) 


5.63881 


3.90454 


4.92005 





Tiibl 

value 



C. t H 4 N: 



Tab 



e 15.30 

3 [3]. 



1. 



Formula 



e 15.302 



The total 



bord energies of pyrimidine calculated using the funct onal group composition and the energies 



Fyrinidine 



The bond angle parameters ofpyrimidine and experimental values [1]. ETisEriatom -atomjasp .AO) 



Name 



CH 



N 
Group 



Calculated 
Total Band 
Energy I eV) 



46. 



57597 



Experimental 
Total Bond 
Energy (eV) 



of 



Table 15.300 



46.51794 



compared 



Relative 
Error 



0.00125 



to the experimental 



Atoms of Angle 



2c' 
Bond 1 
(<*o) <l 



"„) 



2c' 
Terminal 
Atoms 



it\>mbic 

1 



Atorfli 
Hybrid 
Desigi 

(Table 



£,.„„„,„ 
Atom 2 



om2 
dization 

Designation 



Hybi 



(Table 
15.3B) 



Ate m 1 Atom 2 



E T 
(eV) 







P) 



Cal. 9 



e> p . e 



zeec. 

(aromatic) 



2.62936 2.62936 



0.79232 0.79232 



120 



50-52] 



(benzene) 



18.3 



(pyridine) 

1 18.5 
(pyridine) 



ZCCH 
(aromatic) 



120 50-52] 
(benzene) 

121.3 
(pyridine) 



2.54147 2.62936 



0.91140 
771 Eq. 

__ (15.135)) 

140 r 

0.82327 

mi 



Eq 



15.9 



(pyridine) 

123.9 
(pyridine) 



2.54147 2MW 



0.76801 0.76801 



( pyrinidine) 



2.54147 22414' 



0.8'495 0.87495 



127.6 
( pyrinidine) 



968 
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PYRAZINE 

Pyrazine has the formula C 4 H 4 N 2 and comprises the pyrimidine molecule with para rather than ortho aromatic nitrogen atoms. 

3c 

The C = N functional group is equivalent to that of pyrimidine and pyridine given in the corresponding sections. The aromatic 

3c 

C = C and C-H functional groups are also equivalent to those of pyrimidine, pyridine, and benzene given in the Aromatic and 

3c 

Heterocyclic Compounds section with the aromaticity maintained by the electrons from nitrogen in the C=N group, which is 
also aromatic. 

The symbols of the functional groups of pyrazine are given in Table 15.303. The corresponding designation of the 
structure is shown in Figure 15.52B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of pyrazine are given in Tables 15.304, 15.305, and 15.306, 
respectively. The total energy of pyrazine given in Table 15.307 was calculated as the sum over the integer multiple of each 
E d (gk,,p) of Table 15.306 corresponding to functional-group composition of the molecule. The bond angle parameters of 
pyrazine determined using Eqs. (15.88-15.117) are given in Table 15.308. The color scale, translucent view of the charge-density 
of pyrazine comprising the concentric shells of atoms with the outer shell bridged by one or more //, -type ellipsoidal MOs or 
joined with one or more hydrogen MOs is shown in Figure 1 5.52A. 

Figure 15.52. (A) Color scale, translucent view of the charge-density of pyrazine showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of pyrazine. 



B 





le/A 2 



Table 1 5.303. The symbols of functional groups of pyrazine. 



Functional Group 



Group Symbol 



CC (aromatic bond) 
CH (aromatic) 

3c 

C=N 



c=c 

CH 

C=N 



Table 15.304. The geometrical bond parameters of pyrazine and experimental values [1], 



Parameter 


c=c 

Group 


CH 
Group 


3e 

C=N 
Group 


" it'., ) 


1.47348 


1.60061 


1.47169 


<• (<0 


1.31468 


1.03299 


1.27073 


Bond Length 
2c-' (A) 


1.39140 


1.09327 


1.34489 


Exp. Bond Length 


1.339 

(pyrazine) 


1.115 

(pyrazine) 


1.403 
(pyrazine) 


b,c (a,) 


0.66540 


1.22265 


0.74237 


e 


0.89223 


0.64537 


0.86345 



able 15.305. 



The MO to HO intercept geometrical bend parameters ofpyrazine. Ej is Et (atom -atom.nsp 



AG). 



E T 

iw; 

Bond 



(eV) 
Bond 2 



(eV) 
3ond3 



(eV) 
Bond 



Final 
Energj 
C2sp : 



is) 



S~4 
(eV) 
Final 



■V) 



e(c2s P ') 



(eV) 

Final 







0, 



8, 

e") 



M) 



-0.85035 



0.91771 



103.1)5 



40.11 



0.19124 



ff)c 



(Hy:=NC :i 

(H)p=NC a 



h(//Y;=c (#)w 



-0.54343 
-0.54343 
-0.54343 



.56690 




0.91771 
0.93084 
0.91771 



-16.78i 
-15.91 



51.46 
49.39 

45.15 



58.65 
60.97 
59.72 



0.50.501 
0.55656 



0.57 



165 
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Table 15.306. 



The energy parameters (eV) of functional groups of pyrazine. 





Parameters 


C=C 


CH 


3e 

C = N 








v " ul ¥ 


0U P 


U ' UU H 






/ 


0.75 


1 


0.75 






«i 


2 


1 


2 






«, 















"i 















c, 


0.5 


0.75 


0.5 






c, 


0.85252 


1 


0.91140 






c l 


1 


1 


1 


















c 9 


0.85252 


0.91771 


0.91140 


















c^ 





1 









c t 


3 


1 


3 






C 5 





1 









c, 


0.5 


0.75 


0.5 


















£',.. 


0.85252 


1 


0.91140 






F (eC) 


-101.12679 


-37.10024 


-102.01431 






F„ (eF) 


20.69825 


13.17125 


21.41410 






7-(eF) 


34.31559 


11.58941 


34.65890 






F, (eF) 


-17.15779 


-5.79470 


-17.32945 


















£(*)/«)) (el-) 





-14.63489 









A£ Hl . W o('" , - i ' )( e ' / ) 





-1.13379 









E ; . (io/m>) (eV) 





-13.50110 









E U uci\(eV\ 


63 °7075 


31 6353° 


63 ''7076 


















f7 („t,-,™ „tj,™ ™ m ] An\{„v\ 


7 7^7-^0 


n s^on 


1 ,1/101 < 






^j.^..^,,. „.„,,. ,„.^, .. it . y Vt , , 


~'~ J 


■"" ' " 


......... 






£ 3 M(eF) 


-65.53833 


-32.20226 


-64.71988 






fl) (lO l5 radls) 


49.7272 


26.4826 


43.6311 






E (eV) 


37 7"! 133 


174-J13T 


^8 71875 


















E n (eV) 


-0.35806 


-0.26130 


-0.33540 


















£« («>0 


0.19649 
[49] 


0.35532 
Eq. (13.458) 


0.19649 
[49] 






£ ra( , OF) 


-0.25982 


-0.08364 


-0.23715 






£ (cF) 
























F f w .,. r VpK") 


_4Q 54347 


.37 ^8 <;Q 


-48 8 9 47 7 


















£ M„«/€*"'")( e,/ ) 


-14.63489 


-14.63489 


-14.63489 






£ -J..* ,! »°)( i!t ') 





-13.59844 









£„^)(eF) 


5.63881 


3.90454 


4.92005 





Tab 

value! s 



C4H4N2 



Tab 



Formula 



e 15.307. 

[3]. 



P yrazine 



e 15.308 



The total 



The bond 



bond energies of pyrazine calculated using the functional group coir position and the snergies o f Table 1 5.306 compared to the experimenta 



angle parameters of pyrazine 



C=C 



CH 



nd experimental values 



N 
Grdmp 



[1] 



Et is Et {atom - atom, 



(Calculated 
T|otal Bond 

;y(ev) 



Eiere 



46.57597 



msp .AO). 



Experimental 
Total Bor d E lergy 
(eV) 



46.5138(1 



] Relative 
Error 



100095 



Atorrs of Angle 



2c 

Bonjl 

(", 



2c' 
1 Bond 2 
) ("0) 



2c' E, w „ 

ml Atoir 

s 

a.) 



Atom 1 
Hybridization 
Designation 

(Table 15.3B) 



E fl ,, a , M . 
/torn 2 



Hybridiz 
Design; 



alion Atom 
at ion 



(Tallel5 



3B) 



E, 
(eV) 



<>2 
C) 



Fjxp. (f 
(°) 



zXX'C 
(aiomatic) 



2.62936 2.62936 



5585 -17.1721 



12C 



52] 



[50- 
(baizere) 

118.3 
(pvridire) 

118.5 
(pyridir e) 



ZCCH 
(aiomatic) 



12( 



[50-52] 
(baizere) 

121.3 
(pyridire) 



2.06ii98 2.54147 



3497 -14.82 575 



0.91140 

Eq. 
15 .135)) 



115.9 
(pyridire) 



I23.< 
fazir.e) 



47 2.62936 



4.»045 -14.53*14 



0.911' 

Eq. 

(15. 



135)) 



115.6 
(pyrazine 



47 2.54147 



3359 -17.71560 



116.8 
(pyrimidne) 



972 
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QUINOLINE 

Quinoline has the formula C H 7 N and comprises the naphthalene molecule with one CH group replaced by a nitrogen atom 

3c 3e 

which gives rise to a C = N functional group. The aromatic C=C and C-H functional groups are equivalent to those of 

naphthalene given in the corresponding section with the aromaticity maintained by the electrons from nitrogen in the C=N 
group, which is also aromatic. The C-C functional group is also equivalent to that of naphthalene. The bonding in quinoline 

can be further considered as a linear combination of the naphthalene and pyridine groups wherein the C = N group is equivalent 
to that of pyridine, pyrimidine, and pyrazine as given in the corresponding sections. 

The symbols of the functional groups of quinoline are given in Table 15.309. The corresponding designation of the 
structure is shown in Figure 15.53B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of quinoline are given in Tables 15.310, 15.311, and 15.312, 
respectively. The total energy of quinoline given in Table 15.313 was calculated as the sum over the integer multiple of each 
E D (Gm« P ) of Table 15.312 corresponding to functional-group composition of the molecule. The bond angle parameters of 
quinoline determined using Eqs. (15.88-15.117) are given in Table 15.314. The color scale, translucent view of the charge- 
density of quinoline comprising the concentric shells of atoms with the outer shell bridged by one or more // 3 -type ellipsoidal 
MOs or joined with one or more hydrogen MOs is shown in Figure 15.53A. 

Figure 1 5.53. (A) Color scale, translucent view of the charge-density of quinoline showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical strucUire and atom designation of 
quinoline. 
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Table 15.309. The symbols of functional groups of quinoline. 



Functional G r oup 



G r oup Symbol 



CC (aromatic bond) 

CH (aromatic) 

C b -C b (bridging bond) 



C = C 

CH 

C-C 



C„, = N 



3e 

C = N 



Table 15.310. The geometrical bond parameters of quinoline and experimental values PI- 



Parameter 



a ( a o) 



C = C 
Group 

1.47348 



CH 



C-C 



C = N 
Group 

1.47169 



i0 



1.31468 



Group 
1.60061 



Group 
1 .75607 



1.03299 



1.32517 



1.27073 



Bond Length 
*• ( A ) 



1.391 4 



1.09327 



1. 4 0250 



1.3 44 89 



Exp. Bond 
Length 



1.40 (avg.) 
(naphthalene) 



b - c ( a o) 



0.66540 



1.101 
(benzene) 



1.42 
(naphthalene) 



1.340 
(pyridine) 



1.22265 



1.15226 



0.74237 



0.89223 



0.64537 



0.75462 



0.86345 



fab 



e 15.311. 



The MO 



to HO intercept geometrical bond parameters of quinol ine 



E T is Eq 



{atom - atom,msp .AG) 



(eV) 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 



Final 



Total 

;y 
to' 



to 



to 



(cV) 
Ikial 



£(C2.?//| 

(eV) 

Final 







(•) 



0, 






C-i( 



fc") 



C-i( 



(c/0 



-0.85035 



-0.56690 



0.9 1 771 



0.79597 



■16.90248 



74.42 



05.5 8 



38.84 



1.24678 



0.21 



79 



n(h 






-0.54343 
-0.85035 



-0.56690 
-0.56690 



-153. 
-153. 



0.91771 
0.91771 



0.81052 
0.79597 



-16" 
-17 C 



-16.59556 
-16.90248 



134.85 
134.24 



45. i: 

45.76 



59.72 
58.98 



0.74304 
0.75935 



0.57 65 
0.55:133 



(«> 



«( C j) C . =C » 



-0.85035 



-0.28345 



0.91771 



0.80939 



-16.61903 



134.81 



45.19 



59.66 



0.74430 



0.57038 



w(c 



)p.i = C t 



Cfr 



X =Ar 



c»( c 



)c =w 



© 





w 




o 








o 




CD 




CD 




O 




7T 




I - 




(Q 




J 






n 


TJ 


5f 


O 




6 

CD 






<fi 




-s 





C,(c)C d =N 



la 

n(c 



y,-c. 



< 

Q. 



©2010 BlackLight Power, Inc. All rights reserved. 



Organic Molecular Functional Groups and Molecules 



975 



Table 15.312. 



The energy parameters (eV) of functional groups of quinoline. 



Parameters 



C=C 
Group 



CH 
Group 



C-C 
Group 



C = N 
Group 



0.75 



0.75 



0.5 



0.75 



0.5 



0.5 



0.85252 



0.91 140 



1 

0.85252 



1 

0.91771 



1 
0.85252 



1 
0.91140 



3 



-&5- 



1 
1 

-0t75- 



2 



-6t5- 



3 



-0r5- 



-C, 



0.85252 



-4- 



4- 



0.911 4 



V (eV) 



V„ (eV) 



T(eV) 



V (eV) 



-101.12679 



-37.10024 



-34.43791 



-102.01431 



20.69825 



13.17125 



10.26723 



21.41410 



34.31559 



11.58941 



9.80539 



34.65890 



-17.15779 



-5.79470 



-4.90270 



-17.32945 



E(ao!ho) (eV) 



AE U,M0( J °"" J )( er ) 



E T (Ao!Ho)(eV) 



£,(«,«») (eK) 







-14.63489 



-14.63489 







-1.13379 



-1.13379 







-13.50110 



-13.50110 







-63.27075 



-31.63539 



-31.63529 



-63.27076 



E T (atom - alom,msp'.AO) (eV) 



-2.26759 



-0.56690 



-0.56690 



-1.44915 



E 1 (mo) (eV) 



-65.53833 



-32.20226 



-32.20226 



-64.71 S 



^ 



rad I s I 



49.7272 



26.4826 



23.6343 



43.6311 



E K (eV) 



32.73133 



17.43132 



15.55648 



28.71875 



H n (eV) 



-0.35806 



-0.26130 



-0.25 127 



-0.33540 



E Kvlh (eV) 



0.19649 
[49] 



0.35532 
Eq. (13.458) 



0.12312 
[2] 



0.19649 
[49] 



E ,„r (<>V) 



-0.25982 



-0.08364 



-0.18971 



-0.23715 



(eV) 



0.14803 



0.14803 



0.14803 



0.09457 



E t (,,>„,) (eV) 



-49.54347 



-32.28590 



-32.39198 



-48.82472 



o)(eV) 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



E MU ((, aoiiio) (eV) 



-13.59844 







E r> {fm„p)(llV) 



5.63881 



3.90454 



3.12220 



4.92005 



Table 15.313. 

values [3]. 



C 8 H,M 



Tab 



Aloms of Angle 



ZCCH 
■^C d NC a 2. 



Qil noline 



e 15.314. 



2c' 
Ijndl 

•:o 

■ 52936 
54147 



The total 



The bond angle parameters of quinoline 



2c 
Bond 2 



2.6503'. 

2.5414 



bond energies of quinoline 



2c 1 

Terminal 

A oms ( a„ ) 



E, 
AtAm 1 



-17. 7218 
-17.43216 



Atom 1 
Hybridizatior 
Designation 

(Table 15.3B; 

27 



calculated using 



ffl(ji( Atom 

4tom2 Hybiidizaion Moml 

Designation 



l'M7218 

17.71560 



CH 

7 



and experime ntal value 3 [ 1 ] . Et is E_ 



(Tab lclS. 

27 



SB) 



the functional group composition and the energies of Table 15.3] 2 compared to tt 



c 

Croup 

1 



0.79232 
0.78050 



079232 
076801 



{atom - atom,msp .AO). 



C=N 
Group 

2 



Calculates 

Total Bond Energy (eV 

85.40453 



E, 
(eV) 



9232 -1.85836 
7426 -1.85836 



I") 



Experimental 

I Energy (eV) 



6 i 
C) 



Cal. 
(°) 



120.30 
119.10 



Relative Error 
0.00178 



Exp. 



119.4 
(naphthalene) 



e experimentid 



© 





ho 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


5f 


O 


43 


6 

CD 






<fi 




-s 





< 
CD 

Q. 



©2010 BlackLight Power, Inc. All rights reserved. 
Organic Molecular Functional Groups and Molecules 



977 



ISOQUINOLINE 

Isoquinoline has the fonnula C 9 H 7 N and comprises the naphthalene molecule with one CH group replaced by a nitrogen atom 

which gives rise to a C = N functional group. Isoquinoline is also equivalent to quinoline with the nitrogen in the meta rather 

ie 

than the ortho position relative to the benzene ring of the molecule. The aromatic C = C and C-H functional groups are 
equivalent to those of naphthalene given in the corresponding section with the aromaticity maintained by the electrons from 

nitrogen in the C = N group which is also aromatic. The C-C functional group is also equivalent to that of naphthalene. The 
bonding in isoquinoline can be further considered as a linear combination of the naphthalene and pyridine groups wherein the 

3s 

C = N group is equivalent to that of pyridine, pyrimidine, pyrazine, and quinoline as given in the corresponding sections. 

The symbols of the functional groups of isoquinoline are given in Table 15.315. The corresponding designation of the 
structure is shown in Figure 15.54B. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of isoquinoline are given in Tables 15.316, 15.317, and 
15.318, respectively. The total energy of isoquinoline given in Table 15.319 was calculated as the sum over the integer multiple 
of each E D (am up ) of Table 15.318 corresponding to functional-group composition of the molecule. The bond angle parameters of 
isoquinoline determined using Eqs. (15.88-15.117) are given in Table 15.320. The color scale, translucent view of the charge- 
density of isoquinoline comprising the concentric shells of atoms with the outer shell bridged by one or more // 2 -type 
ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.54A. 

Figure 1 5.54. (A) Color scale, translucent view of the charge-density of isoquinoline showing the orbitals of the atoms at 
their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 
atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of 
isoquinoline. 




le/A 2 
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Table 15.315. The symbols of functional groups of isoquinoline. 



Functional 


Group 


Group Symbol 




CC (aromatic bond) 

CH (aromatic) 

C b -C b (bridging bond) 




C = C 

CH 

C-C 


3c 
CU-AE 




3c 

e=^v 



Table 1 5.31 6. The geometrical bond parameters of isoquinoline and experimental values [1]. 



Parameter 



C=C 



CH 



C-C 



C = N 



Group 



Group 



Group 



Group 



a ( a o) 



1.47348 
1.31468 



1.60061 
1.03299 



1.75607 
1.32517 



1.47169 
1.27073 



Bond Length 



1.39140 



1.09327 



1.40250 



1.34489 



Exp. Bond Length 



— 1.40 (avg.) — 
(naphthalene) 



— not — 

(benzene) 



142 

(naphthalene) 



T340 

(pyridine) 



V) 



b,c (a ) 



0.66540 



1.22265 



1.15226 



0.74237 



0.89223 



0.64537 



0.75462 



0.86345 



Tab 



e 15.317. 



TheMO to HO intercept geometrical bond parameter!; of isoquiioline. E T is K T {atom -atom, msp AO). 



(eV) 
Bond 2 



(eV) 
Bond 3 



V) 



Final 

Energy 

Clip" 

&1 



to 



to 



■ : c,,,,(f 2 ': 

(:V) 
Final 



£(C2.sp 3 ] 
(eV) 
Final 



6' 






to 



to 



C-h 
C-h 
C-h 



n(h 



(c.g) 



-o.8; 
-o.8; 
-o.8; 



-0.54343 
-0.54343 
-0.85035 

-0.54343 



-0.56690 
-0.56690 
-0.56690 

-0.56690 



-153.; 
-153.; 



7636 
7636 



0.91771 
0.91771 
0.91771 

0.91771 



81052 
81052 
79597 

81052 



-16.' 
-16. 
-17ji 

-16 



78642 
7864J2 

09: 

7864S 



-16.59556 
-16.59556 
-16.90248 

-16.59556 



76.35 
76.35 
74.42 

134.85 



03.65 
03.6) 
05.5! 

45.1; 



40.11 
40.11 
38.84 

59.72 



1.22423 
1.22423 
1.24678 

0.74304 



0.19 
0.19 

0.21: 

0.57 



65 









-0.8; 
-0. 



-0.85035 
-0.85035 



-0.56690 
-0.28345 



-153. 
-153. 



0.91771 
0.91771 



79597 -17. 

80939 -16. 



09331 
8098) 



-16.90248 
-16.61903 



134.24 
134.81 



45.7f 
45.1? 



58.98 
59.66 



0.75935 
0.74430 



0.55:133 
0.57038 



c ,i( H 






-0.54343 



-0.56690 



0.91771 



81052 



-16. 



7864? 



-16.59556 



128.54 



51.4« 



58.65 



0.76572 



0.50!i01 






)C =N 



85503 -15 



*-(< 



'■*<■ 



3 80939 -16. 
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Table 1 5.31 8. The energy parameters (eV) of functional groups of isoquinoline. 



Parameters 



C=C 
Group 



CH 
Group 



C-C 
Group 



C = N 
Group 



0.75 



0.75 



0.5 



0.75 



0.5 



0.5 



0.85252 



0.91140 



1 

0.85252 



1 

0.91771 



1 
0.85252 



1 
0.91140 



0.5 



0.75 



0.5 



0.5 



0.85252 



0.91140 



-1UL . izo/y 



o/.iuuxt 



V„ (eV) 



20.69825 



13.17125 



10.26723 



21.41410 



T(eV) 
V (eV) 



34.31559 
-17.15779 



11.58941 
-5.79470 



9.80539 
-4.90270 



34.65890 

-17.32945 



%«o) (eV) 



-14.63489 



-14.63489 



*£»,« («'"") ( eV ) 



-1.13379 



-1.13379 



E T (wmo)(eV) 



-13.50110 



-13.50110 



£,(g,»)(eF) 



-63.27075 



31.63539 



-31.63529 



-63.27076 



E r [atom - amm,msp .AO j {eV) 



-2.26759 



-0.56690 



-0.56690 



-1.44915 



E r (M„)(eV) 



-65.53833 



-32.20226 



-32.20226 



-64.71988 



co (l0 ls ra<///) 



E K (eV) 



49.7272 
32.73133 



26.4826 
17.43132 



23.6343 
13.35648 



43.6311 



28.71873 



E B ("O 



-0.35806 



-0.26130 



-0.25127 



-0.33540 



0.19649 
[49] 



0.35532 
Eq. (13.458) 



0.12312 
[2] 



0.19649 
[49] 



£ (eV) 



-0.25982 



-0.08364 



-0.18971 



-0.23715 



-JeVT 



0.14803 



0.14803 



0.14803 



0.09457 



£,M(eH 



-49.54347 



-32.28590 



-32.39198 



-48.82472 



E , m ,a l i MiH0 )( eV ) 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



E^^HoKeV) 







-13.59844 











EJ:„ 1V )(CV) 



5.63881 



3.90454 



3.12220 



4.92005 



Tibl 

value 



e 15.31 

b[3]. 



9. 



The total 



bord energies of isoquinoline calculated 



using the functional group composition and the energies of Table 15,318 compared to the experimental 



c-c 

Group 



C=N 
Grout: 



Energy (eV) 



Experimental 
Total Bond Ene"gy (eV) 



C,H 7 N 



fab 



e 15.32 



Isoquinoline 



0. The bond angle parameters of isoquinoline and experimental values [1]. E T is E T 



0453 



85.44351! 



(atom - atom, 



msp AG). 



Atcms of Angle 



Bold 



2c' 
1 1 Bond 2 



("«) ( a o) 



2c' 
Terminal 

Atoms 



Atorh 



Atom 1 
Hybridization 
Designation 

(Table 15.3B) 



Hybridization 



De 



;igna:ion 



(Table 1! 



3B) 



Q 



0) 



al. 6 
(°) 



E:;p. 9 
(°) 



2.62936 2.65034 



27 



27 



19.4 



(naphthalene) 



ZCCH 
ZCNC,, 



2.54147 2.54147 



i.30 
19.10 



982 
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INDOLE 

Indole having the formula CgH.,N comprises a phenyl moiety with a conjugated five-membered ring which comprises pyrrole 

except that one of the double bonds is part of the aromatic ring. The structure is shown in Figure 15.55B. The aromatic C = C 
and C-H functional groups of the phenyl moiety are equivalent to those of benzene given in the Aromatic and Heterocyclic 
Compounds section. The CH , NH , and C d = C e groups of the pyrrole-type ring are equivalent to the corresponding groups of 
pyn'ole, furan, and thiophene where present as given in the corresponding sections. The C lt - C d single bond of aryl carbon to 
the C d =C e bond is also a functional group. This group is equivalent to the C-C(0) group of benzoic acids with regard to 
AE H MO (AO/HO) in Eq. (15.51) and E T ( atom- atom, msp i .AO\ in Eq. (15.61) both being -1.29147 eV . This energy is a 

linear combination of — '■ , E T ( atom- atom, msp^.AOj of the C-H group that the C b -C d and C-C(0) groups 

replace, and that of an independent C2sp' HO, -0.72457 eV (Eq. (14.151)). However, as in the case of pyrrole, the indole 

hybridization term c, is the aromatic c, (benzeneClsp 3 HOj = 0.85252 to match the aryl C2sp } HO, and the energy terms 

corresponding to oscillation in the transition state correspond to indole. 

As in the case of pyrrole, the C-7V-C-bond MO comprising a linear combination of two single bonds is solved in the 
same manner as a double bond with «j=2 in Eqs. (15.51) and (15.61). The hybridization factor 

c 2 [arylClsp'HO to N) = 0.84665 (Eq. (15.171)) matches the aromatic character of the C2sp y HOs to the N atom of the NH 

group, and C, and C 2o in Eqs. (15.51) and (15.61) become that of benzene given by Eq. (15.162), 

C, (benzeneClsp'HO) = 0.85252 . Furthermore, AE HUO (AOI HO) in Eq. (15.51) and E T (atom-atom,msp\AO) in Eq. 

-1 13379 eV , , \ 

(15.61) are both -2.42526 <?K which is a linear combination of , E T i atom- atom, msp .AO\ of the C-H group 

that the C c —N bond replaces, and -1.85836ef / (Eq. (14.513)) which is equivalent to the corresponding component of the 
C-N-C -bond of pyrrole. 

The symbols of the functional groups of indole are given in Table 15.321. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of indole are given in 
Tables 15.322, 15.323, and 15.324, respectively. The total energy of indole given in Table 15.325 was calculated as the sum 
over the integer multiple of each E D (omup) of Table 15.324 corresponding to functional-group composition of the molecule. The 
bond angle parameters of indole determined using Eqs. (15.88-15.117) are given in Table 15.326. The color scale, translucent 
view of the charge-density of indole comprising die concentric shells of atoms with the outer shell bridged by one or more H 2 - 
type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 1 5.55A. 

Figure 15.55. (A) Color scale, translucent view of the charge-density of indole showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and atom designation of indole. 
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Table 15.321. The symbols of functional groups of indole. 



Functional Group Group Symbol 



CC (aromatic bond) C = C 

CH (aromatic) CH (i) 

C, = C„ double bond C = C 



C h ~C d C=£L 



CH CH (ii) 

C c~ N ~ C e C-N-C 

NH group NH 



fab 



e 15.322 



The geometrical bond parameters of 



indole and ex 



perimental values [1] 



Grcup 



CH (i) 
Group 



C-C 

Group 



CH (i 
Group 



C-C 

Group 



C 



-N-C 
Group 



NH 

Group 



Length 2c' [A 
>. Bond Length 



1.3W 
(benzene) 

0.66^40 



1 .60061 

1.03299 

1.09327 

1.101 
(benzene) 

1.22265 
0.64537 



1.3C463 

1.38076 

1.382 
(pyr-ole) 



l.on: 

1.070: 



0.63 



517 



1.07C 

(pyrro e 

1.153:6 
0.6592 iT 



1.81395 

1.34683 

1.42542 

1.417 
(pyrrole) 

1.21510 
0.74248 



44394 

1.30144 

1 .37738 

370 
(}yrro e) 

(1.62548 



0.94134 
0.99627C 

0.996 

(pyrrole) 

0.81370 
0.75653 



fab 



e 15.323 



The MO 



to HO intercept geometrical bend parameters of indole 



R 



i is an alkyl group and R, R 



\R" are H or 



alkyl groups 



Et is Et (atom - atom.msp 



AG). 



Bord 



Atom 



(eV) 
Bond 



E r 

(eV) 

Bondt 



(eV) 



E , 
(eV 



Bond 3 Bond 



Final 

Ener; 
Clsjif 
(eV 



Total 



to 



to 



E c„„X C 

(e 1 



Final 



:(cVj) 

(eV) 
Fir.al 



(0 



(•) 



(■) 



to 



to 



c- 



H (C a H) 



■0.85035 



-0.850: 



0.56690 



-153.88327 



0.917 



0.79597 



-17.09334 



16.9024?: 



74.42 



05.58 



38 



84 



1.24678 



0.21 



379 



C 



HC =C 



■0.85035 



-0.850: 5 



0.56690 



-153.88327 



0.917 



0.79597 



-17.09334 



-16.9324?: 



134.24 



45.76 



58.98 



0.75935 



0.55533 






■0.85035 



-0.64574 



0.85035 



-153.96212 



0.917 



0.79232 



-17.1721 



-16.93132 



134.09 



45.91 



58.79 



0.76344 



0.55124 



c(w)c 6 



■0.60631 



-0.850: 



0.85035 



-153.92270 



0.9171 



0.79414 



-17.1:276 



-16.94190 



134.16 



45.8 



58 



0.76140 



0.55328 



c a (Hy b -c d (uy\ 



■0.85035 



-0.850: 5 
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ADENINE 

Adenine having the formula C 5 H S N 5 comprises a pyrimidine moiety with an aniline-type moiety and a conjugated five- 
membered ring, which comprises imidazole except that one of the double bonds is part of the aromatic ring. The structure is 

3« 3« 

shown in Figure 15.56B. The aromatic C = C , C-H, and C=N functional groups of the pyrimidine moiety are equivalent to 
those of pyrimidine as given in the corresponding section. The CH , NH , C d — N e , and N e = C„ groups of the imidazole-type 

ring are equivalent to the corresponding groups of imidazole as given in the corresponding section. The C-N -C functional 
group of the imidazole-type ring is equivalent to the corresponding group of indole having the same structure with the 
C-N —C group bonding to aryl and alkenyl groups. The NH 2 and C a -N a functional groups of the aniline-type moiety are 

equivalent to those of aniline as given in the corresponding section except that t±E HMO {AOI HO) of the C, - N a group is equal 
to twice E r (atom- atom, msp : \AO), and to meet the equipotential condition of the union of the C-N H 2 -type-ellipsoidal- 
MO with these orbitals, the hybridization factor c 2 of Eq. (15.60) for the C—N -bond MO given by Eqs. (15.77), (15.79), and 
(15.162) is 

c 2 (aryldsp'HO to n) = , ' ' c 2 (arylClsp- HO) ■■ "" ' ' : : ' 



-15.95955 eF 



(0.85252) = 0.77638 



(15.173) 



The symbols of the functional groups of adenine are given in Table 15.327. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of adenine are given in 
Tables 15.328, 15.329, and 15.330, respectively. The total energy of adenine given in Table 15.331 was calculated as the sum 
over the integer multiple of each E D (Gmu P ) of Table 15.330 corresponding to functional-group composition of the molecule. The 
bond angle parameters of adenine determined using Eqs. (15.88-15.117) are given in Table 15.332. The color scale, charge- 
density of adenine comprising atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or 
more hydrogen MOs is shown in Figure 15.56A. 

Figure 15.56. (A) Color scale, charge-density of adenine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure and atomic designation of adenine. 
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Table 15.327. The symbols of functional groups of adenine. 
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Chapter 15 



THYMINE 

Thymine having the formula C s H 6 N 2 2 is a pyrimidine with carbonyl substitutions at positions C a and C b and a methyl 
substitution at position C lt further comprising a vinyl group as shown in Figure 15.57B. Each C = O , adjacent C-N , and NH 
functional group is equivalent to the corresponding group of alkyl amides. The methyl-vinyl moiety is equivalent to the CH } , 
-C(C) = C , CH , and C = C functional groups of alkenes. Thymine further comprises N b H and C b -N c -C e groups that are 
equivalent to the corresponding groups of imidazole as given in the corresponding section. The C a -C d bond comprises another 
functional group that is equivalent to the C a -C tt group of guanine. 

The symbols of the functional groups of thymine are given in Table 15.333. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of thymine are given in 
Tables 15.334, 15.335, and 15.336, respectively. The total energy of thymine given in Table 15.337 was calculated as the sum 
over the integer multiple of each E d {g™p) of Table 15.336 corresponding to functional-group composition of the molecule. The 
bond angle parameters of thymine determined using Eqs. (15.88-15.117) are given in Table 15.338. The color scale, charge- 
density of thymine comprising atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with one or 
more hydrogen MOs is shown in Figure 15.57A. 

Figure 15.57. (A) Color scale, charge-density of thymine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure and atom designation of thyamine. 
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GUANINE 

Guanine having the formula C 5 H 5 N s O is a purine with a carbonyl substitution at position C a , and a primary amine moiety is at 
position C b as shown in Figure 15.58B. The carbonyl functional group is equivalent to that of alkyl amides and the NH, and 
C b - N g functional groups of the primary amine moiety are equivalent to the NH 2 and C a - N a functional groups of adenine. 
Guanine further comprises an imidazole moiety wherein the CH , N d H , C d =C e , C d - N e , N e = C t , and C c - N d - C c groups 
of the imidazole-type ring are equivalent to the corresponding groups of imidazole as given in the corresponding section. The 
six-membered ring also comprises the groups C a -N b -C b , N b H , N C =C C , and C c -N d that are equivalent to the 

corresponding imidazole and adenine functional groups. The C a -C d bond comprises another functional group that is the C 60 - 
single-bond functional group except that E T (atom- atom, msp* .AO) = in order to match the energies of the single and double- 
bonded moieties within the molecule. 

The symbols of the functional groups of guanine are given in Table 15.339. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of guanine are given in 
Tables 15.340, 15.341, and 15.342, respectively. The total energy of guanine given in Table 15.343 was calculated as the sum 
over the integer multiple of each E D (c TO u P ) of Table 1 5.342 corresponding to functional-group composition of the molecule. The 
bond angle parameters of guanine determined using Eqs. (15.88-15.117) are given in Table 15.344. The color scale, charge- 
density of guanine comprising atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or 
more hydrogen MOs is shown in Figure 15.58A. 

Figure 15.58. (A) Color scale, charge-density of guanine showing the orbitals of the atoms at their radii, the ellipsoidal 

surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 

each bond, and the hydrogen nuclei. (B) Chemical structure and atomic designation of guanine. 
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Table 15.339. The symbols of functional groups of guanine . 
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CYTOSINE 

Cytosine having the formula C 4 H 5 N,0 is a pyrrolidine with a carbonyl substitution at position C b , and a primary amine moiety 
is at position C a as shown in Figure 15.59B. The carbonyl and adjacent C b -N b functional groups are equivalent to the 
corresponding groups of alkyl amides. The NH 2 and C a - N a functional groups of the primary amine moiety are equivalent to 
the NH 2 and C a - N a functional groups of adenine. The vinyl moiety, HC C = C d H , comprises C = C and CH functional 
groups that are equivalent to the corresponding alkene groups. Cytosine further comprises N b =C a , N C H , and C b -N c - C c 
groups that are equivalent to the corresponding groups of imidazole as given in the corresponding section. The C a -C d bond 
comprises another functional group that is equivalent to the C a - C d group of guanine and thymine except that 
E T ( atom- atom, msp\AO\ is equivalent to the contribution of a Clsp' HO of an alkane, -0.92918 eV (Eq. (14.513)), in order 

to match the energies of the single and double-bonded moieties within the molecule. 

The symbols of the functional groups of cytosine are given in Table 15.345. The geometrical (Eqs. (15.1-15.5) and 
(15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of cytosine are given in 
Tables 15.346, 15.347, and 15.348, respectively. The total energy of cytosine given in Table 15.349 was calculated as the sum 
over the integer multiple of each E D (a™ ? ) of Table 1 5.348 corresponding to functional-group composition of the molecule. The 
bond angle parameters of cytosine determined using Eqs. (15.88-15.117) are given in Table 15.350. The color scale, charge- 
density of cytosine comprising atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined with one or 
more hydrogen MOs is shown in Figure 15.59A. 

Figure 1 5.59. (A) Color scale, charge-density of cytosine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure and atomic designation of cytosine. 
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Table 15.345. The sy mbols of functional groups of cytosine. 
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The energy parameters (eV) of functional groups of cytosine. 
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ALKYL PHOSPHINES ({C n H ln+l \P, « = l,2,3,4,5...oo) 

The alkyl phosphines, {C n H 2n+1 ) P , comprise a P-C functional group. The alkyl portion of the alkyl phosphine may 

comprise at least two terminal methyl groups ( CH 3 ) at each end of each chain, and may comprise methylene ( CH 2 ), and 

methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional 
groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond 
is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH 3 )CH) and t-butyl 

((Cff 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional 
groups. The branched-chain-alkane groups in alkyl phosphines are equivalent to those in branched-chain alkanes. The P-C 
group may further join the P3sp 3 HO to an aryl HO. 

As in the case of carbon, the bonding in the phosphorous atom involves sp 3 hybridized orbitals formed, in this case, 

from the 3p and 3s electrons of the outer shells with five P3sp 3 HOs rather than four C2sp 3 HOs. The P-C bond forms 
between P3sp 3 and C2sp 3 HOs to yield phosphines. The semimajor axis a of the P-C functional group is solved using Eq. 

(15.51). Using the semimajor axis and the relationships between the prolate spheroidal axes, the geometric and energy 

parameters of the MO are calculated using Eqs. (15.1-15.117) in the same manner as the organic functional groups given in 
Organic Molecular Functional Groups and Molecules section. 

The energy of phosphorous is less than the Coulombic energy between the electron and proton of H given by Eq. 
(1.264). A minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the 
Hydroxyl Radical (OH) s e ction with hybridization of th e phosphorous atom such that in Eqs. (15.51) and (15.61), th e sum of 
the energies of the // 2 - type ellipsoidal MOs is matched to that of the P3sp 3 shell as in the case of the corresponding carbon and 
silicon molecules. 

The P electron configuration is [Ne]3s 2 3p 3 corresponding to the ground state 4 <S 3/2 , and the 3sp 3 hybridized orbital 
arrang e m e nt aft e r Eq. (13.422) is 

3sp 3 state 
U J_ JL JL (15.174) 
0$ t^i 1# tf 

where the quantum numbers (l,m t ) are below each electron. The total energy of the state is given by the sum over the five 

electrons. The sum E T (p,3sp 3 ) of experimental energies [38] of P, P + , P 2+ , P 3+ , and P 4+ is 

E T (p,3sp 3 ) = 65.0251 eF + 51.4439 eK + 30.2027 eF + 19.7695 eF + 10.48669 eV 

= 176.92789 eV 

(15.175) 
By considering that the central field decreases by an integer for each successive electron of the shell, the radius r , of the 

P3sp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

r 3 =Y (Z-n)e 2 15e^ =u 5 350a (15.176) 

3sp „tr„8^ (el76.92789eF) &xe (el 76.92789 eV) 

where Z = 15 for phosphorous. Using Eq. (15.14), the Coulombic energy E CouIomb (p,3sp 3 ) of the outer electron of the P3sp 3 
shell is 

E Cadari ,{P^sp i ) = -^—= ~f =-11.79519 eV (15.177) 

' fsaSpr^ 8^g 1.15350a 

During h ybridization, the spin-paired 3s electrons are promoted to th e P3 sp 3 shell as paired electrons at the ra dius r , o f the 

P3sp 3 shell. The energy for the promotion is the difference in the magnetic energy given by Eq. (15.15) at the initial radius of 
the 3s electrons and the final radius of the P3sp 3 electrons. From Eq. (10.255) with Z = 1 5 , the radius r 12 of P3s shell is 

r 12 =1.09443a (15.178) 

Using Eqs. (15.15) and (15.178), the unpairing energy is 

1 1 ' f ' - ^ 



• n 27TLi a e 2 h 2 
E(magnetic) = 



-m- 



fe^-fcf 



= %m„A 



(1 .09443a,, f (1.15350a,,) 3 / 



= 0.01273 eV (15.179) 
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Using Eqs. (15.177) and (15.179), the energy E(P,3sp*j of the outer electron of the P3sp 3 shell is 



E(P,3sp 3 ) = 



2xp t) e-fi~ 



Sxe r, , 

U 35/7 



m. 



= -11.79519 eV+0M213eV = -11.78246 eV 



(15.180) 



For the P — C functional group, hybridization of the 2s and 2p AOs of each C and the 3s and 3p AOs of each P to 
form single 2sp 3 and 3sp' shells, respectively, forms an energy minimum, and the sharing of electrons between the C2sp } and 
P3sp 3 HOs to form a MO permits each participating orbital to decrease in radius and energy. In branched-chain alkyl 
phosphines, the energy of phosphorous is less than the Coulombic energy between the electron and proton of H given by Eq. 
(1.264). Thus, c 2 in Eq. (15.61) is one, and the energy matching condition is determined by the C, parameter. Then, the C2sp' 

HO has an energy of E(c,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the P3sp 3 HO has an energy of 
E(P,3sp')=-l 1.78246 eV (Eq. (15.180)). Tomeet the equipotential condition of the union of the P—C H 2 -type-ellipsoidal- 
MO with these orbitals, the hybridization factor C, of Eq. (15.61) for the P-C-bond MO given by Eqs. (15.77), (15.79), and 
(13.430) is 

/ \ E(P,3sp 3 ) , , . _n 78246 eV , 

cAC2sp'HO to P3sp'HO) = —j ■+-c 1 (C2sp'HO)= "■ / °^" CK (0.91771) = 0.73885 (15.181) 

n ' E(C,2sp') K ' -14.63489 eV y ' 

The energy of the P-C-bond MO is the sum of the component energies of the // 2 -type ellipsoidal MO given in Eq. (15.51) 

with E(AO/HO) = E(P,3sp i ) given by Eq. (15.180), and E T (atom-atom,msp\AO) is one half -0.72457 eV given by Eq. 

(14.151) in order to match the energies of the carbon and phosphorous HOs. 

The symbols of the functional groups of branched-chain alkyl phosphines are given in Table 15.351. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
alkyl phosphines are given in Tables 15.352, 15.353, and 15.354, respectively. The total energy of each alkyl phosphine given in 
Table 15.355 was calculated as the sum over the integer multiple of each E D {ar M p) of Table 15.354 corresponding to functional- 
group composition of the molecule. The bond angle parameters of alkyl phosphines determined using Eqs. (15.88-15.1 17) are 
given in Table 15.356. The color scale, charge-density of exemplary alkyl phosphine, triphenylphosphine, comprising atoms 
with the outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in 
Figure 15.60. 

Figure 15.60. Color scale, charge-density of triphenylphosphine showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei. (A) Top view. (B) Side view. 
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Table 15.351. The symbols of functional groups of alkyl phosphines. 
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-0.15924 






-0.10359 




-0.10260 




-0 


.10260 




-0.25982 




0.08_ 


64 




E -<« 


eV) 








1.148 


03 





1480 


3 


0.1 


1803 




0.148 


03 




0.1480 


( 
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0.14803 
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E r ( & 


.,) (eV) 






-: 
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-6 


.922 


)7 
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2 
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-33.24376 






-33.59732 
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-3 


!. 18712 




-49.54347 




32.28590 




£,„« 


^M> : m)(eY) 






- 
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-1' 


.634 


!9 


-14. 


1348' 
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-14.634 


19 


-14.63489 




-14.63489 






-14.63489 




14.63489 




-14.63489 




-14.(53489 




4.63489 




£ ,™„,1 


(,,*,;»«) (eV) 













-1 


.598 


14 


-13. 


19844 
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3.59 S44 




E D (a 


>*0 (eV) 








1.777 


" 


12 


.491! 


6 


7.8 


1016 




3.326 


01 




4.3275 


1 


4.29921 




3.97398 






4.17951 




3.62128 




3 


91734 




5.63881 




3.90454 











































































Table 15.355. The total bqnd energies qf alkyl pljosphines calcjulafed using |the 
experimental values [69]. 



functional graup composition and the energies of Table 15.354 compared to the 



CH 



CH, 



CH (i) C-C (a) 



C-C (b) 



C (c) C-C (d) 



C-C (e) 



C(f) 



CH (ii) Calculated 

Total Bond 
En ergy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



CtjH,!' 
;H, : 



C 



Trimeth /lpht sphine 
ine 
sphine 



Triethybhosjih 
iP Triphen/lphc 





15 



45.80930 
IS2.28240 
168.40033 



87333 
24869 
.46591 



0.02270 
■0.00341 
■0.00558 



ab 

Vis 



e 15. 

E T (atom 



356 



atom. 



The bond 
,msp 3 



angle parameters of alkyl phosphines and experimental v;ilues [1] 



In the calculation of 9 V , the 



parameters from 



the preceding angle were used. 



AG) 



Atoms of Angle 



(A) 



2c 
Bond 2 



2c' 

Terminal 

Atoms 

(«b) 



Atom 1 
Hybridizatior 
Designation 

(Table 15.3.AJ) 



Hybridization 
Designaiion 



(Table 15 



3-A) 



V) 







f) 



(°) 



Methyl 
CHC„H 



■'-CJC,, 



H 



110.7 
(trimethyl 
phospliine) 

8.6 

( trims thyl 

p hospliine) 



Methylene 
ZHCH 



10? 
ipropine) 



II I 

lprop;ine) 

113.8 

(buta ne) 

110.8 

(i sobu ane) 



111 



.0 



(buta tie) 



111 

sobu 



4 
ane) 



Methyl 
ZHCM 



CC.C, 



109.44 



C a C„H 
■'.Cfifi, 
iso C a 
-C h C„H 

iso C a 
'-Cffi ~ 
iso C a 
'-C,,C a C h ~ 
tert C„ 



2.91547 
2.11323 
2.09711 
2.9032' 



1.7958 
1.1633 
1.1633 
1.7958 



-16.6 
C 



26 

5 

5 
26 



6.68412 
C, 

4.82575 

Q 
4.82575 

C„ 

6.68412 



0.81549 
0.87495 
0.87495 
0.8154'' 



0.81549 1 

0.91771 

0.91771 

0.81549 1 



1 
0.75 
0.75 

1 



0.81549 
1.04887 
1.04887 

0.81549 



109.44 
110.67 

110.76 

111.27 

111.37 
107.50 



110 
i sobu 



ane) 



111 

( sobu 

110 
( sobu 



.4 
ane) 



ane) 
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ALKYL PHOSPHITES ({C n H 2n ^O\P, n = 1,2,3, 4,5...«>) 

The alkyl phosphites, (C n H ltl+] p) P , comprise P — O and C — O functional groups. The alkyl portion of the alkyl phosphite 

may comprise at least two terminal methyl groups (CH 3 ) at each end of each chain, and may comprise methylene (CH 2 ), and 

methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional 
groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond 
is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH 3 )CH) and t-butyl 

((CH 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional 

groups. The branched-chain-alkane groups in alkyl phosphites are equivalent to those in branched-chain alkanes. 

The ether portion comprises two types of C - O functional groups, one for methyl or t-butyl groups corresponding to the 
C , and the other for general alkyl groups that are equivalent to those in the Ethers section. The F-U bond forms between the 
P3sp 3 HO and an Olp AO to yield phosphites. The semimajor axis a of the F-0 functional group is solved using Eq. 
(15.51). Using the semimajor axis and the relationships between the prolate spheroidal axes, the geometric and energy 
parameters of the MO are calculated using Eqs. (15.1-15.117) in the same manner as the organic functional groups given in 

Organic Molecular Functional Groups and Molecules section. 

For the P-O functional group, hybridization the 3s and 3p AOs of each to form a single 3sp 3 shell forms an energy 

minimum, and the sharing of electrons between the Olp AOs and P3sp 3 HOs to form a MO permits each participating orbital 
to decrease in radius and energy. The O AO has an energy of E(0) = -13.61805 eV , and the P3sp 3 HO has an energy of 
E(P,3sp 3 ) = -11.78246 eV (Eq. (15.180)). In branched-chain alkyl phosphites, the energy matching condition is determined 
by the c 2 and C 2 parameters of Eq. (15.51) given by Eqs. (15.77), (15.79), and (13.430): 

, „ . E(P,3sp 3 ) , „ . -1178246pF 

c, and cJ02pAO to P3sp 3 HO)=-±— — J-cJC2sp 3 HO)= ' ,, (0.91771) = 0.79401 (15.182) 

3 H j E(0,lp) n ; -13.61805 eV y * 

The energy of the P-O-bond MO is the sum of the component energies of the # 2 -type ellipsoidal MO given in Eq. (15.51) 

with E{AOI HO) being E(P,3sp 3 \ given by Eq. (23.180), and E T ( atom- atom, msp 3 .AO\ is equivalent to that of single bond, 

-1.44914 eV , given by twice Eq. (14.151) in order to match the energies of the oxygen AO with the phosphorous and carbon 

HOs. - — 

The symbols of the functional groups of branched-chain alkyl phosphites are given in Table 15.357. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
alkyl phosphites are given in Tables 15.358, 15.359, and 15.360, respectively. The total energy of each alkyl phosphite given in 
Table 15.361 was calculated as the sum over the integer multiple of each E D (croup) of Table 15.360 corresponding to functional- 
group composition of the molecule. The bond angle parameters of alkyl phosphites determined using Eqs. (15.88-15.117) are 
given in Table 15.362. The color scale, charge-density of exemplary alkyl phosphite, tri-isopropyl phosphite, comprising atoms 
with the outer shell bridged by one or more 7/ 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in 
Figure 15.61. 
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Figure 15.61. Color scale, charge-density of tri-isopropyl phosphite showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei. 




le/A 2 



Table 1 5.357. The symbols of functional groups of alkyl phosphites. 



Functional Group 


Group Symbol 


P-0 




P-0 


CO(CH 3 -0- and 


(CH,),C-0-) 


C-O (i) 


C-0 (alkyl) 




C-0 (ii) 


CH : group 




C-H (CH 2 ) 


CH 




C-H 


CC bond (n-O 




C-C (a) 


CC bond (iso-C) 




C-C (b) 


CC bond (tert-Q 




C-C (c) 


CC (iso to iso-C) 




C-C (d) 


CC to t-Q 




C-C (e) 


CCO to iso-C) 




C-C (f) 



Tiib 



e 15.353. 



The geometrical bond parameters of E.lkyl phosphitss and experimental values 



[1] 



c' (o ) 



?-0 
Group 

1.8471 1 
1.5252! 



-O 

(jTOUf 

8071 

3443 



O ( 
Iroup 

794' 

3396|8 



H (CH-) 
jroup 
649: 
04856 



Groub 
.67 



OT 2 ) 



122 



.055:; 



C-1T 

Group 

1 .674 55 
1 .05651 



C-C 



(a) 



Groip 

2.12439 

.45714 



C-C 



0>) 



Group 
2.12499 

1.45744 



(c) 



Group 



2.10' 

1.451 



e-c (d) 



Gro 



IP 



(e) 
Group 

2.10' '25 
1.45 64 



C-C (f) 
Group 



Bond Length 
■_{/)_ 

Jixp. Bond 
Length 

GO 



i. 



6142 



1.631 [70] 

(MHPl 

l.iiO [6>] 

_Jl»JAl 



04192 



1.416 
(dimethyl trther) 



1.417! 

1.41! 

(ethyl methyl 
ether (avg.)) 



19429 



1097 



(C- 
(C- 



propane) 



1.107 
,7 
1.117 

27295 



(C- 

(C 



1.10'' 

H propane) 

1.11'' 

H butane) 



1.122 
obutiine) 



.54280 



1.53 

(propane) 

1.53 

butane) 



.54616 



1.54280 

1^532 

(bropane) 

1.531 

butane) 



1.546 



16 



1.53c 



35 



1.532 
(propEne) 

1.521 
^butaie) 



.52' 



50 



1.5: 

tfpropine) 



1.5. 



(butane) 
1.54616 



l prop me) 

1.531 
(butane) 

1.52''50 



1.5)2 
^propane) 

1.5)1 
(butEne) 



Tabl 



CH, 
-(. 



;"): 



\ 2 P-OCH 2 
1\P-0C(CH, 

m 



e 15.35 



The MO to HO intercept geometrical 



(eV) 
Bonil 



(eV) 
Bond 2 



bond parameters 



(eV) 
Bond 3 



(eV) 
Bond 4 



of alkyl pios Dhites. R, 



Final Total 
Eneigy 
C2sp* 
(eV) 



R',R" are H or alkyl groups. E T is E T (atom 



M 



(,:V) 
Final 



£(C2V) 
(eV) 
Final 



6" 
f) 



-atom.msp .AO). 



f) 



f) 



rf, 






1~ 



C7f 3 < 

'ft 

,< 

c 



(CH 2 (<?). 
(CH 2 



>) 2 p-och, 

P-OC(CH, 
>) 2 P-OCH 2 R 
(i))and(C-6 



,,,, 



(CH/)). 
( C-C 



P-OCH 2 R 

m 



(OC,H 3 ) 



(CH 2 ( 



>\PO-C\H 2 



(CH^l 



PO-C a (Ch 

m 



H,Ct 
CH. 
C- 
H,C 

C-C 



(CH,0) 



C-C 
H 2 C 
H 2 C 
C-C 
H 



1) 2 PO-CJJ, 

C„-OP(OC, 

ill) 

-OP(OCH,), 

m 

i 2 PO-C H(C 

(")) 
-OP(OCH 2 ), 

,HC„-OP( 

(ii)) 

(CH 2 ) 
(CH) 



h: 






-0.72457 

-0.82688 
-0.82688 

-0.72457 

-0.92918 
-0.92918 



-0.72457 

-0.92918 
-0.92918 

-0.82688 


-0.92918 
-0.92918 






-0.92918 







-0.92918 



-153.: 

-154.: 



-152.: 

-153.' 
-154.' 



7175 
0093 



1.00000 

0.91771 
0.91771 

1.00000 

0.91771 
0.91771 
0.91771 



83600 

82053 
77699 

83078 

86359 
81549 
77247 



-15.75493 
-16.58412 
-17.51330 



-16.39095 
-17.32013 



-15.56407 
-16.49325 
-17.42244 



92.66 

92.41 
88.25 

93.33 

77.49 
68.47 
61.10 



37.34 

87.59 
31.75 

86.67 

1 02.5 
11.53 
18.91) 



43.74 

43.35 
40.56 

43.98 



1.30555 

1.30512 
1.36345 

1.29138 

1.23564 
1.35486 
1.42988 



0.18708 
0.29933 
0.37:26 



C-C 



: h H 2 CH 2 

m 











0.91771 



86359 



15.75493 



-15.56407 



63.82 



16.11! 



1.83879 



0.38106 



C-C 



\H 2 CH,- 
W) 



-0.92918 



-0.92918 







0.91771 



81549 



-16.58412 



-16.49325 



56.41 



23.59 



26.06 



1.90890 



0.451 17 



-H 

C-C 

H 

_C 

:oC/ 

C 

TtC a 

C-C 



Cfi t (H 2 C,-R 

(b)) 
C„(iJ'-ff,C,,) 

(c)) 
'„(H 2 C C -R') 

(d)) 
(R'-H 2 C d )C t ( 

(e)) 



)HCH 2 - 



'-'»(* 



-H 2 L\)CH 2 



-0.92918 
-0.92918 
-0.92918 
-0.72457 



-0.92918 
-0.72457 
-0.92918 

-0.72457 



-0.92918 
-0.72457 
-0.92918 
-0.72457 



-154.' 
457 -154.' 

-154.' 
457 -1542 



0.91771 
0.91771 
0.91771 
0.91771 



77247 
75889 
77247 
76765 



-17.51331) 
-17.92866 
-17.51330 
-17.32866 



-17.42244 
-17.73779 
-17.42244 
-17.73779 



48.30 
48.21 
48.30 
50.04 



1.71) 
131.79 
131.70 
129.96 



21.90 
21.74 
21.90 
22.66 



1.97162 
1.95734 
1.97162 
1.94462 



0.51: 88 

0.50570 
0.51:88 
0.49298 



t'.rtC 
C-C 
:oC'J 

(C-C 



"„(H 2 Cc-R')l 

M 

R'-Hfi^Cj. 

m 



1"-H,C..)CH 2 - 



-0.72457 
-0.72457 



-0.92918 
-0.72457 



-0.92918 
-0.72457 



-154. 
457 -154.5 



0.91771 
0.91771 



78155 
76765 



-17.40869 
-17.92866 



-17.21783 
-17.73779 



52.78 
50.04 



127.22 
129.9D 



24.04 
22.66 



1.92443 
1.94462 



0.47279 
0.49298 



Table 15.360 



The energy parameters 



Group 



(eV) of functional groups ofalkyl phosphites. 



O(i) 

Group 



C—l (ff 

Graup 



Ch\ 
Group 



CM. 

Group 



CH (i) 
Group 



C-C (a) 
Group 



C-C (b) 
Group 



C-C(c) 

Group 



■-C (d) 

Group 



C(e) 
roup 



C-C (f) 
Grciup 



1 



3 
D 
C.5 



2 



0.76 




0.75 







0.75 





0.5 





0.5 





0.5 






0.5 



1 

1 

0.79401 



85395 



0.85395 



1 

1 

0.917,71 



0.9 



0.91771 



1 
1 

0.91771 



1 

1 

1.91771 



0.91771 



0.917 



K O 1 ') 



I'A*') 



{eV 



V„ (e 



n 



«) (eV) 
ZUa.m) (eV) 



11.78246 




-1^14: !9_ 
-1.44915 



-14.6348? 
-1.65376 



-15.56 407 




-15.5 6407 




-14.63 48? 




15.5640 7 




-15 .56407 




-15.35946 




5.56407 




35946 




no) (eV) 



«) (eV) 



-51.63544 



.63533 



-31.(13544 



-67.6545 



-49.664 n 



-31.6353: 



-31.63537 



-31.63537 



-31.63535 



63535 



63535 



a\om - atom,msp 



(eV) 



.S,-U 



(eV) 



w (lC 



■A' 



V) 



0.17 



05 



-0 



18420 



-0.1 



8631 



-0.25352 



-0.2501 



-0.24966 



-0.16515 



-0.16515 



-0.20896 



0.16515 



6416 



-0.1(416 



eV) 



L W 



0.10477 

[71 1 

0.111167 



1366! 

[21] 

11589 



0.16118 
[ 4] 



(Eq.(13 



■458) ) 



0.35532 

(Eq. (13.458)) 

-0.145(2 



0.35532 

( Eq. (13.45! !)) 

-0.07200 



0.12312 

[2] 

-0.10359 



0.17978 

[4] 

-0.07526 



0.09944 

[5] 
-0.15924 



0.12312 

[2] 
0.10359 



2312 

[2] 

10260 



eV) 



Q.14S03 



14801 



0.14803 



0.14803 



0.14803 



0.14803 



0.14803 



0.14803 



14803 



.„) (eV) 



33.20318 



.20040 



33.39484 



-67.92207 



-49.809)6 



-31.7073 



-33.59732 



-33.49373 



-33.24376 



33.59732 



18712 



-33.18712 



, AO.'fin) (eV) 



14.63489 




-14.63489 




-14.6348? 



-14.63489 
-13.5S844 



-14.63459 
-13.59814 



-14.63489 
-13.5984'- 



-14.63489 




-14.63489 




-14.63489 




4.63489 




63489 




Table 15.361. The total bpnd energies 
experimental values [69]. 



of alkyl phosphites calculated using 



the functional group composition and 



the 



energies 



of Table 1 5.360 



compared to 



the 



Formula 



Name 



P-0 



O (i) C-0 (ii) 



CH. 



"H, 



CH (i) 



C-C (a) C 



c (b) c-c (c; 



C-C (d) C 



C (e) C-C (f 



Calculated 
Total Bond 
Energy (eV) 



Ex aerimental 
Total Bond 
Erergy (eV) 



Relaive 
Errsr 



P Trimethyl 
CjcHu^P Triethyl 
I3P Tri-isop 



H 9 C'- 

,H 

9H21 



3 1 



phasphite 
phosphite 

phosphite 



ropyl 



61.06764 
98.12406 
134.89983 



1 0.94329 
'7.97947 
1 55.00698 



0.00204 
0.00148 



0.00 



)79 



abl 

is 



e 15. 

Et (atom 



362 



The bond 

atbm.msp 



angle parameters of alkyl phosphites anc. experimental values [1]. In the calculation 



of 6 V , the parameters from the preceding 



angle were used. 



AG). 



2c' 
Bond 



2c' 
Bond 2 



i<0 



or 

E 

Atom 1 



Atom 1 
ridization 
De signation 



Hybi 



(Table 15.3.A) 



Atom 

/bridizi 

Designa 

( Table 15 



HybridiziLtion 



3-A) 



E 
(eVl 



(°) 



(°) 



(°) 



Cal. e 

(•) 



3.05046 4 



16 



0.83600 



96 [72] 
(triethyl 
jhosjihite) 



2.68862 4 



2.67935 4 



ftp 3 



0.73885 

Eq. 
(23.181) 

0.81549 



120 



[72] 



0.86: 



0.85: 
(Ec. 
(15.1!i3)) 



(triethyl 

jhosphite) 

109.4 

(tthyl methyl 

eth^r) 



Metrr 
ZHl 



4ene 
U 



2.11106 3 



1('7 
(propane) 



69.51 



110.49 



112 

(propane) 

' 113.8 

(but me) 

110.8 

l isobutane) 



11 .0 
(but me) 

11 .4 
isobutane) 



Methyl 
ZHC.H 



2.0971 



2.09711 



4252 



-15.75493 



0.86359 



1.15796 



109.50 



zc„<:,,c c 



109.44 



ic7 



2.91547 4 



7958 



-16.68412 



16.68412 
C. 



0.81549 



1 



0.81549 



109.44 
110.67 



110.8 
isobutane) 



2.9 If 

2.9 If 



2.11323 4 
2.09711 4 



1633 
1633 



-15.55033 
C„ 

-15.55033 
C t 



1^.825:75 
C b 

lK.82575 
C 



0.87495 
0.87495 



0.75 
0.75 



1.04887 
1.04887 



110.76 
111.27 



11 .4 
lisobutane) 



ten 



C„ 
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ALKYL PHOSPHINE OXIDES ({C„H 2n+1 ) 3 P=O s « = 1,2,3, 4,5.. .00) 

The alkyl phosphine oxides, (C„i/ 2j<+1 ) 1 /' = 0, comprise P-C and P = functional groups. The alkyl portion of the alkyl 
phosphine oxide may comprise at least two terminal methyl groups (CH,) at each end of each chain, and may comprise 
methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and 
methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The 
n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH 3 ) CH) 

and t-butyl ((C7/,). C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise 

functional groups. The branched-chain-alkane groups in alkyl phosphine oxides are equivalent to those in branched-chain 
alkanes. 

The P-C functional group is equivalent to that of alkyl phosphines. The P = O bond forms between the P3s/r HO 
and an Olp AO to yield phosphine oxides. The semimajor axis a of the P = functional group is solved using Eq. (15.51). 
Using the semimajor axis and the relationships between the prolate spheroidal axes, the geometric and energy parameters of the 
MO are calculated using Eqs. (15.1-15.117) in the same manner as the organic functional groups given in Organic Molecular 
Functional Groups and Molecules section. 

For the P = O functional group, hybridization the 3s and 3p AOs of each P to form a single 3sp 3 shells forms an energy 
minimum, and the sharing of electrons between the Olp AOs and Pisp HOs to form a MO permits each participating orbital 
to decrease in radius and energy. In branched-chain alkyl phosphine oxides, the energy of phosphorous is less than the 
Coulombic energy between the electron and proton of H given by Eq. (1.264). The energy matching condition is determined by 
the c 2 parameter given by Eq. (15.182). The energy of the P = C-bond MO is the sum of the component energies of the H 2 - 

type ellipsoidal MO given in Eq. (15.51) with E(AOI HO) being twice E(P,3sp') given by Eq. (15.180) corresponding to the 
double bond, and E T (atom-atom,msp~ .AO) is equivalent to that of an alkene double bond, -2.26758 eV , given by Eq. 

(14.247) in order to match the energies of the carbon and phosphorous HOs and the oxygen AO. 

The symbols of the functional groups of branched-chain alkyl phosphine oxides are given in Table 15.363. The 
geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) 
parameters of alkyl phosphine oxides are given in Tables 15.364, 15.365, and 15.366, respectively. The total energy of each 
alkyl phosphine oxide given in Table 15.367 was calculated as the sum over the integer multiple of each E D [Group) of Table 
15.366 corresponding to functional-group composition of the molecule. The bond angle parameters of alkyl phosphine oxides 
determined using Eqs. (15.88-15.1 17) are given in Table 15.368. The color scale, charge-density of exemplary alkyl phosphine 
oxide, trimethylphosphine oxide, comprising atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or 
joined with one or more hydrogen MOs is shown in Figure 15.62. 

Figure 15.62. Color scale, charge-density of trimethylphosphine oxide showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei. (A) Top view. (B) Side view. 
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Table 15.363. The symbols of functional groups of alkyl phosphine oxides. 
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ALKYL PHOSPHATES {(C n H 2n ^O\P=0, n = l,2,3,4,5...oo) 

The alky 1 phosphates, (C n H liH{ 0) P = 0, comprise P = 0, P-O, and C-O functional groups. The P = functional group 
is equivalent to that of alkyl phosphine oxides. The P—O and C-O functional groups are equivalent to those of alkyl 
phosphites. The alkyl portion of the alkyl phosphate may comprise at least two terminal methyl groups ( CH 3 ) at each end of 
each chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon 
single bonds. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C-C 
bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds 
within isopropyl ((C//,), CH ) and t-butyl ((C// 3 ), C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to 

t-butyl C-C bonds comprise functional groups. The branched-chain-alkane groups in alkyl phosphates are equivalent to those 
in branched-chain alkanes. 

The symbols of the functional groups of branched-chain alkyl phosphates are given in Table 15.369. The geometrical 
(Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of 
alkyl phosphates are given in Tables 15.370, 15.371, and 15.372, respectively. The total energy of each alkyl phosphate given in 
Table 15.373 was calculated as the sum over the integer multiple of each E D {G rmp ) of Table 15.372 corresponding to functional- 
group composition of the molecule. The bond angle parameters of alkyl phosphates determined using Eqs. (15.88-15.117) are 
given in Table 15.374. The color scale, charge-density of exemplary alkyl phosphate, tri-isopropyl phosphate, comprising of 
atoms with the outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown 
in Figure 15.63. 

Figure 15.63. Color scale, charge-density of tri-isopropyl phosphate showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or //, -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei. 




Table 1 5.369. The symbols of functional groups of alkyl phosphates. 



Functional Group 


Group Symbol 


p=o 




p = o 


P-0 




P-0 


C-0(CH,-0- and 


(CH 3 \C-0-) 


c-o (i) 


C-O (alkyl) 




C-O (ii) 


CH : group 




C-H (CH,) 


CH 




C-H 


CC bond (n-Q 




C-C (a) 


CC bond {iso-C) 




C-C (b) 


CC bond (tert-C) 




C-C (c) 


CC (iso to iso-C) 




C-C (d) 


CC (t to t-Q 




C-C (e) 


CC (t to iso-C) 




C-C (f) 



Tab 



e 15.370. 



The geometrical bond parameters of alkyl phosphates ind experimental values [1] 
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Group 



C-H (CH. 
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C-H (CH 2 
G roup 
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Group 



C-C (a) 
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Group 



C (c) 
C iroup 



C-C (f) 
Gr Diip 



«(<• 



M 



B and L engtri 



2c' 



') 



1.10974 



1.11713 



1.54280 



1.54280 



1.53635 



1 .54280 



1.53635 



Bxp. liond 
Length 



[65] 
(DtJA) 
1.4759 
(fO)_ 



1.631 [70] 

(MBP) 
1.60 1 65] 

(DN4) 



1.4K 
(dimethyl 



llier) 



1.418 
(ethyl met 
ether (avg 

1.19425 



■tiyl 



1.107 
(C-H props n 

1.117 

(C-H butane) 

1.27295 



1.107 
(C-H propane) 

1.117 

(C-H butan^) 

1.29569 



1.122 
(isobutane) 



1.532 
(propane) 

1.531 
(butane) 
1.54616 



1.532 
(propane) 

1.531 
(butane) 
1.54616 



1.532 
^propane) 

1.531 
(butane) 
1.52750 



1.532 

(propane) 

1.531 

( butane) 

1 .54616 



.532 
(propane) 

.531 
(b jtane ) 



52750 



1.332 
(pro 3ane) 



i ane) 
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The MO to HO intercept geometrical 



bond parameters 



of alkylpiosDhates. R, 



R',R" are H or alkyl groups. E T is E T (a 



atom,mjp .40) 



(CH 
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JcT> 
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o) 2 (o)p-o<\\ 



OCH, 
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I337'' 
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E, 

(eV) 

Bond 2 



-0.7245' 
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-0.72457 



>V) 
Bf>nd4 



72457 



Energy 
2sp~ 
(eV) 



H) 

1.00000 
1.15350 



0.85252 
0.75032 



E (W „ 
(eV) 
Fina 



8.13: 



.26 



E(cisp 

(eV) 

Final 





84.02 

72.13 



63 



1.47318 
1.61466 



0.C8876 
0.23024 

0.30068 



(CH 

(CH, 
(CH. 

( c 4 



,0),(0)P-OC 

o) 2 (o)p-oc 
fl)A°) p - 

O (i))and(C 
,0) 2 (0)P 
O (ii)) 



ci h\ 



OCH, 



OCH 



,R 
Q(ii 



c 

(C/J 
(C- 



H (OC G H.) 
0),(0)PO- 
,0) 2 (0)PO- 
0(f)) 



-0.7245V 
-0.7245' 



0.91771 
0.91771 



0.87495 
0.87495 



5.55(33 
5.55(33 



-15.359*6 
-15.359*6 



78.85 
95.98 



101 



15 



c,(ci',), 



84.32 
93.37 



42.43 
46.13 



1.21777 
1.25319 



0.16921 
0.C9112 



(H,, 
(CH 

AC_ 

-H, 

\(C- 



o),(o)po 
),c a -op(o) 

o (0) 

:.-op(o)( 

O Qi)) 



oc i!P,)i 



OCH,) 



(CH\. 



o),(o)po- 

O (ii)) 



,H(CH, 



■0.!!268! 



-0.929111 



-0.92918 



15^.300<>3 



0.91771 



0.77699 



17.51(i99 



-17.32013 



5.25 



40.55 



1.36345 



0.C2377 



-H. 

(H,, 

(c- 

C- 



C a -OP(O)(0CH,). 

-) 2 HC,-OP((lf)(o\:H,) 2 

O (ii)) 
H (CH,) 



-0.7245' 
-0.9291! 



.54487 



1.00000 
0.91771 



0.83078 
0.86359 



6.37' 
5.75- 



-15.56407 



93.33 
77.49 



43.98 
41.48 



1.29138 
1 .23564 



0.1 



8708 



C- 



H(CH 2 ) 



■0.9291! 







47406 



0.91771 



0.81549 



16.68*12 



-16.493 



8.47 



35.84 



1.35486 



o.: 



9933 



C 

~H,C 
(C- 
H,C, 
(C 



,C t H 2 CH, - 

I'M) 
C t H 2 CH,- 

C(a)) 



-0.9291! 
-0.9291! 

-0.9291! 



-0.92918 






-154. 

-is: 



.40324 
..54487 

.47406 



0.91771 
0.91771 

0.91771 



0.77247 
0.86359 

0.81549 



17.61: 



30 



15.75*93 
16.68' 12 



-17.422*4 
-15.56407 

-16.49325 



61.10 
63.82 

56.41 



31.37 
30.08 

26.05 



1.42988 
1.83879 

1 .90890 



0.37326 
0.38106 

0.45117 



R 

.(Cd 



Hfifi t (Hfi c - 

c_m 



7.6 1: 30 



R- 
(C- 



7 2 C„(«'-/7 2 C, 
C(c)) 



)Q( 



R"-H 2 C C )CH 



■0.9291 



-0.7245'' 



-0.72457 



72457 



15' .71860 



0.91771 



0.75889 



7.92(66 



-17.737' 



48.21 



21.74 



1 .95734 



50570 



isot 
.(C 



„C t (H 2 C c -R') 
C (d)) 



■0.9291! 



-0.92911! 



-0.92918 







0.91771 



0.77247 



17.61: 



30 



-17.422*4 



48.30 



21.93 
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0.5 



1388 



terlC 
_(C 
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(R'-H,C,,)C 
C (e)) 

C t (H 2 C -R 
Cffl) 



,(*' 



H 2 C r )CH 2 



IHC1L 



-0.7245' 
-0.7245' 



-0.7245'' 
-0.929111 



-0.72457 
-0.92918 



72457 




-15*. 
-15*. 



51399 
19863 



0.91771 
0.91771 



0.76765 
0.78155 



7.92C66 
7.40! 69 



-17.73779 
-17.217(3 



50.04 
52.78 



22.65 
24.04 



1.94462 
1.92443 



0.49298 
0.47279 



isoC 
.(C 



M'-h^c, 
cm) 



(R- 



H 2 C C )CH 2 



■0.7245: 



-0.7245'' 



-0.72457 



72457 



0.91771 



0.76765 



7.92i:66 



-17.737: '9 



50.04 



22.66 



1.94462 



0.49298 
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The energy parameters 



[eV) of functiona 



groups of alkyl phosphates 



p 

Gro 

2 




P-0 
Group 

1 





C-O(i) 
Group 

1 




C - O (ii) 
Group 

1 





CM. 
Group 

3 

2 



Gr )up 



CH (i 
Group 

1 





'(a) 



Gro up 



c-c (rj) 
Group 

1 




C'-C'(c) 

Group 

1 




C-C (d) 
Group 

1 





C 



C (e) 
Group 

1 





(f) 



Group 
1 






0.5 
1 





0.5 
1 





0.5 
1 





0.75 

1 





0.5 
1 





0.5 
1 





0.5 
1 



(eV) 



(eV) 



(£K) 



14.8C039 

-7.43020 



9.00781 
-4.5039 



9.17389 
-4.58695 



9 .32537 
-4.66268 



32.53914 
6.26957 



21.06675 
-10.; 3337 



1(1.48512 
-i .24251 



6.77464 
-3.3873: 



6.90500 
-3.45250 



6.77464 
-3.38732 



90500 
45250 



(eV) 
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-23.50 492 




-11.78 24|6 




-14.634 89 
-1.44915 



-14.63489 
-1.65376 



5.56407 




-IS.! 6407 
■) 



l|t.634$9 




-15.56407 




-15.56 40[7 




-15.35946 





-15.56407 




-l f.35946 




15.35946 





{eV) 



(eV) 



{atom-atom,msp~.A0\ (> 



[eV) 



-33.08451 



-33.08452 



-33.28912 
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-33.08452 
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■3 i. 08452 
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-o.nio:; 
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-0.249C6 



6.21 
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9.43699 
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-0.1651:. 
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10.19220 
-0.20896 



9.43699 
6.21159 
-0.16515 
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29021 
16416 



9.55i 543 
6.29021 



0.15292 
[2fJ 
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LZ11 
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_J21]_ 
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JEg 



0.35532 
(13.458)) 



LmJl 




(Eg. 



35532 
(13.458)) 



0.12112 
[2L_ 
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__H_ 
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J21_ 
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_[2[_ 



,!.*'!• 



. (e 7 ) 



{,!¥) 



1 (eV) 



-33.2031 
-14.63489 



-33.20040 
-14.63489 



-33.39484 
-14.63489 



(7.92207 
14.63489 



-49.! 0996 

-14.(3489 



.70737 
14.634: !9 



-33.49375 
-14.6348? 



-33.24376 
-14.63489 



-33.59732 
-14.63489 



-31.18712 
-11.63489 



•lo'wo) (eV) 



(cV) 



Table 15.37 3. The 

experimental vdues [69]. 



total bond energ 



les 



of alkyl phosphates calculated using the functional 



group composition and ths energies 



of Table 15 



.372 compared to the 



C-O(i) 



CH (i 



C-C (a) 



-C (b) c- 



C (c) C-C (d) 



C (e) C-C (f) 
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Energy (eV) 
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P Triethyl 
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lf.iH27p4P Tri-n-butyl 



phosphite 
diphosphate 



l-propyl 
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phosphate 
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178.26526 



104.40400 
140.86778 
141.42283 
178.07742 
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-0.00656 
-0.00475 
-0.00105 
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The bond 

,msp 



angle parameters of alkyl phosphates and experimental vdues [1]. In the calculation 

JO). 



2c 

Bond 2 

(«„) 



2c' 

Terminal 

Atoms 



Atom 1 
Hybridizatioi 
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0.738 

Eq. 

(15.1! 



Atom 2 



of 6 V , the parameters from the preceding angle were used. 
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S 
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Organic Molecular Functional Groups and Molecules 1 027 

ORGANIC AND RELATED IONS (RCO~, ROSO~, NO~, (RO) 2 PO~, (RO) 3 SiO~, 

(R) 2 si(Q-)^ rnh;, r,nh: ) 

Proteins comprising amino acids with amino and carboxylic acid groups are charged at physiological pH. Deoxyribonucleic acid 
(DNA), the genetic material of living organisms also comprises negatively charged phosphate groups. Thus, the bonding of 
organic ions is considered next. The molecular ions also comprise functional groups that have an additional electron or are 
deficient by an electron in the cases of monovalent molecular anions and cations, respectively. The molecular chemical bond 
typically comprises an even integer number of paired electrons, but with an excess of deticiency, the bonding may involve an 
odd number of electrons, and the electrons may be distributed over multiple bonds, solved as a linear combination of standard 
bonds. As given in the Benzene Molecule section and other sections on aromatic molecules such as naphthalene, toluene, 
chlorobenzene, phenol, aniline, nitrobenzene, benzoic acid, pyridine, pyrimidine, pyrazine, quinoline, isoquinoline, indole, and 
adenine, the paired electrons of MPs may be distributed over a linear combination of bonds such that the bonding between two 
atoms involves less than an integer multiple of two electrons. Specifically, the results of the derivation of the parameters of the 
benzene molecule given in the Benzene Molecule ( C 6 H 6 ) section was generalized to any aromatic functional group of aromatic 
and heterocyclic compounds in the Aromatic and Heterocyclic Compounds section. Ethylene serves as a basis element for the 

3e 3e 

C=C bonding of the aromatic bond wherein each of the C = C aromatic bonds comprises (0.75)(4) = 3 electrons according to 

F, q . (1 5. 161) . Th us, i n these aromatic cases, three electrons can be assigned to a given bond between tw o atoms w herein the 
electrons of the linear combination of bonded atoms are paired and comprise an integer multiple of two. 

In graphite, the minimum energy structure with equivalent carbon atoms wherein each carbon forms bonds with three 
other such carbons requires a redistribution of charge within an aromatic system of bonds. Considering that each carbon 
contributes four bonding electrons, the sum of electrons of a vertex-atom group is four from the vertex atom plus two from each 
of th e two atoms bond e d to th e v e rt e x atom wh e r e th e latt e r also contribut e two e ach to th e juxtapos e d group. — Th e s e e ight 
electrons are distributed equivalently over the three bonds of the group such that the electron number assignable to each bond is 

g 8/3e 

— . Thus, the C - C functional group of graphite comprises the aromatic bond with the exception that the electron-number per 

bond is — . 

3 

As given in the Bridging Bonds of Boranes section and the Bridging Bonds of Organoaluminum Hydrides section, other 
examples of electron deficient bonding involving two paired electrons centered on three atoms are three-center bonds as opposed 
to the typical single bond, a two-center bond. The B2sp 3 HOs comprise lour orbitals containing three electrons as given by Eq. 
(23.1) that can form three-center as well as two-center bonds. The designation for a three-center bond involving two B2sp i 
HOs and a His AO is B-H -B , and the designation for a three-center bond involving three B2sp 3 HOs is B - B - B . In the 
aluminum case, each Al-H-Al -bond MO and Al-C-Al -bond MO comprises the corresponding single bond and forms with 
further sharing of electrons between each ABsp 3 HO and each His AO and C2sp 3 HO, respectively. Thus, the geometrical 
and energy parameters of the three-center bond are equivalent to those of the corresponding two-center bonds except that the 
bond energy is increased in the former case since the donation of electron density from the unoccupied ABsp 3 HO to each 
Al-H - Al -bond MO and Al-C-Al -bond MO permits the participating orbital to decrease in size and energy. 

To match the energies of the AOs and MOs of the ionic functional group with the others within the molecular ion, the 



bonding in organic ions comprises a standard bond that serves as basis e lement and retains th e same geom e trical characteristics 
as that standard bond. In the case of organic oxyanions, the A-O' (A = C,S,N,P,Si) bond is intermediate between a single 

3e 

and double bond, and the latter serves as a basis element. Similar to the case of the C = C aromatic bond wherein ethylene is the 
basis element, the A = -bond functional group serves as the basis element for the A - O functional group of the oxyanion of 

carboxylates, sulfates, nitrates, phosphates, silanolates, and siloxanolates. This oxyanion group designated by A = 0~ comprises 

3e 

(0.75)(4) = 3 electrons after Eq. (15.161). Thus, the energy parameters of the A = 0~ functional group are given by the factor 
of (0.75)(4) = 3 times those of the corresponding A-O functional group, and the geometric parameters are the same. The 
C = , S = , N = 2 , P = 0, and Si = O basis elements are given in the Carboxylic Acids, Sulfates, Alkyl Nitrates, 
Phosphates, and Silicon Oxides, Silicic Acids, Silanols, Siloxanes and Disiloxanes sections, respectively. A convenient means to 
obtain the final group energy parameters of E T (omup) and E D {omup) is by using Eqs. (15.165-15.166) with f x = 0.75 : 
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£*rp \Group) — /, 



E (basis energies) + E T [atom - atom, msp^.AO) 



\C C e 



(15.183) 



\2%\ 



4x£R 3 



-31.63536831 eV\ 



■ + n x E Kvib + c 3 



%WqHb 



E(basis energies) + E T [atom - atom, msp 3 .AO) 



7. 



\c c 



tLp. [Group) - 



m 



AksR 



(15.18 4 ) 



-31.63536831 eV 



m. 



m.c 



• + n x E Kvib + c 3 



zwomI 



-{c,E initial (AO I HO) + c£ MlM {c s AO/HO)) 



where c 4 is (0.75)(4) = 3 when c 5 =0 and otherwise c 4 is (0.75)(2) = 1.5 and c 5 is (0.75)(2) = 1.5 . 

The nature of the bonding of the amino functional group of protonated amines is similar to that in H* . As given in the 
Triatomic Molecular Hydrogen- type Ion (H^) section, H* comprises two indistinguishable spin-paired electrons bound by 

three protons. The ellipsoidal molecular orbital (MO) satisfies the boundary constraints as shown in the Nature of the Chemical 
Bond of Hydrogen- Type Molecules section. Since the protons are indistinguishable, ellipsoidal MOs about each pair of protons 
taken one at a time are indistinguishable. Hi is then given by a superposition or linear combinations of three equivalent 
ellipsoidal MOs that form an equilateral triangle where the points of contact between the prolate spheroids are equivalent in 
energy and charge density. Due to the equivalence of the // 2 -type ellipsoidal MOs and the linear superposition of their energies, 

the energy components defined previously for the H 2 molecule, Eqs. (1 1.207-1 1.212) apply in the case of the corresponding 77 3 + 
molecular ion. And, each molecular energy component is given by the integral of corresponding force in Eq. (13.5). Each 
energy component is the total for the two equivalent electrons with the exception that the total charge of the two electrons is 
normalized over the three basis set H 2 -type ellipsoidal MOs. Thus, the energies (Eqs. (13.12-13.17)) are those given in the 

Energies of Hydrogen-Type Molecules section with the electron charge, where it appears, multiplied by a factor of 3 / 2 , and the 

three sets of equivalent proton-proton pairs give rise to a factor of three times the proton-proton repulsion energy given by Eq. 

(11.208). — 

With the protonation of the imidogen (NH ) functional group, the minimum energy structure with equivalent hydrogen 

atoms comprises two protons bound to N by two paired electrons, one from H and one from TV with the MO matched to the 

N2p AO. These two electrons are distributed equivalently over the two H-N bonds of the group such that the electron 

2 

Thus, the NH 2 functional group has the imidogen energy parameters with the exception 



number assignable to each bond is — 



that each energy term is multiplied by the factor 2 due to the two bonds with electron-number per bond of — and has the same 

geometric parameters as the NH functional group given in the Secondary Amines section. A convenient means to obtain the 
final group energy parameters of E T (g™« p ) and E D (g™« p ) is by using Eqs. (15.165-15.166) (Eqs. (15.183-15.184)) with f x =2 and 
c 4 and c 5 multiplied by two. 

With the protonation of the amidogen ( NH 2 ) functional group, the minimum energy structure with equivalent hydrogen 

atoms comprises three protons bound to N by four paired electrons, two from 2 H and two from N with the MO matched to 

the N2p AO. These four electrons are distributed equivalently over the three H-N bonds of the group such that the electron 

4 
number assignable to each bond is — . Thus, the M7 3 + functional group has the amidogen energy parameters with the exception 

3 4 

that each energy term is multiplied by the factor — due to the three bonds with electron-number per bond of — and has the same 

geometric parameters as the NH 2 functional group given in the Primary Amines section. A convenient means to obtain the final 
group energy parameters of E T (Group) and E D (orou P ) is by using Eqs. (15.165-15.166) (Eqs. (15.183-15.184)) with f x =3/2 and 
c 4 and c 5 multiplied by 3/2. 
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The symbols of the functional groups of organic and related ions are given in Table 15.375. The geometrical (Eqs. (15.1- 
15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters are given in 
Tables 15.376, 15.377, and 15.378, respectively. Due to its charge, the bond angles of the organic and related ions that minimize 
the total energy are those that maximize the separation of the groups. For ions having three bonds to the central atom, the angles 
are 120°, and ions having four bonds are tetrahedral. The color scale, charge-density of exemplary organic ion, protonated 
lysine, comprising atoms with the outer shell bridged by one or more 7/ 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.64. 

Figure 15.64. Color scale, charge-density of protonated lysine ion showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei. 




Table 1 5.375. The symbols of functional groups of organic and related ions. 



Functional Group 


Group Symbol 


(O)C-O' (alkyl carboxylate) 


C-O 


(R0)(0) 2 S-O (alkyl sulfate) 


S-0 


(0) 2 N-0~ (nitrate) 


N-0~ 


(RO) 2 (0)P-0~ (alkyl phosphate) 


P-0 


(RO)iSi-O' (alkyl siloxanolate) 


Si-O 


(R):Si(-0')2 (alkyl silanolate) 


NH : + group 


NH* 


NH 3 + group 


nh; 



Tab! 



e 1 5.37(5. The geometrical bond parameters of organic and re 



Bond 



Exp. 



Tabl 



e 15.377 



Parameter 



a (a„) 



(«.) 



Length 2c' (A) 



Bond Length 



b,c (a„) 



The MO to HO intercept geometrical 



c-o~ 

Group 



l. 29907 



1. 13977 



1.20628 



1.2 
(acetic 



14 
acid) 



0.62 



1.485 
(dirheth}! sulfoxide) 



Group 



1.98517 



1/0896 



1/-9118 



9847 



bond parameters 



N-0~ 
Group 



1.29538 



1.13815 



1.20456 



1.205 

(methyl nitraje) 

1.2 

( 'WO, ) 



0.61857 



ated ions and 



Group 



1.9166 



1..S8442 



1.4652 



1/8 [6:i] 

(DNAl 



1.52545 



of organic 



experimental 



and related ions 



values of corresponding basis 



1.509 

(si icon oxide) 

[74] 



Si -or 
Group 



2.24744 



1.41056 



1.49287 



1.74966 



E T is E T (atom - atom,msp AG). 



Group 



1.262; 



0.94811 



1.00343 



1.00 

(dimethylaminef) 



0.833: 



elements [1]. 



1.010 
(n ethy amine) 



Gr oup 



1.2*083 



0.95 506 



1.0108 



0.85 



345 



Band 



(eV) 
Bond 1 



E, 

(eV) 
ftond 



E T 

(eV) 

Bond: 



E T 

(eV) 

Bond 4 



Fin; 



1 Total 
Energy 
Clsp' 
A-H 



M 



C2.vp ! 



(eV) 
Final 



J'(C2.sp 3 ) 

(eV) 
Final 



C) 






d 2 



© 





to 




o 








o 




CD 




0) 




O 




7T 




I - 




CO 




J 






n 


TJ 


:*- 


O 


» 


s 


'« 


CD 



RH,C, 
RH 2 C, 



c„(o)-o- 
c„(o)-<x 



o 

c 



.01210 
.01210 




-0.9291 



0.85907 
0.76885 



-15.83785 
-17.69621 



67.29 
62.28 



63827 
53544 






(Q)S-Q- 

(O)s-(r 



-0.4645 

o 



0.86359 
0.91771 



-15.75493 
-14.82575 



78.56 
84.06 



101.44 
95.S4 



37.25 
40.75 



58026 
50400 



17130 
095C4 



C',iV- 



C\N- 



11.92918 



929 8 



-0.69689 



0.95084 



0.78280 



17.38100 



138 



99 



41.0 



68.41 



47673 



66142 






{0)P-cr 
{P)P-cr 



.72457 
.85034 



-1.133' 




-0.85034 




0.74515 
0.86793 



-18.25903 
-15.67609 



71.42 
85.55 



108.58 

94/5 



32.20 
40.76 



62182 
.45184 



23739 
06742 



-! =r 



en 



Si-cr 

Si-O- 



.55205 
.55205 



622 




-0.62217 




0.99082 
0.89688 



-13.73181 
-15.17010 



53.34 
34.26 



27.02 
16.77 



00216 

15183 



59160 
74128 



~H 2 C L 



NH(R Mll )-H 
N(H,)-H* 



< 
CD 

Q. 
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Table 1 5.378. The energy parameters (eV) of functional groups of organic and related ions. 





Parameters 


C-G 


S -G 


N - O 


P-G 


Si-O 


Nh'z 


NHj 


















Group 


Group 






/, 


0.75 


0.75 


0.75 


0.75 


0.75 


2 


3/2 






n \ 


2 


2 


2 


2 


2 


1 


2 






n 2 



























n > 




















1 


























c, 


0.5 


0.5 


0.5 


0.5 


0.75 


0.75 


0.75 






Q 


1 


1 


1 


1 


0.75304 


0.93613 


0.93613 






c l 


1 


1 


1 


1 


1 


0.75 


0.75 






c-, 


0.85395 


1.20632 


0.85987 


0.78899 


1 


0.93383 


0.94627 






e, 


2 














1 





























c \ 


4 


4 


4 


4 


2 


1 


1 






c s 





1 








2 


1 


2 






c l„ 


0.5 


0.5 


0.5 


0.5 


0.75 


0.75 


1.5 






c 2 „ 


1 


1 


1 


1 


0.75304 


1 


1 






y, (eV) 


-111.25473 


-82.63003 


-112.63415 


-56.96374 


-56.90923 


-39.21967 


-77.89897 






y„ (eV) 


23.87467 


19.31325 


23.90868 


9.82777 


19.29141 


14.35050 


28.49191 






T(eV) 


42.82081 


20.81183 


43.47534 


14.86039 


12.66092 


15.53581 


30.40957 






y„ ( eV ) 


-21.41040 


-10.40592 


-21.73767 


-7.43020 


-6.33046 


-7.76790 


-15.20478 






E(a„!ho) (eV) 





-11.52126 





-11.78246 


-20.50975 


-14.53414 


.14.53414 






AE HiS10 [ M!m ) (eV) 


-2.69893 


-1.16125 


-3.71673 


















E(„,ao„io) (eV) 




















.14.53414 






E, (aoiho) (eV) 


2.69893 


-10.36001 


3.71673 


-11.78246 


-20.50975 


-14.53414 


-14.53414 






E t {„,mo) (eV) 


-63.27074 


-63.27088 


-63.27107 


-63.27069 


-51.79710 


-31.63541 


-48.73642 






E, (atom - atom, msp 3 .AO) (eV) 


-2.69893 





-3.71673 


-2.26758 


-4.13881 
































£ 7 (m) (eV) 


-65.96966 


-63.27074 


-66.98746 


-65.53832 


-55.93591 


-31.63537 


-48.73660 






co MO 15 rad 1 s j 


59.4034 


17.6762 


19.8278 


11.0170 


9.22130 


47.0696 


64.2189 






E K (eV) 


39.10034 


11.63476 


13.05099 


7.25157 


6.06962 


30.98202 


42.27003 






E D (eV) 


-0.40804 


-0.21348 


-0.23938 


-0.17458 


-0.13632 


-0.34836 


-0.40690 


























4™ ( e n 


[12] 


[43] 


[45] 


[75] 


[24] 


[24] 


[22] 






£„„. (eK) 


-0.30266 


-0.14932 


-0.14267 


-0.11289 


-0.05935 


-0.14488 


-0.20226 






E „,,« (^n 


0.11441 


0.11441 


0.11441 


0.14803 


0.04983 


0.14803 


0.14803 






E T (tirc,t,p) (eV) 


-49.93123 


-47.67703 


-50.45460 


-49.32308 


-42.04096 


-63.56050 


-73.71167 








1 A dlAQCi 


1 A ZlAQCi 


1 A C*1AQC\ 


1 A £1AQft 


i n odC7 


l A X1A 1 A 


1/1 Z1A 1 A 






imi.kd '■ * ' v ' 


i ■-"-' '"-" 


i ■■"-' '"-- 


i ..._..* .u_. 


i ..*..> ,^j 


*"■' — ,VJ ' 


i ...*-, . . . 


i .../-/ . i . 






£,w„.„, Mo.'H (eV) 


I 


-1.16125 








-13.61805 


-13.59844 


-13.59844 






E D (c™ P ) (eV) 


6.02656 


2.90142 


6.54994 


5.41841 


6.23157 


7.01164 


11.11514 
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MONOSACCHARIDES OF DNA AND RNA 

The simple sugar moiety of DNA and RNA comprises the alpha forms of 2-deoxy-D-ribose and D-ribose, respectively. The 
sugars comprise the alkyl CH 2 , CH , and C-C functional groups and the alkyl alcohol C -O and OH functional groups 

given in the Alcohols section. In addition, the alpha form of the sugars comprise the C-0 ether functional group given in the 
Ethers section, and the open-chain forms further comprise the carbon to carbonyl C-C , the methylyne carbon of the aldehyde 
carbonyl CH , and the aldehyde carbonyl C = O functional groups given in the Aldehydes section. The total energy of each 
sugar given in Tables 15.379-15.382 was calculated as the sum over the integer multiple of each E D (o roup ) corresponding to the 
functional-group composition wherein the group identity and energy E D (&<>»,>) are given in each table. The color scale, charge- 
density of the monosaccharides, each comprising atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or 
joined with one or more hydrogen MOs are shown in Figure 15.65. 

Figure 1 5.65. Color scale, charge-density of riboses showing the orbitals of the atoms at their radii, the ellipsoidal surface of 
each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in each bond, 
and the hydrogen nuclei. (A) 2-deoxy-D-ribose. (B) D-ribose. (C) Alpha-2-deoxy-D-ribose. (D) Alpha-D-ribose. 






Ie/A 2 



Tiibl 



e 15.379 



The total 



:aseous bond 



snergy of 2-deoxy-D-ribose (C5H10O4) calculated using ths functional group composition and the energies given supra 



Formula 



CH 2 
G-oup 



CH 
(alkyl 
Group 



CH 
(HO 
Group 



O) 



c-c 

(n-C) 
Group 



C-C(0) 

aldehyde) 

Group 



C = 

(aldehyde) 

Group 



C-O 
(OOH) 
Group 



OH 
Group 



Calculated 
Total Bond 
Enerjry (eV) 



Experimental 
Total Bond 
En :rgy (eV) 



Relative Error 



Energies E D (a r , m , 

o f Functional Groups eV) 



7.83016 



2601 



3.47404 



4.32754 



4.41461 



7.80660 



4.34572 



4. II 035 



Com 



77.25842 



T 

the! 



able 1 5.380- The total gaseous bond ^neifgy of D-r^bos^e (CsHioC^) (jalculated jisitjg the funcjtior^al group ([orrjposition ajid t(he energies gfven supra\. compared to 
values [3]. 



expenmenta 

Formula 



CH, 
Group 



CH 
(alkyl) 
Group 



CH 

(HC=0\ 

Group 



C-C 
(n-C) 
Group 



C-C(0) 
(aldehyde) 
Group 



c = o 

(aldehyde) 
Group 



C-O 
(C-OH) 
Group 



OH 
Group 



Calculated 
Total Bond 



Energy 



(eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative Error 



Energies E D (ar,m,,) 

of Fupet ional Groiips (feV) 



016 



3.32601 



3.47404 



4.32754 



4.41461 



7.80660 



4.34572 



4.41035 



Composition 
Cryslal. 



Table 1 5.38 - l . The total gaseous bond energy of alplia-2 



81.51 



034 



83 



498" 



02381 



deoxy-D-ribose (C5H 



4 ) 



calculated using the functional group composition 



and the energies given supra. 



Formula 



Energies E D (ar,mji) 
Funct ional Gri )ups 



CH. 



CH 



of 



ML 



Group 
'.83016 3.3 



(alkyl) 



Group 
2601 



C-C 
(n-C) 
Group 

4.32754 



C-O 

lkyl ether) 
Group 

4.12506 



C-O 
(C-OH) 
Group 

4.34572 



OH 
Group 

4.41035 



Calculated 
Total Bond 

Energy (eVj 



Experimental 
Total Bond 
Energy (eV) 



Relative Error 



Composition 



Tab 



e 15.382. [The total gase|ous bond bne^gy of alpl^a-I|)-ribose (CpsH 

CH 
Group 



Formi.la 



(alkyl) 



Eneifj 
of 



•gies E D [am V \ 
Functio nal Grc tips 



(eV) 



.83016 



Grou p 
3.32631 



C-C 
(n-C) 
Group 



C-O 

(alkyl ether) 
Group 



77.46684 

J0O5) calc^lat^d using tlje functional grotjp compos^tioji and the e|nei)gies given 

Relative Error 



supra. 



Composition 



4.32754 
4 



4.12506 



C-O 
(C-OH) 
Group 

4.34572 

4 



OH 
Group 

4.41035 

4 



Calculated 
Total Bond 
Energy (eV) 



82.31088 



Experimental 

Total Bond 

Energy (eV) 



©2010 BlackLight Power, Inc. All rights reserved. 
1034 Chapter 15 

NUCLEOTIDE BONDS OF DNA AND RNA 

DNA and RNA comprise a backbone of alpha-2-deoxy-D-ribose and alpha-D-ribose, respectively, with a charged phosphate 
moiety at the 3' and 5* positions of two consecutive ribose units in the chain and a base bound at the 1' position wherein the 
ribose H of each of the corresponding 3' or 5' O-H and . 1' C-H bonds is replaced by P and the base N , respectively. For 
the base, the H of the N - H at the pyrimidine 1 position or the purine 9 position is replaced by the sugar C . The basic 
repeating unit of DNA or RNA is a nucleotide that comprises a monosaccharide, a phosphate moiety and a base. The structure 
of the nucleotide bond is shown in Figure 15.66 with the designation of the corresponding atoms. The phosphate moiety 
comprises the P = 0, P-O , and C-O functional groups given in the Phosphates section as well as the P-O group given in 
the Organic and Related Ions section. The nucleoside bond (sugar C to base N) comprises the tertiary amine C-N functional 
group given in the corresponding section. The bases, adenine, guanine, thymine, and cytosine are equivalent to those given in 
the corresponding sections. The symbols of the functional groups of the nucleotide bond are given in Table 15.383. The 
geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) 
parameters are given in Tables 15.384, 15.385, and 15.386, respectively. The functional group composition and the 
corresponding energy E d {gw» p ) of each group of the nucleotide bond of DNA and RNA are given in Table 15.387. The bond 
angle parameters of the nucleoside bond detennined using Eqs. (15.88-15.117) are given in Table 15.388. The color scale 
rendering of the charge-density of the exemplary tetra-nucleotide, (deoxy)adenosine 3' -monophosphate — 5'-(deoxy)thymidine 
3 '-monophosphate — 5'-(deoxy)guanosine 3 '-monophosphate — 5 '-(deoxy)cytidine monophosphate (ATGC) comprising the 
concentric shells of atoms with the outer shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more 
hydrogen MOs is shown in Figure 15.67. Figure 15.68 shows the color scale rendering of the charge-density of the exemplary 

A f H "Tf" T A C^TT* 1 A f^T'f" T 

DNA fragment wherein each complementary strand comprises a dodeca-nucleotide of the form (base (1) — 

TGACTGACTGAC 

deoxyribose) monophosphate — ( base(2) — deoxyribose) monophosphate — with the phosphates bridging the 3* and 5' ribose 
carbons with the opposite order for the complementary stands. Figure 15.68 shows the color scale rendering of the charge- 
density of an exemplary double-stranded DNA helix. 

Figure 15.66. Designation of the atoms of the nucleotide bond. 



Base N 
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Figure 15.67. The color scale rendering of the charge- 
density of the exemplary tetra-nucleotide, 
(deoxy)adenosine monophosphate — (deoxy)thymidine 
monophosphate — (deoxy)guanosine monophosphate — 
(deoxy)cytidine monophosphate (ATGC) showing the 
orbitals of the atoms at their radii and the ellipsoidal 
surface of each H or // 2 -type ellipsoidal MO that 

transitions to the corresponding outer shell of the atom(s) 

participating in each bond. 



Figure 15.68. Color scale rendering of the charge- 



density of the DNA fragment 



ACTGACTGACTG 



showing 



TGACTGACTGAC 
the orbitals of the atoms at their radii and the ellipsoidal 
surface of each H or # 2 -type ellipsoidal MO that 

transitions to the corresponding outer shell of the atom(s) 
participating in each bond. 
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Figure 15.69. Color scale, opaque view of the charge density of a double-stranded DNA helix created and modeled using 
Millsian2.0. 




Table 15.383. The symbols of functional groups of the nucleotide bond. 



Functional Group 



Group Symbol 



C-N 


C-N 


C-0 (alkyl) 


C-0 


p=o 


p=o 


P-O 


P-O 


(RO) 2 (0)P-a (alkyl phosphate) 


P-O 



Table 1 5.384. The geometrical bond parameters of the nucleotide bond and experimental values [l]. 



Parameter 


C-N 
Group 


C-0 
Group 


Group 


P-O 
Group 


P-O 
Group 


« K) 


l. 963 13 


1.79473 


1.91663 


1.84714 


1.91663 


c' (a ) 


1.40112 


1.33968 


1 .38442 


1.52523 


1 .38442 


Bond Length 
2c' (A) 


1 .48288 


1.41785 


1.4652 IE- 10 


1.61423 


1.46521 


Exp. Bond Length 


1.458 
(trimethylamine) 


1.418 
(ethyl methyl 
ether (avg.)) 


1.48 [65] 
(DNA) 

1.4759 
(PO) 


1.631 [70] 

(MHP) 

1.60 [65] 

(DNA) 


1.48 [65] 
(DNA) 


b,c (a ) 


1.37505 


1.19429 


1.32546 


1.04192 


1.32546 


e 


0.71372 


0.74645 


0.72232 


0.82573 


0.72232 



Table 15.3U5. 



The MO 



to HO intercept geometrical bond parameters of the nucleotide bond 



E T isE T (atom 



atom,msp .AG) 



liond 



(eV) 
Bond I 



E T 
eV) 



(eV) 
Bond 4 



Final Total 

Energy 

C2sp' 

(eV) 



(C2 SP y ) 



'.) « 



(eV) 
Final 



E(C2sp 3 ) 

(eV) 
Final 



(°) 






I .id. 



)C p -AT,(fl)C. 

ie nucleoside ) 



)C,-tij(H)C. 

ne nucleoside ) 

)C h -N,.HC c 

UCfij 

( tl iym ne nucleosid e) 

)C h -N,HC t 

HCA: 
(c ytosfrne nucleosid e) 



guanii 



v s (o 

HA 



'V,. 



-0.92918 



-0.92918 



929 18 



92918 



4645 ) 



0.93084 0.793 W 



■0.9: 084 -0.79340 



-0.92 



-17.14871 



-17.14871 



1311.07 



4I.S'3 



60.47 



60.47 



0.10588 



0.59026 



: ribose 
ie nucleoside ) 
: ribose 
{adenine nucleoside ) 



A, 
C ribo. 



-0.46459 
-0.46459 



60631 
92918 



771 -0.79816 



16.50297 
17.04640 



35.64 

33.75 



0.19. 
0.23 



ribose 

e nucleoside) 
Z ribose 
(guanine nucleoside) 



(guan 

v., - 



A',, 
C ribose 



-0.46459 
-0.46459 



92918 
92918 



9291 8 
82688 



-153.83634 



0. 
-0.91 



0.793 W 
771 -0.79816 



17.14871 
17.04640 



-16.85554 



106 



33.40 

33.75 



li3226 



0.23 
0.23 



782 
114 



V..-C 



(tl iym 



ribose 
ne nucleoside) 



N 



-0.46459 



92918 



9291 8 



0.793 W 



17.14871 



33.40 



\ r ( , - ( ," ribose 
I tliym ne nucleoside) 



C ribose 



-0.46459 



92918 



-153.83634 



-0.91 



771 -0.79816 



-17.04640 



-16.85554 



.17 



106. 



33.75 



1.63226 



0.23 



114 



\' L .-C 
(cyto 

"v,.- 

(cyto 



ribose 

ie nucleoside) 
ribose 
ie nucleoside) 



C ribose 



-0.46459 
-0.46459 



92918 
92918 



9291 8 
82688 



0. 
-0.91 



0.793 W 
771 -0.79816 



-17.14871 
-17.04640 



33.40 

33.75 



0.5 
0.231 
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Table 15.386. The energy parameters (e V) of functional groups of the nucleotide bond. 





Parameters 


C-N 


C-O 


p = o 


P-O 


p-o- 
















uroup 






"i 


1 


1 


2 


1 


2 






"i 





















"i 





















L\ 


0.5 


0.5 


0.5 


0.5 


0.5 






c 2 


1 


1 


1 


1 


1 






c i 


1 


1 


1 


1 


1 






c i 


0.91140 


0.85395 


0.79401 


0.79401 


0.78899 






















C 3 























■"> 


"> 














^ 


^ 












C 5 





















c l0 


0.5 


0.5 


0.5 


0.5 


0.5 






c,„ 


1 


1 


1 


0.79401 


1 






K W 


-31.67393 


-33.47304 


-56.96374 


-33.27738 


-56.96374 






V p (eV) 


9.71067 


10.15605 


9.82777 


8.92049 


9.82777 






T(eV) 


8.06719 


9.32537 


14.86039 


9.00781 


14.86039 






K (eV) 


-4.03359 


-4.66268 


-7.43020 


-4.50391 


-7.43020 






































A£„ . k ,Uoiho) (eV) 


-0.92918 


-1 .65376 































E t (aoiho) ieV) 


-13.70571 


-12.98113 


-23.56492 


-11.78246 


-11.78246 






E t (h 2 mo) (eV) 


-31.63537 


-31.63544 


-63.27069 


-31.63544 


-63.27069 






E, (atom -atom, msp i .AO) (eV) 


-0.92918 


-1.65376 


-2.26758 


-1.44914 


-2.26758 






E T (uo) (eV) 


-32.56455 


-33.28912 


-65.53832 


-33.08451 


-65.53832 






w (10 IS rod Is) 


18.1298 


12.1583 


11.0170 


10.3761 


11.0170 






E K (eV) 


11.93333 


8.00277 


7.25157 


6.82973 


7.25157 






E„ OK) 


-0.22255 


-0.18631 


-0.17458 


-0.17105 


-0.17458 






E KM (eV) 


0.12944 


0.16118 
141 


0.15292 
P41 


0.10477 

Rll 


0.12337 

f7Sl 






















E„ c i'V) 


-0.15783 


-0.10572 


-0.09812 


-0.11867 


-0.11289 






E„« s (.eV) 


0.14803 


0.14803 


0.14803 


0.14803 


0.14803 






E r (r; raw ) (eV) 


-32.72238 


-33.39484 


-65.73455 


-33.20318 


-49.32308 






E, mm M^Ho)(eV) 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


-14.63489 






E „„,u( c > A0JI «>) ( eV ) 





















E D {Gmu P ) (eV) 


3.45260 


4.12506 


7.19500 


3.93340 


5.41841 





Table 1 5.387. The functional group composition and the energy E D (Gwup) of each group of the nucleotide bond. 



Formula 



C-N 


C-O 


p = o 


P-O 


p-o- 


(3° amine) 


(alkyl ether) 


(phosphate) 


(phosphate) 


(organic ions) 


Group 


Group 


Group 


Group 


Group 



Energies E n [croup) 

of Functional Groups (eV) 



3.45260 



4.12506 



7.19500 



3.93340 



5.41841 



Composition 



Tabls 15.388 

wQreused. E T h 



Ej 



The bond 
(atom - afom 



angle parameters of the mcleatide bond and experimental values [1]. 



msp AO 



In the calculation of 8 V , the parameters 



from the 



pre' 



:eding angle 



gle 



(«■ 



2c' 
Bond 2 

«) 



«o) 



( outombtc 

Atom 1 



Atom 1 
Hybridization 
Designation 

(Table 15.3A) 



Atom 



Atom? 

bridiza 

Designat 

(Table 15. 



Hybridization 



;3Ai 



Atom 2 



r 
(°) 



(°) 






(P) 



OCN 



2.80224 4.. 



22 



22 



0.82562 



1.3 [65] 



ZPOC 



3.05)46 



2.67935 



9904 



-11.78246 



Psp 1 



-15.75493 



0.73885 

Eq. 
(15.181) 



0.86359 



3885 



(1.80122 



-0.7245'' 



121.00 



121.3 [65] 



ZO, 



,PO h 



0.85252 



101.4 [65] 



ZO t 



109.7 [65] 



zo, 



ro„ 



2.76 



585 



2.76885 



7539 



-15.95954 



15.95954 



0.85252 



0.85252 



(1.85252 



1.65376 



.29 



11 



6.0 [65] 



m 



562 



2.67935 A. 



4385 



-17.51099 



48 



1'.51099 



48 



0.77699 



0.77 



599 



(1.77699 



l.!!5836 



(ethyl 



11.9 
methyl ether) 



ZC, 

C - 



(ii)) 



85! 



2.91 



547 



2.67935 4 



5607 



-16.68412 



26 



13.61806 



0.81549 



0. 
(15.1 



(E,i 



(1.83472 



1.65376 



109.13 



(ethyl 



09.4 
lnethj 



1 ether) 



OH 
(ii)) 



2.67)24 



1.83616 3 



6515 



-14.82575 



14.82575 



0.91 



771 



0.75 



0.75 



(1.91771 



106.78 



105 

(ethanol) 



ZC 

C- 



,c,o 

(ii)) 



853 



2.91 )47 



2.67024 4. 



5826 



-16.68412 



26 



13.61806 



0.81549 



0. 
'15.1 



(En. 



95 
14)) 



1 



0.83472 



1.65376 



110.17 



107.J1 
(ethanol) 



Methylene 
ZHCH 



2.80224 
2.11106 



2.80224 4 
2.11106 3 



6043 

4252 



-17.14871 
-15.75493 



-17.14871 
H 



0.79340 
0.86359 



0.79340 



1 

0.75 



.79340 
.15796 



1.1(5836 



110.48 
10C.44 



110.9 

(trimethyl amine) 

107 

(propane) 



ZCC.C 



69.51 



110.49 



112 
(propane) 

113.1! 

(butans) 

10.(1 

(isobutane) 



^C"H 



Melhyl 



2.09711 



2.09711 3.^ 



4252 



-15.75493 



0.86359 



0.75 



.15796 



111.(1 

(lmtans) 

111.4 

(isobutane) 



109.50 



ZC, 



~*H 



70.56 



109.44 



ZC h < 
iso 



2.91 



2.91547 4.' 



7958 



-16.68412 
C, 



26 



-lf684|12 
C 



26 



0.81549 



0.81549 



(1.81549 



1.IS5836 



110.1! 
(isobutane) 



)47 



2.11323 4. 



1633 



-15.55033 



-1+.82575 



0.87495 



0.91 



771 



0.75 



0.75 



.04887 



110.76 



-15.55033 



-1+.82575 
C, 



111.4 
(isobutane) 
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AMINO ACIDS (H 2 N-CH(R)-COOH) 

The amino acids, H,NCH(R)COOH , each have a primary amine moiety comprised of NH 2 and C-N functional groups, an 
alkyl carboxylic acid moiety comprised of a C = functional group, and the single bond of carbon to the carbonyl carbon atom, 
C-C(O), is also a functional group. The carboxylic acid moiety further comprises a C-OH moiety that comprises C-0 and 
OH functional groups. The alpha carbon comprises a methylyne ( CH ) functional group bound to a side chain R group by an 
isopropyl C-C bond functional group. These groups common to all amino acids are given in the Primary Amines section, the 
Carboxylic Acids section, and the Branched Alkanes section, respectively. The R group is unique for each amino acid and 
determines its characteristic hydrophilic, hydrophobic, acidic, and basic properties. These characteristic functional groups are 
given in the prior organic functional group sections. The total energy of each amino acid given in Tables 15.389-15.408 was 
calculated as the sum over the integer multiple of each E D (arwp) corresponding to the functional-group composition of the amino 

acid wherein the group identity and energy E D (o™» P ) are given in each table. The structure and the color scale, charge-density of 
the amino acids, each comprising atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with one 
or more hydrogen MOs are shown in Figures 15.70-15.89. 

ASPARTIC ACID 

Figure 1 5.70. (A) Color scale, charge-density of aspartic acid showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of aspartic acid. 




B 



H 2 N. 



.COOH 



"COOH 



GLUTAMIC ACID 

Figure 15.71. (A) Color scale, charge-density of glutamic acid showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei. (B) Chemical structtire of glutamic acid. 




B 



COOH 



HoN- 



COOH 



le/A 2 
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CYSTEINE 

Figure 1 5.72. (A) Color scale, charge-density of cysteine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of cysteine. 




B 



HoN 




COOH 



[H 2 C] 



2VI4 



"NH- 



LYSINE 

Figure 15.73. (A) Color scale, charge-density of lysine showing the orbitals of the atoms at their radii, the ellipsoidal surface 
of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in each bond, 
and the hydrogen nuclei. (B) Chemical structure of lysine. 




B 



H 2 N. 



.COOH 



SH 



le/A 2 



Table 15.389. The total porjd energy cpf appartic acip ((P4H7NO4) 
experimental values [3]. 



Epergics £ (] (g™p) of 

*|(eV) 
Ltion 



Groups 



Compcsiti 
Crysta. 



ab 



e 15.390 



The total 
experimental values [3]. 



Eiergi^s 



G roups 



C Dmpc siti 
C rysta . 



Tkib e 15.3^1. The total 
experimental values [3], 



E D (a„„) of 
(eV) 



Group 

7.83C 
T 



Group 



7.83( 
2 



bond energy of glutamic acid I C5H9NO, 



bond energy 



CH 
Group 

3.32601 
1 



CH 
Group 



3.32601 
1 



32754 4.2 

1 



of cysteine (C3H 



C(0) 

(iso-C) (alkyl carboxylic acid) 
Group Group 

43110 

2 



C 
*-C) 
roup 



C 



c 

-C) 
Group 



) calculated using the functional group composition and the energies given supra. 



TO) 



c-c 

(alkyl carboxyli 
acid; 
Grou> 



4.4311 
2 



NO4S) calculated using the functional group composition and tie energies giver supra, compared to the 



aloulated using the functional 



c = o 

alkyl carboxylio acid) 
Group 

7.80660 



C 
(alkyl car 

acre ) 



O 



boxyl 
> 
Group 



7.80660 



C-0 

«0)C- 
Group 



■0i 



4.41925 

2 



C-O 

((o)c-o; 

Group 



4.41925 

2 



group composition and 



OH 
Group 



4.41035 

2 



7.4 1 C 

r 



OH 
Group 



4.41035 
2 



7.41C 

T 



C-A 
GroJip (rami, re) 



Group 



3.981 

r 



c-\ 

(1° amine) 



3.981 

r 



the 



energies given supra, compared to the 



Calculated 
Total Bond 
(eV) 



En;n 



Calculated 
Total Bond 1 
(eV) 



Experimen 
Total Bond ! 
(eV) 



Experimen 
Total Bond Ei 
(eV) 



compared to 



the 



Relative Erar 



Group 



CH 

Group 



C-C 
(ho-C) 
Croup 



(alkyl 



C-C(0) 
caiboxylic 



<yl 



acid) 
Group 



O 
ciirboxylic 
d) 
Group 



{(O)C- 



?) 



OH 
Group 



Group 



C-i\f 
(1° ami 



le) 



SH 
Group 



(thiol) 
Gioup 



Calculated 
Total Bond Energ) 

OV) 



Experimental 

Total Bond I Energy 

(eV) 



^ =r 



Er ergi 
Gioups 



E D (<™„) of 

Ml 



7.80660 



5 4.41035 



1010 3.98101 



3.77430 3.33648 



G impoirition 



Tab 



e 15.3S2 



The tot! 
experimental viluejs [3]. 



1 bond energy of lysine (C6H14N2O2) calculated using 



the functional group composition and the energies given supra 



compared 



to 



the 



Energies E D {c^i,,,) of 

Ml 



Groups 



Grorp 

7.830 

4 



CH 
Group 



3.32601 
1 



C 
n-C) 
Group 



(iso- 



ClO) 



C 

(alkyl carboxyl 
acid) 



C-- 



O 



32754 4. 

3 



Groip 
4.431 
1 



c (alkyl caiboxylic 
acid) 
Group 



C-0 

((0)C- 
Group 



£') 



4.4192J 
I 



OH 
Group 



4.41035 
1 



C- 



V 



Group 



(1° arrine) 



Calculate d 

Total Bond Energ} 

(eV) 



Experimental 

Total Bond linergy 

(eV) 



7.41010 3.98101 
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ARGININE 

Figure 15.74. (A) Color scale, charge-density of arginine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of arginine. 




B H 2 N, 



[H 2 C] 3 



,COOH 



*NH 



H 9 N 



^S 



NH 



HISTIDINE 

Figure 15.75. (A) Color scale, charge-density of histidine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of histidine. 




B 



COOH 



H,N 




le/A 2 
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ASPARAGINE 



Figure 15.76. (A) Color scale, charge-density of asparagine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of asparagine. 




B 



H,N 



-COOH 



H,N 



I c \ : 



GLUTAMINE 



Figure 15.77. (A) Color scale, charge-density of glutamine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of Glutamine. 




B 



H,N 



[H 2 Cl 



HoN 



-COOH 



=0 



T 
ex 



ble 15. 

perimental 



39 3 



The tcital 
values [3], 



bond energy 



of arginine (C6H14N2O 



) calculated using the funcdoral group composition and :he energies given supra, compared to the 



CH, 
Group 



CH 

Grouf 



C-C 
(ri-C) 
Group 



(iso-C) 
Grzmp 



(O) 
(alljyl 
carboxylic 
acid) 
Gro up 



C = 

(alkyl 

carboxylic 

acid) 

Group 



-O OH 

((0)C-O) Grou^i 
Group 



NH 2 
Group 



C 



N 



(1° amine 



N = C 
( N i> = c 
imidazole' 

Group 



NH 



C-N 



C-N 



(heterocyclic ( ST alkyl ((O)C-N 



imidazole) 
Group 



iimide) 
3roup 



alkyl 

amide) 
Group 



(am 



ide) 



Calculated 
Total Bend 



Group Energy (cV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Eror 



■gies E„{a m , 
Furlctional Groups ([j 
Composition 



of 

eV) 



32601 4.32754 



4.11925 4.41035 



6.79303 



3.400M 4.12212 



T 
ex 



ble 15 

perimental 



394 



The 
vajlues [3]. 



tC'tal 



bond energy 



of histidine (C6H9N3O2) calculated using the functional group composition and the energies given supra, compared to the 



Group ,3rou I' ( isoC ) 



(f-ClO) 

(ailed 



C = 

(alkyl 



Group cirboxylic carboxylii: 



acid) 
Groip 



acid) 
Group 



C-0 
(iO)C- 

O) 
Group 



OH 
Group 



NH 2 
Group 



C-N 

(1 
amine) 



C-C 



CH 



C = C 



(■C(C)=C) (irridazcle) (C a =C t 



Group 



Group 



imidazole} 
Group 



N = C C 

(N h =C c (Q 

im dazole) imida role) 

Group Group 



NH 

(heterocyclic 

imidazole) 

Group 



C—N-C Calculaled Experimen 



(C, 



imidazole) 
Group 



Total 
Bond 
Elnergjr 
(eV) 



Total Etond 
Energy (eV) 



:al Relative 
Error 



Erergies £ tf (&™, 
Fi nctional Group? 
Composition 



(eV) 



32601 4.29921 4.431 



4.11925 4.4103) 7.41010 3.98101 



Table 15.395. The total bond energy of asparagme 
experimental values [3]. 



(C4H8N2O2) calculated 



using the fun:ticnal group 



composition and 



the energ 



les 



given supra, compared 



to the 



CH. 

Group 



CH 
Group 



(if o- 



-C 
,-C) 



C(O) 



Group carboiyl 



(alkyl 
>xylic 
Group 



C 

(all: 
acid) carboxy 



O 

ic ac 



Grc up 



C-0 

{(O)C-O) 

Group 



OH 

Group 



Groip 



C-N 
(1° anr.ne) 



C-C(O) 

(alkyl 

amide) 

Group 



((O)C 



alkyl 



N 
■N 
Eimide) q 



Group 



NH, 



(an ide) 
■oup 



Calculated 
Total Bonp 
Energy (e n 



V) 



lixperimental 
Total Bond 
Energy (eV) 



Re ative 
Error 



Energies E D (c, 
Functional Groups 



(eV) 



4311 



4.35263 



Cc mposition 



Tsi 



ible 15 

experimental 



395 



The tojtal pond energy pf glutamipe (C5H10N292) palculated 
values [3]. 



using the functional group 



composition 



anc, the energies 



given supra. 



compared 



to the 



CH, 
Group 



CH C-C 

C iroup (n-C) 

Group 



C-C 
(iso-C) 
Group 



C-C(0) 
(alkyl carboxylic (alky carbloxylic ((QJCt-O) 



OH 
Group 



aci 1) 
Group 



acid' 
Grou) 



VH, 
Crroup 



C 

(1° 



JV 
inline 



C-C(0) 
(alkyl 
amide) 
Gro up 



all 



C-N 
\(0)C-N 
yl amide) 
Group 



NH, 
(amide) 
Group 



Calculated 
Total 
Energy (e 



V) 
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Total Bond 
Energy (eV) 



ative 
rror 



Energies E D {ijr 
Fu ictional Groups 
Composition 



(eV) 



7.83016 

2 



52601 
i 



4.29921 
i 



4.41035 
1 



11010 3: 

i 



4.35263 

T 



4.12212 7 
1 



3790 
1 
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THREONINE 

Figure 15.78. (A) Color scale, charge-density of threonine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of threonine. 




B 



HoN 



-COOH 



HO- 




TYROSINE 

Figure 15.79. (A) Color scale, charge-density of tyrosine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atorn(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of tyrosine. 
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SERINE 

Figure 1 5.80. (A) Color scale, charge-density of serine showing the orbitals of the atoms at their radii, the ellipsoidal surface 
of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in each bond, 
and the hydrogen nuclei. (B) Chemical structure of serine. 




B 



COOH 



HoN 
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TRYPTOPHAN 

Figure 15.81. (A) Color scale, charge-density of tryptophan showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of tryptophan. 




B H,N 



COOH 




le/A 2 



Tbb e 15.397. The total 
experimental values [3]. 



Energies E D {cr m 
Ftjinctipna l Groups (i 



Composition 



Tab 



e 15.398 



The total 
experimental values [3]. 



Formula 



YI 



CH, 
Group 



of 



12.49156 



bond energy 



bond energy 



of threonine (C4H9NO3) calculated using the functional group composition and the energies given 



CH 
Group 



3.32601 



of tyrosine (C9H 



"-C 
(iso-C) 
Group 



C-CiO) C 

(alkyl (alklyl 

carboxylic carbo>.yl 



acid) 
Groi p 



29921 



4.431 



10 



acii 
Gro 



'1) 



7.80660 



1NO3) calculated using 



c-o 

((O)C-O) 
Group 



4.41925 



the 



OH 

Group 



4.41035 



functional group composition and the energies given 



Group 



7.41010 



C 



(1° amino) 



3.98101 



■N 



C-0 

(alkyl 

alcohol) 

Group 



4.34572 



Calculated 
Total Bond 

Energy (eV) 



68.95678 



Experimental 
Total Bond 
Eiergy (eV) 



supra, comps 



supra, compared to the: 



71.058" 



Relative 
Error 



0.C2956 



red to the 



CH, 
Group 



CH C 

Group (isdi- 



Group 



C-C(0) 

(alkyl 
carboxylic 
acid) 
Group 



C = 

(alkyl 

carboxylic 

acid) 

Group 



((0)C- 
Group 



C OH 

0) Group 



Group 



C-N 
amir e) 



C = C 
(CC aromatic 

bond) 
Group 



CH 

(CH 

aromatic) 

Group 



C-C 
(C alkyl to 
:oluene) 



aryl 



Group 



C-C 

(A-ylC 

pieno 

Group 



Calculated 
Total Bond 
Energy eV) 



Experimental Relative 
Total Bond prror 
Energy (eV) 



Energies E D [a™?. 
Functiona l Groups 



of 



£0. 



32601 4.29921 



4.43110 



5 4.41035 



'.41010 3.W101 



5.6388 



Compcsition 



109.40427 



111.450 a 



001835 



Tab 



euc 



e 15. 

peijimental 



399 



The total 
v^lueb [3]. 



bond energy 



of serine (C3H7NO3) calculated using the functional jjroup composition and the 



energies given supra, compared to the 



Formula 



CH 2 
Group 



CH 
Group 



C-C 
(iso-C) 
Group 



C-C(0) 

(alkyl 
c[arboxylic 
acid) 
Gro up 



(alkyl 
carboxylic 
Id) 
roup 



C-0 

((0)C-O\) 

Group 



OH 
Group 



NH 2 
Group 



C-,V 
amine) 



(all yl 
alcohol) 
Group 



Calculated 
Total Bor 
Energy (e 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



Energ es E D (g™ 
F jnc ti onal Groups ( 



of 



Yl 



7.83016 



3.32601 



4.29921 



4.43 



110 



7.80660 



4.41925 



4.41035 



41010 



.98101 



4.34572 



C omposition 



56.66986 



58.339 a 



32861 



Tab 



.400 



le 15. 

th^ experimental 



The total fjonjd energy (|>f tryptophan (C; 
values [3]. 



H12N2O2) 



calculated using 



the functianal group compasition and ths energies 



given supra. 



compared to 



CH. 
Group 



CH 
Group 



C 



C 



(iso-C) 



C-C{0) 
(alky. 



Grpup carboxj 
acid) 
Group 



C = 
(alkyl 
carboxylic 
acid) 
Group 







C 
((O) 
O) 
Group 



OH 
Group 



A7/ 2 
Group 



C-N 

(l° 
amine' 



C=C 
(CC 

aromatic 
bond) 
Group 



CH 

(CH 

aromatic) 

Grcup 



C-C C=C 

(C b -C d (C d =C e 

indole) indole) 

Group Group 



CH 
(CH 
indole) 
Group 



N-C NH 
(indole) (indole) 
(iroup Group 



C-C 
C alkyl to 

aryl 
toluene) 

Group 



Ca 



culat ed Experimen tal 



Total 

3ond 

.Energy 

(eV) 



Total Borid 

Energy (e 1 



Relative 

Error 



-! =r 



Eiergi 



Functional t' 830 f 6 3 ' 32601 



4.29921 4.4311 



7.80660 4.41525 4.41035 



1010 3.9810 



63881 3.90454 



G roup? 



reV)_ 



CDmpcsition 



Crystal 



120.74251 128.08*' 
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PHENYLALANINE 

Figure 1 5.82. (A) Color scale, charge-density of phenylalanine showing the orbitals of the atoms at their radii, the 
ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) 
participating in each bond, and the hydrogen nuclei. (B) Chemical structure of phenylalanine. 




B 



COOH 



HoN 




I C V 



PROLINE 

Figure 15.83. (A) Color scale, charge-density of proline showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of proline. 




B 



COOH 
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METHIONINE 

Figure 15.84. (A) Color scale, charge-density of methionine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of methionine. 




B 



HoN 




COOH 



(CH 2 ) 2 

\ 

CHo 



LEUCINE 

Figure 1 5.85. (A) Color scale, charge-density of leucine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of leucine. 




B 



H.N 



HoC 



COOH 




l c/A 2 



Table 15.401. The total 
experimental values [3]. 

Group 



Eiergies E D {ar,mp) 
jnctipnal Groups (e 



Q_ 



»f 



7.83016 



bond energy 



CH C- 

j'oup (iso- 



Group 



3.32601 4.29921 



■C) 
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C-C(0) 
(alkyl 
carboxylic ac 
Group 

4.43110 



c = o 

(alkyl 

carboxylic acii 

Group 

7.80660 



calculatec using the functional group composition and the energies given supra, compared to the 



c-o 

(0)C-0) 
Group 



Croup 



4.41925 4.4103 5 7.41010 



NH 2 
Group 



-N 
amine) 



3.98101 



(CC 



C----C 
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Group 



5.6: 



(CH 



CH 

aromatic) (C 
Group ary 



3.9 
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C-C 

alkyl 
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to Total 
;ne) Energy 
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(eV[ 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



Composition 



104.90618 



105.009 



0.00098 



Tsible 15.402 

vajue$ [3]. 



The total bond energy of proline (C5H9NO2) calculated using the 



functional group 



composition and the energies given supra, compared to the experimsntal 



Formula 
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ISOLEUCINE 

Figure 15.86. (A) Color scale, charge-density of isoleucine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of isoleucine. 




B 



COOH 



HoN 




VALINE 



Figure 15.87. (A) Color scale, charge-density of valine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in eacli 
bond, and the hydrogen nuclei. (B) Chemical structure of valine. 
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ALANINE 



Figure 15.88. (A) Color scale, charge-density of alanine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of alanine. 




B 



HoN 




COOH 



CH, 



le/A 2 



GLYCINE 



Figure 15.89. (A) Color scale, charge-density of glycine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. (B) Chemical structure of glycine. 
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POLYPEPTIDES (-[HN-CH(R)-C(0)] -) 



The amino acids can be polymerized by reaction of the OH group from the carboxylic acid moiety of one amino acid with 
H from the alpha-carbon NH 1 of another amino acid to form H 2 and an amide bond as part of a polyamide chain of a 

polypeptide or protein. Each amide bond that forms by the condensation of two amino acids is called a peptide bond. It 
comprises a C = functional group, and the single bond of carbon to the carbonyl carbon atom, C-C(O), is also a functional 

group. The peptide bond further comprises a C-NH(R) moiety that comprises NH and C-N functional groups where R is 

the characteristic side chain of each amino acid that is unchanged in terms of its functional group composition upon the 
formation of the peptide bond. From the N-AlkyI and N,N-Dialkyl-Amides section, the functional group composition and the 
corresponding energy E D {u,ou P ) of each group of the peptide bond is given in Table 15.409. The color scale, charge-density of 
the exemplary polypeptide, phenylalanine-leucine-glutamine-asparic acid (phe-leu-gln-asp) comprising the atoms with the outer 
shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 15.90. The 

color scale, opaque view of the charge-density of the exemplary protein bovine pancreatic trypsin inhibitor (BPTI) is shown in 
Figure 15.91. 

Figure 15.90. Color scale, charge-density of the polypeptide phenylalanine-leucine-glutamine-aspartic acid (phe-leu-gln- 
asp) showing the orbitals of the atoms at their radii and the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that 
transitions to the corresponding outer shell of the atom(s) participating in each bond. 
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Figure 15.91. Color scale, opaque view of the charge-density of bovine pancreatic trypsin inhibitor (BPTI) protein created and 
modeled using Millsian 2.0. BPTI has been used as a medication administered by injection to reduce bleeding during complex 
surgery, such as heart and liver surgery. Its main effect is the inhibition of fibrinolysis, the process that leads to the breakdown 
of blood clots. The aim in its use is to decrease the need for blood transfusions during surgery, as well as end-organ damage due 
to hypotension (low blood pressure) as a result of marked blood loss. However, this drug was temporarily withdrawn worldwide 
in 2007 after shidies suggested that its use increased the risk of complications or death. This protein is usually used as the 
benchmark for bimolecular modeling method and with accurate knowledge of its structure, it is possible to engineer it to avoid 
its prior side effects. 




le/A 2 



Table 15.409. The functional group composition and the energy E D (Grou P ) of each group of the peptide bond. 



Formula 


C-C(0) 
(alkyl 
amide) 
Group 


C-N 

((O)C-N alkyl amide) 

Group 


(N 


C-N 
alkyl amide) 
Group 


NH 

(N alkyl amide) 

Group 


Energies E D [<smp) of Functional 
Groups (eV) 


4.35263 


4.12212 




3.40044 


3.49788 


Composition 


l 


1 




1 


1 
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SUMMARY TABLES OF ORGANIC MOLECULES 

The bond energies, calculated using closed form equations having integers and fundamental constants only for classes of 
molecules whose designation is based on the main functional group, are given in the following tables with the experimental 
values. 



Table 1 5.41 0.1 ■ Summary results of n-alkanes. 



Calculated — Experimental Relative 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



C3H8 

C4H10 

C0H14 



propane 
butane 
pentane 
hexane 



41.46896 
53.62666 

65.78436 
77.94206 



41.434 
53.61 

65.77 
77.93 



-0.00085 
-0.00036 
-0.00017 
-0.00019 



C7H16 
CsHig 

C9H20 



C10H22 
C11H24 
C12H26 
C18H38 



heptane 
octane 
nonane 
decane 



90.09976 

102.25746 
114.41516 



90.09 

102.25 
114.40 



-0.00013 
-0.00006 
-0.00012 



126.57286 
138.73056 
150.88826 

223.83446 



126.57 
138.736 
150.88 
223.85 



-0.00003 
0.00004 
-0.00008 
0.00008 



undecane — 

dodecane 

octadecane 



Table 1 5.41 0.2 . Summary results of branched alkanes. 



Calculated Experimental Relative 



Formula 



Name 



Total Bond 

Energy (eV) 



Total Bond 
Energy (eV) 



Error 



C4H11 



isobutane 



53.69922 



53.695 



-0.00007 



C5H12 



isopentane 



65.85692 



65.843 



-0.00021 



C5H12 neopentane 

C6H14 2-methylpentane 

C6H14 3-methylpentane 

C 6 H i 4 7, 7-dimerhyl b utane 



65.86336 
78.01462 
78.01462 
7 8.0 710 6 



65.992 
78.007 
77.979 
7 8.1 74 



0.00195 
-0.00010 
-0.00046 
. 00137 



CeHi, 



2,3-dimethylbutane 



77.99581 



78.043 



0.00061 



C7H16 2-methylhexane 

C7H16 3-methylhexane 

C7H 16 3-ethylpentane 

C7II16 2,2-dimcthylpcntanc 



90.17232 
90.17232 
90.17232 
90.17876 



90.160 
90.127 
90.108 
90.276 



-0.00014 
-0.00051 
-0.00072 
0.00107 



C7H1 , 



2 ,2 ,3 -trimethylbutane 



90 .223 01 



90.262 



0.00044 



C7H16 2,4-dimethylpentane 

C7H16 3,3-dimethylpentane 

CgHig 2-methylheptane 

CsHjs 3-methylheptane 



90.24488 
90.17876 
102.33002 
102.33002 



90.233 
90.227 
102.322 
102.293 



-0.00013 
0.00054 
-0.00008 
-0.00036 



CgHis 4-methylheptane 

CsH^ 3-ethylhexane 

CsHi8 2,2-dimethylhexane 

C8H 18 2,3-dimethylhexane 

CsHis 2,4-dimethylhexane 

2 , 5 -dime thy Ihexane 



102.33002 
102.33002 
102.33646 
102.31121 
102.40258 



102.286 
102.274 
102.417 
102.306 
102.362 
102.396 
102.369 
102.296 
102.277 



-0.00043 
-0.00055 
0.00079 
-0.00005 
-0.00040 



C8-H.18 

C8H18 
C8H18 
C/8H18 



3 ,3 -dimethy Ihexane 
3 ,4-dimethy Ihexane 
3-ethyl-2-methylpentane 



102.40258 
102.33646 
102.31121 
102.31121 



-0.00006 
0.00032 
-0.00015 
-0.00033 



CsHi 



3 -ethyl-3 -methylpentane 



102.33646 



102.317 



-0.00019 



C 8 H 18 2,2,3-trimethylpentane 102.38071 102.370 -0.00010 

CsHjg 2,2,4-trimethylpentane 102.40902 102.412 0.00003 

C 8 Hi8 2,3,3-trimethylpentane 102.38071 102.332 -0.00048 

C 8 H I8 2,3, 4- trim e thylp e ntan e 102.292 4 102.3 4 2 0.000 4 9 



CgHl ; 



7,7,3,3- te tramethyl b utane 



10 7 . 416 37 



1 7. 43 3 



0.00016 



C9H20 2,3,5-trimethylhexane 114.54147 114.551 

C9H20 3,3-diethylpentane 114.49416 114.455 

C9H20 2,2,3,3-tetramethylpentane 114.57402 114.494 

C9H20 2,2,3 ,4-tetramethylpentane 114.51960 114.492 

C9II20 



0.00008 
-0.00034 
-0.00070 
-0.00024 
-0.00028 



2,2,4,4-t c tramcthylpcntanc 114.57316 114.541 
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Formula 



Name 



Calculated Experimental Relative 
Total Bond Total Bond Error 

Energy (eV) Energy (eV) 



CyH2u 


2,3 ,3 ,4-tctramcthylpcntanc — 


114.58266 


114.484 


-0.00086 


C10H22 


2-methylnonane 


126.64542 


126.680 


0.00027 


C10H22 


5-methylnonane 


126.64542 


126.663 


0.00014 




Table 15.410.3. Summary 


results of alkenes. 












Calculated 


Experimental 


Relative 


Formula 


Name 


Total Bond 

Energy (eV) 


Total Bond 
Energy (eV) 


Error 


C. 3 H<j 


prnpene 


3556033 


35.63207 


0.009.01 


C4H8 


1-butene 


47.71803 


47.78477 


0.00140 


C4H8 


trans-2-butene 


47.93116 


47.90395 


-0.00057 


C4H8 


isobutene 


47.90314 


47.96096 


0.00121 


C5H10 


1-pentene 


59.87573 


59.95094 


0.00125 


C TT 




f.(\ flRSSft 


(\(\ (\£^9.1 


n c\c\r\A?L 


^btlll) 












2 -methyl- 1 -butene 


60 06084 


60 OQ707 


00060 


C5H10 


2-methyl-2-butene 


60.21433 


60.16444 


-0.00083 


C5H10 


3 -methyl- 1 -butene 


59.97662 


60.01727 


0.00068 


C6H12 


1 -hexene 


72.03343 


72.12954 


0.00133 


C6H12 


trans-2-hexene 


72.24656 


72.23733 


-0.00013 


^6lll2 




/Z./40J0 




-u.uuuuo 


C6H12 


2-methyl- 1 -pentene 


72.21854 


72.29433 


0.00105 


C6H12 


2-methyl-2-pentene 


72.37203 


72.37206 


0.00000 


C6H12 


3 -methyl- 1-pentene 


72.13432 


72.19173 


0.00080 


C6H12 


4-methyl- 1 -pentene 


72.10599 


72.21038 


0.00145 


C6H12 


3 -methyl-trans-2-pentene 


72.37203 


72.33268 


-0.00054 


C6H12 


4-methyl-trans-2-pentene 


72.34745 


72.31610 


-0.00043 


C6H12 


2-ethyl- 1-butene 


72.21854 


72.25909 


0.00056 


C6H12 


2,3 -dimethvl- 1 -butene 


72.31943 


72.32543 


0.00008 



C6H 12 3 ,3 -dimethyl- 1 -butene 

C6H12 2,3-dimethyl-2-butene 

C 7 H 14 1-heptene 

C7H14 5-methyl-l -hexene 

C 7 H14 trans - 3 - methyl - 3 - hexene 



72.31796 


72.30366 


-0.00020 


72.49750 


72.38450 


-0.00156 


84.19113 


84.27084 


0.00095 


84.26369 


84.30608 


0.00050 


84.52973 


84.42112 


— 0.00129 



C7H1 



7.,4-dimerhy1-1 -pentene 



84.44880 



84.49367 



000053 



C 7 H 14 4,4-dimethyl-l-pentene 84.27012 84.47087 0.00238 

C7H14 2,4-dimethyl-2-pentene 84.63062 84.54445 -0.00102 

C 7 H 14 trans-4,4-dimethyl-2-pentene 84.54076 84.54549 0.00006 

-OfHu 2-ethyl-3-methyl-l-butene 84.47713 84.44910 -0.00033 

2,3,3-trim c thyl-l-but c n c 84.51274 84.51129 -0.00002 



C/H14 

CgHi6 

CsHi6 

CsHi6 

CsHi6 

CsHi6 

C10H20 

C12H24 



1-octene 96.34883 96.41421 0.00068 

trans-2,2-dimethyl-3-hexene 96.69846 96.68782 -0.00011 

3 -ethyl-2-methyl- 1-pentene 96.63483 96.61113 -0.00025 

2,4 ,4-trimethyl-l -pentene 96.61293 96.71684 0.00107 

2,4,4-trimethyl-2 -pentene 96.67590 96.65880 -0.00018 

1-decene ' 120.66423 120.74240 0.00065 

1-dodecene 144.97963 145.07163 0.00063 

1-hexadecene 193.61043 193.71766 0.00055 



Table 15.410.4. Summary results of alkynes. 



Formula 



Name 



Calculated Experimental Relative 
Total Bond Total Bond Error 

Energy (eV) Energy (eV) — 



C3H1 


prnpyne 


?9 4793? 


79 4043? 


-0 00085 


C4H6 


1-butyne 


41.58702 


41.55495 


-0.00077 


C4H6 


2-butyne 


41.72765 


41.75705 


0.00070 


C9H16 


1 -nonyne 


102.37552 


107.35367 


-0.00071 
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Table 1 5.41 0.5 . Summary results of alkyl fluorides. 







Calculated 


Experimental 


Relative 


F ormula 


Name 


1 otal Bond 


1 otal Bond 


Error 












CF 4 

CHF 3 

CH 2 F 2 


tetrafluoromethane 

trifluoromethane 

difluoromethane 


21.07992 
19.28398 
18.22209 


21.016 
19.362 
18.280 


-0.00303 
0.00405 
0.00314 


C 3 H 7 F 


1-fluoropropane 


41.86745 


41.885 


0.00041 


C3H7F 


2-fluoropropane 


41.96834 


41.963 


-0.00012 


Table 15.410.6. Summary 


results of alkyl chlorides. 












Calculated 


Experimental 


Relative 


Formula 


Name 


1 otal Bond 


1 otal Bond 


Error 






Energy (eV) 


Energy (eV) 




CCU 

CHCI3 

CH 2 Cl 2 


tetrachloromethane 

trichloromethane 

dichloromethane 


13.43181 
14.49146 
15.37248 


13.448 
14.523 
15.450 


0.00123 
0.00217 
0.00499 


CH3CI 


chloromethane 


16.26302 


16.312 


0.00299 


C2H5CI 
C 3 H 7 Cl 
C 3 H 7 Cl 

r^H 9 n 


chloroethane 
1 -chloropropane 
2-chloropropane 
1 -chlorobutane 


28.61064 
40.76834 
40.86923 
52.92604 


28.571 
40.723 
40.858 
52.903 


-0.00138 
-0.00112 
-0.00028 
-0.00044 


C4H9C1 


2-chlorobutane 


53.02693 


52.972 


-0.00104 



C4H9CI l-chloro-2-methylpropane 52.99860 52.953 

C4H9CI 2-chloro-2-methylpropane 53.21057 53.191 

C 5 H„C1 1-chloropentane 65.08374 65.061 

Q,HnCl 1 - chloro - 3 - m e thy lbutan e 65.15630 65.111 



C5H11CI 2-chloro-2 -methy lbutane 



65.36827 



65. 344 



-0.00085 
-0.00037 
-0.00034 
- 0.00069 
-0.000 37 



C5H11CI 2-chloro-3 -methy lbutane 
C6H13CI 2-chlorohexane 
CsHnCl 1-chlorooctane 
C12H25CI 1-chlorododecane 
C18H37CI 1 -chlorooctadccan c 



65.16582 

77.34233 

101.55684 

150.18764 

223.13384 



65.167 

77.313 

101.564 

150.202 

223.175 



0.00002 
-0.00038 
0.00007 
0.00009 
0.00018 



Table 1 5.41 0.7 . Summary results of alkyl bromides- 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) Energy (eV) - 



Experimental 
Total Bond 



Relative 
— Error — 



CBr 4 

CHBr 3 

CH 3 Br 



C 2 H 5 Br 
C 3 H 7 Br 



tetrabromomethane 
tribromomethane 
bromomethane 
bromoethane 



11.25929 
12.87698 
15.67551 
28.03939 



11.196 
12.919 

15.732 
27.953 



-0.00566 
0.00323 
0.00360 
-0.00308 



1-bromopropaue 



40.19709 



40.160 



-0.00093 



C 3 H 7 Br 

CsHioBr2 

CeHoBr 


2-bromopropane 

2,3-dibromo-2-methylbutane 

1-bromohexane 


40.29798 
63.53958 
76.67019 


40.288 
63.477 
76.634 


-0.00024 
-0.00098 
-0.00047 


C 7 Hi 5 Br 


1-bromoheptane 


88.82789 


88.783 


-0.00051 



CgHnBr 1-bromooctane 
Ci2H 2 5Br 1-bromododecane 
Ci6H33Br 1-bromohexadecane 


100.98559 
149.61639 
198.24719 


100.952 
149.573 
198.192 


-0.00033 
-0.00029 
-0.00028 




Table 15.410.8. Summary results of alkyl iodides. 




Calculated 


Experimental 


Relative 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



CHI3 


triiodomethane 


10.35888 


10.405 


0.00444 


CH2I2 


diiodomethane 


12.94614 


12.921 


-0.00195 


CH3I 
C2H5I 

C 3 H 7 I 
C3H-I 


iodomethane 
iodoethane 
1-iodopropane 
2-iodopropane 


15.20294 
27.36064 
39.51834 
30 6192^ 


15.163 
27.343 
39.516 
^Q62^ 


-0.00263 
-0.00066 
-0.00006 

oooo«) 


C4H9I 


2-iodo-2-methylpropane 


51.96057 


51.899 


-0.00119 
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Table 15.410.9 . Summary re suits of alkene halide s , 



Calculated — Experimental Relativ e 



Formula 



Name 



Total Bond Total Bond 



Error 



Energy (eV) Energy (eV) 



C2H3CI 
C3H5CI 



chloroethene 
2-chloropropene 



22.46700 
35.02984 



22.505 
35.05482 



0.00170 
0.00071 



T ab l 



>. Summary results of alcohols? 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



CH40 


methanol 


21.11038 


21.131 


0.00097 


C 2 H 6 


ethanol 


33.40563 


33.428 


0.00066 


C 3 H 8 


1 -propanol 


45.56333 


45.584 


0.00046 


C 3 H 8 


2-propanol 


45.72088 


45.766 


0.00098 


C4H10O — 


— 1-butanol 


57.72103 


57.736 


0.00026 



CdHinO 
C4H10O 
C4H10O 

C 5 H 12 
C 5 H 12 



2-butanol 

2-methyl- 1 -propananol 
2-methyl-2-propananol 
1 -pentanol 
2-peu t aiiol 



57.87858 


57.922 


0.00074 


57.79359 


57.828 


0.00060 


58.15359 


58.126 


-0.00048 


69.87873 


69.887 


0.00011 


70.03628 


70.057 


0.00029 



CsHnO 3 - pentanol 



70.03628 



70.097 



0.00087 



C5H12O 2-methyl- 1-butananol 
C5H12O 3 -methyl- 1-butananol 
C5H12O 2-methyl-2-butananol 



69.95129 
69.95129 
70.31129 



69.957 
69.950 

70.246 



0.00008 
-0.00002 
-0.00092 



C5H12O 
C6H14O 
C6H14O 
C 7 H 16 
C 8 HigO 



3-methyl-2-butananol 
1 -hexanol 



69.96081 
82.03643 
82.19398 
94.19413 
106.35183 



70.083 
82.054 
82.236 
94.214 
106.358 



0.00174 
0.00021 
0.00052 
0.00021 
0.00006 



2-hexanol 
1 -heptanol 
1 -octanol 



C 8 Hi 8 


2-ethyl- 1 -hexananol 


106.42439 


106.459 


0.00032 


C9H20O 


1 -nonanol 


118.50953 


118.521 


0.00010 


C10H22O 


1 -decanol 


130.66723 


130.676 


0.00007 


C12H26O 


1-dodecanol 


154.98263 


154.984 


0.00001 


C16H34O — 


1-hexadecanol 


203.61343 


203.603 


-0.00005 



Table 1 5.41 0.1 1 . Summary results of ethers. 



Formula 



Name 



Calculated 
Total Bond 
Energy (e¥)~ 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C2H6O dimethyl ether 



32.8 44 96 



32.902 



0.0017 4 



C 3 H 8 ethyl methyl ether 45.19710 45.183 -0.00030 

C 4 Hi O diethyl ether 57.54924 57.500 -0.00086 

C 4 H 10 O methyl propyl ether 57.35480 57.355 0.00000 

C4H10O isopropyl methyl ether 57.45569 57.499 0.00075 

C 6 Hi 4 dipropyl ether 81.86464 8t^t7 -0.00059 

C 6 H 14 diisopropyl ether 82.06642 82.088 0.00026 

C 6 Hi 4 t-butyl ethyl ether 82.10276 82.033 -0.00085 

C 7 Hi fi O t-butyl isopropyl ether 94.36135 94.438 0.00081 



C 8 H 18 Q dibutyl ether 

C 8 Hi 8 di-sec-butyl ether 

C 8 Hi 8 di-t-butyl ether 

C 8 H 18 Q t-butyl isobutyl ether 



106.18004 
106.38182 
106.36022 
106.65628 



106.122 
106.410 
106.425 
106.497 



-0.00055 
0.00027 
0.00061 
-0.00218 
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Table 1 5.41 0.1 2. Summary results of 1° amines. 



Calculated Experimental Relative 



Formula 


Name 


Total Bond 


Total Bond 


Error 






Energy (eV) 


Energy (eV) 




CH 5 N 

C 2 H 7 N 

CJMM 


methylamine 

ethylamine 

propvlamine 


23.88297 
36.04067 
48.19837 


23.857 
36.062 
48.243 


-0.00110 
0.00060 
0.00092 



C 4 H„N 


butylamine 


60.35607 


60.415 


0.00098 


C4H11N 
C4H11N 
C 4 H„N 


sec-butylamine 

t-butylamine 

isobutylamine 


60.45696 
60.78863 
60.42863 


60.547 
60.717 
60.486 


0.00148 
-0.00118 
0.00094 



Table 15.410.13. Summary results of 2° amines. 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C 2 H 7 N 



dim e thylamin e 



35.76895 



35.765 



- 0.00012 



C.4H11N diethylamine 



60.22930 



60.211 



-0.00030 



C6H 15 N dipropylamine 

C6H 15 N diisopropylamine 

C8H19N dibutylamine 

CgH 19 N diisobutylamine 



84.54470 
84.74648 
108.86010 
109.00522 



84.558 
84.846 
108.872 
109.106 



0.00016 
0.00117 
0.00011 
0.00092 



Table 15.410.1 4. Summary results of 3° amines. 



Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative 
Error 



Energy (eV) Energy (eV) 



C3H9N 

C 6 H l5 N 

C9H21N 



trimethylamine 

triethylamine 

tripropylamine 



47.83338 
84.30648 
120.77958 



47.761 
84.316 
120.864 



-0.00152 
0.00012 
0.00070 



Table 15.410.15. Summary results of aldehydes- 



Calculated — Experimental Relative 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



CH 2 Q 
C2H4O 



formaldehyde 
acetaldehyde 



15.64628 
28.18711 



15.655 
28.198 



0.00056 
0.00039 



C 3 H 6 Q 


propanal 


40.34481 


40.345 


0.00000 


C 4 H 8 


butanal 


52.50251 


52.491 


-0.00022 


C 4 H 8 


isobutanal 


52.60340 


52.604 


0.00001 


C 5 H 10 O 


pentanal 


64.66021 


64.682 


0.00034 


C 7 H 14 


heptanal 


88.97561 


88.942 


-0.00038 



C8H160 



octanal 
2-ethylhexanal 



101.13331 
101.23420 



101.179 
101.259 



0.00045 
0.00025 



Summary results of keton e s. 



Calculated — Experimental Relative 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



C 3 H 6 



acetone 



40.68472 



40.672 



-0.00031 



C 4 H 8 
C 5 H 10 O 



2-butanone 
2-peutanone 



52.84242 
65.00012 



52.84 
64.997 



-0.00005 
-0.00005 



C5H10O 

C 5 H 10 O 
C 6 H 12 


3-pentanone 

3-methyl-2-butanone 

2-hexanone 


65.00012 
65.10101 

77.15782 


64.988 
65.036 

77.152 


-0.00005 
-0.00099 
-0.00008 


C 6 Hi 2 


3-hexanone 


77.15782 


77.138 


-0.00025 



C 6 H 12 


2-methy 1-3 -pentanone 


77.25871 


77.225 


-0.00043 


C 6 H 12 


3 ,3 -dimethyl-2-butanone 


77.29432 


77.273 


-0.00028 


C7H14O 


3-heptanone 


89.31552 


89.287 


-0.00032 


r-H 14 o 


4-heptanone 


SQ^155? 


8Q?QQ 


-ononis 


C7H14O 


2,2-dimethyl-3-pentanone 


89.45202 


89.458 


0.00007 
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Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative 
Error 







Energy (eV) 


Energy (eV) 






C7H140 


/,4-aimemyi-j-pentanone 


8V.D1/JU 


5V.4J4 


-u.uuuvj 


CgHjgO 


2,2,4-trimethyl-3-pentanone 


101.71061 


101.660 


-0.00049 


C 9 Hi 8 


2-nonanone 


113.63092 


113.632 


0.00001 


C 9 H 18 


5-nonanone 


113.63092 


113.675 


0.00039 



C 9 H 18 



2,6-dimethyl-4-heptanone 



113.77604 



113.807 



0.00027 



Table 15.410.1 7. Summary results of carboxylic acids. 



Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative 
— Error — 



Energy (eV) Energy (eV) 



formic acid 
acetic acid 
propanoic acid 
butanoic acid 



CH2O2 

C2H4O2 

C3H6O2 

C4H8O2 

C;,Hio02 p e ntanoic acid 



21.01945 
33.55916 
45.71686 
57.87456 
70.03226 



21.036 

33.537 
45.727 
57.883 
69.995 



0.00079 
-0.00066 
0.00022 
0.00015 
- 0.00053 



C5H10O2 
C5H10O2 
C6H1202 


3-methylbutanoic acid 
2,2-dimethylpropanoic acid 
hexanoic acid 


70.10482 
70.31679 
82.18996 


70.183 
69.989 
82.149 


0.00111 
-0.00468 
-0.00050 


C7H1402 


heptanoic acid 


94.34766 


94.347 


0.00000 


C8H1602 


octanoic acid 


106.50536 


106.481 


-0.00022 



C9H1802 

C10H20O2 

C17H7407 



nonanoic acid 
decanoic acid 
dodecanoic acid 



118.66306 
130.82076 
155.13616 



118.666 
130.795 
155.176 



0.00003 
-0.00020 
0.00026 



C14H28O2 
C15H30O2 
C16H32O2 
C18H36O2 

C20H40O2 



tetradecanoic acid 
pentadecanoic acid 
hexadecanoic acid 
stearic acid 
eicosanoic acid 



179.45156 
191.60926 
203.76696 
228.08236 
252.39776 



179.605 
191.606 
203.948 
228.298 
252.51 4 



0.00085 
-0.00002 
0.00089 
0.00094 
0.000 4 6 



Table 1 5.41 0.1 8. Summary results of carboxylic acid esters. 
Formula Name 



Calculated 
Total Bond 
Energy (ev"T 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C2II402 — 


— methyl formate 


32.71076 


33r762 — 


0.00156 


C 3 H 6 2 


methyl acetate 


45.24849 


45.288 


0.00087 


C6H12O2 


methyl pentanoate 


81.72159 


81.726 


0.00005 


C7H14O2 


methyl hexanoate 


93.87929 


93.891 


0.00012 


C8H16O2 


methyl heptanoate 


106.03699 


106.079 


0.00040 


C9H18O2 


methyl octanoate 


118.19469 


118.217 


0.00018 


C10H20O2 


methyl nonanoate 


130.35239 


130.373 


0.00016 


C11H22O2 


methyl decanoate 


142.51009 


142.523 


0.00009 


C17H74O7 


methvl undecanoate 


154.66779 


154.677 


0.00006 


C13H26O2 


methyl dodecanoate 


166.82549 


166.842 


0.00010 


C14H28O2 


methyl tridecanoate 


178.98319 


179.000 


0.00009 


C15H30O2 


methyl tetradecanoate 


191.14089 


191.170 


0.00015 


C16H32O2 


methyl pentadecanoate 


203.29859 


203.356 


0.00028 


CH0O1 




57 Ifiilfifii 


57 7Afi 


oorno 


QHgO-, 


ethyl acetate 


57.63888 


57.548 


-0.001 57 


C5H10O2 


isopropyl acetate 


69.89747 


69.889 


-0.00013 


C5H10O2 


ethyl propanoate 


69.79658 


69.700 


-0.00139 


C6H12O2 


butyl acetate 


81.95428 


81.873 


-0.00099 


C6H12O2 


t-butyl acetate 


82.23881 


82.197 


-0.00051 



Ct;Hi202 m e thyl 2,2 - dimethylpropanoat e 82.00612 

C7H14O2 ethyl pentanoate 94. 1 1 1 98 

C 7 H 14 2 ethyl 3-methylbutanoate 94.18454 

C7H14O2 ethyl 2,2-dimethylpropanoate 94.39651 



81.935 



- 0.00087 



94.033 
94.252 
94.345 



-0.00084 
0.00072 
-0.00054 



C8H16O2 isobutyl isobutanoate 
C8H16O2 propyl pentanoate 



106.44313 
106.26968 



106.363 
106.267 



-0.00075 
-0.00003 
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Formula 


Name 


Calculated 
Total Bond 


Experimental 
Total Bond 


Relative 
Error 






Energy (eV) 


Energy (eV) 




_ _ . , T rt ^^,^, rt ^^, i ^ r ~n a i^ Kr+rn ~i 


C8Hl6U2 
C9H18O2 
C9H18O2 
C9H18O2 


isopropyi penmnoate 
butyl pentanoate 
sec-butyl pentanoate 
isobutyl pentanoate 


1UO.J/UD/ 

118.42738 
118.52827 
118.49994 


1U0.J64 

118.489 
118.624 
118.576 


U.UUU1J 

0.00052 
0.00081 
0.00064 



Table 15.410.1 9. Summary results of amides . 



Formula 



Name 



Calculated 
Total Bond 
Energy (e ¥)- 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



CH 3 NO formamide 



23.68712 



23.697 



0.00041 



C2H5NO 
C 3 H 7 NO 
C4H9NO 
C4H9NO 



acetamide 
propanamide 
butanamide 
2-methylpropanamide 



36.15222 
48.30992 
60.46762 
60.51509 

72.62532 



36.103 
48.264 
60.449 
60.455 

72. 4 81 



-0.00135 
-0.00094 
-0.00030 
-0.00099 
- 0.00200 



C5H11NO pentanamide 



C5H11NO 


2,2-dimethylpropanamide 


72.67890 


72.718 


0.00054 


C 6 H 13 NO 


hexanamide 


84.78302 


84.780 


-0.00004 


C 8 H 17 NO 


octanamide 


109.09842 


109.071 


-0.00025 



Table 15.410.20. Summary results of N-alkyl andN,N-dia1ky1 amides. 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C3H7NO N,N-dimethylformamide 



47.679454 
60.14455 



47.574 
59.890 



0.00221 
-0.00426 



C4II9NO N,N-dimethylacetamide 

C6H 13 NO N-butylacetamide 



84.63649 



84.590 



-0.00055 



Table 15.410.2 1. Summary results of urea. 



Calculated — Experimental Relative 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



CH4N2O urea 

.4 1 . 2 2. Summary results of acid halide. 



31.35919 



31.393 



0.00108 



Calculated Experimental Relative 



Formula 



Name 



Total Bond Total Bond 
Energy (eV) Energy (eV) 



Error 



C2H3CIO acetyl chloride 



28.02174 



27.990 



-0.00115 



Table 15.410.23. Summary results of acid anhydrides. 



Formula 



Name 



Calculated Experimental Relative 
Total Bond Total Bond Error 
Energy (eV) Energy (eV) 



C4H6O3 acetic anhydride 



56.94096 
81.25636 



56.948 
81. 4 01 



0.00013 
0.00177 



C6H10O: 



6-H10U3 



propanoic anhydrid e- 



Table 1 5.41 0.2 4. Summary results of nitriles. 



Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative 
— Error — 



Energy (eV) Energy (eV) 



C2H3N acetonitrile 

C3H5N propanenitrile 

C4H7N butanenitrile 

C4H7N 2-methylpropanenitrile 



25.72060 
37.87830 
50.03600 
50.13689 
62.19370 



25.77 
37.94 
50.08 
50.18 
62.26 



0.00174 
0.00171 
0.00082 
0.00092 
0.00111 



C5H9N p c ntan c nitril c 

C5H9N 2,2-dimethylpropanenitrile 62.47823 62.40 -0.00132 

C7H13N heptanenitrile 86.50910 86.59 0.00089 

C 8 H 15 N octanenitrile 98.66680 98.73 0.00069 



C10H19N 

C]4H27N^ 



decanenitrile 
tetradecanenitrile 



122.98220 
171.61300 



123.05 
171.70 



0.00057 
0.00052 
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Table 15.410.2 5. Summary results of thiols . 



Calculated — Experimental Relative 



Formula 



Name 



Total Bond Total Bond 



Error 



Energy (eV) Energy (eV) 



HS 
H 2 S 
CH 4 S 
C2H6S 



hydrogen sulfide 
dihydrogen sulfide 
methauethiol 



3.77430 
7.56058 
19.60264 
31.7603 4 



3.653 
7.605 
19.575 
31.762 



-0.03320 
0.00582 
-0.00141 
0.00005 



ethanethiol 



C 3 H 8 S 
C3H8S 
C4H10S 



1-propanethiol 
2-propanethiol 
1 -butanethiol 



43.91804 
44.01893 
56.07574 



43.933 
44.020 
56.089 



0.00035 
0.00003 
0.00024 



C 4 H 10 S 2-butanethiol 56.17663 56.181 0.00009 

C4H10S 2-methyl- 1-propanethiol 56.14830 56:t86 0.00066 

C4H10S 2-methyl-2-propanethiol 56.36027 56.313 -0.00084 

C 5 H 12 S 2-methyl- 1 -butanethiol 68.30600 68.314 0.00012 

C5H12S 1-pentanethiol 68.23344 68.264 0.00044 



C5H12S 


2-methyl-2 -butanethiol 


68.51797 


68.441 


-0.00113 


C5H12S 


3-methyl-2 -butanethiol 


68.31552 


68.381 


0.00095 


C5H12S 


2,2-dimethyl-l-propanethiol 


68.16441 


68.461 


0.00433 


C6H14S 


1 -hexanethiol 


80.39114 


80.416 


0.00031 


C6H14S — 


2-methyl-2-pentanethiol 


80.67567 


80.607 


-0.00085 



CyHifiS 



1-heptanethiol 



92.54884 



92.570 



0.00023 



Table 15.410.26 



C10H22S 1 -decanethiol 


129.02194 


129.048 


0.00020 


J6 . Summary results of sulfides. 




Calculated 


Experimental 


Relative 


Formula Name 


Total Bond 


Total Bond 


Error 




Energy (eV) 


Energy (eV) 





C2H6S 


dimethyl sulfide 


31.65668 


31.672 


0.00048 


C3H8S 


ethyl methyl sulfide 


43.81438 


43.848 


0.00078 


C4H10S — 


— diethyl sulfide 


55.97208 


S&043 


0.00126 



CiHiqS methyl propyl sulfide 



55.97208 



56.029 



0.00102 



C4H10S isopropyl methyl sulfide 

C5H12S butyl methyl sulfide 
C 5 H 12 S t-butyl methyl sulfide 
C5H12S ethyl propyl sulfide 

C5H12S ethyl isopropyl sulfide — 



56.07297 
68.12978 
68.28245 
68.12978 
68.23067 



56.115 
68.185 
68.381 
68.210 
68.350 



0.00075 
0.00081 
0.00144 
0.00117 
0.0017 4 



C6H 14 S diisopropyl sulfide 

C 6 Hi 4 S butyl ethyl sulfide 

C6H14S methyl pentyl sulfide 



80.48926 
80.28748 
80.28748 



80.542 
80.395 
80.332 



0.00065 
0.00133 
0.00056 



C 8 H 18 S dibutyl sulfide 

CgHisS di-sec-butyl sulfide 

C 8 H 18 S di-t-butyl sulfide 

C 8 H 18 S diisobutyl sulfide 

C10H22S dipentyl sulfide 



104.60288 
104.80466 
104.90822 
104.74800 
128.91828 



104.701 
104.701 
104.920 
104.834 
128.979 



0.00094 
-0.00099 
0.00011 
0.00082 
0.00047 



C10H22S diisopentyl sulfide 



129.06340 



129.151 



0.00068 



Table 15.410.2 7. Summary results of disulfides . 



Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative 
Error 



Energy (eV) Energy (eV) 



C2H6S2 dimethyl disulfide 

C4H10S2 diethyl disulfide 

C6H14S2 dipropyl disulfide 

C 8 H l8 S 2 di-t-hutyl disulfide 



34.48127 
58.79667 
83.11207 
107.99653 



34.413 
58.873 
83.169 
107.919 



-0.00199 
0.00129 
0.00068 
-0 00072 
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Table 15.410.2 8. Summary results of sulfoxides . 



Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative 
Error 



Energy (eV) Energy (eV) 



C2H6SO dimethyl sulfoxide 
C4H l0 SO diethyl sulfoxide 
CftHuSO dipropyl sulfoxide 



35.52450 
59.83990 
84.15530 



35.435 
59.891 
84.294 



-0.00253 
0.00085 
0.00165 



Table 1 5.41 0.2 9. Summary results of sulfones. 



Formula 



Name 



Calculated Experimental Relative 
Total Bond Total Bond Error 

Energy (eV) Energy (eV) — 



C 2 H 6 SQ 2 dimethyl sulfone 



40.7.7588 



40.316 



0.0 010 



Table 1 5.41 0.3 0. Summary results of sulfites. 



Formula 



Name 



Calculated 
Total bond 



Experimental 
Total bond 



Relative 
Error 



Energy (eV) Energy (eV) 



C 2 H 6 S0 3 dimethyl sulfite 
C4H10SO3 diethyl sulfite 
C 8 Hi 8 S0 3 dibutyl sulfite 



43.95058 

68.54939 

117.18019 



44.042 
68.648 
117.191 



0.00207 
0.00143 
0.00009 



Table 15.410.3 1. Summary results of sulfates . 



Formula 



Name 



Calculated 
Total bond 



Experimental 
Total bond 



Relative 
Error 



Energy (eV) Energy (eV) 



CJfeSCU dimethyl sulfate 



48.70196 



48.734 



0.00067 



C 4 H 10 SO 4 diethyl sulfate 
C6H 14 SQ4 dipropyl sulfate 



73.30077 
97.61617 



73.346 
97.609 



0.00061 
-0.00008 



Table 15.410.3 2. Summary results of nitro alkanesr 



Calculated — Experimental Relative 



Formula 



Name 



Total bond 
Energy (eV) 



Total bond 
Energy (eV) 



Error 



CH3NO2 nitromethane 
C2H5NO2 nitroethane 



25.14934 
37.30704 



25.107 
37.292 



-0.00168 
-0.00040 



C 3 H 7 N0 2 


1-mtropropane 


49.46474 


— mm\ — 


— -0.00028 


C3H7NO2 


2-nitropropane 


49.56563 


49.602 


0.00074 


C4H9NO2 


1 -nitrobutane 


61.62244 


61.601 


-0.00036 


C4HgNCh 


2-nitroisobutane 


61.90697 


61.945 


0.00061 



C5H11NO2 1 -nitropentane 



73.78014 



73.759 



-0.00028 



Table 1 5.41 0.3 3. Summary results of nitrite- 



Formula 



Name 



Calculated 
Total bond 



Experimental 
Total bond 



Relative 
— Error — 



Energy (eV) Energy (eV) 



CH3NO2 methyl nitrite 



24.92328 



24.955 



0.00126 



Table 15.410.3 4. Summary results of nitrate- 



Calculated Experimental Relative 
Total bond Total bond Error — 



Formula 



Name 



Energy (eV) Energy (eV) 



CH3NO3 methyl nitrate 

C2H5NO3 ethyl nitrate 

C3H7NO3 propyl nitrate 

C3H7NO3 isopropyl nitrate - 



28.18536 
40.34306 
52.50076 
52.60165 



28.117 
40.396 
52.550 

52.725 



-0.00244 
0.00131 
0.00093 
0.00233 
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Table 1 5.41 0.3 5. Summary results of conjugated alkenes. 



Formula 



Name 



Calculated Experimental Relative 
Total bond Total bond Error 



En e rgy ( c V) En e rgy ( c V) 



C5H8 
C4H6 
C 5 H 8 



cyclopentene 
1 ,3 butadiene 
1,3 pentadiene 



54.83565 
42.09159 
54.40776 



54.86117 
42.12705 
54.42484 



0.00047 
0.00084 
0.00031 



C 5 H 8 1,4 pentadiene 

C5H6 1,3 cyclopentadiene 



54.03745 
49.27432 



54.11806 
49.30294 



0.00149 
0.00058 



Table 1 5.41 0.3 6. Summary results of aromatics and heterocyclic aromatics. 



Calculated Experimental Relative 



Formula 



Name 



Total bond Total bond 



Error 



Energy (eV) Energy (eV) 



C 6 H 5 Cl 
CsHsCl 



benzene 

fluorobenzene 

chlorobenzene 



57.26008 
57.93510 
56 . 55263 



57.26340 
57.887 
56.581 



0.00006 
-0.00083 
0.00051 



CftHaCl? 



m-dichlorobenzene 



55.84518 



55.852 



0.00012 



C6H3CI3 
C 6 H 3 C1 3 
CeCU 
C 6 H 5 br 
-GsHsl — 



1 ,2,3-trichlorobenzene 
1 ,3 ,5-trichlorobenzene 
hexachlorobenzene 

bromobeiizene 

iodob e nz e ne 



55.13773 
55.29542 
52.57130 
56.17932 
55.25993 



55.077 
55.255 
52.477 
56.391 a 
55.261 



-0.00111 
-0.00073 
-0.00179 
0.00376 
0.00001 



C 6 H 5 N0 2 

C 7 H 8 

C 7 H 6 2 



nitrobenzene 
toluene 
benzoic acid 



65.18754 
69.48425 
73.76938 



65.217 
69.546 

73.762 



0.00046 
0.00088 
-0.00009 



C 7 H 5 C10 2 
C 7 H 5 C10 2 
C 6 H 7 N 
C 7 H 9 N 

C 7 H 9 N 



2-chlorobenzoic acid 
3-chlorobenzoic acid 
aniline 

2-methylaniline 
3-methylaniline 



73.06193 
73.26820 
64.43373 
76.62345 
76.62345 



73.082 
73.261 
64.374 
76.643 
76.661 



0.00027 
-0.00010 
-0.00093 
-0.00025 
0.00050 



C 7 H 9 N 

C 6 H 6 N 2 2 

C 6 H 6 N 2 2 

C 6 H 6 N 2 2 

C 7 H 7 N0 2 



4-methylaniline 76.62345 76.654 0.00040 

2-nitroaniline 72.47476 72.424 -0.00070 

3-nitroaniline 72.47476 72.481 -0.00009 

4-nitroaniline 72.47476 72.476 -0.00002 

aniline-2-carboxylic acid 80.90857 80.9 4 1 0.000 4 1 



C 7 H 7 NO aniline-3-carboxylic acid 



80.90857 



80.813 



-0.00118 



C 7 H 7 N0 2 aniline-4-carboxylic acid 80.90857 80.949 0.00050 

C 6 H 6 phenol 61.75817 61.704 -0.00087 

C 6 H 4 N 2 5 2,4-dinitrophenol 77.61308 77.642 0.00037 

C 6 H 8 Q arrisote 73.39006 73^355 -0.00047 



C10H8 


— naphthalene 


90.74658 


90.79143 — 


— 0.00049 


C4H5N 


pyrrole 


44.81090 


44.785 


-0.00057 


C4H40 


furan 


41.67782 


41.692 


0.00033 


C4M4S 


thiophene 


40.42501 


40.430 


0.00013 


C 3 H 4 N 2 


imidazole 


39.76343 


39.74106 


-0.00056 


C5H5N 


pyridine 


51.91802 


51.87927 


-0.00075 


C 4 H 4 N 2 


pyrimidine 


46.57597 


46.51794 


-0.00125 


C 4 H 4 N 2 


pyrazine 


46.57597 


46.51380 


0.00095 


C 9 H 7 N 


quinoline 


85.40453 


85.48607 


0.00178 



C 9 H 7 N 

C 8 H 7 N 

a Liquid. 



isoquinoline 
indole 



85.40453 
78.52215 



85.44358 
78.514 



0.00046 
-0.00010 
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Table 1 5.41 0.3 7. Summary results of DNA bases. 



Formula 



Name 



Calculated 
Total Bond 
Energy (eVj~ 



Experimental 
Total Bond 
Energy (e¥)~ 



Relative 
Error 



C5H5N5 adenine 
C5H6N2O2 thymine 
C5H5N5O guanine 



70.85416 
69.08792 
76.88212 



70.79811 
69.06438 
77.41849 



-0.00079 
-0.00034 
-0.00055 



C4H5N3O cytosine 



59.53378 



60.58056 



0.01728 



Table 1 5.41 0.3 8. Summary results of alkyl phosphines. 



Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative 
— Error — 



Energy (eV) Energy (eV) 



C3H9P trimethylphosphine 

C6H l5 P triethylphosphine 

C18H15P triphenylphosphine 



45.80930 
82.28240 
168.40033 



46.87333 
82.24869 
167.46591 



0.02270 
-0.00041 
-0.00558 



Summary results of alkyl p hosphites. 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C3H9O3P trimethyl phosphite 



61.06764 



60.94329 



-0.00204 



C 6 Hi 5 3 P triethyl phosphite 98.12406 97.97947 -0.00148 

C 9 H 2 i0 3 P tri-isopropyl phosphite 134.89983 135.00698 0.00079 

Table 15.410.40. Summary results of alkyl phosphine oxides. 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C3H9PO trimethylphosphine oxide 



53.00430 



52.91192 



-0.00175 



Table 1 5.41 0.4 1 . Summary results of alkyl phosphates. 



Formula 



Name 



Calculated 
Total Bond 

Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C.6H15O4P — triethyl phosphate 



105.31906 



104 . 40 400 



-0.00876 



C9H7.1O4P tri-n-propyl phosphate 



141.79216 



140.86778 



-0.00656 



C 9 H 21 04P tri-isopropyl phosphate 142.09483 141.42283 -0.00475 

C9H27O4P tri-n-butyl phosphate 178.26526 178.07742 -0.00105 

Table 15.410.42. Summary results of monosaccharides of DNA and RNA 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



C5H10O4 2-deoxy-D-ribose 



77.25842 



C5H10O5 

— C5H10O4 

C5H10O5 

a Crystal 



D-ribose 

alpha 2 deoxy D ribose 



81.51034 
77. 4 668 4 
82.31088 



83.498 a 



0.02381 



alpha-D-ribose 
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Table 15.410.4 3. Summary results of amino acids. 



Formula 



Name 



Calculated 
Total Bond 
Energy (eVj~ 



Experimental 
Total Bond 
Energy (eVj~ 



Relative 
Error 



C4H7NO4 
C5H9NO4 
C3H7NO4S 



aspartic acid 
glutamic acid 
cysteine 



68.98109 
81.13879 
5 5.02 457 



70.843 a 
83.167 a 
56.57P 



0.02628 
0.02438 
0.02733 



C.HmN.O, 



lysine 



95.77799 



98.194a 



0.02461 



C 6 H 14 N 2 2 

C6H9N3O2 

C 4 H 8 N 2 02 

"C5H10N2O7 



argimne 
histidine 
asparagine 
glutamine 



105.07007 


107.420 a 


0.02188 


88.10232 


89.599 a 


0.01671 


71.57414 


73.513 a 


0.02637 


83.73184 


85.843 a 


0.02459 



C 4 H 9 N0 3 
C 9 H„N03 
C3H7NO3 
C11II12N2O2 



threonine 
tyrosine 
serine 
tryptophan 



68.95678 
109.40427 
56.66986 
126.74291 
10 4 .90618 



0.02956 
0.01835 
0.02861 
0.01047 
0.00098 



71.058 a 
111.450 a 
58.339 a 
128.084 a 
105.009 



C9H11NO2 phenylalanine 



C5H9NO2 
C5H9NO2 
C 6 H 13 N0 2 



C 6 H 13 N02 
C6H13NO2 
C 3 H 7 N0 2 
C2H5NO2 



proline 
methionine 
leucine 
isoleucine 



71.76826 
79.23631 
89.12115 



71.332 
79.214 
89.047 



-0.00611 
-0.00028 
-0.00083 



89.02978 
76.87208 
52.57549 
40.28857 



90.612 
76.772 
52.991 
40.280 



0.01746 
-0.00130 
0.00785 
-0.00021 



valine — 

alanine 

glycine 



Crystal 
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Chapter 16 



APPLICATIONS: PHARMACEUTICALS, SPECIALTY 



DIPOLE MOMENTS AND INTERACTIONS 



GENERAL CONSIDERATIONS OF THE BONDING IN PHARMACEUTICALS 
AND SPECIALTY MOLECULES 

Pharmaceutical and specialty molecules comprising an arbitrary number of atoms can be solved using similar principles and 
procedures as those used to solve general organic molecules of arbitrary length and complexity. Pharmaceuticals and specialty 
molecules can be considered to be comprised of functional groups such as those of alkanes, branched alkanes, alkenes, branched 
alkenes, alkynes, alkyl fluorides, afkyl chlorides, alkyl bromides, alkyl iodides, alkene halides, primary alcohols, secondary 
alcohols, tertiary alcohols, ethers, primary amines, secondary amines, tertiary amines, aldehydes, ketones, carboxylic acids, 



carboxylic esters, amides, N-alkyl amides, N,N-dialkyl amides, ureas, acid halides, acid anhydrides, nitriles, thiols, sulfides, 
disulfides, sulfoxides, sulfones, sulfites, sulfates, nitro alkanes, nitrites, nitrates, conjugated polyenes, aromatics, heterocyclic 
aromatics, substituted aromatics, and others given in the Organic Molecular Functional Groups and Molecules section. The 
solutions of the functional groups can be conveniently obtained by using generalized forms of the geometrical and energy 
equations. The functional-group solutions can be made into a linear superposition and sum, respectively, to give the solution of 
any pharmaceutical or specialty molecule comprising these groups. The total bond energies of exemplary pharmaceutical or 
specialty molecules such as aspirin, RUX, and NaH are calculated using the functional group composition and the corresponding 
energies derived in the previous sections as well as those of any new component functional groups derived herein. 



ASPIRIN (ACETYLSALICYLIC ACID) 



Aspirin comprises salicylic acid (ortho-hydroxybenzoic acid) with the H of the phenolic OH group replaced by an acetyl 
group. Thus, aspirin comprises the benzoic acid C - C(0) - OH moiety that comprises C = and OH functional groups that 
are the same as those of carboxylic acids given in the corresponding section. The single bond of aryl carbon to the carbonyl 

carbon atom. C - C(O) , is also a functional group given in the Benzoic Acid Compounds section. The aromatic C-C and 
C-H functional groups are equivalent to those of benzene given in the Aromatic and Heterocyclic Compounds section. The 
phenolic ester C-0 functional group is equivalent to that given in the Phenol section. The acetyl O - C(0) - CH 3 moiety 
comprises (i) C = and C-C functional groups that are the same as those of carboxylic acids and esters given in the 
corresponding sections, (ii) a CH 3 group that is equivalent to that of alkanes given in the corresponding sections, (iii) and a 
C-O bridging the carbonyl carbon and the phenolic ester which is equivalent to that of esters given in the corresponding 
section. 

The symbols of the functional groups of aspirin are given in Table 16.1. 
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The corresponding designations of aspirin are shown in Figure 16.1B. The geometrical (Eqs. (15.1-15.5) and (15.51)), 
intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of aspirin are given in Tables 16.2, 
16.3, and 16.4, respectively. The total energy of aspirin given in Table 16.5 was calculated as the sum over the integer multiple 
of each E D [Group) of Table 16.4 corresponding to functional-group composition of the molecule. The bond angle parameters of 
aspirin determined using Eqs. (15.88-15.1 17) are given in Table 16.6. The color scale, translucent view of the charge density of 
aspirin comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined 
with one or more hydrogen MOs is shown in Figure 16.1 A. 

Figure 16.1. (A) Color scale, translucent view of the charge density of aspirin showing the orbitals of the atoms at their 
radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the 

atom(s) participating in each bond, and the hydrogen nuclei (red, not to scale). (B) Chemical structure and designation of 

aspirin. 



B 





le/A 2 



Table 16.1. The symbols of functional groups of aspirin. 



Functional Group 


Group Symbol 


CC (aromatic bond) 


3e 

c=c 


CH (aromatic) 


CH 


Aryl C-C(0) 


C-C(0) (i) 


Alkyl C-C(0) 


C-C(0) (ii) 


C=0 (aryl carboxylic acid) 


c = o 


Aryl (0)C-0 


C-0(\) 


Alkyl (0)C-0 


C-0 (ii) 


Aryl C-O 


C-O (iii) 


OH group 


OH 


CH, group 


CH, 



Table 16.2 



The geomelrical bond parameters of aspirin and experimental values of similar molecules [1] 



C-- 
Group 



cn 

Group 



C-C(O) (i) 
Group 



C-C(0) (if) 
Group 



C = 
Group 



CO ( 

Group 



C-0 (ii) 
Group 



-O (iii) 
Group 



OH 
Group 



C-H (CH 3 ) 
Group 



LerJi 

2c 



flofd 
;th 



1.47348 
1.31468 



1.39140 



60061 
03299 



09327 



1.95111 
1.39682 



1.47833 



2.04740 
1.43087 



1.51437 



1.299)7 
1.13977 



1.20628 



1.73491) 
1.31716 



1.39402 



1.7::490 



1.39402 



1.68220 
1.29700 



1.37268 



1.26430 
0.91808 



0.971651 



1.64920 
1.04856 



1.10974 



S' 
3 



-a 
s- 
a 

i 
a 

s 

a 



Exp. 3ond 
Length 



1.3S9 
benzene) 



101 
(benzene) 



1 .48 [2] 
(benzoic acid) 



1.520 
(acetic acidt) 



1.21(1 
(acetic 



cid) 



1.393 
(methyl formate) 



i.: 



93 



(avg. :nethyl 
formate) 



1.364 
phenol) 



0.972 
(formic acid) 



l.C 
(methyl formate) 

1.107 
(C-H propane) 

1.117 

(C-H butkne) 

1.27295 



23 



64537 



0.71591 



0.69887 



0.87737 



0.7592 



Table 16.3 



c-h (c;h) 



The 



MO to 

Atom 



HO 



intercept geometrical bond 



parameters of aspirin. Z't is. Ej (atom 



atom 



(eV) 
Bondl 

-0.85035 



(eV) 
Bond 2 



:eV) 
r^ond3 

56690 



leV) 
Band 4 



Final Total 
Energy Clsp 3 
(e]0 

-153.88327 



0.91771 



msp 

E,,.,<„ 



0.75921 



AO\ 



177101 



0.72615 



0.63580 



E(C2s/r 
(eV) 
Final 



0' 
(') 

74.42 





105.: 



38.84 



M 
1.24678 



).2i: 



79 






■S 5 

TO 



^ 



C=(FOOC, 



:jc> c r (|g) 

0)0- H 
0)-OH 



-0.85035 
-0.92918 
-0.92918 



-0.85035 




56690 





-153.88327 



0.91771 
1.00000 
1.00000 



0.79597 
0.8i)359 



39334 

7549J 
7549: 



134.24 
115.09 
101.32 



45.7 5 
64.91 
78.6* 



58.98 

64.12 
48.58 



0.75935 
0.55182 
1.14765 



0.55533 
0.36625 
0.16950 



':;e,i 



0)-OH 



-0.92918 



64574 



0.91771 



93.11 



86.8) 



42.68 



1.27551 



0.04165 



S 

o' 

3 

a 

3 

a 
s 
a. 



pH) = O 
H,) = 



pH) = O 
\(0)OH 



-1.34946 
-0.64574 



-0.64574 
-1.34946 



92918 
92918 



154.54C07 
154.54C07 



0.91771 
0.91771 



0.76652 
0.7(5652 



7501? 
7501 



-17.55927 
-17.55927 



134.03 

70.34 



45.97 
109.66 



62.14 
32.00 



0.60699 
1.65466 



0.53278 
0.25784 



■JO)OH 



c>( 



ioocjc t =c l 



C c =(CH,(0)CO)C^C 



-0.74804 



-0.85035 



85035 



-154.0.6442 



0.91771 



0.7:5762 



17.2744:! 



-17.08362 



100.00 



80.0) 



46.39 



1.16026 



0.13674 



C c --=(C t =)C,-OC(0)CH, 



-0.74804 



-0.92918 



1.00000 



102.93 



77.0! 



1.11250 



0.18449 



c c ■■=(>:, =)c d o-c(ocH 



-0.92918 



1.00000 



98.22 



81.7? 



1.19921 



O-C 



(0)C,H, 



-0.92918 



154.82352 



0.91771 



-17.84271 



91.96 



41.90 



1.2913 



0.02578 



i9C;(<: 
0(0) 



oc,(o) 



H 3 )-0 

C,-C,H, 
-C,H, 



C, 

c, 
c, 



-1.34946 
-0.92918 
-0.92918 



-0.92918 
-1.34946 



92918 
92918 




-154.82352 
-154.82352 
-152.54487 
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-15.56407 



133.47 
56.25 
72.27 



123. 
107. 



61.46 
25.37 
34.17 



0.62072 
1.85002 
l.( 



0.51905 
0.41915 
0.263 01 



O 
-J 



Table 16.4. The energy 



parameters (e 



c=c 

Group 



V) of functional groups of aspirin. 



CH 
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Group 



Group 



(ii) 



Group 



(iK) 



OH 
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CD 


~s 
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>~~ 
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> 
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0_ 
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E, (,, 
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,» (!('" rod Is) 



49.7272 
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12.7526 



I7( 



V) 
V) 

[eV) 
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0.19649' 

[31 

-0.25982 



17.43132 
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E q. (13.4:18) 
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The total bond snergies of salicylic acid arid aspirin calculated using the functional group composition and the energies of Table 16.4 
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CYCLOTRIMETHYLENE-TRINITRAMINE (C 3 H 6 N 6 6 ) 

The compound cyclotrimethylene-trinitramine, commonly referred to as Cyclonite or by the code designation RDX, is a well- 
known explosiv e . RDX comprises three m e thylene (CH 2 ) groups joined by six alkyl C — N secondary amin e functional groups 

given in the corresponding section. Each of the three N 's of the six-membered ring shown in Figure 16.2B is bonded to a N0 2 
functional group given in the Nitroalkanes section by a N-N functional group. The latter requires hybridization of the 

nitrog e n atoms in ord e r to match th e e n e rgi e s of th e bridg e d groups. 

Similar to the case of carbon, silicon, and aluminum, the bonding in the nitrogen of the N-N functional group involves 

four sp 3 hybridized orbitals formed from the outer 2p and 2s shells. In RDX, bonds form between two N2sp 3 HOs (N-N 
functional group), between a N2sp 3 HO and a C2sp 3 HO (C -N functional group), and between a N2sp 3 HO and a 02 p AO 
(each N — O bond of the N0 2 functional group). The geometrical and energy equations of the N — N functional group are 
given in the Derivation of the General Geometrical and Energy Equations of Organic Chemistry section wherein the energy is 
matchedto E(c,2sp 3 ) = -14.63489 eV (Eq. (15.25)). 

The 2sp 3 hybridized orbital arrangement after Eq. (13.422) is 
7.s p 3 state 

U J_ JL JL (16-1) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (£,m f ) are below each electron. The total energy of the state is given by the sum over the five 

electrons. The sum E T (N,2sp 3 ) of experimental energies [15] of N , N + , N 2+ , N 3+ , and N 4+ is 

/ , x (97.8902 eF + 77.4735 eV + 47.44924 eV\ 
E T (N,2sp 3 ) = -\ ,„^ 
v ' +29.6013 e V + 14.53414 eV j (16.2) 



= -266.94838 eV 
. the central field c 

Nlsp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 



By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the 



-^^ ^ ^76452^ 063T 



2sp S8^ (e266.94838eF) 8tkt (e266.94838 eV) 
where Z = l for nitrogen. Using Eq. (15.14), the Coulombic energy E Coulomb iN,2sp 3 \ of the outer electron of the N2sp 3 shell 



2 2 

-e e- 



E c oM {N, 2sp 3 ) = -^— = ^^777^ = -1 7.79656^F (16.4) 

v ' o!T£ r 3 8^£' 0.76452a 

In RDX, the C2sp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding energy of 

E(C,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the N HO has an energy of E(N,2sp 3 ) = -17.79656 eV (Eq. (16.4)). To meet 

the equipotential, minimum-energy condition of the union of the N2sp 3 and C2sp 3 HOs, C 2 =\ in Eqs. (15.2-15.5), (15.51), 

and (15.61) for the N - N -bond MO, and c 2 given by Eqs. (15.77) and (15.79) is 

c, (C2sp 3 HO to N h 2sp 3 HO to N2sp 3 HO) = ) ( a, (C2sp 3 HO) = - ~|^^ 3489 eK -(0.9177l) = 0.75468 (16.5) 
^ U ^^ ^ ; E(N,2sp 3 ) { ' -17.79656 eV K * 

The energy of the A r -7Y-bond MO is the sum of the component energies of the 7/ 2 -type ellipsoidal MO given in Eq. (15.51). 

Since the energy of the MO is matched to that of the C2sp 3 HO, E(AO/HO) in Eqs. (15.51) and (15.61) is 

E(c,2sp 3 ) = 1 4 .63 4 89 eV giv e n by Eq. (15.25) and E T [atom atom,msp 3 .AO) is eV . 

The symbols of the functional groups of RDX are given in Table 16.7. The geometrical (Eqs. (15.1-15.5) and (15.51)), 
intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of RDX are given in Tables 16.8, 
16.9, and 16.10, respectively. The total energy of RDX given in Table 16.11 was calculated as the sum over the integer multiple 
of each E D (amup) of Table 16.10 corresponding to functional-group composition of the molecule. The bond angle parameters of 
RDX determined using Eqs. (15.88-15.1 17) are given in Table 16.12. The color scale charge density of RDX comprising atoms 
with the outer shell bridged by one or more 7/ 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in 
Figure 16.2A. 
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Figure 16.2. (A) Color scale charge density of RDX showing the outer orbitals of the atoms at their radii and the ellipsoidal 
surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond. (B) Chemical structure and atom designation of RDX. 
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Table 16.7. The symbols of functional groups of RDX. 



Functional Group 


Group Symbol 


NO 2 group 


NO, 


N-N 


N-N 


C-N (alkyl) 


C-N 


CH 2 group 


C-H (CH 2 ) 



Table 16.8. The geometrical bond parameters of RDX and experimental values [l]. 



Parameter 


N0 2 
Group 


N-N 
Group 


C-N 
Group 


C-H (CH 2 ) 

Group 


u («o) 


l. 3322 1 


1.68711 


1 .94862 


1.67122 


c' (a ) 


1. 1 542 I 


1 .29889 


1.39593 


1.05553 


Bond Length 
2c' (A) 


1.22157 


1 .37468 


1.47739 


1.11713 


Exp. Bond Length 


1.224 

(nitromethane) 

1.22 avg. [16] 

(RDX) 


1.390 [16] 
(RDX) 


1.468 [16] 
(RDX) 


1.107 
(C-H propane) 

1.117 

(C-H butane) 

1.092 [16] 

(RDX) 


b,c («„) 


0.66526 


1 .07668 


1.35960 


1.29569 


e 


0.86639 


0.76989 


0.71637 


0.63 1 59 



Table 16.9. Tie MO to 30 



Bond 



V) 



intercept geometrical bond parameters of RDX. E 



O'V) 
Bond 2 



(eV) 
Bond 3 



Find 



(eV) 
Bond 4 



E nerg 



Total 

;y 

<T2sp 3 
eV) 



to) 



E T (atom 



to) 



atom.msp AO). 



■:„ M (eV) 
Final 



Clsp* 

(eV) 
Final 



(°: 



(°) 



to) 



to) 



o 
-J 

oo 



P) = o 

\0) = 



N„ 



-0.92918 
-0.92918 




-0.S291S 



000CO 
93084 



0.86359 
0.81549 



-15.75493 
-16.68411 



133. 



44.75 
46,:i4 



66.05 
63.41 



0.54089 
0.59640 



0.6.333 
0.5:1781 



CH,h 



-NO, 



0.92918 



0.52918 



93084 



0.81549 



-16.68411 



101.30 



78.20 



47.85 



1.13213 



0.16676 



CH 2 h\-N c p, 



0.56690 



0.56690 



93084 



0.852:2 



-15.95954 



104.50 



75.40 



50.02 



1.08404 



0.2 485 



C-H 



(CH 2 ) 



0.56690 



0.5669C' 



93084 



0.85252 



-15.95954 



0.<'5 



99.05 



38.26 



1.53008 



0.13415 



H,C 



-N h N 



0.56690 



0.56690 



152.74948 



91771 
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15.76868 



80.S5 
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38.26 



1.53008 



0.13415 
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Parameters 



N-N 
Group 



C-N 
Group 



NO, 



CH n 



Group 



1 



1 



Group 



C, 



0.5 



0.5 



C, 



-+- 



-+- 



0.85987 




0.75468 




0.5 



-4- 



0.91140 




0.75 



-4- 



0.91771 
1 



C„ 



0.5 



0.5 



C„ 



1 



1 



^ W 



-106.90919 



-32 . 25503 



^ (cH 



23.57588 



10.47496 



1 



-31.98456 



9.74677 



0.75 



1 



-70.41425 



25.78002 



T(eV) 



40.12475 



9.55926 



V m (eV) 



-20.06238 



-4.77963 



E(aoiho) (eV) 



TT 



-14.63489 



8.20698 



-4.10349 



-14.63489 



21.06675 



-10.53337 



-15.56407 



A^mo U°'"°) (. eV ) 







E T (aoiho) (eV) 







-14.63489 



E T {h 2 mo) (eV) 



-63.27093 



-31.63533 



E T \atom- atom,msp 3 .AO\ (eV) 



-1.13379 



-13.50110 



-31.63540 







-15.56407 



-49.66493 



-3.71673 



-0- 



-1.13379 



-0- 



E t (mo) {eV) 



-66.98746 



-31.63537 



to (l0 15 rad/s) 



19.0113 



26.1663 



-32.76916 



26.0778 



-49.66493 



24.2751 



E K (eV) 



12.51354 



17.22313 



17.16484 



15.97831 



E D (eV) 



-0.23440 



-0.25974 



(eV) 



0.19342 



0.12770 
T181 



-0.26859 



0.11159 
T191 



-0.25017 



0.35532 
(Eq. (13.458)) 



5- (eV) 



-0.13769 



-0.19588 



E (eV) 

mag V / 



0.11441 



0.14803 



E T {croup) (eV) 



-67.26284 



-31.83125 



,{c,auihu) (eV) 



-14.63489 



-14.63489 



-0.21280 



-0.14502 



0.14803 



0.14803 



-32.98196 



-49.80996 



-14.63489 



-14.63489 



E D (oroup) (eV) 



— o — 

8.72329 



— o — 

2.56147 



— o — 

3.71218 



-13.59844 
7.83016 



Exp. E D {aroup) (eV) 



Est. 2.86, 2.08 [20] 



3.69 [20] 



Table 16.11. The total bond energy of gaseous-state RDX calculated using the functional group composition and the 
energies of Table 16.10. 



Formula 


Name 


N0 1 


N-N 


C-N 


CH 1 


Calculated 


Experimental 


Relative 






Group 


Group 


Group 


Group 


Total Bond 


Total Bond 


Error 














Energy (eV) 


Energy (eV) 




C 3 H 6 N 6 6 


RDX 


3 


3 


6 


3 


79.61783 
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O, 



25 
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0.8 
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1 .449 



26.52 



125.5 
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ZA b N a O a 



5778 
9186 
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4.0988 
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(Eq , 
-16. 



A', 
£16. 

.32 
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Q, 
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('.75458 
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('.833 50 



0.8 

(Eq. (1 



5987 
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0.91 



0.8C 
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1 .449 
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0.75 
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SODIUM HYDRIDE MOLECULE (NaH) 

Alkali hydride molecules each comprising an alkali metal atom and a hydrogen atom can be solved using similar principles and 
procedures as those used to solve organic molecules. The solutions of these molecules can he conveniently obtained by using 
generalized forms of the force balance equation given in the Force Balance of the a MO of the Carbon Nitride Radical section 
and the geometrical and energy equations given in the Derivation of the General Geometrical and Energy Equations of Organic 
Chemistry section. 

The bonding in the sodium atom involves the outer 3* atomic orbital (AO), and the Na-H bond forms between the 

Na3s AO and the His AO. — The energy of the reactive outer electron of the sodium atom is significantly less than the 
Coulombic energy between the electron and proton of H given by Eq. (1.276). Consequently, the outer electron comprising the 
Na3s AO and the His AO form a a -MO, and the inner AOs of Na remain unaltered. The MO semimajor axis of molecular 
sodium hydride is determined from the force balance equation of the centrifugal, Coulombic, and magnetic forces as given in the 
Polyatomic Molecular Ions and Molecules section and the More Polyatomic Molecules and Hydrocarbons section. Then, the 
geometric and energy parameters of the MO are calculated using Eqs. (15.1-15.1 17) wherein the distance from the origin of the 
H 2 -type-ellipsoidal-MO to each focus c ' , the internuclear distance 2c ' , and the length of the semiminor axis of the prolate 
spheroidal H 2 -type MO b = c are solved from the semimajor axis a . 

The force balance of the centrifugal force equated Lo the Coulombic and magnetic forces is solved for the length of the 
semimajor axis. The Coulombic force on the pairing electron of the MO is 



%ji£ Q ab 



-Di P 



(16.6) 



The spin pairing force is 



F = Di 

spin-pairing ^ ^2 f 



(16.7) 



The diamagnetic force is: 



diamagneticMO 1 



4ma 2 b 2 i - 



(16.8) 



where n e is the total number of electrons that interact with the binding a -MO electron. The diamagnetic force F diamagmlicM02 
the pairing electron of the a MO is given by the sum of the contributions over the components of angular momentum: 



on 



dJnmngnctrrMO 7. 



^Z 



^£i, 



7 , w , (M^L 

Zj2m e a b 

where \l\ is the magnitude of the angular momentum of each atom at a focus that is the source of the diamagnetism at the a - 
MO. The centrifugal force is 



. i .-■ .■*!,'. '• 



OL 



2 (.2 " l i 



(16.10) 



ma b 



The force balance equation for the a -MO of the Na-H -bond MO with n e = 2 and \l\ 



'^£ 



h is 



m e a b 

(- 



-D- 



%TtE a ab 



-D- 



2m a b 



-D- 



2 2 
— + — + 
.2 Z 



H l 



2m a b 



-D 



(16.11) 



v 



J4 

a - 2-\ h — — a n 

\ Z Z ) 
With Z = 1 1 , the semimajor axis of the Na-H -bond MO is 



(16.12) 



~cn= 



2.26055a n 



(16.13) 



Using the semimajo r axis, the geomet r ic and energy parameters of the MO are calculated using Eqs. (15.1-15.1 17) in the 

same manner as the organic functional groups given in the Organic Molecular Functional Groups and Molecules section. For the 
Na - H -bond MO of the NaH , q=l, c 2 =l and C 2 =l in both the geometry relationships (Eqs. (15.2-15.5)) and the energy 

equation (Eq. (15.61)). In NaH the molecule, the Na3s AO has an energy of E(Na3s) = - 5.139076 eV [15] and the H AO 

has an energy of E(H) - -13.59844 eV [15]. To meet the equipotential condition of the union of the Na3s AO and the His 

AO, c 2 and C 2 of Eqs. (15.2-15.5) and Eq. (15.61) for the Na -//-bond MO given by Eq. (15.77) is 



C 2 ( N a3s A O t o His AO) = c 2 ( N a3s A O t o H i s AO) = 5 ; 139076 eV = Q _lXX9-2- 



(16.14) 



-13.59844 eV 
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The energy of the MO is matched to that of the Na2p AO with which it intersects such that E(AO I HO) is 
E(Na2p) = -47.2864 eV [15]; thus, E iMaI (c 4 AO/HO)(eV) is given by the sum of E(Na2p) = -47.2864 eV and 
E(Na3s) = -5.139076 eV . 

The symbol of the functional group of molecular NaH is given in Table 16.13. The geometrical (Eqs. (15.1-15.5) and 
(16.1 1-16.14)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.61-15.65) and (16.13-16.14)) parameters of molecular NaH 
are given in Tables 16.14, 16.15, and 16.16, respectively. The color scale, translucent view of the charge-densities of molecular 
NaH comprising the concentric shells of the inner AOs of the Na atom and an outer MO formed from the outer Na3s AO and 
the His AO are shown in Figure 16.3. 

Figure 16.3. Color scale, translucent view of the charge-densities of molecular NaH showing the inner orbitals of the Na 
atom at their radii, the ellipsoidal surface of the //,-type ellipsoidal MO formed from the outer Na3s AO and the His AO H , 
and the hydrogen nucleus (red, not to scale). 




Table 16.13. The symbol of the functional group of molecular NaH . 



Functional Group 



Group Symbol 



NaH group 



Na-H 



Table 16.14. The geometrical bond parameters of molecular NaH and experimental values [20]. 



Parameter 


Na-H 
Group 


a (a ) 


2.26055 


C («o) 


l. 72939 


Bond Length 2c' (i) 


1.83031 


Exp. Bond Length 

(-0 


1. 88654 
(NaH) 


b,c (a a ) 


1. 45 577 


e 


0.76503 



Tabl 



e 16.1J1. 



The MO to Na2p AO intercept geometrical bond parameters of Natl. Et is Ej 



(atom - atom.. 



msp AO). 



Bond 



(eV) 



Bo 



(eV) 
Bond 



(eV) 
Bond 3 



(eV) 
Bond 4 



Final Total 

Energy 

Nalp 

(eV) 



M 



M 



(e 



Finul 



Na2\>) 



E(Na2fy) 
(eV) 
Final 



(•) 



f) 



O 









Nu-.H (NaH) 







2.65432 



560S4 



-47.2864 



28.66 



151.34 



10.65 



2.22161 (1.49221 



o' 



a- 
a 

I 
a 

« 

a 



o ■ ~ 

sjg. CO 

it s 

« I 1 

a o s 

a ff .- 

a, <■> — 



« 

a 

o' 
a 
a 

to 

a 
a 
a. 



o 

CO 
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Table 16.16. The energy parameters (e V) of the Na-H functional group of molecular NaH . 



Parameters 



Na-H Group 



H, 



n } 



C, 



0.37792 



C, 



1 



1 



c„ 



0.37792 



C,. 



1 



f. (^) 



-31.72884 



^ (e*0 



7.86738 



^evy 



7.01795 



F m (eF) 



-3.50898 



E(aoiho) (eV) 



-47.2864 



-£K 



,{aoiho) (eV) 



IT 



E t (aoiho) (eV) 



-47.2864 



E t (h 2 mo) (eV) 



-67.63888 



E T [atom - atom. msp^.AOj (eV) 



E t (mo) (eV) 

co (l0 15 radls) 



-67.63888 



14.4691 [20] 



E K (eV) 



9.52384 



E D (eV) 



-0.41296 



(eV) 



0.14534 



E osc (eV) 



-0.34029 



-(ery 



0.11441 



E ' T (Gmup) (eV) 



-67.97917 



E iniUaM AO '"°) ^V) 



-52.425476 



(c, aoi ho) (eV) 



-13.59844 



E D (Gmup] (eV) 



1 .95525 



Exp. E D (aroup) (eV) 



1.92451 (Na- H [21]) 
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BOI 

The bond moment of a functional group may be calculated by considering the charge donation between atoms of the functional 
group. Since the potential of an MO is that of a point charge at infinity (Eq. (11 .36)), an asymmetry in the distribution of charge 
between nonequivalent HOs or AOs of the MO occurs to maintain an energy match of the MO with the bridged orbitals. The 
charge must redistribute between the spherical orbitals to achieve a corresponding current-density that maintains constant current 
at the equivalent-energy condition according to the energy-matching factor such as c 2 or C 2 of Eqs. (15.51) and (15.61). Since 

the orbital energy and radius are reciprocally related, the contribution scales as the square of the ratio (over unity) of the energy 
of the resultant net positively-charged orbital and the initial matched energy of the resultant net negatively-charged orbital of the 
bond multiplied by the energy-matching factor (e.g. c 2 or C 2 ). The partial charges on the HOs or AOs corresponding to the 
charge contribution are equivalent to point charges centered on the nuclei. Due to symmetry, the bond moment p of each 
functional group is along the internuclear axis and is calculated from the partial charges at the separation distance, the 
internuclear distance. 

Using the reciprocal relationship between the orbital energies and radii, the dependence of the orbital area on the radius 
squared, and the relationship of the partial charge q to the areas with energy matching for each electron of the MO, the bond 
moment // along the internuclear axis of A - B wherein A is the net positively-charged atom is given by 



/u = qd = n x ce 



[ E A (valence) 



2c' 



(16.15) 



E B {valence) 

wherein n x is the number of equivalent bonds of the MO, c is energy-matching factor such as q, c 2 , Q , or C, of Eqs. (15.51) 
and (15.61) where q and C 2 may correspond to both electrons of a MO localized on one AO or HO such as when the magnitude 
of the valence or Coulombic energy of the AO or HO is less than that of E Cotthmb {H) = -13.605804 eV or when the orbital may 
contain paired or shared el e ctrons in a linear combination with th e partner orbital, and d is the charge-separation distance, the 
int e rnucl e ar distanc e 2c' . E g {valence) is th e initial match e d e n e rgy of th e r e sultant n e t n e gativ e ly-charg e d orbital of th e bond 

that is further lowered by bonding (Eqs. (15.32) and (15.16)) to atom A having an energy E A (valence). Typically, 
E B {valence) of a carbon-heteroatom bond is -14.63489 eV , the initial C2sp 3 HO (Eq. (15.25)) energy to which the 
heteroatom is energy matched. Functional group bond moments determined using Eq. (16.15) are given in Table 16.17. 
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Table 16.17. The bond moments of functional groups compared to experimental values [22-87] wherein the parameters 
correspond to those given previously except as indicated. 



Functional Group a 



(q)c 2 



-W^ 



E B (valence) 



E A {valence) 



Bond 



Bond 



F.xp. Bond 



Length 
2C (A) 



Moment 



Moment 
//(D) 



H-C (alkyl) 



0.91771 



14.63489 



15.35946 



0.070 



1.11713 



0.37 



0.4 



H-C (aromatic) 



0.91771 



15.95955 



15.95955 







1.09327 



H — N h (amine) 



0.78896 



13.59844 



15.81768 



0.279 



1.00343 



1.34 



1.31 



H — N c (ammonia) 



0.74230 



13.59844 



15.81768 



0.262 



1.03677 



1.30 



1.31 



H — O d (alcohol) 



0.91771 



13.59844 



15.81768 



0.324 



0.97165 



1.51 



1.51 



H — O e (water) 



0.91419 



13.59844 



15.81768 



0.323 



0.97157 



1.51 



1.51 



C-N 



0.91140 



14.53414 



14.82575 



0.037 



1.46910 



0.26 



0.22 



c-o 



0.85395 



14.63489 



15.56407 



0.112 



1.41303 



0.76 



0.74 



C-Ff 



1.09254 b 



1 



14.63489 



15.98435 



0.211 



1.38858 



1.41 



1.41 



C-Cl 



(2)0.81317 



14.63489 



15.35946 



0.165 



1.79005 



17F2T 



T7t6~ 



C-Br 
C-IS, 



(2)0.74081 
(2)0.65537 



14.63489 
14.63489 



15.35946 
15.28545 



0.150 
0.119 



1.93381 
2.13662 



^40- 

1.22 



1.19 



1 



C = 



0.85395 



1 



14.63489 



16.20002 



0.385 



1.20628 



2.23 



2.3 



C = N 



91140 



14 63489 



1 6 2000? 



0616 



1 16221 



3 44 



35 



H-S h 



0.69878 



X 



14.63489 



15.81768 



0.118 



1.34244 



0.76 



0.69 



C-S 



1 



0.91771 



14.63489 



15.35946 



0.093 



1.81460 



0.81 



0.9 



S-0 



1 



0.77641 



14.63489 



15.76868 



0.125 



1.56744 



0.94 



1.0 



S = O l 



0.82897 



1 



10.36001 



11.57099 



0.410 



1.4911* 



2.94 



2.93 



N-0 



1.06727 



14.53414 



14.82575 



0.043 



1.40582 



0.29 



0.30 



N = O (nitro) 



0.91140 



1 



14.63489 



15.95955 



0.345 



1.22157 



2.02 



2.01 



C-P 



1 



0.73885 



14.63489 



15.35946 



0.075 



1.86534 



0.67 



0.69 



P-0 



0.79401 



1 



14.63489 



15.35946 



0.081 



1.61423 



0.62 



0.60 



P = Oi 



1.25942 



-4- 



14.63489 



15.76868 



-&4G5- 



1.46521 



;t85- 



2.825 



Si - H 



-4- 



0.75800 



10.25 4 87 



11.37682 



-0,434- 



1. 4 8797 



-0,94- 



-&99- 



Si-C 



0.70071 



14.63489 



15.35946 



0.071 



1.87675 



0.64 



0.60 



Si-O k 
B-H l 



1 
1.14361 



1.32796 
1 



10.25487 
11.80624 



10.87705 
12.93364 



0.166 
0.172 



1.72480 
1.20235 



1.38 
0.99 



1.38 
1.0 



B-C 



0.80672 



1 



14.63489 



15.35946 



0.082 



1.57443 



0.62 



0.69 



B-0 (alkoxy) 



1 



0.79562 



11.80624 



12.93364 



0.159 



1.37009 



1.05 



0.93 



B-N 



1 



0.81231 



11.89724 



14.53414 



0.400 



1.36257 



2.62 



2.68 



B-F 1 



0.85447 



1 



14.88734 



17.42282 



0.316 



1.29621 



1.97 



1.903 



B-Cl 



T~ 



0.91044 



11.80624 



12.93364 



trra2 1.76065 



13T 



T38~ 



a The more positive atom is on 
b c 2 from Eqs. (15.77), (15.79; 
c c 2 from Eqs. (15.77), (15.79 



the left. 

. and Eq. (13.430) and E A (valence) is given by 1/2 two H 2 -type ellipsoidal MOs (Eq. (1 1.212)). 
, and the product of 0.936127 (Eq. (13.248)) and 0.92235 given by 13.59844 eV /(13.59844 eV + 0.25 • E D ) where E D 
— is the N-H bond energy E D ( 14 Mf 3 ) - 4 .57913 eV given by Eq. (13. 4 4 ) and the energy of H is 13.598 44 eV ; E A (valence) is given by 1/2 

two H 2 -typ e ellipsoida l M Os (Eq. (11 . 2 1 ?)). 

d E A (valence) is given by 1/2 two H 2 -type ellipsoidal MOs (Eq. (11.212)). 

e c 2 from Eqs. (15.77) given by 13.59844 eF/(13.59844 eV + 0.25-E D ) where E D is the O-H bond energy E D (H 16 OH) = 5.1059 eV given by 

Eq. (13.222) and the energy of H is 13.59844 eV ; E A (valence) is given by 1/2 two H 2 -type ellipsoidal MOs (Eq. (1 1.212)). 

* Eq. (15.129) with the inverse energy ratio of E(F ) = -17.42282 eV and E(c,2sp ) = -14.63489 eV corresponding to the higher binding energy of 

the former. 
§ E A (valence) is given by 15.35946 eV-H2E mag (Eqs. (14.150) and (15.67)). 

h c, from Eqs. (15.79), (15.145), and (13.430); E A (valence) is given by 1/2 two H 2 -type ellipsoidal MOs (Eq. (11.212)). 
1 c 2 from the reciprocal of Eq. (15.147), E A (valence) is given by Eq. (15.139), and E B (valence) is E(s) = -10.36001 eV . 
J c from the r e ciprocal of Eq. (15.182). 



k c 2 from the reciprocal of Eq. (20.49). 
' c 2 from the reciprocal of Eq. (22.29). 
m c. l from Eq. (15.77) using E(f) = -17.42282 eV and E^B B _ Flijiunc ,2sp 3 ) = -14.88734 eV (Eq. (22.61)). 
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The dipole moment of a given molecule is then given by the vector sum of the bond moments in the molecule. Thus, the dipole 
moment is given by taking into account the magnitude and direction of the bond moment of each functional group wherein the 
functional group bond moment stays constant from molecule to molecule and is in the vector direction of the internuclear axis. 
The dipole moments of water and ammonia to compare to the experimental values are given from the corresponding moments in 
Table 16.17. The calculated dipole moment of H 2 is 



1/1 «-rt ( 106 ' 

/V=2(1.51)cos^— 



= 1.8128£> 



(16.16) 



where the angle between the O-H bond is 106° given by Eq. (13.242). The experimental dipole moment of H 2 is [23] 

p HM =\.S546D (16.17) 

The calculated dipole moment of NH } is 

fi m = 3(l.30)cos(68°) = 1.467£> (16.18) 

where the angle between each N-H bond and the z-axis is 68° given by Eq. (13.417). The experimental dipole moment of 

NH y is [23] 

// jW) =1.4718D (16.19) 

The charge distributions of the functional groups given in Table 16.17 facilitate the rendering of the charge distribution 
of molecules of unlimited complexity comprised of these functional groups. What was previously impossible to achieve using 
supercomputers can be readily accomplished on a personal computer (PC). The rendering of the true charge densities of the 
exemplary proteins insulin and lysozyme are shown in color scale, opaque view in Figures 16.4 and 16.5, respectively. The 
color scale, opaque view of the charge density of an exemplary double-stranded RNA helix is shown in Figure 16.6. 

Figure 1 6.4. Color scale, opaque view of the charge density of insulin created and modeled using Millsian 2.0 on a PC. 
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Figure 1 6.5. Color scale, opaque view of the charge density of lysozyme created and modeled using Millsian 2.0 on a PC. 
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Figure 16.6. Color scale, opaque view of the charge density of a double-stranded DNA helix created and modeled using 
Millsian 2,0 on a PC. 
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NATURE OF THE DIPOLE BOND: DIPOLE-DIPOLE, HYDROGEN, AND VAN DER 
WAALS BONDING 

The boundless number and length of permutations of the functional groups can form a correspondingly infinite number of 
molecules. The intermolecular forces instill upon molecules their inherent properties such as state — being solid, liquid, or gas, 
the temperatures at which phase transitions occur, and the energy content change required to change the state. However, the 
types of bonding are relatively few even though the breadth of molecular compositions is infinite. Since all molecules comprise 
nuclei that behave on the scale of molecules as electrostatic point charges; and electrically charged electrons exist as charge and 
current densities that obey Maxwell's equations, the binding is determined by electrical and electrodynamics forces. These 
typically dominate over any magnetic forces since the latter is a relativistic effect of the former and is thus negligible as the 
norm. Thus, essentially all molecular bonding is Coulombic in nature. The extreme case involves ions, and ionic bonding 
between charged functional groups of molecules obeys the same physical principles as inorganic ions as given in the Nature of 
the Solid Ionic Bond of Alkali Hydrides and Halides section. Similarly, the charge - density distributions of negatively - charged 
electrons relative to the positively-charged nuclei of neutral molecules gives rise to Coulombic-based bonding that can be 
grouped into two main categories, bonding that comprises permanent dipole-dipole interactions further including an extreme 
case, hydrogen bonding, and bonding regarding reversible mutually induced dipole fields in near-neighbor molecules called van 
der Waals bonding. 

Th e II bond is exemplary of the extreme of dipole-dipol e interactions as the sourc e of bond energy and rises from the 

extremely high dipole moments of H bound to F , O, or N as shown in the Bond and Dipole Moments section . The bond 
energies of these types of bonds are large due to the very high Coulombic energy associated with the dipole-dipole interaction 
between H-bonded molecules compared to those having much lower dipole moments. Still H-bond energies are typically small 
by the standards of covalent bonds. The differences are also reflected in the relative bond lengths. In water for example, the 
O-H bond distance and energy are 2c' = 0.970 ±.005 A (Eq. (13.186)) and E D (H 16 OH) = 5.1059 eV (Eq. (13.222), 
respectively; whereas, those of the hydrogen bond of water are 2c' aH =1.78/1 (Eq. (16.27) and E mporfi . c =0.233 eV I H -bond 

(Eq. (16.57)), respectively. On the other end of the spectrum, van der Waals bonds are also Coulombic in nature and are 
between dipoles. However, the dipoles are mutually induced rather than permanent, and the mutual induction is typically small. 
Thus, the bond distances are on the order of angstroms and the energies in the 10's of meV's range. The bonding between 
mol e cul e s giv e s ris e to cond e ns e d matt e r, and th e classical th e ory of cond e ns e d matt e r bas e d on th e s e forms of bonding is 
treated next. 

CONDENSED MATTER PHYSICS 

Condensed matter comprises liquids and solids of atoms and molecules. It is shown infra that the geometrical parameters, 
energies, and properties of the latter can be solved using the same equations as those used to solved the geometrical parameters 
and component energies of the individual molecules as given in the Organic Molecular Functional Groups and Molecules 
section. 

The structure and properties of liquids can be solved by first solving the unit cell of the corresponding condensed solid. 

The unit cell may be solved by first determining the packing that minimizes the lattice energy. In nature, there are a small, finite 
number ot packing arrangements. The particular arrangement relates to the most elhcient one giving the most objects packed 
into a given space with the size and shape limitations. The water molecule, for example, is small compared to the unit cell of 
ice; so, it will naturally assume a tetrahedral structure and hexagonal packing given the geometry of its electric dipoles with a 
partial positive on the H 's and partial negative on the O . In general, a reiterative algorithm is used that optimizes the packing 
of the molecules and tests that packing against the unit cell parameters and lattice energy until an optimum is found. The lattice 
parameters can be verified by X-ray crystallography and neutron diffraction. The lattice energy can be measured using 
calorimetry; so, the model can be directly tested. 

Bonding in neutral condensed solids and liquids arises from interactions between molecules wherein the molecules of the 
lattice have multipoles that give rise to corresponding Coulombic or magnetic interactions . Typically, the multipoles are electric 
or magnetic dipoles. Consider the former case. Since the separated partial charges that give rise to bond moments are 
equivalent to point charges centered on the bond nuclei as given in the Bond and Dipole Moments section, the maximum 
interaction energy between interacting species can be calculated using Coulomb's law with the corresponding partial monopole 
charges and separation distance. The energy from the interaction of the partial charges increases as the separation decreases, but 
concomitantly, th e e n e rgy of a bond that may form b e tw ee n th e int e racting sp e ci e s incr e as e s as w e ll. Th e e quilibrium s e paration 
distance corresponds to the occurrence of the balance between the Coulombic potential energy of the interacting atoms and the 
energy of the bond whose formation involves the interacting atoms. Thus, the balance is at the energy threshold for the 
formation of a nascent bond that would replace the interacting partial charges while also destabilizing the standard bonds of the 
interacting molecules. Then, an optimal lattice structure corresponds to an energy minimum with an associated energy. The 
minimum energy structure corresponds Lo the highest density of interacting dipoles in their minimum energy state. A convenient 
method to calculate the lattice energy is to determine the electric or magnetic field in the material having an electric or magnetic 
polarization density, and in turn, the energy can be calculated from the energy of each dipole in the corresponding field using the 
electrostatic or magnetostatic form of Gauss' or Amperes' equation, respectively. 

Once the a , b , and c parameters of the unit cell are solved from the energy (force) balance between the electric 
monopoles and the nascent bond energy, the unit cell is determined. Then, the unit cell can be proliferated to arbitrary scale to 
render the solid. Typically, only one lattice parameter needs to be determined since the additional distances can be determined 
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from geometrical relations based on the unit cell structure. The lattice energy may be calculated from the potential between 
dipoles using the cell parameters. The dielectric constant and other properties may also be calculated using Maxwell's equations 
and other first principles. ~~ 

Th e structures of liquids can be modeled as lin e ar combinations of unit cells comprising perturbations of the solid unit 

cell. In one approach, increasing disorder is added to the solid structure in the transition from solid to liquid to gas. Complete 
disorder or statistical gas behavior applies in the ideal gas limit. Thus, liquid states may be modeled by adding more cells with 
increasing loss of order of the solid unit cell as the temperature of the liquid is increased. The disorder is due to population of 
translational, rotational, and vibrational levels to match the internal energy at a given temperature. Consider thermodynamics. 
In principle, it is possible to classically calculate the fields over all space, the exact field interactions, and the position, trajectory, 
momentum, and energy of every particle of a material at each instance. Then, the material properties can be determined from 
these parameters. However, in practice, it is impossible computationally. For the same reason, simple underlying physical 
principles are applied to derive statistical properties for large ensembles of particles as given in the Statistical Mechanics section. 
The same statistical thermodynamic methods may be applied to modeling liquids and gases using the exact solutions of the 
individual molecules. Using the molecular geometrical parameters, charge distributions, and corresponding interactions as 
input, unit cells can be computed based on the solid unit cell. Working with increasing numbers of unit cells of increasing 
randomness and populating the unit cells based on appropriate statistical models such as Boltzmann statistics for increasing 
enthalpy input and temperature, accurate models of liquids are provided. The corresponding liquid properties can be solved 
from each liquid structure. 

A preferred approach to solving the energy and geometric parameters of ice, considered next, is to solve the separation 
distance of the electric monopoles comprising a partial positive on each H and a partial negative charge on each O as the 
balance between the Coulombic attraction energy between the partial charges and the repulsion energy due to the formation of a 
nascent H - O bond between the hydrogen-bonded atoms. — The nascent bond substitutes for the hydrogen bond while also 
removing electron density and stability from the standard water molecule bonds. Thus, it offsets the Coulombic energy and 
establishes the equilibrium minimum approach distance of the interacting atoms of the water molecules. Then, using Gauss's 
law, the energy per water molecule is calculated as the dipole energy in the electric field of the lattice of electric dipoles. 



IN THE ICE PHASE 

The extraordinary properties of water are determined by hydrogen (H) bonds, designated by the dotted bond O-H '•■•0 , each 
between a participating H of one water molecule and an O of another. The structure of each phase of water is then determined 
by the number of H bonds on average per water molecule. As shown in the Bond and Dipole Moments section, the O-H bond 
has a bond moment ju of 1.51 D corresponding to a partial charge oil each H of +0.323e and a component of partial charge oil 
each O per bond moment of -0.323e. The thermodynamic basis of the H bond is the minimization of the Coulombic energy 
between the H and O of the hydrogen bond, limited by the formation of a nascent bond between these atoms that destabilizes 
the initial O-H bond. The sum of the torques and forces are zero at force balance to achieve a hexagonal crystal structure that 
is an energy minimum. The maximum electrostatic energy of the partial charges is calculated for the components along the H- 
bond axis. This energy is balanced by the total energy of the nascent bond that can form between the H '■■■0 atoms of the H 
bond. The bond length of the H bond, the internuclear distance between the H and O of the H •■•O bond, is calculated by a 
similar method as that used to determine the bond angle given in the Bond Angle of H 2 section. 

The H 2 MO comprises a linear combination of two O-H -bond MOs. Each O-H -bond MO comprises the 
superposition of a H 2 -type ellipsoidal MO and the 02p z AO or the 02 p AO with a relative H partial orbital contribution to 
the MO of 0.75; otherwise, the 02p orbitals are the same as those of the oxygen atom. The solution of the geometrical 
parameters and component energies are given in the Water Molecule (H 2 0) section and the color scale charge density of 
the H 2 Q MO is shown in Figure 16.7. 
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Figure 16.7. H 2 MO comprising the linear combination of two O - H -bond MOs. Each O -H -bond MO comprises the 
superposition of a // 2 -type ellipsoidal MO and the 02p, AO or the 02p v AO. (A)-(C) Color scale, translucent views of the 
charge density of the H 2 MO from the top, side-on with H in foreground, and side-on with O in the foreground, respectively. 
For each O-H bond, the ellipsoidal surface of each //,-type ellipsoidal MO transitions to the 02 p AO. The 02p shell, the 
02s shell, the 0\s shell, and the nuclei (red, not to scale) are shown. (D) Cut-away view showing the inner most 0\s shell, 
and moving radially, the 02s shell, the 02p shell, and the # 2 -type ellipsoidal MO that transitions to the 02/3 AO for each 
O-H bond. 




Rather than consider the possible bond between the two H atoms of the O-H bonds in the determination of the bond angle, 
consider that the hydrogen bond may achieve a partial bond order or partial three-centered O — H -O bond as given in the 
Bridging Bonds of Organoaluminum Hydrides (Al-H -Al and Al-C-Al) and Bridging Bonds of Boranes (B-H-B and 
B-B-B) sections, and the H can become mobile between water molecules corresponding to H exchange. Such exchange of 
0--H -O to O-H -O bonding would decrease the initial O-H -bond strength since electron density would be shifted from 
the O-H bonds to the 0---H bond. Concomitantly, the Coulombic energy of the H bond would be eliminated. Thus, the 
equilibrium distance r e or internuclear bond distance of O ■ ■ ■ H designated as 2c' a _ g = r e is determined by the condition that the 

total energy of the nascent H 2 -type ellipsoidal MO formed from the atoms of the O-H bond is equal to the maximum 
Coulombic energy between the partial charges of the H and O atoms of the H bond. 

The O-H bond moments superimpose at the central O . The minimum energy corresponds to the maximum separation 
of the 8 of each bond moment on the O atom that occurs in space and time with n phase. The corresponding distance is the 
hypotenuse of the right triangle having the distance 2c' H between the H and nuclei of the H -O bond as one side and the 

radius of the oxygen atom, r a2p =a„ (Eq. (10.162)), as the other. Then, the maximum Coulomb energy E CmIamb (H-bond) 

between the atoms of the 0--H bond due to the two separated 8 's on the oxygen atom with the 8* centered on the nucleus 
of hydrogen is 

-7S 2 e 2 
Ec M {H-bond) = , . (16.20) 

4x£ j{2c' a .. H y +(r 02p ) 
Since each H bond is between two H 2 molecules and there are four H bonds per H 2 molecule, the Coulomb energy per 
H iO E Cmlomb {H 2 0) is equivalent to two times E Couhmb {H -bond) (Eq. (16.20)): 



■»' 2 



E aM {H 2 0) = C 2 2 (16.21) 

4jcs ^(2c' o _ b ) +(r 02p ) 

Eq. (16.21) is the energy to be equated to that of the nascent covalent bonds involving the atoms of the H bonds of the 
water molecule. Using Eq. (15.3), the internuclear distance of this bond, 2c' n ... H =r t , in terms of the corresponding semimajor 

axis a n „ is 
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2c' 



. l a o-H"t> 



2C^ 



(16.22) 



The length of the semiminor axis of the prolate spheroidal MO b - c is given by 



b -H -\{ a OHj ~\ C 'o-h) 

And, the eccentricity, e , is 



(16.23) 



t-n...w — " 



(16.24) 



The semimajor axis a ... H of the 0---H bond is determined using the general equation for determination of the bond 

angle between terminal atoms given by Eqs. (15.93) and (15.99) with Eqs. (15.46-15.47) except that the MO energy is matched 
to the Coulombic energy of the H bond (Eq. (16.21) with substitution of Eq. (15.3)) rather than being set equal to zero for zero 
interaction energy in the case of the bond - angle determination: 



n,e 



ln- 



aa 



+ E T (AQIHO) 



PlXCr 



2C X C 2 



2QC 2 



-4S 2 e 2 



47T£„ 



+E T (atom - atom,msp 3 .AO\ 



(16.25) 



(*n... rr"n 



i r 02 P ) 



2C,C 



T^-2-yf 



\C C e 



Wrejf 



2h\ 



AttsR 3 



%7is„ a + 



1+! 



+ «, — n\ 

L2_ 



aa n 






where n x is the number of equivalent bonds of the MO, c 1 is the fraction of the ff 2 - type ellipsoidal MO basis function, c 2 is the 
factor that results in an equipotential energy match of the participating at least two atomic orbitals of each chemical bond, C l0 is 
the fraction of the H 2 -type ellipsoidal MO basis function of the oscillatory transition state of a chemical bond of the group, and 
C 2o is the factor that results in an equipotential energy match of the participating at least two atomic orbitals of the transition 
state of the chemical bond, E T (AO/HO) is the total energy comprising the difference of the energy Ei^AOl HO) of at least 
one atomic or hybrid orbital to which the MO is energy matched and any energy component \E H M0 i^AOi ' HO) due to the AO or 
HO's charge donation to the MO, E T ( atom- atom, msp 3 .AO\ is the change in the energy of the AOs orHOs upon forming the 

bond, and n is th e reduc e d mass. 

For the determination of the H-bond distance, the energy parameters are the same as those of water given in the Water 
Molecule (H 2 0) section except that any parameters due to matching AO's, E T [AO/ HO) and E T (atom - atom, msp 3 .AO\ , is 
zero since only the energies of the MO electrons to form the 0--H MO are considered. The partial charge =ql e from 

Table 16.17 is 0.323, and the reduced mass is ju = — . The parameters are summarized in Table 16.18 and Eq. (16.26). 
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Table 16.18. The energy parameters (eV) of the 0--H functional group of the hydrogen bond of Type I ice. 



Parameters 



6>---ffGrou]T 



0.323 



C, 



0.75 



C, 



c. 



-Cr. 



0.75 



_L5_ 



Ar- 



V e (eV) 



V p (eV) 



-TXeTT 



-20.30177 



16.15958 



2.38652 



V^WT 



E(aoiho) (eV) 



E T (aoiho) (eV) 



-1.19326 







E t {h 2 mo) (eV) 



-2.94892 



E T ( atom- atom, msp 3 .AO) (eV) 







E t {mo) (eV) 



-2.94892 



a (lO 15 rails) 



6.55917 



E K (eV) 



4.31736 



E D (eV) 



- 0.012122 



-teVt 



0.03263 



E osc (eV) 



0.004191 



E T (croup) (eV) 



-2.94054 



Substitution of the parameters of Table 16.18, the internuclear distance 1c' _ H given by Eq. (13.185), and R given by Eq. 
(16.23) and (16.22) into Eq. (16.25) gives 



^ 3 a. \ °- H ^2(0.75) 



ttr- 



=T 



4jie o I a o- * a o 



yl O a 0- H J 



[2(0.75) 



2(0.75) 



Atte,. 



2fr 



k a o... H ) 2 



2 I a Q-H a 



2(0.75) 



LJ- 



2 „2 



-4(0.323) e 



r+r 



A7csJ\2)^=^s. 



12(0.75) 



-(5.2917706X10 11 mf 



m,c 



0.75e 2 



%x £ o{ a o-H) „__ _. 1 a o ... g a 



-8^&; 



«-H 



+ 2\-\ h 



2(0.75) 



16 

17 



(16.26) 
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From the energy relationship given by Eq. (16.26) and the relationships between the axes given by Eqs. (16.22-16.24), the 

dimensions of the O ■ ■ ■ H MO can be solved. 
The most convenient way to solve Eq. (16.26) is by the reite r ative technique using a compute r . The result to within the 

round-off error with five-significant figures is 

a ... H = 4.25343a = 2.25082 X W m m (16.27) 

The component energy parameters at this condition are given in Table 16.18. Substitution of Eq. (16.27) into Eq. (16 . 22) gives — 
c' ... H = 1 .68393<7„ = 8 .9 1097 X 10 "" m (16.28) 

and internuclear distance of the H bond: 

2c' a ..„ =3.36786a =1.78219 X 10" 10 m = 1.78219 A (16.29) 

The internuclear distance of the O-H given by Eq . (13 . 185) is 

7 ,c' = 1 . 8 3601flQ = 9 . 71574 AH Q -" m (16.30) 

The internuclear distance 2c' _ H of the O-H bond added to 2c' ... H gives the internuclear distance 2c' .., H0 between the oxygen 

atoms of the group O-H ■■■O: 
2^.^=2^+2^ (16 - 31) 

Substitution of 2c' aff (Eq. (16.29)) and 2c' _ H (Eq. (13.185)) into Eq. (16.31) gives the nearest neighbor separation, the 

internuclear distance 2c' H0 between the oxygen atoms of the O-H ■■■O bond in Type I ice: 

2c' ... HO =2c' ... H +2c' _ H =1.78219X 10" 10 m + 9.71574X 10" 11 m = 2.15311 X 10" 10 m = 2.1 5311 A (16.32) 

The experimental oxygen nearest-neighbor separation distance 2c' _. H0 is [88] 

2c' a .. H0 = 2.75 A (16.33) 

The experimental internuclear distance of the O-H bond of H 2 is [89] 

2c' = 9.70 ±.005 ZIP" m (16.34) 

Using Eqs. (16.33) and (16.34), the experimental H bond distance 2c' n ...„ in Type I ice is [88, 891 

2c' ... H =USA (16.35) 

The other H-bond MO parameters can also be determined by the relationships among the parameters. Substitution of 

Eqs. (16.27) and (16.28) into Eq. (16.23) gives 

b n ... H = c a .. H = 3.90590a = 2.06691 X 10 10 m (16.36) 

Substitution of Eqs. (16.27) and (16.28) into Eq. (16.24) gives 

e ... H = 0.39590 (16.37) 

Since water is a hexagonal crystal system in common with the carbon allotrope diamond, the internuclear distance of the 

two terminal O atoms of a set of three H 2 , s corresponding to the hexagonal lattice parameter a, is calculated using the same 

approach as that given by Eqs. (17.1-17.3) using the law of cosines: 

S[ 2 + s 2 2 -2sj,y 2 cosine# = j 3 2 (16.38) 

where s 3 = a, is the hypotenuse of the isosceles triangle having equivalent sides of length equal to 2c' a .. HO . With the bond angle 

between three water molecules formed by the two corresponding H bonds given by /HnHnHO =\O9.5° [90] and 

s t =s 2 =2c' „. H0 given by Eq. (16.32), the distance between the oxygen atoms of the terminal water molecules along the 

hypotenuse, s 3 = 2c' H _ H = a, , is 

a I =2c' HiO _ HiO =^(2c' o ... HO )\l-cosine(l09.5^)=^2(2J5377Af(l-cosine(l09.5°))=4A976SA (16.39) 

Due to the tetrahedral structure shown in Figure 16.8, four water molecules form a pyramidal structure with a central 

H 2 0(l) at the apex designated as on the z-axis, and the three other water molecules, H 2 0(n) n = 2,3,4 , form the base in the 

xy-plane. As further shown in Figure 16.8, a fifth H 2 Q{5) is positioned a distance 2c' „. II0 along the z-axis. Twice the height 
along the z-axis from the base of the pyramid to the fifth H 2 comprises the Type I ice unit cell parameter e which is 
determined next using Eqs. (13.412-13.417). 

Since any two 0-H---0 bonds having the internuclear distance 2c' „. H0 between the oxygen atoms of Type I ice form 

an isosceles triangle having the hypotenuse a, between the terminal oxygens, the distance d ori in _ from the origin of the 
pyramidal bas e to th e nucl e us of a t e rminal oxyg e n atom is giv e n by 

^»- =7^ ( 16 - 4 °) 

2 sin 60 

Substitution of Eq. (16.39) into Eq. (16.40) gives 

4^=2.59674^ (16.41) 
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The height d hcighl along the z-axis of the pyramid from the origin to the O nucleus of H 2 0(l) is given by 

"height = \{^ C 0-HO ) ~ {"origi„-0 ) 

Substitution of Eqs. (16.32) and (16.41) into Eq. (16.42) gives 
d heigl „=0.9l662a 

The angle V of each — H---0 bond from the z-axis is given by 



e„ = tarf 



* origin - O 



(16.42) 
(16.43) 

(16.44) 



Substitution of Eqs. (16.41) and (16.43) into Eq. (16.44) gives 

6 r = 70.56° (16.45) 

Using Eqs. (16.32) and (16.43), the hexagonal lattice parameter c, for Type I ice given by twice the height along the z-axis from 
the base of the pyramid to the fifth water, H 2 0(5), is 

c, =2[2c' ... HO +d keigh ,) = 2(2.75377 A + 0.91662 A) = 7.34077 A (16.46) 

The experimental lattice parameters a, and c, for Type I ice are [90, 91] 

a, =4.49 A 

a, =4.5212 A 
and [91, 92] 

c, = 7.31 A 

c, = 7.3666 A 

The tetrahedral unit cell and the ideal hexagonal lattice structure of Type I ice are shown in Figures 16.8-16.10, using the color 
scale charge density of each water molecule. 

Figure 16.8. Tetrahedral unit cell structure of Type I ice using the transparent color scale charge density of each H 2 MO 

comprising the linear combination of two O-H -bond MOs. (A) Each dipole-dipole bond that is Coulombic in nature is 
depicted by connecting sticks. (B) Bond representation removed. 



(16.47) 



(16.48) 




B 




\*V 



* 



o^^rV 
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Figure 16.9. C-axis view of the ideal hexagonal lattice structure of Type I ice using the opaque color scale charge density 
of each H 2 MO comprising the linear combination of two O—H -bond MOs. Each dipole-dipole bond that is Coulombic in 
nature is depicted by connecting sticks. 




Figure 16.10. An off-angle view of the ideal hexagonal lattice structure of Type I ice using the opaque color scale charge 
density of each H 2 MO comprising the linear combination of two O-H -bond MOs. Each dipole-dipole bond that is 
Coulombic in nature is depicted by connecting sticks. 




©2010 BlackLight Power, Inc. All rights reserved. 



1098 Chapter 16 

A convenient method to calculate the lattice energy is to determine the electric field in ice having an electric polarization 
density corresponding to the aligned molecular water dipoles moments, and in turn, the energy can be calculated from the energy 
of each dipole in the corresponding field using the electrostatic form of Gauss' equation. The electric field inside of a material 
having a uniform polarization density P given by Eq. (6.3.3.15) of Haus and Melcher [93] is 

E(H 2 O) = -^(-cos0i r +sm0i e ) (16.49) 

The polarization density P given by Eq. (6.3.3.3) of Haus and Melcher [93] is 

P =NjU HzO (16.50) 
where fi H is the dipole moment of water and N is the number density of water dipoles given by the density p jce divided by 
the molecular weight MW and multiplied by the Avogadro constant N A : 

N = -^-N, (16.51) 

MW 

Substitution of Eqs. (16.50) and (16.51) into Eq. (16.49) gives 



Mh^o 



A 



K (H 2 (1)= MW (-msfli, +sinfli J ) (16.52) 

The energy of forming the condensed phase is that of the alignment of the water dipoles each comprised of two O — H 
component dipoles where the angular dependence along the z-axis in ice is unity, and this condition applies even in the case of 
the local order in water. The corresponding energy U{H 2 0) per water dipole due to the polarization electric field of the lattice 
of hexagonal dipoles is given by 



- 2 {Vh 2 o) 2 {±N a 
U{H 2 Q) = 2 Mhi0 -E(H 2 Q)= MW (16.53) 

Substitution of the density of ice p= J —r [90], the MW = \8g/mole, N. =6.0221415 X 10 23 molecules I mole , and 

3 H 1X10^ m 3 s > a 

the water dipole moment given by Eq. (16.16) with the predicted and experimental hexagonal bond angle of ice, ZH = 109.5° 

-W ^ 

H„ r0 = 2(l.5l)cos(l09.5/2°) = 5.79898 X 10™ C - m (16.5 4 ) 

into Eq. (16.53) gives 

0-92 g 

\2 



U{H 2 0)=- 



■2(5.79898 X 10 30 C-m) ±- X W m 6.0221415 X 10 23 molecules I mole 



Uglmole _ (16.55) 



3s 



= -0.48643 eV (-46.934 U I mole) 
U[H 2 0) is also the negative of E mpor0 , c , the energy of water initially at °C or the energy of vaporization of water at °C: 

E vaporfi°c = ~U{H 2 0) = 0.48643 eV (46.934 kJ I mole) (16.56) 

The experimental energy of vaporization of water at °C (Type I ice) is [94] 

K apor , °c= 45-054 U I mole (16.57) 

The calculated results based on first principles and given analytical equations are summarized in Table 16.19. 
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Table 16.19. The calculated and experimental geometrical and energy parameters of the H bond of water of Type I ice. 



Parameter 



Calculated 



Experimental 



Ref. for 



Exp, 



H Bond Length 2c' a „ H 

Nearest Neighbor Separation 

Distance 1r' „ n 



1.78219 A 
2.75377 A 



1.78 A 

2.75 A 



88,89 
88 



ti 2 Q Lattice Parameter a. 



H 2 Lattice Parameter c. 



4.49768 A 
7.34077 A 



4 .4 9 A 



-90- 



4.5212 A 

7.31 A 

7.3666 A 



91 
92 
91 



Eneigy of Vapoiizatiun of Watei ^^ kJ/mole 45 _ Q54 kJ/mole 



at0°C 



94 



As the temperature increases, the corresponding molecular kinetic energy can excite a vibrational mode along the H bond 
axis. Concomitantly, the O — H bond elongates and decreases in energy. As a consequence, the hydrogen bond achieves a 
partial bond order or partial three-centered O-H—O bond, and the H can undergo exchange between water molecules. The 
Lime-average effect of exchange is to decrease the statistical equilibrium separation distance of water molecules. In competition 



with the separation-distance decreasing effect of exchange is the increasing effect due to collisional impact and recoil as a 
function of increasing temperature. The former effect dominates from the temperature of ice to 4°C at which point water 
assumes a maximum density. Thereafter, the momentum imparted with water-water collisions overwhelms the decrease due to 
exchange, and the molecular separation statistically increases with temperature until a totally gaseous state is achieved at 
atmospheric pressure at lOO^C. Unit cells with increasing entropy can be derived from the ice unit cell by populating 
translational, rotational, and vibrational levels of molecules within the cells to match the internal energy at a given temperature. 
Using statistical mechanical models such as Boltzmann statistics to populate an increasing number of basis units cells of 
increasing disorder and based on the ice unit cell, the behavior of water as a function of temperature can be modeled over the 
range of states from ice to liquid to steam. The structure of each phase of water is then determined by the number of H bonds on 
average per water molecule. Based on the 10% energy change in the heat of vaporization in going from ice at 0°C to water at 
100°C [94], the average number of H bonds per water molecule in boiling water is 3.6. The H bond distance is calculated next 
using the enthalpy to form steam from boiling water. 



GEOMETRICAL PARAMETERS AND ENERGIES OF THE HYDROGEN BOND OF II O 
IN THE VAPOR PHASE 

Two or more water molecules can interact along the 0---H or H bond axis. In the gas phase, the maximum energy of 
interaction between water molecules of steam is equivalent to the negative of the heat of vaporization of water at the boiling 
point, 100°C; oth e rwis e , wat e r vapor would form the corresponding condensed stat e . — For the determination of the H-bond 
distance, the energy parameters, partial charge , and reduced mass are the same as those of the water molecules of ice given in 



Eq. (16.26) except that the negative of the experimental E x 



vapor,W0°C 



■- 0.42137 eV (40.657 kJ I mole) [94] is equated to the 



nascent covalent bond energy. The parameters are summarized in Table 16.20 and Eq. (16.58). 
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Table 16.20. The energy parameters (eV) of the 0--H functional group of the hydrogen bond of water vapor. 



Parameters 



Q--H Group - 



0.323 



Q 



0.75 



C, 



c. 



-Cr. 



0.75 



_L5_ 



Ar- 



V e (eV) 



V p (eV) 



-TXeTT 



-15.20020 



14.08285 



1.35707 



V^WT 



E(aoiho) (eV) 



E T (aoiho) (eV) 



-0.67853 







E t (h 2 mo) (eV) 



-0.43882 



E T ( atom- atom, msp 3 .AO) (eV) 







E t {mo) (eV) 



-0.43882 



a (lO 15 rails) 



4.20131 



E K (eV) 



2.76538 



E D (eV) 



- 0.001 444 



-teVt 



0.02033 



E osc (eV) 



0.008724 



E T (croup) (eV) 



-0.42137 



Substitution of the parameters of Table 16.20 and -E r0 o C (Eq. (16.57)) into Eq. (16.26) gives 



-3 — 3 — fit 



^ a o~H + n~ 



^Yl 



2(0.75) 



ln- 



4xc I " - hU ° 
°^2(0.75) 



V^ " "O-H J 



2(0.75) 



Ans R 



2% 



(« ...h) 2 



2 i a o~n a o 



2(0.75) 



e(0.42137eF) = 



1 + 2 



0.75e 2 



S ^Ja^ + .g^^ 



2^h75t 



+ 2\-\* 



16 

17 



(16.58) 
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From the energy relationship given by Eq. (16.58) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the 0--H MO can be solved. 

The most convenient way to solve Eq. (16.58) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 

a QmB = 5.60039a = 2.96360 X l(T in m (16.59) 

The component energy parameters at this condition are given in Table 16.20. Substitution of Eq. (16.59) into Eq. (16.22) gives 

c' ...„ =1.932250,, = 1.02250 A' 10 10 m (16.60) 

and intemuclear distance of the H bond: 

2c' a . ,„ = 3.86450« n = 2.04501 X 10"* m (16.61) 

The experimental H bond distance 2c' 0H in the gas phase is [95] 



2c' „=2.02X 10" 



(16.62) 



and [96] 

2c' ... H = 2.05 X 10"'° m (16.63) 

The other H-bond MO parameters can also be determined by the relationships among the parameters. Substitution of Eqs. 
(16.59) and (16.60) into Eq. (16.23) gives 



"O-H "-O-H 



■■ 5.25650a n = 2.78162 X 10"'° m 



Substitution of Eqs. (16.59) and (16.60) into Eq. (16.24) gives 

e n „ = 0.34502 



(16.64) 

(16.65) 

Substitution of 2c' ... H (Eq. (16.61)) and 2c' _ H (Eq. (13.185)) into Eq. (16.31) gives the nearest neighbor separation, the 
intemuclear distance 2c' .. H0 between the oxygen atoms of the 0-H--0 bond of water vapor: 

2c' o _. m = 2c' o _ B +2c' o _ s =2M50lX10' 10 m + 9.1\51AX 10" m = 3.01 658 X 10" 10 m = 3.01658i (16.66) 

Using Eqs. (16.31), (16.34), and (16.63), the experimental nearest neighbor separation 2c' a „ H0 is [89, 96] 

2c' o .. HO =2c' o . H +2c' o _ H =2.05X 10"'° m + 9.70 X 10"" m = 3.02X10 HI m = 3.02i (16.67) 

H -bonded water vapor molecules in steam are shown in Figure 16.11 using the color scale charge density of each water 
molecule. 

Figure 16.11. Structure of steam. (A). Ensemble of gaseous water molecules undergoing elastic hard-sphere collisions. (B). 
H-bonded water vapor molecules using the color scale charge density of each H 2 MO comprising the linear combination of 
two 0-//-bondMOs. 

B 










The calculated results based on first principles and given by analytical equations are summarized in Table 1 6.2 1 . 
Table 16.21 . The calculated and experimental geometrical and energy parameters of the H bond of steam. 



Parameter 



Calculated 



Experimental 



Ref. for Exp. 



H Bond Length lc' ... H 

Nearest Neighbor Separation Distance 
2c' 



2.04501 A 
3.01658 A 



2.02 A 
2.05 A 

3.02 A 



95,96 
89,96 
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GEOMETRICAL PARAMETERS AND ENERGIES OF THE HYDROGEN BOND OF IUO 

AND NH 3 

Similar to the water molecule, the ammonia molecule has a strong dipole moment along each of its N-H -bonds. The NH } 
MO comprises the linear combination of three N-H -bond MOs. Each N-H -bond MO comprises the superposition of a H 2 - 
type ellipsoidal MO and the N2p x , N2p , or N2p_ AO with a relative H partial orbital contribution to the MO of 0.75. The 
solution of the geometrical parameters and component energies are given in the Ammonia ( NH^ ) section, and the color scale 
charge density of the NH 3 MO is shown in Figure 16.12. 

Figure 16.12. NH i MO comprising the linear combination of three N-H -bonds. Each N -H -bond MO comprises the 
superposition of a H 2 -type ellipsoidal MO and the N2p x , N2p ,ai N2p z AO. (A) Color scale, translucent view of the charge 
density of the NH 3 MO shown obliquely from the top. For each N-H bond, the ellipsoidal surface of each //,-type 
ellipsoidal MO transitions to a N2p AO. The N2p shell, the N2s shell, the N\s shell, and the nuclei (red, not to scale) are 
shown. (B) Off-center cut-away view showing the complete inner most N\s shell, and moving radially, the cross section of the 
N2s shell, the N2p shell, and the H 2 -type ellipsoidal MO that transitions to a Nip AO for each N-H bond. (C)-(E) Color 

scale, side-on, top, and bottom translucent views of the charge density of the NH 3 MO, respectively. 




Due to the interacting dipoles, hydrogen bonds also form between the nitrogen of ammonia and the hydrogen of water 
molecules. Water hydrogen bonds to ammonia molecules by interaction along the N-HO or H bond axis. As shown in the 
Bond and Dipole Moments section, each N-H bond of ammonia has a bond moment // of 1.30 D corresponding toa iV 
component of partial charge of -0.262t?, and the O-H bond has a bond moment // of 1.51 D corresponding to a H partial 
charge of +0.323t?. The thermodynamic basis of the H bond is the minimization of the Coulombic energy between the 
hydrogen bonded H of H 2 and N of ammonia, limited by the formation of a nascent N-H bond between these atoms that 

destabilizes the initial O-H bond of the water molecule partner. As in the case of ice, the maximum electrostatic energy of the 
partial charges is calculated for the components along the H-bond axis. This energy is balanced by the total energy of the 
nascent bond that can form between the N---H atoms of the H bond. The bond length of the H bond, the internuclear distance 
between the N and H of the N---H bond, is calculated using Eq. (16.25) by a similar method as that used to calculate the 
0---H bond distance of ice. According to the method given in the Geometrical Parameters and Energies of the Hydrogen Bond 
of H-,0 section, the equilibrium distance r e or internuclear bond distance of N ■■■H designated as 2c' K _, B = r e is determined by 
the condition that the total energy of the nascent //,-type ellipsoidal MO formed from the atoms of the N —H bond is equal to 
the maximum Coulombic energy between the partial charges of the N and H atoms of the H bond. 

The maximum Coulumbic energy corresponds to the minimum separation distance of N and H atoms corresponding to 
the alignment along the N---H bond axis. The corresponding distance from the <? + ofthe H 2 Hand the NH % N is the 

distance 2c' N ,.. H between the N and H nuclei of the N---H bond. Then, the maximum Coulomb energy E Caiimb (H -bond) 
between the atoms of the N •■■ H bond due to the 8 on the nitrogen atom with the 5 centered on the nucleus of hydrogen is 
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E Ca „ mb {H-bond) = -^^- 



^KF./lcL 



1103 



(16.68) 



Eg. (16.68) is the energy to be equated to that of the nascent bonds involving the atoms of the H bond. 



For the determination of the H-bond distance, the energy parameters of the nascent N -H bond are the same as those of 
ammonia given in the Ammonia (NH 3 ) section except that any parameter due to matching AO's, E T (AO/HO) and 

E T [ atom - atom , msp i . AO\ , is zero since only the energies of the MO electrons to form the N ■■■H MO are considered . The 



e n e rgy of Eq. (16.68) is multipli e d by thr ee to match th e total e n e rgy of th e thr ee N — H bond MOs of ammonia. Th e partial 

14 
charges 8 = ql e from Table 16.17 are -0.262 and +0.323, and the reduced mass is ju = — . The parameters are summarized in 



Table 16.22 andEq. (16.69). 



Table 16.22. The energy parameters (eV) of the N---H functional group of the hydrogen bond of the ammonia-water 
molecular dimer. 



Parameters 



N--H 



Group 



S + H 



0.262 



0.323 



xr 



c, 



TT75~ 



0.93613 



0.75 



C„ 



c„ 



K (eV) 



1 
1.5 



1 



- 23.60741 



K (.eV) 



T(eV) 



V m (eV) 



E(aoiho) (eV) 



20.75035 



2.17246 



-1.08623 







AE H,Mo( AO ' H °) ( eV ) 



E T (aoiho) (eV) 



E t (h,mo) (eV) 







■1.77083 



E T [atom — atom,msp i .AO\ (eV) 



-0- 



E t (mo) (eV) 



-1.77083 



a (lO 15 radls) 



4.44215 



E K (eV) 



2.92390 



E D (eV) 



-0.00599 



(eV) 



0.021843 



-TeVY 



0.00493 



E T (oroup) (eV) 



1.75603 



E T (Gmup) (eV) per N-H 



0.58534 
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Substitution of the parameters of Table 16.22 into Eq. (16.25) with R = a N ... H gives 

[7 r 



U , *j...fjtlf\ 



w 



-^s? 



~3 3 CL, 



2(0.75)(0.93613) 



&7T£ r , 



ln- 



2(0.75)(0.93613) 



2(0.75)(0.93613) 



11 



47T£ n 



\(a N : H ) 2 - 



n I a N~H a 



2.(0.75) 



-3(0.262)(0.323)e z 



a N-H a a 

2(0.75)(0.93613) 



21 



Ane n 



1 + 3 



m. 



mc 



0.75c 2 



Ue o {a N ... H ) 



+ 3|-|* 



8^^ + .' ^^- 



2(0.75)(0.93613) 



14 

IT 



(16.69) 



From the energy relationship given by Eq. (16.69) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the N---H MO can be solved. 

Th e most conv e ni e nt way to solv e Eq. (16.69) is by th e r e it e rativ e t e chniqu e using a comput e r. Th e r e sult to within th e 

round-off error with five-significant figures is 



a N ... H =5.43333a =2.87519 X W w m (16.70) 

The component energy parameters at this condition are given in Table 16.22. Substitution of Eq. (16.70) into Eq. (16.22) gives 

cl „ =1.96707fl =1.04093 X 10~ 10 m (16.71) 

and internuclear distance of the H bond: 

2 c ;... // =3.93414a =2.08186X10" 10 m = 2.08186i 
The experimental H bond distance 2c' N _ H in the gas phase is [96, 97] 



2c' N ... HO = 2.02X10- 



(16.72) 
(16.73) 



The other H-bond MO parameters can also be determined by the relationships among the parameters. 

(16.70) and (16.71) into Eq. (16.23) gives 

K-h = c n-h = 5.06475a = 2.68015 X 10" 10 m 
Substitution of Eqs. (16.70) and (16.71) into Eq. (16.24) gives 


Substitution of Eqs. 

(16.74) 



e N H = 0.36204 (16.75) 

The addition of 2c' N .„ H (Eq. (16.72)) and 2c' _ H (Eq. (13.185)) gives the nearest neighbor separation, the internuclear distance 
2c' N ... HO between the nitrogen and oxygen atoms of the N---H-0 bond of the ammonia-water molecular dimer: 



-2i£ 



^r 1 +2r 



■2.08186X 10~ lu w + 9.71 574 X 10' 11 m 



(16.76) 



= 3.05343 X 10~ 10 m = 3.05343 A 
The addition of the experimental 2c' N ... H (Eq. (16.73)) and 2c' _ H (Eq. (13.185)) gives the experimental nearest neighbor 

separation 2c' N _ H0 [96, 89]: 



2c' N .,. HO =2c' N ,.. H +2c' _ H =2mX W m m + 9J0X 10~ u m 



= 2.99X10~ 10 m = 2.99i 
H-bonded ammonia- water molecular dimer is shown in Figure 16.13 using the color scale charge density of each molecule. 



(16.77) 
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Figure 16.13. Structure of the H^N •■•//- OH H bond. The H-bonded ammonia-water vapor molecular dimer using the 
color scale charge density of each NH 3 and H 2 MO comprising the linear combination of three N-H and two O-H -bond 
MOs, respectively. 





Ic'.V 



The energy of forming the dimer in the gas phase is that of the alignment of the ammonia dipole moment in the electric 
field of the H-0 water dipole. Using p HjN =1.467 D = 4.89196 X \0 3n C-m Eq. (16.18), 

/W„, = 1.51 D = 5.02385* 10~'°C-m (Table 16.17), and the N—H distance, 2c'^. H =2.08 186 X 10 -10 m (Eq. (16.72)), 

the N---H bond dissociation energy E D (N---H) of the ammonia-water molecular dimer is 



E d {N-H) = ju HiN - 



4xe (2cl. H y 
(4.89196* lO'^C-m) (5.02385* lO^C-m) 



= 29.48 kJ 



4^,(2.08186* 10" m) 
The experimental N---H bond dissociation energy between amino N and hydroxyl H is approximately [98] 

E D (N--H) = 29kJ 
The calculated results based on first principles and given by analytical equations are summarized in Table 16.23. 



(16.78) 



(16.79) 



Table 16.23. The calculated and experimental geometrical and energy parameters of the H-bonded ammonia-water vapor 
molecular dimer. 



Parameter 


Calculated 


Experimental 


Ref. for Exp. 


H Bond Length 2c' N ... H 


2.08186 A 


2.02 A 


96,97 


Nearest Neighbor Separation Distance 

2c' 


3.05343 A 


2.99 A 


96,89 


N ■11 Bond Dissociation Energy 


29.48 kJ/mole 


29 kJ/mole 


98 
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GEOMETRICAL PARAMETERS DUE TO THE INTERPLANE VAN DER WAALS 
COHESIVE ENERGY OF GRAPHITE 

Eq. (16.25) can be applied to other solids such as graphite. Graphite is an allotrope of carbon that comprises planar sheets of 
covalently bound carbon atoms arranged in hexagonal aromatic rings of a macromolecule of indefinite size. The structure of 
graphite is shown in Figures 16.14A and B. The structure shown in Figure 16.14 has been confirmed directly by TEM imaging, 
and the Pi cloud predicted by quantum mechanics has been dispatched [99]. 

Figure 16.14. The structure of graphite. (A) Single plane of macromolecule of indefinite size. (B) Layers of graphitic 
planes. 



(A) 



(B) 





As given in the Graphite section, the structure of the indefinite network of aromatic hexagons of a sheet of graphite is 

solved using a linear combination of aromatic C = C aromatic bonds comprising (0.75)(4) = 3 electrons according to Eq. 

(15.161). In graphite, the minimum energy structure with equivalent carbon atoms wherein each carbon forms bonds with three 

other such carbons requires a redistribution of charge within an aromatic system of bonds. Considering that each carbon 

contributes four bonding electrons, the sum of electrons of graphite at a vertex-atom comprises four from the vertex atom plus 

two from each of the two atoms bonded to the vertex atom where the latter also contribute two each to the juxtaposed bond. 

These eight electrons are distributed equivalently over the three bonds of the group such that the electron number assignable to 

8 m ' 

each bond is — . Thus, the C = C functional group of graphite comprises the aromatic bond with the exception that the 



electron-number per bond is — . The sheets, in turn, are bound together by weaker intermolecular van der Waals forces. The 

geometrical and energy parameters of graphite are calculated using Eq. (16.25) with the van der Waals energy equated to the 
nascent bond energy. 

mt 
The van der Waals energy is due to mutually induced nonpermanent dipoles in near-neighbor bonds. Albeit, the C = C 
functional group is symmetrical such that it lacks a permanent dipole moment, a reversible dipole can be induced upon van der 

Waals bonding. The parameters of the C = C functional group are the same as those of the aromatic C = C functional group, 

the basis functional group of aromatics, except that the bond order is 8/3 (e.g. 2c' m , =2c' „ ). Using Eq. (16.15) wherein C 2 

c = c c=c 

of Eq. (15.51) for the aromatic C=C-bond MO is C 1 {aromaticC2sp i HO) = c 1 {aromaticC2sp i HO) = 0.85252 (Eq. (15.162)) 
and E Cmlomb (C bem ,2sp } ) is 15.95955 eV (Eq. (14.245)), E(C,2sp*) = -14.63489 eV (Eq. (14.143)) and 
2c' = 1.39140 X lO -10 m (Table 15.214), the van der Waals dipole of graphite is given in Table 16.24. 

S/3c 

Table 16.24. The parameters and van der Waals dipole bond moment of the C = C functional group of graphite. 



Functional 
Group 


"i 


(q)c 2 


(C.) 
C 


E a [valence) 


E A {valence) 


e 


Bond Length 
2c' (A) 


Bond Moment 
/'(D) 


8/Se 

C = C 


8 

3 


0.85252 


l 


14.82575 


15.95955 


0.36101 


1.3914 


2.41270 
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The interaction between a dipole in one plane with the nearest neighbor in another plane is zero in the case that the aromatic 
rings of one layer are aligned such that they would superimpose as the interlayer separation goes to zero. But, the energy of 
interaction is nonzero wh e n one plane is translat e d relative to a neighboring plan e . — A minimum equal-energy is achiev e d 

8/3e 

throughout the graphite structure when each layer is displaced by 2c' ,« , the bond length of C - C , along an intra-planar C 2 

'" ' c=c 

axis relative to the next as shown in Figure 16.14B. Then, a pair of dipoles exists for each dipole of a given plane with one 
dipole above and one below in neighboring planes such that all planes can be equivalently bound by van der Waals forces. In 
this case, the distance r between dipole p x in one plane and its nearest neighbor ju 2 above or below on a neighboring and 

2c' 3 , -displaced plane is 



= J 2c', 



■(K-rf 



(16.80) 



where 2c' c _ c is the interplane distance. The alignment angle 8 between the dipoles is 



:sin 



-i 2c c ... c 



^sm 



2 C ; 



jfcicH 7 ^) 2 



(16.81) 



The van der Waals energy is the potential energy between interacting neighboring pairs of C = C induced dipoles. Using Eqs. 



(16.80-16.81), p- 



■■ 2.41270 D = 8.04790 X W x C-m (Table IfrMy, and the C = C 



distance, 



2c' 8/3e = 1.39140 X 10 10 m (Table 15.214), the van der Waals energy of graphite between two planes at a vertex atom is 

c = c 



[graphite) = (3) 



*fc"v) 2 



cost? 



''van der Waals 



Wv-J 



6(8.04790X10" 30 C-m) 2 



^2^ 



4^ 



1.39140X10" 



m) 



ICC 



(16.82) 



j a c c a 



iac^ 



cos sin 



(l.39140X10- 10 m) 2 + l\Z±<5- 



V 



2CC 



where there are three bonds at each vertex atom. 



The graphite inter-plane distance of 3. 5 A [100] is calculated using Eq. (16.25) with the van der Waals energy (Eq. 
(16.82)) between dipoles of two neighboring planes equated to the nascent bond energy. The energy matching parameter c 2 is 
the same that of the graphite sheet corresponding to the aromatic carbons as given in the Graphite section, and the reduced mass 
is ju = 6. The parameters are summarized in Table 16.25 and Eq. (16.83). 
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Table 16.25. The energy parameters (eV) of the graphite interplanar functional group (C t 



aromatic aromatic 



C 1 

aromatic /' 



Parameters 



C ~-C 

^aromatic ^aromatic 



C, 



Group 



0.5 



-C 



-Cz 



1 



0.85252 



TTr 



~c:. 



V e (eV) 



V p (eV) 



1 



-4.35014 



4.10093 



T(eV) 



V m (eV) 



E(aoiho) (eV) 



AE H,Mu( AO,H °) ( g H 



E T (auihu) (eV) 



0.19760 



-0.09880 







-e- 



E t (h 2 mo) (eV) 



-0.15042 



E T ( atom- atom, msp 3 .AO) (eV) 







E t (mo) (eV) 



-0.15042 



0) (lO 15 radls) 



0.800466 



E K (eV) 



0.52688 



E D (eV) 



-0.00022 



(eV) 



0.00317 



E a ,c (eV) 



0.00137 



E T (Group) (eV) 



- 0.1 4 905 



Substitution of the parameters of Table 16.25 and the interlayer cohesive energy of graphite (Eq. (16.82)) into Eq. (16.25) with 
R = a c ... c gives 



-6(8. 04790 y 1 ~ 30 C-w ) 



2{05)_ 



-cos sin 



Ane n 



(1.39140X10 -10 mf + 2 I 



i a c c a 
12(0.5) 



-V 



(1.39140X10- 10 mf+ 2 I 



I a c c a 
1 2(0.5) 




a + 



(0.85252) 



Tn- 



\\ 



2(0-5) , 



(0-5) 



\2h\ 



A n£ {a c -..c) 



T+21 



JZxu 



H-f-r—J-rhtjY 



2(0.5) 



J J 



(0.85252)e 2 



(16.83) 



%7Z£ {a c „. c ) 



c\ne„ 



2(0.5) j 
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From the energy relationship given by Eq. (16.83) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the C--C MO can be solved. 

The most convenient way to solve Hq. (16.83) is by the reiterative technique using a computer. The result to withm the 
round-off e r ror with five-significant figu r es is 

a c ... c = 11. 00740a =5.82486 X KT 10 m (16.84) 

The component energy parameters at this condition are given in Table 16.25. Substitution of Eq. (16.84) into Eq. (16.22) gives 

c' c ... c = 3.31774a = 1.75567 X KT 10 m (16.85) 

and intcrnuclcar distance of the graphite int c rplanc bond at vacuum ambient pressur e : 

2c' c .„ c = 6.63548a = 3.51 134 X 1(T 10 m = 3.51 134 A (16.86) 

The experimental graphite interplane distance 2c' a „ c is [100] 

2c' c ... c =5.iX 10 10 m = 3.ii (16.87) 

The other interplane bond MO parameters can also be determined by the relationships among the parameters. Substitution ol 
Eqs. (16.84) and (16.85) into Eq. (16.23) gives 

b cc =c c ... c =10.49550a =5.55398 X 10~ 10 m (16.88) 

Substitution of Eqs. (16.84) and (16.85) into Eq. (16.25) gives 

c c ... c =0.301 4 1 (16.89) 

Using Eqs. (16.80) and (16.86), the distance r between dipole fi x on one plane and its nearest neighbor fx 2 above or below 
on a juxtaposed and 2c' 3 . -displaced plane is 

c=c 

r „ =3.77697X10' 10 m (16.90) 

M\-Ml 

Using Eqs. (16.81) and (16.86), the alignment angle between the dipoles is 

6„ „ =68.38365° (16.91) 

Ml— Ml v / 

Using Eqs. (16.82) and (16.90-91), the van de r Waals ene r gy pe r ca r bon atom is 

E m der Waals {graphite I C) - 0.04968 eV (16-92) 

The experimental van der Waals energy per carbon atom is [101] 

E mnder Waals {graphite! C) = 0.052 eV (16.93) 

The calculated results based on first principles and given by analytical equations are summarized in Table 16.26. 

Table 16.26. The calculated and experimental geometrical parameters and interplane van der Waals cohesive energy of 
graphite. 

Parameter Calculated Experimental Ref. for Exp. 

Graphite Interplane Distance 2c' c ... c 3.51134A J3~A~ TOO 



van der Waals Energy per Carbon Atom 0.04968 eV 0.052 eV 101 

Graphite has a high cohesive energy due to its significant van der Waals dipole bond moment of 2. 4 1 270D. — Other 

species such as atoms and molecules having mirror symmetry and consequently no permanent dipole moment also form 
reversible van der Waals dipole bond moments. Different phases can be achieved according to the extent of the van der Waals 
dipole bonding as the internal energy as a function of temperature and pressure changes analogously to the H-bonded system 
water that can exist as ice, water, and steam. Thus, the factors in the van der Waals bonding can give rise to numerous material 
behaviors. In the case of atoms such as noble gas atoms and c e rtain diatomic mol e cules such as hydrogen, the moments, th e ir 
interaction energies, and the corresponding nascent bond energies are much smaller. Thus, except at cryogenic temperatures, 
these elements exist as gases, and even at temperatures approaching absolute zero, solidification of helium has not been achieved 
in the absence of high pressure. This is due to the nature of the induced dipoles and van der Waals phenomena in helium. Since 
this system is a good example of van der Waals forces in atoms, it will be treated next. 
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GEOMETRICAL PARAMETERS AND ENERGIES DUE TO THE INTERATOMIC VAN 
UER^ 



Noble gases such as helium are typically gaseous and comprised of non-interacting atoms having no electric or magnetic 
multipoles. But, at very low temperatures it is possible to form diffuse diatomic molecules, or alternatively, these gases may be 
condensed with the formation of mutually induced van der Waals dipole interactions. As a measure of the nascent bond between 
two noble gas atoms used to calculate the limiting separation for condensation, consider that the experimental bond energies of 
diatomic molecules of helium and argon, for example, are only 49.7 meV and 49 meV, respectively [21]. This is a factor of 
about 100 smaller than the bond energy of a carbon-carbon bond that is the form of nascent bond in graphite. Thus, the 
corresponding energy of the interspecies interaction is smaller and the van der Waals spacing is larger, except wherein the 
nascent bond energy as a function of separation distance mitigates this relationship to some extent. The nature of the helium 
bonding is solved using the same approach as that of other functional groups given in the Organic Molecular Functional Groups 
and Molecules section. 

Helium is a two-electron neutral atom with both electrons paired as mirror-image current densities in a shell of radius 
0.566987a (Eq. (7.35)). Thus, in isolation or at sufficient separation, there is no energy between helium atoms. The absence of 

any force such as so-called long-range London forces having a r~";n > 2 dependency is confirmed by elastic electron scattering 
from helium atoms as shown in the Electron Scattering Equation for the Helium Atom Based on the Orbitsphere Model section. 
However, reversible mutual van der Waals dipoles may be induced by collisions when the atoms are in close proximity such that 
helium gas can condense into a liquid. The physics is similar to the case of graphite except that the dipoles are atomic rather 
than molecular, and in both cases the limiting separation is based on the formation of a nascent bond to replace the dipole-dipole 

interaction. Thus, Eq. (16.25) can also be applied to atoms such as helium. 

The van der Waals bonding in the helium atom involves hybridizing the one Is AO into Is 1 HO orbitals containing two 

electrons. The total energy of the state is given by the sum over the two electrons. The sum E T \He,ls l ) of experimental 

energies [15] of He and He + is 

5 4 . 4 1776 eV i 2 4 .587387 eV 



\He,\s 1 )-- 



. TV „,„ , ..... „, (\6.94) 

= 79.005147 eV 
By considering that the central field decreases by an integer for each successive electron of the shell, the radius r , of the Hels 1 
shell may be calculated from the Coulombic energy using Eq. (15.13): 



{Z-n)e l 



~3e* 



:Q.51664a n 



(16.95) 



^ S8^ (e79.005147 eV) 8^ (e79.005147 eV) 
where Z = 2 for helium. Using Eq. (15.14), the Coulombic energy E Coulomb (He, Is 1 ) of the outer electron of the van der Waals 
bound Hels 1 shell i 



JS- 



,(//e,ls 1 ) = 



8x£ r, 



8;r£- 0.51664a 



-26.335049 eV 



(16.96) 



To meet the equipotential condition of the union of the two Hels 1 HOs in a nascent bond, c 2 of Eqs. (15.2-15.5) and Eq. (15.61) 
for the nascent He -He -bond MO is given by Eq. (15.75) as the ratio of the valance energy of the He AO, 
E(He) = -24.587387 eV and the magnitude of E Coulomb (He,W) (Eq. (16.96)): 

c 2 (He- He, Hels'HO) = 24 - 587387 eV = 0.93364 (16.97) 

v ' 26.33505 eV 

The opposite charge distributions act as symmetrical point charges at the point of maximum separation, each being centered at 
1/2 the //e-atom radius from the origin. Using the parameters of Eq. (16.97) and 2d = 0.5 1664a =2.73395 X 10 n m (Eq. 
(16.95)), the van der Waals dipole of helium is given in Table 16.27. 

The parameters and van der Waals dipole bond moment of the He functional group of liquid helium. 



Functional 
Group 



(c 1 )c 2 



(Q)C 2 



E B (valence) 



E A (valence) 



Bond 
Length 



Bond 

Moment 

//(D) 



He 



0.93364 



24.587387 



26.33505 



0.13744 



0.273395 



0.18049 
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As in the case with graphite, the van der Waals energy is the potential energy between interacting neighboring induced 

dipoles. Using fj He =0.18049 D = 6.02040 X 10" 31 C-ot (Table 16.27), the van derWaals energy is 

r \ 



''van der Waals 



(He) = 2 



HmJ 



2(6.02040Z10" 31 C-m) 2 



4K£ { r He...He) 



4 7lS n 



(16.98) 



T_ | a He-He a 



y Y ZI -1 L 2 J i 

where there are two bonds at each vertex atom. 

The helium interatomic distance is calculated using Eq. (16.25) with the van der Waals energy (Eq. (16.98)) between 
neighboring dipoles equated to the nascent bond energy. The energy matching parameter c 2 is the same as that of the helium 
dipole, and the reduced mass is // = 2 . The parameters are summarized in Table 16.28 and Eq. (16.99). 



Table 16.28. The energy parameters (e V) of the helium functional group ( He ■•■He). 



Parameters 



He — He 



Group 



C, 



0.5 



C, 



0.9^64 



J_ 



0.93364 



C„ 



0.5 



-Cr 



0.93364 



V e (eV) 



-3.96489 



V„ (eV) 



3.88560 



T{eV) 



0.15095 



V„ (eV) 



-0.07548 



E(aoiho) (eV) 







&Eh,mo( ao,ho ) ( eV ) 



-'H 1 UO 



E T (aoiiio) {cV) 



-9- 



E T (n 2 iuu) (e V) 



-0.00382 




E T ( atom- atom, msp 3 .AOj (eV) 



E t (mo) (eV) 



-0.00382 



Ml 



(10 15 r a dl s) 



0.635696 



E K (eV) 



0.41843 



E D (eV) 



0.00000 



(eV) 



0.00443 



E osc <eV) 



0.00221 



E T (omup) (eV) 



-0.00160 
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Substitution of the parameters of Table 16.28 and the interatomic cohesive energy of helium (Eq. (16.89)) into Eq. (16.25) with 



R = "He-He g iVeS 



- 4 6.020 40 X I " C - m 



( 



AK£ n 



9 / a He-He a 



2(0.5)(0.93364)~ 



-&JS 



1 a \ \| 2 (0.5) (0.93364) 
(0.93364)| 2--— =2- |ln V = J -1 



v< 



2(0.5)(0.93364)~ 



2(0.5)(0.93364)' 



(0.5)(0.93364)~ 



2M 



4^(« ge ... ge ) 



t*^ 



m„ 



(16.99) 



OT„C 



(0.93364)e 2 



fe„(%-*) 



8«£„ TT7 



+ |-|S 



2(0.5)(0.93364)~ 



From the energy relationship given by Eq. (16.99) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the He ■■■He MO can be solved. 

The most convenient way to solve Eq. (16.99) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 



= 13.13271a„ =6.94953X10" 



(16.100) 



The component energy parameters at this condition are given in Table 16.28. Substitution of Eq. (16.100) into Eq. (16.22) gives 
Cm-He =3.50160a =1.85297 X 10" 10 m (16.101) 

(16.102) 



and internuclear distance between neighboring helium atoms: 

= 3.70593 A 



2c' He .._ He = 7.00320a =3.70593 X 10" 



-ta- 



rn 



The experimental helium interatomic distance 2c' cc at 4.24K and <2.25 K are [102] 

2^(4.24*) = 
7.rL „„(<2.25r) = 3.70T 



:3.72X10" 10 m 



± 



3.72 A 
(T 10 m = 3.7n, 



(16.103) 



The other interatomic bond MO parameters can also be determined by the relationships among the parameters. Substitution of 
Eqs. (16.100) and (16.101) into Eq. (16.23) gives 



K-He = c He ... He = 12.65729a = 6.69795 X lO" 10 m 
Substitution of Eqs. (16.100) and (16.101) into Eq. (16.25) gives 



(16.104) 



= 0.26663 



(16.105) 



Using Eqs. (16.89) and (16.102) and the relationship that there are two van der Waals bonds per helium atom and two atoms per 
bond, the van der Waals energy per helium atom is 



''van der Waals 



{liquid He I He) = 0.000799 eV 



(16.106) 



The experimental van der Waals energy calculated from the heat of vaporization per helium atom is [103] 
E„ m „„ w „„ J liquid He) = E mA „,r =0.0829 kJlmole = 0.000859 eV I He 



(16.107) 

At 1.7 K, the viscosity of liquid helium is close to zero, and a characteristic roton scattering dominates over phonon scattering at 
this temperature and below [104]. The van der Waals bond energy is also equivalent to the roton energy [105, 106] 



E mton (liquid He) = 8.7 X = 0.00075 eV 



(16.108) 



and the roton is localized within a region of radius as 3.7-4.0 A [104, 106-108] that matches the He---He van der Waals bond 
distance (Eq. (16.102)). The origin of the roton energy and its cross section as belonging to the van der Waals bond resolves its 
nature. Independent of this result, the modern view of the roton is that it is not considered associated with the excitation of 

vo rticity a s i t w as h istoricall y ; r ather i t is considered to be due to short- w avelength phonon excitations [105] , Its ro le i n 

scattering free electrons in superfluid helium is discussed in the Free Electrons in Superfluid Helium are Real in the Absence of 
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Measurement Requiring a Connection of y/ to Physical Reality section. The calculated results based on first principles and 
given by analytical equations are summarized in Table 16.29. 



liquid helium. 



Th e calculat e d and e xp e rim e ntal g e om e trical param e t e rs and int e ratomic van d c r Waals coh e siv e e n e rgy of 



Parameter 



Calculated 



Experimental 



Liquid Helium Interatomic Distance 2e' c ... c 

Roton Length Scale 

van der Waals Energy per Helium Atom 

(4.221 K) 

Roton Energy 



3.70593 A 

3.70593 A 

0.000799 eV 

0.000799 eV 



3.72A(T = 4.24K) 

3.70 (T<2.25K) 

3.7-4.0 A 

0.000859 eV 

0.00075 eV 



Ref. for Exp. 



102 

104, 106-108 

103 

105, 106 



Helium, exhibits unique behavior due to its possible phases based on the interplay of the factors that determine the van 
der Waals bonding at a given temperature and pressure to achieve an energy minimum. In extreme cases of sufficient ultra-low 
temperatures with the atoms driven in phase with an external excitation field such that the formation of a van der Waals-dipole- 
bound macromolecular state or other forms of bonding, such as metallic bonding in the case of alkali metals or van der Waals 
bonding in meta-stable helium atoms, are suppressed, a pure statistical thermodynamic state called a Bose-Einstein condensate 
[109] (BEC) 1 can form having a predominant population of the atoms in a single, lowest-energy translational state in the trap. 
Since helium has only two electrons in an outer s-shell having a small diameter, the dipole moment is too weak to form 
transverse dipoles associated with packing. Specifically, with the angular dependence of packed dipoles interactions, the van der 
Waals energy E mntIer Waals (He) (Eqs. (16.98) and (16.99)) between neighboring dipoles becomes less than the vibrational energy 

in the transition state (E Kvib term of Eq. (16.99) from Eq. (15.53)). Consequently, helium can only mutually induce and form 

linear dipole-dipole bonds having end-to-end interactions as an energy minimum. Interposed atoms can form a non-bonded 
phase having correlated translational motion and obeying Bose-Einstein statistics. This phase forms a Bose-Einstein condensate 
(BEC) as an energy minimum wherein the translations are synchronous. Since a phase comprised of linearly ordered unit cells 
held together by dipole interactions, specifically van der Waals dipole interactions, can exist with a BEC phase, super-tluidity 
can arise wherein the lines of bound dipoles move without friction relative to the BEC phase having correlated-translational 
motion. The linear bonding is also the origin of quantized vortex rings that enter as quantized vortex lines to form rings. 

The van der Waals bonds undergo breakage and formation and exist on a time-average basis depending on the internal 



energy and pressure as in the case of liquid water. The van der Waals bonding exhibits a maximum extent as the temperature is 
lowered below the boiling point, and the BEC phase comprises the balance of the atoms as the temperature is further lowered to 
absolute zero. Helium cannot form a solid without application of high pressure to decrease the interatomic separation and permit 
energetically favorable transverse dipole interactions as well as linear ones. In contrast, other noble gases such as Ne , Ar , Kr , 
and Xe each possess additional shells including an outer p-shell having a relatively larger radius that gives rise to a significant 
bond moment supportive of dipole packing interactions; thus, these gases can form solids without the application of high 
pressure. 



GEOMETRICAL PARAMETERS AND ENERGIES DUE TO THE INTERATOMIC VAN 



N e on is a ten-el e ctron neutral atom having th e el e ctron configuration Is 2 2s 2 2 p 6 with the electrons of e ach shell paired as 
mirror-image current densities in a shell wherein the radius of the outer shell is r 10 = 0.63659a (Eq. (10.202)). Thus, in 
isolation or at sufficient separation, there is no energy between neon atoms. However, reversible mutual van der Waals dipoles 
may be induced by collisions when the atoms are in close proximity such that neon gas can condense into a liquid and further 
solidify at sufficiently low temperatures due to the strong dipole moment that accommodates close packing. As in the case of 
helium, the dipoles are atomic rather than molecular, and the limiting separation is based on the formation of a nascent bond to 
replace the dipole-dipole interaction. Thus, Eq. (16.25) can also be applied to neon atoms. 

The van der Waals bonding in the neon atom involves hybridizing the three 2p AOs into 2p 3 HO orbitals containing six 

electrons. The total energy of the state is given by the sum over the six electrons. The sum E T (Ne,2p 3 j of experimental 
energies [15] of Ne , Ne + , Ne 2+ , Ne 3+ , Ne i+ , and Ne 5+ is 



1 The BEC is incorrectly interpreted as a single large atom having a corresponding probability wave function of quantum mechanics. Since excitation 
occurs in units of h in order of to conserve angular momentum as shown previously for electronic (Chapter 2), vibrational (Chapter 11), rotational 
(Chapter 12), and translational excitation (Chapter 3) and Bose-Einstein statistics arise from an underlying deterministic physics (Chapter 24), this state 
comprised of an ensemble of individual atoms is predicted classically using known equations [110]. As in the case of the coherent state of photons in a 
laser cavity (Chapter 4), the coherency of the BEC actually disproves the inherent Heisenberg Uncertainty Principle (HUP) of quantum mechanics since 
the atomic positions and energies are precisely determined simultaneously. Furthermore, it is possible to form a BEC comprising molecules in addition to 
atoms [111] wherein the molecules lack zero-order vibration in contradiction to the HUP. The classical physics underlying Bose-Einstein statistics was 
covered in the Statistical Mechanics section. 
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, ^ f 157.93 eF + 126.21 eF + 97.12 eF 

E T {Ne,2p 3 ) = \ = 507.2375 eV 

_[} ' 1 +63 .45^7 + 40.96296*7 + 21 .56454 eF, 



(16.109) 



By considering that the central field decreases by an integer for each successive electron of the shell, the radius r , of the 



Ne2p 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 



^ 



(Z-n)e 2 



lie 2 



-- 0.56329a n 



(16.110) 



^ S 8^£- (e507.2375 eV) 8^ (e507.2375 eV) 
where Z = 10 for neon. Using Eq. (15.14), the Coulombic energy E CouIomb (Ne,2p 3 ) of the outer electron of the van der Waals 
bound Ne2p 3 shell is 



£<»*** (Kelp 3 ) 


2 2 

e e 


-24.154167 eV 














(16.111) 


























To meet the equipotential condition of the union of the two 


Afe2/? 3 HOs 


in a 


nascent bond, 


c 2 of Eqs. 


(15 


.2-15.5) and Eq. 


(15.61) for the nascent 


Ate -Ate -bond MO is given 


by Eq 


(15.75) as 


the 


ratio 


of the valance enet 


"gy 


of the 


Ne AO, 



E(Ne) = -21.56454 eV and the magnitude of E Coulomb (Ate, 2/) (Eq. (16.111)): 

c 2 (Ne-Ne,Ne2p 3 HO)= 2L56454eF = 0.89279 (16.112) 

n ; 24.154167 eV 

The opposite charge distributions act as symmetrical point charges at the point of maximum separation, each being centered at 
1/2 the Ne -atom radius from the origin. Using the parameters of Eq. (16.112) and 2c' = 0.56329a =2.98080X 10" m (Eq. 
(16.1 10)), the van der Waals dipole of neon is given in Table 16.30. 

Table 16.30. The parameters and van der Waals dipole bond moment of the Ne functional group of solid neon. 



Functional 



(Ci)c 2 



(Q)Q 



E B {valence) 



E A {valence) 



-q- 



Bond 



Bond 



Group 



Length 

2c' (A) 



Moment 
//(D) 



JVe_ 



0.89779 



7.1 .56454 



74.15417 



0.77730 



0.7.98080 



0.37544 



The minimum-energy packing of neon dipoles is face-centered cubic also called cubic close packing. In this case, each 

neon atom has 12 nearest neighbors and the angle between the aligned dipoles is — radians. As in the case with graphite, the 

"van der Waals energy is the potential energy between interacting neighboring induced dipoles. Using 
fi Ne =0.32544 D = 1.08554 X \0~ w C-m (Table 16.30), the van der Waals energy is 



~E. 



(Ate) = 12 



2 C"aJ 2 



24 1.08554X1 O^C-m 



(16.113) 



van der Waals 



/ \ ™A r Ne...Ne) 



-COS — 



COS — 

— w 



Ane n 



2C C 

z.^,-^2 J 



The neon interatomic distance is calculated using Eq. (16.25) with the van der Waals energy (Eq. (16.113)) between 
neighboring dipoles equated to the nascent bond energy. The energy matching parameter c 2 is the same as that of the neon 
dipole, and the reduced mass is // = 10. The parameters are summarized in Table 16.31 and Eq. (16.114). 
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Table 16.31. The energy parameters (e V) of the neon functional group (Ne---Ne). 



1 115 



Parameters 



Ne---Ne 
Group ~ 



C, 



c, 



1 



0.5 



XL 



XL 



0.89279 



1 



0.89279 



0.5 



0.89279 



V. (eV) 



V p (eV) 



-rxerr 



.4.40464 



4.27694 



0.19429 



K (.eV) 



E(aoiho) (eV) 



^H-,MO^ AOI »°) ( eV ) 



-0.09714 







E T (aoiho) (eV) 







E t {h 2 mo) {eV) 



-0.03055 



E T ( atom- atom, msp^.AOj (eV) 







E t (mo) (eV) 



-0.03055 



a> (10 15 radls) 



0.810674 



E K (eV) 



0.53360 



E u ieV) 



-0.0000 4 



-ievy 



0.00240 



E osc (eV) 



0.00116 



E T (omup) (eV) 



-0.02939 
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Substitution of the parameters of Table 16.31 and the interatomic cohesive energy of neon (Eq. (16.113)) into Eq. (16.25) with 



R = a Ne ... Ne gives 



-2 4 1.085 54X1( T U C - 



( 



-cos 



Ane n 



^*Mo...Me"Tt 



2(0.5)(0.89279)~ 



-8#E 



a + 



} a ] V2(0.5)(0.89279V 
(0.89279)| 2 ---=2- I In V , V A ' -1 



2(0.5)(0.89279)~ 



2(0.5)(0.89279)~ 



-^ 



(0.5)(0.89279)~ 



2M 



4^g (% e ... We ) 



t*^ 



(16.114) 



OTX 



(0.89279)e 2 



8^0 («*...*) 



-87T2: 



+ |-|* 



2(0.5)(0.89279)~ 



10 



From the energy relationship given by Eq. (16.114) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the Ne---Ne MO can be solved. 

The most convenient way to solve Eq. (16.1 14) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 



a Ne.-Ne = H.33530a = 5.99838 X 10" 1 " m 



(16.115) 

The component energy parameters at this condition are given in Table 16.31. Substitution of Eq. (16.115) into Eq. (16.22) gives 
cL-Ne =3.18120a = 1.68342 X 10~ 10 m (16.116) 

and internuclear distance between neighboring neon atoms: 

(16.117) 



2c Ne-.Ne = 6.36239a = 3.36683 X 10~ 10 m = 3.36683 A 



The experimental neon interatomic distance 2c' cc at the melting point 


3f24.48Kis[112, 


113] 








2c' Ne ... Ne (24.48JC) = 3.21 X lO" 10 m = 


3.21 A 










(16.118) 


The other interatomic bond MO parameters 


can also be determined by 


the relationships 


imong 


the 


parameters. 


Substitution of 



Eqs. (16.1 15) and (16.1 16) into Eq. (16.23) gives 



K-Ne =c Ne ... Ne =10.87975a =5.75732 X lO" 1 " m 



(16.119) 



(16.120) 



Substitution of Eqs. (16.1 15) and (16.1 16) into Eq. (16.25) gives 

^.=0.28065 

A convenient method to calculate the lattice energy is to determine the electric field in solid neon having an electric 
polarization density corresponding to the aligned dipoles moments, and in turn, the energy can be calculated from the energy of 
each dipole in the corresponding field using the electrostatic form of Gauss' equation. Substitution of the density of solid neon 



at the melting point p -■ 



1-433 g 
IX 10" 6 m 3 



[113], the MW = 20.ll9g/mole, N A =6.0221415 X 10 23 molecules I mole , and the neon 



dipole moment given in Table 16.30 into Eq. (16.53) gives: 

\ 2 P solid Ne 



1.433 g 



n { Ne) = ~ 2M MW 



N, 



3f„ 



■2(l. 08554 X 10~ 30 C-m) 2 LOOlJw 6.0221415 X 10 23 molecules I mole 

20.179g/mole (16.121) 

3e„ 



= -0.02368 eV (-2.285 U I mole) 
U (Ne) is also the negative of E vm der Waals , the van der Waals energy per neon atom: 



(solid NelNe) = 0.02368 eV = 2.285 kJ I mole 



(16.122) 



''van der Waals 
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The experimental van der Waals energy calculated from the heat of vaporization and fusion per neon atom at the boiling point 
and triple point, respectively, is [103] 

E mn g waa, [solid Ne) = E mpor + E fusion = 0.02 125 eV/Ne = 2.0502 U I mole (16.1 23) 

The calculated results based on first principles and given by analytical equations are summarized in Table 16.32. Using neon the 
atomic radius (Eq. (16.110)) and the nearest-neighbor distance (Eq. (16.117)), the lattice structure of neon is shown in Figure 
16.17A. The charge density of the van der Waals dipoles of the crystalline lattice is shown in Figure 16. 18 A. 

Table 16.32. The calculated and experimental geometrical parameters and interatomic van der Waals cohesive energy of 
solid neon. 

Parameter Calculated Experimental Ref. for Exp. 

Solid Neon Interatomic Distance 2c' c ... c 3.36683 A 3.21 A(T=24.48K) IT3~ 

van der Waals Energy per Neon Atom 0.02368 eV 0.02125 eV 103 

GEOMETRICAL PARAMETERS AND ENERGIES DUE TO THE INTERATOMIC VAN 
DER WAALS COHESIVE ENERGY OF SOLID ARGON 

Argon is an eighteen-electron neutral atom having the electron configuration Is 2 2s 2 2 p 6 3s 2 3 p 6 with the electrons of each shell 
paired as mirror-image current densities in a shell wherein the radius of the outer shell is r 18 = 0.86680a (Eq. (10.386)). Thus, 
in isolation or at sufficient separation, there is no energy between argon atoms. However, reversible mutual van der Waals 
dipoles may be induced by collisions when the atoms are in close proximity such that argon gas can condense into a liquid and 
further solidify at sufficiently low temperatures due to the strong dipole moment that accommodates close packing. As in the 
case of helium, the dipoles are atomic rather than molecular, and the limiting separation is based on the formation of a nascent 
bond to replace the dipole-dipole interaction. Thus, Eq. (16.25) can also be applied to argon atoms. 

The van der Waals bonding in the argon atom involves hybridizing the three 3p AOs into 3p 3 HO orbitals containing 

six electrons. The total energy of the state is given by the sum over the six electrons. The sum E T (Ar,3p 3 ) of experimental 

energies [15] of Ar, Ar + , Ar I+ , Ar 3+ , Ar 4+ , and Ar 5+ is 

("91.009 eF + 75.02 eF + 59.81 eV 

= 309.96827 eV (16.124) 



E T (Ar,3p 3 \ = 



+40.74 eV + 27.62966 eV + 1 5.75961 eV 



By considering that the central field decreases by an integer for each successive electron of the shell, the radius r^ 3 of the 



Ar3p 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 
(Z-n)e 2 _ 21e 2 



K 



= Y / ' - = — — - = 0.92178a„ (16.125) 

"8" 

bound Ar3p 3 shell is 



-^ M 8^g (e309.96827 eV) — 8^g (e309.96827 eV) 

where Z = 18 lor argon. Using Eq. (15.14), the Coulombic energy E Coulomb iAr,5p 3 \ ol the outer electron ol the van der Waals 



2 2 

—e -e 



^^(^3/) = — ?— = — — |— — = -14.76039 4^ (ttrt^T 

: ' 8MqL ., 8^g 0.92178a 

To meet the equipotential condition of the union of the two Ar3p 3 HOs in a nascent bond, c 2 of Eqs. (15.2-15.5) and Eq. 
(15.61) for the nascent Ar-Ar -bond MO is given by Eq. (15.75) as the ratio of the valance energy of the Ar AO, 
E(Ar) = -15.75961 eV and the magnitude of E Coulomb (Ar,3p 3 ) (Eq. (16.126)): 

cJ Ar-Ar, Ar3p 3 HO) = — • /bU394e>/ =0.93660 (16.127) 

n ; 15.75961 eV 

Since the outer Ar3p 3 HO shell is at a lower energy and greater radius than the non-polarized 3p shell, the inner shells are 

polarized as well. The dipole of the outer shell can polarize the inner shells to the limit that the sum of the primary and 

s e condary dipol e s is twic e th e primary scal e d by th e e n e rgy matching factors of th e van d e r Waals bond giv e n in Eq. (16.15). 

Thus, the limiting dipole due to polarization of the inner shells is given by 

M Ar <2qV: 2 2c' = 2(0.93660V 1 (0.13110W0.93660r 1 (4.87784X 10" 11 m) 

\ i (16.128) 

= 2.49410 A - 10" 30 C-m = 0.74771Z) 

The condition of Eq. (16.128) is matched by the participation of the outer four shells as given in Table 16.33. At each shell, 

opposite charge distributions act as symmetrical point charges at the point of maximum separation, each being centered at 1/2 

the shell radius from the origin. Using the parameters of Eq. (16.127) and 2c' = 0.92178a = 4.87784X 10~" m (Eq. (16.125)) 

as well as the radii of the inner shells of argon (Table 10.17), the van der Waals dipole of argon is given in Table 16.33 as the 
sum of the moments of each participating shell. 
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Table 16.33. The parameters and van der Waals dipole bond moment of the Ar functional group of solid argon. 



TunctionaT 



E B {valence) 



E A {valence) 



Bond 



Bond 



Group 



(q) 



(Q) 



C, 



Length 2c' (i) 



Moment 
//(D) 



Ar3p' HO 0.48778 
Arts AO 0.41422 



Ar 



0.93660 



14.76039 



15.75961 



0.13110 



Arlp AO 0.15282 
Arls AO 0.12615 



0.74366 



The minimum-energy packing of argon dipoles is face-centered cubic also called cubic close packing. In this case, each 



71 



argon atom has 12 nearest neighbors and the angle between the aligned dipoles is — radians. As in the case with graphite, the 



van der Waals energy is the potential energy between interacting neighboring induced dipoles. 
fj^ = 0.74366 D = 2.48058 X 10~ 30 C ■ m (Table 16.33), the van der Waals energy is 



Using 



^V 



{Ar) = 12 



2(//J 2 (V\_| 24(2.48058X IQ^C-m) 



cosi — 1 = 




(16.129) 



J va« der Waals 



*™<>( r Ar...Ar) 



The argon interatomic distance is calculated using Eq. (16.25) with the van der Waals energy (Eq. (16.129)) between 
neighboring dipoles equated to the nascent bond energy. The energy matching parameter c 2 is the same as that of the argon 
dipole, and the reduced mass is /u = 20 . The parameters are summarized in Table 16.34 and Eq. (16.130). 

Table 1 6.34. The energy parameters (eV) of the argon functional group (Ar---Ar). 





Parameters 


Ar--- Ar Group 






«i 


1 






Q 


0.5 






c 2 


0.93660 1 






Cl 


1 






c 2 


0.93660 






r 


5 






^Xo 










-i 






2o 


0.93660 






V e (eV) 


-4.18356 






V p (eV) 


3.97600 






T(eV) 


0.16731 






V m (eV) 


-0.08365 






E(aoiho) (eV) 









^Eff.Mn^omo) (eV) 









E T ( / ioim) (eV) 

















E t {h 2 mo) (eV) 


-0.12391 






E T { atom- atom, msp 3 .AO) (eV) 









E t {mo) (eV) 


-0.12391 






a (lO 15 rails) 


0.683262 






E K (eV) 


0.44974 














E D (eV) 


-0.00016 














V Kvib {eV) 


0.00153 






K sc (en 


0.00060 






E T (Group) (eV) 


-0.12331 
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Substitution of the parameters of Table 16.34 and the interatomic cohesive energy of argon (Eq. (16.129)) into Eq. (16.25) with 

R = a Ar...Ar g iveS 

-2 4( 2. 48 058X K T 3(1 C-m ) 2 

'—, rCOS 



( 



AK£ n 



@jr j*@n 



2(0.5)(0.93660)' 





/ 






( 








( 


A 


\ 




-e 2 


(0.93660) 2 — 




1 a Ar...Ar a 


-1 






1 a 

- a Ar...Ar ) 


In 


/2(0.5)(0.93660) ' 

1 a Ar...Ar a 






0_„ 1 a Ar...Ar a 






~""' V2(o.5)(o.9366or 1 




\ 


J2(0.5)(0.93660V 1 








/ 










1 1 2 

1 (0.5)(0.93660) ' 






u ,i 


-I 








rr 


m e c 2 








(10. 1 jy)) 






(0.93660) e 2 e 2 


















$xs o (a Ar Ar y 










# 


4 


hK£ 


Ar " Ar V2(0.5)(0.93660)- 1 
20 









From the energy relationship given by Eq. (16.130) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the Ar---Ar MO can be solved. 

The most convenient way to solve Eq. (16.130) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 

i Ar Ar = 12.50271a =6.61615 X W la m 



a Ar Ar =12.5U2/Ia =b.blbi:> A 1U '" m (16.131) 

The component energy parameters at this condition are given in Table 16.34. Substitution of Eq. (16.131) into Eq. (16.22) gives 

c' Ar ,., Ar =3.42199a =1.81084 X W 10 m (16.132) 

and internuclear distance between neighboring argon atoms: 

(16.133) 



2c' Ar ... Ar (0K) = 6.84397a = 3.62167 X lO" 10 in = 3.62167 A 



The experimental argon interatomic distance 2c' c „ c is [1 14] 

2c' Ar ... Ar (4.2 K) = 3.71 X 10" 10 m = 3.71 A (16.134) 

The other interatomic bond MO parameters can also be determined by the relationships among the parameters. Substitution of 



Eqs. (16.131) and (16.132) into Eq. (16.23) gives 

K...Ar =c Ar ... Ar =12.02530a =6.36351 X lO" 10 m (16.135) 

Substitution of Eqs. (16.131) and (16.132) into Eq. (16.25) gives 

e A ,..A r =0.27370 (16.136) 

A convenient method to calculate the lattice energy is to determine the electric field in solid argon having an electric 

polarization density corresponding to the aligned dipoles moments, and in turn, the energy can be calculated from the energy of 

each dipole in the corresponding field using the electrostatic form of Gauss' equation. Substitution of the density of solid argon 
1.83 g 



at 4.2 K p = 



1 X 10~ 



[114], the MW = 39.948g/mole, N A =6.0221415 X 10 ij molecules I mole , and the argon dipole 



moment given in Table 16.33 into Eq. (16.53) gives: 

\ 2 P solid Ar 



U{Ar)= ~ 2{ " Ar) MW 



N, 



3e n 



1-83 g 



-2(2.48058X W^C-mf lxl0 ~ m 6.0221415 X 10 23 molecules I mole 
' 39.948g/wofe 

3s n 



(16.137) 



-0.07977 eV (-7.697 kJ I mole) 
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U(Ar) is also the negative of E mnder Waak , the van der Waals energy per argon atom: 

E van der Waah (solid Ar, 4 .2 KI Ar) - 0.07977 eV - 1.691 kJ I mole (16.138) 

Th e e xp e rim e ntal van d e r Waals e n e rgy is th e coh e siv e e n e rgy [115]: 

E van der waai s {solid Ar,0 K) = 0.08022 eV I Ar = 7.74 kJ I mole (16.139) 
The calculated results based on first principles and given by analytical equations are summarized in Table 16.35. Using argon 
the atomic radius (Eg . (16 . 125)) and the nearest-neighbor distance (Eq , (16 . 133)) , the lattice structure of argon is shown in 
Figure 16.17B. The charge density of the van der Waals dipoles of the crystalline lattice is shown in Figure 16.18B. 

Table 16.35. The calculated and experimental geometrical parameters and interatomic van der Waals cohesive energy of 
solid argon. 

Parameter Calculated Experimental Ref. for Exp. 

Solid Argon Interatomic Distance 2c' c ... c 3.62167 A (T=0 K) 3.71 A (T=4.2 K) 1 14 

van der Waals Energy per Argon Atom 0.07977 eV (T=4.2 K) 0.08022 eV (T=0 K) 115 

GEOMETRICAL PARAMETERS ENERGIES DUE TO THE INTERATOMIC VAN 

Krypton is a thirty-six-electron neutral atom having the electron configuration \s 2 2s 2 2p 6 3s 2 3p 6 3d w As 2 Ap 6 with the electrons 



of each shell paired as mirror-image current densities in a shell wherein the radius of the outer shell is r 36 = 0.97187a (Eq. 
(10.102)). Thus, in isolation or at sufficient separation, there is no energy between krypton atoms. However, reversible mutual 
van der Waals dipoles may be induced by collisions when the atoms are in close proximity such that krypton gas can condense 
into a liquid and further solidify at sufficiently low temperatures due to the strong dipole moment that accommodates close 
packing. As in the case of helium, the dipoles are atomic rather than molecular, and the limiting separation is based on the 
formation of a nascent bond to replace the dipole-dipole interaction. Thus, Eq. (16.25) can also be applied to krypton atoms. 
The van der Waals bonding in the krypton atom involves hybridizing the three Ap AOs into Ap 3 HO orbitals containing 

six electrons. The total energy of the state is given by the sum over the six electrons. The sum E T \Kr,Ap 3 \ of experimental 

energies [15, 116-119] of Kr , Kr + , Kr 2+ , Kr 3+ , Kr i+ , and Kr 5+ is 
08.5cF + 6 4 .7cF + 52.5cF ^ 



E T (Kr,Ap 3 ) = 



= 271.00945 eV (16.140) 



^+36.950 eV + 24.35984 eV + 13.99961 eF , 
By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the 

KrAp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

r Al -Y ( z ~»y 21e^ -_ 1.05429a, (16.141) 

4p SJ Sxs (e271. 00945 eV) %ne (e271. 00945 eV) 

where Z = 36 for krypton. Using Eq. (15.14), the Coulombic energy E CouIomb (Kr,Ap 3 ) of the outer electron of the van der 

Waals bound KrAp 3 shell is 

2 2 

E Cou , omb {K r ,Ap 3 ) = -=^ = - ~ e =-12.905212 eV (16.142) 

v ' a^£ r t 3 8^-£- 1.05429a 

To meet the equipotential condition of the union of the two KrAp 3 HOs in a nascent bond, c, of Eqs. (15.2-15.5) and Eq. 
(15.61) for the nascent Kr-Kr -bond MO is given by Eq. (15.75) as the ratio of the valance energy of the Kr AO, 
E(Kr) = -13.99961 eV and the magnitude of E Cou!omb (Kr,Ap 3 ) (Eq. (16.142)): 

c 1 (Kr-Kr,KrAp i HO)= =0.92183 (16.143) 
^ >- — 13.99961 eV 

Since the outer KrAp 3 HO shell is at a lower energy and greater radius than the non-polarized Ap shell, the inner shells are 

polarized as well. The dipole of the outer shell can polarize the inner shells to the limit that the sum of the primary and 

secondary dipoles is twice the primary scaled by the energy matching factors of the van der Waals bond given in Eq. (16.15). 

Thus, the limiting dipole due to polarization of the inner shells is given by 

fi Kr <2c; 1 qC 2 2c' = 2(0.16298)e(0.92183)' 1 (5.57905 X 10' 11 m) 

= 3.42870X10- 30 C-m = 1.02790D 
The condition of Eq. (16.144) is matched by the participation of the outer three shells as given in Table 16.36. At each shell, 
opposite charge distributions act as symmetrical point charges at the point of maximum separation, each being centered at 1/2 
the shell radius from the origin. Using the parameters of Eq. (16.143) and 2c' = 1.05429a = 5.57905 X 10" m (Eq. (16.141)) 
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as well as the radii of the inner shells of krypton (Eq. (10.102)), the van der Waals dipole of krypton is given in Table 16.36 as 
the sum of the moments of each participating shell. 

The parameters and van der Waals dipole bond moment of the Kr functional group (FG) of solid krypton. 





FG 


«i 


(q) 


(Q) 
r 


E B {valence) 


E A (valence) 


1 
e 


IonllPIZ 
[116-119] 


Bond 
Length 


Bond 
Moment 










c 2 


"-2 










2c' (A) 


//(D) 






















(Eqs. (16.141) 
and (10.102)) 








Kr 


1 


0.92183 


1 


12.90521 


13.99961 


0.16298 




KrAp^ HO 
























0.55790 






















Kr 6+ 
111.0 

7 


Kr As AO 

0.45405 


1.01129 












































Kr* + 

231.5 

9 


Kr3d AO 
0.27991 







The minimum-energy packing of krypton dipoles is face-centered cubic also called cubic close packing. In this case, 
each krypton atom has 12 nearest neighbors and the angle between the aligned dipoles is — radians. As in the case with 
graphite, the van der Waals energy is the potential energy between interacting neighboring induced dipoles. Using 



fi Kr = 1 .01 129 D = 3.37329 X 10 j " C ■ m (Table 16.36), the van der Waals energy is 



''van der Waals 



(Kr) = 12 



2 (/%) 2 



^{r K r...Kr) 



(k 
■cos — 

u 



24(3.37329 X lO^C-w)^ 



cos — 

u 



(16.145) 



AK£ n 



z.^-^2 J 



The krypton interatomic distance is calculated using Eq. (16.25) with the van der Waals energy (Eq. (16.145)) between 
neighboring dipoles equated to the nascent bond energy. The energy matching parameter c 2 is the same as that of the krypton 
dipole, and the reduced mass is // = 42 . The parameters are summarized in Table 16.37 and Eq. (16.146). ~ 
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Table 16.37. The energy parameters (e V) of the krypton functional group (Kr---Kr). 



Parameters 



Kr — Kr 
Group 



1 



C, 



0.5 



_C 



0.921 83 



4- 



0.92183 



a 



0.5 



-Q, 



0.92183 



V e (eV) 



-3.75058 



V p (eV) 



3.52342 



T(eV) 



0.13643 



K (eV) 



-0.06821 



E(aoiho) (eV) 







E T (aoiho) (cV) 



-8- 



E t (h 2 mo) (eV) 



-0.15895 



E T ( atom- atom, msp^.AO) (eV) 







E t (mo) (eV) 



-0.15895 



co (l O 15 r o d Is ) 



0.550731 



E K (eV) 



0.36250 



E D (eV) 



-0.00019 



E Kvlb (eV) 
E m (eV) 



0.00091 
0.00026 



E T (Group) (eV) 



-0.15869 



Substitution of the parameters of Table 16.37 and the interatomic cohesive energy of krypton (Eq. (16.145)) into Eq. (16.25) 
with R = a Kr Kr gives 

-24(3.37329 XlO^C-mf f n 



4ms A 2 ' aKrKra ° 



2(0.5)(0.92183) y 



a+ , 
\ \ 2 



W 



!(0.5)(0.92183) 



(0.92183) 2--— -2— In 



t Z a Kr-Kr J 



-1 



RkSo 



2(0.5)(0.92183) 



2(0.5)(0.92183) 



)) 



(0.5)(0.92183) 



A ™o{ a Kr-Kr) 



Th\ 



1 + 2 



(16.146) 



(0.921 83) e 



%X£ {a Kr .. Kr ) f I a Kr ... Kr a a 

M II "{ Kr ~ Kr V2(0.5)(0.92183) 

+ 2 J | 42 ~ 
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From the energy relationship given by Eq. (16.146) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the Kr---Kr MO can be solved. 

The most convenient way to solve Eq. (16.146) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 

a Kr .. Kr =ttJ4580a =7 .21396 X 1CT 10 m (16.147) 

The component energy parameters at this condition are given in Table 16.37. Substitution of Eq. (16.147) into Eq. (16.22) gives 

c' Kr ... Kr = 3.86154a =2.04344 X 1(T 10 m (16.1 4 8) 

and int c rnucl c ar distanc e b e tw ee n n e ighboring krypton atoms: 

2c' Kr ,., Kr (0 K) = 7.72308a = 4.08688 X lO" 10 m = 4.08688 A (16.149) 

The experimental krypton interatomic distance 2c' c ... c is [1 13] 

2<4... & (0A:) = 3.992 X lO" 10 m = 3.992 A (16.150) 

The other interatomic bond MO parameters can also be determined by the relationships among the parameters. Substitution of 
Eqs. (16.147) and (16.148) into Eq. (16.23) gives 

b Kr ... Kr = c Kr ... Kr = 1 3. 19225a =6.98104 X 10" 10 m (16.151) 

Substitution of Eqs. (16.147) and (16.148) into Eq. (16.25) gives 

e Kr ... Kr - 0.28092 (16.152) 

A convenient method to calculate the lattice energy is to determine the electric field in solid krypton having an electric 

polarization density corresponding to the aligned dipoles moments, and in turn, the energy can be calculated from the energy of 

each dipole in the corresponding field using the electrostatic form of Gauss' equation. Substitution of the density of solid 

3 094 s ,, 

krypton at 4.2 K p- ° ■ [113], the MW -82.80 g / mole, N, -6.0221415 X 10 23 molecules I mole , and the krypton 

lxlQ -6 m 3 A 

dipole moment given in Table 16.36 into Eq. (16.53) gives: 

-2( u Y PsoM Kr N 



U(Kr)= MW 

— *— ' 3^ 

3.094 g 



-2(3.37329 X W^C-mf l X 1Q m 6.0221415 X 10 23 molecules I mole 
v ; 83.80g/wt)fe 



. (16.153) 

= -0.11890eK (-1 1.472 U I mole) 
[ U(Kr) ] is also the negative of E vm der Wmls , the van der Waals energy per krypton atom: 

E V3K da . mab (solid Kr, K I Kr) = 0. 1 1 890 eV = 1 1 .472 kJ I mole (16.154) 

The experimental van der Waals energy is the cohesive energy [120]: 

E van derWaab (solid Kr,0 K I Kr) = 0.11561 eV = \\. 15454 U I mole (16.155) 

Th e calculated re sults based on fi rst principles a nd given by a nal yt ical equations (0 K ) a re summarized i n T abl e 16 .3 8 . Using 
krypton the atomic radius (Eq. (16.141)) and the nearest-neighbor distance (Eq. (16.149)), the lattice structure of krypton is 
shown in Figure 16.15C. The charge density of the van der Waals dipoles of the crystalline lattice is shown in Figure 16.16C. 

Table 1 6.38. The calculated and experimental geometrical parameters and interatomic van der Waals cohesive energy (0 K) 
of solid krypton . 

Parameter Calculated Experimental kef, for Exp. 

Solid Krypton Interatomic Distance 

~, 4.08688 A 3.992 A 113 

LC C-C 

van d e r Waals En e rgy p e r Krypton Atom 0.11890 e V 0.11561 e V 120 
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GEOMETRICAL PARAMETERS AND ENERGIES DUE TO THE INTERATOMIC VAN 
DER WAALS COHESIVE ENERGY OF SOLID XENON 

Xenon is a fifty-four-electron neutral atom having the electron configuration \s 1 2s 1 2p'"hs 1 ?>p b M l0 4s 1 4p b 4d m 5s 1 5p b with the 
electrons of each shell paired as mirror-image current densities in a shell wherein the radius of the outer shell is r 54 = 1.12168a 
(Eq. (10.102)). Thus, in isolation or at sufficient separation, there is no energy between xenon atoms. However, reversible 
mutual van der Waals dipoles may be induced by collisions when the atoms are in close proximity such that xenon gas can 
condense into a liquid and further solidify at sufficiently low temperatures due to the strong dipole moment that accommodates 
close packing. As in the case of helium, the dipoles are atomic rather than molecular, and the limiting separation is based on the 
formation of a nascent bond to replace the dipole-dipole interaction. Thus, Eq. (16.25) can also be applied to xenon atoms. 

The van der Waals bonding in the xenon atom involves hybridizing the three 5p AOs into 5p i HO orbitals containing 

six electrons. The total energy of the state is given by the sum over the six electrons. The sum E T (Xe,5p 3 ) of experimental 
energies [15, 121-122] of Xe, Xe\ Xe\ Xe\ Xe 4+ ,and Xe 



T5~ 



E T [Xe,5p 3 ) = 



66.703 eV + 5A.\AeV + AQ.9eV 
+31.050 eF + 20.975 eF + 12.129842 eK 



= 225.89784 eV 



(16.156) 



By considering that the central tield decreases by an integer tor each successive electron of the shell, the radius r \ of the 

Xe5p 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 
53 (Z-n)e 2 _ 21e 2 



*p- 



,=I 



% %7i£ (e225.897842 eV) &x£ (e225.897842 eV) 



= 1.26483a„ 



(16.157) 



wh e r e Z - 54 for x e non. Using Eq. (15.14), th e Coulombic e n e rgy E Coulomb (Xe,5p 3 j of th e out e r e l e ctron of th e van d e r Waals 
bound Xe5_p 3 shell is 

054 



^ uiomb [Xe^p 3 )^ 



-10 . 757040 eV 



(16.158) 



8^g(/ 5g3 



8^e„1.26483a„ 



To meet the equipotential condition of the union of the two Xe5p 3 HOs in a nascent bond, c 2 of Eqs. (15.2-15.5) and Eq. 
(15.61) for the nascent Xe-Xe-bond MO is given by Eq. (15.75) as the ratio of the valance energy of the Xe AO, 

F,(Xe) = -V.V9$4'>.eV and the magnitude of F, Cmhmb (Xe,5p 3 ) (Vq (16 158))- 

10.75704 eV 



2 [Xe-Xe,Xe5p 3 HO) = 



= 0.88682 (16.159) 

12.129842 eV 

Since the outer Xe5p 3 HO shell is at a lower energy and greater radius than the non-polarized 5p shell, the inner shells are 
polarized as well. — The dipole of the outer shell can polarize the inner shells to the limit that the sum of the primary and 
secondary dipoles is twice the primary scaled by the energy matching factors of the van der Waals bond given in Eq. (16.15). 
Thus, the limiting dipole due to polarization of the inner shells is given by 

(16.160) 

The condition of Eq. (16.160) is matched by the participation of the outer two shells as given in Table 16.39. At each shell, 
opposite charge distributions act as symmetrical point charges at the point of maximum separation, each being centered at 1/2 
the shell radius from the origin. Using the parameters of Eq. (16.159) and 2c' = 1.26483a =6.69318 X 10" m (Eq. (16.157)) 

as well as the radius of the inner 5s shell of xenon (Eq. (10.102)), the van der Waals dipole of xenon is given in Table 16.39 as 
the sum of the moments of each participating shell. 



p Xe <2q 1 <srC 2 2c' = 2(0.24079)e(0.88682)(6.69318X lO -11 m) = 5A64AAX 10" 30 C-w = 1.54826 D 



Tab l e 1 6.39. The parameters and van der Waals dipole bond moment of the Xe functional group (FO) of solid xenon. 



FG 



(q) 



(Q) 
C, 



E B (valence) 



E A (valence) 



Ion I IP I Z 

[121-122] 



Bond Length 
2c' (A) 



Bond 

Moment 

/*(D) 



(Eqs. (16.157) 
and(10.102)r 



Xe 



10.75704 



12.12984 



0.24079 



Xe5p 3 HO 
0.66932 



1.41050 



Xe b+ 
91.6 

7 



Xe5.sAO 
0.55021 
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The minimum-energy packing of xenon dipoles is face-centered cubic also called cubic close packing. In this case, each 
xenon atom has 12 nearest neighbors and the angle between the aligned dipoles is — radians. As in the case with graphite, the 



van der Waals energy is the potential energy between interacting neighboring induced dipoles. 
ju Xe =1.41050 D = 4.70492 X \QT m C-m (Table 16.39), the van der Waals energy is 



Using 



{Xe) = \2 



^O- 



' 24 (4.70492 X 10^ C-mf^ 



( ' ~\ 



(16.161) 



''van der Waals 



4 ^o( r x,..x e ) 



-COS — 



COS — 



v^y 



4-7T£r, 



ice 



The xenon interatomic distance is calculated using Eq. (16.25) with the van der Waals energy (Eq. (16.161)) between 
neighboring dipoles equated to the nascent bond energy. The energy matching parameter c 2 is the same that of the xenon 
dipole, and the reduced mass is ju = 6i>. The parameters are summarized in fable 16.40 and Eq. (16.162). 

Table 16.40. The energy parameters (eV) of the xenon functional group (Xe---Xe). 





Parameters 


Xe---Xe Group 














«i 


1 






Q 


0.5 






c 2 


0.88682 






c i 


1 






c 2 


1 






c io 


0.5 






c 


n RSfiR^ 






^2o 
















K v eV ) 


-3.49612 






V p (eV) 


3.20821 






T(eV) 


0.10960 






V m (eV) 


-0.05480 






E(aoiho) (eV) 









^Eh.mo^ " 10 ) ( eV ) 









E T (aoiho) (eV) 


r 














K T (H,un) (eV) 


-C3311 














E T ( atom- atom, msp^.AOj (eV) 









E t (mo) (eV) 


-0.23311 






a (lO 15 radls) 


0.432164 














E K (eV) 


0.28446 






E D (eV) 


-0.00025 






— 








E Kvib (eV) 


0.00062 






E^ (eV) 


0.00006 






E T (omup) (eV) 


-0.23305 
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Substitution of the parameters of Table 16.40 and the interatomic cohesive energy of xenon (Eq. (16.161)) into Eq. (16.25) with 

R = a Xe...Xe g iveS 



-2 4 1 4 .1 049 2 X lO il C-r 



■n- 

-cosl — 



4ne n 



" K.... Yh^Ct 



2(0.5)(0.88682) 



f/ 



8;r£„ 



2(0.5)(0.88682) 



2 _i^ 

2d,..., 



a + 



a yi.... j^"n 



Ml 



„2(0.5)(0.88682) 
In V V A y -l 



2(0.5)(0.88682) 



(0.5)(0.88682) 



2M 



4 ^( a x e -xJ 3 



1 + 21 



m. 



mc 



^ S o{ a Xe-Xe) 



(16.162) 



m 



8,7T£„ 



2(0.5)(0.88682) 



65 



From the energy relationship given by Eq. (16.162) and the relationships between the axes given by Eqs. (16.22-16.24), the 
dimensions of the Xe • ■ • Xe MO can be solved. 



The most convenient way to solve Eq. (16.162) is by the reiterative technique using a computer. The result to within the 
round-off error with five-significant figures is 



: 15.94999a. = 8.44037 X lCT" m 



(16.163) 



The component energy parameters at this condition are given in Table 16.40. Substitution of Eq. (16.163) into Eq. (16.22) gives 



c 'xe-xe = 4.24093« = 2.24420 X W w m 
and internuclear distance between neighboring xenon atoms: 
2c' Xc re (0 .f) = 8.481 87a = 4.48841 X 10' 10 m = 4.48841 A 



(16.164) 



(16.165) 



The experimental xenon interatomic distance 2c' c ... c at the melting point of 161.35 K is [112, 113] 



2c' Xe ... Xe (161.35 ^) = 4.492 X 10" 10 m = 4.492 A (16.166) 

The other interatomic bond MO parameters can also be determined by the relationships among the parameters. Substitution of 



Eqs. (16.163) and (16.16 4 ) into Eq. (16.23) gives 



:15.37585a,, =8.13655X10' 



-m- 



u Xe-Xe ^Xe -Xe * - - ' '-'"-"-'n 

Substitution of Eqs. (16.163) and (16.164) into Eq. (16.25) gives 
e x ,-x s =0.26589 
A convenient method to calculate the lattice energy is to determine the electric field in solid xenon having 



(16.167) 

(16.168) 
an electric 



polarization density corresponding to the aligned dipoles moments, and in turn, the energy can be calculated from the energy of 
each dipole in the corresponding field using the electrostatic form of Gauss' equation. Substitution of the density of solid xenon 
3.780 g 



at K p-- 



, , [113], the MJF = 131.29W/no/e, N, =6.0221415 X 10 23 molecules I mole , and the xenon dipole 
1X10~ 6 « 3 A 



moment given in Table 16.39 into Eq. (16.53) gives: 



U(Xe) = 



_ 2 ( V £MKXe_-ff A 

v Xe! MW A 
3s n 



3.780, 



2(4.70492X10~ 30 C-w) 2 - 1Xlr m 6.0221415 X 10 23 molecules I mole 
v ' \3\.29g/mole 



3e„ 



(16.169) 



- -0.18037 eF (-17.403 kJ I mole) 
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U (Xe) is also the negative of £„ 



van der Waals 



the van der Waals energy per xenon atom: 



(16.170) 



#«, *, wmk i solid Xe,0 K I Xe) = 0.18037 eV = 1 7.403 kJ I mole 
The experimental van der Waals energy is the cohesive energy [123]: 

E «m «, waais (solid Xe,0K) = 0.1 6608 eV I Xe = 1 6.02472 kJ I mole ( 16.171) 

The calculated results based on first principles and given by analytical equations are summarized in Table 16.41. Using xenon 
the atomic radius (Eq. (16.157)) and the nearest-neighbor distance (Eq. (16.165)), the lattice structure of xenon is shown in 
Figure 16. 1 5D. The charge density of the van der Waals dipoles of the crystalline lattice is shown in Figure 16. 16D. 

Table 16.41. The calculated and experimental geometrical parameters and interatomic van der Waals cohesive energy of 
solid xenon. 



Parameter 



Calculated 



Experimental 



Ref. for Exp. 



Solid Xenon Interatomic Distance 2c' c „ c 
van der Waals Energy per Xenon Atom 

iOK) 



4.4884 A (T=0 K) 
0.18037 eV 



4.492A(T=161.35K) 113 

0.16608 eV 123 



Figure 16.15. The face-centered cubic crystal structures of noble gas condensates, all to the same scale. (A) The crystal 
structure of neon. (B) The crystal structure of argon. (C) The crystal structure of krypton. (D) The crystal structure of xenon. 
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Figure 16.16. The charge densities of the van der Waals dipoles and face-centered cubic crystal structures of noble gas 
condensates, all to the same scale. (A) The charge density and crystal structure of neon. (B) The charge density and crystal 
structure of argon. (C) The charge density and crystal structure of krypton. (D) The charge density and crystal structure of 
xenon. 




REACTION KINETICS AND THERMODYNAMICS 

Reaction kinetics may be modeled using the classical solutions of reacting species and their interactions during collisions 
wherein the bond order of the initial and final bonds undergo a decreasing and increasing bond order, respectively, with 
conservation of charge and energy. Collisions can be modeled starting with the simple hard sphere model with conservation of 
energy and momentum. The energy distribution may be modeled using the appropriate statistical thermodynamics model such 
as Maxwell-Boltzmann statistics. Low-energy collisions are elastic, but for sufficiently high energy, a reaction may occur. Hot 
reacting species such as molecules at the extreme of the kinetic energy distribution can achieve the transition state, the 
intermediate species at the cross over point in time and energy between the reactants and products. The rate function to form the 
transition state may depend on the collisional orientation as well as the collisional energy. Bond distortion conserves the energy 
and momentum of the collision from the trajectories of the reactants. For sufficient distortion due to a sufficiently energetic 
collision at an appropriate relative orientation, a reaction occurs wherein the products exiting the collision event are different 
from the reactants entering the collision. The initial reactant energy and momentum as well as those arising from any bonding 
energy changes are conserved in the translational, rotational, and vibrational energies of the products. The bond energy changes 
are given by the differences in the energies of the product and reactants molecules wherein the geometrical parameters, energies, 
and properties of the latter can be solved using the same equations as those used to solved the geometrical parameters and 
component energies of the individual molecules as given in the Organic Molecular Functional Groups and Molecules section. 
The bond energy changes at equilibrium determine the extent of a reaction according to the Gibbs free energy of reaction. 
Whereas, the corresponding dynamic reaction-trajectory parameters of translational, rotational, and vibrational energies as well 
as the time dependent electronic energy components such as the electron potential and kinetic energies of intermediates 
correspond to the reaction kinetics. Each aspect will be treated next in turn. 

Consider the gas-phase reaction of two species A and B comprising the reactants that form one or more products C„ 
where n is an integer: 

A + B^±C, +■■■ + €„ (16.172) 

Arising from collisional probabilities, the concentrations (denoted [^],[fi],...) as a function of time can be fitted to a second- 
order rate law 
d[A] 



dt 



■ = k[A][B]-k'Y\[Q] 



(16.173) 
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where k and k' are the forward and reverse rate constants. The equilibrium constant K corresponding to the balance between 
the forward and reverse reactions is given by the quotient of the forward and reverse rate constants: 





k=Jl 
















(16.174) 


The 


k' 

relationship between the 


temperature-dependent 


equilibrium 


constant 


and the 


standard Gibbs 


free 


energy 


of reaction 


AG" 


(r) at temperature T is 




















-&<4(r) 
K-Q K (T)e " 
















— (16.175) 



where R is the ideal gas constant, 

rta] 
QK[T)= tm {l6AW 

is the reaction quotient at the standard state, and 

AG° t (T) = AH q t (T)-TAS° t (16.177) 

where Aff°(:T) and AS" are the standard-state enthalpy and entropy of reaction, respectively. Rearranging Eq. (16.175) gives 
the tree energy change upon reaction: 

AG = RTln^- (16.178) 

K 

If the instantaneous free energy change is zero, then the reaction is at equilibrium. An exergonic or work - producing reaction 
corresponds to the cases with AG° (r) or AG negative, and endergonic or work consuming reactions corresponds to positive 

values. The enthalpy of reaction or heat of reaction at constant pressure is negative for an exothermic (heat releasing) reaction, 
and is positive for an endothermic (heat absorbing) reaction. The enthalpy of reaction may be calculated by Hess's law as the 
difference of the sum of the heats of formation of the products minus the sum of the heats of formation of the reactants wherein 
the individual heats of the molecules are solved using the equations given in the Organic Molecular Functional Groups and 
Molecules section. 

TRANSITION STATE THEORY 

Transition state theory (TST) has been widely validated experimentally. — It entails the application of classical trajectory 
calculations that allow the study of the dynamics at the microscopic level such as differential cross sections, total cross sections, 
and product energy distributions, as well as at the macroscopic level for the determination of thermal rate constants by solving 
the classical equations of motion with the formation of the transition state. The reaction trajectory parameters give rise to terms 
of a classical thermodynamic kinetics equation discovered in 1889 by Arrhenius and named after him. The data of the variation 
of th e rate constant k with temperatur e of many reactions fit the Arrh e nius equation giv e n by 

-E^ 

k = Ae~^ (16.179) 

where E a is the activation energy and A is a preexponential or frequency factor that may have a relatively small temperature 
dependence compared to the exponential term of Eq. (16.179). For reactions that obey the Arrhenius equation, when Ink is 
plotted versus II T in a so-called Arrhenius plot, the slope is the constant -E a IR, and the intercept is A. Eq. (16.179) 
confirms that typically two colliding molecules require a certain minimum kinetic energy of relative motion to sufficiently 
distort initial reactant bonds and concomitantly allow nascent bonds to form. The crossover species from reactants to products 
called the transition state will proceed through the minimum energy complex involving the reactants. Thus, the activation 
energy can be interpreted as the minimum energy that the reactants must have in order to form the transition state and transform 
to product molecules. E a can be calculated from the total energy of the transition state relative to that of the reactants and is 
achieved when the thermal energy of the reactants overcomes the energy deficit between the energy of the reactants and that of 
the transition state. The preexponential factor corresponds to the collision frequency and energy of collisions upon which the 
formation of the transition state is dependent. 

For bimolecular reactions, transition state theory yields [124] 

k(T) = — L-r(T)K° cxp(- AG*'/ RT) (16.180) 

where AGJT is the quasi-thermodynamic free energy of activation, y(T) is a transmission coefficient, K° is the reciprocal of 

the concentration, h is Planck's constant, and k B is the Boltzmann constant. — The factor is obtained by dynamical 

(k B T)h 

classical equations of motion involving species trajectories having a statistical mechanical distribution. Specifically, the reactant 
molecular distribution is typically a Maxwell-Boltzmann distribution. The classical derivation of the preexponential term of the 
Arrhenius equation can be found in textbooks and review articles such as section 2.4 of Ref. [124]. Typically the A term can be 
accurat e ly d e t e rmin e d from th e Maxw c ll-Boltzmann-distribution-constrain c d classical e quations of motion by sampling or by 
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using Monte Carlo methods on many sets (usually more than ten thousand) of initial conditions for the coordinates and momenta 
involving the trajectories. The translational levels are a continuous distribution, and the rotational and vibrational levels are 
quantized according to the classical equations given, for example, in the Vibration of the Hydrogen Molecular Ion section and 
the Diatomic Mol e cular Rotation section. 

Sn2 REACTION OF Ct WITH CH 3 Cl 

Consider the Sn2 (bimolecular nucleophilic substitution) gas-phase reaction of Cl~ with chloromethane through a transition 
state: 

or + ch 3 ci -► cich 3 + cr (i6.i8i) 

The corresponding Arrhenius equation for the reaction given by Eq. (16.179) is 

r T n t - M ' 
k (T) = ^L^-e hT (16.182) 

where k B is the Boltzmann constant, h is Planck's constant, AE t is the activation energy of the transition state {, T is the 
temperature, O fl is the reaction partition per unit volume, and Q % is the coordinate independent transition-state partition 

function. The preexponential factor B has previously been calculated classically and shown to be in agreement with the 

experimental rate constant [125]. Then, only the transition state need be calculated and its geometry and energy compared to 
observations to confirm that classical physics is predictive of reaction kinetics. The activation energy can be calculated by 
determining the energy at the point that the nascent bond with the chloride ion is the same as that of the leaving chlorine wherein 
the negative charge is equally distributed on the chlorines. The rearrangement of bonds and the corresponding electron MOs of 
the reactants and products can be modeled as a continuous transition of the bond orders of the participating bonds from unity to 
zero and vice versa, respectively, wherein the transition state is a minimum-energy molecule having bonds between all of the 
reactants, CV and CH } Cl . 

TRANSITION STATE 

The reaction proceeds by back-side attack of Cr on CH 3 Cl . Based on symmetry, the reaction pathway passes through a D 3h 

configuration having O s - C - O 5 on the C, axis. The hydrogen atoms are in the a h plane with the bond distances the same 
as those of the CH i functional group given in the Alkyl Chlorides section, since this group is not involved in the substitution 

reaction. The transition-state group Of -C- Cf is treated as a three-centered-bond functional group that comprises a linear 
combination of 0~ and the C-O group of chloromethane (C -CI (i) given in Table 15.33). It is solved using the Eq. (15.51) 
with the total energy matched to the sum of the H 2 -type ellipsoidal MO total energy, -31.63536831 eV given by Eq. (11.212) 

lis m the case of chloromethane, and the energy of the two outer electrons of CI , 



E{CI~) = -1P L -1P 1 = -12.96764 eV -3.612724 eV = -16.58036 eV [15, 126J. These electrons are contributed to form the 

back-side-attack bond. Then, the corresponding parameter E t {aoiho) (eV) is -14.63489 eV -16.58036 eV - -31.21525 eV due 

to the match of the MO energy to both ff(c,2,sp 3 ) = -14.63489 eV (Eq. (15.25)) and e{CI~). and E^Uao/ho) (eV) is 

— 16.58036 eV — corr e sponding to th e initial e n e rgy of the Or e l e ctrons. — Also, due to the two C — CI bonds of th e 

Cl s -C-O 5 functional group n x =2. Otherwise all of the parameters of Eq. (15.51) remain the same as those of 

chloromethane given in Table 15.36. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy 
(Eqs. (15.6 - 15.11) and (15.17 - 15.65)) parameters are given in Tables 16. 4 2, 16. 4 3, and 16. 44 , respectively. The color scale, 

transluc e nt vi e w of th e charg e d e nsity of th e chlorid c- ion - chlorom c than c transition stat e comprising th e CI 5 — C — Of — 
functional group is shown in Figure 16.17. The transition state bonding comprises two paired electrons in each O s -C MO 
with two from CV , one from CI and one from CH 3 . As a symmetrical three-centered bond, the central bonding species are two 

CI bound to a central CH* per CI" - C MO with a continuous current onto the C-H MO at the intersection of each 

Cl s - C MO with the CH 3 group. Due to the four electrons and the valence of the chlorines, the latter possess a partial 

negative charge of -0.5e distributed on each Cl s - C MO such that the far field is equivalent to that of the corresponding point 
charge at each CI nucleus. 
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Figure 16.17. Color scale, translucent view of the chloride-ion-chloromethane transition state comprising the 

Cf -C-Cl 3 functional group showing the orbitals of the atoms at their radii, the ellipsoidal surface of each H or //,-type 

ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in each bond, and the hydrogen 
nuclei (red, not to scale). 




Table 16.42. The geometrical bond parameters of the CI 
chloromethane transition state. 



■ C - CI" and C// 3 functional groups of the chloride-ion- 



Parameter 


Cl ,s -C-Cf Group 


C-H (Cffj) Group 


« («o) 


3.70862 


1 .64920 


c' (a ) 


2.13558 


1.04856 


Bond Length 2c' (A) 


2.26020 


1.10974 


Literature Bond Length 
(4 


2.3-2.4 [125,127] 


1.06-1.07 [125] 


h.c (</„) 


3.03202 


1.27295 


e 


0.57584 


0.63580 



Table 16.43 

transition state 



a; 
t;-H 



c-cr 
c-cif 



c-af 



the MO to HO and AO intercept georjietrjical bond |)ar^imeters of the - CI" - (p 
is Eriaton - atom.msp 1 AO) 



(eV) 
Bond 



C 



-0.36: 
-0.36: 



c 



-0.36 
-0.36: 



(eV) 
Bond 2 



-0.36229 





-0.36229 



(eV) 
Bond 3 



(ev; 

3ond 



Final To 

Energ; 

4 C2sp : 

(eV) 



M 



0.91771 
2.68720 



1.05158 
0.91771 



CI and CHt. : functional 



£,.,„,„„,( Clsi 

(ev; 

Fina 



-15.5 
-15.1 



-15.1 
-15.5 



groups of the 



E(C2sp'' 
(eV) 
Final 



chl sride-ion-i ;hlc iromethani ; 



C) 
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Table 16.44. The energy parameters (eV) of the Cl s 
chloromethane transition state . 



-C-Cl s and Cff 3 functional groups of the chloride-ion- 



Parameters 



Cf ' -C-Cf Group 



CH i Group 



c, 



+ 



0.5 
0.81317 



1 



-e- 



0.75 
1 



1 



0.91771 







a 



c,. 



K (en 



0.5 



0.81317 



-33.44629 



0.75 



1 



-107.32728 



V p (eV) 



T(eV) 



V m (eV) 



12.74200 



4.50926 



-2.25463 



38.92728 



32.53914 



-16.26957 



E(aoiho) (eV) 



^H,Mo( A °' H °) ( eV ) 



E T (aoiho) (eV) 



E{„ 3 aoiiio) (eV) 



-31.21525 



-1.44915 



-29.76611 



-16.58036 



-15.56407 







-15.56407 



-9- 



E T (h 2 mo) (eV) 



-48.21577 



-67.69451 



E T [atom - atom, msp 3 .AOj (eV) 



-1.44915 



E t (mo) (eV) 



.49.66491 



a (lO 15 rod Is) 



3.69097 







-67.69450 



24.9286 



E K (eV) 



2.42946 



E D (eV) 



-0.07657 



0.08059 



16.40846 



-0.25352 



0.35532 



(eV) 



-m- 



(Eq. (13.458) )- 



E osc (eV) 



-0.03628 



E (eV) 

map \ / 



0.14803 



E T {oroup) (eV) 



-49.73747 



-0.22757 



0.14803 



-67.92207 



E M^ A0IH °) ( eV ) 



-14.63489 



E imml (cs AOIHO) (eV) 



-16.58036 



E D {orow\ (eV) 



3.73930 



-14.63489 



-13.59844 



12.49186 



The bond energy of the C-Cl group of chloromethane from Table 15.36 is E D {arou P ) (eV) = 3.771 16 eV compared to 

the bond energy of the CI 5 -C-Cl s functional group of the chloride-ion-chloromethane transition state of 
E u {army) (eV) = 3 . 73930 eV (Table 16 . 44) . Since the energies of the CH^ fun c tional groups are unchanged, the c hloride-ion- 

chlorom c than c — transition — state — is — AE - + 0.03186 eV ( + 0.73473 kcall mole) — high e r — m — e n e rgy — than — chlorom e than e . 

Experimentally, the transition state is about 1 ±1 kcall mole higher [128]. Using this energy as the corresponding activation 

k T O i 
energy AE* of Eg. (16.182) with the classically determined preexponential factor ' ^ K predicts the experimental reaction 



A-® 21 



rate very well [125]. 
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NEGATIVELY-CHARGED MOLECULAR ION COMPLEX C 

Tn addition to the nature and energy of the transition state designated hy % , experimental gas-phase rate constants indicate that 
the reaction of Ct with CH^Cl passes through a bound state comprising the attachment of Ct to the positive dipole of CH t Cl 

[125, 127, 128] (the dipole moment of the C-Cl functional group is given in the Bond and Dipole Moments section). This 
negatively-charged molecular ion complex designated C exists as a more stable state in between the reactants and the transition 
state, and by equivalence of the chlorines, it also exists between the transition state and the products. Experimentally C is 
12.2 ±2 kcall mole more stable than the isolated reactants and products, Ct and CH 3 Cl . Thus, an energy well corresponding 
to C occurs on either side of the energy barrier of the transition state { that is about 1 ± 1 heal I mole above the reactants and 
products [125, 128]. Thus, the combination of the depth of this well and the barrier height yields an intrinsic barrier to 
nucleophilic substitution given by the reaction of Eq. (16.181) of 13.2 ±2.2 kcall mole [125, 128]. 

The negatively-charged molecular ion complex C comprises the functional groups of CH 3 Cl {C-Cl (i) and CH 3 given 

in Table 15.33 of the Alkyl Chlorides section) and a Ct -C s functional group wherein Ct is bound to the CH 3 Cl moiety by 

an ion-dipole bond. As given in the case of the dipole-dipole bonding of ice, liquid water, and water vapor as well as the van der 
Waals bonding in graphite and noble gases given in the Condensed Matter Physics section, the bond energy and bond distance of 

the Ct -C s functional group are determined by the limiting energy and distance of the formation of a corresponding nascent 
Ct -CH 3 Cl covalent bond that destabilizes the C-Cl bond of the CH 3 Cl moiety by involving charge density of its electrons 

in the formation the nascent bond. Subsequently, the higher energy Cl s -C- Cl s functional group of the transition state is 
formed. 

The energy and geometric parameters of the CI" -C 5 functional group are solved using Eq. (15.51) with the total energy 

matched to the /f 2 -type ellipsoidal MO total energy, -31.63536831 eV . The parameter E T {aoiho) (eV) is 

-14.63489 eV -1.612124 eV = -18.24761 eV due to the match of the MO energy to both E^C^sp" ) = -14.63489 eV (Eq. 

(15.25)) and the outer electron of E(ct) (-IP, =-3.612724 eV) [126] that forms the nascent bond by the involving the 

electrons of the C-Cl group of the CH 3 Cl moiety. Then, E Mlial ( % aoiho) (eV) is -3.612724 eV corresponding to the initial 

energy of the outer Ct electron. Also, E T (atom- atom, msp 3 .AO\ in Eq. (15.61) is -1.85836 eV due to the charge donation 

from the C HO to the MO based on the energy match between the C2sp 3 HOs corresponding to the energy contribution of 
methylene, — 0.92918 cV (Eq. (1 4 .513)). — E = since the Cl~ electrons are paired upon dissociation, and the vibrational 

energy of the transition state is appropriate for Cl~ -C s . Otherwise, all of the parameters of Eq. (15.51) remain the same as 
those of chloromethane given in Table 15.36. The geometrical (Eqs. (15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), 
and energy (Eqs. (15.6 - 15.11) and (15.17 - 15.65)) parameters are given in Tables 16. 4 5, 16. 4 6, and 16. 4 7, respectively. The 

color scale, translucent view of the charge density of the negatively-charged molecular ion complex C comprising the Cl~ -C d — 
functional group is shown in Figure 16.18. The bonding in the C complex comprises two paired electrons in the CT -C 5 MO 
with 1/2 of the charge density from CV and the other half from CH 3 . The central bonding species are a CI bound to a central 

CH 3 with a continuous current onto the C-H MO at the intersection of the CV -C MO with the CH 3 group. Due to the 

two electrons and the valence of the chlorine, the latter possess a negative charge of -e distributed on the Ct -C s MO such 
that the far field is equivalent to that of the corresponding point charge at the CI nucleus. The bonding in the CH 3 Cl moiety is 

equivalent to that of chloromethane except that the C-H bonds are in a plane to accommodate the Ct • C - MO . 
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Figure 16.18. Color scale, translucent view of the negatively-charged molecular ion complex C comprising the Cr -C 
functional group showing the orbitals of the atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO 
that transitions to the corresponding outer shell of the atom(s) participating in each bond, and the hydrogen nuclei (red, not to 
scale). 




Table 16.45. The geometrical bond parameters of the CV -C , C-Cl, and CH 3 functional groups of the negatively- 
charged molecular ion complex C . 



Parameter 


CI -C* 4 Group 


C-H (Cffj) Group 


C-C/(i) 

Group 


a {a ) 


2.66434 


1.64920 


2.32621 


C («o) 


1.810I I 


1.04856 


1 .69 1 36 


Bond Length 
2c< (A) 


l. 91 574 


1.10974 


1.79005 


Literature Bond 
Length 

(4 


>1.80 
curve fit [127] 


1.06-1.07 [1] 


1.785 [1] 
(methyl chloride) 


b,c (a ) 


1.95505 


1.27295 


1.59705 


e 


0.67938 


0.63580 


0.72709 



Tab 

combL 



e 16.46. 

ex C. Et is 
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MO to 

r{atom 
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Table 16.47. The energy parameters (eV) of the CI -C , C- CI, and CH 3 functional groups of the negatively-charged 
molecular ion complex C . 



Parameters 



Cr -C s Group 



CH 3 Group 



C-Cl 

(i) 
Group 



T 







c, 



0.5 



0.75 



0.5 



C, 



0.81317 



0.81317 



1 



1 



1 



0.91771 



-e- 



c„ 



0.5 



0.75 



0.5 



C,. 



0.81317 



1 



0.81317 



V e (eV) 



-24.89394 



-107.32728 



-29.68411 



V p ieV) 



7.51656 



38.92728 



8.04432 



^4en- 



4 .67169 



32.5391 4 



6.38036 



V m (eV) 



-2.33584 



-16.26957 



-3.19018 



E(aoiho) (eV) 



-18.24761 



-15.56407 



-14.63489 



^h z mo( aoiho ) (eV) 



-1.65376 







-1.44915 



K T (aoiho) (eV) 



-16.59386 



-15.56407 



-13.18574 



E T (h 2 mo) (eV) 



-31.63537 



-67.69451 



-31.63536 



E T (atom-atom,msp 3 .AOj (eV) 



-1.65376 







-1.44915 



E T [mo) (eV) 



33.28913 



67.69 4 50 



33.08 4 52 



to (l0 H radls) 



6.06143 



24.9286 



7.42995 



E K (eV) 



3.98974 



16.40846 



4.89052 



E n {eV) 



-0.13155 



-0.25352 



-0.14475 



-ievy 



0.02790 



0.35532 



0.08059 



JM_ 



(Eg. (13.458)) 



J5L 



E osc (eV) 



-0.11760 



-0.22757 



-0.10445 



E„ (eV) 







0.14803 



0.14803 



E T (Gmup) (eV) 



-33.40672 



-67.92207 



-33.18897 



E initia MAo,Ho) (eV) 



-14.63489 



-14.63489 



-14.63489 



E inHiaM AOI »°) ( eV ) 



-3.612724 



-13.59844 







E D (owup) (eV) 



0.52422 



12.49186 



3.77116 



The bond energies of the CH^Cl moiety are unchanged to the limit of the formation of the CT -C s functional group of 
the negatively-charged molecular ion complex C . Thus, the energy of stabilization of forming the ion-dipole complex is 
equivalent to the bond energy of the CV -C functional group. Experimentally C is 12.2 ±2 kcall mole more stable than the 
isolated reactants and products [125, 127, 128], Cl~ and CH 3 Cl . The bond energy of the Ct -C s functional group of the 
negatively-charged molecular ion complex C of E D (Gmu P ) = 12.08900 kcall mole (0.52422 eV) given in Table 16.47 matches 
the experimental stabilization energy very well. A simulation of the reaction of Eq. (16.181) is available on the internet [130]. 
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Chapter 17 



NATURE OF THE SOLID MOLECULAR BOND 



GENERAL CONSIDERATIONS OF THE SOLID MOLECULAR BOND 

The solid molecular bond of a material comprising an arbitrary number of atoms can be solved using similar principles and 
procedures as those used to solve organic molecules of arbitrary length. Molecular solids are also comprised of functional 
groups. Depending on the material, exemplary groups are C-C, C = C, C-O, C-N, C-S, and others given in the 
Organic Molecular Functional Groups and Molecules section. — The solutions of these functional groups or any others 
corresponding to the particular solid can be conveniently obtained by using generalized forms of the geometrical and energy 
equations given in the Derivation of the General Geometrical and Energy Equations of Organic Chemistry section. The 
appropriate functional groups with their geometrical parameters and energies can be added as a linear sum to give the solution of 
any molecular solid. 

DIAMOND 



It is demonstrated in this Diamond section as well as the Fullerene (C 60 ) and Graphite sections, that very complex 
macromolecules can be simply solved from the groups at each vertex carbon atom of the structure. Specifically, for fullerene a 
C = C group is bound to two C-C bonds at each vertex carbon atom of C 60 . The solution of the macromolecule is given by 
superposition of the geometrical and energy parameters of the corresponding two groups. In graphite, each sheet of joined 
hexagons can be constructed with a C = C group bound to two C-C bonds at each vertex carbon atom that hybridize to an 

8/3e g 

aromatic-like functional group, C = C , with — electron-number per bond compared to the pure aromatic functional group, 

3e 

C = C , with 3 electron-number per bond as given the Aromatics section. Similarly, diamond comprising, in principle, an 
infinite network of carbons can be solved using the functional group solutions where the task is also simple since diamond has 
only one functional group, the diamond C-C functional group. 

The diamond C-C bonds are all equivalent, and each C-C bond can be considered bound to a t-butyl group at the 

corresponding vertex carbon. Thus, the parameters of the diamond C-C functional group are equivalent to those of the t-butyl 

-G — C group of branch e d alkan c s giv e n in th e Branch e d Alkan c s s e ction. Bas e d on symm e try, th e param e t e r R in Eqs. (15.56) 

and (15.61) is the semimajor axis a, and the vibrational energy in the E osc term is that of diamond. Also, the C2sp 3 HO 

magnetic energy E mag given by Eq. (15.67) was subtracted for each t-butyl group of alkyl fluorides, alkyl chlorides, alkyl 

iodides, thiols, sulfides, disulfides, and nitroalkanes as given in the corresponding sections of Chapter 15 due to a set of unpaired 
el e ctrons b e ing cr e at e d by bond breakag e . — Since e ach C — C group of diamond bonds with a t - butyl group at e ach v e rt e x 
carbon, c 3 of Eq. (15.65) is one, and E is given by Eq. (15.67). 

The symbol of the functional group of diamond is given in Table 17.1. The geometrical (Eqs. (15.1-15.5) and (15.51)) 
parameters of diamond are given in Table 17.2. The lattice parameter a, was calculated from the bond distance using the law of 
cosines: 

Si +s^ -2s l s 1 cosme9 = s^ (17.1) 
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With the bond angle 6 ZCCC =109.5° [1] and s l = s 2 = 2c' c _ c , the intemuclear distance of the C-C bond, s, =2c' c _ c , the 
internuclear distance of the two terminal C atoms is given by 

2c' c _ c< = ^2(2c-' c _ c ) 2 (l-cosine(109.5°)) (17.2) 

Two times the distance 2c' c _ c is the hypotenuse of the isosceles triangle having equivalent sides of length equal to the lattice 
parameter a, . Using Eq. (17.2) and 2c' c _ c = 1.53635 A from Table 17.2, the lattice parameter a, for the cubic diamond structure 
is given by 

a, =-^4-^ = V2^2(2c' c _ c ) 2 (l-cosine(109.5°)) =3.54867 A (17.3) 

The intercept (Eqs. (15.80-15.87)) and energy (Eqs. (15.6-15.1 1) and (15.17-15.65)) parameters of diamond are given in 
Tables 17.2, 17.3, and 17.4, respectively. The total energy of diamond given in Table 17.5 was calculated as the sum over the 
integer multiple of each E D (Groi,p) of Table 17.4 corresponding to functional-group composition of the molecular solid. The 

experimental C-C bond energy of diamond, E n {C-C) at 298 K, is given by the difference between the enthalpy of 
formation of gaseous carbon atoms from graphite (AHj(C graphile (gas))) and the heat of formation of diamond 
( AH f (c(diamond))) wherein graphite has a defined heat of formation of zero (AH f (C '(graphite) = 0) : 

E Sat (C-C) = I[Aff, (C^„, /( . (gas)) - Aff, (C (diamond))] (1 7.4) 

where the heats of formation of atomic carbon and diamond are [2]: 

Mf, {C ffapUu (gas)) = 71 6.68 kJ I mole (7.42774 eV I atom) ( 1 7.5) 

AH f (c(diamond)) = ].9U/mole (0.01969 eV I atom) (17.6) 

Using Eqs. (17.4-17.6), E D ^(C-C) is 

E D (C-C) = -[!A2114eV -0.01969 eV] = 3.704 eV (17.7) 

where the factor of one half corresponds to the ratio of two electrons per bond and four electrons per carbon atom. The bond 
angle parameters of diamond determined using Eqs. (15.88-15.1 17) are given in Table 17.6. The structure of diamond is shown 
in Figure 17.1. 

Figure 17.1. The structure of diamond. 




I c/A 2 
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Table 17.1. The symbols of the functional group of diamond. 



Functional Group 



Group Symbol 



CC bond (diamond-Q 



C-C 



Table 17.2. The geometrical bond parameters of diamond and experimental values [1,3]. 



Parameter 



C-C 
Group 



a («o) 



2.10725 



c' (a ) 



1.45164 



Bond Length 2c' (A) 



1.53635 



Exp. Bond Length (A) 



1.54 4 28 



b,c (a ) 



1.52750 



0.68888 



Lattice Parameter a, (A) 



3.54867 



Exp. Lattice Parameter a l (A) 



3.5670 



Table 17.3. Tie MO to 30 intercept geometrical bond parameters o :f diamond 



E T is E T (atom - atom msp 



AG) 



*. 

O 



(eV) 
Bond 



(eV) 
Bond 2 



(eV) 
Bond 3 



:V) 



Final 
Enerk 



Total 

■gy 



Clsp- 



k) 



-NO 



E(C2sp') 
(eV) 
Final 



154.51399 0.91 771 
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Table 17.4. The energy parameters (e V) of the functional group of diamond. 



Parameters 



C-C 
Group 



-Or 



c 



-&5- 



1 



0.91771 



C 



C„. 



K (eV) 



V, (eV) 



TTeVT 



0.5 



1 



-29.10112 



9.37273 



6.90500 



V (eV) 



E(aoiho) (eV) 



-3.45250 



-15.35946 



AE HM}i AOI "°) ( eV ) 



(eV) 



EJn 2 Mo)(eV) 



E A atom — atom,msp s .AOj (eV) 



-15.35946 



-31.63535 



-1. 44 915 



E t (mo) (eV) 



-33.08452 



CO 10 15 rod Is] 



E r (eV) 



E D (eV) 



9.55643 



6.29021 



-0.16416 



E Kvlb (eV) 



E . (eV) 



0.16515 
T41 



-0.08158 



(eV) 



E r (Gmu P ) (eV) 



E i„<*aM AO > H °) ( eV ) 



E i„ iti M A0/t{0 )(eV) 



E d {gwu P ) (eV) 



0.14803 



-33.16610 



-14.63489 



-0- 



3.74829 



Tab le 17 . 5 . The total bond energy of diamond calculated using the functional group composition and the energy of Table 
17.4 compared to the experimental value [1-2], 



Formula 



Name 



C-C 



Calculated 
Total Bond 
En e rgy ( e V) 
3.7 4 829 - 



Experimental 
Total Bond 

En e rgy (eV) 
3.70 4 - 



Relative Error 



-Or 



Diamond 



-&04- 



Tab le 1 7.6. The bond angle parameters of diamond 



(atom - atom msp 



AG). 



and experimental values [1]. In the calculation of , 



the 



parameters from the preceding angle 



were used. E- 



isjfs- 



CO 



Atons of Angle 



2c' 
Boild 1 Bond 2 

(4) ("o) 



£.,„/, 



toms 



Atom I 
Hybridizatio i 
Designation 

(Table 15.3.A ) 



Atom 2 



Atom 2 

Hybridization 

Desi£ nation 



( Table 



15.3. A) 



C 2 



(eVt) 



(°) 



) c: 



Cal. 8 
(°) 



E^p. 
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936 2.62936 



5585 -17.17 



38 
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120 



[12-14] 



(fonzen:) 
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Z.CCO 

(itromatic) 
<-C,O h H 



431 1.83616 
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0.91771 
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107.71 



120 



[12-14] 



(btnzeno) 



c/Uo) 



796 2.27954 



2.82796 2.63431 



4721 -17.17 



6690 -16.4(067 



0.85395 

(Eq. 
05. 1'4)) 
0.85395 

(Eq. 
(15H4)) 



121.86 



122 [2 
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1 18 [1 
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2.55399 2.63431 
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(O 

-17.27 
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O 

18.03358 



0.711762 
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(Eq. 
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0.86359 



0.75447 



113.6 [1] 
(acetic acid) 



1.85S36 



12.96 



14 [1 
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FULLERENE (( ) 

C 60 comprises 60 equivalent carbon atoms that are bound as 60 single bonds and 30 double bonds in the geometric form of a 

truncated icosahedron: twelve pentagons and twenty hexagons joined such that no two pentagons share an edge. To achieve this 
minimum energy structure each equivalent carbon atom serves as a vertex incident with one double and two single bonds. Each 
type of bond serves as a functional group which has aromatic character. The aromatic bond is uniquely stable and requires the 
sharing of the electrons of multiple // 2 -type MOs. The results of the derivation of the parameters of the benzene molecule given 

in the Benzene Molecule (C 6 H 6 ) section was generalized to any aromatic functional group of aromatic and heterocyclic 
compounds in the Aromatic and Heterocyclic Compounds section. Ethylene serves as a basis element for the C = C bonding of 
the aromatic bond wherein each of the C = C aromatic bonds comprises (0.75)(4) = 3 electrons according to Eq. (15.161) 

Se 

wherein C, of Eq. (15.51) for the aromatic C = C -bond MO given by Eq. (15.162) is 
C 2 (aromaticdsp 3 HO) = c 2 (aromaticC2sp 3 HO) = 0.85252 and E T (atom -atom, msp 3 .AO) = -2.26759 eV . In C 60 , the 

minimum energy structure with equivalent carbon atoms wherein each carbon forms bonds with three other such carbons 
requires a redistribution of charge within an aromatic system of bonds. — The C~C functional group of C 60 comprises the 
aromatic bond with th e e xception that it compris e s four el e ctrons. Thus, E T (Group) and E D (Group) arc given by Eqs. (15.165) and 
(15.166), respectively, with f=\, c 4 = 4 , and E Kvib (eV) is that of C 60 . 

In addition to the C = C bond, each vertex carbon atom of C 60 is bound to two C-C bonds that substitute for the 

3i 

aromatic C=C and C.-H bonds. As in the case of the C-C -bond MO of naphthalene, to match energ ie s within the MO that 
bridges single and double-bond MOs, E{AOIHO) and &E H ^ M0 (AOIHO) in Eq. (15.51) are -14.63489 eV and -2.26759 eV , 

respectively. 
To meet the eauipotentlal condition of the union of the C?..ip 3 HOs of the C-C single hond bridging double honds ; the 

parameters q, C 2 , and C 2o of Eq. (15.51) are one for the C-C group, C l0 and C, are 0.5, and c 2 given by Eq. (13.430) is 

c 2 (C2sp 3 HO) = 0.91771. To match the energies of the functional groups with the electron-density shift to the double bond, 

E T ( atom- atom, msp 3 .AO) of each of the equivalent C-C-bond MOs in Eq. (15.61) due to the charge donation from the C 

atoms to the MO can be considered a linear combination of that of C-C -bond MO of toluene, -1 . 1 3379 eV and the that of the 

aromatic C-H-bond MO, — '■ . Thus, E T (atom - atom, msp 3 .AO) of each C-C-bond MO of C 60 is 



2 
-1.13379 eF + 0.5(-l. 13379 eV) 



0.75(-l. 13379 eF)- -0.8503 4 eF. As in the case of the aromatic C-H bond, c 3 -l in 



Eq. (15.65) with E mag given by Eq. (15.67), and E Kvib (eV) is that of C 60 . 

The symbols of the functional groups of C 60 are given in Table 17.7. The geometrical (Eqs. (15.1-15.5) and (15.51)), 

intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of C 60 are given 

in Tables 17.8, 17.9, and 17.10, respectively. The total energy of C G0 given in Table 17.1 1 was calculated as the sum over the 

integer multiple of each E D (oro«p) of Table 17.10 corresponding to functional-group composition of the molecule. The bond 

angle parameters of C 60 determined using Eqs. (15.87-15.117) are given in Table 17.12. The structure of C 60 is shown in 

Figur e s 17.2A and B. Th e full c r c n c v e rt e x - atom group comprising a doubl e and two singl e bonds can s e rv e as a basis c l e m e nt to 
fo rm other h igher-order fu llerene- ty pe m acromolecules, hyp er fu llerenes, and complex h ybrid conjugated carbon and aromatic 



structures comprising a mixture of elements from the group of fullerene, graphitic, and diamond carbon described in the 
corresponding sections. 
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Figure 17.2. C m MO comprising a hollow cage of sixty carbon atoms bound with the linear combination of sixty sets of 
C-C -bond MOs bridged by 30 sets of C = C -bond MOs. A C = C group is bound to two C-C groups at each vertex carbon 
atom of C 60 . Color scale, translucent pentagonal view (A), and hexagonal view (B), of the charge-density of the C m -bond MO 

with each C2sj? HO shown transparently. For each C-C and C = C bond, the ellipsoidal surface of the H 2 -type ellipsoidal 
MO that transitions to the Clsp' HO, the C2sp } HO shell, inner most Cls shell, and the nuclei (red, not to scale), are shown. 




Table 17.7. The symbols of functional groups of C m . 



Functional Group 



Group Symbol 



C = C (aromatic-type) C = C 

C-C (bound to C = C aromatic-type) C-C 



Table 17.8. The geometrical bond parameters of C m and experimental values [5]. 



Parameter 


C = C 
Group 


C-C 
Group 


a (a ) 


1. 47348 


1 .88594 


C («o) 


l. 3 1468 


1.37331 


Bond Length 2c' (A) 


1.39140 


1.45345 


Exp. Bond Length 
(4 


1.391 

(Qo) 


1.455 

(Qo) 


b,c (a v ) 


0.66540 


1 .24266 


e 


0.89223 


0.72817 



Table 17.9. The MO to HO intercept geometrical bond parameters of C m . EjhE; 



(atom - atom msp AG). 



v) 



(eV) 
Bond 2 



(eV) 
Bond 3 



(cV) 



Energy 



JC2: 

cV) 
J 7 inal 



E{C2sp' I 
(eV) 
Final 



-\t 
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Table 17.10. The energy parameters (e V) of functional groups of C 6( 



Parameters 



C = C 

Group 



C-C 

Group 



-03- 



0.85252 



1 



0.85252 







1 



0.91771 



_L 



0.5 



0.5 



C 



0.85252 



1 



V. (eV) 



V (eV) 



T(eV) 



V (eV) 



-101.12679 



20.69825 



34.31559 



-17.15779 



-33.63376 



9.90728 



8.91674 



-4.45837 



E(aoiiio) (eV) 



-e- 



-14.63489 



AE HUcM"»") ( eV ) 



E t [aoiho) (eV) 



^n- 







63.27075 



-2.26759 



-12.36730 



31.635 -1 1 



E.Aatom — atom,msp^ .AO\ (cV) 



2.26759 



0.8503 4 



E t [mo) (eV) 



ft) 10" rad/s) 



E t - W) 



-65.53833 



49.7272 



32.73133 



-32.48571 



19.8904 



13.09221 



e» (.on 



0.35806 



0.2325 -1 



3™ W 



E ( eV ) 



E. t (o„„ v ) (eV) 



0.17727 
[6] 



-0.26942 



0.14803 



-66.07718 



0.14667 
[6] 



-0.15921 



0.14803 



-32.49689 



E {r t AOIM>\ (eV) 



F l: {n mr ) (eV) 



-14.63489 







-14.63489 







Table 17.11. The total bond energies of C m calculated using the functional group composition and the energies of Table 
17.10 compared to the experimental values [7]. 



Calculated 



Experimental 



Formula 


Name 


C = C 


C-C 


Total Bond Energy 

(eV) 


Total Bond Energy 
(eV) 


Relative Error 


C60 


Fullerene 


30 


60 


419.75539 


419.73367 


-0.00005 



Table 17.12. 



The bond angle parameters of C 60 and experimental vdues [8]. E T is E T (atom - atom msp 3 .AO) 



Aloms of Angle 



2c' 
Bond 1 
(a,,) 



2c 1 
Terminal 
Atoms 



Atom 1 
Hybridization 
Desijjnaticm 



(Table 15.3 



A)_ 



£ c „,,„, 6 „ 
Atom 2 



Atom 2 

Tybridization 

Designation 

fable 15.3.A) 



(eV) 



C) f) 



C) 



Cal. « 
(°) 



Exp. 6 

0) 



/c=c-c 
zc-c-c 



.62936 
.74663 



4.6562 
4.4441 



03045 
45563 



-17.0304$ 
-17.4556: 



32 
47 



0.7989 1 
0.77945 



-1.85836 
-1.85836 



120.00 
108.00 



120.00 
" 108.00 
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FULLERENE DIHEDRAL ANGLES 

For C 60 , the bonding at each vertex atom C b comprises two single bonds, C a -C b -C a , and a double bond, C b =C c . The 
dihedral angle O zc =ac-c-c between the plane defined by the C a -C b - C a moiety and the line defined by the corresponding 
C b =C C moiety is calculated using the results given in Table 17.12 and Eqs. (15.114-15.117). The distance d 1 along the 
bisector of 6 ZC _ c _ Ca from C b to the internuclear-distance line between one C a and the other C a , 2c' c _ c , is given by 

Q,n n „.. 108.00° 



d x =2c' c _ c cos- 



: 2.74663a„ cos 



= 1.61443a n 



(17.8) 



-2 2- 

where 2c' c _ c is the internuclear distance between C b and C a . The atoms C a , C a ,and C c define the base of a pyramid. Then, 

the pyramidal angle 6 ZCCC can be solved from the internuclear distances between C c and C a , 2c' c _ c , and between C a and 

C a , 2c' c _ c , using the law of cosines (Eq. (15.115)): 



( 2 g'c.-c.) + ( 2c VcJ -(2C C ._ C .) 
2(2c' Ce _ c J(2c' c ^) 



(4.65618a ) 2 +(4.65618a ) 2 -(4.4441a ) 
2(4.65618a )(4.65618a ) 



2\ 



(17.9) 



= 57.01° 
Then, the distance d 2 along the bisector of 9 ZC c c from C c to the internuclear-distance line 2c ' c _ c , is given by 

0/rrr 57 01° 

d 2 = 2c' Cc _ Ca cos "'" = 4.65618a cos^— = 4.09176a (17.10) 

The lengths d x , d 2 , and 2c ' c =c define a triangle wherein the angle between d x and the internuclear distance between C b and 



C c , 2c' c =c , is the dihedral angle d zc =cic-c-c 
r 



that can be solved using the law of cosines (Eq. (15.117)): 



e 



ZC=CIC c c 



= cos 



^+( 2c V0 -4 



2d l [2c ' Ct=c J" 



= cos 



(l.61443a ) 2 +(2.62936a ) 2 -(4.09176a ) 



2^ 



2(l.61443a )(2.62936a ) 



(17-11) 



(17.12) 



= 148.29° 
The dihedral angle for a truncated icosahedron corresponding to & zc=C ic-c-c i s 

U yn _rin r r =148.28 



J ZC-CIC c c ' 



The dihedral angle R z . 



C-CIC-C=C 



between the plane defined by the C u -C b = C moiety and the line defined by the 



corresponding C b —C a moiety is calculated using the results given in Table 17.12 and Eqs. (15.118-15.127). The parameter d r 
is the distance from C b to the internuclear-distance line between C a and C c , 2c ' c _ c . The angle between d y and the C b - C a 
bond, zccd , can be solved reileralively using Eq. (15.121): 



^r 



( 2c VcJ 2 



(2c' Ci _J -(2c' Cb _ Cc f 



2 {{ 2c 'c b -c a )cosine# ZCW] -(2c' Ci _ c Jcosirie(0 ZC|iCiCc -0 ZCaCA )) 



(^vO 2 (*W 



- 2 ( 2c VcJ 



( 2c VcJ cosme6 z C/M 

2c' „ „ ) cosine \G.„ rr -B. 



cosine # 



- (2c 'c t - C J cosine (6 



ZC a C b d l 



V v 



6 1 /// 



72? 



^2^ 



(2.74663a ) -(2.62936a ) 



(2.74(S63a ) 2 + 



2((2.74663a )cosine^ c ^ | -(2.62936a )cosine(l20.00°-^ c ^ | )) 



f ( 

- 2(2.74663a , 



(2.74663a ) 2 -(2.62936a ) 2 



(2.74663a ) cosine^ 



cosineff, 



= 



^ c a c *<*i 



v v 



-(2.62936a )cosine(l20.00 o -# Z(Wi ) 



J J 



4.6562a n 



(17.13) 
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The solution of Eq. (17.13) is 



e, 



■- 57.810° 



(17.14) 



Eg. (17.14) can be substituted into Eg. (15.120) to give J, : 



( 2c c„-cj ( 2c c„-cj 



2 ({ 2c 'c b -c a ) cosine<9 ZWi - (lc ^ ) cosine (<9 ZCaQQ - 6^ CA )) 



(17-15) 



(2.7 4 663a ) 2 -(2.62936a ) 2 



= 1.33278a„ 



2((2.74663a )cosme(57.810 )-(2.62936a )cosine(l20.00°-57.810 )) 
The atoms C a , C a , and C c define the base of a pyramid. Then, the pyramidal angle 6 AC c c can be solved from the 
internuclear distances between C a and C a , 2c' c _ c , and between C a and C c , 2c' c _ c , using the law of cosines (Eq. (15.115)): 



"l-C„C„C r ~ cos 



( 2c 'c.-c.) +( 2c 'c„-cJ -(2C c ._cJ 
2(2c' Cn _ Cm )(2c' Cm _ Ct ) 



(17-16) 



r / 4.44410a n ) 2 + (4.6561 8a n f -(4.6561 8a n ) 2 A 



= 61.50° 



2(4.44410a )(4.65618a ) y 

The parameter d 2 is the distance from C a to the bisector of the internuclear-distance line between C a and C c , 2c' c _ c . 
The angle between d 2 and the C a -C a axis, 6 ZCCd , can be solved reiteratively using Eq. (15.126): 



{ 2c 'c,-cS 



\^ c c a -c a j \^ c c a -c c j 



2 (( 2c 'c„-c )cosine<9 ZCflC<A -( 2 c' c „-c c ) cosine (<9 zc ^ Cc -0 Z<W2 )) 



(2c' Ca _ c J (2 C ' C ^- 



" 2 ( 2c V0 



( 2c 'c o -cJ C0sme,9 zc c^ 
-foVc.) cnsinf! (fr 



cosine #, 



= 



c„c„c, — "ZC„C„tl, 



■a<~a<<2 ] J J 



2c' r 



x2\ 



(4.44410a ) -(4.65618a ) 



(4.4441 0a ) 2 + 



2 1(4.4441 0a ) cosine^^ - (4.6561 8a ) cosine(61 .50° - d ZCaC j 2 )) 



2(4.44410aJ 



(4.44410a ) 2 -(4.65618a ) 2 



> 



( 4 .44410a )cosine^ CaCA ~ 
-(4.65618a )cosine(61.50°-6' ZCoCA ) 



cosine#, r 



J J 



4.6562a„ 



(17.17) 



The solution of Eq. (17.17) is 
^,=31-542° 

Eq. (17.18) can be substituted into Eq. (15.125) to give d 2 : 



(17.18) 



(2c\_ c J -(2c' c ^ 



d 2 = 



2 (( 2c 'c -cJcosine/9 ZCoCorf2 - (2c ' c , _ Q ) cosine (d ZCa c a c c - zc a c A )) 



(17.19) 



-X 



4.44410a„f -(4.65618a " 2 



X 



= 3.91101a n 



2((4.44410a )r.osinR (31.542°)-(4.65(S18 a [| )r.osine (61.50°-31.542°)) 



The lengths d x , d 2 , and 2c ' c _ c define a triangle wherein the angle between d x and the internuclear distance between 
C a , 2c' c _ c , is the dihedral angle ZC -cic-c=c that can be solved using the law of cosines (Eq. (15.117)): 



C b and 
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J /r-nr-r=r ' 



d'+(2c' Cb _ c y-d 2 2 

2d i{ 2c 'c t -c a ) 



(17 .20) 



= cos 



^(l.33278a ) 2 +(2.74663a ) 2 -(3.91101a ) 2 ^ 



v 



= 144.71° 



2(1.33278a )(2.74663a ) 
The dihedral angle for a truncated icosahedron corresponding to 8 Z 

^c-cc-c-c =144.24° - (17.21) 

GRAPHENE AND GRAPHITE 

In addition to fullerene and diamond described in the corresponding sections, graphite is the third allotrope of carbon. — It- 
comprises planar sheets of covalently bound carbon atoms arranged in hexagonal aromatic rings of a macromolecule of 
indefinite size. Each sheet comprises graphene. The sheets, in turn, are bound together by weaker intermolecular forces. It was 
demonstrated in the Fullerene (C 60 ) section, that a very complex macromolecule, fullerene, could be simply solved from the 
groups at each vertex carbon atom of the structure. Specifically, a C = C group is bound to two C-C bonds at each vertex 
carbon atom of C 60 . The solution of the macromolecule is given by superposition of the geometrical and energy parameters of 

the corresponding two groups. Similarly, diamond comprising, in principle, an infinite network of carbons was also solved in 
the Diamond section using the functional group solutions, the diamond C-C functional group which is the only functional 
group of diamond. 

The structure of the indefinite network of aromatic hexagons of a sheet of graphite can also be solved by considering the 

vertex atom. As in the case of fullerene, each sheet of joined hexagons can be constructed with a C = C group bound to two 
C-C bonds at each vertex carbon atom of graphite. However, an alternative bonding to that of C m is possible for graphite due 

to the structure comprising repeating hexagonal units. In this case, the lowest energy structure is achieved with a single 
functional group, one which has aromatic character. The aromatic bond is uniquely stable and requires the sharing of the 
electrons of multiple H 2 -type MOs. The results of the derivation of the parameters of the benzene molecule given in the 

Benzene Molecule (C 6 H 6 ) section was generalized to any aromatic functional group of aromatic and heterocyclic compounds in 

3e 

the Aromatic and Heterocyclic Compounds section. Ethylene serves as a basis element for the C-C bonding of the aromatic 

ie ^ 

bond wherein each of the C = C aromatic bonds comprises (0.75)(4) = 3 electrons according to Eq. (15.161) wherein C 2 ofEq. 

3e 

(15.51) for the aromatic C = C -bond MO given by Eq. (15.162) is C 2 (aromaticClsp 1 HO\ = c 2 (aromaticClsp 1 HO\ = 0.85252 

and E T [atom - atom,msp 3 .AOj = -2.26759 eV . 

In graphite, the minimum energy structure with equivalent carbon atoms wherein each carbon forms bonds with three 
other such carbons requires a redistribution ot charge within an aromatic system o± bonds. Considering that each carbon 
contributes four bonding electrons, the sum of electrons of a vertex-atom group is four from the vertex atom plus two from each 
of the two atoms bonded to the vertex atom where the latter also contribute two each to the juxtaposed group. These eight 
electrons are distributed equivalently over the three bonds of the group such that the electron number assignable to each bond is 

g 8/3 e 

— . Thus, the C-C functional group of graphite comprises the aromatic bond with the exception that the electron-number per 

8 2 8 

bond is — . E T {amu P ) and E D (a roup ) are given by Eqs. (15.165) and (15.166), respectively, with f x = — andc 4 = — . As in the case 

of diamond comprising equivalent carbon atoms, the C2sp 3 HO magnetic energy E given by Eq. (15.67) was subtracted due 
to a set of unpaired electrons being created by bond breakage such that c 3 of Eqs. (15.165) and (15.166) is one. 

The symbol of the functional group of graphite is given in Table 17.13. The geometrical (Eqs. (15.1-15.5) and (15.51)), 
intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11), (15.17-15.65), and (15.165-15.166)) parameters of graphite are 
given in Tables 17.14, 17.15, and 17.16, respectively. The total energy of graphite given in Table 17.17 was calculated as the 
sum over the integer multiple of each E D (Group) of Table 17.16 corresponding to functional-group composition of the molecular 

8/3e / 8/3e \ 

solid. The experimental C = C bond energy of graphite at K, E D \C = Cf, is given by the difference between the 
enthalpy of formation of gas e ous carbon atoms from graphite, AII f (C graphite (gas)\, and the interplanar binding energy, E x , 
wherein graphite solid has a defined heat of formation of zero ( AH f (C{graphite) = 0) : 

( 8/3e \ O 

M C = C \ = ^f{ C ^ P u u {g^))-E x ] (17.22) 



3 
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The factor of — corresponds to the ratio of — electrons per bond and 4 electrons per carbon atom. The heats of formation of 

atomic carbon from graphite [9] and E x [10] are: 

AH ^C^^ (gas)) = 71 1.185 U I mole (7 37079 eV I atom) (17.23) 

E, = 0.0228 eVIatom (17.24) 



Using Eqs. (17.21-17.23), E D (c *= C) 



E Dm \ C ='c ] = -[7.37079 eV -0.0228 eV] = 4.89866 eV 



(17.25) 



The bond angle parameters of graphite determined using Eqs. (15.87-15.1 17) are given in Table 17.18. The inter-plane 
distance for graphite of 3.5A is calculated in the Geometrical Parameters Due to the Interplane van der Waals Cohesive Energy 

8 Me 

of Graphite section. The structure of graphite is shown in Figure 17.3 A and B. The graphite C = C functional group can 
serve as a basis element to form additional complex polycyclic aromatic carbon structures such as nanotubes [11-15]. 

Figure 17.3. The structure of graphite. (A) Single plane of macromolecule of indefinite size. (B) Layers of graphitic 
planes. 



(A) 




(B) 




Table 17.13. The symbols of the functional group of graphite. 



Functional Group 



Group Symbol 



CC bond (graphite-C) 



C = C 



Table 17.14. The geometrical bond parameters of graphite and experimental values. 



Parameter 


S/3c 

c = c 

Group 


a (a ) 


l .47348 


c' (a ) 


1.31468 


Bond Length 2c' (J) 


1.39140 


Exp. Bond Length ( A) 


1.42 
(graphite) [11] 

1.399 
(benzene) [16] 


b,c (a ) 


0.66540 


e 


0.89223 



Tab le 17.15. The MO to HO intercept geometrical bond parameters of graphite. £Y is Ej [atom - atom msp .AG). 



Bond 


Atom 


E, 

(eV) 
Bond I 


(eV) 
Bond 2 


(eV) 
Bond 3 


(eV> 
Bond 4 


Final Total 

Energy C2sp y 

<cV) 


latitat 
k) 


';,„, 
W 


(<=V) 
Final 


£(C2 V >) 
(eV) 
Final 


&' 
I') 






d 
k) 




c = c 


C 


-0.75586 


-0.75586 


-0.75586 





-1 53.88328 


0.9 1 77 1 


0.79597 


-1 7.09334 


-16.90248 


134.24 


45.76 


58.98 


0.75935 


0.55533 



50 



s 

o 
ro 

03 
O 

5T 



3 



"0 

o 

CD 



-s — 



E7T 



3 
£ 
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Table 17.16. The energy parameters (e V) of the functional group of graphite . 





Parameters 


Vie 

c = c 








Group 






A 


2/3 






"i 


2 














«, 

















«3 









c, 


0.5 






c. 


0.85252 














c , 


1 














C 2 


0.85252 






C 3 


1 






C 4 


8/3 














c s 

















^ 


0.5 






c 2 „ 


0.85252 






y, ( eV ) 


-101.12679 














V P (eV) 


20.69825 






T(eV) 


34.31559 






V„ ieV) 


-17.15779 






i7l ,„,.,„\ t „i/\ 


Q 






i . * 








AE H 1 MO { - AO ' H °) ( eJ/ ) 

















E t (aoiho) (eV) 









E t (h,mo) (eV) 


-63.27075 






E T { atom — atom, msp'.AOj (eV) 


-2.26759 








_65 53533 






(0 (l0 15 radl s) 


49.7272 






E K (eV) 


32.73133 






E D (eV) 


-0.35806 














E M (eV) 


0.19649 








[17] 






E mc (eV) 


-0.25982 






E (eV) 

mag v ' 


0.14803 














E T ( amp ) (eV) 


-43.93995 














E m,aM AOIH <HeV) 


-14.63489 






E ,„„,„M* o "< o ) ( eV ) 









E d [g,-o V ) (eV) 


4.9 i 359 





Table 17.17. The total bond energy of graphite calculated using the functional group composition and the energy of Table 
17.16 compared to the experimental value [9-10]. 



Formula 



Nam e 



Calculated Exp e rim e ntal R e lativ e Error 



C„ 



Graphite 



i otai tiona 

Energy (eV) 

4.91359 



i otai tiona 

Energy (eV) 

4.89866 



-0.00305 



Table 17.13. 



The bond 



angle parame:ers 



of graphite and experimental values. E; 



s Et (atom - atom msp .AO) 



OS 

o 



Atoms of 2b' 

/[ngle Bond 1 



(aromatic) 



Bond 2 



2c' 
Tjermiiial 



(a ) Atoms ( 



°o) 



Atom 1 



Atom 1 

Hybridization 

Designation 

;Table15.3.A) 
40 



Aton2 
Hybridization 
Designation 



(Table 



5.3A) 



(eV) 



C) 



f) C 



120 



(gr|iphitf)[18] 
) 
[19-21] 



(ben; 



20 
ene) 



© 





to 




o 








o 




CD 




0) 




O 




7T 




I - 




(Q 




J 






n 


TJ 


IV 


O 


tt 


S 


'a 


CD 



^ =r 



< 

Q. 
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Table 17.19. The calculated and experimental total bond energies of allotropes of carbon using closed-form equations 
having integers and fundamental constants only. 



Formula 


Name 


Calculated 

Total Bond Energy 

(eV) 


Experimental 

Total Bond Energy 

(eV) 


Relative Error 


c n 


diamond 


3.74829 


3.704 


-0.01 


C60 


fullerene 


419.75539 


419.73367 


-0.00005 


c n 


graphite 


4.91359 


4.89866 


-0.00305 



REFERENCES 

1 . http://newton.ex.ac.uk/research/qsystems/people/sque/diamond/. 



2. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), pp. 
5-18; 5-45. 

3. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), p. 
4- 15 0. 

4. J. Wagner, Ch. Wild, P. Koidl, "Resonance effects in scattering from polycrystalline diamond films," Appl. Phys. Lett. Vol. 
59, (1991), pp. 779-781. 

5. W. I. F. David, R. M. Ibberson, J. C. Matthewman, K. Prassides, T. J. S. Dennis, J. P. Hare, H. W. Kroto, R. Taylor, D. R. M. 
Walton, "Crystal structure and bonding of C 60 ," Nature, Vol. 353, (1991), pp. 147-149. 

temperature-dependent studies," J. Phys. Chem., 



6. 



B. Chase, N. Herron, E. Holler, "Vibrational spectroscopy of C 60 and C 70 



Vol. 96, (1992), pp. 4262-4266. 
7. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), pp. 

9-63; 5-18 to 5-42. 
-4L — J . M. Hawkins, "Osmylation of C 6U : proof and characterization of the soccer-ball framework," Ace. Chem . Res., (1992), Vol . 

25, pp. 150-156. 

9. M. W. Chase, Jr., C. A. Davies, J. R. Downey, Jr., D. J. Frurip, R. A. McDonald, A. N. Syverud, JANAF Thermochemical 
Tables, Third Edition, Part II, Cr-Zr, J. Phys. Chem. Ref. Data, Vol. 14, Suppl. 1, (1985), p. 536. 

10. M. C. Schabel, J. L. Martins, "Energetics of interplanar binding in graphite," Phys. Rev. B, Vol. 46, No. 11, (1992), pp. 
7185-7188. 

1 1. J. - C. Charli c r, J. - P. Mich c naud, "En e rg e tics of multilay c r c d carbon tubul e s," Phys. R e v. Ltts., Vol. 70, No. 12, (19930, pp. 
1858-1861. 

12. J. P. Lu, "Elastic properties of carbon nanotubes and nanoropes," Phys. Rev. Letts., (1997), Vol. 79, No. 7, pp. 1297-1300. 

13. G. Zhang, X. Jiang, E. Wang, "Tubular graphite cones," Science, (2003), vol. 300, pp. 472-474. 

14. A. N. Kolmogorov, V. H. Crespi, M. H. Schleier-Smith, J. C. Ellenbogen, "Nanotube-substrate interactions: Distinguishing 
carbon nanotubes by the helical angle," Phys. Rev. Le t ts., (2004), Vol. 92, No. 8, pp. 085503-1-085503-4. 

15. J.-W. Jiang, H. Tang, B.-S. Wang, Z.-B. Su, "A lattice dynamical Treatment for the total potential of single-walled carbon 
nanontubes and its applications: Relaxed equilibrium structure, elastic properties, and vibrational modes of ultra-narrow 
tubes," available at http://arxiv.org/PS_cache/cond-mat/pdf/0610/0610792v2.pdf, Oct. 28, 2006. 

16. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), p. 

9^29: 

17. G. Herzberg, Molecular Spectra and Molecular Structure II. Infrared and Raman Spectra of Polyatomic Molecules, Van 
Nostrand Reinhold Company, New York, New York, (1945), pp. 362-369. 

18. D. R. McKenzie, D. Muller, B. A. Pailthorpe, "Compressive-stress-induced formation of thin-film tetrahedral amorphous 
carbon," Phys. Rev. Lett., (1991), Vol. 67, No. 6, pp. 773-776. 

19. W. I. F. David, R. M. Ibberson, G. A. Jeffrey, J. R. Ruble, "The structure analysis of deuterated benzene and deuterated 
nitromethane by pulsed-neutron powder diffraction: a comparison with single crystal neutron analysis," Physica B (1992), 
180 & 181, pp. 597-600. 

20. G A. Jeffrey, J. R. Ruble, R. K. McMullan, J. A. Pople, "The crystal structure of deureratRd benzene," Proceeding s of the 



Royal Society of London. Series A, Mathematical and Physical Sciences, Vol. 414, No. 1846, (Nov. 9, 1987), pp. 47-57. 
21. H. B. Burgi, S. C. Capelli, "Getting more out of crystal-structure analyses," Helvetica Chimica Acta, Vol. 86, (2003), pp. 
1625-1640. 



©2010 BlackLight Power, Inc. All rights reserved. 



1162 Chapter 17 



©2010 BlackLight Power, Inc. All rights reserved. 



1163 



Chapter 18 



NATURE OF THE IONIC BOND OF ALKALI HYDRIDES 
AND HALIDES 



ALKALI-HYDRIDE CRYSTAL STRUCTURES 



The alkali hydrides are lithium hydride (LiH), sodium hydride (NaH), potassium hydride (KH), rubidium hydride (RbH), 
and cesium hydride ( CsH ). These saline or salt-like alkali-metal hydrides each comprise an equal number of alkali cations and 
hydride ions [1] in unit cells of a crystalline lattice. The crystal structure of these ionic compounds is the face-centered cubic 
NaCl structure [2]. This close-packed structur e is exp e cted since it gives the optimal approach of the positive and negative ions 
[3]. Th e structur e compris e s fac c- c c nt c r c d cub e s of both M + and H ~ ions combin e d, but offs e t by half a unit c e ll l e ngth in on e 
direction so that M + ions are centered in the edges of the H~ lattice and vice versa. Each M + is surrounded by six nearest 
neighbor H~ ions and vice versa. The resulting unit cell consists of anions (or cations) at the midpoint of each edge and at the 

center of the cell such that the unit cell contains four cations and four anions. 

The interionic radius of each hydride can be derived by considering the radii of the alkali ion and the hydride ion, the 
electron energies at these radii, and the conditions for stability of the ions as the internuclear distance changes and the ions are 
mutually influenced by Coulombic forces. Then, the lattice energy is given by the sum over the crystal of the minimum energy 
of the interacting ion pairs at the radius of minimum approach for which the ions are stable. The sum is further over all 

Coulombic interactions of the ions of the crystal. 

Each hydride MH (M - Li,Na,K,Rb,Cs) is comprised of M + and H~ ions. From Coulomb's Law, the lattice energy 



AU for point charges is given by the Born-Mayer equation [3] 



AU = NMZ^Z_ 



4 x£„, 






(18.1) 



°o'o V 'oV 

where N is Avogadro's number, M c is the Madeluug constant (the convergent sum of all Coulombic interactions of any given 
ion with the lattice of ions), Z + and Z are the ionic charges in elementary charge units, r is the distance between ion centers, 
and p is a constant that corrects for higher-order terms (e.g. l/r 6 to l/r 12 terms) in repulsion between close neighbor ions. The 

M — H distance can be calculated from the minimum energy packing of the ions, which is stable. Each ion is surrounded in a 
symmetrical octahedral field of srx countenons. From Jiq. (18.1), the lattice energy mcreases as the interionic distance 
decreases. But, the interionic distance cannot be the sum of the contact radii. This is easily appreciated by considering that the 
energies of the outer electron of M + and the outer two electrons of H~ are very different. For sufficiently small interionic 
distances, the most energetic reaction that can occur which eliminates the cation and consequently the lattice energy is the 

following : 

M + + e~ -*M (18.2) 

For shorter distances, the spherically symmetrical l S li state of the hydride ion is distorted by M + , and it is not stable in the ionic 
crystal when the M — H distance is given by the condition that, the total Coulombic energy of attractive terms of Hi in the 
field of M + as well as the repulsive terms between like-charged ions is equal to the binding energy of M . BE(M), for the 

cations of the crystal. Then, the lattice energy is given by the product of Avogadro's number, BE{M~), and the Madelung 
constant which takes into account all inverse r (point-like) Coulombic interactions of the crystal: 

AU = NM C BE(M) (18.3) 
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Thus, M c is the factor of stability of forming the crystal from M + and H~ ions. The value for the NaCl structure is 

A/ =1.74756 [3]. 

Since the Conlombic potential of the ions is equivalent to that of point charges with some higher order ion-ion-interaction 



repulsive terms, the M — H distance r (MH) given using Eq. (18.1), Eq. (18.3), and BE(M) is 



ZZ_e 



Z + Z_e 2 | 4pZ + Z_e 2 



BE(M)A7t£ a V BE(M)4m a BE(M)4x£ n 
r (MIl) - LJ ° ^ { ' 11 LJ L_ (18.4) 

wherein p = 0AX 10~ 10 m for alkali hydrides [4-5]. The parameters of the hydride ion are given in the corresponding section. 



LITHIUM HYDRIDE 

The calculated ionic radii for Li* and H~ ions given in Tables 7.1 and 7.2 are 0.35566a and 1.8660a , respectively. But, the 
interionic distance cannot be the sum of the contact radii since the calculated ionization energies of Li* (Eqs. (7.35), (7.45-7.46), 
and (7.63)) and H~ (Eq. (7.69)) are 75.665 eV and 0.75471 eV , respectively. Furthermore, since the calculated ionization 
energy (Eq. (10.25)) of Li to Li* is 5.40381 eV as shown in Table 10.1 and the ionization energy (Eq. (7.69)) of H~ to H is 
0.75471 eV (1.20836 X 10~ 19 J) , for sufficiently small interionic distances, the lithium ion may be reduced. 
Substitution of BE (Li) = 8.65786 X 10" J into Eq. (18.3) gives the calculated lattice energy of 
AU = NM = BE(Li) = \.lA156N%.651%6X W w J = 9\\.\kJ I mole (217 '.8 kcal I mole) (18.5) 

This agrees well with the experimental lattice energy of AU = 217.95 kcallmole [1] and confirms that the ionic, compound 
LiH comprises a precise packing of discrete ions. 

The calculated radius of Li (Eq. (10.13)) given in Table 10.1 is 2.55606a , and the calculated binding energy is 

5.40381 e.V (8.65786 X IP' 19 ./) (Eq. (10.25)). The Li — H distance, r (UH), calculated using Eq. (18.4) with the 

substitution of BE (Li) = 8.65786 X 10~ 19 J is 

r (LiH)=2.\l X W 10 m (18.6) 

The calculated Li — H is in reasonable agreement with the experimental distance of r (LiH ) = 2.04 X 10~ 10 m [1] given the 

experimental difficulty of performing X-ray diffraction on lithium and hydrogen due to the low electron densities. Furthermore, 
there is a 15% variation in experimental measurements of the density of LiH [1] that affects the internuclear spacing. Using the 
Li — H distance and the calculated ionic radii, the lattice structure of LiH is shown in Figure 1 8. 1 A. 

The calculated ionic radii for Na* and H~ ions given in Tables 10.8 and 7.2 are 0.5609 4 5a and 1 .8660a,,, respectively. But, 
the interionic distance can not be the sum of the contact radii since the calculated ionization energies of Na* (Eqs. (10.212- 
10.213)) and H~ (Eq. (7.69)) are 48.5103 eV and 0.75471 eV , respectively. Furthermore, since the calculated ionization 
energy (Eqs. (10.226-10.227)) of Net to Na* is 5.12592 eV as shown in Tabl e 10.10 and the ionization energy (Eq. (7.69)) of 

H~ to H is 0.75471 eV (1.20836 X 10~ 19 J) , for suffici e ntly small int e rionic distanc e s, th e sodium ion may b e r e duc e d. 

Substitution of BE(Na) = 8.21263 X 10" 19 J into Eq. (18.3) gives the calculated lattice energy of 

AU = NM c BE(Na) = U4756m.21263X \0 19 J = 864.3 kJ I mole (206.6 kcal I mole) (18.7) 

This agrees well with the experimental lattice energy of AU = 202.0 kcal I mole [2] and confirms that the ionic 
compound NaH comprises a precise packing of discrete ions. 

The calculated radius of Na (Eq. (10.226)) given in Table 10.10 is 2.65432a , and the calculated binding energy is 

5.12592 eV (8.21263 X W 19 J) (Eqs. (10.226-10.227)). The Na — H distance, r (NaH), calculated using Eq. (18.4) with 

the substitution of BE(Na) = 8.21263 X 10' 19 J is 

r (NaH) =233 X10- 10 m (18.8) 

The calculated Na — H is in good agreement with the experimental distance of r (NaH) = 2A4X 10~ 10 m [2]. Using the 

Na — H distance and the calculated ionic radii, the lattice structure of NaH is shown in Figure 18. IB. 
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Figure 18.1. The crystal structures of MH all to the same scale. (Zi + = green, Na*= yellow, K*= purple, and H and 
H~ — = blue). (A) The crystal structure of LiH . (B) The crystal structure of NaH . (C) The crystal structure of KH . (D) 

The crystal structure of KH — 




POTASSIUM HYDRIDE 

The calculated ionic radii for K* and H ions given in Tables 10.17 and 7.2 are 0.852 I5a and 1.8660a , respectively. But, 

the interionic distance cannot be the sum of the contact radii since the calculated ionization energies of K* (Eqs. (10.399- 
10.400)) and H' (Eq. (7.69)) are 3 1.9330 eV and 0.75471 eV , respectively. Furthermore, since the calculated ionization 
energy (Eqs. (10.414-10.415)) of K to K* is 4.33 eV as shown in Table 10.19 and the ionization energy (Eq. (7.69)) of H to 
H is 0.75471 eV (1 .20836 X 10" 19 J) , for sufficiently small interionic distances, the potassium ion may be reduced. 
Substitution of BE( K) = 6.93095 X 10"" J into Eq. (18.3) gives the calculated lattice energy of 
AC/ = NM C BE(K) = 1.74756^6.93095 X 10^ J = 729.4 kJ I mole (174.3 heal I mole) (18.9) 

This agrees well with the experimental lattice energy of AC/ = 177.2 heal I mole [2] and confirms that the ionic 
compound KH comprises a precise packing of discrete ions. 

The calculated radius of K (Eq. (10.414)) given in Table 10.19 is 3.14515a , and the calculated binding energy is 

4.32596 eV (6.93095 X 10" J) (Eqs. (10.414-10.415)). The K — H distance, r (KH), calculated using Eq. (18.4) with the 

substitution of BE(K) = 6.93095 X 10~ 19 J is 

r (KH)=2MX \Q W m (18.10) 

The calculated K — H is in good agreement with the experimental distance of r (KH) = 2.&5 X lO 10 m [2]. Using the 

K — H distance and the calculated ionic radii, the lattice structure of KH is shown in Figure 18.1C. An aggregate crystal of 
unit cells is shown in Figure 18.2. 
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Figure 18.2. The crystal structure of KH . (K* = purple and H~= blue). (A) Opaque view showing the external 
geometrical crystal structure of an aggregate of unit cells of KH . (B) The crystal structure of KH showing an aggregate of 
units cells. 

A B 





RUBIDIUM AND CESIUM HYDRIDE 

As further tests of the boundary condition, the lattice energies of RbH and CsH are given by the product of Avogadro's 
number, the Madelung constant of M c =1.74756, and the binding energy of Rb and Cs of 4.17713 eV and 3.89390 eV [6], 
respectively. Using Eq. (18.3), the calculated lattice energy of RbH is 

At/ = 1.747562V(e4.17713 eV) = 704.3 U I mole = 168.3 kcallmole (18.11) 

This agrees well with the experimental lattice energy of At/ = 168.6 heal I mole [2] and confirms that the ionic compound RbH 
comprises a precise packing of discrete ions. 

Substitution of BE(Rb) = 6.6925 X 10~ 19 J into Eq. (18.4) gives the Rb — H distance r (RbH) : 

r (RbH)=2.99XW'°m (18.12) 

The calculated Rb — H is in good agreement with the experimental distance of r„ (RbH) = 3.02 X 10" 10 m [2]. 
Using Eq. (18.3), the calculated lattice energy of CsH is 
At/ = 1 .74756AA (e3 .89390 eV) = 656.6 hJ I mole = 1 56.9 heal I mole (1 8. 13) 

This agrees well with the experimental lattice energy of At/ = 154.46 heal I mole [1] and At/ = 1 62.0 heal I mole [2] and 
confirms that the ionic compound CsH comprises a precise packing of discrete ions. 

Substitution of BE(Cs) = 6.23872 X KT 19 J into Eq. (18.4) gives the Cs — H distance r t) (CsH): 

r (CsH)=3.24X 10'° m (18.14) 

The calculated Cs — H is in good agreement with the experimental distance of r„ (CsH) = 3.19 X 10~ 10 m [2]. 



POTASSIUM HYDRINO HYDRIDE (KH \ ) 



The crystal staicture of each alkali hydrino hydride MH 



'^ 



is the same as that of the corresponding ordinary alkali hydride 



except that the radii of the hydride ions H 
(7.73). Thus, the lattice energy of KH — is 



— are each a reciprocal integer times that of ordinary hydride as given by Eq. 
P, 



the same as that of KH given by Eq. (18.9), and the K — H\ — \ distance 



r \KH 



(i) 



is the same as that of KH given by Eq. (18.10). Using the K — H — | distance (Eq. (18.10)), the radius of K v 

1,8660 a,, = 0.4665a (Eq. (7.73)), the lattice structure of KH\ ■ i 



of 0.852 15a (Eq. (10.399)) and the radius of H~ \ - \ of 
shown in Figure 18. ID. 
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ALKALI-HALIDE CRYSTAL STRUCTURES 

The alkali halides (MX) are lithium, sodium, potassium, rubidium, and cesium cations, M + , with fluoride, chloride, bromide, 
and iodide anions, X~ . These saline or salt-like alkali-metal halides each comprise an equal number of alkali cations and halide 
ions [3] in unit cells of a crystalline lattice. The crystal structure of these ionic compounds is the face-centered cubic NaCl 
structure except for CsCl , CsBr , and Csl that have the CsCl structure at ordinary temperatures and pressures [3]. These 
close-packed structures are expected since it gives the optimal approach of the positive and negative ions [3]. The NaCl 
structure comprises face-centered cubes of both M + and X~ ions combined, but offset by half a unit cell length in one direction 
so that M + ions are centered in the edges of the X' lattice and vice versa. Each M + is surrounded by six nearest neighbor X' 
ions and vice versa. The resulting unit cell consists of anions (or cations) at the midpoint of each edge and at the center of the 
cell such that the unit cell contains four cations and four anions. The CsCl structure comprises body-centered cubes of both M + 
and X~ ions wherein M + is in the center of cubes of X~ and vice versa. 

ALKALI-HALIDE LATTICE PARAMETERS AND ENERGIES 

The interionic radius of each alkali halide can be derived by considering the radii of the alkali ion and the halide ion, the electron 
energies at these radii, and the conditions for stability of the ions as the internuclear distance changes and the ions are mutually 
influenced by the Coulombic fields. Then, the lat t ice energy is given by the sum over t he crystal of the minimum energy of t he 
interacting ion pairs at the radius of minimum approach for which the ions are stable. The sum is further over all Coulombic 
interactions of the ions of the crystal. 

As in the case with alkali hydrides, each alkali halide MX (M =Li, Na, K, Rb, Cs and X = F, CI, Br, / ) is comprised of 

M + and X~ ions. From Coulomb's law, the lattice energy AU for point charges is given by Eq. (18.1). the Born-Mayer 
equation. The M — X distance can be calculated from the minimum energy packing of the ions, which is stable. Each ion of 
the NaCl and CsCl structure is surrounded in a symmetrical octahedral or cubic field of six or four counterions, respectively. 
From Eq. (18.1), the lattice energy increases as the interionic distance decreases. But, the interionic distance cannot be the sum 
of the contact radii. This is easily appreciated by considering that the energies of the outer electron of M + and the outer 
electrons of X' are very different. For sufficiently small interionic distances, the most energetic reaction that can occur which 
e liminat e s th e cation and cons e qu e ntly th e lattic e e n e rgy is giv e n by Eq. (18.2). — For short e r distanc e s, th e sph e rically 
symmetrical 1 S state of the halide ion is distorted by M + , and it is not stable in the ionic crystal when the M — X distance is 
sufficiently small. To first order, this distance is given by the condition that the total Coulombic energy of attractive terms of 
X~ in the field of M + as well as the repulsive terms between like - charged ions is equal to the binding energy of M , BE(M} , 

for the cations of the crystal. 

As in the case of the alkali hydrides, the lattice energies of alkali halides are determined by the binding energy of the 
corresponding metal atom. However, for each alkali halide an additional energy term arises corresponding to the effect of the 
electric field of the metal ion on the magnetic forces and energy of the halide ion. With the binding of the ions in both alkali 
hydrides and halides, the electric field lines of the metal ions end on those of the negative ions. But, each electron of the hydride 
ion occupies a symmetrically symmetrical s orbital, and the electrons collectively comprise a tilled s shell only such that there 
is no dipole to interact with the external electric field of the positive ions. Whereas, the outer shell of the halide ions comprise 
p -orbital electrons having magnetic dipoles. These dipoles can interact with the external electric field having dipole 
components. — Thus, the cation anion separation in ionic compounds having electrons with magnetic dipole moments due to 
orbital angular momentum is dependent on the effect of the electric field on the magnetic forces of the anion. 

Since the magnetic field is a relativistic effect of the electric field and the electron's charge, e, charge-to-mass ratio, — , 

m e 

angular momentum of n , and the magnetic moment of p. s are relativistically invariant, it is not surprising as shown in the Stark 
Effect section that the energy, E Stark , of a one-electron atom in an electric field follows from that of a magnetic dipole in a 
magnetic field Eqs. (2.68-2.69) with the magnetic dipole moment replaced by the electric dipole moment and the magnetic flux 
replaced by the electric field E M . Thus, in alkali halides, the change in Coulombic lattice energy due to the Stark effect is 

given by the change in magnetic energy of the anion. The Stark-effect energy can be expressed in terms of the magnetic-dipole 

energy according to Eqs. (2.73-2.75): 

E = ju B B (18.15) 

The corresponding force F Slark on the outer nth electron of the anion is given by Eqs. (7.27-7.3 1 ): 
4— h 



Z m e r n 

From the radius change and the magnetic energy change, the Stark energy component AE (ionization; X) is calculated. Then, 
the lattice energy is given by the product of Avogadro's number, the Madelung constant which takes into account all inverse r 
(point-like) Coulombic interactions of the crystal, and the sum ot BE(M ) , and AE(ionization; X'): 
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AU = NM e [be{M) + AE (ionization; X")) 



(18.17) 



Thus, M c is the factor of stability of forming the crystal from M + and X~ ions. The values for the NaCl and CsCl structures 

are M c =1.74756 and M c =1.76267 [3], respectively. 

Since the Coulombic potential of the ions is equivalent to that of point charges with some higher order ion-ion-interaction 
repulsive terms, the M — X distance r,(Aff) given using Eq. (18.1), Eq. (18.3), 6£(M) and AE(ionization; X) is 



Z Z e l 



Z+Z_e l 



(BE(M) + AE(ionization; X )\Att£ q 



£¥%¥ 



[be(M) + AE(ionization; X ))^7ts 

4pz + zy 

(be(m) + AE (ionization; X~))47t£ 



(18.18) 



wherein p = 0.2 X 10 10 m for alkali halides [5,7]. The parameters of the gas-phase halide ions are derived next following the 
same procedure as that used to solve multielectron atoms. 



FLUORIDE ION 

The fluoride atom comprises a nine-electron atom having a central charge of Z = 9 times that of the proton. There are two 
indistinguishable spin-paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)). two 
indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), and two sets of paired 
and an unpaired electron in an orbitsphere at r 9 given by Eq. (10.182). The next electron which binds to form the corresponding 
ten-electron fluoride ion is attracted by the net magnetic force between the pairing (electron 10) and unpaired (electron 9) to 
form three pairs of electrons of opposite spin in p x , p and p z orbitals of an orbitsphere at the same radius r lu . The resulting 



electron configuration is Is 2s 2p , and the orbital arrangement is 
2p state 



(18.19) 



T~ 



IT 



^r 



corresponding to the ground state 1 »S' . 

Unlike the case of the hydride ion comprising a filled s shell only, the outer shell of the fluoride ion comprises additional 
orbitals to the one filled by the electron which binds to form the negative ion. The forces are purely magnetic in order to 
maintain the boundary conditions of an equipotential minimum energy for electrons of the additional orbitals. Thus, the central 
Coulomb force acts on the outer electron to cause it to bind wherein this electric force on the outer - most electron due to the 
nucleus and the inner nine electrons is given by Eq. (10.70) with the appropriate charge and radius: 



F (z-9y 

— 4x£„r , l — _ 



(18.20) 



for r>r with Z - 9 . 



As in the case with the closed-shell s orbitals, the spin-pairing force F mag between electron 9 and electron 10 given by 
Eq. (7.24) is 



f =LJ L 

map ^ 

Z m.r. 



T <Js(s + l)i I 



(18.21) 



Due to the spin-pairing force the diamagnetic forces and paramagnetic forces are altered relative to those of the 
isoelectronic neon atom. The energy of the fluoride ion is minimized and the angular momentum is conserved with the pairing 
of electron ten to fill the 2 p orbital. Then, the orbital angular momentum of each set of the 2 p x and p z spin-paired electrons 

give rise to the diamagn e tic forc e (Eq. (10.82)), F^ 



diamagnetic ' 



-- I 1 



3 3 ; 4m e r 10 r 3 



Js(s + l)i r = - - Js(s + \)i, 



diamagnetic 

From Eq. (10.84), F 2 due to spin and orbital angular momentum is 



4m e r 10 r 3 



(18.22) 



_1 4h 2 

r mag 2 „ 2 

Z m e r w r 3 



V*(' + l)lr 



(18.23) 
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The outward centrifugal force on electron 10 is balanced by the electric force and the magnetic forces (on electron 10). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (18.20)), 
diamagnetic (Eq. (18.22)), and paramagnetic (Eqs. (18.21) and (18.23)) forces as follows: 



my u 



V-W 



-7? 



4ne r 10 



4m e r m r 3 



<Js(s + l)- 



~4F 



Zm e r l0 r 3 



Js(s + 1)- 



TP 



Zm e r m 



yjs(s + l) 



(18.24) 



Substitution of v. . 



(Kg. (1 .35)), Z = 9 , and s = - into Eg. (1 8.24) gives 



e r i0 r 3 
( 



1 + 



4h 2 



1 4 9m e . 



2 +A 

V 4 9m/ l \ 



(18.25) 



T^ 



«A 



3 + 4n l 



(18.26) 



4m r , V 4 — 9m 



t_ 



1- 
v 9 



X 



r 3 in units of a 



(18.27) 



4 — I 



9 4 



Substitution of — = 0.51382 (Eq. (10.62)) into Eq. (18.27) gives 



-Ow 



■■ 2.75769a n 



(18.28) 



The ionization energy of the fluoride ion is given by the magnetic energy of the outer electron calculated by integrating 
the sum of the diamagnetic (Eq. (18.22)) and paramagnetic (Eqs. (18.21) and (18.23)) forces from r 10 to <x> : 



-T 



-4tf* 



-r 



4 — Prt 



-T- 



-J- 



4m e r w r 3 



4 Zm e r w r 3 



4 Zm e r l0 



■dr = —^ 
4 mr m 



Z 4)r, 2Zr 



10 J 



Eq. (18.29) with r 3 =0.51382a (Eq. (10.62)), r 10 = 2.75769a (Eq. (18.28)), and Z = 9 gives 
E (ionization; F) = 3.40603 eV 



The experimental ionization energy of the fluoride ion is [8] 
E (ionization; F~) = 3.401 1895 eV 



(18.29) 



(18.30) 



(18.31) 



CH L OR I D E I ON 



The chlorine atom comprises a seventeen-electron atom having a central charge of Z= 17 times that of the proton. There are 
two indistinguishable spin-paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. (10.51)), two 
indistinguishable spin-paired electrons in an orhitsphere with radii r. and r 4 both given hy Eq. (10.67.), three sets of paired 
electrons in an orbitsphere at r m given by Eq. (10.212), two indistinguishable spin-paired electrons in an orbitsphere with radii 
r n and r 12 both given by Eq. (10.255), and two sets of paired and an unpaired electron in an orbitsphere with radius r 17 given by 
Eq. (10.363). The next electron which binds to form the corresponding eighteen-electron chloride ion is attracted by the net 
magnetic force between the pairing (electron 18) and unpaired (electron 17) to form three pairs of electrons of opposite spin in 
p x , p , and p z orbitals of an orbitsphere at the same radius r 18 . The resulting electron configuration is \s 2 2s 2 2p ! '3s 2 3p 6 , and 

the orbital arrangement is 
3p state 

1 I t 4- t -4 (18.32) 



+ 



-e- 



-\- 



corresponding to the ground state 1 S . 

Unlike the case of the hydride ion, the outer shell of the chloride ion comprises additional orbitals to the one filled by the 
e l e ctron which binds to form th e n e gativ e ion. Th e forc e s ar e pur e ly magn e tic in ord e r to maintain th e boundary conditions of an 
equipotential minimum energy for electrons of the additional orbitals. Thus, the central Coulomb force acts on the outer electron 
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to cause it to bind wherein this electric force on the outer-most electron due to the nucleus and the inner seventeen electrons is 
given by Eq. (10.70) with the appropriate charge and radius: 

~: (z-ny 



UX- 



(18.33) 



for r > r 17 with Z = 1 7 . 



As in the case with the closed-shell s orbitals, the spin-pairing force F between electron 18 and electron 17 given by 



Eq. (7.24) is 



1 h 1 
Z m/l 



yls(s + l)i r 



(18.34) 



Due to the spin-pairing force the diamagnetic forces and paramagnetic forces are altered relative to those of the 

isoelectronic argon atom. The energy of the chloride ion is minimized and the angular momentum is conserved with the pairing 
of electron eighteen to fill the 3 p orbital when the orbital angular momentum of each set of the p x , p , and p z spin-paired 

electrons add negatively to cancel. Then, the diamagnetic force (Eq. (10.82)), F diamaglletic , is zero as in the case of the closed-/? - 

shell atom neon: 



diamagnetic 



= 



(18.35) 



The orbital angular momentum of each set of the 3 p x and p z spin-paired electrons and the spin and orbital angular 
momentum of electrons 17 and 1 8 that pair upon the binding to fill the 3 p shell give rise to the magnetic force F 2 with the 



corr e sponding contributions giv e n by Eqs. (10.83) and (10.8 4 ), r e sp e ctiv e ly: 



4 # 



^s{s + \\ 



a — m 



Js(s + l)i T = 



1 6h 2 



js(s + l)i r 



mag 2 



-0 + 1) 



Z m e r ls r n 



Z m e r l% r l2 



Z m e r ls r u 



(18.36) 



The outward centrifugal force on electron 18 is balanced by the electric force and the magnetic forces (on electron 18). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq . (18 . 33)) , 
diamagnetic (Eq. (18.35)), and paramagnetic (Eqs. (18.34) and (18.36)) forces as follows: 



my,, 



(Z-17)e 2 



6r 



Zm e r ls r n 



yjs(s + l)- 



h 1 



Zmj; 



-V^+i) 



Substitution of v,„ = • 



(Eq. (1.35)), Z = 17 , and s = - into Eq. (18.37) gives: 



(18.37) 



6h 2 



m e r l 



3 



17m e r 18 r 12 \4 17m e r 18 V4 



(18.38) 



17 



6r 



(18.39) 



1 7 m /\i y 4 



17 



r i2 in units of a 



(1 8. 40 ) 



17k, 



Substitution of -2- = 0.86545 (Eq. (10.255)) into Eq. (18.40) gives 



r 18 = 2.68720a 



The ionization energy of the chloride ion is given by the magnetic energy of the outer electron calculated by 
the sum of the diamagnetic (Eq. (18.35)) and paramagnetic (Eqs. (18.34) and (18.36)) forces from r lg to <x> : 



6h 2 



. Zm e r*r n \ 4 Zm e r^ V 4 



dr - 




(18.41) 
integrating 



(18.42) 
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Eq. (18.42) with r 12 = 0.86545a (Eq. (10.255)), r 18 = 2.68720a (Eq. (18.41)), and Z = 17 gives 
E(ionizatin n ; CI) = 3. 67238 e.V 



JESJu 



(18.43) 



The experimental ionization energy of the chloride ion is [8] 



E (ionization; CI ) = 3.612724 eV 



(18.44) 



CHANGE IN THE RADIUS AND IONIZATION ENERGY OF THE FLUORIDE ION 

As in the case ot the alkali hydrides, the lattice energies ot alkali halides are equivalent to the binding energy ot the 
corresponding metal atom, except for an additional energy term corresponding to the Stark effect of the metal ion on the 
magnetic forces and energy of the halide ion. The corresponding force F Stark on the outer electron of the fluoride ion given by 
Eq. (18.16) is 

±±_ 

Z m/l 



■MS + W, 



-T?^rt 



(18.45) 



Then, the outward centrifugal force on electron 10 is balanced by the electric force and the magnetic forces (on electron 10). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (18.20)), 
diamagnetic (Eq. (18.22)). and paramagnetic (Eqs. (18.21). (18.23). and (18.45)) forces as follows: 



(Z-9)e 2 



h 2 



Am e r lQ r 3 



■sjs(s + \)+- —yjs(s + l)+— T Js(s + l) 



Zm e r 10 r 3 



Zm,r m 



(18.46) 



Substitution of v,„ 



— — (Eq. (1.3b)), Z = 9 , and s = - into Eq. (18.46) gives: 
-tnju 2 



1 — 



— r 3 in units of a 



4_]_ 
9 4 



(18.47) 



Substitution of — = 0.51382 (Eq. (10.62)) into Eq. (18.47) gives 

On 



r m = 2.46408a 



(18.48) 
The ionization energy of the fluoride ion is given by the magnetic energy of the outer electron calculated by integrating 



the sum of the diamagnetic (Eq. (18.22)) and paramagnetic (Eqs. (18.21), (18.23), and (18. 1 5)) forces from r 10 to go: 



-J- 



Ah 1 



4« e r 10 r 3 V 4 Zm e r 10 r, \ 4 Zm e r l0 \ 4 



2h l 



dr = - 



4 1) 1 



Z 4 ) r 3 Zr 10 y 



(18.49) 



Eq. (18.49) with r 3 = 0.51382a (Eq. (10.62)), r 10 = 2.46408a (Eq. (18.48)), and Z = 9 gives 

E(ionization; F) = 4.05046 eV (18.50) 
The energy change of the fluoride ion AE (ionization; F) due to the Stark effect is given by the difference between Eqs. (18.50) 
and (18.30): 

^(ionization; F~) = 4.05046 eV - 3.40603 eV = 0.64444 eV (18.51) 
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CHANGE IN THE RADIUS AND IONIZATION ENERGY OF THE CHLORIDE ION 
DUE TO THE ION FIELD 

Similar to the case of the alkali fluorides, the lattice energies of alkali chlorides are equivalent to the binding energy of the 
corresponding metal atom, except for those cases where there is an additional energy term corresponding to the Stark effect of 
the metal ion on the magnetic forces and energy of the chloride ion. The selection rules for the Stark effect in one-electron 
atoms given by Eq. (2.78) is 

n = 1,2,3,4,- 

l = n-\ 

m f =-£,-£ + \,...,0,-,+£ (18.52) 

1 

2 

The corresponding energies are given in Table 2.3. For fluoride having an outer 2p shell: 

m,=\ ' (18.53) 

corresponding to the force F Start on the outer electron of the fluoride ion given by Eq. (18.45) and the binding energy change 

AE (ionization; F~) given by Eq. (18.50). 

In the case of the chloride ion, the outer shell is 3p . For cations having an outer filled ns or np; « < 3 shell, the interaction of 
the 3/5 and 2p shells of CV due to the field of the cation gives rise to a diamagnetic Stark force F Stal . t corresponding to the 
selection rule 

m t =- \ (18.5 4 ) 

wherein the cation's electrons cannot compensate for the diamagnetism by changing orientation. Thus, for Li + and Nu + 

F s ^=-^-^W^ + l)i, (18-55) 

Z m e r ls 

and tor K + , Kb* , and Cs + with ns or np; n>S 

*'*»*= (18-56) 
Then, the outward centrifugal force on electron 18 is balanced by the electric force and the magnetic forces (on electron 18). 
The radius of the outer electron is calculated by equating the outward centrifugal force to the sum of the electric (Eq. (18.33)), 
diamagnetic (Eq. (18.35)), and paramagnetic (Eqs. (18.34), (18.36), and (18.55)) forces as follows: 



(z - ny Sfc 



r 18 4^ , £' r 1 g Zffj e r 18 r 12 



y]s(s + l) " ~ (18.57) 



n 1 

Substitution of v 18 = (Eq. (1.35)), Z = 17,and s = — into Eq. (18.57) gives: 

r 18 = — j=, r 12 in units of a (18.58) 



^ 

Substitution of -^- = 0.86545 (Eq. (10.255)) into Eq. (18.58) gives 
a Q 

r 18 =2.83145a (18.59) 

The ionization energy of the chloride ion is given by the magnetic energy of the outer electron calculated by integrating 

the sum of the diamagnetic (Eq. (18.35)) and paramagnetic (Eqs. (18.34), (18.36), and (18.55)) forces from r 18 to <x> : 

6tf J3 6%1 



Is "e'is'l2 ' ^ ^"hhvVL 

Eq. (18.60) with r 12 = 0.86545a (Eq. (10.255)), r 18 =2.83145a (Eq. (18.59)), and Z = 17 gives 

E(ionization; CI) = 3.39420 eV (18.61) 
For Lt and Na + chlorides, the energy change of the chloride ion \E (ionization; Cl~) due to the Stark effect is given by the 
difference between Eqs. (18.61) and (18.43): 

^(ionization; CT) = 3.39420 eK-3.67238 eV = -0.27818 eV (18.62) 
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LITHIUM FLUORIDE 

The calculated ionic radii for Li* and F~ ions in LiF given by Eqs. (10.49) and (18.48) are 0.35566a and 2.46408a , 
respectively. But, the interionic distance cannot be the sum of the contact radii since the calculated ionization energies of Li* 
(Eqs. (7.35), (7.45-7.46), and (7.63)) and F~ (Eq. (18.50)) are 75.665 eV and 4.05046 eV , respectively. Furthermore, since the 
calculated ionization energy (Eq. (10.25)) of Li to Li* is 5.40381 eV as shown in Table 10.1 and the ionization energy (Eq. 
(18.50)) of F~ to F is 4.05046 eV , for sufficiently small interionic distances, the lithium ion may be reduced. 

Substitution of BE (Li) = 8.65786 X 10~ 19 J and AE(ionization; F) = 0.64444 eV (l .0325 IX 10~ 19 j) (Eq. (18.51)) 
into Eq. (18.17) gives the calculated lattice energy of 

AU = NM C (BE (Li) + AE (ionization; F~)) 

= 1.74756JV (8.65786 X 10" 19 J +1.03251 X 10" 19 j) (18.63) 



= 1019.8 Ulmole (243.7 kcallmole) 

This agrees well with the experimental lattice energy of AU = 250.7 heal I mole [9] and confirms that the ionic compound LiF 
comprises a precise packing of discrete ions. 

The Li — F distance, r (LiF), calculated using Eq. (18.18) with the substitution of BE(Li) = 8.65786 X 10~ 19 J and 

AE '{ionization; F") = 1.03251 X 10" 19 J is 

r (LiF)=2A6X 10" 10 m (18.64) 

Th e calculat e d Li F is in r e asonabl e agr ee m e nt with th e e xp e rim e ntal distanc e of r (LiF) = 2.01 X 10~ 10 m [10]. Using th e 

Li — F distance and the calculated ionic radii, the lattice structure of LiF is shown in Figure 1 8.3 A. 

SODIUM FLUORIDE 

The calculated ionic radii for Na* and F~ ions in NaF given by Eqs. (10.212) and (18.48) are 0.560945a and 2.46408a , 

respectively. But, the interionic distance cannot be the sum of the contact radii since the calculated ionization energies of Na* 
(Eqs. (10.212-10.213)) and F~ (Eq. (18.50)) are 48.5103 eV and 4.05046 eV , respectively. Furthermore, since the calculated 
ionization energy (Eqs. (10.226-10.227)) of Na to Na* is 5.12592 eV as shown in Table 10.10 and the ionization energy (Eq. 

(18 .50)) of F~ to F i s 4 .0 5 46 e V , f or sufficiently s mall interionic. distances, the sodium io n may be reduced. 

Substitution of R F.(N a) = 8 .7,1 7.6 3 X 10 ~ 19 J a nd AE (ionizatio n; F") = 1 .037. 51 X 10 ~ 19 J (E q. (18 . 51) ) i n to Eq. (18 . 17) 

gives the calculated lattice energy of 

AU = NM C (BE(Na) + AE(ionization; F~)) 

= 1.747567V(8.21263 X 10~ 19 7 + 1.03251 X W 19 j) (18.65) 

= 972.95 kJ/ mole (232.54 kcallmole) 

This agrees well with the experimental lattice energy of AU = 222 kcallmole [9] and confirms that the ionic compound NaF 
comprises a precise packing of discrete ions. 
The Na — F distance, r (NaF), calculated using Eq. (18.18) with the substitution of BE(Na) = 8.21263 X 10' 19 J and 

AE(ionization; F) = 1.03251 X W 19 J is 

r (NaF) =2.28 X lO" 10 m (18.66) 

The calculated Na — F is in reasonable agreement with the expe r imental distance of r (NaF) - 2.32 X 10~ 10 m [10], Using 
the Na — F distance and the calculated ionic radii, the lattice structure of NaF is shown in Figure 1 8.3B. 
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Figure 18.3. The crystal structures of MF all to the same scale. (ii + =green, Na + - yellow, AT + =purple, Rlr =blue, Cs + = 
red, and F~ = gold). (A) The crystal structure of LiF . (B) The crystal structure of NaF . (C) The crystal structure of KF . (D) 
The crystal structure of RbF . (E) The crystal structure of CsF . 




POTASSIUM FLUORIDE 

The calculated ionic radii for K* and F~ ions in KF given by Eqs. (10.399) and (18.48) are 0.852 15a and 2.46408a,,, 
respectively. But, the interionic distance cannot be the sum of the contact radii since the calculated ionization energies of K + 
(Eqs. (10.399-10.400)) and F' (Eq. (18.50)) are 31.9330 eV and 4.05046 eV , respectively. Furthermore, since the calculated 
ionization energy (Eqs. (10.414-10.415)) of K to K + is 4.33 eV as shown in Table 10.19 and the ionization energy (Eq. 
(18.50)) of F~ to F is 4.05046 eV , for sufficiently small interionic distances, the potassium ion may be reduced. 

Substitution of BE(K) = 6.93095 X 10" J and ^{ionization; F') = 1.03251 X 10" J (Eq. (18.51)) into Eq. (18.17) 
gives the calculated lattice energy of 

At/ = NM C (BE(K) + AE(ionization; F')) 

= 1.74756JV(6.93095Jr 10" J + 1.03251 X 10" j) (18.67) 

= 838.06 U I mole (200.30 heal I 'mole) 

This agrees well with the experimental lattice energy of AU = 198 heal I mole [9] and confirms that the ionic compound KF 
comprises a precise packing of discrete ions. 

The K—F distance, r (KF), calculated using Eq. (18.18) with the substitution of BE{K) = 6.93095 X 10" J and 

AE(ionization; F') = 1.03251 X 10" J is 
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r (KF) =2.68 X \0- m m (18.68) 
The calculated K F i s in reasonable agreement with the experimental distance of r (KF) = 2.67 X 1(T 10 m [10]. Using the 
— K F distance and the calculated ionic radii, the lattice structure of KF is shown in Figure 18.3C. 

RUBIDIUM FLUORIDE 

The Rb + ionic radius calculated using Eg. (10.102) and the experimental ionization energy of Rb + , 27.2895 eV [6] is 
0.99714a n and the calculated ionic radius _F~ ions in RbF given by Eg. (18.48) is 2.46408a n . But, the interionic distance 

cannot be the sum of the contact radii since the experimental and calculated ionization energies of Rb + [6] and F~ (Eg. (18.50)) 
are 27.2895 eV and 4.05046 eV , respectively. Furthermore, since the experimental ionization energy of Rb to Rb + is 
4.177128 eV [6] and the ionization energy (Eg. (18.50)) of F~ to F is 4.05046 eV . for sufficiently small interionic distances. 

the rubidium ion may be reduced. 

Substitution of BE (Rb) = 6.6925 X 10~ 19 J and AE(ionization; F") = 1.03251 X 10 19 J (Eg. (18.51)) into Eg. (18.17) 
gives the calculated lattice energy of 
MJ = NM c (BE(Rb) + AE (ionization; F~)) 

= 1.747567V (6.6925 X 10~ 19 7 + 1.03251 A^ 10" j) (18.69) 

= 812.97 hJ I mole (194.30 heal I mole) 

This agrees well with the experimental lattice energy of AU = 190 kcall mole [9] and confirms that the ionic compound RbF 
comprises a precise packing of discrete ions. 





The Rb- 


F distance, r [RbF). 


, calculated 


using 


Eg. (18.18) 


with the substitution of BE(Rb) = 


= 6.6925 A 10 


19 J and 


AE(ionization; F 


') = 1.03251 X 10 19 J 


is 














r n (RbF) = 


-■2.11 XW W m 












(18.70) 



Th e calculated Rb — F i s i n reasonable agreement w i t h the experimental distance of r ( R bF) = 2 .8 3 X 1 10 m [10 ], Using the 
Rb — F distance and the ionic radii, the lattice structure of RbF is shown in Figure 18. 3D. 

CESIUM FLUORIDE 

The Cs + ionic radius calculated using Eg. (10.102) and the experimental ionization energy of Cs + , 23.15744 eV [6] is 
1.17506a and the calculated ionic radius F~ ions in CsF given by Eg. (18.48) is 2.46408a . But, the interionic distance 

cannot be the sum of the contact radii since the experimental and calculated ionization energies of Cs + [6] and F~ (Eg. (18.50)) 
are 23.15744 eV and 4.05046 eV , respectively. Furthermore, since the experimental ionization energy of Cs to Cs + is 
3.893905 eV [6] and the ionization energy (Eg. (18.50)) of F~ to F is 4.05046 eV , for sufficiently small interionic distances, 
the cesium ion may be reduced. 

Substitution of BE(Cs) = 6.23872 A 10~ 19 J and hE (ionization; F~) = 1.03251 A 10~ 19 J (Eg. (18.51)) into Eg. (18.17) 

gives the calculated lattice energy of 

AU = NM J BE (Cs) + AE (ionization; F~)) 

= 1.747567^(6.23872 A 10~ 19 J + 1.03251X 10" 19 j) (18.71) 

= 765.21 kJImole (182.89 heal I mole) 

This agrees well with the experimental lattice energy of At/ = 181 heal I mole [9] and confirms that the ionic compound CsF 
comprises a precise packing of discrete ions. 

The Cs — F distance, r (CsF) , calculated using Eg. (18.18) with the substitution of BE(Cs) = 6.23872 A 10~ 19 J and 

AE (ionization; F~) = 1.03251 A 10~ 19 J is 

r (CsF) =2.96 X \Q- W m (18.72) 

The calculated Cs — F is in reasonable agreement with the experimental distance of r 9 (CsF) = 3.01 X 10~ 10 m [10]. Using the 
Cs — F distance and the ionic radii, the lattice structure of CsF is shown in Figure 18.3E. 
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LITHIUM CHLORIDE 

The calculated ionic radii for Li* and CI' ions in LiCl given by Eqs. (10.49) and (18.59) are 0.35566a n and 2.83145a , 

respectively. But, the interionic distance cannot be the sum of the contact radii since the calculated ionization energies of Li* 
(Eqs. (7.35), (7.45-7.46), and (7.63)) and CI' (Eq. (18.61)) are 75.665 eV and 3. 39420 eV , respectively. Furthermore, since 
the calculated ionization energy (Eq. (10.25)) of Li to Li* is 5.40381 eV as shown in Table 10.1 and the ionization energy (Eq. 
(18.61)) of CI' to CI is 3.39420 eV , for sufficiently small interionic distances, the lithium ion may be reduced. 

Substitution of BE{ld) = 8.65786 X \Q' n J and AE(ionization; Cl~) = -0.27818 eV (-4.45691 X W 10 j) (Eq. 
(18.62)) into Eq. (18.17) gives the calculated lattice energy of 

AU = NM C (BE(Li) + AE{ionization; CI')) 

= 1.747567/ (8.65786 X 10~ 19 J-4.45691X 10 2 " j) (18.73) 

= 864.24 Ulmole (206.56 kcallmole) 

This agrees well with the experimental lattice energy of AU = 207 kcallmole [9] and confirms that the ionic compound LiCl 
comprises a precise packing of discrete ions. 

The Li — CI distance, r (LiCl), calculated using Eq. (18.18) with the substitution of BE (Li) = 8.65786 X 10" 19 J and 

AE{ionization; CI ) = -4.4569 1 X lO" 20 J is 

r (LiCl) = 2.59 X \0'° m (18.74) 

The calculated Li — CI is in reasonable agreement with the experimental distance of r (LiCl) = 2.57 X 10" 10 m [10]. Using 
the Li — CI distance and the calculated ionic radii, the lattice structure of LiCl is shown in Figure 18.4A. 

Figure 18.4. The crystal structures of MCI all to the same scale. {Li*= green, Na*= yellow, K*= purple, Rb*= blue, 
Cs* = red, and Ct = brown). (A) The crystal structure of LiCl . (B) The crystal structure of NaCl . (C) The crystal structure of 
KCl . (D) The crystal structure of RbCl . (E) The crystal structure of CsCl . 
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SODIUM CHLORIDE 

The calculated ionic radii for Na + and Ct ions in NaCl given by Eqs. (10.212) and (18.59) are 0.560945a and 2.83145a , 
respectively. But, the interionic distance cannot be the sum of the contact radii since the calculated ionization energies of Na + 
(Eqs. (10.212-10.213)) and CI (Eq. (18.61)) are 48.5103 eV and 3.39420 eV , respectively. Furthermore, since the calculated 
ionization energy (Eqs. (10.226-10.227)) of Na to Na + is 5.12592 eV as shown in Table 10.10 and the ionization energy (Eq. 

(18.61)) of Ct to CI is 3.39420 eV , for sufficiently small interionic distances, the sodium ion may be reduced. 

Substitution of BE (No) = 8.21263 X 10~ 19 J and AE (ionization; CT) = -4.45691 X 10~ 20 J (Eq. (18.62)) into Eq. 

(18.17) gives the calculated lattice energy of 

AU = NM C (BE(Na) + AE (ionization; Cl~)) 

=1.74756^(8.21263 X 10" 1 " J-4.45691 X 10" ? " j) (18.75) 

= 817.38 kJImole (195.36 kcall mole) 

This agrees well with the experimental lattice energy of AU = 189 kcall mole [9] and confirms that the ionic compound NaCl 
comprises a precise packing of discrete ions. 

The Na — Cl distance, r (NaCl), calculated using Eq. (18.18) with the substitution of BE(Na) = 8.21263 X 10~ 19 J 

and AE (ionization; Cl~) = -4.45691 X 10~ 20 J is 

r (NaCl) =2.75 X lO" 10 m (18.76) 
The calculated Na — CI is in reasonable agreement with the experimental distance of r [NaCl) - 2.82 X 10~ 10 m [10] , Using 
the Na CI distance and the calculated ionic radii, the lattice structure of NaCl is shown in Figure 18. 4 B. 

POTASSIUM CHLORIDE 

The calculated ionic radii for K + and Cl~ ions in KCl given by Eqs. (10.399) and (18.59) are 0.85215a n and 2.83145a,,, 
respectively. But, the interionic distance cannot be the sum of the contact radii since the calculated ionization energies of K + 
(Eqs. (10.399-10.400)) and CI (Eq. (18.61)) are 31.9330 eV and 3.39420 eV , respectively. Furthermore, since the calculated 
ionization energy (Eqs. (10.414-10.415)) of K to K + is 4.33 eV as shown in Table 10.19 and the ionization energy (Eq. 

(18.61)) of Ct to CI is 3.39420 eV , for sufficiently small interionic distances, the potassium ion may be reduced. 

Substitution of BE(K) = 6.93095 X W 19 J and AE (ionization; Cl~) = -4.45691 X W 20 J (Eq. (18.62)) into Eq. 

(18.17) gives the calculated lattice energy of 

AU = NM C (BE(K) + AE (ionization; CI)) 

=1.74756JV (6.93095 X 10~ 19 J-4.45691 X 10~ 20 j) (18.77) 

= 729.41 U I mole (174.33 kcall mole) 

This agrees well with the experimental lattice energy of AU = 172 kcall mole [9] and confirms that the ionic compound KCl 
comprises a precise packing of discrete ions. 

The K — CI distance, r (KCl) , calculated using Eq. (18.18) with the substitution of BE(K) = 6.93095 X 10^ J and 

AE(ionization; C/") = -4.45691 X W 2a J is 

r (KCl)=3,.UXW m m (18.78) 
The calculated K — CI is in reasonable agreement with the experimental distance of r (KCl) = 3.15 X 10~ 10 m [10]. Using the 
—K- — CI distance and the calculated ionic radii, th e lattice structure of KCl is shown in Figure 18.4C. 

RUBIDIUM CHLORIDE 

The Rb + ionic radius calculated using Eq. (10.102) and the experimental ionization energy of Rb + , 27.2895 eV [6] is 
0.99714a and the calculated ionic radius Cl~ ions in RbCl given by Eq. (18.59) is 2.83145a . But, the interionic distance 
cannot be the sum of the contact radii since the experimental and calculated ionization energies of Rb + [6] and CV (Eq. (18.61)) 
are 27.2895 eV and 3.39420 eV , respectively. Furthermore, since the experimental ionization energy of Rb to Rb + is 
4.1 771 28 e.V [6] and the ionization energy (Eq. (18.61)) of Cl~ to CI is 3.39420 eV , for sufficiently small interionic distances, 

the rubidium ion may be reduced. 

Substitution of BE(Rb) = 6.6925 X 10~ 19 J and AE (ionization; C/") = -4.45691 X 10~ 20 J (Eq. (18.62)) into Eq. 
(18.17) gives the calculated lattice energy of 
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At/ = NM C (BE (Kb) + AE (ionization; CI)) 
=1.74756JV (6.6925 X 1Q~ 19 J-4.45691X 10~ 20 j) (18.79) 

= 704.31 kJ I mole (168.33 kcallmole) 

This agrees well with the experimental lattice energy of At/ = 166 kcallmole [9] and confirms that the ionic compound RbCl 
comprises a precise packing of discrete ions. 

The Rb — CI distance, r (RbCl) , calculated using Eq. (18.18) with the substitution of BE(Rb) = 6.6925 X 10"'* J and 

AE(ionization; CI) = -4.45691 X 1(T 20 J is 

r (RbCl) =3.23 X \Q- W m (18.80) 
The calculated Rb CI i s in reasonable agreement with the experimental distance of r n (RbCl) - 3.29 X 10~ 10 m [10]. Using 
th e Rb CI distanc e and th e ionic radii, th e lattic e structur e of RbCl is shown in Figur e 18.4D. 

CESIUM CHLORIDE 

The C? + ionic radius calculated using Eq. (10.102) and the experimental ionization energy of Cs + , 23.15744 eV [6] is 
1.17506a n and the calculated ionic radius Cl~ ions in CsCl given by Eq. (18.59) is 2.83145a n . But, the interionic distance 

cannot be the sum of the contact radii since the experimental and calculated ionization energies of Cs + [6] and CV (Eq. (18.61)) 
are 23.15744 eV and 3.39420 eV , respectively. Furthermore, since the experimental ionization energy of Cs to Cs + is 
3.893905 eV [6] and the ionization energy (Eq. (18.61)) of Cll to CI is 3.39420 eV . for sufficiently small interionic distances, 

the cesium ion may be reduced. 

Substitution of BE(Cs) = 6.23872 X 10~ 19 J and AE(ionization; CI) = -4.45691 X 10~ 20 J (Eq. (18.62)) into Eq. 
(18.17) gives the calculated lattice energy of 
At/ = NM c (BE(Cs) + AE (ionization; CI )) 

= 1 .76267 A/(6.23872 X 10~ 19 J-4.45691 X 10~ 20 j) (18.81) 

= 662.23 kJ I mole (158.28 kcallmole) 
This agrees well with the experimental lattice energy of At/ = 160 kcallmole [9] and confirms that the ionic compound CsCl 
comprises a precise packing of discrete ions. 
~~ The Cs — Ct distance, r (CsCl), calculated using Eq. (18.18) with the substitution of BE(Cs) = 6.23872 X 10~ 19 J and 



AE (ionization; CI) = -4.45691 X 10~ 20 J is 

r n (CsCl)=3A9 X IQ- 10 m (18.82) 

Th e calculated Q: — CI i s i n re asonable agreement w i t h the ex peri m ental distance of r (CsC I ) = 3 . 54 X 10~ 10 m [10 ]. Using 
the Cs — CI distance and the ionic radii, the lattice structure of CsCl is shown in Figure 1 8.4E. 
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THE NATURE OF THE METALLIC BOND 



GENERALIZATION OF THE NATURE OF THE METALLIC BOND 



Common metals comprise alkali, alkaline earth, and transition elements and have the properties of high electrical and thermal 
conductivity, opacity, surface luster, ductility, and malleability. From Maxwell's equations, the electric field inside of a metal 
conductor is zero. As shown in Appendix II, the bound electron exhibits this feature. The charge is confined to a two 
dimensional layer and the field is normal and discontinuous at the surface. The relationship between the electric field equation 
and the electron source charge-density function is given by Maxwell's equation in two dimensions [1-3], 






(19.1) 



where n is the normal unit vector, E, = (E, is the electric field inside of the MO), E 2 is the electric field outside of the MO 
and a is the surface charge density. The properties of metals can be accounted for the existence of free electrons bound to the 
corresponding lattice of positive ions. Based on symmetry, the natural coordinates are Cartesian. Then, the problem of the 
solution of the nature of the metal bonds reduces to a familiar electrostatics problem — the fields and the two-dimensional surface 
charge density induced on a planar conductor by a point charge such that a zero potential inside of the conductor is maintained 

according to Maxw e ll's e quations. 

There are m any ex amples of charges l o cated n ear a conductor such as an electron emitted fr om a cathode or a po w er l i ne 

suspended above the conducting earth. Consider a point charge +e at a position (0,0,rf) near an infinite planar conductor as 
shown in Figure 19.1. 



Figure 19.1. A point charge above an infinite planar conductor 



+q 



Y////////////J '////////////J 

Conductor 

With the potential of the conductor set equal to zero, the potential CD in the upper half space (z>0) is given by 



Poisson's equation (Eq. (3.9)), subject to the boundary condition that <P = at z = and at 
charge in free space is 



The potential for the point 



0(x,y,z) = 



A7I£ n 



yjx 1 +y 2 +(z-d) 2 



(19.2) 



Th e Poisson solution that m ee ts th e boundary condition that th e pot e ntial is z e ro at th e surfac e of th e infinit e planar conductor is 
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that due to die point charge and an image charge of —e at the position (0,0,-^) as shown in Figure 19.2. 

Figure 19.2. A point charge above an infinite planar conductor and the image charge to meet the boundary condition <I> = 
at z = . 



+q 



X 



The potential for the corresponding electrostatic dipole in the positive half space is 



®0w) = 



Ans n 



I 



I 



Jx 1 + y 1 +(z-d) 1 ^x 1 +y 2 +(z + df 



forz>Q 



for z < 

The electric field shown in Figure 19.3 is nonzero only in the positive half space and is given by 



E = -V<1> = - 



4ffiS, 



xii+yiy+iz-d)' 1 : x\^+y\ y +(z+d)\ 



Figure 1 9.3. Electric field lines from a positive point charge near an infinite planar conductor. 




W/////////////M^^^^^ 



At the surface ( z = ), the electric field is normal to the conductor as required by Gauss' and Faraday's laws: 

E(x,y,0) = ^ w 

27T£ [x +y + d 1 

The surface charge density shown in Figure 19.4 is given by Eq. (19.1) with n = i. and E 2 = : 
-ed -ed 



2k{x 2 +y 2 +d 2 f 2 2x(p 2 +d 2 f 



(19.3) 



(19.4) 



(19.5) 



(19.6) 
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Figure 1 9.4. The surface charge density distribution on the surface of the conduction planar conductor induced by the point 
charge at the position (0,0,af). (A) The surface charge density -&(p) (shown in color-scale relief). (B) The cross-sectional 
view of the surface charge density. 





The total induced charge is given by the integral of the density over the surface: 

a indeed = j^^ 

-eel 



-II 



2x{x 2 +y 2 +d 2 ) 



—dydx 



-ed | f cos 9 

~2n r KKx 2 +d 1 



dBdx 



(19.7) 



-ed 



dx 



= — J-V 

k J r ,x~+d 

TV 

= ^\ X -d8> 



= -e 



wherein the change of variables y = (x 2 +d 2 ) 2 tan# and x = dtmd' were used. The total surface charge induced on the 

surface of the conductor is exactly equal to the negative of the point charge located above the conductor. 

Now consider the case where the infinite planar conductor is charged with a surface charge density a corresponding to a total 

charge of a single electron, —e, and the point charge of +e is due to a metal ion M* . Then, according to Maxwell's equations. 
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the potential function of M + is given by Eq. (19.3), the electric field between M + and a is given by Eqs. (19.4-19.5), and a is 
given by Eg. (19.6). The field lines of M + end on a , and the electric field is zero in the metal and in the negative half space. 
The potential energy between M + and a at the surface (z = 0) given by the product of Eq. (19.2) and Eq. (19.6) is 



V-- 



H 



Ake,. 



1 



-ed 



Jx 2 +y 2 +d 2 )[2?r(x 2 +y 2 +d 2 ) 3 



dxdy 



(19.8) 



^eW 



V-- 



8**oii(x 2 +/+rf 2 )' 



-dxdy 



(19-9) 



Using a change of coordinates to cylindrical and integral # 47 of Lide [4] gives: 
-e 2 d 



-p 



-ff 



rpdlpdp 



(19.10) 



o 8fr 2 £ (p 2 +d 2 } 



V-- 



-£d_ 

47Z£„ 



jp 2 +d 2 ) 



dp 



(19.11) 



V = - 



=dd- 



4x£ n 



2(p 2 +d 2 ) 



J^ 



47te (2d) 



(19.12) 
( 19 . 1 3) 



The corresponding force from the negative gradient as well as the integral of the product of the electric field (Eq. (19.5)) and the 
charge density (Eq. (19.6)) is 
F = -VF 



E(x,y,0]crdA 



e l d l 



12*1 



r r pd(j)dp 
ll(p 2 +d 2 ) 3 



= 2k 



= 2n 



-itT 



(2tt) e, 



P*f 



-1 

z 

o J 
\ 
i 



pdp 



,(p 2 +d 2 ) 



(19.14) 



4^ 



'0 J 



&7T£ d 



where d is treated as a variable to be solved as discussed below. The potential is equivalent to that of the charge and its image 
charge located a distance 2d apart. In addition, the potential and force are equivalent to those of the charge +e and an image 

charge — located a distance d apart. 

in addition to the infinite planar conductor at z = U and the point charge +e at a position (u,U, d) near the infinite planar 

conductor as shown in Figure 19.1, next consider the introduction of a second infinite planar conductor located at position 
z = 2d as shown in Figure 19.5. 

A point charge located between two infinite planar conductors. 



'//////////////// 



2d 



+q 
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As shown, by Kong [5], an image charge at (0,0, -of) meets the boundary condition of zero potential at the bottom plate, but it 
gives rise to a potential at the top. Similarly, an image charge at (0,0,3c/) , meets the boundary condition of zero potential at the 

top plate, but it gives rise to a potential at the bottom. Satisfaction of the boundary condition of zero potential at both plates due 

to the presence of the initial real charge requires an infinite series of alternating positive and negative image charges spaced a 

distance d apart with the potential given by the summation over the real point source and its point-source image charges of +e 

and -e . Since fields superimpose, by adding real charges in a periodic lattice, the image charges cancel except for one per each 

real charge at a distance 2d apart as in the original case considered in Figure 19. 1 . 

In the real world, the idealized infinite planar conductor is a planar metal sheet experimentally comprised of an 

essentially infinite lattice of metal ions M* and free electrons that provide surface densities a in response to an applied external 

field such as that due to an external charge of +e due to a metal ion M* . Then, it is required that the solutions of the external 

point charge at an infinite planar conductor are also those of the metal ions and free electrons of metals based on the uniqueness 

of solutions of Maxwell's equations and the constraint that the individual electrons in a metal conserve the classical physical 

laws of the macro-scale conductor. In metals, a superposition of planar free electrons given in the Electron in Free Space section 

replaces the infinite planar conductor. Then, the nature of the metal bond is a lattice of metal ions with field lines that end on the 

corresponding lattice of electrons wherein each has the two-dimensional charge density cr given by Eq. (19.6) to match the 

boundary conditions of equipotential, minimum energy, and conservation of charge and angular momentum for an ionized 

electron. Consider an infinite lattice of positive charges in the hollow Cartesian cavities whose walls are the intersecting planes 

of conductors and that each planar conductor comprises an electron. By Gauss' law, the field lines of each real charge end on 

each of the n planar-electron walls of the cavity wherein the surface charge density of contribution of each electron is that of 

— e —e 

image charge of — equidistant across each wall from a given charge +e . Then, each electron contributes the charge — to the 

n n 

corresponding ion where each is equivalent electrostatically to an image point charge at twice the distance from the point charge 
of +e due to M + . 

Thus, the metallic bond is equivalent to the ionic bond given in the Alkali-Hydride Crystal Structures section with a 
Madelung constant of one with each negative ion at a position of one half the distance between the corresponding positive ions, 
but electrostatically equivalent to being positioned at twice this distance, the M + - A/* -separation distance. The surface charge 
density of a planar electron having an electric field equivalent to that of image point charge for the corresponding positive ion of 
the lattice is shown in Figure 19.6. 

Figure 19.6. The surface charge density -cr{p) of a planar electron shown in color scale. 
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ALKALI-METAL CRYSTAL STRUCTURES 

The alkali metals are lithium (Li), sodium (Na), potassium (K), rubidium (Rb), and cesium (Cs). These alkali metals each 
comprise an equal number of alkali cations and electrons in unit cells of a crystalline lattice. The crystal structure of these 
metals is the body-centered cubic CsCl structure [6-8]. — This close-packed structure is expected since it gives the optimal 

approach of the positive ions and negative electrons. For a body-centered cell, there is an identical atom at x + — ,y + — ,z + — 

for each atom at x,y,z . — The structure of the ions with latti c e parameters a = b = c and electrons at the diagonal positions 

centered at x + — ,y + — ,z + —\ are shown in Figure 19.7. In this case n = 8 electron planes per body-centered ion are 

perpendicular to the four diagonal axes running from each corner of the cube through the center to the opposite corner. The 
planes intersect these diagonals at one half the distance from each corner to the center of the body-centered atom. The mutual 
intersection of the planes forms a hexagonal cavity about each ion of the lattice. The length /, to a perpendicular electron plane 
along the axis from a corner atom to a body-centered atom that is the midpoint of this axis is 

'^ MMM^i - ^ 

The angle 6 d of each diagonal axis from the xy plane of the unit cell is 



0„=tan- 



4 



= 35.26° (19.16) 



The angle 8 from the horizontal to the electron plane that is perpendicular to the diagonal axis is 

6 p = 180° -90° -35.26° = 54.73° (19.17) 

The length l 3 along a diagonal axis in the xy-plaue from a corner atom to another at which point an electron plane intersects the 
xy-plane is 

av3 av3 

h=-^ = , 4 ^ =-^ U = a-7= (19.18) 

— eos^L — cos(35.26°) & 4^2 



f 



The length l 2 of the octagonal edge of the electron plane from a body-centered atom to the xy-plane defined by four corner 
atoms is 

L = Lsind, = a-^=sin(35.26°) = a-2j=-\= = -J- (19.19) 

2 3 ' 4^2 *• ' AJlS 4V2 V } 

The length / 4 along the edge of the unit cell in the xy-plane from a corner atom to another at which point an electron plane 

intersects the xy-plane at this axis is 

3 

a 



^^^ = ^tL = T« 09-20) 



4 cos(45°) cos(45°) 4 



The dimensions and angles given by Eqs. (19.15-19.20) are shown in Figure 19.7. 



Each M + is surrounded by six planar two-dimensional membranes that are comprised of electron density <t on which 

the electric field lines of the positive charges end. The resulting unit cell consists cations at the end of each edge and at the 
center of the cell with an electron membrane as the perpendicular bisector of the axis from an identical atom at 

x + — ,y + — ,z + — for each atom at x, y, z such that the unit cell contains two cations and two electrons. The ions and electrons 

of the unit cell are also shown in Figure 19.7. The electron membranes exist throughout the metal, but they terminate on metal 
atomic orbitals or MOs of bonds between metal atoms and other reacted atoms such as the MOs of metal oxide bonds at the 
edges of the metal. 
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Figure 1 9.7. The body-centered cubic lithium metal lattice showing the electrons as planar two-dimensional membranes of 
zero thickness that are each an equipotential energy surface comprised of the superposition of multiple electrons. (A) and (B) 
The unit-cell component of the surface charge density of a planar electron having an electric field equivalent to that of an image 
point charge for each corresponding positive ion of the lattice. (C) Opaque view of the ions and electrons of a unit cell. (D) 
Transparent view of the ions and electrons of a unit cell. 
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The interionic radius of each cation and electron membrane can be derived by considering the electron energies at these 
radii and by calculating the corresponding forces of the electrons with the ions. Then, the lattice energy is given by the sum over 
the crystal of the energy of the interacting ion and electron pairs at the radius of force balance between the electrons and ions. 

For each point charge of +e due to a metal ion M + , the planar two-dimensional membrane comprised of electrons 
contributes a surface charge density a given by Eq. (19.6) corresponding to that of a point image charge having a total charge of 
a single electron; -e . The potential of each electron is douhle that of Eq (19.13) since there are two mirror-image M + ions j 



;per 



planar electron membrane: 
V ■■ 



-e 



Ane n d 



(19.21) 



where d is treated as a variable to be solved. The same result is obtained from considering the integral of the product of two 
times the electric field (Eq. (19.5)) and the charge density (Eq. (19.6)) according to Eq. (19.14). In order to conserve angular 
momentum and maintain current continuity, the kinetic energy has two components. Since the free electron of a metal behaves 
as a point mass, one component using Eq. (1.35) with r = d is 



T 1 2 i n 2 

T = —my = — 



2 md 



(19.22) 



The other component of kinetic energy is given by integrating the mass density c m (r) (Eq. (19.6)) with e replaced by m e and 
velocity v(r) (Eq. (1 .35)) over their radial dependence ( r = *Jx 2 +y 2 + z 2 = ■yjp 2 + d 2 ): 

T = -jav 1 dA 



md 



4i2x(p 2 + d 2 f 2 m 2 (p 2 + d 2 ) 



pd<pdp 



h 2 d 



ft. 



_2_ 



rj^illpdp 



(19.23) 



Anm 
27th 2 d r 



■e ip 2 +d 2 ) 



-Tr^ 



V v2y 



Anm, 



{p 2 +d 2 f 



r l h 2 ^ 



1m e d j 



where integral #47 of Lide [4] was used. Thus, the total kinetic energy given by the sum of Eqs. (19.22) and (19.23) is 



l + i 



1 ft 



2 \ 



2 md 



4 1 r 



3 2 md 1 



(19.24) 



Each metal M (Af = Li,Na,K,Rb,Cs) is comprised of M + and e — ions. The structure of the ions comprises lattice parameters 
a = b = c and electrons at the diagonal positions centered at x + — ,y + — ,z + —\. Thus, the separation distance d between 
each M + and the corresponding electron membrane is 



Ax 



Ay 



Az 



1 f (I f (I x2 



d = J — + -H + — =J \ -a \ + -a + -a =—a 



-JT 



(19 .25) 



where Ax = Ay = Az = — . Thus, the lattice parameter a is given by 



Ad 



(19 .26) 



- —73 

The molar metal bond energy E D is given by Avogadro's number jV times the negative sum of the potential energy, kinetic 
energy, and ionization or binding energy (BE(M )) of M : 



e d =-n(v+t+be(m)) = n 



■BE{M) 



y47T£ d 3 



2 md 



(19.27) 



The separation distance d between each M + and the corresponding electron membrane is given by the force balance 
b e tween the outward centrifugal force and the sum of the e lectric, paramagnetic and diamagnetic forces as given in th e Three- 
Through Twenty - Electron Atoms section. The electric force F ete corresponding to Eq. (19.21) given by its negative gradient is — 
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Kk ~ 



4xe d 



where inward is taken as the positive direction. The centrifugal force F. 



(19.28) 
is given by negative gradient of Eq. (19.24) times 



centrifugal 

two since the charge and mass density are doubled due to the presence of mirror image M* ion pairs across the electron 
membrane at the origin for any given ion. 

g fi2 

''centrifugal = ~ T 7T l z (ly .Zy) 

— 3 m e d 

where d is treated as a variable to be solved. In addition, there is an outward spin-pairing force F between the electron 
density elements of two opposing ions that is given by Eqs. (7.24) and (10.52): 



^s{s + \)\ 



(19.30) 



F ^ a Zrm^ 

where s = — . The remaining magnetic forces are determined by the electron configuration of the particular atom as given for the 
examples of lithium, sodium, and potassium metals in the corresponding sections. 



LITHIUM METAL 

For Li* , there are two spin-paired electrons in an orbitsphere with 



4- 






(19.31) 



as given by Eq. (7.35) where r n is the radius of electron n which has velocity v H . For the next electron that contributes to the 

metal - electron membrane, the outward centrifugal force on electron 3 is balanced by the electric force and the magnetic forces 
(on electron 3). The radius of the metal-band electron is calculated by equating the outward centrifugal force (Eq. (19.29)) to the 
sum of the electric (Eq. (19.28)) and diamagnetic (Eq. (19.30)) forces as follows: 



8 r 



h l 



3 m„d 4ns a d ZmA 



(19.32) 



d = 



- + 



a„ = 2.95534a„ = 1 .56390 X 10" 



where Z = 3 . Using Eq. (19.26). the lattice parameter a is 
a = 6.82507a„ = 3.61 167 X W m m 



(19.33) 



(19.34) 



The experimental lattice parameter a [7] is 

a = 6.63162a = 3.5093 X \(f 10 m (19.35) 

The calculated Li — Li distance is in reasonable agreement with the experimental distance given the experimental difficulty of 
performing X-ray diffraction on lithium due to the low electron densities. 

Using Eq. (19.27) and the experimental binding energy of lithium, BE(Li) = 539\12 eV = 8.63849 X 10~ 19 J [9], the 
molar metal bond energy E D is 

_2 .{, *_2 A 



4- 



-# 



E n =N 



4 ^ n 1.56390X 1Q- 1 " m 3 



- 8.63849 X 10" J 



■ m, 1.56390 X 10"' m\ 



(19.36) 



= 167.76 U I mole 
This agrees well with the experimental lattice [10] energy of 

E D = 159 .3 kJ I mole (19.37) 

and confirms that Li metal comprises a precise packing of discrete ions, Li* and e~ . Using the Li — Li and Li* — e~ 
distances and the calculated (Eq. (7.35)) Li* ionic radius of 0.35566a =0.18821^, the crystalline lattice structure of the unit 
cell of Li metal is shown in Figure 19.8 , a portion of the crystalline lattice of Li metal is shown in Figure 19.9, and the Li 
unit cell is shown relative to the other alkali metals in Figure iy. 10. 
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Figure 19.8. The body-centered cubic metal lattice of lithium showing the unit cell of electrons and ions. (A) Diagonal 
view. (B) Top view. 
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Figure 19.9. A portion of the crystalline lattice of Li metal comprising 3 3 body-centered cubic unit cells of electrons and 
ions. (A) Rotated diagonal opaque view. (B) Rotated diagonal transparent view. (C) Side transparent view. 






1190 



© 2010 BlackLight Power, Inc. All rights reserved. 
Chapter 19 



Figure 19.10. The crystalline unit cells of the alkali metals showing each lattice of ions and electrons to the same scale. 
(Li + - green, Na + - yellow, K* = purple, Rb + = blue, Cs* = red). (A) The crystal structure of Li . (B) The crystal structure of 
Na . (C) The crystal structure of K . (D) The crystal structure of Rb . (E) The crystal structure of Cs . 
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SODIUM METAL 

For Na* , there are two indistinguishable spm-paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) 

(Eq. (10.51)), two indistinguishable spin-paired electrons in an orbitsphere with radii r 3 and r 4 both given by Eq. (10.62), and 

three sets of paired electrons in an orbitsphere at r 10 given by Eq. (10.212). For Z = ll, the next electron which binds to 

contribute to the metal electron membrane to form the metal bond is attracted by the central Coulomb field and is repelled by 
diamagnetic forces due to the 3 sets of spin-paired inner electrons. 

In addition to the spin-spin interaction between electron pairs, the three sets of 2p electrons are orbitally paired. The 



metal electron of the sodium atom produces a magnetic field at the position of the three sets of spin-paired 2p electrons. In order 
for the electrons to remain spin and orbitally paired, a corresponding diamagnetic force, V diamagnelic 3 , on electron eleven from the 

three sets of spin paired electrons follows from Eqs. (10.83 10.8 4 ) and (10.220): 

F diamag „ eIic3 =-^^T^(s + \)i z (19.38) 

corresponding to the p A and p y electrons with no spin-orbit coupling of the orthogonal p^ electrons (Eq. (10.84)). The 

outward centrifugal force on electron 1 1 is balanced by the electric force and the magnetic forces (on electron 11). The radius of 
the outer electron is calculated by equating the outward centrifugal force (Eq. (19.29)) to the sum of the electric (Eq. (19.28)) 
and diamagnetic (Eqs. (19.30) and (19.38)) forces as follows: 

8— ft? £ tt /3 1 10ft 2 



3m„tf — \ xe R d l — Zm.d 6 \ \ — Z m.d V \ 



(19.39) 



'. ^ 



a = 3.53269a =1.86942 A" lO" 1 " m (19.40) 



- + - 



JX 



where Z = 1 1 and s = — . Using Eq. (19.26), the lattice parameter a is 



a = 8.15840a =4.31724X 10" 1 " m (19.41) 

The experimental lattice parameter a [7] is 

a = 8. 1 0806a = 4.2906 X 1 0" 10 m (1 9.42) 

The calculated Na — Na distance is in good agreement with the experimental distance. 

Using Eq. (19.27) and the experimental binding energy of sodium, BE(Na) = 5.13908 eV = 8.23371 X 10~ 19 J [9], the 
molar metal bond energy E D is 



4TT W 



■^L 






8.23371 X 10~ 19 J =107.10 kJ I mole (19.43) 



4*3,1.86942* 10- 1U m 3 \2 m h M942 X 10- 10 m) 

This agrees well with the experimental lattice [10] energy of 

E D =\07.5kJ/mole (19.44) 

and confirms that Na metal comprises a precise packing of discrete ions, Na* and e~ . Using the Na — Na and Na* — e~ 
distances and the calculated (Eq. (10.212)) Na* ionic radius of 0.56094a =0.29684^!, the crystalline lattice structure of Na 
m e tal is shown in Figur e 19.10B. 

POTASSIUM METAL 

For K* , there are two indistinguishable spin-paired electrons in an orbitsphere with radii r x and r 2 both given by Eq. (7.35) (Eq. 
(10 . 51)), two indistinguishable spin-paired electrons in an orbitsphere with radii r, and r 4 both given by Eq . (10 . 62), three sets 
of paired electrons in an orbitsphere at r 10 given by Eq. (10.212), two indistinguishable spin paired electrons in an orbitsphere 
with radii r u and r 12 both given by Eq. (10.255), and three sets of paired electrons in an orbitsphere with radius r 18 given by Eq. 
(10.399). With Z = 19 , the next electron which binds to contribute to the metal electron membrane to form the metal bond is 
attracted by the central Coulomb field and is repelled by diamagnetic forces due to the 3 sets of spin - paired inner 3p electrons. 
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The spherically symmetrical closed 3p shell of nineteen-electron atoms produces a diamagnetic force, F diamagnetic , that is 

equivalent to that of a closed s shell given by Eg. (10.1 1) with the appropriate radii. The inner electrons remain at their initial 
radii, but cause a diamagnetic force according to Lenz's law that is 



h 2 



diamagnetic 



Amd r. 



■Js(s + l)i 



(19.45) 



The diamagnetic force, V diamagnaic 3 , on electron nineteen from the three sets of spin-paired electrons given by Eq. (10.409) is 
1 12ft 2 



diamagnetic 3 



Z md 



-Js(s + l)i 



(19.46) 



corresponding to the 3 p x , p , and p z electrons. 



The outward centrifugal force on electron 19 is balanced by the electric force and the magnetic forces (on electron 19). 
The radius of the outer electron is calculated by equating the outward centrifugal force (Eq. (19.29)) to the sum of the electric 
(Eq. (19.28)) and diamagnetic (Eqs. (19.30), (19.45), and (19.46)) forces as follows: 



8 r 



h 2 



l \2h 2 



h 2 



(19.47) 



3 md 



Ane^d 



Zmd V 4 Z md V 4 Am. dr. 



where s = — . 
2- 



d=- 



8 13 3 
y3 + zV4 



8 13 3 
3 + 19V4 



(19.48) 



(Z-18)- 



Substitution of ^ = 0.85215 (Eq. (10.399) with Z = 19 ) into Eq. (19.48) gives 



rf = 4.36934a„ = 2.31215 X 10~ 10 m 



Using Eq. (19.26), the lattice parameter a is 



(19.49) 



a = 10.09055a n = 5.33969 X 10~ 10 m 



(19.50) 



(19-51) 



The experimental lattice parameter a [7] is 
a = 10.05524q„ = 5.321 X 10~ 10 m 



The calculated K — K distance is in good agreement with the experimental distance. 

Using Eq. (19.27) and the experimental binding energy of potassium, BE(K) = 4.34066 eV = 6.9545 X 10~ 19 J [9], the 
molar metal bond energy E D is 



E n =N 



Ax£ n 2312\5 X \Q- m m 3 



2 m e (2.31215 X W 10 m) 



- 6.9545 X 10"./ 



= 90.A0kJ/mole 



(19.52) 



This agrees well with the experimental lattice [10] energy of 



- E D =89 kJI mole (19.53) 

and confirms that K metal comprises a precise packing of discrete ions, K + and e~ . Using the K — K and K + — e~ distances 
and the calculated (Eq. (10.399)) K + ionic radius of 0.85215a =0.45094^, the crystalline lattice structure of K metal is 
shown in Figure 19. IOC. 
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RUBIDIUM AND CESIUM METALS 

Rubidium and cesium provide further examples of the nature of the bonding in alkali metals. The distance d between each 
metal ion M + and the corresponding electron membrane is calculated from the experimental parameter a , and then the molar 
metal bond energy E D is calculated using Eq. (19.27). 

The experimental lattice parameter a [7] for rubidium is 

a = 10.78089a = 5.705 X 1CT 10 m (19.54) 



Using Eq. (19.25), the lattice parameter d is 

rf = 4.66826a =2.47034 X 1CT 10 m 
Using Eqs. (19.27) and (19.55) and the experimental binding energy of rubidium, BE{Rt 
the molar metal bond energy E D is 



(19.55) 
= 4.17713 eV = 6.6925 X 10~ 19 J [9], 



-4- 



E D =N 



4x£„2A7034 X \Q- m m 3 



2 m e (2.47034 X W w m) 



- 6.6925 X \0" J 



- 79.06 kJ/ mole 



(19.56) 



This agrees well with the experimental lattice [10] energy of 



E D =80.9 kJ/ mole 



(19.57) 



and confirms that Rb metal comprises a precise packing of discrete ions, Rb + and e . Using the Rb — Rb and Rb + — e 
distances and the Rb + ionic radius of 0.52766 A calculated using Eq. (10.102) and the experimental ionization energy of Rb + , 

27.2895 eV [9], the crystalline lattice structure of Rb metal is shown in Figure 19.10D. 

The experimental lattice parameter a [7] for cesium is 



a = 11.60481a =6.141Z lO" 10 m 
Using Eq. (19.25), the lattice parameter d is 



(19.58) 



d = 5.02503a n = 2.65913 X 10~ 10 m 



(19.59) 



Using Eqs. (19.27) and (19.59) and the experimental binding energy of cesium, BE(Cs) = 3.8939 eV = 6.23872 X 10" J [9], 
the molar metal bond energy E n is 



■■N 



47T£ n 2.659\3 X \Q- m m 3 



2 m e (2.65913 X lO" 10 m) 



- 6.23872 X 10 ~ ly J 



■ 11 .46 U I mole 



This agrees well with the experimental lattice [10] energy of 



(19.60) 



■76.5 kJ I mole 



(19.61) 



and confirms that Cs metal comprises a precise packing of discrete ions, Cs + and e~ . Using the Cs — Cs and Cs + — e~ 
distances and the Cs + ionic radius of . 62182 A calculated using Eq . (10 . 102) and the experimental ionization energy of Cs + , 

23.15744 eV [9], the crystalline lattice structure of Cs metal is shown in Figure 19.10E. 

Other metals can be solved in a similar manner. Iron, for example, is also a body-centered cubic lattice, and the solution 
of the lattice spacing and energies are given by Eqs. (19.21-19.30). The parameter d is given by the iron force balance which 
has a corresponding form to those of alkali metals such as that of lithium given by Eqs. (19.32-19.35). In addition, the changes 
in radius and e nergy of th e second 4s el e ctron due to the ionization of the first of the two 4,? electrons to the metal band is 
calculated in the similar manner as those of the atoms of diatomic molecules such as N 2 given by Eqs. (19 . 621-19 . 632) . This 

energy term is added to those of Eq. (19.27) to give the molar metal bond energy E . 

PHYSI 



The extension of the free-electron membrane throughout the crystalline lattice is the reason for the high thermal and electrical 
conductivity of metals. Electricity can be conduced on the extended electron membranes by the application of an electron field 
and a connection with a source of electrons to maintain current continuity. Heat can be transferred by radiation or by collisions, 
or by infrared-radiation-induced currents propagated through the crystal. The surface luster and opacity is due to the reflection 
of electromagnetic radiation by mirror currents on the surfaces of the free planar electron membranes. Ductility and malleability 
result from the feature that the field lines of a given ion end on the induced electron surface charge of the planar, perfectly 
conducting electron membrane. Thus, layers of the metal lattice can slide over each other without juxtaposing charges of the 
same sign which causes ionic crystals to fracture. 

The electrons in metals have surface-charge distributions that are merely equivalent to the image charges of the ions. 
When there is vibration of the ions, the thermal electron kinetic energy can be directed through channels of least resistance from 
collisions . The resulting kinetic energy distribution over the population of electrons can be modeled using Fermi Dirac statistics 



©2010 BlackLight Power, Inc. All rights reserved. 



1194 



Chapter 19 



wherein the specific heat of a metal is dominated by the motion of the ions since the electrons behave as image charges. Based 
on the physical solution of the nature of the metallic bond, the small electron contribution to the specific heat of a metal is 
predicted to be proportional to the ratio of the temperature to the electron kinetic energy [11]. Based on Fermi-Dirac statistics, 
the electron contribution to the specific heat of a metal given by Eq. (23.68) is 



C H 



n 
~2 



kT 



R 



(19.62) 



Now that the true structure of metals has been solved, it is interesting to relate the Fermi energy to the electron kinetic energy. 
The relationships between the electron velocity, the de Broglie wavelength, and the lattice spacing used calculate the Fermi 
energy in the Electron-Energy Distribution section are also used in the kinetic energy derivation. The Fermi energy given by Eq. 
(23.61) is 



3M- 



X 



% 



, ^ (19.63) 

2m\%7rV ) 2m e \&K / 

where the electron density parameter for alkali metals is two electrons per body-centered cubic cell of lattice spacing a . Since 

in the physical model, the field lines of two mirror-image ions M + end on opposite sides per se c tion of the two-dimensional 



electron membrane, the kinetic energy equivalent to the Fermi energy is twice that given by Eq. (19.24). Then, the ratio R £ , T of 

the Fermi energy to the kinetic energy provides a comparison of the statistical model to the solution of the nature of the metallic 
bond in the determination of electron contribution to the specific heat: 



iL 



h l f 3 
2m. I 8k 



h l ( 3 
2m, I 8k 



Y* ( 2 Y^ — '^ m a 



-&r 






R.. 



T 



8(l h 1 ^ 



8(l h 1 ^ 



2 f 



= 1.068 



(19.64) 



3^2 m e d ; 



1>\2 m e d , 



2k 



K 2m e d j 



where Eq. (19.26) was used to convert the parameter a to d . 

From the physical nature of the current, the electrical and thermal conductivities corresponding to the currents can be 
determined. The electrical current is classically given by 



s r 


i = ev = a- L - 
he 










(19.65) 


where the energy and ang 


ular momentum of the conduction electrons 


are quantized according to h and Planck' 


s equation (Eq. 


(4.8)), respectively Frorr 


Eq. (19.65), the electrica 


conductivity is given by 






e hv 
a == 

s F 










(19.66) 


where v is the frequency 


of the unit current carried 


by each electron. 


The thermal current is 


also carried by the kinetic energy of 



the electron plane waves. Since there are two degrees of freedom in the plane of each electron rather than three, the thermal 
conductivity k is given by 



„_2 C re 
3N n h 



7T 

T 



f klT^ 



(19.67) 



The Wiedemann-Franz law gives the relationship of the thermal conductivity k to the electrical conductivity a and absolute 
temperature T . Thus, using Eqs. (19.66-19.67), the constant Z is given by 

2 C 1 .1,2 \ 



m 



L„=- 



oT 



he 1 



(19.68) 



From Eqs. (19.64) and (19.68), the statistical model is reasonably close to the physical model to be useful in modeling the 
specific-heat contribution of electrons in metals based on their inventory of thermal energy and the thermal-energy distribution 
in the crystal. However, the correct physical nature of the current carriers comprising two-dimensional electron planes is 
required in cases where the simplistic statistical model fails as in the case of the anisotropic violation of the Wiedemann-Franz 
law [12-1 3]. 
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Semiconductors comprise covalent bonds wherein the electrons are of sufficiently high energy that excitation creates an 
ion and a free electron. The free electron forms a membrane as in the case of metals. This membrane has the same planar 
structure throughout the crystal. This feature accounts for the high conductivity of semiconductors when the electrons are 
excited by the application of external fields or electromagnetic energy that causes ion-pair (M + — e~) formation. 



Superconductors comprise free-electron membranes wherein current flows in a reduced dimensionality of two or one 
dimensions with the bonding being covalent along the remaining directions such that electron scattering from other planes does 
not interfere with the current flow. In addition, the spacing of the electrons along the membrane is such that the energy is band- 
passed with respect to magnetic interactions of conducting electrons as given in the superconductivity section. 
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SILICON MOLECULAR FUNCTIONAL GROUPS 



GENERAL CONSIDERATIONS OF THE SILICON MOLECULAR BOND 

Silane molecules comprising an arbitrary number of atoms can be solved using similar principles and procedures as those used to 
solve organic molecules of arbitrary length and complexity. Silanes can be considered to be comprised of functional groups 
such as SiH 3 , SiH 2 , SiH , Si - Si , and C-Si . The solutions of these functional groups or any others corresponding to the 

particular silane can be conveniently obtained by using generalized forms of the force balance equation given in the Force 
Balance of the a MO of t he Carbon Ni t ride Radical section for molecules comprised of silicon and hydrogeii only and t he 
geometrical and energy equations given in the Derivation of the General Geometrical and Energy Equations of Organic 
Chemistry section for silanes further comprised of heteroatoms such as carbon. The appropriate functional groups with their 
geometrical parameters and energies can be added as a linear sum to give the solution of any silane. 



SILANES (Si n H 7 A 



As in the case of carbon, the bonding in the silicon atom involves four sp 3 hybridized orbitals formed from the 3>p and 3s 
electrons of the outer shells. Si -Si and Si-H bonds form between Sftsp 3 HOs and between a SBsp 3 HO and a His AO to 
yield silanes. — The geometrical parameters of each Si - Si and SiH n=l 2 3 functional group is solved from the force balance 
equation of the e l e ctrons of th e corr e sponding a - MO and th e r e lationships betw ee n th e prolate sph e roidal ax e s. Th e n, th e sum 
of the energies of the // 2 -type ellipsoidal MOs is matched to that of the SBsp 3 shell as in the case of the corresponding carbon 
molecules. As in the case of ethane given in the Ethane Molecule section, the energy of the Si - Si functional group is 

determined for the effect of the donation of 25% electron density from each participating SBsp 3 HO to the Si — Si - bond MO. 

The energy of silicon is less than the Coulombic energy between the electron and proton of H given by Eq. (1.26 4 ). A 

minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the Hydroxyl 
Radical (OH) section with the donation of 75% electron density from the participating SBsp 3 HO to each Si-H -bond MO. 
As in the case of acetylene given in the Acetylene Molecule section, the energy of each Si - H n functional group is determined 
for the effect of the charge donation. 



The 3sp 3 hybridized orbital arrangement after Eq. (13.422) is 
3sp 3 state 



t t t t (20.1) 

0,0 1,-1 1,0 1,1 
where the quantum numbers (l,m t ) are below each electron. The total energy of the state is given by the sum over the four 

electrons. The sum E T (Si, 3sp 3 ) of experimental energies [1 ] of Si , Si + , Si 2+ , and Si 3+ is 

E T [Si,isp 3 ) = 45.14181 eV +33.49302 eV +16.34584 eV +8.15168 eK=103. 13235 eV (20.2) 

l 
SBsp 3 shell m ay be calculated f rom the Coulombic energy using Eq. (1 5.1 3) : 



By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3s , of the 
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r , = > - = - = 1.31926a„ (20.3) 

^ , ^8^ (^03. 13235 cF) S^ (e1 03.1 3235 e.V) 

wh e r e Z = 14 for silicon. Using Eq. (15.14), th e Coulombic e n e rgy E Coulomb (Si,3sp 3 \ of th e outer e lectron of the Si3sp 3 shell is 

Eco^t {SiJsp 3 ) = ^— = a ~1 0A = -10.3 1324 eV (20.4) 

x ' &x£ r is 3 8^£ 1.31926a 

During hybridization, one of the spin-paired 3s electrons is promoted to the Si3sp 3 shell as an unpaired electron. The energy for 
the promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the 3* electrons. From Eq. (10.255) with 
Z= 14, the radius r 12 of the Si3s shell is 

r 12 =1.25155a (20.5) 

Using Eqs. (15.15) and (20.5), the unpairing energy is 



Infx^eh 1 _ %nfx fx B 



E(magnetic) = ^° , = ^"^ . = 0.05836 eV (20.6) 

' ~ m 2 e (r l2 ) (1.25155a,,) 



Using Eqs. (20.4) and (20.6), the energy ^S, 3sp 3 ) of the outer electron of the Si3sp 3 shell is 



E(Si. J 3sp 3 ) = K + - ' W ' ft =-10.3 1324^ + 0.05836 ^ = -10.25487^ (20.7) 

V ' toaitK i m 2 (r l2 y 



Next, consider the formation of the iSi'-Si-bond MO of silanes wherein each silicon atom has a Si3sp 3 electron with an 
energy given by Eq. (20.7). The total energy of the state of each silicon atom is given by the sum over the four electrons. The 

sum E T [Si silam ,?,sp i ) of energies of SBsp 3 (Eq. (20.7)), Si + , Si l+ , and Si 3+ is 

E T { Si su*,e> :is P 3 ) = -(45.14181 eV + 33.49302 eV + 16.34584 eV + E(Si,3sp 3 f) 



-a 



-(45.14181 eF + 33.49302eF + 16.34584eF + 10.25487eF) = -105.23554 eV 



where E(Si,3sp ) is the sum of the energy of Si, -8.15168 eV, and the hybridization energy. 

Th e sharing of e lectrons between two Si3sp 3 IIOs to form a Si-Si-bond MO permits each participating orbital to decrease 

in size and energy. In order to further satisfy the potential, kinetic, and orbital energy relationships, each Si3sp 3 HO donates an 
excess of 25% of its electron density to the Si-Si-bond MO to form an energy minimum. By considering this electron 
redistribution in the silane molecule as well as the fact that the central field decreases by an integer for each successive electron 
of the shell, the radius r 3 of the Si3sp 3 shell may be calculated from the Coulombic energy using Eq. (15.18): 

(IK \ e 1 9 75e 2 

r = V (z - «) - 0.25 = = 1 .26057a„ (20.9) 

s ,ia«ei sp ^v J 8^£ (el 05.23554 eF) 8^ (el05.23554 eV) 

Using Eqs. (15.19) and (20.9), the Coulombic energy E CouIomb (Si silane ,3sp 3 \ of the outer electron of the Si3sp 3 shell is 

Sc^fo^V K "^ =- .^L, = -10.79339 eV (20.10) 

^WsUaneW &H? 1. 26057a, 

During hybridization, one of the spin-paired 3s electrons is promoted to the Si3sp 3 shell as an unpaired electron. The energy for 
the promotion is the magnetic energy given by Eq. (20.6). Using Eqs. (20.6) and (20.10), the energy E\Si silma ,3sp \ of the outer 
electron of the Si3sp 3 shell is 

E(Si silme ,3sp 3 ) = — + K ^ e 3 = -10.79339 eV + 0.05836 eV = -10.73503 eV (20.11) 

— fr^r^v m){r vl ) - 

Thus, E T (Si Si,3sp 3 ), the energy change of each Si3sp 3 shell with the formation of the Si Si bond MO is given by the difference 
between Eq. (20.1 1) and Eq. (20.7): 

E T (Si-Si,3sp 3 ) = E(Si sllme ,3sp 3 )-E[Si,3sp 3 ) = -10.73503 eK-(-10.25487 eV) = -0.48015 eV (20.12) 

Next, consider the forma t ion of t he Si - H -bond MO of silanes wherein each silicon atom contribu t es a Si3sp 3 elec t ron 

having the sum E T (si silam , 3sp 3 ) of energies of Siisp 3 (Eq. (20.7)), Si , Si 2 ' , and Sf ' given by Eq. (20.8). Each Si - H -bond 
MO of each functional group SiH n=1 2 3 forms with the sharing of electrons between each Si3sp 3 HO and each His AO. As in 
the case of C — H, the // 2 -type ellipsoidal MO comprises 75% of the Si -H -bond MO according to Eq. (13.429). 
Furthermore, the donation of electron density from each Si3sp 3 HO to each Si - H -bond MO permits the participating orbital to 
decrease in size and energy. In order to further satisfy the potential, kinetic, and orbital energy relationships, each Si3sp 3 HO 
donates an excess of 75% of its electron density to the Si - H -bond MO to form an energy minimum. By considering this 
electron redistribution in the silane molecule as well as the fact that the central field decreases by an integer for each successive 
electron of the shell, the radius r . of the Si3sp 3 shell may be calculated from the Coulombic energy using Eq. (15.18): 
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(^ ~\ p 1 9 25<? 2 

r = V(Z-«)-0.75 - = , - = 1.19592a (20.13) 

Sllam3sp {£^1 ) 8^ ( e1 05.2. 1554 p.V) Rxx a (p\ 05.23554 p.V) 

Using Eqs. (15.19) and (20.13), the Coulombic energy E Cmlamb {Si silane ,3sp 3 \ of the outer electron of the Si3sp 3 sh e ll is 

Ecou Iomb {Si 3iIane , 3sp 3 ) = —^ = ~f =-11 .37682 eV (20. 14) 

8 ^o^„ e 3,/ 8^g l. 19592a, 

During hybridization, one of the spin-paired 3s electrons is promoted to the Si3sp 3 shell as an unpaired electron. The energy 

for the promotion is the magnetic energy given by Eq. (20.6). Using Eqs. (20.6) and (20.14), the energy E(Si silane ,3sp 3 \ of the 

outer electron of the Si3sp 3 shell is 

E { S huane^ s P i ) = - __ £ + ^"3 = ~1 1 -37682 eV + 0.05836 eV = -1 1 .3 1 845 eV (20.15) 

Thus, E T (Si-H,3sp 3 ), the energy change of each Si3sp 3 shell with the formation of the Si -H -bond MO is given by the 
difference between Eq. (20.15) and Eq. (20.7): 

E T (Si- H,3sp 3 ) = E(Si slIam ,3sp 3 )-E(Si,3sp 3 ) = -11.31845 eV -(-1025487 eV) = -1.06358eV (20.16) 

Silane ( SiH A ) involves only Si - H -bond MOs of equivalent tetrahedral structure to form a minimum energy surface 

involving a linear combination of all four hydrogen MOs. Here, the donation of electron density from the Si3sp 3 HO to each 
Si — H -bond MO permits the participating orbital to decrease in size and energy as well. However, given the resulting 
continuous electron-density surface and the equivalent MOs, the Si3sp 3 HO donates an excess of 100% of its electron density to 
the Si - H -bond MO to form an energy minimum. By considering this electron redistribution in the silane molecule as well as 
the fact that the central field decreases by an integer for each successive electron of the shell, the radius r , , , of the Si3sp 3 

^ '-' silaneisp 

shell may be calculated from the Coulombic energy using Eq. (1 5.18): 

Z' 13 ^ p 2 Q P 2 

r, , = Y(Z-«)-l - -= - — = 1.16360a n (20.17) 

s ,,a„ei sp ^v J &*£„ (d05.23554 gK) 8^ (el05.23554eF) 

Using Eqs. (15.19) and (20.17), the Coulombic energy E Cmlamb {Si silane ,3sp 3 \ of the outer electron of the Si3sp 3 shell is 

^rfW 8 ^»l-16360a 
During hybridization, one of the spin-paired 3s electrons is promoted to the Si3sp } shell as an unpaired electron. The energy 
for the promotion is the magnetic energy given by Eq . (20 . 6) . Using Eqs . (20 . 6) and (20 . 18), the energy E(Si sl , alle ,3sp 2 ) of the 
out e r e l e ctron of th e Si3sp 3 sh e ll is 

E(Si sHme ,3sp 3 ) = — + 27rM ° e H 3 = -1 1.69284 eV + 0.05836 eV = -1 1.63448 eV (20.19) 

K^ ml(r n ) 

Thus, E T (Si-H,3sp \, the energy change of each Si3sp 3 shell with the formation of the Si -H -bond MO is given by the 
difference between Eq. (20.19) and Eq. (20.7): 

E T (Si-H,3sp 3 ) = E(Si silam ,3sp 3 )-E(Si,3sp 3 ) = -\ 1.63448 eV - (-1025481 eV) = -1.37960 eV (20.20) 

Consider next the radius of the HO due to the contribution of charge to more than one bond. The energy contribution due 

to the charge donation at each silicon atom superimposes linearly. In general, the radius r , of the Si3sp 3 HO of a silicon 

atom of a given silane molecule is calculated after Eq. (15.32) by considering y\E T (MO,3sp 3 ), the total energy donation to 
all bonds with which it participates in bonding. The general equation for the radius is given by 

2 2 

r - ~ e - e (2Q21) 

"" ;V ^(^^(SU^j + X^ (MO,3sp 3 )) 8^10.31324^ + 2^ [MO,3sp 3 )\) 

where E Coulomb (Si,3sp 3 ) is given by Eq. (20.4). The Coulombic energy E CouIomb (Si,3sp 3 ) of the outer electron of the Si sp 3 shell 
consid e ring th e charg e donation to all participating bonds is giv e n by Eq. (15.1 4 ) with Eq. (20. 4 ). Th e e n e rgy E (Si,3sp 3 ) of th e 
out e r e l e ctron of th e Si 3sp 3 sh e ll is giv e n by th e sum of E Coulomb (Si,3sp 3 ) and E(magnetic) (Eq. (20.6)). Th e final valu e s of 

the radius of the Si3sp 3 HO, r 3j 3 , E Coulomb (Si,3sp 3 ), and E(Si silaae 3sp 3 ) calculated using ^E T ^ (MO,3sp 3 ), the total energy 

donation to each bond with which an atom participates in bonding are given in Table 20.1. These hybridization parameters are 
used in Eqs. (15.88-15.1 17) for the determination of bond angles given in Table 20.7. 
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Table 20.1. Hybridization parameters of atoms for determination of bond angles with final values of r 3s 3 , E^^iSi^sp 3 ), 

and E(Si silme 3sp~) calculated using the appropriate values of y^E^. (MO,3sp~) (E T (MO,3sp 3 ) designated as E T ) for each 
corresponding terminal bond spanning each angle. 



Atom 
Hybridization 



Final 



,{Si,3sp 3 ) 



Final 



E(Si,3sp 3 ) 



Designation 



4en- 



Final 



















1.31926 



■10.31324 



-10.25487 



-0.48015 











1.26057 



-10.79339 



-10.73503 



The MO semimajor axis of each functional group of silanes is determined from the force balance equation of the 

centrifugal, Coulombic, and magnetic forces as given in the Polyatomic Molecular Ions and Molecules section and the More 
Polyatomic Molecules and Hydrocarbons section. The distance from the origin of the H 2 -type-ellipsoidal-MO to each focus c\ 

the internuclear distance 2c ' , and the length of the semiminor axis of the prolate spheroidal H, -type MO b-c are solved from 

the semimajor axis a . Then, the geometric and energy parameters of the MO are calculated using Eqs. (15.1-15.117). 

The force balance of the centrifugal force equated to the Coulombic and magnetic forces is solved for the length of the 
semimajor axis. The Coulombic force on the pairing electron of the MO is 

Fc^=— ^-n-fl ig (20.22) 

67rs ab 

The spin pairing force is 

h 2 



2m„a b 



-Di c 



(20.23) 



The diamagnetic force is: 



~njtr 



diamagneticMO 1 



Amu 2 b 2 * 



(20.24) 



where n e is the total number of electrons that interact with the binding a -MO electron. The diamagnetic force F c 



diamagneticMO! 



on 



the pairing electron of the a MO is given by the sum of the contributions over the components of angular momentum: 



=-z 



-Z>L 



^f Z .2m e a 2 b 2 



(20.25) 



dia magn elicM0 1 

where \ L \ is the magnitude of the angular momentum of each atom at a focus that is the source of the diamagnetism at the a - 
M O. Th e centrifugal fo rce is 



F =—*—/» 

1 centrifugalMO 2.2^ 

ma b 



(20.26) 



The force balance equation for the a -MO of the Si - Si -bond MO with n e = 3 and L = \j—h corresponding to four 



electrons of the SBsp 3 shell is 



-tt 



-D- 



-D + - 



-D- 



— + - 



m„a b %Ke n ab 2m„a b K2 Z J 'Itnjab 



■D 



(20.27) 



a = 



5 V 



cu 



(7 .0.2 8 ) 



v2 Z 

With Z = 14 , the semimajor axis of the Si - Si -bond MO is 
a = 2.74744a„ 



(20.29) 



The force balance equation for each cr -MO of the Si -//-bond MO with n e = 2 and | Z | - 4 j— h corresponding to four 

electrons of the Si3sp 3 shell is 



h 1 



-&- 



-&-- 



-&■ 



-B^ 



(20.30) 



ma b 



8x£ a b 



2m a b 



Z J 2m a b 
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(20.31) 



With Z = 1 4, the semimaj or axis of the Si - //-bond MO is 

a = 2.24744a (20.32) 

Using the semimaj or axis, the geometric and energy parameters of the MO are calculated using Eqs. (15.1-15.1 17) in the 
same manner as the organic functional groups given in the Organic Molecular Functional Groups and Molecules section. For the 
Si -Si functional group, the Si3sp 3 HOs are equivalent; thus, q = 1 in both the geometry relationships (Eqs. (15.2-15.5)) and 

the energy equation (Eq. (15.61)). In order for the bridging MO to intersect the Si3sp 3 HOs while matching the potential, 

kinetic, and orbital energy relationships given in the Hydroxyl Radical (OH) section, for the Si -Si functional group, 

075 
C t = in both the geometry relationships (Eqs. (1 5.2-1 5.5)) and the energy equation (Eq. (1 5.61 )). This is the same value as 

Q of the chlorine molecule given in the corresponding section. The hybridization factor gives the parameters c 2 and C 2 for 
both as well. To meet the equipotential condition of the union of the two Si3sp 3 HOs, c 2 and C 2 of Eqs. (15.2-15.5) and Eq. 
(15.61) for the Si -Si -bond MO is given by Eq. (15.72) as the ratio of 10.31324 eV , the magnitude of E rnu , mh (Si xil „„,3sp 3 ) 
(Eq. (20.4)), and 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of H (Eq. (1.264)): 

C 2 [silaneSi3sp 3 HO) = c 2 [silaneSi3sp 3 HO) = 10 " 31324 eV = 0.75800 (20.33) 

The energy of the MO is matched to that of the SBsp 3 HO such that E(AO/HO) is E[Si,3sp 3 ) given by Eq. (20.7) and 
E T (atom- atom, msp 3 AO\ is two times E T (Si-Si,3sp 3 ) given by Eq. (20.12). 

For the Si -H -bond MO of the SiH n=l23 functional groups, c 1 is one and Q=0.75 based on the orbital composition as 
in the case of the C-H -bond MO. In silanes, the energy of silicon is less than the Coulombic energy between the electron and 
proton of H given by Eq. (1.264). Thus, c 2 in Eq. (15.61) is also one, and the energy matching condition is determined by the 
C 2 parameter, the hybridization factor for the Si - H -bond MO given by Eq. (20.33). Since the energy of the MO is matched to 
that of the Si3sp 3 HO, E(AOIHO) is E(Si,3sp 3 ) given by Eq. (20.7) and E T (atom- atom, msp 3 AO) is E T (Si-H,3sp 3 ) 
given by Eq. (20.16). The energy E D (SiH n=12i ) of the functional groups SiH n=123 is given by the integer n times that of Si — /A— 

E D {SiH n __ 1:2 ,) = nE D (SiH) (20.34) 

Similarly, for silane, E T (atom -atom, msp 3 AOj is E T (Si-H,3sp 3 ) given by Eq. (20.20). The energy E^jSiH^ of 

Si.Hn is given by the integer 4 times that of the SiH n=A functional group: 

E D (SiH,) = 4E D (SiH nM ) (20.35) 

The symbols of the functional groups of silanes are given in Table 20.2. The geometrical (Eqs. (15.1-15.5), (20.1-20.16), 
(20.29), and (20.32-20.33)), intercept (Eqs. (15.80-15.87) and (20.21)), and energy (Eqs. (15.61), (20.1-20.16), and (20.33- 
20.35)) parameters of silanes are given in Tables 20.3, 20.4, and 20.5. respectively. The total energy of each silane given in 
Table 20.6 was calculated as the sum over the integer multiple of each E D (Group) of Table 20.5 corresponding to functional-group 

composition of the molecule. E of Table 20.5 is given by Eqs. (15.15) and (20.3). The bond angle parameters of silanes 

determined using Eqs. (1 5.88-1 5.1 1 7) are given in Table 20.7. Tn particular for silanes, the bond ang l e /HSiH is given by Eq. 

(15.99) wherein E T (atom - atom, msp 3 AO\ is given by Eq. (20.16) in order to match the energy donated from the Si3sp 3 HO to 

the Si - //-bond MO due to the energy of silicon being less than the Coulombic energy between the electron and proton of H 
given by Eq. (1.264). The parameter c' 2 is given by Eq. (15.100) as in the case of a//-// terminal bond of an alkyl or alkenyl 

group, except that c 2 (Si3sp 3 ) is given by Eq. (15.63) such that c' 2 is the ratio of c 2 of Eq. (15.72) for the //-//bond which is 

one and c 2 of the silicon of the corresponding Si - //-bond considering the effect of the formation of the H-H terminal bond: 

, 1 13.605804 eV 

c, = t- = t tt (20.36) 

c 2 (Si3sp 3 ) E Coulomb (Si-HSi3sp 3 ) 

The color scale, translucent view of the charge-densities of the series SiH n=1 2 3 4 comprising the concentric shells of the central 

Si atom of each member with the outer shell joined with one or more hydrogen MOs are shown in Figures 20.1A-D. The 
charge-density of disilane is shown in Figure 20.2. 
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Figure 20.1. (A)-(D) Color scale, translucent view of the charge-densities of the series &7/, I=l ,, 4 , showing the orbitals of 
each member Si atom at their radii, the ellipsoidal surface of each H 2 -type ellipsoidal MO of II that transitions to the outer 
shell of the Si atom participating in each Si- H bond, and the hydrogen nuclei (red, not to scale). 




Figure 20.2. Disilane. Color scale, translucent view of the charge-density of HySiSiH, comprising the linear combination of 
two sets of three Si - H -bond MOs and a Si- Si -bond MO with the Si^^lsp' HOsofthe Si -Si -bond MO shown 
transparently. The Si -Si -bond MO comprises a H 2 -type ellipsoidal MO bridging two Si sgmt "Ssp 3 HOs. For each Si-H and 
the Si -Si bond, the ellipsoidal surface of the // 2 -type ellipsoidal MO that transitions to the Si si!me 3sp 3 HO, the Si sllme 3sp } HO 
shell with radius 0.97295a (Eq. (20.21)), inner Site , Si2s , and Silp shells with radii of Sils = 0.07216a (Eq. (10.51)), 
Sils = 0.31274a (Eq. (10.62)), and Silp = 0.40978« (Eq. (10.212)), respectively, and die nuclei (red, not to scale), are shown. 




le/A 2 
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Table 20.2. The symbols of the functional groups of silanes. 



Functional Group 



Group Symbol 



SiH group of SiH n=w 
SiH group of SiH n=4 
SiSi bond (n-Si) 



Si-H (i) 
Si-H (ii) 
Si -Si 



Table 20.3. The geometrical bond parameters ol silanes and experimental values |2J. 



Parameter 



a (a ) 



~' («o) 



Si - H (i) and (ii) Group 



2.24744 



1.40593 



Si -Si Group 



2.74744 



2.19835 



Bond Length 2c' [A) 



1.48797 



2.32664 



Exp. Bond Length (A) 



2 . 331 (Si 2 H 6 ) 



1.492 (Si 2 H 6 ) 



2 . 32 (Si 2 Cl b ) 



b,c (a„) 



1.75338 



1.64792 



0.62557 



0.80015 



Table 20.4. 



The MO to HO 



intercept geometrical bond parameters of silanes. Et is Et (atom 



- atom msp AO) 



to 

o 



3oncl 



Si-H (SiH) 



Atom 



(e\') 
Bond 1 

1.06358 



E r 

(eV) 

Bond 







(eV) 
Bond 3 



(eV 
ftond 



Final 

Energy 

(e 



Total 



106.:!9912 



M 



1.31926 



M 



1.19592 



SBsp 



'Coulomb 
(eV) 
Final 
11.37682 



E(SBsp } ) 

(eV) 
Final 

-11.31845 



o 



76.71 



(°) 



1(13.29 



(°) 



41.59 



(«o) 
1.68089 



0.27496 



F7 S77, 



1.06358 



-1.06358 



107.:!6273 



1.31926 



1.09368 



-12.44040 



-12.38204 



(56.37 



113.63 



34.85 



1.84433 



0.4384O 



Si-H (SiH,) 



.06 



S58 



-1.06358 



1.06358 







108.42628 



1.31926 



1 .00754 



-13.50398 



13.44562 



55.12 



124.! 



28.13 



1.98203 



0.5761O 



Si-H (SiH t ) 



Si 



1.37960 



-1.37960 



1.37960 



.37560 



110.''5395 



1.31926 



0.85941 



-15.83165 



-15.77329 



18.93 



161.07 



9.15 



2.21883 



0.81290 



H-{H 7 )SiSi- 



1.06 



358 



-1.06358 



1.06358 



C.48C15 



108.9064* 



1.31926 



0.97295 



-13.98413 



-13.92577 



49.54 



0.46 



24.97 



2.03733 



0.6314O 



H,S 



Si(H)-HSiH- 



1.06358 



-1.06358 



■0.48015 



0.48C15 



-108. 



2301 



1.31926 



1.01531 



-13.40070 



-13.34234 



56.28 



3.7: 



28.79 



1.96962 



0.56369 



HS 



-Si„H 2 SiH : 



0.48015 



-1.06358 



1.06358 



1.06358 



108.'>0644 



1.31926 



0.97295 



-13.98413 



-13.92577 



91.14 



36.18 



2.21770 



0.O19 



H,S 



-SIH, SiH. 



0.48015 



-0.480 



1.06358 



.06358 



108.32301 



1.31926 



1.01531 



-13.40070 



-13.34234 



91.90 



..10 



38.01 



2.16476 



0.03359 



© 





to 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


Sv- 


O 


tt 


S 


« 


CD 






IT, 




■•( 




K) 


o 


C5 





< 
CD 

Q. 
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Table 20.5. The energy parameters (eV) of the functional groups of silanes. 

















Parameters 


Si-H (l) 
Group 


Si - H (11) 
Group 


Si - Si 
Group 






n ] 


1 


1 


1 






"2 















n. 



























C, 


0.75 


0.75 


0.37500 


















C 2 


0.75800 


0.75800 


0.75800 






c. 


1 


1 


1 






^2 


i 


i 


0.75800 

































c. 


1 


1 


2 






c, 


1 


1 









C,„ 


0.75 


0.75 


0.37500 






c 2 „ 


0.75800 


0.75800 


0.75800 






^ (eK) 


-28.41703 


-28.41703 


-20.62357 






f; (<?n 


9.67746 


9.67746 


6.18908 






T(eV) 


6.32210 


6.32210 


3.75324 






v ,„ ( e(/ ) 


-3.16105 


-3.16105 


-1.87662 








-in 95487 


-in 25487 


-10 25487 


















A£ v „,U«m)) (eH 



























E t [aoiho) (eV) 


-10.25487 


-10.25487 


-10.25487 






E t (h,uo) (eV) 


-25.83339 


-25.83339 


-22.81274 






E.Aatom- atom^map^ .AO) (eV) 


-1.06358 


-1.37960 


-0.96031 


















E t \m>) (eV) 


-26.89697 


-27.21299 


-23.77305 






m (l0 1! rod Is) 


13.4257 


13.4257 


4.83999 






E K (eV) 


8.83703 


8.83703 


3.18577 






E D (eV) 


-0.15818 


-0.16004 


-0.08395 






E K „ t (eV) 


0.25315 


0.25315 


0.06335 








[J J 


L->J 


PJ 






E m (eV) 


-0.03161 


-0.03346 


-0.05227 






E inas (eC) 


0.04983 


0.04983 


0.04983 






£, (b„„ p ) (eK) 


-26.92857 


-27.24646 


-23.82532 






K .1 Amur,) (e.V\ 


-10.25487 


-10.25487 


-10.25487 






E M M^"o){eV) 


-13.59844 


-13.59844 









Ejamr) (eV) 


3.07526 


3.39314 


3.31557 






Exp. E D (c„ou P ) (eV) 


3.0398 (Si-H [4]) 




3.3269 (H 3 Si-SiH^ [5]) 





Table 20.6 



The total bend energies of si 



anes calculated using the functional group compos tion and the energies of Tajle 



20.5 compared to the experimental values. 



to 

o 



Formula 



Name 



Si- 



S!iH 2 
SliH 3 
SiH 4 
W 2 H< 



Silylidyne 

Silylene 

Silyl 

Silane 

Disilane 

Trisilane 



H & 
Gfoup 
1 
2 
3 

6 
8 



Si-H (ii) 
Group 



4 





Si -Si 
Group 









1 

2 



Calculated 
"ota] Bond Energy (eV) 
3.07526 
6.15052 
9.22578 
13.57257 
21.76713 
31.23322 



Experimental 
Tolal Bond Energy ( 
3.02008 [ii] 
6.35523 [7] 
9.36494 [7] 
13.34577 1 6] 
22.05572 1 7] 
30.81334 1 71 



Re lath 



e Error 



sV) 



-0.01827 



0.0: 



221 



0.01486 
-0.01699 
0.01308 
-0.01363 



Tab 

used, 



e 20.7 

E T is E T ( 



The bond arji 
atom - atom 



gle 

msp 



parameteifs of silanes and experimenlal values [2]. 
AG). 



In 



the calculation of 6 (Eq. ( 



15.112)), the parameters frcm the preceding angle were 



2c' 

Bond 

(«c) 



2c' 
Bond 2 

(«o) 



Teiminal 
Atoms (a,) 



Atom 
Hybridizi 



(Table20 ,1) 



Atom 2 



Atom 2 
Hybridization 



(T able 20.1) 



£,. 
(eV) 



3xp. 



© 

to 
o 

o 

CD 



O 

S 

CD 



Silyl 



108.6 
(disilane) 



10.3 
(disilane) 






r 1 5- 

to o 

C5 ■ 



< 
CD 
Q. 
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ALKYL SILANES AND DISILANES (Si m C n H 2(m+n)+1 , m,« = 1,2,3, 4,5...«>) 

The branched-chain alkyl silanes and disilanes , SiJ2 lt H^ mTJ + T2 , comprise at least a terminal methyl group (CM.) and at least one 
Si bound by a carbon-silicon single bond comprising a C — Si group, and may comprise methylene (CH 2 ), mcthylync (CH), 
C-C , SiH n=123 , and Si - Si functional groups. The methyl and methylene functional groups are equivalent to those of 
straight-chain alkanes. Six types of C-C bonds can be identified. The n-alkane C-C bond is the same as that of straight- 
chain alkanes. In addition, the C-C bonds within isopropyl ((C7/ 3 ) 2 CH) and t-butyl ((CW 3 ) 3 C) groups and the isopropyl to 
isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C - C bonds comprise functional groups. These groups in branched-chain 
alkyl silanes and disilanes are equivalent to those in branched-chain alkanes, and the SiH n=l 2 3 functional groups of alkyl silanes 

are equivalent to those in silanes (Si n H 2ll+2 ). The Si -Si functional group of alkyl silanes is equivalent to that in silanes; 
however, in dialkyl silanes, the Si - Si functional group is different due to an energy matching condition with the C - Si bond 
having a mutual silicon atom. 



For the C - Si functional group, hybridization of the 2s and 2p AOs of each C and the 3s and 3p AOs of each Si to 
form single 2sp 3 and 3sp 3 shells, respectively, forms an energy minimum, and the sharing of electrons between the C2sp 3 and 
Siisp 3 HUs to form a MO permits each participating orbital to decrease in radius and energy. In branched-chain alkyl silanes, 
the energy of silane is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). Thus, c 2 in 
Eq. (15.61) is one, and the energy matching condition is determined by the C 2 parameter. Then, the C2sp 3 HO has an energy of 
E(c,2sp 3 ) = -l4.634S9eV (Eg. (15.25)), and the Si3sp 3 HO has an energy of E(Si,3sp 3 ) = -10.25487 eV (Eg. (20.7)). To 
meet the equipotential condition of the union of the C - Si H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factor 
C 2 of Eq. (15.61) for the C-Si -bond MO given by Eq. (15.77) is 

C, ( jC2s pl HO ta ,<?» V HO) = E \ Sl ^ sp ) _ -10-25487 eV _ Q ?on71 

v ' E(C,2sp 3 ) -14.63489 eV 

For monosilanes, E T ( atom- atom, msp 3 .AO\ of the C-S-bond MO is -1.20473 eV corresponding to the single-bond 

contributions of carbon and silicon of -0.72457 eV given by Eq. (14.151) and -0.48015 eV given by Eq. (14.151) with 5 = 1 
i n E q . (1 5.1 8 ). Th e energy of th e C - Si -bond M O is the sum of th e component energies of the r Y 2 -ty pe ellipsoida l M O given 

in Eq. (15.51) with E(AOI UO)-E(Si,3sp 3 ) giv e n by Eq. (20.7) and AE HiMO (AO/ IIO)- E T [atom -atom, msp 3 . AO) in order 
to match the energies of the carbon and silicon HOs. 

For the co-bonded Si -Si group of the C-Si group of disilanes, E T ( atom -atom, msp 3 . AO) is -0.9603 1 eV , two 

times E T (Si-Si,3sp 3 ) given by Eq. (20.12). Thus, in order to match the energy between these groups, 
E T ( atom -atom, msp 3 . AO) of the C-S; -bond MO is -0.92918 eV corresponding to the single-bond methylene-type 
contribution of carbon given by Eq. (14.513). As in the case of monosilanes, E(AO I HO) = E(Si,3sp 3 ) given by Eq. (20.7) 
and Ag gMO (AO/ HO) = E T (atom - atom, msp 3 . AO) in order to match the energies of the carbon and silicon HOs. 

The symbols of the functional groups of alkyl silanes and disilanes are given in Table 20.8. The geometrical (Eqs. (15.1- 
15.5), (20.1-20.16), (20.29), (20.32-20.33) and (20.37)) and intercept (Eqs. (15.80-15.87) and (20.21)) parameters of alkyl 
silanes and disilanes are given in Tables 20.9 and 20.10, respectively. Since the energy of the Si3sp 3 HO is matched to that of 
the C2sp 3 HO, the radius r • , of the Si3sp 3 HO of the silicon atom and the C2sp 3 HO of the carbon atom of a given C-Si- 

bond MO is calculated after Eq. (15.32) by considering ^E T (MO,2sp 3 ) , the total energy donation to all bonds with which 

each atom participates in bonding. In the case that the MO does not intercept the Si HO due to the reduction of the radius from 
the donation of Si 3sp 3 HO charge Lo additional MO's, the energy of each MO is energy matched as a linear sum Lo the Si HO 
by contacting it through the bisector current of the intersecting MOs as described in the Methane Molecule (CH 4 ) section. The 

energy (Eqs. (15.61), (20.1-20.16), and (20.33-20.37)) parameters of alkyl silanes and disilanes are given in Table 20.11. The 
total energy of each alkyl silane and disilane given in Table 20.12 was calculated as the sum over the integer multiple of each 
E D (orou P ) of Table 20.11 corresponding to functional-group composition of the molecule. The bond angle parameters of alkyl 

silanes and disilanes determined using Eqs. (15.88-15.117) and Eq. (20.36) are given in Table 20.13. The charge - densities of 
exemplary alkyl silane, dimethylsilane and alkyl disilane, hexamethyldisilane comprising the concentric shells of atoms with the 
outer shell bridged by one or more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 
20. 3A and B, respectively. 
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Figure 20.3. (A) Dimethylsilane and (B) Hexamethyidisilane, color scale, translucent views of the charge-density of each 
silane showing the orbitals of the Si and C atoms at their radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO 

that transitions to the corresponding outer shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to 
scale). 




Table 20.8. The symbols of functional groups of alkyl silanes and disilanes. 



Functional Group 


Group Symbol 


CSi bond (monosilanes) 


C-Si (i) 


CSi bond (disilanes) 


C-Si (ii) 


SiSi bond {n-Si) 


Si - Si 


SiH group of &"#„ =U3 


Si-H 


CHy group 


C-H (CH,) 


CH group 


C-H (CH 2 ) 


CH 


C-H 


CC bond (n-Q 


C-C (a) 


CC bond (iso-Q 


C-C (b) 


CC bond (tert-C) 


C-C (c) 


CC (iso to iso-Q 


C-C (d) 


CC (t to t-Q 


C-C (e) 


CC (t to iso-Q 


C-C (T) 



Table 20.9. 



The geometrical bond paiamsters of aUryl silanes and di 



silanes and experimental values. 



Si (i) 

Gioup 



Grcup 



Si-fr 
Grou] i 
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C-H (CH, 
Group 



C-H (CH. 
Group 
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Group 



C-C(a) 

Group 



C-C(b) 
Group 



f-r (c) 

Group 



C(d) 
Group 



C-C'(e) 
Group 



C 
Grouf 



Bond 
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2C \A) 
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[8] 



Rxp. ISond 
Lerij ^th 



M 



(tetrameihylsiline) 
1 8] 
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Isilamf) [9] 
578 
(trimcthylsilam:) [9] 



1 
(methyl: 
1 
(dimethy I: 



ffl 



1.4SS 

(methylsilai 
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1.485 

(trrmethylsilane) 

P] 



ii le) [8 
[8] 
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(Si,Cl t ) 
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(C 
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)[8] 
.[81 
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(propane) [8] 
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:>[81 
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(pri ipane 

1.531 
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(C- 



S_(0> 
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f («,Si„Si) 
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(C 
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Si h H 2 CH~7^ 
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Si„H(CH 2 - 
fr (ii)) 
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(£ 
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«:■- 

(C- 
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-Sj, 
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.SOM)) 
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(JC-fi,C,,|C,,( 
F (e)) 
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C(t)) 

,(K'-// ! C' J )C'„(tf"-/ 
C(f)) 



The MO to HO intercept geometrical 



■H 2 (\)CH 1 - 



R"-H 2 C,)CH 2 - 



•C,)CIh- 



E T 

(eV) 

Bond 1 



-0.60236 



-0.60236 
-0.60236 



-0.60236 



-0.60236 
-0.60236 
-0.60236 
-0.60236 



-0.60236 



-0.48015 
-0.48015 



-0.48015 
-0.48015 



-0.46459 



-0.46459 
-0.46459 
-0.46459 
-0.46459 



-0.92918 



-0.92918 



-0.92918 



-0.92918 
-0.92918 
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-0.72457 



E T 
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bond parameters 



(e\) 
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■0.60236 



1.06358 
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of alkyl silanes and disilanes. R, R', R " a:e H or aliyl groups. E T is E T (atom - atom msp .AG), 



Final Total 

Energy Si3np 2 

C2sp' (cV) 
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able 20.1 2. The total bone, energies of alkyl silanes and disilanes calculated using the functional group composition and the energies, of 
eiperimental values 



CH 6 Si 

C 2 H s Si 

C 3 H,„Si 

C,H, 2 Si 

C,H, 2 Si 

CHuSi 

C,H, Si 

CHgSi, 

CjHioSi, 

CjHioSi, 

C,HuSi 2 

CjH 12 Si 2 

C,H 14 Si 2 

C,H 14 Si 2 

C 5 H 16 Si 2 

CH ]S Si 2 



lane 
lsilanb 



Meihylsilane 

Dimethylsi ane 

Trim ethyls 

Tetramethy 

Dicthylsi 

Tricthylsilaj 

Tetracthyl 

Mcthyldisi 

l.l-dimcth; 

1 ,2-dimcth; 
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lie 
lane 
anc 
'Idisi 
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Group 
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2 
1 

2 
1 

5 
4 
4 
3 
3 
2 
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Si- Si 
Group 
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Group 
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2 
3 
4 
2 
3 
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Si (ii) 
Group 



C-C (a) 



C(b) C-C(c) 



C-C (d) 



C-C (e) 



Table 20. 1 1 compared to the 



Calculated 
Total Bond 
Energy (eV) 
25.37882 
38.45660 
51.53438 
64.61216 
62.77200 
88.00748 
113.24296 
34.56739 
47.36764 
47.36764 
60.16789 
60.16789 
72.96815 
72.96815 
85.76840 
98.56865 
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aerimental 
Tatal Bond 
E nergy (eV) 
.99491 [9] 
.64819 [9J 
33567 [9J 
,223I9[14J 
.37771 [15] 
.46141 [15] 
,06547[1 5] 
73920 [16] 
42283 [16] 
42283 [16] 
10646 [16] 
10646 [16] 
79442 [16] 
79442 [16] 
47805 [16] 
32646 [16] 
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-0.0 

-0.00*06 
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-0.01051 
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0.001 1 

-0.00 I 

-0.00 I 

-0.00239 

-0.00239 

-0.00::40 
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1214 Chapter 20 

SILICON OXIDES, SILICIC ACIDS, SILANOLS, SILOXANES AND DISILOXANES 

The silicon oxides, silicic acids, silanols, siloxanes, and disiloxanes each comprise at least one Si - O group, and this group in 
disiloxanes is part of the Si-O- Si moiety. Silicic acids may have up to three Si - H bonds corresponding to the SiH n ^ l23 
functional groups of alkyl silanes, and silicic acids and silanols further comprise at least one OH group equivalent to that of 
alcohols. In addition to the SiH n=l 2 3 group of alkyl silanes, silanols, siloxanes, and disiloxanes may comprise the functional 
groups of organic molecules as well as the C - Si group of alkyl silanes. The alkyl portion of the alkyl silanol, siloxane, or 
disiloxane may comprise at least one terminal methyl group ( CH 3 ) the end of each alkyl chain, and may comprise methylene 
(CH 2 ), and methylyne ( CH ) functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene 
functional groups are equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane 
C-C bond is the same as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((C7/j) CH) and t- 

butyl ((C/f 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise 

functional groups. The branched-chain-alkane groups in silanols, siloxanes, and disiloxanes are equivalent to those in branched- 
chain alkanes. The alkene groups when present such as the C = C group are equivalent to those of the corresponding alkene. 
Siloxanes further comprise two types of C - O functional groups, one for methyl or t-butyl groups corresponding to the C and 
the other for general alkyl groups as given for ethers. 
The distinguishing aspect of silicon oxides, silicic acids, silanols, siloxanes, and disiloxane is the nature of the 



corresponding Si-O functional group. In general, the sharing of electrons between a Si3sp 3 HO and an 02p AO to form a 
Si - O -bond MO permits each participating orbital to decrease in size and energy. Consider the case wherein the Si3sp 3 HO 
donates an excess of 50% of its electron density to the Si - O -bond MO to form an energy minimum while further satisfying the 
potential, kin e tic, and orbital e nergy r e lationships. — By considering this e l e ctron redistribution in th e mol e cule comprising a 
Si - O bond as well as the fact that the central field decreases by an integer for each successive electron of the shell, the radius 
r si-ois 3 °f tne Si3sp 3 shell may be calculated from the Coulombic energy using Eq. (15.18): 



-9r5r 



Si Oisp' 



= £(Z-«)-0.5 



8;kt (el 05.23554 eF) — 8*k? (el 05.23554 eV) 



= 1.22825a,, (20.38) 



V»=io 



Using Eqs. (15.19) and (20.38), the Coulombic energy E Cmlamb (Si si _ ,3sp 3 ) of the outer electron of the Si3sp 3 shell is 



2 2 



E CaM {Si si _ ,3sp 3 )= =- =-11.07743 eV (2039T 

^Wx-oirf — 8frg 1 . 22825a 

During hybridization, the spin-paired 3* electrons are promoted to the Si3sp 3 shell as unpaired electrons. The energy for the 

promotion is the magnetic energy given by Eq. (20.6). Using Eqs. (20.6) and (20.39), the energy E(Si Si _ ,3sp 3 ) of the outer 

electron of the Si3sp 3 shell is 

E(Si s; ,3sp 3 ) = — + 2 * M ° e % = -1 1.07743 eV + 0.05836 eV = -1 1.01906 eV (20.40) 

v ; 8^£-„r , , 3 m 2 (r„) 

silaneisp' '"e V 12 / 

Thus, E T (Si-0,3sp 3 ), the ene r gy change of each Si3sp 3 shell with the formation of the 5/ -O -bond MO is given by the 
difference between Eq. (20.40) and Eq. (20.7): " 

E T (Si-0,3sp 3 ) = E(Si s _ ,3sp 3 )-E(Si,3sp 3 ) = -\ 1.01906 eV -(-\0254K1 eV) = -0.76419 eV (20.41) 

Using Eq. (15.28), to meet the energy matching condition in silanols and siloxanes for all a MOs at the Si3sp 3 HO and 
Q2p AO of each Si — O -bond MO as well as with the Clsp 3 HOs of the molecule, the energy EJSi RS! OR ,,3sp 3 ) (R,R' are 

alkyl or H) of the outer electron of the Si3sp 3 shell of the silicon atom must be the average of E(Si silalle ,3sp 3 ) (Eq. (20.11)) and 

E T [Si-0,3sp 3 ) (Eq. (20.40)): 

.(P^ (20.42) 

Using Eq. (15.29), E T (Si-0,3sp 3 ), the energy change of each Si3sp 3 shell with the formation of each RSi - OR ' -bond 

silanol , siloxane \ ! 

MO, must be the average of E T [Si-Si,3sp 3 ) (Eq. (20.12)) and E T (Si-0,3sp 3 ) (Eq. (20.41)): 

, . E T (Si-Si,3sp 3 ) + E T (Si-0,3sp 3 ) (-0.48015 eF) + (-0.76419 eV) 

(Si-0,3sp 3 ) = —± ^ -± '—L = ± '-A L = -0.62217 eV (20.43) 



*-* T » - - y -.- 

silanol , siloxane \ / O O 
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To meet the energy matching condition in silicic acids for all a MOs at the Si3sp 3 HO and 02p AO of each Si-O- 

bond MO as w e ll as all H AOs, th e e n e rgy E I Si H Si , 0H) — ,3sp 3 \ of th e out e r e l e ctron of th e Si3sp 3 sh e ll of th e silicon atom 

must be the average of E[Si silam ,3sp 3 ) (Eq. (20.15)) and E T (Si-0,3sp 3 ) (Eq. (20.40)): 

/ ,\ E ( Si s nane^ s P 3 ) + E ( Si Si -o^ s P 3 ) (-1 1 .37682 eV) + (-1 1 .0 1906 eV) 
E[Si HjHOHl ,3sp 3 )= V \ V '-=± \ y ' = -11.16876 eV (20.44) 

Using Eq. (15.29), E T ^ — ^-Si — O, 3sp 3 ) , the e nergy chang e of e ach Si3sp 3 sh e ll with th e formation of e ach RSi — OR ' - bond 

MO, must be the average of E T (S7 - H, 3sp 3 ) (Eq. (20. 1 6)) and E T [Si - O, 3sp 3 ) (Eq. (20.4 1 )): 

, ^ E T (Si-H,3sp 3 ) + E T (Si-Q,3sp 3 ) (-1.06358 eV) + (-0.76419 eV) 

—ET T (Si-0,3sp 3 ) = v ; v ; = v ' v -^ = -0.91389eK (20.45) 

Using Eqs. (20.22-22.26), the general force balance equation for the cr-MO of the silicon to oxygen SV-0-bond MO in 
terms of n e and lij corresponding to the angular momentum terms of the 3sp 3 HO shell is 



-^-^ e 2 ^ 1£ 



E, 



^ 



-t£ 



-D = - -rD + - —D- 



ma b %nc n ab 2m a b 



2 — V Z )2ma l b 



D (20.46) 



Having a solution for the semimajor axis a of 

l + f + S^]«o (20-47) 

In terms of the angular momentum L, the semimajor axis a is 

« = (l + ^ + |)«„ (20.48) 

Using the semimajor axis, the geometric and energy parameters of the MO are calculated using Eqs. (15.1 - 15.1 17) in the 

same manner as the organic functional groups given in the Organic Molecular Functional Groups and Molecules section. The 
semimajor axis a solutions given by Eq. (20.48) of the force balance equation, Eq. (20.46), for the cr-MO of the Si -O -bond 
MO of each functional group of silicon oxide, silicon dioxide, silicic acids, silanols, siloxanes, and disiloxanes are given in 
Table 20.15 with the force-equation parameters Z = 14 , n e , and L corresponding to the angular momentum of the Si3sp 3 HO 

IheE 

For the Si - O functional groups, hybridization of the 3s and 3p AOs of Si to form a single 3sp 3 shell forms an energy 
minimum, and the sharing of electrons between the Si3sp 3 HO and the O AO to form a MO permits each participating orbital to 
decrease in radius and energy. The O AO has an energy of E(P) = -13.61805 eV , and the Si3sp 3 HO has an energy of 
E(Si,3sp 3 ) = -10.25487 eV (Eq. (20.7)). To meet the equipotential condition of the union of the Si-O H 2 -type-ellipsoidal- 
MO with these orbitals, the corresponding hybridization factors c 2 and C 2 of Eq. (15.61) for silicic acids, silanols, siloxanes, 
and disiloxanes and the hybridization factor C 2 of silicon oxide and silicon dioxide given by Eq. (15.77) are 

/ % / \ E(Si,3sp 3 ) -10 25487 pV 

cAotoSi3sp 3 HO\ = cAotoSBsp 3 HO)= x , '= — =0.75301 (20. 4 9) 

n ; n ; E(O) -13.61805 eV 

Each bond of silicon oxide and silicon dioxide is a double bond such that c 1 - 2 and C 1 - 0.75 in the geometry relationships 

(Eqs. (15.2-15.5)) and the energy equation (Eq. (15.61)). Each Si-0 bond in silicic acids, silanols. siloxanes. and disiloxanes 

is a single bond corresponding to c 1 = 1 and C 1 = 0.5 as in the case of alkanes (Eq. (14.152)). 

Since the energy of the MO is matched to that of the Si3sp 3 HO, E[AOI HO) in Eq. (15.61) is E(Si,3sp 3 ) given by 

Eq. (20.7) and twice this value for double bonds. E T (atom- atom, msp 3 .AO\ of the SV-O-bondMO of each functional group is 
determined by energy matching in the molecule while achieving an energy minimum. For silicon oxide and silicon dioxide, 
E T (atom - atom, msp' .AO\ Is three and two times -1.37960 eV given by EqT (20.20), respectively. 

E T ( atom -atom, msp 3 .AO\ of silicic acids is two times -0.91389 eV given by Eq. (20.45). E T (atom-atom,msp 3 .AO\ of 

silanols, siloxanes, and disiloxanes is two times -0 . 62217 eV given by Eq . (20 . 43) . 

The symbols of the functional groups of silicon oxides, silicic acids, silanols, siloxanes, and disiloxanes are given in 

Table 20.14. The geometrical (Eqs. (15.1-15.5), (20.1-20.21), (20.29), (20.32-20.33), (20.37), and (20.46-20.49)) and intercept 
(Eqs. (15.80-15.87) and (20.21)) parameters are given in Tables 20.15 and 20.16, respectively. The energy (Eqs. (15.61), (20.1- 
20.20), (20.33-20.35), (20.37-45), and (20.49)) parameters are given in Table 20.17. The total energy of each silicon oxide, 
silicic acid, silanol, siloxan e , or disiloxan e giv e n in Tabl e 20.18 was calculat e d as th e sum ov e r th e int e g e r multipl e of e ach 
E D (amup) of Table 20.17 corresponding to functional-group composition of the molecule. The bond angle parameters determined 
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using Eqs. (15.88-15.117) are given in Table 20.19. The charge-densities of exemplary siloxane, ((C7/,), SiO) and disiloxane, 

hexamethyldisiloxane comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal 
MOs or joined with one or more hydrogen MOs are shown in Figures 20.4A and B, respectively. 

Figure 20.4. (A) Color scale, translucent view of the charge-density of UCH^SiO) showing the orbitals of the Si , O, 

and C atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding 
outer shell of the atoms participating in each bond, and the nuclei (red, not to scale). (B) Color scale, translucent view of the 
charge-density of (C//,), SiOSilCHA showing the orbitals of the Si , O , and C atoms at their radii, the ellipsoidal surface of 
each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atoms participating in each bond, and 
the nuclei (red, not to scale). 
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C-.' Ji 
Si :1 H- 
C-S i 
Slji. 

C-Si 



m 

,-CH, 

ffl) 

-CfifH,- 

ffl) 



-0.60236 


-0.92918 



Q.60236 





-152.21 
-153.1471- 



1.31926 
0.91771 
0.91771 



1.78942 

).8 

1.83179 



-17.2: 
-15.4; 
-16.3; 



-17.17685 
-15.23725 
-16.16643 



91.19 
98.56 
94.76 



18.81 

11.44 
15.24 



37.12 
41.82 
39.33 



1.75693 
1.64204 
1.70428 



01634 
1312) 
0689 J 



C.-H 



(CH,) 











-152.544117 



0.91771 



1.86: 



59 



-15.7. 



-15.56407 



77.49 



1)2.51 



41.48 



1.23564 



1870! 



C-H 



(CH,) 



-0.92918 







-153.47406 



0.91771 



1.81519 



16.61 



-16.49325 



■8.47 



11.5: 



35.84 



1.35486 



2993! 



H 

,1,CJ. 
C-L 

C-L 



(CH) 
' t H,CH, ■ 
(a)) 

m 



-0.9291 
-0.9291 

-0.9291 



-0.92918 


-0.92918 



Q.9291S 






-154.4032' 
-152.5441!' 



-153.47406 



0.91771 
0.91771 

0.91771 



1.77247 
1.86359 

1.815*9 



-17.61 
-15.7. 

-16.61 



-17.42244 
-15.56407 

-16.49325 



61.10 
63.82 

56.41 



18.90 
16.18 



123.59 



31.37 
30.08 

26.06 



1.42988 
1.83879 

1.90890 



3732 5 
3810 5 



4511 



,l-H 
C-C 

• l-H 
C-C 
mCJ, 
C-C 
?rtC i: 
C-C 
■»C, 
C-C 
(oC fl I 
C-C 



•)HC 
l(R 



'-H,C r )CH,- 



,C„C,(H 2 C C -R 
(b» 

,C„(/('-ff 2 C,,)i 

m 

,(H 2 C C -R')fr 

(*) 

(R'-H£ d )C\( 

M) 

-h(H 7 C r -R') 

m 

* '- H i Q ) c, , ( J! "- f\ ,c, ) c :h , 
M 



R'-H,C,)CH,- 



-0.92918 
-0.92918 
-0.92918 
-0.72457 



-0.92918 

-0.72457 
-0.92918 
-0.72457 
-0.92918 
-0.72457 



0.92918 
('.7245 7 
0.92918 
0.72457 
(L92918 
(1.72457 



-154.4031. 

-154.71 

-154.403: 



860 



-24 



-154.51399 



0.91771 
0.91771 
0.91771 
0.91771 



1.772*7 
1.758S9 
1.772*7 
1.76755 



-17.61 
-17.9: 
-17.61 
-17.9: 



330 
866 
330 
866 
17.40869 



-17.9: 



.866 



-17.42244 
-17.73779 
-17.42244 
-17.73779 
-17.21783 
-17.73779 



48.30 
48.21 
48.30 
50.04 
52.78 
50.04 



111.70 
1P1.79 

1.70 



1 29.96 



21.90 
21.74 
21.90 
22.66 
24.04 



1.97162 
1.95734 
1.97162 
1.94462 
1.92443 
1.94462 



5138! 
5057) 
5138! 
4929! 
47271 



Table 20. 17. The energy parameters (eV) 



of functional 



groups of silicon oxides, si 



icic acids, siknols, siloxanes and disiloxines. 



to 

to 

o 



O(i) 
Gitoup 



Si-0 (ii) 
Group 



O (iii) 
Group 



Group 



Si-0 (v) 
Group 



-H 

Gt-oup 



C-Si (i) 
Group 



OH 
Group 



C-O(i) 
Group 



0(H 
Group 



CH, 
Group 



CH 1 
Group 



C-H 
Group 



C (a) 
Group 



C 
Group 



0, 75 

0.75304 



05 

0.75304 



C.5 

0.7>304 



0.5 
0.75304 



.75 

5800 



0.1 

0.70)71 



05 
0.917 



0.75304 




0.7 5304 
3 



0.75304 




85395 




0.!!5395 




0.9177] 




J1771 




0.917' 




2 
0.75 



1 

0.5 



1 

0.5 



1 
0.75 



3 
0.75 



0.75304 



0.75304 



0.7)304 



0.75304 



0.75800 



1 



1 



1 



1 



1 



<i.917' 



(eV 
W) 



-56.90923 
19.;.9141 
12.(.6092 



-53.38219 
18.78139 
11.25659 



8.70052 

f34866 

17513 



-28.''0052 
8.34866 
7.W513 



-28.70052 
8.34866 
7.17513 



-23. 



41703 
9.(7746 
6.32210 



-34.13046 
7.67' !72 



-40.92709 
14.81988 
16.18567 



3.15757 
5.12103 
17389 



.4730 1 
15605 



-107.32728 
38.9272 i 
32.5391 i 



-70.41425 
25.78002 
21.06675 



-35.12015 
12.87680 
10.48582 



79214 
53352 
77464 



102.08992 
21.483 J6 
3 4.670 52 



© 

o 
o 

CD 



O 

S 

CD 






) 

) (eV) 



,o\ (eV) 



-6.33046 

"^20.50975 





-5.62829 
"55750975 





5,58757 

0.25487 





3.58757 



-3.58757 

-10.25487 





6105 
25487 




-3.87250 
^10.25487 



-8.09284 

-13.6181 





4.58695 
4.63489 
44915 



562M 
6348 i : 
5537( 



-16.26957 

-15.564(|7 





-10.53337 

-15.56407 





-5.24291 
■14.63489 " 




38732 
56407 




7.33531 

7T 
o 






to) (eV) 



-20.50975 
-51.W1C 



-20.50975 
-49.48226 



,25487 
27.01917 



-10.25487 
-27.01917 



-10.25487 
-27.01917 



25487 
83339 



-9.05014 
-31.63538 



-13.6181 
-31.63247 



.18574 
1.63533 



981 1! 
63541 



-15.564C7 



-15.56407 
-49.66493 



-14.63489 
-31.63533 



.56407 
.63537 



0_ 
63.27C75 



t' r [ak. 



m- uiom^msp' .AO\ {tV) 



-4.1 



3881 



-2.75921 



1.82777 



•..24434 



-0.96031 







.44915 











85836 



'.26759 



4'M 
10' 

4- ( e| ' 



(fV) 

rod ! s 

fj 



-55.93591 
9.22130 
6.05962 



-52.24146 
12.0816 
7.95229 



8.84694 
li.96876 

5.90340 



-28.26351 
8.9.J876 

5.9)340 



-27.97947 
8.96876 
5.90340 



89697 
4257 



-31.63537 
44.1776 
29.07844 



■33.08452 
2.0329 
.92028 



-67.69450 
24.9286 
16.40845 



-49.66493 
24.2751 
15.97831 



-31.63537 
24.1759 
15.91299 



.49373 
13699 
21159 



-(5.53833 
'■3.06S0 
23.34813 






i'„ (<■■'' 



-0.1 



3632 



-0.14573 



).13866 



-0.1 



-0.13449 



5818 



-0.33749 



■0.18420 



-0. 



18631 



-0.25352 



-0.25017 



-0.24966 



16515 



J.345.7 



? 5" 
t*o o 

C5 ' 



4-„» 



0.1 5393 

1 3] 

-0.(5935 



0.15393 

[3] 

-0.06876 



0.15393 

P] 

).06169 



0.1)393 

[ 3] 

-0.05889 



0.15393 

[3] 

-0.05752 



5315 
2] 

■0.03161 



0.1O563 
[10]_ 



0.46311 
[21-22] 
-0.10594 



.13663 

\m 

*.11589 



6118 

1 24] 
105Z 



0.3553; 

(Eq. (13.418)) 

-0.22757 



0.35532 

(Eq. (13.458)) 

-0.14502 



0.35532 

(pq. (13.458) ) 

0.07200 



12312 

[25] 

10359 



0.1785 7 
[26] 
).255i>8 



I ',.(<* 



V) 

ail,,,,) (eV) 
■«'-"■') (fV) 
•) (eV) 



0.04983 



-13.51805 
8.3 3876 



0.04983 
-52.37898 
-10.25487 
-13.61805 

4.63313 



(1.04983 
-: 8 .90863 
-10.25487 
-13.61805 

5.03571 



0.04983 
-28.32240 
-10.25487 
-13.01805 

4.44948 



0.04983 
-28 .03700 
-10.25487 
-13.61805 

4.16408 



0.C4983 



92857 
25487 



0.04)83 
-32.93096 




3.66 



0.11441 
-31.74130 

-13.6181 
-13.59844 

4.41035 



.14803 

20040 

4.63489 


93062 



4803 

39484 

6348P 



2506 



0.1480: 
-67.92 2C7 
-14.634S9 
-13.59844 

12.49185 



0.14803 
-49.80996 
-14.63489 
-13.59844 

7.83016 



0.14803 
-31.70737 
-14.63489 
-13.59844 

3.32601 



4803 
59732 





52754 



0.148(3 
(6.04S69 
4.63489 


51014 



< 
CD 
Q. 



able 20.1 d. The total 
energies of Table 20.17 combarsbd to the eitpe- 



ormula 



Name or Structure 



bond energies of silicon cxides, silicic acids, silanols, siloxanes, and disiloxanss calculated 
imental values. 



Si-0 (i) 
Group 



(ii) Si-0 (h|) fi 
Group 



-O (iv) 
Group 



Si-0 

Group 



v) Si-H 
Group 



Si (i) OH 
up Group 



:-~o(i) c-o 

Group Groulp 



(i>) 



CH, 



using the functional group composition 



C = C Calculated 
Totil 



Ene 

M 



Experimental 
Total Bond 
Energy (eV) 



and the 



Relative 
Error 



SiO 

Si0 2 

SiH„0 

S1H4O2 

SiHtOj 

S1H4O1 

C: 3 Hi :)iO 

CjHsSiO 

CHsSiCm 

C 4 H I2 ii0 4 

C«H I( 

c: 8 H 20 Sio 4 
c 6 H| 8 si 3 o 3 
C s H2 4 Si 4 4 



CioH 3 



Si 5 5 



CtHijjMizO 



licon 
licon 



oxide 
dioxide 



SiOH 



(Off 
:imet 
inyls 



nmetiy 



H 2 Si(C'H) a 
1 Si(OH) 3 

/4 

ylsilanol 
3 lainol 
b3iOCH 3 

ysilioxane 

T riethc xysilioxane 

T^traethoxysilioxane 

j)>SiO)j 

)>SiO) 4 

j).SiO)5 



(HO); 



CH 3 ) 
CH 3 ) 
CH 3 ) 



B exarr et fayldisiloxane 









1 
1 
4 
4 
3 
4 
6 
8 
10 




8. 
12.9 

18.6 

25.1 

31.. 

37.7: 

57.: 

37.3. 

47.45 

83.4: 

102.7 

132.8 

123.6 

164.8: 

206.0: 

105 



90 

7184 



8423 

1S95 

3784 

144 

8783 

'755 

?639 

510 

014 

.517 

2.4639 



8.29905 [18] 
12.98073 [19] 
19.00701* [27" 
25.04264* [27 1 
31.47012" [27 
38.03638 [28] 
57.30073 [29] 

49.28171 a [30 
84.04681 [31] 
102.57961 [31 | 
133.23177 [31 J 
123.22485 [31 | 
164.79037 [31 1 
206.35589 [31 1 
105.20196 |31 1 



-C.00U 7 



00299 
01763 
00563 
00180 
00663 



-C .00032 







03714 
00665 
400164 
00252 
d.00317 
■C .000 IS 
00160 
-C .00042 



heory 



Table 20.1 



parameters from the preceding angle were used. E T is E T {atom - atom msp AO). 



9. 



The bond angle parameters of silicon 



oxides, silicic acids, silanols, siloxanes, disiloxanes and experimental values 



In the calculation of 



the 



Alible 



2c 

Bond 

(a, 



2c' 
Bond 2 



2c' 

Terrr inal 

Atons 



EfVKhM 

Atom 



Atom 1 
Hybridization 
Designation 

(Table) 



Atom; 
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De 



2 

itic 
signaton 



( Tabic ) 



(eV) 



0, 
(") 



l 1 

(°) (°) 



Eyp. 



-10.254^7 
Si 
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(Eq. 
(20.49 )) 



75 0.75304 



-0.48015 
(Eq. (20.12)) 



116.4 
(H,SiOH)' 



[32] 



92 14.964110 



0.9091 9 



:09 
(polydimet lyl 
siloxsne) [33] 



-14.825(75 
C 



3.61805 
O 



-15.550(33 
C 



(15.3.A) 



3.55033 
Q, 



(I5.3.A) 



0.87495 



0.87495 



0.87495 



06 

(polydimet lyl 
siloxane) [33] 



-10.254^7 
Si 



-1('.25487 
Si 



0.75304 

(Eq. 
(20.49 )) 



0.75304 

(Eq. 
(20.49)) 



0.75304 

(Eq. 
(20.49)) 



:40 
(hexamethyl 



disiloxane) 



33] 



ZC, 



iiH 



-15.550(13 



(15.3.A) 



-i;. 55033 



5 
I5.3.A) 



111.0 
(dimethy lsilar e) [9] 

1 10.2 
(trimeth)lsilaiLe) [9] 

1)8.8 
(trimethjlsilaiie) [9] 



Methyl 
ZHC„H 



52 -15.754)3 



7 
(15.3.A) 



ZH(t, 



lene 
H 



2.111)6 



2.11106 



3.4: 



52 -15.754)3 



7 
(15.3.A) 



0.863^9 



0.75 



1.15796 



1011.44 



07 
(propane) 



•"i =r 



^c„c h c, 



(propane) 
1 



(butane) [i] 

)1«L 



(isobvjtane) 



1 

(but! : 
1 



11.0 
:ine)[?[ 

11.4 



(isobtitane) 



[«L 



Methyl 



ZHC 



H 



4152 -15.754). 



7 
(15.3.A) 



ZC a C h C r 



109.44 



zc a 



26 
(15.3.A) 



-16.68412 
C, 



26 

(I5.3.A) 



109.44 
110.67 



10.8 



(isobtitane) 



[8] 



-15.550 
C, 



(15.3.A) 



-1'. 82575 



1 
( 5.3.A) 



110.76 



ISO 



c„ 



-15.550(1 
C, 



(15.3.A) 



.82575 
C„ 



1 
(I5.3.A) 



11.4 



(isobutane) 



[8] 



zc »< 
tert 
ZQ( 



26 
(15.3.A) 



-16.68412 



26 
I5.3.A) 



10.8 



(isobutane) 



[8] 
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SUMMARY TABLES OF SILICON MOLECULES 

The bond energies, calculated using closed-form equations having integers and fundamental constants only for classes of 
molecules whose designation is based on the main functional group, are given in the following tables with the experimental 
values. 



Table 20.20 .1. Summary results of silanes. 



Calculated Experimental Relative 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



SiH 

SiH 2 

-S1H3- 

SiH 4 



silylidyne 
silylene 

silyl 

silane 



3.07526 
6.15052 

9.22578 



3.02008 [6] 
6.35523 [7] 
9.36494 [7] 



-0.01827 
0.03221 
0.01486 
-0.01699 



13.57257 13.34577 [6] 



Si 2 H 6 
Si 3 H 8 



disilane 
trisilane 



21.76713 
31.23322 



22.05572 [7] 
30.81334 [71 



0.01308 
-0.01363 



Table 20.20 .2. Summary results of alkyl silanes and disilanes. 



Calculated Experimental Relative 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



CH 6 Si 


methylsilane 


25.37882 


25.99491 [9] 


0.02370 


C 2 H 8 Si 


dimethylsilane 


38.45660 


38.64819 [9] 


0.00496 


C 3 HioSi 


trimethylsilane 


51.53438 


51.33567 [9] 


-0.00387 


C4Hi2Si 


tetramethylsilane 


64.61216 


64.22319 [14] 


-0.00606 


C4Hi2Si 


diethylsilane 


62.77200 


63.37771 [15] 


0.00956 


CsHieSi 


triethylsilane 


88.00748 


87.46141 [151 


-0.00624 



CgFfcoSi tetraethylsilane 
CHgSi2 methyldisilane 
C2H10S12 1,1-dimethyldisilane 

C2H10S12 1,2-dimethyldisilane 

C3H 12 Si2 1,1,1 -tritrifithylriisilanR 



113.24296 
34.56739 
47.36764 
47.36764 
60 16789 



112.06547[15] 
34.73920 [16] 
47.42283 [16] 
47.42283 [16] 
60 10646 [16] 



-0.01051 
0.00495 
0.00116 
0.00116 
-0 0010? 



C3H12S12 1,1,2-trimethyldisilane 60.16789 60.10646 [16] -0.00102 

C4H14S12 1,1,1,2-tetramethyldisilane 72.96815 72.79442 [16] -0.00239 

C4H14S12 1,1,2,2-tetramethyldisilane 72.96815 72.79442 [16] -0.00239 

C5H16S12 1,1,1,2,2-pentamethyldisilane 85.76840 85.47805 [16] -0.00340 

CcHigSia hexamethyldisilane 98.56865 98.326 4 6 [161 -0.002 4 6 



Table 20.20 .3. Summary results of silicon oxides, 
Formula Name 



silicic acids, silanols, 
Calculated 
Total Bond 
Energy (eV) 



siloxanes, and disiloxanes. 

Experimental Relative 

Total Bond Error 

Energy (eV) — 



-SiQ- 



silicon oxide 



8.30876 



8.29905 [18] 



- 0.00117 



Si0 2 
SiH 4 
SiH 4 2 
SiH 4 3 



silicon dioxide 
H 3 SiOH 
H 2 Si(OH) 2 
HSi(OH) 3 



12.94190 
18.67184 
25.04264 
31.41344 



12.98073 [19] 
19.00701 a [27] 
25. 04264 a [27] 
31.47012 a [27] 



0.00299 
0.01763 
0.00563 
0.00180 



SiII 4 4 

C 3 H 10 SiO 

C 2 H 6 SiO 

CH 6 Si0 4 



Si(OII) 4 

trimethylsilanol 

vinylsilanol 

(HO) 3 SiOCH 3 



37.78423 38.03638 [28] 



0.00663 



57.31895 
37.33784 
47.45144 



57.30073 [29] -0.00032 
49.28171 a [30] 0.03714 



C 4 Hi 2 Si0 4 

CgHi6Si0 3 

CgH2oSi0 4 

CgHi8Si 3 3 

CgH.2 4 Si 4 4 



tetramethoxysilioxane 

triethoxysilioxane 

tetraethoxysilioxane 

((CH 3 ) 2 SiO) 3 

((CH 3 ) 2 SiO) 4 



83.48783 

102.74755 

132.89639 

123.61510 

164.82014 



84.04681 [31] 
102.57961 [31] 
133.23177 [31] 
123.22485 [31] 
164.79037 [31] 



0.00665 
-0.00164 
0.00252 
-0.00317 
-0.00018 



C 10 H 3 oSi 5 05 ((CH 3 ) 2 SiO) 5 



206.02517 206.35589 [31] 0.00160 



C15H18S12O hexamethyldisiloxane' 
* theory 



105.24639 105.20196 131| -0.00042- 
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Chapter 21 



THE NATURE OF THE SEMICONDUCTOR BOND 



GENERALIZATION OF THE NATURE OF THE SEMICONDUCTOR BOND 

Semiconductors are solids that have properties intermediate between insulators and metals. For an insulator to conduct, high 
energy and power are required to excite electrons into a conducting state in sufficient numbers. Application of high energy to 
cause electron ionization to the continuum level or to cause electrons to transition to conducing molecular orbitals (MOs) will 
give rise to conduction when the power is adequate to maintain a high population density of such states. Only high temperatures 
or extremely high-strength electric fields will provide enough energy and power to achieve an excited state population 
permissive of conduction. In contrast, metals are highly conductive at essentially any field strength and power. Diamond and 
alkali metals given in the corresponding sections are representative of insulator and metal classes of solids at opposite extremes 
of conductivity. It is apparent from the bonding of diamond comprising a network of highly stable MOs that it is an insulator, 
and the planar free-electron membranes in metals give rise to their high conductivity. 

Column IV elements silicon, germanium, and a -gray tin all have the diamond structure and are insulators under 

standard conditions. However, the electrons of these materials can be exited into a conducting excited state with modest 
amounts of energy compared to a pure insulator. As opposed to the 5.2 eV excitation energy for carbon, silicon, germanium, 
and a -gray tin have excitation energies for conduction of only 1.1 eF, 0.61 eV , and 0.078 eV , respectively. Thus, a 
semiconductor can carry a current by providing the relatively small amount of energy required to excite electrons to conducting 
excited states. — As in the case of insulators, excitation can occur thermally by a temperature increase. — Since the number of 
excited electrons increases with temperature, a concomitant increase in conductance is observed. This behavior is the opposite 
of that of metals. Alternatively, the absorption of photons of light causes the electrons in the ground state to be excited to a 
conducting state that is the basis of conversion of solar power into electricity in solar cells and detection and reception in 
photodetectors and fiber optic communications, respectively. In certain semiconductors, rather than decay by internal 
conversion to phonons, the energy of excited-state electrons is emitted as light as the electrons transition from the excited 
conducting state to the ground state. — This photon emission process is the basis of light emitting diodes (LEDs) and 
semiconductor lasers which have broad application in industry. 

In addition to elemental materials such as silicon and germanium, semiconductors may be compound materials such as 
gallium arsenide and indium phosphide, or alloys such as silicon germanium or aluminum arsenide. Conduction in materials 
such as silicon and germanium crystals can be enhanced by adding small amounts (e.g. 1-10 parts per million) of dopants such as 
boron or phosphorus as th e crystals are grown. — Phosphorous with fiv e valanc e e lectrons has a fr ee e l e ctron e v e n aft e r 
contributing four electrons to four single bond-MOs of the diamond structure of silicon. Since this fifth electron can be ionized 
from a phosphorous atom with only 0.011 eV provided by an applied electric field, phosphorous as an electron donor makes 
silicon a conductor. 

In an opposite manner to that of the free electrons of the dopant carrying electricity, an electron acceptor may also 
transform silicon to a conductor. Atomic boron has only three valance electrons rather than the four needed to replace a silicon 
atom in the diamond structure of silicon. Consequently, a neighboring silicon atom has an unpaired electron per boron atom. 
These electrons can be ionized to carry electricity as well. Alternatively, a valance electron of a silicon atom neighboring a 
boron atom can be excited to ionize and bind to the boron. The resulting negative boron ion can remain stationary as the 
corresponding positive center on silicon migrates from atom to atom in response to an applied electric field. This occurs as an 
electron transfers from a silicon atom with four electrons to one with three to fill the vacant silicon orbital. Concomitantly, the 
positive center is transferred in the opposite direction. Thus, inter-atomic electron transfer can carry current in a cascade effect 
as the propagation of a "hole" in the opposite direction as the sequentially transferring electrons. 

The ability of the conductivity of semiconductors to transition from that of insulators to that of metals with the 

application of sufficient excitation energy implies a transition of the excited electrons from covalent to metallic-bond electrons. 
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The bonding in diamond shown in the Nature of the Molecular Bond of Diamond section is a network of covalent bonds. 
Semiconductors comprise covalent bonds wherein the electrons are of sufficiently high energy that excitation creates an ion and 
a free electron. The free election forms a membrane as in the case of metals given in the Nature of the Metallic Bond of Alkali 
Metals section. This membrane has the same planar structure throughout the crystal. This feature accounts for the high 
conductivity of semiconductors when the electrons are excited by the application of external fields or electromagnetic energy 
that causes ion-pair ( M* — e ) formation. 

It was demonstrated in the Nature of the Metallic Bond of Alkali Metals section that the solutions of the external point 
charge at an infinite planar conductor are also those of the metal ions and free electrons of metals based on the uniqueness of 
solutions of Maxwell's equations and the constraint that the individual electrons in a metal conserve the classical physical laws 
of the macro-scale conductor. The nature of the metal bond is a lattice of metal ions with field lines that end on the 
corresponding lattice of electrons comprising two-dimensional charge density a given by Eq. (19.6) where each is equivalent 
electrostatically to a image point charge at twice the distance from the point charge of +e due to M* . Thus, the metallic bond is 
equivalent to the ionic bond given in the Alkali-Hydride Crystal Structures section with a Madelung constant of one with each 
negative ion at a position of one half the distance between the corresponding positive ions, but electrostatically equivalent to 
being positioned at twice this distance, the M + -M + -separation distance. Then, the properties of semiconductors can be 
understood as due to the excitation of a bound electron from a covalent state such as that of the diamond structure to a metallic 
state such as that of an alkali metal. The equations are the same as those of the corresponding insulators and metals. 

NATURE OF THE INSULATOR-TYPE SEMICONDUCTOR BOND 

As given in the Nature of the Solid Molecular Bond of Diamond section, diamond C - C bonds are all equivalent, and each C- C 
bond can be considered bound to a t-butyl group at the corresponding vertex carbon. Thus, the parameters of the diamond C - C 
functional group are equivalent to those of the t-butyl C - C group of branched alkanes given in the Branched Alkanes section. 
Silicon also has the diamond structure. The diamond Si - Si bonds are all equivalent, and each Si - Si bond can be considered 
bound to three other Si- £8 bonds at the corresponding vertex silicon. Thus, the parameters of the crystalline silicon Si -Si 
functional group are equivalent to those of the Si -Si group of si lanes given in the Silanes (Si n H 2tl+2 ) section except for the 

E T (atQm-cttom,msp 3 .AO) term of Eq. (15.61). Since bonds in pure crystalline silicon are only between Si3sp 3 HOs having 
energy less than the Coulombic energy between the electron and proton of H given by Eq. (1.264) 
E T ( atom- atom, msp } .AO) = 0. Also, as in the case of the C -C functional group of diamond, the Si3s/f HO magnetic energy 
E tmg is subtracted due to a set of unpaired electrons being created by bond breakage such that c 3 of Eq. (15.65) is one, and E mag 
is given by Eqs. (15.15) and (20.3): 



; ( 5 oy)= c ,^^=. 



^0.04983 <?F 



(21.1) 



(1.31926a,,) 

The symbols of the functional group of crystalline silicon is given in Table 21.1. The geometrical (Eqs. (15.1-15.5), 
(20.3-20.7), (20.29), and (20.33)) parameters of crystalline silicon are given in Table 21.2. Using the intemuclear distance 2c' , 
the lattice parameter a of crystalline silicon is given by Eq. (17.3). The intercept (Eqs. (15.80-15.87), (20.3), and (20.21)) and 
energy (Eqs. (15.61), (20.3-20.7), and (20.33)) parameters of cry stall ine silicon are given in Tables 21.2, 21.3, and 21.4, 
respectively. The total energy of crystalline silicon given in Table 21.5 was calculated as the sum over the integer multiple of 
each E D (ormp) of Table 21.4 corresponding to functional-group composition of the solid. The bond angle parameters of 

crystalline silicon determined using Eqs. (15.88-15.117), (20.4), (20.33), and (21.1) are given in Table 21.6. The diamond 
structure of silicon in the insulator state is shown in Figure 21.1. The predicted structure matches the experimental images of 
silicon determined using STM [1] as shown in Figure 21.2. 

Figure 21.1. The diamond structure of silicon in the insulator state. Axes indicate positions of additional bonds of the 
repeating structure. (A) Twenty six C - C -bond MOs. (B) Fifty one C - C -bond MOs. 



(A) 




(B) 
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Figure 21.2. (A)-(B) STM topographs of the clean Si( 1 1 1 )-(7X7) surface. Reprinted with permission from Ref. [I]. 
Copyright 1995 American Chemical Society. 




Table 21.1. The symbols of the functional group of crystalline silicon. 
Functional Group 



Group Symbol 



SiSi bond (diamond-type-^;) 



Si -Si 



Table 21 .2. The geometrical bond parameters of crystalline silicon and experimental values. 



Parameter 


Si - Si 
Group 


a (a ) 


2.74744 


c' (a„) 


2.19835 


Bond Length 2c' (A) 


2.32664 


Exp. Bond Length [A) 


2.35 [2] 


b,c (a (l ) 


1.64792 


e 


0.80015 


Lattice Parameter a, (A\ 


5.37409 


Exp. Lattice Parameter a t \Aj 


5.4306 [3] 



Tiibl9 21.3. The MO to HO intercept geometrical bond parameters of crystalline silicon. Et'kE 
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Table 21 .4. The energy parameters (eV) of the functional group of crystalline silicon. 



Parameters 



Si -Si 



Group 







0.37500 



0.75800 



l 



0.75800 







0.37500 



A, 



0.75800 



F (eV) 



-20.62357 



K (eV) 



6.18908 



T(eV) 



3.75324 



V (eV) 



-1.87662 



E(Aonio) (eV) 



-10.25487 



\(eV) 



-10.25487 



E T M(eV) 



-22.81274 



EAatom — atom,msp 5 .AO) (eV) 



E, (mo) (eV) 



-22.81274 



CO (lO 15 rod Is) 



4.83999 



E r (eV) 



3.18577 



E B (eV) 



-0.08055 



0.06335 
[4] 



E (eV) 



-ieJQ- 



0.0 4 983 



E T (o v )( e V) 



- 22.86162 



-10.25487 







-E^ 



-m- 



2.30204 



Table 21.5. The total bond energy of crystalline silicon calculated using the functional group composition and the energy of 
Table 21.4 compared to the experimental value [5]. 



Formula 



Name 



Si -Si 



Calculated Experimental Relative Error 



Total Bond 



Total Bond 



Ener<?v fe\n 



Ener^v (eV\ 



Sin 



Crystalline silicon 



2.30204 



2.3095 



0.003 



Table 21.6. The bond angle parameters of crystalline silicon and experimental values [2]. In the calculation of , the parameters from the preceding angle were used. 
Ej is E T (atom - atom msp ,AO). 
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(Table 20. II 
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NATURE OF THE CONDUCTOR-TYPE SEMICONDUCTOR BOND 

With the application of excitation energy equivalent to at least the band gap in the form of photons for example, electrons in 
silicon transition to conducting states. The nature of these states are equivalent to those of the electrons of metals with the 
appropriate lattice parameters and boundary conditions of silicon. Since die planar electron membranes are in contact 
throughout the crystalline matrix, the Maxwellian boundary condition that an equipotential must exist between contacted perfect 
conductors maintains that all of the planar electrons are at the energy of the highest energy state electron. This condition with 
the availability of a multitude of states with different ion separation distances and corresponding energies coupled with a near 
continuum of phonon states and corresponding energies gives rise to a continuum energy band or conduction band in the 
excitation spectrum. Thus, the conducting state of silicon comprises a background covalent diamond strucuire with free metal- 
type electrons and an equal number of silicon cations dispersed in the covalent lattice wherein excitation has occurred. The band 
gap can be calculated from the difference between the energy of the free electrons at the minimum electron-ion separation 
distance (the parameter d given in the Nature of the Metallic Bond of Alkali Metals section) and the energy of the covalent-type 
electrons of the diamond-type bonds given in the Nature of the Insulator-Type Semiconductor Bond section. 

The band gap is the lowest energy possible to form free electrons and corresponding St ions. Since the gap is the 
energy difference between the total energy of the free electrons and the MO electrons, a minimum gap corresponds to the lowest 
energy state of the free electrons. With the ionization of silicon atoms, planar electron membranes form with the corresponding 
ions at initial positions of the corresponding bond in the silicon lattice. The potential energy between the electrons and ions is a 
maximum if the electron membrane comprises the superposition of the two electrons ionized from a corresponding Si— Si bond, 
and the orientation of the membrane is the transverse bisector of the former bond axis such that the magnitude of the potential is 
four times that of a single Si* — e pair. In this case, the potential is given by two times Eq. (19.21). Furthermore, all of the 
field lines of the silicon ions end on the intervening electrons. Thus, the repulsion energy between Si* ions is zero such the 
energy of the ionized state is a minimum. Using the parameters from Tables 21.1 and 21.6, the Si + — e~ distance of 
c' = 1.16332/f , and the calculated Si* ionic radius of r i =1.1 6360a n =0.61575 A (Eq. 20.17), the lattice structure of 

crystalline silicon in a conducting state is shown in Figure 21.3. 

Figure 21.3. (A), (B), and (C) The conducting state of crystalline silicon showing the covalent diamond-structure network 
of the unit cell with two electrons ionized from a MO shown as a planar two-dimensional membrane of zero thickness that is the 
perpendicular bisector of the former Si - Si bond axis. The corresponding two Si* ions (smaller radii) are centered at the 
positions of the atoms that contributed the ionized Si3sp i -HO electrons. The electron equipotential energy surface may 
superimpose with multiple planar electron membranes. The surface charge density of each electron gives rise to an electric field 
equivalent to that of image point charge for each corresponding positive ion of the lattice. 




The optimal Si* ion-electron separation distance parameter d is given by 
d =c'=2.l9835a„=l.l6332X 10" 10 m 



(21.2) 



The band gap is given by the difference in the energy of the free electrons at the optimal ST -electron separation distance 
parameter d given by Eq. (21.2) and the energy of the electrons in the initial state of the Si -Si -bond MO. The total energy of 
electrons of a covalent Si - Si -bond MO E T (Si x _^ t0 ) given by Eq. (15.65) and Table 20.4 is 



E T (Si s _ sm0 ) = E T (MO) + E mc - E mag = -22.81274 eV + 0.04888 - 0.04983 eV = -22.81 1 79 eV 



(21.3) 
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The minimum energy of a free-conducting electron in silicon for the determination of the band gap E T , barid a -, (free e in Si) is 
given by the sum twice the potential energy and the kinetic energy given by Eqs. (19.21) and (19.2 4 ), respectively. 



=2^ 



4P 



2— \ 



^(w gap ) if ree e inSi) = V + T-- 



Ans„d 3 \ 2 m.d 



(21.4) 



In addition, the ionization of the MO electrons increases the charge on the two corresponding Si'isp i HO with a corresponding 
energy decrease, — E T (atom - atom, msp 3 .AO) — given by one half that of Eq. (20.20). — With — d — given by Eq. (21.2), 

E T( b a„i g a P ){f ree e ~ ifl Sl ) iS 

^e 2 



4x£ (1.16332 X 10 10 m) 



iw... ^ (/ree e in 



^T{band gap} \ 



Si)-- 
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+— 
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h 1 



m il . 16 332 X 10 ' 10 m 



\ 



+E T (atom - atom, msp 3 .AO) 



-24.75614 eF + 3.75374 eV - L3796Q e y 



(21.5) 



-21.69220 eV 



The band gap in silicon E g given by the difference between E T , band gap J free e in Si) (Eq. (21.5)) and E T (Si Si _ SiM0 ) (Eq. (21.3)) 
is 



E Z = E n b ani m) ( fr ee e ~ tn St ) ~ E T {Sisi-SiMO ) 

= -21.69220 eK-(-22.81179 eV) 
= 1.120eF 
The experimental band gap for silicon [6] is 
E g =l.\2eV 



(21.6) 



(21.7) 



The calculated band gap is in excellent agreement with the experimentally measured value. This result along with the prediction 
of the correct lattice parameters, cohesive energy, and bond angles given in Tables 21.2. 21.5. and 21.6. respectively, confirms 
that conductivity in silicon is due the creation of discrete ions, Si + and e~ , with the excitation of electrons from covalent bonds. 
The current carriers are free metal-type electrons that exist as planar membranes with current propagation along these structures 
shown in Figure 21.3. Since the conducting electrons are equivalent to those of metals, the resulting kinetic energy distribution 
over the population of electrons can be modeled using the statistics of electrons in metals, Fermi Dirac statistics given in the 
F c rmi - Dirac s e ction and th e Physical Implications of Fr ee El e ctrons in M e tals s e ction. 
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BORON MOLECULAR FUNCTIONAL GROUPS 



GENERAL CONSIDERATIONS OF THE BORON MOLECULAR BOND 

Boron molecules comprising an arbitrary number of atoms can be solved using similar principles and procedures as those used to 
solve organic molecules of arbitrary length and complexity. Boron molecules can be considered to be comprised of functional 
groups such as B-B, B-C , B-H , B-0 , B-N , B-X (X is a halogen atom), and the alkyl functional groups of organic 
molecules. — The solutions of these functional groups or any others corresponding to the particular boron molecule can be 
conveniently obtained by using generalized forms of the force balance equation given in the Force Balance of the a MO of the 
Carbon Nitride Radical section for molecules comprised of boron and hydrogen only and the geometrical and energy equations 
given in the Derivation of the General Geometrical and Energy Equations of Organic Chemistry section for boron molecules 
further comprised of heteroatoms such as carbon. The appropriate functional groups with their geometrical parameters and 
energies can be added as a lin e ar sum to giv e the solution of any molecul e containing boron. 

BORANES (B x H y ) 

As in the case of carbon, silicon, and aluminum, the bonding in the boron atom involves four sp 3 hybridized orbitals formed 
from the 2p and 2,v electrons of the outer shells except that only three HOs are filled. Bonds form between the B2sp 3 HOs of 
two boron atoms and between a B2sp 3 HO and a His AO to yield boranes . The geometrical parameters of each B-H and 
B-B functional group is solved from the force balance equation of the electrons of the corresponding cr-MO and the 
relationships between the prolate spheroidal axes. Then, the sum of the energies of the H 2 -type ellipsoidal MOs is matched to 

that of the B2sp 3 shell as in the case of the corresponding carbon molecules. As in the case of ethane (C -C functional group 
given in the Ethane Molecule section) and silane ( Si - Si functional group given in the Silanes section), the energy of the B-B 
functional group is determined for the effect of the donation of 25% electron density from each participating B2sp 3 HO to the 
B- B -bond MO. 

The energy of boron is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). A 

minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the Hydroxyl 
Radical (OH) section with the donation of 25% electron density from each participating B2sp z HO to each B-H and B - 5-bond 
MO. As in the case of acetylene given in the Acetylene Molecule section, the energies of the B - H and B-B functional groups 
are determined for the effect of the charge donation. 

The 2sp 3 hybridized orbital arrangement is 

2sp^ state 

JL JL JL (22.1) 

0,0 1,-1 1,0 1,1 

whe r e the quantum numbers (£,m ( ) a r e below each electron. The total energy of the state is giveii by the sum ove r the four 
electrons. The sum E T (B,2sp 3 ) of experimental energies [1] of B , B + , and B 2+ is 

E T (B,2sp 3 ) = 37.93064 eK + 25.1548 eF + 8.29802 eF = 71.38346eF (22.2) 
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By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the 



B2sp 3 sh e ll may b e calculat e d from th e Coulombic e n e rgy using Eq. (15.13): 



E(B,2sp 3 )= e +— V« e . = -l 1.89724 eF + 0.09100 eF = -l 1.80624 eF (22.7) 



r ,=} ^ - = - = 1.14361a„ (22.3) 

2sp £l&K£ (e71. 38346 eV) 8^ (e71. 38346 eV) 

where Z = 5 for boron. Using Eq. (15.14), the Coulombic energy E Ccmlomb \B,2sp 3 \ of the outer electron of the B2sp 3 shell is 

E Couhmb (Ba^) = -^^ = —^-— = -n.S97 24ref^- -(22*y 

y ' %KS^r 2si 8;re - 1.14361a 

During hybridization, one of the spin-paired 2s electrons is promoted to the B2sp 3 shell as an unpaired electron. The energy 
for th e promotion is the magnetic energy given by Eq. (15.15) at th e initial radius of th e 2s e lectrons. From Eq. (10.62) with 

Z = 5 , the radius r 3 of B2s shell is 

r 3 =1.07930a (22.5) 

Using Eqs. (15.15) and (22.5), the impairing energy is 

E{magnetic)= 2 ' WoeT \ = _ fo"oA g 0-09100 eV (22.6) 
-^ OT ;(r 3 ) 3 (1.07930a ) 3 - 

Using Eqs. (24.4) and (22.6), the energy E(B,2sp 3 ) of the outer electron of the B2sp 3 shell is 

2?rju e 2 h 2 

Next, consider the formation of the B-H and B-B -bond MOs of boranes wherein each boron atom has a B2sp 3 
electron with an energy given by Eq. (22.7). The total energy of the state of each boron atom is given by the sum over the three 
electrons. The sum E T (B borme ,2sp 3 ) of energies of B2sp 3 (Eq. (22.7)), B + , and B 2+ is 

E T (B bm ,2sp 3 ) = -{37.93064 eV + 25.1548 eV + E(B,2sp 3 )) 

= -(37.93064 eK + 25.1548eF + 11.80624eK) = -74.89168 eV 

where E(B,2sp 3 ) is the sum of the energy of B , -8.29802 eV , and the hybridization energy. 

Each C - /f-bond MO forms with the sharing of electrons between each B2sp i HO and each His AO. As in the case of 
C-H, the H 2 -type ellipsoidal MO comprises 75% of the B - H -bond MO according to Eq. (13.429) and Eq. (13.59). Similarly 
to the case of C - C, the B - B H2-type ellipsoidal MO comprises 50% contribution from the participating B2sp 3 HOs according 
to Eq. (1 4 .152). Th e sharing of e l e ctrons b e tw ee n a B2sp 3 HO and on e or mor e His AOs to form B — H - bond MOs or b e tw ee n 
two E?.sp 3 HOs to form a R - R -bond MO permits each participating orbital to decrease in size and energy. As shown below, the 
boron HOs have spin and orbital angular momentum terms in the force balance which determines the geometrical parameters of 
each a MO. The angular momentum term requires that each a MO be treated independently in terms of the charge donation. 
In order to further satisfy the potential, kinetic, and orbital energy relationships, each B2sp 3 HO donates an excess of 25% of its 
election density to the B - H or B - B -bond MO to form an energy minimum. By considering this electron redistribution in the 
borane molecule as well as the fact that the central field decreases by an integer for each successive electron of the shell, the 
radius '* tora)!22s 3 of the B2sp 3 shell may be calculated from the Coulombic energy using Eq. ( 1 5 . 1 8) : 

(^ \ e 2 5 75e 2 

r „ ,= Y(Z-«)-0.25 , -= , , = 1.04462a,, (22.9) 

""-^ — {tf j8^£- (e74.89168eK) — 8^e (e74.89168 eV) 

Using Eqs. (15.19) and (22.9), the Coulombic energy E Coulomb (B bomlte ,2sp 3 ) of the outer electron of the B2sp 3 shell is 

E CauIomb {B bomm ,2sp 3 ) = — — = - ~f = -13.02464 eV (22.10) 

^y tom „ e2sj , 3 8^ 104467. ffo 

During hybridization, one of the spin-paired 2s electrons are promoted to the B2sp 3 shell as an unpaired electron. The energy 

for the promotion is the magnetic energy given by Eq. (22.6). Using Eqs. (22.6) and (22.10), the energy E(B baralle ,2sp 3 ) of the 

outer electron of the B2sp 3 shell is 

E(B bomtw ,2sp 3 )= ~ e + Kfl ° e "- = -13.02464 eV + 0.09100 eV = -12.93364 eV (22.11) 

Thus, E T (B-H,2sp 3 ) and E T (B-B,2sp 3 j, the energy change of each B2sp 3 shell with the formation of the B-H and 
B-B -bond MO, respectively, is given by the dillerence between Eq. (22. 1 1) and Eq. (22.7): 



©2010 BlackLight Power, Inc. All rights reserved. 



Boron Molecular Functional Groups and Molecules 



1235 



E T (B-H,2sp 3 ) = E T (B-B,2sp 3 ) = E(B bmm ,2sp 3 )-E(B,2sp 3 ) 



(22.12) 



= -12.93364 er-(-11.80624er) = -1.12740 eV 

Next, consider the case that each B'lsp" HO donates an excess of 5D% ol its electron density to the a MO to torm an 
energy minimum. By considering this electron redistribution in the borane molecule as well as the fact that the central field 
decreases by an integer for each successive electron of the shell, the radius r „ , of the B2sp 3 shell may be calculated from 

J t ~ } boranelsp -* J 

the Coulombic energy using Eq. (15.18): 



boranelsp 



2(Z-«)-0.5 



5.5c' 



Us Q (e74.89168 eV) Ms (e74.89168 eV) 



■- 0.99920a n 



Using Eqs. (15.19) and (22.13), the Coulombic energy E Cgu la mb JB koram ,2sp 3 \ of the outer electron of the B2sp 3 shell is 



^ Coulomb \^ borane '^ S P )' 



&7t£ n r „ , 

u boranslsp 



8^e 0.99920a 



-13.61667 eV 



(22.13) 



(22.14) 



During hybridization, one of the spin-paired 2s electrons is promoted to the B2sp 3 shell as an unpaired electron. The energy 
for the promotion is the magnetic energy given by Eq. (22.6). Using Eqs. (22.6) and (22.14), the energy E[B borme ,2sp 3 ) of the 
outer electron of the B2sp 3 shell is 

E{B borane ,2sp')-- 



8ft£, 



-e 2 2ftjU e 2 n 2 



V borane 2sp 



Nnf 



-13.61667 eK + 0.09100 eV = -13.52567 eV 



(22.15) 



Thus, E T (B-atom,2sp 3 ), the energy change of each B2sp 3 shell with the formation of the B- atom -bond MO is given by the 
difference between Eq. (22.15) and Eq. (22.7): 

E T {B -atom, 2sp 3 ) = E(B bomne ,2sp 3 )-E(B,2sp 3 ) = -13.52567 eF-(-11.80624 eF) = -1.71943 eV (22.16) 

Consider next the radius of the HO due to the contribution of charge to more than one bond. The energy contribution due 
to the charge donation at each boron atom superimposes linearly. In general, the radius r^^ 3 of the B2sp 3 HO of a boron 

atom of a given borane molecule is calculated after Eq. (15.32) by considering Vi^ \MO,2sp 3 ) , the total energy donation to 
all bonds with which it participates in bonding. The general equation for the radius is given by 



mol^sp' 



8^o ( E cou Iom b {B, 2sp 3 ) + X E Tmoi {MO, 2sp 3 )) 8*s (el 1 .89724 eV + £ \e t ^ (MO, 2sp 3 )|) 



(22.17) 



where E Couhmb JB.2sp 3 \ is given by Eq. (22.4). The Coulombic energy E Ctjil , omb lB.2sp 3 \ of the outer electron of the B2sp 3 
shell considering the charge donation to all partici p ating bonds is given by Eq. (15.14) with Eq. (22.4). The energy E (B,2sp 3 ) 
of the outer electron of the B 2sp 3 shell is given by the sum of E Coulomb \B,2sp 3 \ and E(magnetic) (Eq. (22.6)). The final 
values of the radius of the B2sp 3 HO. ^ , . E Cou! .. llt (B,2sp 3 ), and EJB tL _ lM 2sp 3 ) calculated using ^E T _ JM0.2sp 3 \ , the total 

energy donation to each bond with which an atom participates in bonding are given in Table 22.1. — These hybridization 
parameters are used in Eqs. (15.88-15.1 17) for the determination of bond angles given in Table 22.7. 

Table 22.1. Atom hybridization designation (# first column) and hybridization parameters of atoms for determination of 



bond angles with final values of r 



?.sp 



E cou,o,nb{ B , 2s P 3 ) (designated as E Coulomb ), and E (B bomne 2sp 3 ) (designated as E) 



calculated using the appropriate values of ^E T [MO, 2sp 3 j (designated as E T ) for each corresponding terminal bond 
spanning each angle. 



Final 



Final 



(eV) 
Final 







1.14361 



11.89724 



11.80624 



-1.71943 







0.99920 



-13.61667 



-13.52567 



-1.18392 



-1.18392 







0.95378 



-14.26508 



-14.17408 



-1.12740 



-1.12740 



-0.56370 



0.92458 



-14.71574 



-14.62474 



The MO semimajor axes of the B-H and B-B functional groups of boranes are determined from the force balance 
equation of the centrifugal, Coulombic, and magnetic forces as given in the Polyatomic Molecular Ions and Molecules section 
and the More Polya t omic Molecules and Hydrocarbons sec t ion. — In each case, the dis t ance from t he origin of t he H 2 -type- 
ellipsoidal-MO Lo each focus c', the inlemuclear distance 2c' , and the length of the seiiiiininor axis of the prolate spheroidal 
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ff 2 -type MO b = c are solved from the semimajor axis a. Then, the geometric and energy parameters of each MO are 

calculated using Eqs. (15.1-15.117). 

The force balance of the centrifugal force equated to the Coulombic and magnetic forces is solved for the length of the 



semimajor axis. The Coulombic force on the pairing electron of the MO is 

t? _ r\; 

r Coulomb ~ „ ill 

v>7te n ab 



(22.18) 



The spin-pairing force is 

~F~ %1 Pi 

Sp ,n-pa, ri n g lmfl ltf i 

The diamagnetic force is: 



~nW 



diamagnelicMOl 



-JA, 



(22.19) 



(22.20) 



4m e a 2 b 2 

where n e is the total number of electrons that interact with the binding a -MO electron. The diamagnetic force F diamagmticM02 
the pairing electron of the a MO is given by the sum of the contributions over the components of angular momentum: 



L, h 



-&h 



^^02 ^ Zj2 m t a 2 b 2 " u (2S ^ i>_ 

where \L\ is the magnitude of the angular momentum of each atom at a focus that is the source of the diamagnetism at the a - 



MO. 


The centrifiipal force is 
















V? 


1 cenlrifugalMO 2; 2 £ 

m e a b 
The force balance equation for the a -MO of the two-center B-H -bond MO is the 
Eq. (22.22) equated to the sum of the Coulombic (Eq. (22.18)), spin-pairing (Eq. (22.19)), 


given by centrifugal force 
a "d F^^a/02 (Eq. (22. 


(22.22) 

given by 
21)) with 



|Z| = 4 J— ti corresponding to the four B2sp HOs: 



-^ 



-^ 



-D-- 



-D- 



-D- 



mu b %iis n ub 2m, a b Z — 2mu b 



1 + - 



-D 



(22.23) 



^zri 



(22.24) 



With Z = 5 , the semimajor axis of the B-H -bond MO is 

a = 1.69282a (22.25) 

The force balance equation for each rr-MO of the B-B-bond MO with « c = 2 and \ l \ = 3.1— h corresponding to three 

electrons of the B2sp i shell is 

h 2 „ e 2 „ h 2 



^D— 



^EUm 



^£1= 



4+^ 



h 2 



^EL 



(22.26) 



ma b 



%7ts ab 



2m a b 



2m a b 




(22.27) 



With Z = 5 , the semimajor axis of the B-B -bond MO is 

a = 2.51962a ~ (22.28) 

Using the semimajor axis, the geometric and energy parameters of the MO are calculated using Eqs. (15.1-15.127) in the 
same manner as the organic functional groups given in the Organic Molecular Functional Groups and Molecules section. For the 
B-H functional group, c\ is one and C l = 0. 75 based on the MO orbital composition as in the case of the C-H -bond MO. In 
boranes, the energy of boron is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). 
Thus, the energy matching condition is determined by the c 2 and C 2 parameters in Eqs. (15.51) and (15.61). Then, the 

hybridization factor for the B-H -bond MO given by the ratio of 1 1.89724 eV , the magnitude of E^^iB^^^sp 3 ) (Eq. 
(22.4)), and 13.605804 eV , the magnitude of the Coulombic energy between the electron and proton of H (Eq. (1.264)): 
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c, = C, (borane2sp 3 HO) = 1L89724eF = 0.87442 (22.29) 
v ; 13.605804 eV 

Since the energy of the MO is matched to that of the B2sp 3 HO, E(AO/HO) in Eqs. (15.51) and (15.61) is E^B,2sp 3 ) given 

by Eq. (22.7), and E T (atom- atom, msp 3 .AO\ is one half of -1.12740 eV corresponding to the independent single-bond charge 

contribution (Eq. (22.12)) of one center. 

For the B — B functional group, q is one and C x - 0.5 based on th e MO orbital composition as in the case of the C-C- 

bond MO. The energy matching condition is determined by the c 2 and C 2 parameters in Eqs. (15.51) and (15.61), and the 
hybridization factor for the B-B -bond MO given is by Eq. (22.29). Since the energy of the MO is matched to that of the B2sp 3 
HO, E(AOIHO) in Eqs. (15.51) and (15.61) is E(B,2sp 3 ) given by Eq. (22.7), and E T (atom -atom, msp 3 .AO) istwotimes- 
1.12740 eV corresponding to the independent single-bond charge contributions (Eq. (22.12)) from each of the two B2sp 3 HOs. 

BRIDGING BONDS OF BORANES (b-h-b AND b-b-b) 

As in the case of the ABsp 3 HOs given in the Organoaluminum Hydrides (Al-H-Al and Al-C-Al) section, the B2sp 3 
HOs comprise four orbitals containing three electrons as given by Eq. (23.1) that can form three - center as well as two - center 
bonds. The designation for a three-center bond involving two B2sp 3 HOs and a His AO is B-H-B , and the designation for 
a three-center bond involving three B2sp 3 HOs is B-B-B . 

The parameters of the force balance equation for the a -MO of the B-H-B -bond MO are n e = 2 and \l\ = due to the 
cancellation of the angular momentum between borons: 

fc2 2 jj jj 

D = -^- J D + -^- T D--^- T D (22.30) 



m e a 2 b 2 %7t£ ab 2 2m e a 2 b 2 2m e a 2 b 2 
From Eq. (22.30), the semimajor axis of the B-H-B -bond MO is 

a - 2u (22.31) 

The parameters in Eqs. (15.51) and (15.61) are the same as those of the — B-H-B — functional group except that 
E T ( atom- atom, msp 3 .AO\ is two times -1.12740 eV corresponding to the independent single-bond charge contributions (Eq. 

(22.12)) from each of the two B2sp 3 HOs. 

The force balance equation and the semimajor axis for the cr-MO of the 3 - 3 -B -bond MO are the same as those of 
the B -B -bond MO given by Eqs. (22. 30) and (22.31), respectively. The parameters in Eqs. (15.5 1) and (15.61) are the same as 
those of the B-B functional group except that E T ( atom -atom, msp 3 . AOj is three times -1.12740 eV corresponding to the 

independent single-bond charge contributions (Eq. (22.12)) from each of the three B2sp 3 HOs. 

The H 2 -type ellipsoidal MOs of the B-H-B three-center bond intersect and form a continuous single surface. 
However, in the case of the B-B-B -bond MO the current of each B-B MO forms a bisector current described in the 
Methane Molecule (CH 4 ) section that is continuous with the center B2sp 3 -HO shell (Eqs. (15.36-15.44)). Based on symmetry, 
the polar angle <j> at which the B - H - B H 2 -type ellipsoidal MOs intersect is given by the bisector of the external angle 
between the B-H bonds: 

, = 360^^360^85^ 
2 2 

where [2] 

6^=85.4" (22.33) 

The polar radius r ; at this angle is given by Eqs. (13.84-13.85): 

l + C - 

r.=(a-c') , a (22.34) 

1 + — COSff)' 

a 

Substitution of the parameters of Table 22.2 into Eq. (22.34) gives 

?-=2.26561a =1.19891 X 10~ 10 m (22.35) 

The polar angle <f> at which the B-B-B H 2 -type ellipsoidal MOs intersect is given by the bisector of the external 

angle between the B-B bonds: 

, = 360°-6U. = 360°-S8.9° =15aff> (2236) 



where [3] 



^=58.9° (22.37) 
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The polar radius r : at this angle is given by Eqs. (13.84-13.85): 



\ + C - 



r t =(a-e') 



lH COS* 



(22.38) 



Substitution of the parameters of Table 22.2 into Eq. (22.38) gives 

r t =3.32895a =1.76160 X 10"' m (22.39) 

The symbols of the functional groups of boranes are given in Table 22.2. The geometrical (Eqs. (15.1-15.5) and (22.23- 
22.39)), intercept (Eqs. (15.80-15.87) and (22.17)), and energy (Eq. (15.61), (22.4), (22.7), (22.12), and (22.29)) parameters of 
boranes are given in Tables 22.3, 22.4, and 22.5, respectively. In the case that the MO does not intercept the B HO due to the 
reduction of the radius from the donation of Bsp' HO charge to additional MOs, the energy of each MO is energy matched as a 
linear sum to the B HO by contacting it through the bisector current of the intersecting MOs as described in the Methane 
Molecule ( CH l ) section. The total energy of each borane given in Table 22.6 was calculated as the sum over the integer 
multiple of each E D (anap) of Table 22.5 corresponding to functional-group composition of the molecule. E of Table 22.5 is 
given by Eqs. (15.15) and (22.3). The bond angle parameters of boranes determined using Eqs. (15.88-15.1 17) and (20.36) with 
Blsp' replacing Si3sp' are given in Table 22.7. The charge-density in diborane is shown in Figure 22.1. 

Figure 22.1 . Diborane. Color scale, opaque view of the charge-density of B 2 H comprising the linear combination of two 
sets of two B -H -bond MOs and two B -H- B -bond MOs. For each B-H and B-H-B bond, the ellipsoidal surface of 
the // 2 -type ellipsoidal MO transitions to the B2sp' HO shell with radius 0.89047c/ (Eq. (22.17)). The inner B\s radius is 
0.20670a (Eq. (10.51)). 




lc/A 2 



Table 22.2. The symbols of the functional groups of boranes . 



Functional Group 



Group Symbol 



BH group 

BHB (bridged H) 

BB bond 

BBB (bridged B) 



B-H 
B-H-B 
B-B 
B-B-B 



Table 22.3. The geometrical bond parameters of boranes and experimental values. 



Parameter 


B-H 
Group 


B-H-B 
Group 


B-B 

and 
B-B-B 

Groups 


a (a ) 


1.69282 


2.00000 


2.51962 


C («o) 


1.13605 


1.23483 


1 .69749 


Bond Length 
2C (A) 


1.20235 


1 .30689 


1.79654 


Exp. Bond 
Length 

(4 


1.19 [4] 

(diborane) 


1 .32 [4] 
(diborane) 


1.798 [3] 

(£„//,<,) 


b,c (a ) 


1.25500 


1.57327 


1.86199 


e 


0.67110 


0.61742 


0.67371 



able 22.4 

center 5. Et is 



Tike MO to HO 
{atom - atom hxsp 3 AG). 



intercept geometrical bond parameters of boranes 



H t is a terminal or two-center H. Hi, is a 



bridge or three-center H. E'b is a bridge or three 



I.', (H n BB-) 



V) 



(eV) 
Bond 2 



(eV) 
Bond 3 



(sV) 
Bo ad 4 



Energy 
Klsp* 

-77.14647 



(eV) 
Final 



E(B2sp' 

(eV) 
Final 



9-1.', (H, 2 BH l2 -) 



(h,h k bb, 



(H t H h BBB b 



H. (H,H b BB bl - 



-0.5> 



.370 



-1.12740 



-1.69110 



1.69110 



79.56497 



1.14361 



.80173 



.97053 



-16.87953 



76.16 



103.84 



38.34 



1.32780 



0.19 



175 



3- If , (H, 2 BH t2 - ) 
(H, 2 BB-) 
(H t2 H,BB-) 
(H„ 2 H,BB-) 
(H n H,BB„ - 
(H, 1 H I BBB, J - 
(H^H^BB,, 
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Table 22.5. The energy parameters (eV) of functional groups of boranes. 





T! 
















B- H 
Group 


B- H - B 
Group 


B- B 
Group 


B- B- B 
Group 






", 


1 


1 


1 


1 






"l 


















"3 


















<\ 


0.75 


0.75 


0.5 


0.5 






c 2 


0.87442 


0.87442 


0.87442 


0.87442 






c l 


1 


1 


1 


1 






C 2 


0.87442 


0.87442 


0.87442 


0.87442 






C 3 


















C , 


1 


1 


2 


2 






c 
-5 


1 


1 












c,„ 


0.75 


0.75 


0.5 


0.5 






c 2 „ 


0.87442 


0.87442 


0.87442 


0.87442 






V e (eV) 


-34.04561 


-27.77951 


-22.91867 


-22.91867 






V„ ieV) 


i 1.97638 


11.01833 


8.01527 


8.01527 






T(eV) 


10.05589 


6.94488 


4.54805 


4.54805 






K <- eV ) 


-5.02794 


-3.47244 


-2.27402 


-2.27402 






E(aoiho) (eV) 


-11.80624 


-11.80624 


-11.80624 


-11.80624 






^H^cM"" ) ( eV ^ 


















E {aoiho} (eV) 


-11.80624 


-11.80624 


-11.80624 


-11.80624 






E t {h j mi>) (eV) 


-28.84754 


-25.09498 


-24.43561 


-24.43561 






E T I atom — atom, msp 3 .AO\ (eV) 


-0.56370 


-2.25479 


-2.25479 


-3.38219 






E T {Mo)(eV) 


-29.41123 


-29.60457 


-26.69041 


-27.81781 






w flO 15 rod Is) 


15.2006 


23.9931 


6.83486 


6.83486 




















E K (eV) 


10.00529 


15.79265 


4.49882 


4.49882 






K (eV) 


-0.18405 


-0.23275 


-0.11200 


-0.11673 






F. (pV) 


0.29346 


0.09844 


0.13035 


0.13035 








[5] 


[6] 


[5] 


[5] 




















E m (eV) 


-0.03732 


-0.18353 


-0.04682 


-0.05156 






E mai (eV) 


0.07650 


0.07650 


0.07650 


0.07650 






E {croup) (eV) 


-29.44855 


-29.78809 


-26.73723 


-27.86936 






E m*,[<> A °'™) i eV ) 


-11.80624 


-11.80624 


-11.80624 


-11.80624 






E ,„„J's ""'"<>) (eV) 


-13.59844 


-13.59844 












E D [om P ) (eV) 


4.04387 


4.38341 


3.12475 


4.25687 





Tafcle 22.6 

alues [7]. Thje stjructures ate gftven in Refs. 



BB 

B 2 H 
B 4 H 
B 5 H„ 
B 5 H 
B 6 H 
B 9 H 
BioH 



rnsp 



Formula 



able 22.7. 

AG). 



Diboro:i 
Diborane 
Tetrabo 



Pentaborane(9) 



rane(10) 
)rane(9) 
Perttaborane(ll) 
Herabcrane(lO) 
Nonaborane(15) 
De pabcrane(14) 



The total bond energies 



The bond angle parameters cf boranes and 



Name 



Of 



boranes calculated using the functional group composition and 
8-9]. 



B- 



Group 



H 



H-l 
Groip 



-B 
Group 



experimental values. H, is a terminal 



B-B-, 
Group 



Calculated 



Total 
Energ; 



Bond 



3.1 
24. 
44 
48 
54. 
56 
85.6 
89 



475 
9ta29 
92160 
25462 
00546 
55061! 

1380 
7346'' 



or iwo-center H. 



Experimental Rel; 
lend 

tm 



Totiil Bqnd 
Enei< 



SLL 



3. 
24 
45 
48. 
53. 
56 
84 



0405 

89030 

.33134 

854 

.06086 

74739 

.95008 



,69790 



the 



energies of Table 22.5 



-0.00667 



09 



.oo: 

00*4 

.01227 

.017 

.003 

.007 



■0.00(41 



H b is a bridge: or three-center H. E T is E 



80 

47 
1 



Error 



compared to 



the 



experimental 



- (atom - atom 



Atoms of 2, 

A igle Bond 



2c' 
Bond2(a„) 



Teminal 
Atoms (a ) 



Atom 



Atom 1 

Hybridization 

Designation 

(Table) 



E C„„,„.t„ 

Atom 2 



Atori2 

Hybridisation 

resignation 

(Table) 



Atom 1 



(eV) 



(°) 



E).p. 6 



Zlf.BH 2.2^211 

Ztf,BH t 2.21211 



2.27211 
2.46967 



3.%23 
3.11210 



-13.61067 

-14.71:i74 



2 
(22.1) 

4 
(22.1) 



0.99920 
0.92<-58 



1.00080 
1.08158 



1.71943 
1.12740 



1.37 
7.30 



12! [10] 
(diborane ) 
" 10l;.9 [2 

(B,H a ) 



Zh 



BH K 



2.46967 



2.46967 



3.i>606 



-14.26:i08 



3 
(22.1) 



0.95. 



78 



1 .04846 



1.12740 



0[2] 



-11.89724 
J? 



(22.1) 



(22. 



7 7 [2] 
B,H m ) 
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Chapter 22 



ALKYL BORANES (R x B y H z -R = alkyl) 

The alkyl boranes may comprise at least a terminal methyl group ( CH^ ) and at least one B bound by a carbon-boron single 
bond comprising a C-B group, and may comprise methylene ( CH 2 ). methylyne ( CH ). C-C . B-H , B-B. B-H-B . and 
B-B-B functional groups. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six 
types of C-C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the 
C-C bonds within isopropyl ((CH 3 ) 2 CH) and t-butyl ((CH 3 ) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, 

and t-butyl to t-butyl C-C bonds comprise functional groups. Additional groups include aromatics such as phenyl. These 
groups in alkyl boranes are equivalent to those in branched-chain alkanes and aromatics, and the B-H , B-B , B-H-B , and 
B-B-B functional groups of alkyl boranes are equivalent to those in boranes. 

For the C-B functional group, hybridization of the 2s and 2p AOs of each C and B to form single 2sp 3 shells forms 
an energy minimum, and the sharing of electrons between the C2sp 3 and B2sp i HOs to form a MO permits each participating 
orbital to decrease in radius and energy. In alkyl boranes, the energy of boron is less than the Coulombic energy between the 
electron and proton of H given by Eq. (1.264). Thus, c x in Eq. (15.61) is one, and the energy matching condition is determined 

by the c 2 and C 2 parameters. Then, the C2sp 3 HO has an energy of E(c,2sp 3 ) = -14.63489 eV (Eg. (15.25)), and the B2sp 3 
H Os h ave an energy of EJB,?.s p 3 \ = -1 1 .8067 .4 e V (F ,q. (7 ,2.7 )) . To m eet the equipotential condition of the union of the C- B 

H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factors c 2 and C 2 of Eq. (15.61) for the C - B -bond MO given by 
Eq. (15.77) is 



7 .(B,2sp 3 ) 



-1 1.80624 eV 



c 2 [C2sp 3 HO to B2sp 3 HO) = C 2 [C2sp 3 HO to B2sp 3 HO) ■- 



: 0.80672 



(22.40) 



E[C,2sp 3 ) -14.63489 eV 

E T ( atom- atom, msp 3 .AO\ of the C-5-bondMOis -1.44915 eV corresponding to the single-bond contributions of carbon 
and boron of -0.72457 eV given by Eq. (14.151). The energy of the r-fi-hnndMO is the sum of the component energies of 
the # 2 -type ellipsoida l M O given i n E q . (1 5. 51) w i t h F,(AOI HO) = e(R, 2sp 3 ) given by Eq. (7 ,7. 7) and 

AE H ^ M0 (AOI HO) = E T ( atom- atom, msp 3 AO\ in order to match the energies of the carbon and boron HOs. 

Consider next the radius of the HO due to the contribution of charge to more than one bond. The energy contribution due 
to the charge donation at each boron atom and carbon atom superimposes linearly. In general, since the energy of the B2sp 3 
HO is matched to that of the C2sp 3 HO, the radius r \ of the B2sp 3 HO of a boron atom and the C2sp 3 HO of a carbon 

atom of a given alkyl borane molecule is calculated after Eq. (15.32) by considering ^E T (MO,2sp 3 ) , the total energy 

donation to all bonds with which it participates in bonding. The Coulombic energy E CouIomb [ulom,2sp 3 \ of the outer electron of 

the atom 2sp 3 shell considering the charge donation to all participating bonds is given by Eq. (15.14). The hybridization 
parameters used in Eqs. (15.88-15.1 17) for the determination of bond angles of alkyl boranes are given in Table 22.8. 

Atom hybridization designation (# first column) and hybridization parameters of atoms for determination of 

bond angles with final values of r^ „. E Cclt , c , mb (atom,2sp 3 ) (designated as E Cc , lthmb ), and E Cl , l d c . mb (atom„ikyihnmnJ2sp 3 ) (designated as 

E) calculated using the appropriate values of £jE Tmol {MO,2sp 3 ) (designated as E T ) for each corresponding terminal bond spanning 
each angle. 



# 


E T 


E T 


E T 


E T 


E T 


r 3s, 3 


Coulomb 


E 














Final 


(eV) 
Final 


(eV) 
Final 


1 


-0.36229 


-0.92918 











0.84418 


-16.11722 


-15.92636 



Th e symbols of th e functional groups of alkyl boran e s ar e giv e n in Tabl e 22.9. Th e g e om e trical (Eqs. (15.1 - 15.5) and 

(2 2.23-22. 40 )), i n tercept (E qs. (1 5.32) and (1 5. 80 -15. 87)) , and energy (E q. (1 5. 61) , (2 2.4), (22.7 ) , (2 2.1 2 ), (2 2. 29) , and (2 2. 40 )) 
parameters of alkyl boranes are given in Tables 22.10, 22.11, and 22.12, respectively. In the case that the MO does not intercept 
the B HO due to the reduction of the radius from the donation of B 2sp 3 HO charge to additional MOs, the energy of each MO 
is energy matched as a linear sum to the B HO by contacting it through the bisector current of the intersecting MOs as described 
in the Methane Molecule {CH A ) section. The total energy of each alkyl borane given in Table 22.13 was calculated as the sum 
over the integer multiple of each E D (g™« p ) of Table 22.12 corresponding to functional-group composition of the molecule. E 

of Table 22.13 is given by Eqs. (15.15) and (22.3) for B-H . The bond angle parameters of alkyl boranes determined using 
Eqs. (15.88-15.117) are given in Table 22.14. The charge-densities of exemplary alkyl borane, trimethylborane and alkyl 
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diborane, tetramethyldiborane comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type 
ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 22.2 and 22.3, respectively. 

Figure 22.2. Trimethylborane. Color scale, translucent views of the charge-density of [H Z C\ B showing the orbitals of the 
B and C atoms at their radii, the ellipsoidal surface of each H or H, -type ellipsoidal MO that transitions to the corresponding 
outer shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 



Figure 22.3. Tetramethyldiborane. Color scale, opaque view of the charge-density of (CHA S//,S(C//,) 7 showing the 
orbitals of the B and C atoms at their radii, the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to scale). 
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Chapter 22 



Table 22.9. The symbols of the functional groups of alky 1 boranes . 



Functional Group 


Group Symbol 




C-B bond 


C-B 


BH bond 


B-H 


BHB (bridged #) 


B-H-B 


BB bond 


B-B 



BBB (bridged B) 
CC (aromatic bond) 
CH (aromatic) 
C/f 3 group — 



B-B-B 

c=c 

CH (i) 
C - H (CH 3 ) 



CH 2 group 

CH 

CC bond (n-Q 

CC bond (iso-C) 



C-H (CH 2 ) 

C-H (ii) 
C-C (a) 
C-C (b) 



CC bond (tert-C) 
CC (iso to iso-C) 
CC(t to t-Q 
CC (t to iso-C) 



C-C (c) 
C-C (d) 
C-C (e) 
C-C (f) 



Tabl 



e 22.10. The geometrical bond parameters of alkyl boranes and 



experimental 



values. The experimental a 



Ikyl distances from Ref. 



[10]. 



c- 

Group 



B-H 

Group 



B-H-B 
Group 



G roups 



Grou[ ' 



Groi ip 



C-H (CH 3 
Group 



C-H (CH 2 ) 
Group 



H (ii) 
Jroup 



:-C (a) 
Groip 



C-C (c) 
Group 



C-C(d) 
Group 



f-C (e) 
Group 



C-C (f) 

Group 



Bon|j 
Lenj 
2f' 



glh 



Exp. 
Bonl 
Length 

(4 



1.578 
(trimethylbr 

1.580 
(1,2 
dimethyldiborane) 



urn 



3 [13] 



1.19 [4] 
(diborane) 



1.32 [41 
(diborane) 



98 [3 J 



1.399 
(Iien2:ere) 



1.114 

(C-H 

trimethylborat e) 

1.107 
{C-H propaihc) 

1.117 
(C-H butane) 



1.107 
~ — H propane) 

1.117 
C-H butane) 



1.122 
(is)butane) 



1.532 

propane) 

1.531 
(butane) 



1.532 

(prof ane) 

1.531 

(butane) 



1.532 

(propane' 

1.531 

(butane) 



1.532 

(propane) 

1.531 

(butane) 



1.532 

(propane) 

1.531 

butane) 



1.5.(2 

(prop me) 
1.5.11 

(buttnc) 



b,c (< r ) 



1.27295 



Table 22 

or three-center / 



1 1 . The MO to HO intercept geometrical bond parameters of alkyl boranes. H, is a terminal or two-center H. Hb is a bridge or three-center H. B b is a bridge 

ter B. E T is E T (atom - atom msp 3 .AO). 



Bond 


Aloni 


(eV) 

Bond I 


(eV) 
Bond 2 


(eV) 

Bond 3 


(eVl 
Bond 4 


Final Total 
Energy 
B2sp' 
(eV) 


r ,„,., 
to 


W 


(eV) 

Final 


K(«2sp') 

(eV) 

Final 


9' 


8, 


e, 
f) 


it 
to 


to 


«-//, {H,,BB-) 


B 


-(>.j<."0 


-0.56370 


-1.12740 





-77.146-17 


1.1 4361 


0.96140 


-14. 152113 


-14.06103 


92.75 


S7.25 


49.92 


I.0S988 


0.04618 


:<- II, in J'",, -) 


B 


-0.56370 


-0.56370 


-1.12740 


-1.12740 


-78.27387 


1.14361 


0.89O47 


-15.27943 


-15.18843 


86.17 


93.83 


45.07 


1.19558 


0.059;;. 


B-H, (H,«,,flfi,,-) 


B 


-0.56370 


-1.12740 


-1.12740 


-1.69110 


-79.40127 


1.14361 


0.82928 


-16.40683 


-16.31583 


79.53 


100.47 


40.52 


1.28676 


0.15070 


B-H, (W.rY.BSB,,-) 


B 


-0.56370 


-1.12740 


-1.12740 


-1.69110 


-79.4(1127 


1.14361 


0.82928 


-16.40683 


-16.31583 


79.53 


100.47 


40.52 


1.28676 


0.15070 


B-H, (H,H h 8B K -) 


IS 


-0.56370 


-1.12740 


-1.69110 


-1.69110 


-79.96497 


1.14361 


0.80173 


-16.97053 


-16.87953 


76.16 


103.84 


38.34 


1.32780 


0.19175 


/;-//, (H r BH h ,-) 


It 


- 1 . 1 2740 


-1.12740 


-0.56370 


-0.56370 


-78.27387 


1.14361 


0.89047 


-15.27943 


-15.18843 


50.85 


129.15 


26.03 


1.79706 


0.56223 


B-B [H M-) 


B 


-1.I2740 


-0.56370 


-0.56370 





-77.14647 


1 14361 


0.96140 


-14.15203 


-14.061".. 


50.2(1 


129.80 


23.37 


231289 


0.61540 


B-B {H„,H,BB-) 


B 


-1.I2740 


-1.12740 


-1.12740 


-0.56370 


-78.83757 


1.14361 


0.85878 


-15.84313 


-15.75213 


26.62 


153.38 


1 1 93 


2.46521 


0.76773 


B-B {tf,tf,fl,f«l-) 


B 


-1. 1 2740 


-0.56370 


-1.691 10 


-I 127-10 


-79.40127 


1. 14361 


0.82928 


-16.40683 


-16.31583 


11.88 


168.12 


5.26 


2.50901 


0.81152 


B-B, («,,«,««,-) 


B 


-I.69IN] 


-0.56370 


-1.12740 


-1.127-10 


-79.40127 


1.14361 


0.82928 


-16.40683 


-16.3158.3 


11.88 


168.12 


5.26 


2.50901 


0.81152 


B-B, (HJi.BBB,,-) 


B 


-l. win; 


-0.56370 


-1.12740 


-! 12740 


-79.40127 


1.14361 


0.82928 


-16.40683 


-16.31583 11.88 


168.12 


5.26 


2.50901 


0.81152 


:•: ;•: :<i.n a nit i 


R 


-I.69U0 


-1.69110 


-0.56370 


-1 12-10 


-79.96497 


1.14361 


0.80173 


-16.97053 


-16.87953 










b // («,,»») 


It 


,).?h\-i: 


0.56370 


0.72-157 







1.14361 


0.81581 


-16.67772 


-16.58672 77.992 


102.08 


39. 17 


1.30683 


0.17(1-7 


B- II ; («,««,} 


li 


-0.56370 


-0.72457 


-0.72457 







1.14361 


0.80801 


-16.83860 


-16.74760 


76.95 


103.05 


38.85 


1.31844 


0.18239 


«-//, \H,BBK) 


B 


-0.56370 


-1.12740 


-0.72457 







1. 14361 


0.78913 


-17.24142 


-17.15042 


74.53 


105.47 


37.30 


1.34657 


0.21052 


B-ll b [H,RBH n -) 


B 


-I.I2740 


-1.12740 


-0.56370 


-0.72457 





1.14361 


0.74070 


-18 36882 


-18.27782 












*-//, (R,n//,, -) 


B 


-I.I2740 


-1.12740 


-0.72457 


-0.72457 





1. 14361 


0.73427 


-18.52969 


-18.43869 












fl-fi (tf.flflfl-) 


B 


-1.1 2740 


-0.56370 


-0.72457 








1 14 -.61 


1! '89 n 


-17.24142 


-li i-4'.r 












fl-S {R.BB-) 


B 


-1.12740 


-0.72457 


-0.72457 








1. 14361 


0.78184 


-17.40230 


-17.31130 












B-B {H h ,RBB-) 


B 


-1.12740 


1.1274(1 


-1.12740 


-0.72457 




1. 14361 


0.71865 


-18.93252 


-18.84152 












B-B [HJtBJIB-) 


B 


-1.12740 


-1.12740 


-1.691 10 


-0.72457 




1. 14361 


0.69787 


-19.49622 


19.40522 












B-B, (H t ,RBB b -) 


B 


-1.69110 


-0.72457 


-1.12740 


-1.12740 




1.14361 


0.69787 


-19.49622 


-19.40522 












B-B, {H„KBBB„-) 


B 


-1.69110 


-0.72457 


-1.12740 


-1.12740 




1.14361 


0.69787 


-19.49622 


-19.40522 












B-B, (H t RB t BB t -) 


B 


-1.69110 


-1.69110 


-0.72457 


-1.12740 




1. 14361 


0.67826 


-20.05991 


-19.96891 












r-fl (H,,B-CH,) 


B 


-0.72457 


-0.56370 


-0.56370 







1.14361 


0.81581 


-16.67772 


-16.58672 


113.41 


66.59 


49.33 


1.16346 


0.32416 


C-B \H,(CH,)B-CH S ) 


B 


-0.72457 


-0.72457 


-0.56370 







1. 14361 


11.80801 


-16.83860 


-16.74760 


112.93 


67.07 


48 93 


1. 17281 


0.31481 


C-B ((CH,\B-CH,) 


B 


-0.72457 


-0.72457 


-0.72457 


l» 




1. 14361 


0.80037 


-16.99947 


-16.90847 


112.45 


67.55 


48.54 


1. 18199 


0.30563 


C-B (H,ftBB) 


B 


-0.72457 


-0.56370 


-1.12740 







1. 14361 


0.78913 


-17.24142 


-17.15042 


111.73 


68.27 


-P. 96 


1.19547 


0.29215 


C-B [H,RBH a ) 


B 


-0.72457 


-0.56370 


-1.12740 


-1.12740 




1. 14361 


0.74070 


-18.36882 


-18.27782 


108.42 


71.58 


45.40 


1.25359 


0.23403 


C-B (R,BII,,,) 


B 


-0.72457 


-0.72457 


-1.12740 


-1.12740 




1. 14361 


0.73427 


-18.52969 


-18.43869 


107.95 


72.05 


45.05 


1.26131 


0.22631 



I J 

4- 
0\ 





M 




O 




— ^ 




O 




CD 




n> 




o 




7T 




I - 




(O 


Q 


r-r 




"0 

o 

> 


n> 


fl> 


"i 


— \ 


K) 


— 


Kl 


p 




> 












-■ 




(Q 



<■ 

CD 

a 



Table 22.11 cont'd. The MO to HO intercept geometrical bond parameters of alkyl boranes. H, is a terminal or two-center H. Hh is a bridge or three-center H. B\, 
is a bridge or three-center B. E T is E T (atom - atom msp 3 .AO). 



Bond 


Alom 


(eV) 

Bond 1 


(eV) 

Bond 2 


£,. 
(eV) 
Bond 3 


£, 

(eV) 
Bond 4 


Final Total 
F.nergy 
B2.S/ 

ItVl 


w 




(eV) 

Final 


F.(BZip') 

(cV) 
Final 


0' 
f) 


0, 
(') 


6, 



w 


<l, 


C-B (R,BB) 


S 


-0.72457 


-0.72457 


-1.12740 







1.1 1361 


0.78184 


-17.40230 


-17.31130 


111.25 


68.75 


47.58 


1.20422 


0.28340 


C-B (fiSStf,;) 


fl 


-1.12740 


-0.72457 


-1.12740 


-1.12740 




1.14361 


0.71865 


-18.93252 


-18.84152 


106.79 


73.21 


44.19 


1.28006 


0.20756 


C-B (H h B t KBB) 


fl 


-0.72457 


-1.12740 


-1.12740 


-1.69110 




1.14361 


0.69787 


-19.49622 


-19.40522 


105.17 


74.83 


43.03 


1.30499 


0.18263 


C-B (W.SfiH,,) 


B 


-0.72457 


-1.69110 


-1.12740 


-1.12740 




1.14361 


0.69787 


-19.49622 


-19.40522 
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ALKOXY BORANES ((RO) B y H z ;R = alkyl) AND ALKYL BORINIC ACIDS 

i{RO) q B r H,{HO\ ) _ 

The alkoxy horanes and horinic acids each comprise a B-O fiinctional group, at least one boron-alkyl-ether moiety or one or 
more hydroxyl groups, respectively, and in some cases one or more alkyl groups and borane moieties. Each alkoxy moiety, 
C n H 2n+l O , of alkoxy boranes comprises one of two types of C - O functional groups that are equivalent to those given in the 
Ethers (C M H 2M±2 O m , « = 2,3,4,5...<x>) section. One is for methyl or t-butyl groups, and the other is for general alkyl groups. 
Each hydroxyl functional group of borinic acids and alkyl borinic acids is equivalent to that given in the Alcohols 
(C„H 2n+2 O m , n = 1,2,3, 4,5. ..oo ) section. The alkyl portion may be part of the alkoxy moiety, or an alkyl group may be bound to 
the central boron atom by a carbon-boron single bond comprising the C-B group of the Alkyl Boranes ( R X B H z ; R = alkyl ') 
section. Each alkyl portion may comprise at least a terminal methyl group (C77 3 ) and methylene (CH 2 ), methylyne ((7/7 ), and 

C- C fu nctional groups. Th e m eth yl and m et hyle ne fu nctional groups are equivalent to those of straight-chain alkanes. Six 

types of C-C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the 
C-C bonds within isopropyl ((C7/ 3 ) 2 CH) and t-butyl ((C7/ 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, 

and t-butyl to t-butyl C-C bonds comprise functional groups. Additional R groups include aromatics such as phenyl. These 
groups in alkoxy boranes and alkyl borinic acids are equivalent to those in branched-chain alkanes and aromatics given in the 
corresponding sections. Furthermore, B-H , B-B, B-H-B , and B-B-B groups may be present that are equivalent to 
those in boranes as given in the Boranes (B x H y ) section. 

The MO semimajor axes of the B-0 functional groups of alkoxy alkanes and borinic acids are determined from the 
force balance equation of the centrifugal, Coulombic, and magnetic forces as given in the Boranes (B x H ) section. In each case, 

the distance from the origin of the H 2 -type-ellipsoidal-MO to each focus c', the internuclear distance 2c' , and the length of the 
semiminor axis of the prolate spheroidal 7/ 2 -type MO b = c are solved from the semimajor axis a . Then, the geometric and 

energy parameters of each MO are calculated using Eqs. (15.1-15.117). 

The parameters of the force balance equation for the u -MO of the B-0 -bond MO in Eqs. (22. 1 8-22.22) are n e = 2 and 

|l| = 0: 

h 2 e 2 h 2 h 2 

-D = -^-tD + —^ t - t D-—^ t - t D (22.41) 



w,a b %ns n ab 2m.a b 2m.a b 



From Eq. (22. 4 1), the semimajor axis of the B — O - bond MO is 

a = 2a (22.42) 

For the B-O functional groups, hybridization of the 2s and 2p AOs of each C and B to form single 2sp 3 shells 
forms an energy minimum, and the sharing of electrons between the C2sp 3 and B2sp 3 HOs to form a MO permits each 
participating orbital to decrease in radius and energy. — The energy of boron is less than the Coulombic ene r gy between the 
electron and proton of H given by Eq. (1.264). Thus, in c, and c 2 in Eq. (15.61) is one, and the energy matching condition is 

determined by the C 2 parameter. The approach to the hybridization factor of O to B in boric acids is similar to that of the O to 
S bonding in the SO group of sulfoxides. The O AO has an energy of E(0) = -13.61805 eV , and the B2sp 3 HOs has an 
energy of EyB,2sp 3 \ = -11.80624 eV (Eq. (22.7)). To meet the equipotential condition of the union of the B-O H 2 -type- 
ellipsoidal-MO with these orbitals in borinic acids and to energy match the OH group, the hybridization factor C 2 of Eq. 
(15.61) for the B - O -bond MO given by Eq. (15.77) is 

C 2 (OAOtoB2sp 3 HO) = ^^ = ^™^L=Ll5M6 (2233T 

v ' E[B,2sp) -11.80624 eV 

Since the energy of the MO is matched to that of the B2sp 3 HO, E(AOIHO) in Eqs. (15.51) and (15.61) is E^B,2sp 3 ) given 

by Eq. (22.7), and E T (atom- atom, msp 3 .AO) is -1.12740 eV corresponding to the independent single-bond charge 

contribution (Eq. (22.12)) of one center. 

The parameters of the B-O functional group of alkoxy boranes are the same as those of borinic acids except for C 1 and 

C 2 . Rather than being bound to an H , the oxygen is bound to a C2sp 3 HO, and consequently, the hybridization of the C — O 

given by Eq. (15.133) includes the C2sp 3 HO hybridization factor of 0.91771 (Eq. (13.430)). To meet the equipotential 

condition of the union of the B-0 H 2 -type-ellipsoidal-MO with the B2sp 3 HOs having an energy of 

E[B,2sp 3 ) = -11.80624 eV (Eq. (22.7)) and the O AO having an energy of E(0) = -13.61805 eV such that the hybridization 
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matches that of the C-O-bond MO, the hybridization factor C, of Eq. (15.61) for the S-O-bond MO given by Eqs. (15.77) 

and (15.79) is 

E(B,2sp'\ , _i 1.80624 eV , 

CABlsp'HO to 0)= v ; s '- cJC2sp 3 HO) = — —(0.91771) = 0.79562 (22.44) 

n ; £(0) n ; -13.61805 eV y ' 

Furthermore, in order to form an energy minimum in the B — O -bond MO, oxygen acts as an H in bonding with B since the 
2p shell of O is at the Coulomb energy between an electron and a proton (Eq. (10.163)). In this case, k' is 0.75 as given by 
Eq. (13.59) such that Q = 0.75 in Eq. (15.61). 

Consider next the radius of the HO due to the contribution of charge to more than one bond. The energy contribution due 
to the charge donation at each boron atom and oxygen atom superimposes linearly. In general, since the energy of the B2sp' 
HO and O AO is matched to that of the C2sp 3 HO when the molecule contains a C-B -bond MO and a C- O -bond MO, 
respectively, the corresponding radius r , of the B2sp } HO of a boron atom, the C2sp~ HO of a carbon atom, and the O 

AO of a given alkoxy borane or borinic acid molecule is calculated after Eq. (15.32) by considering ^E T (MO,2sp'\, the 
total energy donation to all bonds with which it participates in bonding. The Coulombic energy E CouUmb (atom, 2sp } ) of the outer 
electron of the atom 2sp shell considering the charge donation to all participating bonds is given by Eq. (15.14). In the case 
that the boron or oxygen atom is not bound to a C2sp' HO, r^ , is calculated using Eq. (15.31) where E G)ulamb (atom, imp*) is 

E CmiUmb (B2sp } ) = -11.89724 eV and E(0) = -13.61805 eV , respectively. 

The symbols of the functional groups of alkoxy boranes and borinic acids are given in Table 22.15. The geometrical 
(Eqs. (15.1-15.5) and (22.42-22.44)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eq. (15.61), (22.4), (22.7), 
(22.12), (22.29), and (22.43-22.44)) parameters of alkoxy boranes and borinic acids are given in Tables 22.16, 22.17, and 22.18, 
respectively. In the case that the MO does not intercept the B HO due to the reduction of the radius from the donation of 
B 2sp } HO charge to additional MO's, the energy of each MO is energy matched as a linear sum to the B HO by contacting it 
through the bisector current of the intersecting MOs as described in the Methane Molecule (CH i ) section. The total energy of 
each alkyl borane given in Table 22.19 was calculated as the sum over the integer multiple of each E D (a,oup) of Table 22.18 
corresponding to functional -group composition of the molecule. E of Table 22.18 is given by Eqs. (15.15) and (22.3) for the 
B-O groups and the B-H , B-B, B-H-B, and B-B-B groups. E mJS of Table 22.18 is given by Eqs. (15.15) and 

(10.162) for the OH group. The bond angle parameters of alkoxy boranes and borinic acids detennined using Eqs. (15.88- 
15.117) are given in Table 22.20. The charge-densities of exemplary alkoxy borane, trimethoxyborane, boric acid, and 
phenylborinic anhydride comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type 
ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 22.4, 22.5, and 22.6, respectively. 

Figure 22.4. Trimethoxyborane. Color scale, translucent views of the charge-density of (//,C0), B showing the orbitals of 
the B, O, and C atoms at their radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 
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Figure 22.5. Boric Acid. Color scale, translucent view of the charge-density of (HO)^B showing the orbitals of the B and 
O atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer 
shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to scale). 




1e/A 2 

Figure 22.6. Phenylborinic Anhydride. Color scale, translucent view of the charge-density of phenylborinic anhydride 
showing the orbitals of the B and O atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that 
transitions to the corresponding outer shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to scale). 




1e/A 2 



Table 22.1 5. The symbols of the functional groups of alkoxy boranes and borinic acids. 
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B-0 bond (alkoxy borane) 


B-0 (ii) 


OH group 


OH 


C-O(C7/,-0- and (CH 3 \C-0-) 
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CH* group 
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C-H (CH 2 ) 


CH 
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The geometrical bond parameters of alkoxy boranss and borinic acids and experimental values. The expsrimental alkyl distances from Ref. [10] 
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Table 22.17. The MO to HO intercept geometrical bond parameters of alkoxy boranes and borinic acids. H, is a terminal or two-center H. H b is a bridge or three- 
center H. B b is a bridge or three-center B. Et is Et {atom - atom msp 3 .AO). 
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Table 22.1 7 cont'd. The MO to HO intercept geometrical bond parameters of alkoxy boranes and borinic acids. H, is a terminal or two-center H. Hf, is a bridge or 
three-center H. B b is a bridge or three-center B. E T is E T (atom - atom msp 3 .AO). 
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7 
(15.3 A) 



0.86359 



0.86359 1 



0.86359 



120.44 



120 [10] 
(BM,0,) 



ZCBC 
(C/i'j), B 
thyl 



2.9''524 
2.09711 



2.97524 
2.09711 



3.1769 

4252 



1722 
5493 



(22.8) 
7 



116.11722 
H 



0.844 8 
0.86359 



0.84418 
1 



0.84418 
1.15796 



120.92 
109.50 



120.0 [10] 
(trimethylboranc:) 



109.44 



112.5 [10] 
(trimethylboran<::) 



ZCBH, 



5 

(15.3A) 



ZCBH b 
Z.3BC 
Zf'BH, 



5 

(15.3A) 



2 
(22.1) 



122.6 
(1,2-dimethy|di 

122 
(diborane) 



(10] 
boiane) 

[10] 



2.2' 



211 



2.46967 



8210 



4 
(22.1) 



0.92458 



1.08158 



108.9 
(B,H 



2.46967 
2.46967 



2.46967 
2.46967 



.6606 

1.4358 



-14.36508 

-11.89724 



(22-0 

1 
(22.1) 



H 

-11.89724 



0.953^8 

1 



0.75 



1.04846 

1 



12741) 



95.0 
(B 4 H 
87.7 
(B,H 



[2] 



zccc 

(aromatic) 

ZCCH 
(aromatic) 



2.62936 



2.62936 



z.5585 



38 

(15.3A) 



38 
(15.3 A) 



0.79232 



0.79232 1 



0.79232 



120 [19 
(be 
120 [19 

(be 



Metiylene 
Zf'CH 



1.44 



107 

(dimethyl; tmmd) 
(propaie) 



Cfc 



thyl 
C,H 



112 
(propaie) 



113 
(buta 

110. 

jbut: 

111. 
(butare) 



(butare) 
i 
(isobufcine) 



111, 
(isobutai 



ne) 



7 
(15.3A) 



CM 



70.56 
70.56 



09.44 

.44 



Cfi e 
C, 



26 
(15.3A) 



■16.68412 
C 



(15. 



3A) 



0.81549 1 



1 10. 3 

(isobutane) 



C.ff 



5 
(15.3A) 



-14.82575 



(15 



3A) 



0.91771 0.''5 



CM 



5 
(15.3A) 



- 14.82575 
C 



(15. 



3 A) 



0.91771 0.''5 



111,1 
(isobutane) 
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1260 Chapter 22 

TERTIARY AND QUATERNARY AMINOBORANES AND BORANE AMINES 

{R q B r N,R t ;R = H;alkvl) 

The tertiary and quaternary amino horanes and horane amines each comprise at least one B hound by a boron -nitrogen single 
bond comprising a B - N group, and may comprise at least a terminal methyl group ( CH 3 ), as well other alkyl and borane 

groups such as methylene (CH 2 \ methylyne (CH), C-C, B-H , B-C, B-H, B-B, B-H-B, and B-B-B 
functional groups. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of 
C-C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C 
bonds within isopropyl {(CH 3 ) 2 CH) and t-butyl {{CH 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t- 

butyl to t-butyl C-C bonds comprise functional groups. These groups in tertiary and quaternary amino boranes and borane 
amines are equivalent to those in branched-chain alkanes, the B-C group is equivalent to that of alkyl boranes, and the B-H , 
B-B, B-H-B , and B-B-B functional groups are equivalent to those in boranes. 

in tertiary amino boranes and borane amines, the nitrogen atom of each B-N bond is bound to two other atoms such 



that there are a total of three bounds per atom. The amino or amine moiety may comprise NH 2 , N(H)R, and Nil,. The 
corresponding functional group for the NH 2 moiety is the NH 2 functional group given in the Primary Amines 
(C„H 2)t+2+m N m , h = 1,2, 3, 4,5...oo) section. The N(H)R moiety comprises the NH functional group of the Secondary Amines 
(C»^2«+2+m^m' « = 2, 3, 4, 5...GO ) section and the C-N functional group of the Primary Amines 
(C»^2»+2+m^m' k = 1, 2, 3, 4, 5...GO ) section. The NR 2 moiety comprises two types of C-N functional groups, one for the 
methyl group corresponding to the C. of C - N and the other for general alkyl secondary amines given in the Secondary Amines 

( C r. H 2r. , 2nn N m- « = 2. 3. 4. 5...00 ) SeCtlOn. 

In quaternary amino boranes and borane amines, the nitrogen atom of each B-N bond is bound to three other atoms 
such that there are a total of four bonds per atom. The amino or amine moiety may comprise NH 3 , N^H^R, N^H^R^, and 
NR 3 . — The corresponding functional group for the NH 3 moiety is ammonia given in the Ammonia (NH 3 ) section. — The 
N(II 2 )R — moiety — comprises — the — NH^ — and — the — C-N — functional — groups — giv e n — m — the — Primary — Amines 
(C n H 2n+2+m N m , « = 1,2, 3,4,5. ..oo) section. The N(^H)R 2 moiety comprises the NH functional group and two types of C - N 
functional groups, one for the methyl group corresponding to the C of C-N and the other for general alkyl secondary amines 
given in the Secondary Amines (C n H 2n+2+m N m , n =2,3, 4,5.. .00) section. The NR 3 moiety comprises the C-N functional 
group of tertiary amines given in the Tertiary Amines (C n H 2tt+3 N, « = 3,4,5...oo) section. 

The bonding in the B-N functional groups of tertiary and quaternary amino boranes and borane amines is similar to 
that of the B-0 groups of alkoxy boranes and borinic acids given in the corresponding section. The MO semimajor axes of the 
B-N functional groups are determined from the force balance equation of the centrifugal, Coulombic, and magnetic forces as 
giv e n in th e Boran e s (B x H y ) s e ction. In e ach cas e , th e distanc e from th e origin of th e H 2 -typ c - c llipsoidal-MO to e ach focus c' , 

the internuclear distance 2c ' , and the length of the semiminor axis of the prolate spheroidal H 2 -type MO b = c are solved from 
the semimajor axis a . Then, the geometric and energy parameters of each MO are calculated using Eqs. (15.1-15.1 17). 

As in the case of the B-0 -bond MOs, the c r -MOs of th e tertiary and quat e rnary B-N -bond MOs is energy match e d 

to the B2sp 3 HO which d e termines that the parameters of the force balance equation based on el e ctron angular momentum arc 
determined by those of the boron atom. Thus, the parameters of the force balance equation for the a -MO of the B-N -bond 

3.1 



MOs in Eqs. (22.18-22.22) are n e = 1 and L = — — corresponding to the three electrons of the boron atom: 



f fp 



e 2 ti 2 



ma b %ne n ab 2m a b 



i + V 



^ — ^^ 



-«* 



■D (22.45) 



a = 



t^ 



.2 Z 
With Z - 5 , the semimajor axis of the tertiary B — N - bond MO is 



(22.46) 



a = 2.01962a„ (22.47) 

For the B-N functional groups, hybridization of the 2s and 2p AOs of B to form single 2sp 3 shells forms an energy 
minimum, and the sharing of electrons between the B2sp 3 HO and N AO to form a MO permits each participating orbital to 
decrease in radius and energy. The energy of boron is less than the Coulombic energy between the electron and proton of H 
giv e n by Eq. (1.264). Thus, in q and c 2 in Eq. (15.61) is on e , and th e e n e rgy matching condition is d e t e rmin e d by th e C 1 and 
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C 2 parameters. The N AO has an energy of E(N) = -14.53414 eV , and the B2sp 3 HOs have an energy of 
E(B,2sp 3 )= — 11.8062 4 eV (Eq. (22.7)). To m ee t th e e quipot e ntial condition of th e union of th e B — N H 2 - typ e-e llipsoidal - 
MO with these orbitals, the hybridization factor C 2 of Eq. (15.61) for the 5- TV -bond MO given by Eq. (15.77) is 

C 2 (NAO to B2sp 3 HO) = E ^ 2S/ ) = - 11 - 80624 eV = 0.81231 (22.48) 
2 _} ' E(NAO) -14.53414 eV 

Since the energy of the MO is matched to that of the B2sp 3 HO, E(AOIHO) in Eqs. (15.51) and (15.61) is E^B,2sp 3 ) given 

by Eq. (22.7), and E T ( atom- atom, msp 3 .AOj for ternary B-N is -1.12740 eV corresponding to the independent single-bond 

charge contribution (Eq. (22.12)) of one center as in the case of the alkoxy borane B-0 functional group. Furthermore, k' is 
0.75 as given by Eq. (13.59) such that L\ =0.75 in Eq. (15.61) which is also equivalent to L\ of the B-U alkoxy borane 
group. 

E T ( atom- atom, msp 3 .AOJ of the quaternary B-N-bond MO is determined by considering that the bond involves an 

electron transfer from the nitrogen atom to the boron atom to form zwitterions such as R^N + - B~R \ . By considering the 
electron redistribution in the quaternary amino borane and borane amine molecule as well as the fact that the central field 
decreases by an integer for each successive electron of the shell, the radius r B _ Nbaram2s 3 of the B2sp 3 shell may be calculated 

from the Coulombic energy using Eq. (15.18) , except that the sign of the charge donation is positive: 

e 2 Te 2 



f =mz-h) + l 



= 1.27171a (22.49) 



f 

B—Nborane2sp i 



8 ^g (< ?74 . 89168f?F) 8 ^ (<?74 . 89168 e V ) 



Using Eqs. (15.19) and (22.49), the Coulombic energy E Cmlomb (B B _ Nboram ,2sp 3 \ of the outer electron of the B2sp 3 shell is 

2 2 

Kc^K-m^VK ^ = fi= --10 69881 eV (22JffiU 

^oV^^y 8^ 1.27171a 

During hybridization, one of the spin-paired 2s electrons is promoted to the B2sp 3 shell as an unpaired electron. The energy 

for the promotion is the magnetic energy given by Eq. (22.6). Using Eqs. (22.6) and (22.50), the energy E(B B Nbomm ,2sp 3 J of 

the outer electron of the B2sp 3 shell is 



-$- 



E(B B _ Nbomm ,2sp 3 ) = - + ^,3 =-10-69881 eF + 0.09100 eF = -10.60781 eF (22.51) 

Thus, E T yB-N,2sp\, the energy change of each B2sp 3 shell with the formation of the B -N -bond MO is given by the 

difference between Eq. (7 ,7.51 ) a nd Eq. (7 .2.7 ): 

E T (B-N,2sp 3 ) = E(B B _ Nborane ,2sp 3 )-E(B,2sp 3 ) = -10.607&l e^-(-l 1.80624 eF) = 1. 19843 eV (22.52) 

Thus, E T ( atom- atom, msp 3 .AOj of the quaternary B - N -bond MO is 1.19843 eV . 

Consider next the radius of the HO due to the contribution of charge to more than one bond. The energy contribution due 
to the charge donation at each boron atom and nitrogen atom superimposes linearly, in general, since the energy ot the Blsp 3 
HO and N AO is matched to that of the C2sp 3 HO when a molecule contains a C - B -bond MO and a C-JV -bond MO, 
respectively, the corresponding radius r 3 of the B2sp 3 HO of a boron atom, the C2sp 3 HO of a carbon atom, and the N 

AO of a given B - N -containing borane molecule is calculated after Eq. (15.32) by considering ^E j — [MO, 2sp 3 ) , the total 
energy donation to all bonds with which it participates in bonding. The Coulombic energy E CouIamb [atom,2sp 3 \ of the outer 
electron of the atom 2sp 3 shell considering the charge donation to all participating bonds is given by Eq. (15.14). In the case 
that the boron or nitrogen atom is not bound to a C2sp 3 HO, r , is calculated using Eq. (15.31) where E J=aulamb (atom,msp 3 ) 

is E Couhmb (B2sp 3 ) = -11.89724 eV and E^N) = -14.53414 eV , respectively. The hybridization parameters used in Eqs. 

(15.88-15.117) for the determination of bond angles of tertiary and quaternary amino boranes and borane amines are given in 
Tabic 22.21. 
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Table 22.21 . Atom hybridization designation (# first column) and hybridization parameters of atoms for determination of 
bond angles with final values of r 3 , E Coillomh (atom,2.sp 3 ) (designated as E Couhmh ), and E(atom B-Momm 2sp 3 ) (designated as E) 

calculated using the appropriate values of 7 ,Er m JM02si^) (designated as Ej) for each corresponding terminal bond spanning 
each angle. 



# 


E T 


E r 


E T 


E T 


E T 


r , 
Final 


^Coulomb 

(eV) 

Final 


E 

(eV) 
Final 


1 


-0.46459 














0.88983 
(Eq. (15.32)) 


-15.29034 


-15.09948 


2 


-0.56370 


-0.56370 


-0.56370 








0.82343 
(Eq. (15.32)) 


-16.52324 





The symbols of the functional groups of tertiary and quaternary amino boranes and borane amines are given in Table 
22.22. The geometrical (Eqs. (15.1-15.5) and (22.47)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eq. 
(15.61), (22.4), (22.7), (22.12), (22.48), and (22.52)) parameters of tertiary and quaternary amino boranes and borane amines are 
given in Tables 22.23, 22.24, and 22.25, respectively. In the case that the MO does not intercept the B HO due to the reduction 
of the radius from the donation of B 2sp 3 HO charge to additional MOs, the energy of each MO is energy matched as a linear 
sum to the B HO by contacting it through the bisector current of the intersecting MOs as described in the Methane Molecule 
(CH 4 ) section. The total energy of each tertiary and quaternary amino borane or borane amine given in Table 22.26 was 
calculated as the sum over the integer multiple of each E D (&oup) of Table 22.25 corresponding to functional-group composition 
of the molecule. E mag of Table 22.26 is given by Eqs. (15.15) and (22.3) for the B-N groups and the B-H , B-B, 
B-H-B, and B-B-B groups. E mag of Table 22.26 is given by Eqs. (15.15) and (10.142) for NH 3 . The bond angle 

parameters of tertiary and quaternary amino boranes and borane amines determined using Eqs. (15.88-15.1 17) are given in Table 
22.27. The charge-densities of exemplary tertiary amino borane, tris(dimethylamino)borane and quaternary amino borane, 
trimethylaminotrimethylborane comprising the concentric shells of atoms with the outer shell bridged by one or more H 2 -type 
ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 22.7 and 22.8, respectively. 

Figure 22.7. Trisdimethylaminoborane. Color scale, opaque views of the charge-density of Uh,C) 7 Nj B showing the 

orbitals of the 5, N, and C atoms at their radii, the ellipsoidal surface of each H or //i-type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to scale). 




le/A 2 
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Figure 22.8. Trimethyiaminotrimethylborane. Color scale, opaque view of the charge-density of (CHA BN(CH 3 \ 

showing the orbitals of the B, N, and C atoms at their radii, the ellipsoidal surface of each H or //2-type ellipsoidal MO that 
transitions to the corresponding outer shell of the atoms participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 22.22. Th< 


; symbols of the functiona 


1 groups of tertiary ar 


id quaternary amino boranes and b 




Functional Group 


Group Symbol 




B-N bond 3° 




B-N (i) 




B-iVbond^ 




B-N (ii) 




CwVbond 1° amine 




C-N (i) 




C-N bond 2° amine 


(methyl) 


C-N (ii) 




C-A , bond2°amine 


(alkyl) 


C-N (iii) 




C-/Vbond3° amine 




C-N (iv) 




NH 3 group 




NH, 




NH2 group 




NH 2 




NH group 




NH 




C-B bond 




C-B 




BT/bond 




B-H 




BHB (bridged H) 




B-H-B 




BB bond 




B-B 




CHi group 




C-H (CH,) 




CH? group 




C-H (CHz) 




CH 




C-H (1) 




CC bond (n-Q 




C-C (a) 



Tafcle 22.23 



The geometrical bond parameters of tertiary and quaternary amino boranes and borane amines and experimental values 






P|aramqter B - JV (i) 
Group 



B-JV(ii) 
Group 



Gioup 



C-H (ii) 
Grc iup 



c-jv(iii) 

Group 



N (iv) 
Group 



JV//., 
iroup 



NH, 
Group 



NH 
Group 



Gn >up 



Group 



B-H-B 

Group 



and 

-B-B 
Sronps 



■ H (C 
( iroup 



■*.) 



C-H (CH 
Group 



C-H (1) 
Group 



C-C (a) 

Gro ip 



Boik 
Lcngi 



14 [1 



Exp. 

Bone 
Lengt Ii 

M 



1.281 [5] 
(BN) 



1.638 [17] 
CH.) NBH,) 



1.471 [10] 



1.45: [10] 



458 [10] 
(triricthylamino) 



1.0120 [ 



1.010 

(methyls 



[1C] 



1.00 [10] 
dimethylamliic) 



1.571! 

{ rimelh 

1.58* 



[10] 

1 borane) 
[10] 



1.32 [4] 
(diboranc) 



798 [3] 
B„H„ ) 



107 [1 
C-H 

17 [l' 

C-H 



1.107 [10J 
(C-H 
propane) 

1.117 [10J 
(C-H 
butane) 



1.122 [10] 
(isobutane) 



1.531 
(butt 



[10] 



[10] 

■) 



h utane) 



\c ( a> ) 



© 





rO 




O 








o 




CD 




CD 




O 




7T 




I - 




CO 


n 


J 


^3 


O 


IT, 


CD 


■<< 


—\ 


tM 


— 


Kj 





< 
CD 

Q. 



Table 22.24. The MO to HO intercept geometrical bond parameters of tertiary and quaternary amino boranes and borane amines. H, is a terminal or two-center//. Hi, is 
a bridge or three-center H. B b is a bridge or three-center B. E T is E T (atom - atom msp 3 .AO). 



Bond 


ACdTI 


(cV) 
Bond 1 


(cV) 
Bond 2 


'•V 

(cV) 
Bond 3 


i-: T 
(cV) 
Bond 4 


I'mal Total 
Energy 
(eV) 


w 


'"jw 

M 


IcV) 

Hum' 


E 

t>V) 
Final 


9- 



(•) 


(') 






tt-H (-row.) 

(B-N (i» 


V 


-0.5637O 





(i 







0.93084 


090118 


-15.09784 




119.66 


60.34 


66.58 


0.50915 


044591 


N-H (-8A7W) 

( B - N (i); C - N (it): R = Cll, or alkyl ) 


Y 


-0.5637O 


-0 72457 


I) 






0.93084 


84435 


-16.11402 




117.64 


62.36 


63.85 


055635 


039176 


C-.Y (H,C.-NHB-): 
(-H,C n -NIIB-) 

(B-N (it; C-.Y ii» 


V 


■0.72457 


-0.56370 


I) 







0.93084 


0.84435 


-16.11402 




82.21 


97.79 


38.76 


1 ,50258 


11448 


C-.Y (,/,C, -A7/B-) 
(B-N tttC-t) (TO 


r„ 


-0.72457 


a 








-152.34026 


91771 


87495 


-15,55033 


-15.35946 


85.28 


04.72 


40 73 


146010 


1)7200 


C-« (-H.C^-NIIB) 

(B-N (i):C-A : uii 


c. 


-0.72457 


-0.92918 








-1 53.26945 


0.91771 


0.82562 


-16.47951 


-16.28864 


80.20 


99.80 


37.50 


1 52858 


0.14048 


c-Af (-ba-Ic.//,),): 

(-*M<y.-X) 

f B - A 7 (i); C - N Hi) or C - K (lift) 


Y 


-0.5669O 


■0.56690 


-0.56370 







0.93084 


0.82343 


-16.52324 




77.75 


102.25 


36.29 


1 ,57068 


17475 


r-.v (-«v-(cy/,),) 

1 B - N OX C - -V ( ii)) 


c^ 


-0.56691) 


o 





o 


-152.18259 


091771 


88392 


-1539265 


-15.20178 


84.14 


95.86 


40.30 


148625 


09032 


C-.V (-BN-[C„H, -).) 
CB-M (iX C - A' (ii)) 




-0.56691) 


-0 92'J]8 


I) 


" 


-153.11177 


91771 


83360 


-1632183 


-16.13097 


78.89 


101.11 


36.99 


1 55650 


16057 


fl-JV (fl(w(Cff 5 ),)J 
(B-A (iX C-.Y (ii)> 




-0.563711 


■0 56370 


-0.56370 


■■ 


-76 58278 


1 14361 


1 00129 


-1358834 


-13.49734 


71 36 


108.04 


37 72 


1 59746 


31002 


fl-A' (BtwjCHjJjJ 
(B-A (i):C-N (ii» 


V 


-0.56370 


-0 56690 


-0.56690 







0.93084 


0.82343 


• 16.52324 




44.33 


135.67 


21.70 


1 ,87645 


58901 


fl-,Y (R,BNII,) 

r. v ,n 


fl 


-0.5637O 


-0 72457 


-0.72457 


'■ 


-76 90433 


1 14361 


811801 


-16,83861) 


-16.74760 


40.63 


139.37 


19.76 


1 90065 


61320 


fl -,V (A\B,Yi/,| 
(B-N (il) 


Y 


-0.5637O 


o 





o 




0.93084 


owns 


-15.09784 




40.63 


139.37 


19.76 


1 91)065 


(161320 


fi-,Y (RJIHI1R) 

( B - A (iX C - A' d); « » CHj ur u/W > 


« 


-0.5637O 


-0 72457 


-0.72457 


" 


-76 90*53 


1.14361 


080801 


-16.83860 


-16.74760 


40.63 


139.37 


19.76 


1 90065 


61320 


fl-,Y (R,BNI1R) 

(B-N (iX C-.Y (It. «.r«. ,» ■;«,( 1 


Y 


-0.563711 


-0 72457 


Ii 


'' 




093084 


084435 


-16,11402 




48.80 


131.20 


24.09 


1 84365 


55621 


fi-A' (B,II,N1I,) 
(B-N (i)) 


B 


•0,56370 


-0 56371 > 


-1.12740 


-1 12740 




1 14361 


89047 


-15.2794.1 


-15.I8R43 


57(19 


U2.il 


28 71 


1 77110 


48386 


fl-,V (B,HMh) 
(B-N (il) 


W 


-0.5637O 













0.93084 


0.90118 


-15 09784 




57.09 


122.91 


2871 


1,77130 


48386 


fl-,Y (BjH.A'R,) 

(B-A (iXC-A' (ii)or(iiix 

R=CH, or olkfl) 


fl 


-0.5637O 


-0 56370 


-1.12740 


-1.12740 


-7827387 


1.14361 


89047 


-1527943 


-15.18843 
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Table 22.24 Cont'd. 

center H. Hb is a bridge or 



The MO to HO intercept geometrical bond parameters of tertiary and quaternary amino boranes and borane amines. H, is a terminal or two- 
three-center H. B h is a bridge or three-center B. E T is E T {atom - atom msp 3 ,AO). 
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HALIDOBORANES 

The halidoboranes each comprise at least one B bound by a boron-halogen single bond comprising a B — X group where 
X = F,Cl,Br,l , and may llirther comprise one or more alkyl groups and borane moieties. The latter comprise alky! and aryl 
moieties and B-C , B-H , B-B, B- ti - B , and B-B-B functional groups wherein the B-C group is equivalent to that 
of alkyl boranes, and the B-H , B-B , B-H -B , and B-B — B functional groups are equivalent to those in boranes given in 
the corresponding sections. Alkoxy boranes and borinic acids moieties given in the Alkoxy Boranes and Alkyl Borinic Acids 
((RO) B r H s (HO) ) section may be bound to the B — X group by a B-0 functional group. The former further comprise at 

least one boron-alkyl-ether moiety, and the latter comprise one or more hydroxyi groups, respectively. Each alkoxy moiety, 
C n H 2n+1 , comprises one of two types of C — O functional groups that are equivalent to those given in the Ethers 

(C n H 2ll+2 O m , « = 2,3,4,5...co) section. One is for methyl or t-butyl groups, and the other is for general alkyl groups. Each 
borinic acidhydroxyl functional group is equivalent to that given in the Alcohols (C n H 2n+2 O m , n = 1,2,3, 4, 5. ..go) section. 

Tertiary amino-borane and borane-amine moieties given in the Tertiary and Quaternary Aminoboranes and Borane 
Amines (R q B r N s R t \R - H\ alkyl) section can be bound to the B — X group by a B — N functional group. The nitrogen atom of 

each B — N functional group is bound to two other atoms such that there are a total of three bonds per atom. The amino or 
amine moiety may comprise NH 2 , N(H)R , and NR^ . The corresponding functional group for the NH 2 moiety is the NH 2 

functional group given in the Primary Amines (C n H 2ll+2+m N m , n = 1,2, 3, 4,5. ..oo) section. The N(H)R moiety comprises the 
NH functional group of the Secondary Amines (C n H 2n+2+m N m , n = 2,3,4,5...w ) section and the C-N functional group of the 
Primary Amines (C„H,„^„N m , n = 1,2,3, 4,5.. .oo) section. The NR 2 moiety comprises two types of C - N functional groups, 
one for the methyl group corresponding to the C of C-N and the other for general alkyl secondary amines given in the 
Secondary Amines (C n H 2n+2+m N m , n =2,3, 4,5. ..oo) section. 

Quaternary amino-borane and boraneamine moieties given in the Tertiary and Quaternary Aminoboranes and Borane 
Amines {R q B r N S R,;R = H; alkyl) section can be bound to the B-X group by a B-N functional group. The nitrogen atom of 

each B-N bond is bound to three other atoms such that there are a total of four bonds per atom. The amino or amine moiety 
may comprise NH 3 , N(H 2 )R, N(H)R 2 , and NR 3 . The corresponding functional group for the NH 3 moiety is ammonia 

given in the Ammonia ( NH 3 ) section. The N(H 2 )R moiety comprises the NH 2 and the C-N functional groups given in the 

Primary Amin e s (C n H 2n+2+m N m , n = 1,2,3, 4,5. ..oo) s e ction. Th e N(H)R 2 moi e ty compris e s th e NH functional group and two 

types of C-N functional groups, one for the methyl group corresponding to the C of C-N and the other for general alkyl 
secondary amines given in the Secondary Amines (C n H 2n+2+m N m , n = 2,3,4,5...oo) section. The NRj moiety comprises the 

C-N functional group of tertiary amines given in the Tertiary Amines (C n H 2n+3 N, n = 3, 4,5. ..go ) section. 

The alkyl portion may be part of the alkoxy moiety, amino or amine moiety, or an alkyl group, or it may be bound to the 
central boron atom by a carbon-boron single bond comprising th e C — B group of the Alkyl Boranes (R x BH z ;R = alkyl) 

section. Each alkyl portion may comprise at least a terminal methyl group (CH 3 ) and methylene (CH 2 ), methylyne (CH ), and 
C-C functional groups. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six 
types of C - C bonds can be identified. The n-alkaue C-C bond is the same as that of straight-chain alkaues. In addition, the 
C-C bonds within isopropyl ((C// 3 ) 2 CII) and t-butyl ((C// 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, 
and t-butyl to t-butyl C-C bonds comprise functional groups. Additional R groups include aromatics such as phenyl and 
-HC = CH 2 . These groups in halidobroanes are equivalent to those in branched-chain alkanes, aromatics, and alkenes given in 

the co r responding sections. 

The bonding in the B-X functional groups of halidoboranes is similar to that of the B-0 and B-N groups of alkoxy 

boranes and borinic acids and tertiary and quaternary amino boranes and borane amines given in the corresponding sections. 
The MO semimajor axes of the B-X functional groups are determined from the force balance equation of the centrifugal, 
Coulombic, and magnetic forces as given in the Boranes (B X H ) section. In each case, the distance from the origin of the H 2 - 

type-ellipsoidal-MO to each focus c', the internuclear distance 2c', and the length of the semiminor axis of the prolate 
spheroidal // 2 -type MO b-c are solved from the semimajor axis a . Then, the geometric and energy parameters of each MO 
are calculated using Eqs. (15.1-15.117). 

As in the case of the B-O- and B-N -bond MOs, the a -MOs of the B-X -bond MOs are energy matched to the 
B2sp 3 HO which determines that the parameters of the force balance equation based on electron angular momentum are 
determined by those of the boron atom. The parameters of the force balance equation for the a -MO of the B — F -bond MO in 
Eqs. (22.18-22.22) are n e = 1 and \L\ = : 

h 2 e 2 % 2 (W h 2 

-ITT^ 2 D \ —. 2 D ^—B (22.53) 

ma b %ns a ab 2m a b \2J2ma b 
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From Eq. (22.53), the semimajor axis of the tertiary B - F -bond MO is 

a = 1.5a (22.54) 

The force balance equation for each a -MO of the B-Cl is equivalent to that of the B-B -bond MO with n e = 2 and 



. . /3 

|Z| = 3.1— ft corresponding to three electrons of the B2sp shell is 

( IT\ 


fi 1 e 1 tf 


3 vf 


fi 2 


" n e n , " n 


1+ V4 

V Z J 


£» 


(22.55) 


m e a 


2 b 2 ~ 87T£ ab 2 ~ ' 2m e a 2 b 2 " 

' 4} 


2m e a 2 Z> 2 


a = 


2 + ^ 4 

7 


a 


(22.56) 



-X z— ^- 

With Z = 5 , the semimajor axis of the B-Cl -bond MO is 

a = 2.51962a (22.57) 

The hybridization of the bonding in the B -X functional groups of halidoboranes is similar to that of the C - X groups of 



alkyl halides given in the corresponding sections. For the B - X functional groups, hybridization of the 2s and 2p AOs of B to 
form single 2sp 3 shells forms an energy minimum, and the sharing of electrons between the B2sp 3 HO andXAO to form a MO 
permits each participating orbital to decrease in radius and energy. The F AO has an energy of E(F) - -17.42282 eV , and the 

B2sp 3 HOs have an energy of EJB,2sp 3 ) = -1 1.80624 eV (Eq. (22.7)). To meet the equipotential condition of the union of the 

—B — F H 2 - type - ellipsoidal - MO with these orbitals, the hybridization factor c 2 of Eq. (15.61) for the B — F - bond MO given by 



Eq. (15.77) is 

, , N e(b,2sp 3 ) -11 80624 eF 

c^FAOtoB2sp 3 HO) = ,'.,_./ = =0.68285 (22.58) 

n > E(FAO) -17.42282 eV 

Since the energy of the MO is matched to that of the B2sj? HO, E(AOIHO) in Eqs. (15.51) and (15.61) is E(B,2sp 3 ) given 
by Eq. (22.7). 
E T ( atom- atom, msp 3 .AO) of the B-F-bond MO is determined by considering that the bond involves an electron 

transfer from the boron atom to the fluorine atom to form zwitterions such as H 2 B + - F~ . — By considering the electron 
redistribution in the fluoroborane as well as the fact that the central field decreases by an integer for each successive electron of 
the shell, the radius r B _ Fboranels 3 of the B2sp 3 shell may be calculated from the Coulombic energy using Eq. (15.18): 



-5T 



B-Fborane2sp 



y >-«)-i 



8^ (e74.89168er) — 8^ (e74.89168 eV) 



-- 0.90837a n (22.59) 



Vb=2 J 



Using Eqs. (15.19) and (22.13), the Coulombic energy E Coulomb {B B _ Fbomm ,2sp i \ of the outer electron of the B2sp 3 shell is 



„2 „2 



^^J^^^Isf ^- = ; = -14.97834 e^ (2230r 
S^-^V 8^ . 90837 ffo 

During hybridization, one of the spin-paired 2s electrons is promoted to the B2sp 3 shell as an unpaired electron. The energy for 

the promotion is the magnetic energy given by Eq. (22.6). Using Eqs. (22.6) and (22.60), the energy E(B B _ xbaram ,2sp i \ of the 

outer electron of the B2sp 3 shell is 

E{B B _ Fbomm ,2sp')= Q + 2/t f° ' = -14.97834 eV + 0.09100 eV = -14.88734 eV (22.61) 

^ £ » r B-F bm 2 S f mM) 

Thus, E T (B-F,2sp 3 ), the energy change of each B2sp 3 shell with the formation of the B-F-bond MO is given by the 

difference between Eq. (22.15) and Eq. (22.7): 

E T (B - F,2sp 3 ) = E(B B _ Fbomne ,2sp 3 )- E(B,2sp 3 ) = -14.88734 eK-(-11.80624 eF) = -3.08109 eV (22.62) 

Thus, E T ( atom- atom, msp 3 .AO\ for ternary B-F is -6.16219 eV corresponding to the maximum charge contribution of an 

electron given by two times Eq. (22.62). 

In chloroboran c s, th e e n e rgi e s of chlorin e and boron ar c l e ss than th e Coulombic e n e rgy b e tw ee n th e e l e ctron and proton 

of //given by Eq. (1.264). Thus, q and c 2 in Eq. (15.61) are one, and the energy matching condition is determined by the C2 

parameter. The CI AO has an energy of E(Cl) = -12.96764 eV, and the B2sp 3 HOs have an energy oiE(B,2sp 3 ) = -1 1.80624 eV 
(Eq. (22.7)). To meet the equipotential condition of the union of the B-Cl fl?-type-elripsoidal-MO with these orbitals. the 
hybridization factor c 7 of Eq. (15.61) for the B-Cl -bond MO given by Eq. (15.77) is 
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, , , e(b,2sp 3 ) -11 80624 eF 
C 2 (OAO to B2sp 3 HO) = \ ' = = 0.91044 
—^ >- E(OAO) 12.9676 4 cV 



(22.63) 



Since the energy of the MO is matched to that of the B2sp 3 HO, E{AOIHO) in Eqs. (15.51) and (15.61) is E^B,2sp 3 ) given 

byEq. (22.7), and E T ( atom- atom, msp 3 .AO\ is given by two times Eq. (22.12) corresponding to the two centers. 

Consider next the radius of the HO due to the contribution of charge to more than one bond. The energy contribution due 

to the charge donation at each boron atom and halogen atom superimposes linearly. In general, since the energy of the B2sp 3 
HO and X AO is matched to that of the C2sp 3 HO when a molecule contains a C - B -bond MO and a C - X -bond MO, 



respectively, the corresponding radius r 3 of the B2sp 3 HO of a boron atom, the C2sp 3 HO of a carbon atom, and the X 



mol2sp~ 



AO of a given hahdoborane molecule is calculated after Eq. (15.32) by considering ~^E T (MU,2sp 3 ), the total energy 
donation to all bonds with which it participates in bonding. The Coulombic energy E CouIomb [atom,2sp 3 \ of the outer electron of 
the atom 2sp 3 shell considering the charge donation to all participating bonds is given by Eq. (15.14). In the case that the boron 



or halogen atom is not bound to a C2sp 3 IIO, >' mal2s , is calculated using Eq. (15.31) wher e E Collhmb ( atom, msp 3 ) is 

E Coulomb [B2sp 3 ) = -UX912AeV , E(F) = -17.42282 eV , or E(Cl) = -12.96764 eV . The hybridization parameters used in 
Eqs. (15.88-15.1 17) for the determination of bond angles of halidoboranes are given in Table 22.28. 

Table 22.28. Atom hybridization designation (# first column) and hybridization parameters of atoms for determination of 
bond angles with final values ol r 2s ,, E Coulomb (atom,2sp 3 ^ (designated as E Coulomb ), and E(atom B _ xbomm 2sp i ^ (designated as E) 

calculated using the appropriate values of ^E T {MO, 2sp 3 ) (designated as E T ) for each corresponding terminal bond 
spanning each angle. 



(eV) 
Final 









3sp' 

Final 



^Coulomb 

(eV) 
Final 



-0.56370 



0.95939 



-14.18175 



(Eq. (15.31)) 



-3.08109 



-3.08109 



0.75339 



-18.05943 



-17.96843 



(EQ- (15-3D) 



-3.08109 



0.66357 

(Eq- (15.31)) 



-20.50391 



-20.26346 



The symbols of the functional g r oups of halidoboranes are given in Table 22.29. The geometrical (Eqs. (15.1-15.5) and 

(22.47)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eq. (15.61), (22.4), (22.7), (22.12), (22.48), and (22.52)) 
parameters of halidoboranes are given in Tables 22.30, 22.3 1, and 22.32, respectively. In the case that the MO does not intercept 
the B HO due to the reduction of the radius from the donation of B 2sp 3 HO charge to additional MOs, the energy of each MO 
is energy matched as a linear sum to the B HO by contacting it through the bisector current of the intersecting MPs as described 
in the Methane Molecule (CH 4 ) section. The total energy of each halidoborane given in Table 22.33 was calculated as the sum 
over the integer multiple of each E D [ormp) of Table 22.32 corresponding to functional-group composition of the molecule. E mag 

ofTable 22.33 is given by Eqs. (15.15) and (22.3) for the B-X groups and the B-O, B-N, B-H, B-B, B-H-B, and 
B-B-B groups. E of Table 22.33 is given by Eqs. (15.15) and (10.162) for the OH group. The bond angle parameters of 

halidoboranes determined using Eqs. (15.88-15.1 17) are given in Table 22.34. The charge-densities of exemplary fluoroborane. 
boron trifluoride and choloroborane, boron trichloride comprising the concentric shells of atoms with the outer shell bridged by 
one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 22.9 and 22.10, 
respectively. 
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Figure 22.10. (A) Boron Trifluoride. Color scale, translucent view of the charge-density of BF) showing the orbitals of the 
B and F atoms at their radii, and the ellipsoidal surface of each /fj-type ellipsoidal MO that transitions to the corresponding 
outer shell of the atoms participating in each bond. (B) Boron Trichloride. Color scale, translucent views of the charge-density 
of BCh showing the orbitals of the B and CI atoms at their radii, and the ellipsoidal surface of each //o-type ellipsoidal MO that 
transitions to the corresponding outer shell of the atoms participating in each bond. 




Table 22.29. The symbols of the functional groups of halidoboranes. 



Functional Group 



Group Symbol 



5-Fbond 


B-F 


B-Cl bond 


B-Cl 


£-JVbond3° 


B-N (i) 


5-ATboiid4° 


B-N (ii) 


C-N bond l ° amine 


C-N (i) 


C- N bond 2° amine (methyl) 


C-N (ii) 


C-Afhond 2° amine (alkyl) 


C-N (iii) 


C-Afbond3° amine 


C-N (iv) 


NHi group 


NH, 


NH 2 group 


NH 2 


NH group 


NH 


B-O bond (borinic acid) 


B-O (i) 


B-0 bond (alkoxy borane) 


B-O (ii) 


OH group 


OH 


C-0(CH } -0- and(C7/ 3 ),C-<3-) 


C-O(i) 


C-0 (alkyl) 


C-O (ii) 


C-B bond 


C-B 


BH bond 


B-H 


BHB (bridged H) 


B-H-B 


BB bond 


B-B 


BBB (bridged B) 


B-B-B 


CC (aromatic bond) 


ie 

c=c 


CH (aromatic) 


CH (i) 


CHi group 


C-H (CH,) 


CH 2 alkyl group 


C-H (CH 2 ) (i) 


CH 


C-H (ii) 


CC bond (n-C) 


C-C (a) 


CC bond (iso-Q 


C-C (b) 


HC = CH,HC (ethylene bond) 


C = C 


CH 2 alkenyl group 


CH 2 (ii) 



Table 22.30A. The geometrical bond parameters of halidoboranes and experimental values. 



Parameter 


« - .' 

Group 


fl-c; 

Group 


B-.V li) 
Group 


R-N liil 
Group 


r-.v iii 

Group 


C - N 1 ii) 
Group 


r-.v (iiii 

Group 


f'-.V (ill 
Group 


Ml 
Group 


A//, 
Group 


m 

Group 


R-O (i; 
Group 


B-0 iiil 
Group 


Oil 
Group 


C O ii) 
Group 


■ M 


1.5 


2.51562 


2.01962 


2.01962 


1.92682 


1.94862 


1.94862 


1.96313 


1.34750 


1.28083 


1.26224 


2.00000 


2.00000 


1.26430 


1.80717 


f W 


1.22474 


1.66357 


1.28744 


1.57679 


1.38810 


1 .39593 


1.39593 


1.40112 


0.97961 


0.95506 


0.94811 


1.31678 


129455 


0.91 808 


1.34431 


Bond 
Length 

&• (A) 


1.29621 


1 .76065 


1.36257 


1 .66880 


1.46910 


1 .47739 


1 .47739 


1.48288 


1 .03677 


1.0108 


1.00343 


1.39362 


1.37(109 


0.971651 


1 .42276 


Exp. Bond 

[ -ength 

(A) 


1.313(10] 


1.761 (17] 
( PABC3, ) 


1.281 [5] 
(1W) 


1.638 [17] 

( (c//,), »», ) 


1.471 [10] 
(melhylamine) 


1.455 ( 101 
Idimelliylamine) 




1.458 [10] 
(trimethylamine) 


1.0120 [I0[ 
(ammonia) 


1.010 110] 
(niethylamine) 


1.00(10] 
(dimclhylamine) 


1.376 [17] 
(«(/•>//),) 


1.367(17] 
(fl(«C'//,),l 


0.971 [101 
(echanol) 
0.9451 [10] 
(inelhanol) 


l.424| 17] 

(B(«<"«,),> 

l.416|10) 

i dimethyl ether) 


»•'■ w 


0.86603 


1.89235 


1.55607 


1.26198 


i 33634 


1 .35960 


1.35960 


1.37505 


0.92527 


0.85345 


0.83327 


1.50535 


1.52452 


0.86925 


1.20776 


(' 


II.S165H 


0.661 ij> 


11.63747 


II 7811 1 


0./2IU1 


(1.7 1637 


1).: 63 7 


7713 77 


1) 72698 


(1.74566 


11.75113 


11.6583') 


(1.64727 


0.72615 


1 .,'-388 



y 
*■ 



Table 22.30B. The geometrical bond parameters of halidoboranes and experimental values. 



Parameter 


C-O (ii) 
Group 


r-n 
Group 


n-n 

Group 


H-ll-R 
Group 


B-B 

and 

B- B- B 

Coups 


C=C 
Group 


CU (ii 

Group 


c-h (c//,) 

Group 


C-H (07,)(il 
Group 


('-//(ii) 

Group 


('-<-' la) 
Group 


<-'-(' <b) 
Group 


• • 
Group 


('//, (ii) 
Group 


«(..„) 


1.79-73 


1.78528 


1.69282 


2.00000 


2.51962 


1 .47348 


1.60061 


1.64920 


1.67122 


1 .67465 


2.12499 


2.12499 


1.47228 


1.64010 


.- (« i 


33968 


1.48762 


1.13605 


1.23483 


1.69749 


1.31 168 


.03299 


1 .04856 


1 .115553 


1.05661 


1 .45744 


1.45744 


1.26661 


1 .114566 


Bond 

Length 
V (A) 


1.41785 


1.57443 


1.20235 


1.30689 


1.79654 


1.39140 


1 .09327 


1.10974 


1.11713 


1.11827 


1.54280 


1 .54280 


IJ4052 


1.10668 


Rxp. 
Bond 
Length 

M 


1.418(10] 

(elhvl melhvl ether 
' (avg.)) 


1.578 [10] 
Itrimethvlborane) 

1.580 |I0| 

(U- 

dimelliyldihornne) 


1.19(4] 
(diboranc) 


1.32(4] 
(diborane) 


1.798 [3[ 
<B„«,,) 


1.39 [ 10) 
(benzene) 


1.101 )10| 
(benzene) 


1.1 14 [10] 

(C-H 

trimethvlborane) 

1.107(10] 
(C-H propane) 

1.117|I0[ 
1 C - H butane) 


1.107(10] 
(C-H propane ) 

1.117(10] 
(C-H butane) 


1.122 [10] 
(isobulane) 


1.532 |I0) 
(propane) 
1.531 |10) 

( butane 1 


1.532 |10) 
(propane) 
1.531 |I0] 
(butane) 


1.342 [10] 

(2-melhylpropene) 
1.346 (10) 

(2-bulenc) 

1.349 |l()| 

(1.3-buladiene) 


:.I0[10] 

(2-melhylpropcnc) 

1.108 lavg.) [10[ 

1 IJ-buladienel 


.-.,i,i 


1.19429 


0.987112 


1.25500 


1 .57327 


1 86199 


(1.66540 


1 .22265 


1.27295 


1 .29569 


1 .29924 


1.54616 


1.54616 


0.751155 


1.26354 


e 


0.74(45 


0.83327 


0.671 lu 


0.61742 


0.67371 


0.89223 


0.64537 


(1.63580 


0.63159 


11.63095 


0.68600 


0.68600 


0.86(130 


0.63756 





M 




O 




— ^ 




O 




CD 




n> 




o 




7T 




i - 




(O 


Q 


rr 


t3 


T3 

O 


n> 


tl) 


"i 


— \ 


K) 


— 


bo 


p 




> 












"■ 




(Q 



<■ 

CD 

a 



lab 

MSp 



le 22.31 

AO). 



The MO ta HO intercept geometrical 



bond parame 



of exemp 



ary 



halidoboranes F 2 BOH, 



BF>, FjBCH, 



(CH 3 0) 2 BO, and BCl. E_ 



is Et {atom - atom 



:lond 



H (F 2 BOH) 



(eV) 
Bondl 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bond 4 



Final Total 
■gy Blsp' 
(eV) 



1.00000 



0.95939 



\^, M \ B2s P 
Final 



(efV) E[B2sp 

(eV) 
Final 



C) 

121.28 



d, 
M 



d, 
M 



-B- 

\' .B- 



OH (F 2 BOH) 

<m 



-0.56370 











1.01)000 



0.95H39 



-14.181 



74.04 



105.96 



37.79 



1.58054 



OH (F 2 BOH) 

M 

(F,BOH) 



-0.56370 
-3.08109 



■3.08109 
3.08109 



-3.08109 
-0.56370 



1.14361 
1.14361 



0.73059 
0.73059 



-18.62 
-18.623 



-18.5321 
-18.5321 



33.21 
112.74 



146.''9 
67.26 



15.41 
51.08 



1.92806 
0.94234 



B-. 
B- 



(F 2 BOH) 

(BF,) 



-3.08109 
-3.08109 
-3.08109 




■3.08109 




-3.08109 



0.711069 
1.14361 



0.66: 



57 



0.64:o9 



-20.50391 
-21.14052 
-20.50391 



-20.26345 
-21.04952 
-20.26345 



107.57 
105.86 
107.57 



72.43 
74.14 
72.43 



46.9. 
45.63 
46.93 



1.02441 
1.04889 
1.02441 



0.20333 
0.17586 



F (BCH 2 ) 



-0.72457 



-15.55033 



-15.35945 



78.85 



101 



42.40 



1.21777 



C-F (-B-CH.) 



i-B-CFf,) 



(F 2 BCH,] 



BO- 
BO 



(F 2 BCH,) 
(OC a H,) 

<m 



-3.08109 
-0.72457 



0.711069 
0.9.771 



0.66:.57 
0.87<-95 



-20.50391 
-15.55033 



-20.26345 
-15.35945 



107.52 
78.85 



72.43 



46.93 
42.40 



1.02441 
1.21777 



0.20333 
0.16321 



BO 
BO- 

rc-i 



CACH,), 
Hi)) 



\B-0 

cm 

,B- 
B-til 



(OCH,) 2 

(10) 

(OCH,) 2 
>(ii);(C-Q(i 

(ClB(OCH,) 



)1_ 



-0.56370 

-0.56370 
-1.12740 



■0.56370 

■0.72457 
•0.56370 



-1.12740 


-0.56370 



0.96 



40 



3 0.84'35 

4361 0.96J40 



-14.15204 

-16.11402 
-14.15203 



-14.06103 



71.19 

54.45 
43.58 



108.111 

125.55 
136.42 



36.65 

26.78 
20.50 



1.60458 0.31303 

1.78542 0.49388 

2.36004 0.69547 



(08(00/,) 
I (BO,) 



-1.12740 
-1.12740 
-1.12740 




1.12740 




-1.12740 



.05 



.05 



158 0.96529 

43 61 | 0.890 47 

158 0.96529 



-14.09504 
-15.27943 
-14.09504 



-13.9966p 

-15.1! 

-13.9966S 



44.32 



135 



20.88 



18843 



2.35415 



0.69358 



Table 22.32A. The energy parameters (eV) of functional groups of halidoboranes. 



Parameters 


B-F 

Group 


B-CI 
Group 


H-N Ml 
Group 


S \ (iil 
Group 


C-/V(i) 
Group 


C-/V(ii) 
Group 


< -v (iiii 
Group 


C-N (iv) 
Group 


Group 


,VW, 
Group 


Ml 
Group 


ti-0 (il 
Group 


B-0 (ii) 
Group 


Group 


C-O(i) 
Group 


", 


1 


1 


1 


1 


1 


1 


1 


1 


3 


2 


1 


1 


1 


1 


1 


>% 





1) 




















1 








i 











n. 





11 


1) 


II 


II 


II 


(1 







1 


ll 








ii 





c, 


0.5 


0.5 


0.75 


0.5 


0.5 


0.5 


0.5 


0.5 


0.75 


0.75 


0.75 


0.5 


0.75 


0.75 


0.5 


c 2 


1 


0.91044 


0.81231 


(1.81231 


1 


1 


1 


1 


0.93613 


0.93613 


0.93613 


1.15346 


0.79562 


1 


1 


c, 


1 


1 


1 


1 


1 


1 


1 


1 


0.75 


0.75 


0.75 


1 


1 


0.75 


1 


e. 


0.68285 


1 


[ 


(1.81231 


0.91140 


0.91140 


0.91140 


0.91140 


1 


0.94627 


0.93383 


1 


I 


1 


0.85395 


£ ' s 
































1 








1 





^ 


1 


1 


1 


1 


2 


2 


2 


2 


1 


1 




1 


1 




2 


CL 


1 


! 


1 


1 





(i 








3 


2 




1 




: 





r k, 


11.5 


0.5 


0.75 


(1.5 


(1.5 


1 


1 


0.5 


1 


1.5 


0.75 


11.5 


0.75 


(1.75 


0.5 


c* 


1 


0.91044 


0.81231 


(1.8 1231 


1 


1 


1 


1 


1.5 


1 


1 


1.15346 


0.79562 


1 


1 


I', (el) 


-34.78026 


-25.95105 


-3 1 .8*906 


-29.36199 


-32.46339 


-31.98456 


-3 1 .98456 


-31.67393 


-1 15.28799 


-77.89897 


-39.21967 


-32.64974 


-32.39594 


-40.92709 


-33.15757 


i; (el) 


1 1 . 1 11909 


8.17867 


10.5681(1 


8.62881 


9.811175 


9.74677 


9.74677 


9.71067 


41.66718 


28.49191 


14.35050 


1 0.33263 


10.5101(1 


14X1988 


10.12103 


/ (,-( 


11.59342 


5 [ 1980 


/.»!'«'! 


7.26-121 


8.42409 


8. 21)698 


8.20698 


8.06719 


(2 "SIS 


.sci.40957 


15.55581 


8,16211 


8.09899 


16.18567 


9.17389 


r, 1. i 


-5.7*71 


-2.574911 


-3.94494 


-3.6346(1 


-4.21204 


-4.10349 


-4.10349 


-4.03359 


-21.38924 


-15.20478 


-7.76790 


-4.0S 1 22 


-4.04949 


-8.09284 


■4.58695 


,'. ; -,.- (d 1 


-1 1.80624 


-II.Si 1624 


-11.801,24 


-1 1.81)624 


-14.65489 


-14.63489 


-14.6.1489 


-14.65489 


-14.53414 


-14.554 14 


-14.53414 


-11.80624 


-11.80624 


-15.6181 


-14.65489 


^....^"""'(el') 














-1.44915 


-1.13379 


-1.13379 


-0.92918 




















-1.44915 


E r [AoiHtii (el') 


-11.80624 


-11.80624 


-11.80624 


-11.80624 


-13.18574 


-13.50110 


-13.50110 


-13.70571 


-14.53414 


-14.53414 


-14.53414 


-11.80624 


-11.R0624 


-13.6181 


-13.18574 


E{,,mmi\ (el) 














1) 





II 





-14.53414 


-14.53414 

















/;,(«,,».! (W) 


-29.68070 


-27.00372 


-29.16227 


-28.90482 


-31.63534 


-31.63540 


-31.63540 


-31.63537 


-66.76571 


-48.73642 


-31.63541 


-30.04213 


-29.64258 


-31.63247 


-31.63533 


£L latcn- atom. imp'. AO\ (e/'l 


-6.1621') 


-2.25479 


-I.I 27411 


1.19843 


-1.44915 


-1.13379 


-1.13379 


-0.92918 











-1.12740 


-1.12740 





-1.44915 


£, M(cl> 


-55.84289 


-29.25852 


-311.28*7 


-27.71:639 


-53.1)8452 


-52.70916 


-32.76916 


-32.56455 


-66.76616 


-48.73660 


-31.63537 


-31.16955 


-30.76998 


-31.65537 


-55.08477 


10 110'* rad >' sj 


15.9123 


10.7150 


16.6240 


9.17969 


18.9231 


15.1983 


26.0778 


18.1298 


56.8B87 


64.2189 


47.0696 


11.1001 


16.9656 


44.1776 


12.0329 


i; K (en 


10.47375 


7.05282 


10.94219 


6.04223 


12.45552 


10.00377 


17.16484 


11.93333 


37.44514 


42.27003 


30.98202 


7.311627 


11.16705 


29.07844 


7.92028 


e D (el ) 


-0.22949 


-O.I5S72 


-0.19822 


-0.1 1474 


-0.23100 


-0.205115 


-0.26859 


41.22255 


-0.38298 


-(1.40690 


-0.34836 


-0.16668 


-0.20342 


-0.33749 


41.18420 


£*-,<el") 


0.17384 
151 


0.10418 

151 


(1.18779 

151 


II. 1 8779 

151 


0. 1 2944 

|25i 


0,1 2944 
125] 


0.1 II 59 

1261 


0. 1 2944 
|25| 


0.42695 
RSI 


0.40929 
|28| 


0.40696 
|29| 


0.23380 
15 1 


1)21380 
[51 


(1.46311 
|22-23| 


0.1 3663 

I2M 


£.,., m i 


-0.14257 


-0.10163 


-11.10433 


-0.04084 


-0.16628 


-0,14033 


-0.21280 


.0.15783 


.(I.I 69511 


-(1.20226 


-0.14488 


-0.(14978 


-0.08652 


-0.10594 


-11.11589 


£ .-« lcl '» 


11.117650 


0.07650 


0.07650 


(1,07650 


0.14803 


0.14803 


(1.14803 


0.14803 


0.14185 


0,14803 


0.14803 


0.07650 


0.07650 


0.11441 


0.14803 


£,|.-.»i (ell 


-35.98546 


-29.36015 


-3(1.39399 


-27.71723 


•33.25079 


-32.90949 


-32.98196 


-32.72238 


-67.27 66 


-19.14112 


-3 1 .78025 


-31.21931 


-30.8565 1 


-31.71130 


-7.5.21)111(1 


''-, k« '(el) 


-11.80624 


- 1 1 .81)624 


-11.80624 


-11.80624 


-14.63489 


-14.63489 


-14,6 1489 


-14.63489 


-14.53414 


-14.53414 


-14.53414 


-11.80624 


-11.80624 


-13.6181 


-14.63489 


£„.„„l'."""')(er) 


-17.42282 


-12.96764 


-14.53 114 


-14.53414 


(I 


(1 


i 


ii 


-13.59844 


-13.59844 


-13.59844 


-13.6181 


-1 i.6181 


-13 59844 





'■•',,1 rl (el 1 


6.75639 


4.58626 


4.05361 


1 .40685 


3.98101 


3.63971 


3.71218 


3.45260 


1 1 94520 


7.41010 


3.50582 


5.79567 


5.43221 


4.41035 


3.93062 



id 



3 
1 



i j 



ro 

o 

o 

2 

m 



O 

S 

CD 






3 
CD 
Q- 



Table 22.32B. The energy parameters (eF) of functional groups of halidoboranes. 



Parameters 


C-O (ii) 
Group 


C-B 

(iroup 


li-ll 
(irnup 


• ■ - ;i a 
Group 


ll-li 
(iroup 


0-11- Ii 
(irnup 


c=c 

tin Hip 


CH lil 
(.roup 


< It 
Group 


<//, (il 
Group 


Cll (ii) 
Group 


C-C |al 
Group 


C-C (M 

(iroup 


,' < 
( iroup 


(II, liil 
Group 


./; 


1 


1 


1 


1 


1 


1 


075 


1 


1 


1 


1 


1 


1 


1 


1 


n \ 


1 


1 


1 


1 


1 


1 


2 


I 


3 


2 


1 


1 


1 


2 


2 


«, 


II 


I) 


11 


(1 














2 


1 


II 


I) 





(1 


1 


» 


[l 


II 


II 


11 


1 


1) 











l) 


II 


II 








1) 


r, 


0.5 


0.5 


0.75 


11.75 


11.5 


11.5 


II- 


0.75 


.1.75 


175 


1.75 


0.5 


0.5 


0.5 


175 


c, 


1 


0.80672 


(1.87442 


11.87442 


0.87442 


(1.87442 


0.85252 


1 


1 


1 


1 


1 


1 


11.9 177 


1 


c, 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 




1 


1 


Cj 


(1.85.195 


0.80672 


0.87442 


0.87442 


(1.87442 


0.87442 


0.85252 


0.91771 


0.91771 


0.91771 


(1.91771 


0.91771 


(1.91771 


0.91771 


0.91771 


c, 


a 





(1 








I) 





1 





1 


1 











1 


c^ 
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Table 22. 

experimental 



3;l 



The total 

^alufes. 



bond energies of halidoboi anes calculated using the functional group composition and the energies of Tables 22.32 A and B compared to the 
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N 

■') 

Group 



B-O B-0 O0 
(i) (ii) Gro 

Group Group 



C-O C 

>P (i) 
Group 



(ii) 
Gri >up 
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calculation of 
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SUMMARY TABLES OF BORON MOLECULES 

The bond energies, calculated using closed-form equations having integers and fundamental constants only for classes of 
molecules whose designation is based on the main functional group, are given in the following tables with the experimental 
values. 



Table 22.35.1. Summary results of boranes. 



Calculated 



Experimental Relative 



Formula 



Name 



BB 
B2H6 



B4II10 
B5H9 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



Error 



diboron 
diborane 



3.12475 
24.94229 



3.10405 
24.89030 



-0.00667 
-0.00209 



tetraborane(lO) 
pentaborane(9) 



44.92160 
48.25462 



45.33134 
48.85411 



0.00904 
0.01227 



B5H11 
BgHio 
B9H15 
B10H14 



pentaborane(l 1) 
hexaborane(lO) 
nonaborane(15) 
decaborane(14) 



54.00546 
56.55063 
85.61380 
89.73467 



53.06086 
56.74739 
84.95008 
89.69790 



-0.01780 
0.00347 
-0.00781 
-0.00041 



Table 22.35.2. Summary results of alkyl boranes. 



Formula 



Name 



C3H9B trimethylboron 
B2C2H10 1 , 1 -dimethyldiborane 
B2C2H10 1,2-dimethyldiborane 
B4CH12 methyltetraborane 
B5CH11 methylpentahorane 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



CH5B 


methylborane 


24.60991 


24.49350 [16] 


-0.00475 


C2H7B 


dimethylborane 


37.08821 


37.17713 [16] 


0.00239 


B2CH8 


methyldiborane 


37.42060 


37.58259 [16] 


0.00431 


B2C2H10 


ethyldiborane 


49.57830 


49.50736 ri61 


-0.00143 



49.56652 
49.89890 
49.89890 
57.39990 
60.737,97. 



49.76102 [17 
50.20118 [16 
50.20118 [16 
57.74604 [16 
61.51585 [16 



0.00391 
0.00602 
0.00602 
0.00599 
0.01773 



B2C3H12 trimethyldiborane 

B4C2H14 ethyltetraborane 

B5C2H13 ethylpentaborane 

B2C4H14 1,1-diethyldiborane 

B2C4H14 tetramethyldiborane 



62.37721 
69.55760 
72.89062 
74.21430 
74.85551 



62.88481 [16 
69.99603 [16 
73.76585 [16 
74.34420 [16 
75.48171 [16 



0.00807 
0.00626 
0.01186 
0.00175 
0.00830 



BiC^Hii 



propylpentaborane 



85.04832 



85.84239 [16; 



0.00925 



C6H15B 

B2C6H18 

B10CH16 



triethylboron 

triethyldiborane 

methyldecaborane 



CsIInB n-butylboracyclopcntanc 

B10C2H18 ethyldecaborane 



86.03962 
98.85031 
102.21298 



86.12941 [18 
98.59407 [16 
101.91775 [16] 



0.00104 
-0.00260 
-0.00290 



105.35916 105.69874 a [18] 0.00321 



114.37068 



113.56066 [16] -0.00713 



C9M21B 
C9M21B 
B2C8H22 



tripropylboron 

tri-isopropylboron 

tetraethyldiborane 



B10C3H20 
C12H2/B — 
C12H27B 
C12H27B 
C18H15B 



propyldecaborane 
tri - s - butylboron — 
tributylboron 
tri-isobutylboron 
triphenylboron 



122.51272 
122.81539 
123.48631 



122.59753 [18] 
122.75798 [18] 
123.74017 [16] 



0.00069 
-0.00047 
0.00205 



126.52838 
159.28849 



125.94075 [16] 
158.50627 [18] 



-0.00467 
- 0.00493 



C15H33B tn-3-methylbutylboron 

C18H33B liicycloliexylboion 

C18H39B tri-n-hexylboron 
C21H45B tri-n-heptylboron 
C24H51B tri-s-octylboron 
C24H51B tri-n-octylboron 



158.98582 
159.20350 

172.15755 



159.03530 [16] 
159.34318 [16] 
172.09681 [18] 



0.00031 
0.00088 
-0.00035 



195.67660 

217.24711 



195.78095 [18] 
218.23763 [18] 



0.00053 
0.00454 



Crystal. 



231.93202 
268.40512 
305.18089 


231.76340 [18] 
268.22285 [18] 
304.61292 [18] 


-0.00073 
-0.00068 
-0.00186 


304.87822 


304.68230 [18] 


-0.00064 
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Table 22.35.3. Summary results of alkoxy boranes and borinic acids. 



Formula 



Name 



Calculated 
Total Bond 



En e rgy ( eV)- 



Experimental 
Total Bond 
En e rgy ( c V) 



Relative 
Error 



BH3O hydroxyborane 

BH3O2 dihydroxyborane 

BH3O3 boric acid 



18.29311 
24.45460 
30.61610 



18.22572 [17] 
24.43777 [17] 
30.68431 [7] 



-0.00370 
-0.00069 
0.00222 



BC2H7O2 dimethoxyborane 
BC3H9O3 trimethyl borate 
C5H11OB methoxyboracyclopentane 
C6H7O2B phenylborinic acid 
C 6 H 1; 2 B di-isoproxyborane 



47.75325 
65.56408 
71.24858 
77.79659 
96.97471 



47.72358 [16] 
65.53950 [17] 
74.47566 a [18] 
78.86121 a [18] 
97 . 41 737 a [18 ] 



-0.00062 
-0.00037 
0.00345 
0.01350 
0.00454 



BC 6 H 15 Q3 



triethyl borate 



102.62050 



102.50197 [16] -0.00116 



C8H19OB di-n-butylborinic acid 

BC9H21O3 tri-n-propyl borate 
C12H27OB n-butyl di-n-butylborinate 
C12II27O2B di-11-butyl n-butylboronat e 



116.19591 116.45117 [18] 0.00219 

139.09360 139.11319 [16] 0.00014 

164.51278 165.29504 a [18] 0.00473 

170.03974 170.86964 a [18] 0.00486 

175.56670 175.62901 [18] 0.00035 



BC12H27O3 



tri-n-butyl borate 



C18EU5O3B3 phenylborinic anhydride 
C16H36OB2 di-n-butylborinic anhydride 

C24H20OB2 diphenylborinic anhydride 



204.75082 
222.84551 
240.40782 



205.96548 a [18] 
223.70232 a [18] 
241.38941 a [18] 



0.00590 
0.00383 
0.00407 



Crystal. 



Table 22.35.4. Summary results of tertiary and quaternary 
Formula Name 



amino boranes and borane amines. 

Calculated Experimental Relative 

Total Bond Total Bond Error 



Energy (eV) Energy (eV) 



B2H7N 



aminodiborane 



32.36213 



31.99218 [16] -0.01156 



B2C2H1 iN n-dimethylaminodiborane 

C5H18N3B tris(dimethylamino)borane 

C8H20NB di-n-butylboronamine 



57.21517 
108.95023 
117.45425 



57.52855 [17] 
108.64490 [18] 
119.49184 a [18] 



0.00545 
-0.00281 
0.01705 



C12H28NB di-n-butylboron-n-butylamine 

C2H10NB dimethylaminoborane 



166.49595 
49.30740 



167.83269 a [18] 
49.52189 [18] 



0.00796 
0.00433 



BC 3 H 12 N 
BC 3 H 12 N 
C 6 H 18 NB 


trimethylaminoborane 

ammonia-trimethylborane 

triethylaminoborane 


61.37183 
62.91857 
97.84493 


61.05205 [16] 
62.52207 [16] 
97.42044 [18] 


-0.00524 
-0.00634 
-0.00436 


BC 6 H 18 N 


trimethylaminotrimethylborane 


98.80674 


98.27036 [17] 


-0.00546 



Crystal. 
Table 22.35.5. Summary results of halidoboranes. 



Formula 



Name 



Calculated Experimental Relative 

Total Bond Total Bond Error 

Energy (eV) Energy (eV) 



HBF2 difluoroboron 

BF3 boron trifluoride 

BF2HO difluoroborinic acid 

BFH2O2 fluoroboromc acid 



17.55666 
20.26918 
23.71816 
27.16713 



17.41845 [17] 
20.09744 [7] 
23.64784 [17] 
27.18135 [17] 



-0.00793 
-0.00855 
-0.00297 
0.00052 



BCII3F2 difluoro-methyl-borane 

BC2H3F2 vinyldifluoroborane 

BC3H9NF3 trimethylamine-trifluoroborane 

HBCI2 dichloroboron 



30.03496 
36.21893 
69.50941 
13.21640 



30.33624 [17] 0.00993 



36.54981 [17] 
69.11368 [16] 
13.25291 [17] 



0.00905 
-0.00573 
0.00276 



BCI3 
BCI2F 



boron trichloride 
dichlorofluoroborane 



13.75879 
15.92892 



13.80748 [17] 
15.87507 [17] 



0.00353 
-0.00339 



BC1F2 

C2H50C12B 

C2H402C1B 


chlorodifluoroborane 
ethoxydichloroborane 
2-chloro- 1 ,3 ,2-dioxaborolan 


18.09905 
43.37936 
43.68867 


17.98169 [17] 
43.55732 [18] 
43.99361 a [18] 


-0.00653 
0.00409 
0.00693 


C 2 H 6 NCI 2 B 


dimethylaminodichloroborane 


45.48927 


45.73940 [16] 


0.00547 



BC 2 C1H 6 2 dimethoxychloroborane 48.29565 48.40390 [17] 0.00224 
C 3 H 6 2 C1B 4-methyl-2-chloro-l,3,2-dioxaborolan 55.94726 56.39537 a [18] 0.00795 
BC 6 H 5 Ci2 phenylboron dichloride 66.55838 66.97820 [17] 0.00627 
C 4 H 8 2 C1B 4 ,5 - dimethyl - 2 - chloro - 1,3 ,2 - dioxaborolan 68.23 4 18 68.723 4 2 a [18] 0.00712 



CiHipChClB diethoxychloroborane_ 



72.99993 



73.07735 [18] 0.00106, 
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Formula 



Name 



C4H12N2CIB bis(dim c thlamino) chloroboran c 



Calculated 
Total Bond 
Energy (e¥)~ 



Experimental 
Total Bond 
Energy (eV)~ 



77.21975 



Relative 
Error 



77.38078 [18] 0.00208 



CsHisClB 
C12H10CIB 



di-n-butylchloroborane 
diphenylchloroborane 



110.57681 
119.35796 



110.99317 [18] 
119.79335 [18] 



0.00375 
0.00363 



1 Crystal. 



D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), pp. 
10-202 to 10-204. 

V. Ramakrishna, B. J. Duke, "Can the bis(diboranyl) structure of [i?(4)Z/(lO)] be observed? The story continues," Inorg. 



Chcm., Vol. 43, No. 25, (2004), pp. 8176-8184. 

3. J. C. Huffman, D. C. Moody, R. Schaeffer, "Studies of boranes. XLV. Crystal structure, improved synthesis, and reactions 
of tridecaborane(19)," Inorg. Chem., Vol. 15, No. 1. (1976), pp. 227-232. 

4. K. Kuchitsu, "Comparison of molecular structures determined by electron diffraction and spectroscopy. Ethane and 
diborane," J. Chem. Phys., Vol. 49, No. 10, (1968), pp. 4456-4462. 

5. D. R. Lide, CRC Handbook of Chemistry and Physics, 86 ,h Ed., CRC Press, Taylor & Francis, Boca Raton, (2005-6), p. 9-82. 

6. diborane ( n B 2 H 6 ) at http://webbook.nist.gov/. 

7. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), pp. 
9 - 63; 5 -4 to 5 -4 2. 



8. W. N. Lipscomb, "The boranes and their relatives," Nobel Lecture, December 11. 1976. 



9. A. B. Burg, R. Kratzer, "The synthesis of nonaborane, B 9 H n ," Inorg. Chem., Vol. 1, No. 4, (1962), pp. 725-730. 

1 0. D. R. Lide, CRC Handbook of Chemistry and Physics, 86th Edition, CRC Press, Taylor & Francis, Boca Raton, (2005-6), p. 
9-19 to 9-45. 



11. 



BCCB at http://webbook.nist.gov/. 

G. Herzberg, Molecular Spectra and Molecular Structure II. Infrared and Raman Spectra of Polyatomic Molecules, Van 

Nostrand Reinhold Company, New York, New York, (1945), pp. 362-369. 

G. Herzberg, Molecular Spectra and Molecular Structure II Infrared and Raman Spectra of Polyatomic Molecules, Van 

Nostrand Reinhold Company, New York, New York, (1945), p. 344. 

14. R. J. Fessenden, J. S. Fessenden, Organic Chemistry, Willard Grant Press. Boston, Massachusetts, (1979), p. 320. 

15. cyclohexane at http://webbook.nist.gov/. 

16. R. L. Hughes, I. C. Smith,, E. W. Lawless, Production of the Boranes and Related Research, Ed. R. T. Holzmann, Academic 
Press, New York, (1967), pp. 390-396. 

17. M. J. S. Dewar. C. Jie. E. G. Zoebisch. "AMI calculations for compounds containing boron." Organometallics. Vol. 7. 
(1988), pp. 513-521. 

18. J. D. Cox, G. Pilcher, Thermochemistry of Organometallic Compounds, Academic Press, New York, (1970), pp. 454-465. 

19. W. I. F. David, R. M. Ibberson, G. A. Jeffrey, J. R. Ruble, "The structure analysis of deuterated benzene and deuterated 
nitromethane by pulsed-neutron powder diffraction: a comparison with single crystal neutron analysis," Physica B (1992), 

180 & 18 1, pp. 597- 6 00. 

20. G. A. Jeffrey, J. R. Ruble, R. K. McMullan, J. A. Pople, "The crystal structure of deuterated benzene," Proceedings of the 
Royal Society of London. Series A, Mathematical and Physical Sciences, Vol. 414, No. 1846, (Nov. 9, 1987), pp. 47-57. 

21. H. B. Burgi, S. C. Capelli, "Getting more out of crystal-structure analyses," Helvet. Chim Acta, Vol. 86, (2003), pp. 1625- 
1640. 
K. P. Huber, G. Herzberg, Molecular Spectra and Molecular Structure, IV. Constants of Diatomic Molecules, Van Nostrand 



13 



Reinhold Company. New York, (1979). 



23. J. Crovisier, Molecular Database — Constants for molecules of astrophysical interest in the gas phase: photodissociation, 
microwave and infrared spectra, Ver. 4.2, Observatoire de Paris, Section de Meudon, Meudon, France, May 2002, pp. 34-37, 
available at http://wwwusr.obspm.fr/~crovisie/. 

24. dimethyl ether at http : //webbook.nist.gov/. 



25 . methylamine at http://webbook.nist.gov/. 



26. D. Lin-Vien. N. B. Colthup, W. G. Fateley, J. G. Grasselli, The Handbook of Infrared and Raman Frequencies of Organic 
Molecules, Academic Press, Inc., Harcourt Brace Jovanovich, Boston, (1991), p. 482. 

27. W. S. Benedict, E. K. Plyler, "Vibration-rotation bands of ammonia," Can. J. Phys., Vol. 35, (1957), pp. 1235-1241. 

28. T. Amano, P. F. Bernath, R. W. McKellar, "Direct observation of the v i and v 3 fundamental bands of NH 2 by difference 



frequency laser spectroscopy," J. Mol. Spectrosc, Vol. 94, (1982), pp. 100-1 13. 

29. D. R. Lide, CRC Handbook of Chemistry and Physics, 79 th Ed., CRC Press, Boca Raton, Florida, (1998-9), pp. 9-80 to 9-85. 

30. D. R. Lide, CRC Handbook of Chemistry and Physics, 86 th Ed., CRC Press, Taylor & Francis, Boca Raton, (2005-6), p. 9-55. 

31. G. Herzberg. Molecular Spectra and Molecular Structure II Infrared and raman spectra of polyatomic molecules. Van 
Nostrand Reinhold Company, New York, NY, (1945), p. 326. 



©2010 BlackLight Power, Inc. All rights reserved. 



1284 Chapter 22 



©2010 BlackLight Power, Inc. All rights reserved. 



1285 



Chapter 23 



ORGANOMETALLIC AND COORDINATE FUNCTIONAL 



GENERAL CONSIDERATIONS OF THE ORGANOMETALLIC AND COORDINATE 
BOND 

Organometallic and coordinate compounds comprising an arbitrary number of atoms can be solved using similar principles and 
procedures as those used to solve organic molecules of arbitrary length and complexity. Organometallic and coordinate 
compounds can be considered to be comprised of functional groups such as M-C, M-H , M-X {X = F,Cl,Br,I), 
M - OH , M -OR, and t he alkyl functional groups of organic molecules. The solutions of these func t ional groups or any o t hers 



corresponding to the particular organometallic or coordinate compound can be conveniently obtained by using generalized forms 
of the force balance equation given in the Force Balance of the u MO of the Carbon Nitride Radical section for molecules 
comprised of metal and atoms other than carbon and the geometrical and energy equations given in the Derivation of the General 
Geometrical and Energy Equations of Organic Chemistry section for organometallic and coordinate compounds comprised of 
carbon. The appropriate functional groups with their geometrical parameters and energies can be added as a linear sum to give 
the solution of any organometallic or coordinate compound. 

ALKYL ALUMINUM HYDRIDES (R n AlH,_ n ) 

Similar to the case of carbon and silicon, the bonding in the aluminum atom involves four sp 3 hybridized orbitals formed from 
the outer 3p and 3x shells except that only three HOs are filled. — In organoaluminum compounds, bonds form between a 
Al3sp 3 HO and at least one C2sp 3 HO and one or more His AOs. The geometrical parameters of each AlH functional group 
is solved from the force balance equation of the electrons of the corresponding a -MO and the relationships between the prolate 
spheroidal axes. Then, the sum of the energies of the H 2 -type ellipsoidal MOs is matched to that of the Al3sp 3 shell as in the 
case of the corresponding carbon and silicon molecules. As in the case of alkyl silanes given in the corresponding section, the 
sum of the energies of the H 2 -type ellipsoidal MO of the Al-C functional group is matched to that of the Al3sp 3 shell, and 
Eq. (15.51) is solved for the semimajor axis with n x = 1 in Eq. (15.50). 

The energy of aluminum is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). 
A minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the Hydroxyl 
Radical ( OH ) section with the donation of 25% electron density from the participating Al3sp 3 HO to each Al-H -bond MO. 

The 3sp 3 hybridized orbital arrangement after Eq. (13.422) is 

3sp 3 state 

JL JL JL (23.1) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (t,m,) are below each electron. The total energy of the state is given by the sum over the three 
electrons. The sum E T (Al,3sp 3 ) of experimental energies [1] of Al , AV , and Al 2+ is 

E T [Al,3sp 3 ) = -(28.44765 eV + 18.82856 eV + 5.98577 eV) = -53.26198 eV (23.2) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the 
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Al3sp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

K,=Y } 7 ~ n)e2 = 6p2 = 1.53270a [2337 

3 Jl t f o 8x£ ( e 53. 26198 eV) 8^g ( e 53.26198 eV) _ _ 

where Z = 13 for aluminum. Using Eq. (15.14), the Coulombic energy E Cmlomb (Al,3sp 3 \ of the outer electron of the Al3sp 3 
shell is 

3 3 

E CmIaa ,{Al^ S p i ) = -^—= ~ e = -8.87700 e F (23AL 

y 7 8^e r 3 8;r£' i.532/0a 

During hybridization, the spin-paired 3s electrons are promoted to the Al3sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the 3s electrons. From Eq. (10.255) with Z = 13, 
the radius r 12 of the Al3s shell is 

r 12 =1.41133a (23.5) 

Using Eqs. (15.15) and (23.5), the unpairing energy is 

E(magnctic) - lm « e % - *MmBl _ 0.0 1 070 c y (23r6)- 

m\{r n ) (1.41133a,, ) 

Using Eqs. (23.4) and (23.6), the energy E(Al,3sp 3 ) of the outer electron of the Al3sp 3 shell is 

E(AL3sp 3 ) = ^- + 2 ^f I = -8.87700 eV + 0.04070 eV = -8.83630 eV (23.7) 

Next, consider the formation of the Al-H -bond MO of organoaluminum hydrides wherein each aluminum atom has an 
Al3sp 3 electron with an energy given by Eq. (23.7). The total energy of the state of each aluminum atom is given by the sum 
over the three electrons. The sum E T (Al^ snfinA! 3sp 3 ) of energies of Al3sp 3 (Eq. (23.7)), Al + , and Al 2+ is 



E T (Al organoA1 3sp 3 )- -{28.44165 eV + 18.82856 eV + E{Al,3sp 3 )) 



(23.8) 
= -(28.44765 eF + 18.82856 eK + 8.83630eK) = -56.11251 eF 

where EJAl,3sp 3 \ is the sum of the energy of Al , -5.98577 eV , and the hybridization energy. 

Each Al — H - bond MO of each functional group AlH n=l2 ^ forms with the sharing of electrons between each Al3sp 3 HO 

and each His AO. As in the case of C - H , the H 2 -type ellipsoidal MO comprises 75% of the Al-H -bond MO according to 

Eq. (13.429). Furthermore, the donation of electron density from each Al3sp 3 HO to each Al-H -bond MO permits the 
participating orbital to decrease in size and energy. As shown below, the aluminum HOs have spin and orbital angular 
momentum t e rms in the force balance which det e rmines th e g e om e trical parameters of the a MO. The angular momentum term 
requires that each Al-H -bond MO be treated independently in terms of the charge donation. In order to further satisfy the 
potential, kinetic, and orbital energy relationships, each Al3sp 3 HO donates an excess of 25% of its electron density to each 

Al -H -bond MO to form an energy minimum. By considering this electron redistribution in the organoaluminum hydride 

molecule as well as the fact that the central field decreases by an integer for each successive electron of the shell, the radius 
r anoA!H3s 3 of the Al3sp 3 shell may be calculated from the Coulombic energy using Eq. (15.18): 

(■^ \ e 2 5 75e 2 

Y(Z-«)-0.25 - = — : - = 1.39422a (23.9) 

{^r " J&ro (e56.n251er) — 8^g (e56.11251 eV) 

Using Eqs. (15.19) and (23.9), the Coulombic energy E Cmlomb (Al organoMH ,3sp J \ of the outer electron of the Al3sp 3 shell is 

E CoM K^, V ) = ^ - ^ ~f 9 422a n = - 9 - 7587 ° SV {2 ^_ 



Y 

orga noAlH'i sp 



During hybridization, the spin - paired 3^ electrons are promoted to the Al3sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (23.6). Using Eqs. (23.6) and (23.10), the energy E\.Al argmoAlH ,3sp \ of the outer 
electron of the Al3sp 3 shell is 

E{Al organoAlH ,3sp 3 ) = ~ g2 1 2 ^f e 3 = 9.75870 cV 1 0.0 1 070 cV = 9.71800 cV ^3J4>- 

8^„ V m](r l2 ) 

Thus, E T (Al-H,3sp 3 ), the energy change of each Al3sp 3 shell with the formation of the Al -H -bond MO is given by the 
difference between Eq. (23.1 1) and Eq. (23.7) : 
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E T (Al - H,3sp 3 ) = E(Al orgamAlH ,3sp 3 )- E(Al,3sp 3 ) = -9.71800 eK-(-8.83630 eF) = -0.88170 eV (23.12) 

The MO semimajor axis of the Al - H functional group of organoaluminum hydrides is determined from the force 

balance equation of the centrifugal. Coulombic. and magnetic forces as given in the Polyatomic Molecular Ions and Molecules 
section and the More Polyatomic Molecules and Hydrocarbons section. The distance from the origin of the H 2 -type-ellipsoidal- 

MO to each focus c ' , the internuclear distance 2c ' , and the length of the semiminor axis of the prolate spheroidal H 2 -type MO 
h = c are solved from the semimajor axis a . Then, the geometric and energy parameters of the MO are calculated using Eqs. 

(15.1-15.117). 

The force balance of the centrifugal force equated to the Coulombic and magnetic forces is solved for the length of the 
semimajor axis. The Coulombic force on the pairing electron of the MO is 
n i 

-Pi, (23.13) 



%7T£ n ab' 



The spin pairing torce is 

_h 2 

2mfl L b 
The diamagnetic force is: 



^ spin- pairing ~ _ 2, 2 ^ (23.14) 



* diamagneticMOl ~ . 2i2 % (2.5 AZ>) 



j2T 

4m e a 2 b 2 

where n e is the total number of electrons that interact with the binding a -MO electron. The diamagnetic force V diama naicM02 on 
the pairing electron of the a MO is given by the sum of the contributions over the components of angular momentum: 



~^~^, JTT s (25 Ao) 

ij Zj2m.fi b 

where \ l \ is the magnitude of the angular momentum of each atom at a focus that is the source of the diamagnetism at the a - 
MO. The centrifugal force is 

h 2 

* ' cenlrifugalMO ~ JTT £ (2. 5 A I) 

m e a b 

The force balance equation for the n -MO of the Al- H -bond MO is the same as that, of the Si-H except that Z = 13 

and there are three spin-unpaired electron in occupied orbitals rather than four, and the orbital with £,m t angular momentum 

quantum numbers of (1,1) is unoccupied. With n e =2 and |z| = 3J— h and |z| = 3.|— h corresponding to the spin and orbital 
angular mom e ntum of th e thr ee occupi e d HOs of th e Al3sp 3 sh e ll, th e forc e balanc e e quation is 



* -D = ^?D + *D- 



m e a b %KE n ab 2m,a b 



6 -k 



h 2 

D (23.18) 



2m a b 



2 + -^- a (23.19) 

Z J 

With Z = 1 3 , the semimajor axis of the Al-H -bond MO is 

a = 2.39970^ (23.20) 

Using the seiniinajor axis, the geometric and energy parameters of the MO are calculated using Eqs. (15.1-15.127) in the 

same manner as the organic functional groups given in the Organic Molecular Functional Groups and Molecules section. For 

the Al-H functional group, q is one and Cj=0.75 based on the orbital composition as in the case of the C- H -bond MO. In 

organoaluminum hydrides, the energy of aluminum is less than the Coulombic energy between the electron and proton of H 

given by Eg. (1.264). Thus, c 2 in Eqs. (15.51) and (15.61) is also one, and the energy matching condition is determined by the 

C 2 parameter. Then, the hybridization factor for the Al - H -bond MO is given by the ratio of 8.87700 eV , the magnitude of 

^couiomb\^ai- g anoAm^ s P ) (Eq- (23.4)), and 13.605804 eV , the magnitude of the Coulombic energy between the electron and 

proton of H (Eq. (1.264)): 

C, (organoAlH3sp 3 HO) = _ 8 - 877QQ cV = 0,65244 (23.21) 

v ' 13.605804 eV 

Since the energy of the MO is matched to that of the Al3sp 3 HO, E^AOI HO) in Eqs. (15.51) and (15.61) is E(Al,3sp 3 ) given 
by Eq. (23.7), and E T (atom- atom, msp 3 .AO) is -0.88170 eV corresponding to the independent single-bond charge 
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contribution (Eq. (23.12)). The energies E D (AlH n=l2 \ of the functional groups AlH n=l2 of organoaluminum hydride molecules 

are each given by the corresponding integer n times that of Al - H : 

E D (AlH n=l2 ) = nE D (AlH) (23.22) 

The branched-chain organoaluminum hydrides, R n AlH 3 n , comprise at least a terminal methyl group (CH 3 ) and at least 
one Al bound by a carbon-aluminum single bond comprising a C-Al group, and may comprise methylene (CH 2 ), methylyne 
( CH ), C-C , and AlH n ^ l2 functional groups. The methyl and methylene functional groups are equivalent to those of straight- 
chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain 
alkanes. In addition, the C-C bonds within isopropyl ((CH^ 2 CH) and t-butyl ((C77 3 ) 3 C) groups and the isopropyl to 

isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. These groups in branched-chain 
organoaluminum hydrides are equivalent to those in branched-chain alkanes. 

For the C- Al functional group, hybridization of the 2s and 2p AOs of each C and the 3s and 3p AOs of Al to form 



single 2sp 3 and 3sp 3 shells, respectively, forms an energy minimum, and the sharing of electrons between the C2sp 3 and 
Al3sp 3 HOs to form a MO permits each participating orbital to decrease in radius and energy. Furthermore, the energy of 
aluminum is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). Thus, in 
organoaluminum hydrides, the C2sp 3 HO has a hybridization factor of 0.91771 (Eq. (13.430)) with a corresponding energy of 
E{C,2sp i ) = -14.63489 eV (Eq. (15.25)), and the Al HO has an energy of E[Al,3sp 3 ) = -8.83630 eV . To meet the 

equipotential, minimum-energy condition of the union of the Al3sp 3 and C2sp 3 HOs. c 2 and C, of Eqs. (15.2-15.5), (15.51). 
and (1 5.61 ) for the Al-C -bond MO g i ven by Eqs. (1 5.77) and (1 5.79) is 



C 2 [C2sp 3 HO to Al3sp 3 HO) = c 2 (C2sp 3 HO to Al3sp 3 HO) 



E(Al,3sp 3 ) . . -8 83630 eF , x (23.23) 
- \ Jc.,(C2sp i HO)= (0.91771) = 0.55410 

E(C,2sp 3 ) y > -14.63489 e V y ' 

The energy of the C-y4/-bond MO is the sum of the component energies of the H 2 -type ellipsoidal MO given in Eq. (15.51). 
Since the energy of the MO is matched to that of the Al3sp i HO, E(AOI HO) in Eqs. (15.51) and (15.61) is E(Al,3sp 3 ) given 
by Eq. (23.7). Since the Clsp 3 HOs have four electrons with a corresponding total field of ten in Eq. (15.13); whereas, the 
Al3sp 3 HOs have three electrons with a corresponding total field of six, E T ( atom-atom, msp'.AO) is -0.72457 eV 

corresponding to the single-bond contributions of carbon (Eq. (14.151)). AE H ^ MO (AO/ HO) = E T ( atom- atom, msp 3 .AO) in 
order to match the energies of the carbon and aluminum HOs . 

BRIDGING BONDS OF ORGANOALUMINUM HYDRIDES (Al-H-Al AND Al-C-Al) 

As given in the Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section, the Organic Molecular 
Functional Groups and Molecules section, and other sections on bonding in neutral molecules, the molecular chemical bond 
typically comprises an integer number of paired electrons. One exception given in the Benzene Molecule section and other 
sections on aromatic molecules such as naphthalene, toluene, chlorobenzene, phenol, aniline, nitrobenzene, benzoic acid, 
pyridine, pyrimidine, pyrazine, quinoline, isoquinoline, indole, adenine, fullerene, and graphite is that the paired electrons are 
distributed over a linear combination of bonds such that the bonding between two atoms involves less than an integer multiple of 
two electrons. In these aromatic cases, three electrons can be assigned to a given bond between two atoms wherein the electrons 
of the linear combination of bonded atoms are paired and comprise an integer multiple of two. 

The Al3sp 3 HOs comprise four orbitals containing three electrons as given by Eq. (23.1). These three occupied orbitals 
can form three single bonds with other atoms wherein each Al3sp 3 HO and each orbital from the bonding atom contribute one 
electron each to the pair of the corresponding bond. However, an alternative bonding is possible that further lowers the energy 
of the resulting molecule wherein the remaining unoccupied orbital participates in bonding. (Actually an unoccupied orbital has 
no physical basis. It is only a convenient concept for the bonding electrons in this case additionally having the electron angular 
momentum state with £,m t quantum numbers of (1,1)). In this case the set of two paired electrons are distributed over three 

atoms and belong to two bonds. Such an electron deficient bonding involving two paired electrons centered on three atoms is 
called a three-center bond as opposed to the typical single bond called a two-center bond . The designation for a three-center 
bond i n volvi n g tw o A13 spt H Os and a His A O is A l- H - A l , and the designation fo r a three-center bond i n volving two 
Al3sp 3 HOs and a C2sp 3 HO is Al-C- Al . 

Each Al-H-Al -bond MO and Al-C- Al -bond MO comprises the corresponding single bond and forms with further 
sharing of electrons between each Al3sp 3 HO and each His AO and C2sp 3 HO, respectively . — Thus, the geometrical and 
energy parameters of the three-center bond are equi v alent to those of the corresponding two-center bonds e x cept that the bond 
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energy is increased in the former case since the donation of electron density from the unoccupied ABsp 3 HO to each 
Al-H - Al -bond MO and Al-C-Al -bond MO permits the participating orbital to decrease in size and energy. In order to 
further satisfy the potential, kinetic, and orbital energy relationships, the ABsp 3 HO donates an additional excess of 25% of its 
electron density to form the bridge (three-center-bond MO) to decrease the energy in the multimer. By considering this electron 
redistribution in the organoaluminum hydride molecule as well as the fact that the central field decreases by an integer for each 
successive electron of the shell, the radius r „ „ 3 of the ABsp 3 shell calculated from the Coulombic energy, the Coulombic 

energy E Cuulumb [Al u>}jdmAlH , 3sp' i ) of the outer electron of the ABsp 3 shell , and the energy E[Al ueguliluUH ,3sp i ) of the outer 

electron of the ABsp 3 shell are given by Eqs. (23.9), (23.10), and (23.11), respectively. Thus, E T (Al - H - Al,3sp 3 ) and 

E T (Al - C - Al,3sp 3 ) , the energy change with the formation of the three-center-bond MO from the corresponding two-center- 

bond MO and the unoccupied ABsp 3 HO is given by Eg. (23.12): 

E T {Al-H - Al,3sp 3 ) = E T [Al-C- Al,3sp 3 ) = -0.88\70 eV (23.24) 

The upper range of the experimental association enthalpy per bridge for both of the reactions 

2AIII(CII 3 ) 2 ^[AUI(CII 3 ) 2 ] (23.25) 

and 

2AI(CH 3 \^[aI(CH 3 \] 2 (23.26) 

is [2] 

E T (Al-H-Al,3sp 3 ) = E T (Al-C-Al,3sp 3 ) = -0.867 eV (23.27) 

which agrees with Eq. (23.24) very well. 

The symbols of the functional groups of alkyl organoaluminum hydrides are given in Table 23.1. The geometrical (Eqs. 
(15.1-15.5), (23.20), and (23.23)) and intercept (Eqs. (15.80-15.87)) parameters of alkyl organoaluminum hydrides are given in 
Tables 23.2 and 23.3, respectively. Since the energy of the Alisp 3 HU is matched to that of the C'lsp 3 HO, the radius r moi2s 3 of 

the ABsp 3 HO of the aluminum atom and the C2sp 3 HO of the carbon atom of a given C- ,4/ -bond MO are calculated after 
Eq. (15.32) by considering ^E T (MO,2sp 3 \ , the total energy donation to all bonds with which each atom participates in 

bonding. In the case that th e MO docs not intercept the Al HO due to the r e duction of the radius from the donation of Al 3sp 3 
HO charg e to additional MO's, th e e n e rgy of e ach MO is e n e rgy match e d as a lin e ar sum to th e Al HO by contacting it through 
the bisector current of the intersecting MOs as described in the Methane Molecule (CH A ) section. The energy (Eq. (15.61), 
(23.4), (23.7), and (23.21-23.23)) parameters of alkyl organoaluminum hydrides are given in Table 23.5. The total energy of 
each alkyl aluminum hydride given in Table 23.5 was calculated as the sum over the integer multiple of each E D (armp) of Table 
23. 4 corresponding to functional - group composition of the molecule. — E mag of Table 23. 4 is given by Eqs. (15.15) and (23.3). 

The bond angle parameters of organoaluminum hydrides determined using Eqs. (15.88-15.117) are given in Table 23.6. The 
charge-density in trimethyl aluminum is shown in Figure 23.1. 
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Figure 23.1. Trimethy (aluminum. Color scale, translucent view of the charge-density of (#,C), Al comprising the linear 
combination of three sets of three C-H -bond MOs and three C- Al -bond MOs with the Al ogrmoAI 3sp 3 HOs and C2sp 3 HOs 
shown transparently. Each C - Al -bond MO comprises a //, -type ellipsoidal MO bridging C2sp* and Atisp HOs. For each 
C-H and C-Al bond, the ellipsoidal surface of the // 2 -type ellipsoidal MO that transitions to the Clsp' HO shell with 
radius 0.89582a (Eq. (15.32)) or ABsp' HO, the ABsp* HO shell with radius 0.85503a (Eq. (15.32)), inner Alls, Alls, 
and Allp shells with radii of Alls = 0.07778a,, (Eq. (10.51)), ^/2* = 0.33923a (Eq. (10.62)), and Allp = 0.45620a (Eq. 
(10.21 2)), respectively, and the nuclei (red, not to scale), are shown. 
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Table 23.1. The symbols of the functional groups of organoaluminum hydrides. 



Functional Group 


Group Symbol 


AlH group of AlH n=ll 


Al-H 


AlHAl (bridged H) 


Al-H-Al 


CAl bond 


C-Al 


AlCAl (bridged C) 


Al-C-Al 


CH, group 


C-H (CH 3 ) 


CH group 


C-H (CH 2 ) 


CH 


C-H 


CC bond (n-Q 


C-C (a) 


CCbond(iso-Q 


C-C (b) 


CC bond (tert-Q 


C-C (c) 


CC (iso to iso-C) 


C-C (d) 


CC(t to t-C) 


C-C (e) 


CC(t to iso-Q 


C-C {f) 
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1.957 
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41H) 
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(C-H propane' 
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1.532 
(propane) 
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(butane) 
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(propane) 
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(butane) 
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(propane) 
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(butane ) 
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(«.) 
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0.63580 
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0.68600 
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1).6888$" 
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Al 
Al 
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-0.881* 




-0.36229 



56.99421 



1.53270 
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1.39422 
0.80263 



75870 
.95144 



■9.71 
16.91 



1100 
074 



1.54088 



Al- 

Al- 
[H, 
H,Al 



.1 (R 2 AIH) 

■1 {W(K 
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-CM,- 



Al 
Al 
Al 



88170 
32255 
36229 



-0.36229 
-1.32255 
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.36229 





1.53270 
1.53270 
1.53270 



0.82801 
0.74776 
0.80263 



-16. 



-l:i. 



■.43203 

19543 

5.95144 



HAl 



(c„ff 2 



36229 



-0.36229 







1.53270 



0.82801 
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Al-{ 



C„// 2 -), 
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C 
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-0.3622P 
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:,-At 



36229 
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0.9177 



0.84418 
0.82801 
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■.43203 



155.69 
155.38 



24.31 
24.62 



55.27 
54.56 



08186 
45 



76935 
75276 





fo 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


s- 


O 


S.1 


s 


'« 


CD 






(ft 




>t 








K) 


o 


Uj 





(CH,) 

(CH 2 ) 
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-0.92918 
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47406 
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0.9177 



0.86359 
0.81549 



.75493 
.68412 



15. 
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77.49 
68.47 
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41.48 
35. 34 
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C 



C h H 2 CH 2 - 

m 
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0.81549 
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21 



74 
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;c-i 

terlC 
'C-i 



C t (H 2 C e -R') 

m 
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: W) 
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Lffi) 



JffCff 2 



H,C C )CH 2 



,9291;! 
.72457 
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-0.92918 
-0.72457 
-0.92918 



-0.92918 
-0.72457 
-0.92918 





J.72457 




-.51 
54.1S 



0.9177 
0.9177 
0.9177 



0.77247 
0.76765 
0.78155 



.92866 
.40869 



17.73 
17.21 



779 
783 



48.30 
50.04 
52.78 



131.70 
129.96 

127.22 
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94462 
92443 



51388 
.49298 
47279 
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CD 
Q. 
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C- 



(R'-H£ d )C„( 

• (0) 



R"-.%C C )CH 2 - 



.72457 



-0.72457 



-0.72457 
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0.76765 



50.04 



129.96 



1.94462 



.49298 
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0.5 
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0.75 
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1 





0.75 

1 
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1 
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1 
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2 
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25 
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lyoJoiP 
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4525) 
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.90531 



92207 
6348) 
59841 



63489 
59844 



.70737 
.634J9 
59844 



0.1480:: 

-33.597:2 

-K634$9 



4.52754 



14803 
4937 
634S)9 
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Additional association enthalpy given by Eq. (2-1.28). 
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82.94251 
120.05580 
107.25791 
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156.52890 
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0.91' 
0.86: 



71 0.89582 
.59 1 



P 

I 
1 



1 0.90(77 

0.75 1.15796 



(eV) 



-1.85836 








3 




(°) 



Exp. 



120 
(trimethylalurrinum) 



1.7 



(trimethy lalurr inum) 



^CC,C 



70.56 
70.56 



105.44 
10S.44 



Methylene 



ZHC 



H 



0.75 1.15 



107 
(pre pane l 



112 
(pre panel 



3.8 



(butane) 



0.8 



(isobutant;) 

1 1.0 

(butane) 

1 

(isobutant ;) 



iso C 



2.91547 



2.91547 



7958 



-16.6:1412 
C, 



-16.68412 
C, 



0.81349 0.81549 



0.81M9 



-1.85836 



IK 



67 



0.8 



(isobutano) 



iso 33 



2.91547 



2.11323 



1633 



-15.5J033 
C 



■14.82575 



0.87'-95 0.91771 



0.75 1 .04*87 







^C„C„H 
iso C„ 

/C,C'„Q 
tert : 



C, 



2.91547 
2.90327 



2.09711 
2.90327 



1633 
7958 



-15.55033 
C, 

-16^412 
C 



5 
26 



-14.82575 
C„ 

-16.68412 

C,, 



0.87'-95 0.91771 
0.81549 0.81549 



0.75 1.04! 87 

1 0.81M9 




-1.85836 



1.4 



(isobutan^ 

1 .0.8 
(isobutano) 



i-CX 



P,, 
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TRANSITION METAL ORGANOMETALLIC AND COORDINATE BOND 

The transition-metal atoms fill the 3c? orbitals in the series Sc to Zn . The 4s orbitals are filled except in the cases of Cr and 
Cu wherein one As electron occupies a 3d orbital to achieve a half-filled and filled 3d shell, respectively. Experimentally the 
transition-metal elements ionize successively from the 4s shell to the id shell [12J. Thus, bonding in the transition metals 
involves the hybridization of the 3d and As electrons to form the corresponding number of 3d As HOs except for Cu and Zn 
which each have a filled inner 3d shell and one and two outer 4s electrons, respectively. Cu may form a single bond involving 
the Ax electron or the 3d and As shells may hybridize to form multiple bonds with one or more ligands. The As shell of 7n 
hybridizes to form two 4s HOs that provide for two possible bonds, typically two metal-alkyl bonds. 

For organometallic and coordinate compounds comprised of carbon, the geometrical and energy equations are given in 
the Derivation of the General Geometrical and Energy Equations of Organic Chemistry section. For metal-ligand bonds other 
than to carbon, the force balance equation is that developed in the Force Balance of the a MO of the Carbon Nitride Radical 
section wherein the diamagnetic force terms include orbital and spin angular momentum contributions. — The electrons of the 
3d As HOs may pair such that the binding energy of the HO is increased. The hybridization factor accordingly changes which 
effects the bond distances and energies. The diamagnetic terms of the force balance equations of the electrons of the MOs 
formed between the 3dAs HOs and the AOs of the ligands also changes depending on whether the nonbonding HOs are 
occupied by paired or unpaired electrons. The orbital and spin angular momentum of the HOs and MOs is then determined by 
the state that achieves a minimum energy including that corresponding to the donation of electron charge from the HOs and AOs 
to the MOs. Historically, according to crystal field theory and molecular orbital theory [13] the possibility of a bonding metal 
atom achieving a so called "high-spin" or "low-spin" state having unpaired electrons occupying higher-energy orbitals versus 
paired electrons occupying lower-energy orbitals was due to the strength of the ligand crystal field or the interaction between 
metal orbitals and the ligands, respectively. Excited-state spectral data recorded on transition-metal organometallic and 
coordinate compounds has been misinterpreted. Excitation of an unpaired electron m a idAs HO to a idAs paired state is 
equivalent Lo an excitation of the molecule lo a higher energy MO since the MOs change energy due Lo the corresponding 
change in the hybridization factor and diamagnetic force balance terms. But, levels misidentified as crystal field levels do not 
exist in the absence of excitation by a photon. 

The parameters of the 3<f4s HOs are determined using Eqs. (15.12-15.21). For transition metal atoms with electron 
configuration 3d"As 2 , the spin-paired 4s electrons are promoted to the 3d As shell during hybridization as unpaired electrons. 
Also, for n > 5 the electrons of the 3d shell are spin-paired and these electrons are promoted to the 3d As shell during 
hybridization as unpaired electrons. The energy for each promotion is the magnetic energy given by Eq. (15.15) at the initial 
radius of the 4s electrons and the paired 3d electrons determined using Eq. (10.102) with the corresponding nuclear charge Z 
of the metal atom and the number of electrons, n , of the corresponding ion with the filled outer shell from which the pairing 
energy is determined. Typically, the electrons from the 4s and 3d shells successively fill unoccupied HOs until the HO shell is 
filled with unpaired electrons, then the electrons pair per HO. The magnetic energy of pairing given by Eqs. (15.13) and (15.15) 
is added to E Coulomh (atom,3dAs) the for each pair. Thus, after Eq. (15.16), the energy E(atom,3dAs) of the outer electron of 

the atom 3d As shell is given by the sum of E Cim . umb {at.am,3dAs} and E (magnetic) : 

^7 . ,„ -, e^ 2xu n e 2 n 2 ^ 2nu n e 2 H 2 ^ — 2nu n e 2 H 2 7^rw^~ 

E(atom,3dAs) = + ^ 3 + £ — £2_ X ~~^h (23.28) 

" Ke r 3dAs m e r 4s 3d pairs m e Y 3d HO pairs m e r 3dAs 

The sharing of electrons between the metal 3d As HOs and the ligand AOs or HOs to form a M -L -bond MO (L not 
C ) permits each participating hybridized or atomic orbital to decrease in radius and energy. Due to the low binding energy of 
the metal atom and the high electronegativity of the ligand. an energy minimum is achieved while further satisfying the 
potential, kinetic, and orbital energy relationships, each metal 3d As HO donates an excess of an electron per bond of its electron 
density to the M -L-bond MO. In each case, the radius of the hybridized shell is calculated from the Coulombic energy 
equation by considering that the central field decreases by an integer for each successive electron of the shell and the total 
energy of the shell is equal to the total Coulombic energy of the initial AO electrons plus the hybridization energy. After Eq. 
(15.17), the total energy E T (mol.atom,3dAs) of the HO electrons is given by the sum of energies of successive ions of the atom 
over the n electrons comprising the total electrons of the initial AO shell and the hybridization energy: 

n 

E T (mol.atom,3dAs) = E(atom,3dAs) -/Z IP m (23.29) 

m=1 

where IP m is the m Lh ionization energy (positive) of the atom and the sum of -Zf| plus the hybridization energy is 
E(atom,3dAs) . Thus, the radius r 3d4s of the hybridized shell due to its donation of a total charge -Qe to the corresponding 
MO is given by is given by: 



-f- 



Z-l 



K z g) ferTT^n^ £ (z- g) -s(o . 25) 



(23.30) 



y q =z-n J87T£ E T (mol.atom,3dAs) \q~f-n j^7re t) E T {mol.atom,3dAs) 
where -e is the fundamental electron charge, s = 1,2,3 for a single, double, and triple bond, respectively, and s = 4 for typical 
coordinate and organometallic compounds wherein L is not carbon. The Coulombic energy E £ajlnah (mol.atom,3dAs) of the 
outer electron of the atom 3d As shell is given by 
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Ecouionb (mol.atom, 3d4s) = (23 .3 1) 

8 ^0^4, 

In the case that during hybridization the metal spin-paired As AO electrons are unpaired to contribute electrons to the 3<i4,v HO, 
the energy change for the promotion to the unpaired state is the magnetic energy E(magnetic) at the initial radius r of the AO 
electron given by Eq. (15.15). In addition in the case that the 3d4s HO electrons are paired, the corresponding magnetic energy 
is added. Then, the energy E(mol.atom,3d4s) of the outer electron of the atom 3d4s shell is given by the sum of 

E Cijuhjmh (m,ol.at,om, 1 3d4s) and E (magnetic) : 

E(molxitom, 3d 4s) = — + lK ^ff _ £ 2 ^°f^ (23.32) 

" 7r£ r 3cl4s m e r As HO pairs m e r 3dAs 

E T (atom - atom,3d4s) , the energy change of each atom msp~ shell with the formation of the atom-atom-bond MO is given by 
the difference between E[mol.atom,3d4s) and E [atom, 3d 4s): 

E T (atom - atom,3d4s) = E(mol.atom,3d4s)-E(atom,3d4s) (23.33) 

Any unpaired electrons of ligands typically pair with unpaired HO electrons of the metal. In the case that no such 

electrons of the metal are available, the ligand electrons pair and form a bond with an unpaired metal HO when available. An 
unoccupied HO may form by the pairing of the corresponding HO electrons to form an energy minimum due to the effect on the 

bond parameters such as the diamagnetic force term, hybridization factor, and the E T (atom - atom,msp\AO) term. In the case 

of carbonyls, the two unpaired Csp 3 HO electrons on each carbonyl pair with any unpaired electrons of the metal HOs. Any 
excess carbonyl electrons pair in the formation of the corresponding MO and any remaining metal HO electrons pair where 
possible. In the latter case, the energy of the HO for the determination of the hybridization factor and other bonding parameters 
in Eqs. (15.51) and (15.65) is given by the Coulombic energy plus the pairing energy. 

The force balance of the centrifugal force equated to the Coulombic and magnetic forces is solved for the length of the 
semimajor axis. The Coulombic force on the pairing electron of the MO is 



F™=7 TjDi, (23.34) 

The spin pairing force is 

ft 2 ; 

***-*** Z 2m e a 2 b 2 *** (23 " 35) 

The diamagnetic force is: 

nX 
A ma l b 



* 'diamagnelicMOl . 2.2 £ (2.5.5b) 



wh e r e n e is th e total numb e r of e l e ctrons that int e ract with th e binding a -MO e l e ctron. Th e diamagn e tic forc e V diamagneljcM02 on 
the pairing electron of the a MO is given by the sum of the contributions over the components of angular momentum: 

i Z2m e a b 
where liJ is the magnitude ot the angular momentum component ot the metal atom at a tocus that is the source ot the 
diamagnetism at the a -MO. The centrifugal force is 

h 2 



centrifugalMO 



■J3L (7.3.3K) 



ma b' 



The general force balance equation for the cr-MO of the metal (M) to ligand (L) M -i-bond MO in terms of n e and \L\ 



corresponding to the orbital and spin angular momentum terms of the 3^45 HO shell is 

-E> (23.39) 



h 2 n e 2 _ h 2 n f«. v | A h 

D = - D+ 2 2 D ~\ + Z^ 

'.fl b %ne^ab 2m c a b i 2 , Z , 



2w„a b 



Having a solution for the semimajor axis a of 
( .. \t\\ 



a = 



l + ^ + # 



a a (23.40) 



In term of the total angular momentum L , the semimajor axis a is 

1+ Y+|)«o ( 23 - 41 > 

Using the semimajor axis, the geometric- and energy parameters of the MO are calculated using Eqs. (15.1-15.117) in the same 
manner as the organic functional groups given in the Organic Molecular Functional Groups and Molecules section. 
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Bond angles in organometallic and coordinate compounds are determined using the standard Eqs. (15.70-15.79) and 
(15.88-15.117) with the appropriate E T { atom- atom, msp 3 .AO) for energy matching with the B — C terminal bond of the 

corresponding angle ZBAC . For bond angles in general, if the groups can be maximally displaced in terms of steric interactions 
and magnitude of the residual E T term is less that the steric energy, then the geometry that minimizes the steric interactions is 
the lowest energy. Steric-energy minimizing geometries include tetrahedral (T d ) and octahedral symmetry (O h ). 



The electron configuration of scandium is [^4r]45 2 3fif having the corresponding term 2 D il2 . The total energy of the state is 
given by the sum over the three electrons. The sum E T [Sc,3d4s) of experimental energies [1] of Sc , Sc + , and Sc 2+ is 

E r (Sc,3d4s) = -(24.75666 eV + 12.79977 eV + 6.56149 eV) = -44.1 1792 eV (23 . 42) 

By considering that th e central field decreases by an integer for e ach succ e ssive electron of th e shell, the radius r 3d4s of the 
Sc3d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

r M <. = Y (Z " w)e2 - = —*£ - = 1.85038« (23.43) 

£f s 8u£ (e44.m92eV) 8^(^44.11792 eV) ° - 

where Z = 21 for scandium. Using Eq. (15.14), the Coulombic energy E Coulomb \Sc,3d4s) of the outer electron of the Sc3d4s 

shell is 

K M {Sc, 3dAs) = -^— = ~f = -7 . 35299 eV (2i44^_ 

%7is^ r Mis %7te a 1 . 8 5 03 8a 

During hybridization, the spin-paired 4s electrons are promoted to the Sc3d4s shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the 4s electrons. From Eq. (10.102) with Z = 21 
and n = 21 , the radius r 21 of the Sc4s shell is 

r 21 =2.07358a (23.45) 

Using Eqs. (15.15) and (23.45), the unpairmg energy is 

E{magnetic) = 2w ^ = ^"^ . = 0.01283 eV (23.46) 
« e 2 (r 21 ) (2.07358a ) 

Using Eqs. (23.44) and (23.46), the energy E(Sc,3d4s) of the outer electron of the Sc3d4s shell is 

E(Sc,3d4s) = ^^- + ^WlA_ = -7.352987 eV + 0.01283 eV = -7.3401 5 eV (23.47) 

8x £ o r Ms m 2 e (r 21 ) 

Next, coiisider the formation of the Sc - L -bond MO wherein each scandium a t om has ail Sc3d4s electron wi t h ail 

energy given by Eq. (23. 4 7). The total energy of the state of each scandium atom is given by the sum over the three electrons. 
The sum E T (Sc Sc L 3d4s) of energies of Sc3d4s (Eq. (23.47)), 5c + , and Sc 2+ is 

E T (Sc Sc _ L 3 d4s) = -(24.75666 eV + 12.79977 eV + E(Sc, 3 d4s)) 

(23 .48) 

= -(24.75666 eK + 12.79977 eF + 7.34015 eV) = -44.89658 eV 

where E(Sc,3d4s) is the sum of the energy of Sc , -6.56149 eV , and the hybridization energy. 

The scandium HO donates an electron to each MO. Using Eq. (23.30), the radius r MAs of the Sc3d4s shell calculated 

from the Coulombic energy is 

\Z^ ) 8^e (e44.89658 eV) 8tt£ (e44.89658 eV) 

Using Eqs. (15.19) and (23.49), the Coulombic energy E Cmlomb (Sc Sc _ L ,3d4s) of the outer electron of the Sc3d4s shell is 

Ec^ „ lb (Sc Sc L ,3d4s)=—^ = ^^^ = -8.97932 eV (23.50 ), 

%x£o r sc-LMis 8^ 1.51524a 
The only magnetic energy term is that for the unpairing of the 4s electrons given by Eq. (23.46). Using Eqs. (23.32), (23.46), 
and (23.50), the energy E(Sc Sc L ,3d4s) of the outer electron of the Sc3d4s shell is 

E(Sc Sc L ,3d4s)= — 1 lM£A = - 8.97932 eK + 0.01283 eF = - 8.96648 eV (23.51) 

8xs r Sc _ L3d4s m 2 e (r 2l ) 

Thus, E T [Sc-L,3d4s), the energy change of each Sc3d4s shell with the formation of the St -Z -bond MO is given by the 

difference between Eq. (23.51) and Eq. (23. 4 7): 

E T (Sc-L,3d 4 s) = E(Sc Sc _ L ,3d 4 s)-E(Sc,3d 4 s) = -8.966 4 8 eF-(-7.3 4 015 eV) = -1.62633 eV (23.52) 
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The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the <7-M0 of the 
Sc -L -bond MO of ScL n is given in Table 23.8 with the force-equation parameters Z = 21, n e , and L corresponding to the 

orbital and spin angular momentum terms of the 3d 4s HO shell. 

For the Sc - L functional groups, hybridization of the 4.y and 3c/ AOs of Sc to form a single 3c/ 4.? shell forms an 
energy minimum, and the sharing of electrons between the Sc3d4s HO and L AO to form a MO permits each participating 
orbital to decrease in radius and energy. The F AO has an energy of E(F) = -17.42282 eV , the CI AO has an energy of 

E(Cl) = -12.96764 eV , the O AO has an energy of E(0) = -13.61805 eV, and the Sc3d4s HOs have an energy of 
E(Sc,3d4s) = -7.34015 eV (Eq. (23.47)). To meet the equipotential condition of the union of the Sc-L //,-type-ellipsoidal- 
MO with these orbitals, the hybridization factoifs), at least one of c, and C 2 of Eq. (15.61) for the Sc -L -bond MO given by 
Eq. (15.77) is 

c, (FAO to Sc3d4sHO) = C, (FAO to Sc3d4sHO) = —^ -^ = - 7 - 34015gK _ o.42 130 (23.53) 

n ; ■ E(FAO) -17.42282 eV 

cAClAO to Sc3d4sHO) = C, (ClAO to Sc3d4sHO) = £ ' lfc ' 3 As > = - 7 - 34015 eV = .56604 (23.54) 

2V ' n ' E(ClAO) -12.96764 eV 

cAOtoSo3d4 S HO)^ SC f d ^= ~ 7 - 34015 ^ = Q,539Q0 (23.55) 

y ' E(0) -13.61805 eV 

Since the energy of the MO is matched to that of the Sc3d4s HO, E(AO/HO) in Eq. (15.61) is E(Sc,3d4s) given by Eq. 
(23.47) and twice this value for double bonds. E T (atom- atom, msp\AOj of the Sc-i-bond MO is determined by 
considering that the bond involves an electron transfer from the scandium atom to the ligand atom to form partial ionic character 
in the bond as in the case of the zwitterions such as H 2 B* -F given in the Halido Boranes section. 

E T (atom- atom, msp } .AO} is -3.25266 eV , two times the energy of Eq. (23.52) for single bonds, and -6.50532 eV , four 

times the energy of Eq. (23.52) for double bonds. 

The symbols of the functional groups of scandium coordinate compounds are given in Table 23.7. The geometrical (Eqs. 
(15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of scandium coordinate compounds are given in Tables 23.8, 23.9, and 23.10, respectively. The total energy of each 
scandium coordinate compound given in Table 23.11 was calculated as the sum over the integer multiple of each E n (o m » P ) of 
Table 23.10 corresponding to functional-group composition of the compound. The charge-densities of exemplary scandium 
coordinate compound, scandium trifluoride comprising the concentric shells of atoms with the outer shell bridged by one or 
more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 23.2. 

Figure 23.2. Scandium Trifluoride. Color scale, translucent view of the charge-density of ScF t showing the orbitals of the Sc 
and F atoms at their radii, the ellipsoidal surface of each // 2 -type ellipsoidal MO that transitions to the corresponding outer 
shell of the atoms participating in each bond, and the nuclei (red, not to scale). 
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Table 23.7. The symbols of the functional groups of scandium coordinate compounds. 



ScF group of ScF 
ScF group of ScF 2 
ScF group of ScF^ 



Functional Group 



Group Symbol 



Sc-F (a) 



Sc- 

Sc- 



F(b) 
F(c) 



ScCl group of ScC7 
^cO group ol ^'c(J 



Sc-Cl 
Sc-O 



Table 23.8. The geometrical bond parameters of scandium coordinate compounds and experimental values. 



Parameter 



Sc-F (a) 



Sc-F (b) 



Sc-F (c) 



Sc-Cl 



Sc-O 



Group 



Groups 



Group 



Group 



Group 



1 + 3. 



3 + 2. 



1.63648 



2.16496 



2.13648 



2.17134 



1.72534 



1.60922 



1.60294 



1.59236 



1.95858 



1.51672 



Bond 
Length 



1.70313 



1.69647 



1.68528 



2.07287 



1.60523 



2c' U 



Exp. 
Bond 
Length 



1.788 [14] 

(scandium 

fluoride) 



1.788 [14] 

(scandium 

fluoride) 



1.788 [41] 
(scandium 
fluoride) 



2.229 [15] 
(scandium 
chloride) 



1.668 [15] 

(scandium 

oxide) 



b,c (a, 



'0 



0.29743 



1.45521 



1.45521 



0.93737 



0.82240 



0.98335 



0.74040 



0.74040 



0.90202 



0.87909 



Table 23.9. The MO to HO intercept geometrical bond parameters o ? scandium coordinate compounds. -EYis 



E T (atom- atom, msp AG). 



o 
o 



(eV) 
Bond 1 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bond 4 



Total 

'gy 



SciiA. 



M 



£,,„,,„„» (Sc3d4s) 
(eV) 
Final 



E(ScidAs) 

(eV) 

Final 







4 

(«») 



4 

(«o) 



(*F) 



-8.97932 



(ScF) 



,=" (ScF 2 ) 



,=" (Sc-F 2 ) 



1.6263! 











0.78069 



0.7142; 



19.04915 



60.07 



25. 



1.95936 







35642 



1 (ScCl) 
I (ScCl) 
> (ScO) 



-1.6263! 
-1.6263! 
-1.6263! 
-1.6263! 
-3.25265 



-1.62633 







-1.62633 







1.8 
0.7 
1.8|5038 

l.( 
l.f 



1.1123] 
0.7142; 
1.5152': 
0.9322? ' 
1.2828! 



-12.23198 
-19.04915 
-8.97932 
-14.59397 
-10.60565 



101.31 

63.75 
144.35 
128.86 
142.18 



35.65 
51. .4 



49.S7 
26.73 
70.43 
50.76 
73.C4 



1.37413 
1.90822 
0.72737 
1.37364 
0.50331 



21823 
31586 
123121 

58494 

1 01341 



O (ScO) 



-3.25265 











0.8064' 



-16.87072 



125.78 



52.71 



1.04524 



47148 



© 





w 




o 








o 




CD 




0) 




O 




7T 




I - 




CO 




3- 






n 


TJ 


s» 


o 


S.1 


s 


'w 


CD 






(ft 




>t 








K) 


o 


Uj 





< 
CD 

Q. 
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Table 23.10. The energy parameters (eV) of functional groups of scandium coordinate compounds. 



Param e t e rs 



Sc F (a) 
Groups 

i 



Sc F (b) 
Groups 

i 



Sc F (c) 
Grout"* 

i 



Sc-Cl 
Gtqut* 

i 



Sc-0 
Grou^ 

2 



«2 



"0775" 



DT 



0.375 



c, 



0.42130 
1 



0.42130 
1 



0.42130 
1 



0,56604 
1 



0. 1 2130 



0.5660 ^1 



0.53900 



_0_ 



-0_ 



_0_ 



0.75 



1 



1 



0.5 



0.375 



C,. 



0.42130 



0.42130 



0.42130 



0.56604 



1 



V e (eV) 



-34.05166 



-32.30098 



-32.89066 



-23.32429 



-53.06036 



V„ (eV) 



8.45489 



8.48805 



8.54444 



6.94677 



17.94106 



1U.4UJVD 



//oyyo 



/.oy/4i 



3.J/UyD 



O.J/OS2 



Kn (.*V) 



-5.20198 



-3.72998 



-3.84870 



-2.68548 



-7.68841 



EJAOIHO] (eV) 



-7.34015 



-7.34015 



-7.34015 



-7.34015 



-14.68031 



AE U 



[aoiho) (eV) 























E T \ aoiho) (eV) 
EJfyino) (eV) 



-7.34015 
-27.73495 



-7.34015 
-27.42310 



-7.34015 
-27.83768 



-7.34015 
-21.03220 



-14.68031 
-42.11120 



E T latom-atom,msp 3 .AO\ (eV) 



- 3 .2 52 66 



-3.25266 



-3.25266 



-3.25266 



-6.50532 



E t {mo) (eV) 



-30.98761 



-30.67576 



-31.09034 



-24.28486 



-48.61652 



co 10 15 radls 



11.1005 



15.2859 



8.59272 



6.87387 



33.9452 



E K (eV) 



7.30656 



10.06142 



5.65588 



4.52450 



22.34334 



E D (eV) 



-0.16571 



-0.19250 



-0.14628 



-0.10219 



-0.22732 



Kvib 

E.,..., (eV) 



E T {Group) (eV) 



0.09120 
-0.12011 



0.09120 

T141 
-0.14690 



0.09120 

[141 
-0.10068 



0.04823 

[161 
-0.07808 



0.12046 

[171 
-0.16709 



-31.10771 



-30.82266 



-31.19102 



-24.36294 



-48.95069 



U^H^ 



-7.34015 



-7.34015 



-7.34015 



-7.34015 



-7.34015 



c 5 aoiho] (eV) 



-17.42282 



-17.42282 



-17.42282 



-12.96764 



-13.61806 



E D [cmup) (eV) 



6.34474 



1.05969 



6.42804 



4.05515 



7.03426 



Table 23.1 1 . The total bond energies of gaseous-state scandium coordinate compounds calculated using the functional 
group composition and the energies of Table 23.10 compared to the gaseous-state experimental values [15]. 



Formula 



Name 



Sc-F (a) Sc-F (b) Sc-F (c) Sc-Cl Sc-O 



Calculated Experimental Relative 



Groups (iroups 



(jroup 



Group 



Group 



total Bond 



total Bond 



Error 



ScF Scandium fluoride 1 

ScF2 Scandium difluoride 

SCF3 Scandium triltuoride 

ScCl Scandium chloride 



Energy (eV) Energy (eV )- 






6.34474 


6.16925 


-0.02845 





12.11937 


12.19556 


0.00625 





19.28412 


19.27994 


-0.00022 





4.05515 


4.00192 


-0.01330 



ScO 



Scandium oxide 



7.03426 



7.08349 



0.00695 
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1302 Chapter 23 

TITANIUM FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of titanium is [^r]45 ,2 3fif 2 having the corresponding term i F 2 . The total energy of the state is given 

by the sum over the four electrons. The sum E T (Ti,3d 4 s) of experimental energies [1] of Ti , Ti* , Ti 2+ , and 7z 3+ is 

E T (Ti,3d4s) = -(43.2672 eV + 27.4917 eV + 13.5755 eV + 6.82812 eV) = -9\. 16252 eV (23.56) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r MAs of the 
Ti3d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

- -* v-«* : --ror- ' _ 149248ao -^- 



f-f s 8xe (e91. 16252 eV) 8^ (e91. 16252 eV) 
where Z = 22 for titanium. Using Eq. (15.14), the Coulombic energy E Cotl!omb (Ti,3d4s) of the outer electron of the Ti3d4s 
shell is 

E^ {Ti,3d4s) = -^— = ~f = -9.1 1625 eV (23.58) 

During hybridization, the spin-paired 4s electrons are promoted to the Ti3d4s shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the 4s electrons. From Eq. (10.102) with Z = 22 
and n = 22 , the radius r 22 of the TiAs shell is 

r 22 =1.99261a (23.59) 

Using Eqs. (15.15) and (23.59), the unpairing energy is 

E(magnctic)= 2;rMae2fl l = 8w ^ . =0.01116 cV (23.60) 

m 2 {r 22 ) (1.99261a,,) 

Using Eqs. (23.58) and (23.60), the energy E(Ti,3d4s) of the outer electron of the Ti3d4s shell is 

7 9,,,, ^ 2 f, 2 

E(Ti,3d4s) = —^ + / W '' = -9.H625eF + 0.01446er^-9.10179eF (23.61) 

8 ^'o r 3,i4, m;(r 22 ) 

Next, consider the formation of the Ti -L -bond MO wherein each titanium atom has a Ti3d4s electron with an energy 
given by Eq. (23.61). The total energy of the state of each titanium atom is given by the sum over the four electrons. The sum 
E T (Ti Tl _ L 3d4s) of energies of 773 d4s (Eq. (23.61)), Ti + , Ti J+ , and Ti M is 

E T (Ti Ti _ L 3d4s) = -(43.2672 eV + 27 .4917 eV + 13.5755 eV + E(Ti,3d4s)) 

= -(43.2672 eF + 27.4917eK + 13.5755eK + 9.10179eK) (23.62) 

= - 9 3. 4 3619 e V 

where F.JTL^dAs) is the sum of the energy of ZL, -6.87.817. p.V , and the hyhridiyation energy. 

The titanium HO donates an electron to each MO. Using Eq. (23.30), the radius r MAs of the Ti3d4s shell calculated 
from the Coulombic energy is 



= V(Z-w)-l . =- , - = 1.31054o (23.63) 



v „= 18 y 8^g (e93.43619eF) — 8^g (e93.43619 eV) 

Using Eqs. (15.19) and (23.63), the Coulombic energy E Coulomb (Ti Ti _ L ,3d4s) of the outer electron of the Ti3d4s shell is 

E Co u lo A Ti n-^d^)- "^ - -f - -10.38180 eV (23.6 4 ) 
8^g r r ,_ z3rf4j 8^g 1.31054a 

The only magnetic energy term is that for the unpairing of the 4s electrons given by Eq. (23.60). Using Eqs. (23.32), (23.60), 

and (23.64), the energy E(Ti Ti _ L ,3d4s) of the outer electron of the Ti3d4s shell is 

E(Ti Ti L ,3d4s)= ~ € + K ^ e 3 =-10.38180 eK + 0.01446 eK = -10.36734 eV (23.65) 

8^g r K LMAs — m 2 [r 22 ) 

Thus, E T (Ti-L,3d4s), the energy change of each Ti3d4s shell with the formation of the Ti -L -bond MO is given by the 

difference between Eq. (23.65) and Eq. (23.61): 

E T (Ti- L,3d4s) = E(Ti Ti _ L ,3d4s)- E(Ti,3d4s) = -10.36734 eV -(-9.10179 eV) = -1.26555 eV (23.66) 

The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the u-MO of the 

Ti -L -bond MO of TiL n is given in Table 23.13 with the force-equation parameters Z = 22, n e , and L corresponding to the 

orbital and spin angular momentum terms of the 30*45 HO shell. 

For the Ti — L functional groups, hybridization of the 4 s and 3d AOs of Ti to form a single 3d 4 s shell forms an energy 

m inimum, and the sharing of electrons between the T iid A s H O and L A O to fo rm a M O permits each participating orbital to 
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decrease in radius and energy. The F AO has an energy of E{F) = -17.42282 eV , the CI AO has an energy of 
E(Cl) = -12.96764 eV , the Br AO has an energy of E(Br) = -1 1.8138 eV , the / AO has an energy of 
£■(/) = -10.45126 eV , the O AO has an energy of E(0) = -13.61805 eV , and the TBd4s HOs have an energy of 
E(Ti,ld4s) = -9.10179 eV (Eq. (23.61)). To meet the equipotential condition of the union of the Ti-L //, -type-ellipsoidal- 
MO with these orbitals, the hybridization factor(s), at least one of c 2 and C, of Eq. (15.61) for the 77 - L -bond MO given by 
Eq. (15.77) is 

s E(Ti,3d4s) -9.10179 eV 

C, FAO to mdAsHO) = -V T 2 = = 0.5224 1 (23.67) 

n ' E(FAO) -17.42282 eV 

C 2 (ClAOto mdAsHO) = E ^ d4s h ~ 9 - 10179 eV .Q.7Q188 (23.68) 

v ' E(CIAO) -12.96764 eF 

cJBrAO to TQdAsHO) = C, ( BMO to TiM4sHO) = y' 3 / = ~ 9 - 10179eF = 0.77044 (23.69) 

2V / n / E(BrAO) -11.8138 eK 

„ £(77,3</4s) -9.10179 eF 

c, (74(9 to Ti3d4sHO) = C, £40 to TiM4sHO) = — V r 2 = = 0.87088 (23.70) 

v ; v ; E(IAO) -10.45126 eV 

c 2 (0 to TBd4sHO) = E ^ TiM ^ = - 9A()179eV =0.66836 (23.71) 

n ; E{0) -13.61805 eV 

Since the energy of the MO is matched to that of the TBd4s HO, E(AO/HO) in Eq. (15.61) is E(Ti,3d4s) given by Eq. 
(23.61) and twice this value for double bonds. E T (citom- atom,msp~ .AO) of the Ti - L -bond MO is determined by considering 
that the bond involves an electron transfer from the titanium atom to the ligand atom to form partial ionic character in the bond 
as in the case of the zwitterions such as H 2 B* —F~ given in the Halido Boranes section. E T i atom- atom, msp i .AOj is 

-2.53109 eV , two times the energy of Eq. (23.66). 

The symbols of the functional groups of titanium coordinate compounds are given in Table 23.12. The geometrical (Eqs. 
(15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of titanium coordinate compound are given in Tables 23.13, 23.14, and 23.15, respectively. The total energy of each 
titanium coordinate compounds given in Table 23.16 was calculated as the sum over the integer multiple of each E D (Group) of 
Table 23.15 corresponding to functional-group composition of the compound. The bond angle parameters of titanium coordinate 
compounds determined using Eqs. (15.88-15.117) are given in Table 23.17. The E T ( atom- atom, msp\AO\ term for TiOCl 2 

was calculated using Eqs. (23.30-23.33) as a linear combination of s = l and s = 2 for the energies of E(Ti,M4s) given by 

Eqs. (23.63-23.66) corresponding to a Ti-Cl single bond and a Ti = double bond. The charge-densities of exemplary 
titanium coordinate compound, titanium tetrafluoride comprising the concentric shells of atoms with the outer shell bridged by 
one or more H, -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 23.3. 

Figure 23.3. Titanium Tetrafluoride. Color scale, translucent view of the charge-density of 7Yi^ showing the orbitals of the Ti 
and F atoms at their radii, the ellipsoidal surface of each 7/ 2 -type ellipsoidal MO that transitions to the corresponding outer 
shell of the atoms participating in each bond, and the nuclei (red, not to scale). 




I c A 2 
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Table 23.12. The symbols of the functional groups of titanium coordinate compounds. 



TiF group of TiF 
7zF group of TiF 2 
TiF group of TiF 3 



Functional Group 



Group Symbol 



Ti-F (a) 
Ti-F (b) 
Ti-F (c) 



TiF group of TiF i 
TiCl group of TiCl 
TiCl group of TiCl 2 
TiCl group of TiCl^ 
TiCl group of TiCl 4 



-F (d) 
-C/ (a) 

- a (b) 
-a (c) 
-n(d) 



TiBr group of 7z.Br 
7z5r group of TiBr 2 

TiBr group of 7I5r 3 



-5r (a) 

-5r (b) 

Br (c) 



7Y/Jr group of TiBr\ 
Til group of Til 
Til group of 7z7 2 



-Br (d) 

-/(a) 

-/(b) 



217 group of Til 3 



Ti-1 (c) 



7z7 group of 7z7 4 
7z0 group of 7?0 
TiO group of 7*0, 



77 -7 (d) 
Ti-O (a) 
7Y-0 (b) 



Tahle 



23.13. The geometrical bend parameters of titanium coordinate 



compounds and experimental values 



Tfararrjeter Ti-F (a) 
Group 

2 



Ti-F (b) 
Group 

2 



li-F 
Grou p 

2 



(c) 



Ti-F (d) 
Group 

2 



Ti-CI (a) 
Group 

3 



7 (b) 



Group 



Ti-CI 
__Grou3 



oo 



Ti-CI (A) 
Group 



Ti-jfr (a) 
Gr>up 



Ti-Br (b) 
Grou p 



Ti-Br (c) 

Group 

3 



ft- (d) 
G:oup 



Ti-.< (a) 
Groups 



Ti-l (b) 

Group 

4 



2i 



-1 (<0 
Group 

4 



Gioup 

4 



n-o (a) 
Group 

2 



■-0(b) 

Group 

-2 



■I 



4 



"(• 



2.16355 



("») 



2.13636 
1.65115 



2.15716 
.65929 



2.18182 
1.66861 



A. 

2.85428 
2.01658 



J! 



2.79991 
1.99728 



2.833 
2.009 



2.86364 
2.01988 



2.70900 
2.16524 



<$ 



2.63(36 
2.13601 



2.68182 

2.15435 



2.} 1509 
2.16767 



3.13636 
2.19131 



1 

3.04545 
2.15932 



11809 
18492 



I 



4 



3.15746 
2.15867 



2.35428 
1.53242 



;. 37255 
1.53835 



Bord 

Length i.758Sp 

2Vjf)_ 
Exp. Bond 

Length 



(A 



1.745 [i: 
(TiF,) 



.745 [15] 
(TiF,) 



745 [15] 
(TiF,) 



1.745 [I! 

(TiF,) 



2.170 [18] 
(TiCI,) 



2.170 



[18] 



2.170 [31 



■Jo) 



(TiCI,) 
1.96224 



(TiCI, 



2.170 [18] 
(TiCI,) 



2.31 



[19] 



(Ti%) 
1.62802 



2.31 [19] 
(TiB\;) 

1.54! 



2.31 [19] 
(TiBr,) 



2.31 [19] 
(TiBr,) 

1.(3491 



2.5 



20] 



(Til,) 
2.24387 



2.5 [20] 
(Til,) 



5 [20] 
Til,) 



2.5 



[20] 



(Til,) 
2.25615 



1.623 [15] 
(TiO) 



1 62 [15] 

Ti0 2 ) 



0.7680 



0.77288 



0.76939 



0.76479 



0.70651 



0.71334 



0.709 



0.70536 



0.79927 



0.81(21 



0.80332 



0. 



0.69868 



0.70903 



70072 



0.65634 



0.65091 



0.64840 



Table 23.1 4. The MO to HO intercept geom etrical bond p arameters of 



itanium coordinate compounds. Et is E_ 



(atom-atom.HO.AO). 



Ilond 



E, 

eV) 

Bond I 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eV) 
Bond 4 



final Total 

Energy 
fi3d4s(eV) 



(".) 



a o) 



^Vtmhmb \ 



3d 4s) 



(eV) 
Final 



E(Ti 

(eV[) 
Fiml 



■J4s) 



0' 
(°) 



(°) 



4 

(«o) 






(77F) 



26555 
J6555 



1.49248 
0.78069 



1.31054 
0.''2804 



-10.: 

-18. 



3818i 
.6883 



114.86 
73.44 



14 
106.56 



59.11 

30.24 



1.11067 
1.86913 



3.55096 
3.20''51 



/' (TiF 2 ) 



1.26555 



-1.26555 



1.49248 



1.6815 



11.6473;: 



109.94 



7C.06 



54.10 



1.25274 



3.39JS42 



-/' (TiF 2 ) 



F (TiF,) 



1.26555 



-1.26555 



-1.2655.5 



1.49248 



1.05365 



12.9128?' 



102.28 



77.72 



48.30 



1.43520 



3.22409 



(TiE,) 



.26555 
26555 




-1.26555 





-1.26556 




-1.26555 



0.78069 
1.49248 



0.''2804 
0.95961 



-18.6883 
-14.1784^ 



74.11 
94.21 



10:5.89 
85.79 



30.52 
42.91 



1.85858 
1.59810 



3.19*130 

3.07053 



/' (TiF,) 



1.26555 



0.78069 



0.''2804 



-18.6883 



71.40 



108.60 



29.40 



1.90090 



3.23227 



-C 



7 (TiCl) 



a (Tici) 



a 



1.16555 



1.05158 



0.95592 



14.23319 



45.47 



134.53 



19.72 



2.68696 



3.67038 



-a 



7 (TiCl 2 ) 
(TiCl 2 ) 



.26555 
.26555 



-1.26 555 




1.49248 
1.05158 



1. 6815 
0.95592 



-11.64735 
-14.23319 



75.61 
52.06 



104.39 
127.94 



35.22 
22.59 



2.28751 
2.58502 



3.29023 
3.58''74 



-CI 



7 (TiCl,) 
(TiCl,) 



.26555 
26555 



-1.26555 




-1.26555 




1.49248 
1.05158 



1.05365 
0.9559 2 



-12.51289 
-14.23319 



61.65 

48.12 



11:4.35 

131.88 



27.66 
20.87 



2.50943 
2.64726 



3.50032 
3.63815 



-Er 



(TiCl t ) 
(TiCl,) 
(TiBr) 



-1:2j 



-1:2c 



26555 
26555 
.26555 



-1.26555 





-1.26555 






-1.26555 





1.49248 
1.05158 
1.49248 



0.95961 
0.95592 
1.31054 



-14.1784^ 

-14.23319 
-10.38 



44.92 
44.25 
108.49 



13:5.08 

13:5.75 
71.51 



19.50 
19.18 

49.77 



2.69938 
2.70461 
1.74966 



3.67950 
3.68473 
3.41558 



Er (TiBr) 



Br 



26555 















1.1 



5169 



0402 5 



13X7935 



94.27 



39.58 



2.08783 



3.07''40 



Er 



(™r 2 ) 
(TiBr 2 ) 



-1.2i 



26555 
26555 



-1.26 555 




1.49248 



1.1 



5169 



1. 6815 
1.0402 5 



-11.64735 
-13X7935 



106.10 
99.18 



73.90 
8C.82 



46.58 
41.65 



1.81214 
1 .97000 



3.32387 
3.16601 



-Er 
-Er 



(TiBr,) 
(™r,) 



-1.2i 



26555 
26555 



-1.26555 




-1.26555 





1.49248 
1.15169 



1.05365 
1.0402 5 



-12.91289 
-13X7935 



96.95 
96.12 



83.05 
83.88 



40.91 
40.36 



2.02680 
2.04349 



3.12''55 
3.11086 



Er (TiBr,) 



1.26555 



-1.26555 



-1.26555 



-1.26555 



1.49248 



0.95961 



14.1784^ 



88.14 



91 



35.92 



2.19881 



3.03 14 



• (TiBr,) 
(Til) 



26555 
26555 



1.15169 
1.49248 



1.04025 
1.31054 



-13X7935 
-10.3818 



93.85 

71.22 



86.15 
10:S.78 



39.41 

33.57 



2.09781 
2.61325 



3.06986 
3.42 94 



(Til) 
(Til 2 ) 



-l.lt 



26555 
26555 





.26 555 



1.30183 
1.49248 



1.6122 
1. 6815 



11.71681 
11.64735 



56.81 
65.29 



123.19 
111.71 



25.66 
29.61 



2.82697 
2.64772 



3.63566 
3.48840 



(Til,) 

(Til,) 



-1.2i 



26555 
26555 





-1.26555 




-1.26556 



1.30183 
1.49248 



1.6122 
1.05365 



-11.71681 
-12.91285' 



64.60 
43.74 



11:5.40 
136.26 



29.24 
19.1 



2.65748 
2.94615 



3.49817 
3.76 24 



(TU,) 
(Til,) 



-l.lt 



26555 
26555 




-1.26555 





-1.26556 




-1.26555 



1.30183 
1.49248 



1. 6122 
0.95961 



-11.7 
-14. 



1681 
784^ 



58.44 



12 



.56 



176.31 



26.41 
1.56 



2.79265 
3.15628 



3.60' '74 
3.95''62 



(Til,) 



1.26555 



1.30183 



1. 6122 



-11.7 



1681 



54.1 



12:5.12 



24.78 



2.86676 



3.66809 



-O (TiO) 



26555 



.49248 



1.31054 



0.3818d 



86.89 



93.1 



47.07 



1.60351 



3.07 09 



O (TiO) 



1.26555 



1.00000 



0.91490 



14.87135 



42.09 



137.91 



20.07 



2.21135 



3.67893 



(TiQ 2 ) 
(TiO,) 



26555 
26555 





-1.26555 



1.49248 
1.00000 



1. 681 
0.9149 



-11.6473/ 
-14.87135 



74.14 
39.13 



10.5.86 

140.87 



38.47 
18.64 



1.85751 
2.24809 



3.31916 
3.70973 



Table 23.15. Ths energy parameters (eV) of functional groups of titanium coordinate compounds 



Ti-F (a) 

Group 

l 





F(b) 
Gt oup 
l 





Ti-F 
Groi p 
l 




(c) 



Ti-F (d) 

Group 

l 





(a) 



r;-cv (b) 

Group 
I 




Ti-Cl (c) 
Group 

l 




a 

Group 
l 




•A) 



Ti-Br (a 
Group 

l 





I Ti 



Br (b) 
Group 
I 





Br (4) 
Gi pup 



Ti-Br (d) 

Group 

l 





1 (a) 
Gio ups 



Ti-I 
Group 



w 



Ti-I (c) 

Group 

1 





Ti 



I 00 
Group 
1 




Ti-O (a) 

Group 

2 





Ti-0 (b) 
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VANADIUM FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of vanadium is [/4r]4j 2 3t/ 3 having the corresponding term 4 F }!2 . The total energy of the state is 

given by the sum over the five electrons. The sum E T (V,3d4s) of experimental energies [1] of V , V + , V 2+ , F 3+ , and F 4+ is 

£V(F,3fi?4j) = -(65.2817 e y + 46.709 eV + 29.311 eV + 14.618 eV + 6.74619 eV) = -162.66589 eV (23.72) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r MAs of the 

V3d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

^ (Z-n)e 2 TSe 2 77777, 77777 

r MAs = V -± '- = = 1 .25464a (23 .73) 

„t^8^ (el 62.66589 eV) Me (el 62.66589 eV) 

where Z = 23 for vanadium. Using Eq. (15.14), the Coulombic energy E Coulomb {V ,3d4s) of the outer electron of the V3d4s 

shell is 

E Ca u, amb (V,3d4s) = -^— = - ~f = -10.844393 eV (23.74) 

5ft£ r 3dis 8;n> 1.25464a 

During hybridization, the spin-paired 4s electrons are promoted to the V3d4s shell as unpaired electrons. The energy for the 

promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the 4s electrons. From Eq. (10.102) with Z = 23 

and n = 23 , the radius r 23 of the V4s shell is 

r 23 =2.01681a (23.75) 

Using Eqs. (15.15) and (23.74), the unpairing energy is 

E(magnctic) = ^^ \ = ^ MoMb , = 0.01395 cV (23.76) 

m 2 (r 23 ) (2.01681a ) 

Using Eqs. (23.73) and (23.75), the energy E(V,3d4s) of the outer electron of the V3d4s shell is 

E(V,3d4s) = —^- — + 2 W | =-10.844393 eV + 0.01395 eV = -10.83045 eV (23.77) 

Next, consider the formation of the V — L -bond MO wherein each vanadium atom has a V3d4s electron with an energy 
given by Eq. (23.76). The total energy of the state of each vanadium atom is given by the sum over the five electrons. The sum 
E T (V v _ L 3d4s) of energies of VM4s (Eq. (23.76)), V\ V 7 \ V^ , and F 4+ is 



E T (V r _ L 3d4s) = - 



''65.2817 eV + 4b.lW eV + 29.3W eV\ (65.2817 eV + 46.709 eV + 29.3 1 1 eV^ 



+14.618 eF + 10.83045 



-14.618 eV + E(V,3d4s) 

= -166.75015 eV 

where E(V,3d4s) is the sum of the energy of V , -6.74619 eV , and the hybridization energy. 



(23.78) 



The vanadium HO donates an electron to each MO. Using Eq. (23.30), the radius r M4s of the V3d4s shell calculated 

from the Coulombic energy is 

(IK \ p 2 \4e 2 

= \Y(Z-ri)-\ , = , = 1.14232a,, (23.79) 



'V-LidAs 
V.n-18 



8^g (e\ 66.7501 5 e.V) 8 ^ (d 66.7501 5 e.V) 



Using Eqs. (15.19) and (23.78), the Coulombic energy E Cou[omb (V v _ L ,3d4s) of the outer electron of the V3d4s shell is 

^(^^)= "^ =- ~^~ =-1 1-91072 eV (23.80) 

Xx£ r F _ L , d4s 8^£- 1.14232a 

The only magnetic energy term is that tor the unpairing of the 4s electrons given by Eq. (23.75). Using Eqs. (23.32), (23.73), 

and (23.79), the energy E(V V L ,3d4s) of the outer electron of the V3d4s shell is 

E(V V L ,3d 4 s) = — 1 2 ^° e \ = 11.91072 eV 1 0.01 44 6 cV = 11.89678 cV (23.81) 

^s a r v _ LMAs m 2 .{r„) 

Thus, E T (V -L,3d4s), the energy change of each V3d4s shell with the formation of the F-Z-bond MO is given by the 

difference between Eq. (23.80) and Eq. (23.76): 

E T (V-L,3d 4 s) -E(V V _ L , 3d 4 s)-E(V,3d 4 s) --11.89678 eF-(-10.830 4 5 eK)--1.06633 eF (23.82) 

Th e s e mimajor axis a solution given by Eq. (23. 4 1) of th e force balanc e equation, Eq. (23.39), for th e cr - MO of the 

F-Z-bond MO of VL n is given in Table 23.19 with the force-equation parameters Z = 23 , n e , and L corresponding to the 

orbital and spin angular momentum terms of the 3d4s HO shell. The semimajor axis a of carbonyl and organometallic 

compounds are solved using Eq. (15.51). 

For the V -L functional groups, hybridization of the 4s and 3d AOs of V to form a single 3d4s shell forms an energy 
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minimum, and the sharing of electrons between the V3d4s HO and L AO to form a MO permits each participating orbital to 
decrease in radius and energy. The F AO has an energy of E(F) = -17.42282 eV , the CI AO has an energy of 

E(Cl) = - 12 .96764 eV , t he C aiyl 2 s p 3 H O h as an energy of E(C ary l ,2s p 3 ) = -1 5.76868 eV (E q. (14 .2 46 )), the C2s p 3 H O h as 
an energy of E(c,2sp i ) = -14.63489 eV (Eq. (15.25)), the N AO has an energy of E(N) = -14.53414 eV , the O AO has an 
energy of E(0) = -13.61805 eV , and the V3d4s HO has an energy of E CouIomb (V,3d4s) = -10.84439 eV (Eq. (23.75)) and 
E{V,3d4s) = -10.83045 eV (Eq. (23.76)). To meet the equipotential condition of the union of the V-L H 2 -type-ellipsoidal- 
MO with these orbitals, the hybridization factor(s), at least one of c 2 and C 2 of Eq. (15.61) for the V - L -bond MO given by Eq. 
(15.77) is 

11 ; E(FAO) -17 . 42 282 eV _ 

C 2 (ClAOto V3d4sHO) = E ^ 3d ^ = - l0 - ,i3MSer = 0.83519 (23.84) 

v ' E(ClAO) -12.96764 eV 

rJ n. tfHO tn ^4.m) ^"^ K ' M% ^ 2 ( f VtfO). " 1Q - 84439 gF (0.91771) = 68007 (23.85) 

21 V ' .>«■*»«/; E ( C ,2sp') 2l ; -14.63489 e V V ' ' 

c 2 (c,2sp 3 HO to V3d4sHO) = C, (C arvl 2sp 3 HO to V3d4sHO) = E <*f*>V > M **) = -10-84439 eF = 0.68772 (23.86) 
n aryi ; n aryl ; E( c^.7s p 3 ) -15.76868 eV 

c, (NAO to V3d4sHO) = C, (NAO to V3dAsHO) = SpZ^j = - 10 - 83045 gg ~ 0,745x7 (23.87) 

v ; v ; E(NAO) -14.53414 eV 

r 2 (O tn YMAsHO) = E ( V ?^ = - 10 - 83045 eV = 79530 (21^ 

v ' EjO) -13.61805 eV 

where Eqs. (15.76), (15.79), and (13.430) were used in Eq. (23.84). Since the energy of the MO is matched to that of the V3d4s 

HO of coordinate compounds, E^AO I HO) in Eq. (15.61) is E(V ,3d4s) given by Eq. (23.76) and twice this value for double 

bonds. For carbonyls and organometallics, the energy of the MO is matched to that of the Coulomb energy of the V3d4s HO 

such that E(AO/ HO) in Eq. (15.61) is E CouIomb {V ,3d4s) given by Eq. (23.73). E T (atom- atom, msp^.AO) of the F-Z-bond 

MO is determined by considering that the bond involves an electron transfer from the vanadium atom to the ligand atom to form 

partial ionic character in the bond as in the case of the zwitterions such as H 2 B + -F~ given in the Halido Boranes section. For 

coordinate compounds, E T ( atom- atom , msp^ . AO) is -2 . 53109 eV , two times the energy of Eq . (23 . 81) . For carbonyl and 

organometallic compounds, E T ( atom- atom, msp'.AOj is -1.65376 eV and -2.26759 eV , respectively. The former is based 

on the energy match between the V3d4s HO and the C2sp 3 HO of a carbonyl group and is given by the linear combination of 
-0.72457 eV (Eq. (14.151)) and -0.92918 eV (Eq. (14.513)), respectively. The latter is equivalent to that of ethylene and the 
aryl group, -2.26759 eV , given by Eq. (14.247). The C = functional group of carbonyls is equivalent to that of formic acid 
given in the Carboxylic Acids section except that E Kvjb corresponds to that of a metal carbonyl and E T (AO/ HO) ol'Eq. (15.47) 
is 

E T (AOI HO) = -AE H2MO (AO/ HO) =-(-14.63489 eF-3.58557 eV) = 18.22046 eV (23.89) 

wherein the additional E(AOI HO) =-14.63489 eV (Eq. (15.25)) component corresponds to the donation of both unpaired 

electrons of the C2sp 3 HO of the carbonyl group to the metal-carbonyl bond. The benzene groups of organometallic, V(C 6 H 6 ) 2 

are equivalent to those given in the Aromatic and Heterocyclic Compounds section. 

The symbols of the functional groups of vanadium coordinate compounds are given in Table 23.18. The geometrical 

(Eqs. (15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of vanadium coordinate compounds are given in tables 23.19, 23. 2U, and 23.21, respectively. The total energy of 
each vanadium coordinate compound given in Table 23.22 was calculated as the sum over the integer multiple of each E D [Group) 
of Table 23.21 corresponding to functional-group composition of the compound. The bond angle parameters of vanadium 
coordinate compounds determined using Eqs. (15.88-15.117) are given in Table 23.23. The E T (atom - atom,msp 3 .AO) term 

for VOCl 3 was calculated using Eqs. (23.30-23.33) with s = l for the energies of E(V,3d4s) given by Eqs. (23.78-23.81). The 
charge-densities of exemplary vanadium carbonyl and organometallic compounds, vanadium hexacarbonyl (V[CO) ) and 
dibenzene vanadium (V(C 6 H 6 ) 2 ), respectively, comprising the concentric shells of atoms with the outer shell bridged by one or 



more H 2 - type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 23. 4 A and B. 
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Figure 23.4. (A) Vanadium Hexacarbonyl. Color scale, translucent view of the charge-density of V(CO) 6 showing the orbitals 
of the V , C , and O atoms at their radii, the ellipsoidal surface of each H 2 -type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond, and the nuclei (red, not to scale). (B) Dibenzene Vanadium. 
Color scale, translucent view of the charge-density of V(C f) H 6 ) 2 showing the orbitals of the V and C atoms at their radii, the 

ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atoms 
participating in each bond, and the hydrogen nuclei (red, not to scale). 




Table 23.18. The symbols of the functional groups of vanadium coordinate compounds. 



Functional Group 



VF group of VF 5 

VCl group of VCl A 

VN group of VN 

VO group of VO and V0 2 

VCO group of V(CO\ 

c=o 

VCani group of V(C 6 H t ) 2 

CC (aromatic bond) 

CH (aromatic) 



Group Symbol 



V-F 
V-Cl 

V-N 

v-o 
v-co 
c = o 

C=C 

CH 



Table 23. 



19. The geometrical bond parameters of vanadium coordinate compounds and experimental values. 


Parameter 


i -f 
Group 


V-Cl 
Group 


V-N 
Group 


V-O 
Group 


v-co 

Group 


C = 

Group 


V-CJI t 

Group 


c=c 

Group 


CH 

Group 


n 
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3 


1 


1 












L 


4 


2 


-! 


4 












.>(,,) 


2.0753 1 


2.58696 


1.97514 


2.11296 


2.34957 


1.184842 


2.2118! 


1 .47348 


1. 60061 


c k) 


1 .49 1 87 


2.03222 


1 .62806 


1.62997 


1 .85880 


1 .08850 


2.07080 


1.31468 


1.03299 


Bond 
Length 

a- (A) 


1 .57893 


2.15081 


1 .72306 


1.72509 


1 .96727 


1.15202 


2.19164 


1.39140 


1.09327 


Exp. Bond 
Length 


1. 71 [18] 

07%) 


2.138 [18] 

(roj 


1.612 [24] 
(PA0 


1.890 [25] 

1.5893(18] 
(10) 


2.015 [18] 

(r(co) r ) 


I.138[18] 

(r(co) ( ) 


2.17 [26] 

0'(CA)J 


1.399 [3] 
(benzene) 


1.101 [3] 
(benzene) 


M («„) 


1. 44264 


1.60075 


1.11830 


1.34454 


1.43713 


0.46798 


0.77710 


0.66540 


1.22265 


t? 


0.71887 


0.78556 


0.82428 


0.77142 


0.79112 


0.91869 


0.93625 


0.89223 


0.64537 



Table 23.20. Ths MO to BO intercept geometrical bo id ])arameters of vanadium 



coordinate compounds. Ej is Et (atom-atom,HO.AO) 



oj 
m 



(eV) 
Bond 1 



E T 
(eV) 



E T 
(eV 



(eV) 
Bond 5 



E T 

; s v) 



Total 

rgy 



YL 



(<%) 



M 



(e' 



F3rf4s) 
V) 



£(1 

( 



'3d4|') 
W) 
Final 



0' 






m 



-1.06633 



-1.06633 



-1.06633 



-1.0663: 



1.25464 



1.84111 



74.48 



105.52 



1.71686 



(VCk) 
(VN) 



-1.06633 
-1.06633 
-1.06633 
-1.26555 





■1.06633 









1.06533 







-1.06633 







0.78069 
1 .25464 
1.05158 
1.25464 



1.73588 
1.90047 
1.96949 

1.14232 



-15.1 

-14 

-11 



15 

0972 

0^3397 

073 



59.69 
82.69 

88.42 
122.73 



120.31 
97.31 
91.58 

:i7.27 



33.91 
37.26 



1.86324 
2.14685 
2.05898 
1.01037 



0.1 H63 

0.02576 



(VN) 



-1.26555 











0.93084 



1.87214 



109.42 



''0.58 



1.33814 



-O [VO) 



O [VO) 



-1.26555 







1.00000 



1.92655 



95.70 



114.30 



1.53796 






-1.26555 
-1.26555 
-1.79278 



1.26555 





1.25464 
1 .00000 
1.00000 



1.14232 
1.92655 
1.81871 



91073 
68439 
61853 



108.99 
95.70 
147.43 



'1.01 

j)4.30 
2.57 



1.25826 
1.53796 
0.39853 



0.37171 
0.09201 



© 



-1.79278 



■0.82688 















0.91771 



1.77991 



146.15 



33.85 



0.44077 





K> 




O 








O 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


>i- 


O 


S.1 


s 


'« 


CD 






(ft 




-f 








K) 


o 


U> 





>{nco\) 

(CH) 



-0.82688 
-0.82688 
-0.85035 



-1.79278 
■0.82688 
-0.85035 




0.82588 




-0.82688 
-0.18897 





-0.82688 







.32688 





0.91771 
1.25464 
0.91771 



1.77991 
686761 
1.78727 



-17.44541 

-19.: 

-17.2 



80.76 
69.40 
73.22 



$9.24 
10.60 



26.51 
38.36 



1.98409 
2.10076 
1.26026 



1.85S80 
0.24196 



C=HC=C 



-0.85035 



-0.85035 



0.18 











0.91771 



1.78727 



133.87 



0.76910 



< 
CD 
Q. 
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Table 23.21 . The energy parameters (eV) of functional groups of vanadium coordinate compounds. 



Parameters 



V-F 



-Gr- 



oup 

"1 

1 




V-Cl 
Group 



V-N 
Group 



V-O 
Group 



V-CO 
Group 



C = 
Group 



V-CH 



c=c 



CH 

Group 



0.75 

2 




0.75 



0.375 



0.5 



0.5 



0.5 



0.5 



0.375 



0.5 



0.75 



0.62162 



0.83519 



0.74517 



0.79530 



0.68002 



0.68772 



0.85252 



1 



1 



1 



1 



0.83519 



0.74517 



0.79530 



0.85395 



0.68772 



0.85252 



0.9 



TT 



~0~ 



TT 



ir 



TT 



TT 



771 



-+- 



-t- 



1 

0.75 
0.62162 



0.375 
0.83519 



1 

0.5 
0.74517 



2 

0.5 
0.79530 





0.5 
0.68002 





0.5 
1 





0.375 

0.68772 





0.5 
0.85252 



0.75 
1 



= ii mo/i 



= 01 7IVTO 



= OQ I AAVC\ 



= SA 1~J1AQ 



= 11 ^^7CO j-wose^n 



= in qa~jq<; = im n^-7Q = in inm/i 



K (eK) 



9.11995 
7.95669 



6.69504 
4.58120 



8.35707 
7.37791 



16.69453 
12.86667 



7.31967 
6.69438 



24.99908 
56.95634 



6.57031 
6.97344 



20.69825 
34.31559 



13.17125 
11.58941 



V m (eV) 



-3.97835 



-2.29060 



-3.68896 



-6.43333 



-3.34719 



-28.47817 



-3.48672 



-17.15779 



-5.79470 



E[aoiho) (eV) 



-10.83045 



-10.83045 



-10.83045 



-21.66089 



-10.84439 



-10.84439 



-14.63489 



\AntHn) {p.V ) 



18.220 1 6 



.13379 



E t {aoiho) (eV) 



-10.83045 



-10.83045 



-10.83045 



-21.66089 



-10.84439 



18.22046 



-10.84439 



13.50110 



£j.(« 2 j») (eV) 



-30.75729 



-25.54754 



-27.92923 



-52.90652 



31.63535 



-63.27080 



-31.63521 



-63.27075 



-31.63539 



E r (atom-atom,msp 3 .AO) (eV) -2.13266 



-2.13266 



-2.13266 



-2.13266 



-1.65376 



-3.58557 



-2.26759 



-2.26759 



-0.56690 



£. r M (eV) 
(O flO" rod I s) 



-32.88995 
16.2908 



-27.68020 
5.56044 



-30.06189 

21.3383 



-55.03919 
16.7215 



-33.28913 
13.9922 



-66.85630 
22.6662 



-33.90295 
30.6471 



-65.53833 
49.7272 



-32.20226 
26.4826 



E K (eV) 



10.72287 



3.65998 



14.04526 



11.00636 



9.20994 



14.91930 



20.17243 



32.73133 



17.43132 



E n (eV) 



-0.21307 



-0.10476 



-0.22289 



-0.18062 



-0.19986 



-0.25544 



-0.30124 



-0.35806 



-0.26130 



E, m <fV) 



0.07538 

-0.17538 
0.05793 



0.05059 

-0.07947 
0.05793 



0.12708 
L^4j 

-0.15934 

0.05793 



0.12539 
[14J 

-0.11793 

0.05793 



0.04749 
[29J 

-0.17612 

0.05793 



0.24962 

-0.13063 
0.11441 



0.04749 

-0.27750 
0.05793 



0.19649 
[30] 

-0.25982 

0.14803 



0.35532 
Eq. (13.458) 

-0.08364 

0.14803 



E (eV) 



E r (a,m,,) (eV) 

_E- ^ L : in<ijn\ ipV'\ 



1.06533 



-27.75967 
-10.83045 



-30.22123 
-in, §3045 



-55.27504 
-10.83045 



-33.46525 
-14.63489 



-67.11757 
-14.63489 



-34.18046 
-15.76868 



-49.54347 
-14.63489 



-32.28590 
-14.63489 



E rm!la! I^m/ho) (eV) 
£>„„„) (eV) 



-17.42282 
4.81206 



-12.96764 
3.96159 



-14.53414 
4.85665 



Exp. E D ((™u P ) {eV) 



-13.61806 

6.37803 

6.4 (VO 

[25]) 




4.19547 




8.34918 




2.64309 




5.63881 



-13.59844 
3.90454 



Table 23.22. 



2:5.21 compared to 



The total bond energies of .gaseous-state 



the gaseous-state experimental values except where indicated. 



var adium coordinate compour ds calculated 



using the functional grcup 



composition 



nd the energies of Table 






Formula 



Name 



Group 



V-Cl 
Group 



V-N 
Group 



V-O 
Group 



V-CO 
Group 



Group 



V-C 6 H t 
Group 



C=C 
Group 



CH 
Group 



(palciplated Experimental 
Bond Total Bond Energy 
V) 



Total 



Relative 
Error 



Energy 
JeV)_ 



(e' 



VF 5 
VCL 
VN 

vo 
vo 2 
voci 

V(CO), 



V(C, 



H 6 )) 2 



V;inadium pentafluoride 
Vanadium tetrachloride 
V unadium nitride 
Vanadium oxide 
Vinadium dioxide 
Viinadium trichloride oxide 
Vanadium hexacartony] 
benzene vanadium 










12 










12 



24.05031 
15.84635 
4.8ii6S5 



6.3 



803 



12.75606 
25279 
75.25791 
19.80633 



24. 
15 
4, 
6. 
12 
18. 
7: 
121 



24139 [15] 
805]70 [15] 
1 [24] 
60264 [15] 
89729 [34] 
87469 [15] 
63369 [32] 
93 a [33] 



.201 



0.00747 
0.0C257 
0.0C775 
3.03 402 
0.01395 
0.03242 
0.00^84 
3.01 



'Licuid. 



Table 23.23. 



The bond angle parameters of vanadium 



coordinate compounds and experimental 



values. E T is 



{atom-atom, HO. AG). 



© 





to 




O 








O 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


ST- 


O 


S.1 


s 


'« 


CD 






(ft 




-f 








K) 


o 


U> 





Angle 



2c' 
Bond 1 



2c 1 
Bond 2 



2c' 

Terminal 

Atoms (a (l ) 



E, 
Ate. 



Atom 1 
Hybridization 
Designation 

(Table 15.3 A) 



Er„„/„„,„. 

Atom 2 



Atom 2 
Hybridization 
Dt signation 

(Tajle 15.3 A) 



E T 
(eV) 



(°) 



Ejp. 



ZC1VCI 

~Zccc 

(aromatic) 

ZCCH 
(aromatic) 



2.1 

4.0*444 
2.62936 



4.06444 

4.06444 
2.62936 



; .9161 

(..7231 
',5585 



-13.01806 
O 



-12"67S4 
CI 



-17.1 



7218 



CI 

38 



-12.96764 
CI 



-12.96764 
CI 



-17.17218 



0.79530 

(Ec. 
(23.87)) 
0.83519 

(Ec. 
(23.8)5)) 

0.79: 



0.83519 

(Eq. 
(23.83)) 
0.83519 

(Eq. 
(23.83)) 

0.79232 



0.81525 

0.8351 J 
0.79232 



111 



3[1: 



(voa,) 



.60 



111 



3 [IS] 



(VOCI,) 



-1.85836 



120.19 
119.91 



120 



34-35] 



(benzene 



120 



.34-35] 



(benzene 



< 
CD 
Q. 
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CHROMIUM FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of chromium is [^r]45 ,1 3^ 5 having the corresponding term 7 S, . The total energy of the state is given 
by the sum over the six electrons. The sum E T (Cr,3d A s) of experimental energies [1] of Cr , Cr + , Cr 2+ , Cr 3+ , Cr 4+ , and 
Cr 5+ is 



E T (Cr,3d4s)-- 



90.6349 eV + 69.46 eV + 49.16 eV 

= -263.4671 leV (23.90) 
+30.96 eF + 16.4857eF + 6.76651 gF ' — ~ 



v 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r MAs of the 
Cr3d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

*_.,.. =f , ( !:!?1 „■ = —M^ ., =1.084470 , (23.911 

MAs „4^8^ (e263.46711eK) 8^ (e263.46711 eV) Q 

where Z = 24 for chromium. Using Eq. (15.14), the Coulombic energy E Coulomb (Cr,3d4s) of the outer electron of the Cr3d4s 

shell is 

— p 2 —p 1 
E CouIomb (Cr,3d4s) = = = - 12.546053 eV (23.92) 

Next, consider the formation of the Cr-L -bond MO wherein each chromium atom has a Cr3d4s electron with an 
energy given by Eq. (23.91). The total energy of the state of each chromium atom is given by the sum over the six electrons. 
The sum E T (Cr Cr _ L 3d4s) of energies of Cr3d4s (Eq. (23.91)), Cr\ Cr 2 *, Cr 3+ , Cr 4+ , and Cr 5+ is 

^ In _ ^ f 90.6349 eV + 69.46 eV + 49.16 eV ^ 

E T {Cr Cr _ L 3d4s) = - 



+30.96 eV + 16.4857 eV + E Cou!omb (Cr,3d4s)^ 



(23.93) 
90.6349 eV + 69.46 eV + 49.16 eV ) 

= -269.24665 eV 
+30.96 eV + 16.4857 eV + 12.546053 eV ) 

where E(Cr,3d4s) is the sum of the energy of Cr , -6.7665 1 eV , and the hybridization energy. 

The chromium HO donates an electron to each MO. Using Eq. (23.30), the radius r MAs of the Cr3d4s shell calculated 

from the Coulombic energy is 

S 1 e 1 20? 

Y(7-n)-l\ , = ? =1 . 01066ff, . (?3.94) 



) %ne a (e269.24665 eV) 8xs (e269.24665 eV) 
Using Eqs. (15.19) and (23.93), the Coulombic energy E Cmhmb [Cr Cr _ L ,3d4s) of the outer electron of the Cr3d4s shell is 

2 2 

Ecou^iCrcr L ,3d4s)= ~ ? = ~ € = -13.46233 eV (23.95) 
— %™ n r Cr _ L . idAs — 8;re u 1.01066fl u 

Thus, E T [Cr-L,3d4s), the energy change of each Cr3a"45 shell with the formation of the Cr-Z-bond MO is given by the 

difference between Eq. (23.94) and Eq. (23.91): 

E T (Cr-L,3d4s) = E(Cr Cr _ L ,3d4s)-E(Cr,3d4s) = -13.46233 eK-(-12.546053 eF) = -0.91628 eV (23.96) 

The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the cr-MO of the 
Cr-L -bond MO of CrL n is given in Table 23.25 with the force-equation parameters Z = 24 , n e , and L corresponding to the 

orbital and spin angular momentum terms of the 3d4s HO shell. The semimajor axis o of carbonyl and organometallic 

compounds are solved using Eq. (15.51). 

For the Cr-L functional groups, hybridization of the 4s and 3d AOs of Cr to form a single 3d4s shell forms an 

energy minimum, and the sharing of electrons between the Cr3d4s HO and L AO to form a MO permits each participating 
orbital to decrease in radius and energy. The F AO has an energy of £'(7 7 ) = -17.42282 eV , the CI AO has an energy of 

E(Cl) = -12.96764 eV , the C aryl 2sp' HO has an energy of E(C aryl> 2sp 3 ) = -15.76868 eV (Eq. (14.246)), the C2sp 3 HO has 
an energy of E(C,2sp 3 ) = -14.63489 eV (Eq. (15.25)), the O AO has an energy of E(0) = -13.61805 eV , and the Cr3d4s 
HO has an energy of E Cm[omb (Cr, 3d4s) = -12.54605 eV (Eq. (23.91)). To meet the equipotential condition of the union of the 
Cr-L H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factor(s), at least one of c, and C 2 of Eq. (15.61) for the 
Cr-L -bond MO given by Eq. (1 5.77) is 

c, (FAO to Cr3d4sHO) = C 2 (FAO to Cr3d4sHO) = E o«^-( Cr ' 3 f 4s ) = -12-54605 eV = 0J2m 
v / u ; E(FAO) -17.42282 eV 

cAClAO to Cr3d4sHO) = C 2 (ClAO to Cr3d4sHO) = ^ ° m, '} Cr,3d4S > = 12 - 5%05 cV - = Q.96149 (23.98) 
— ^ '- ^ — L E(ClAO) 12.9676 4 eV — 
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c 2 {C2sp l HO to Cr3d4sHO)=C 2 (C2sp 3 HO to Cr3d4sHO) 



E CM (Cr, 3d4s) -12.54605 eV 



C, (C^lsp^HO to Cr3d4sHO) = ■ 



,(Cr,3d4s) 



E(C,2sp 3 ) 

2M605eV =0.79563 



E(C^,2sp 3 ) -1 5.76868 eV 



c 2 (O to Cr3d4sHO) = C, (O to Cr3d4sHO) ■■ 



^c^Jp^dAs) -12.54605 eV 



-14.63489 eV 



0.92128 



: 0.85727 (23.99) 



(23.100) 



(23.101) 



E(0) -13.61805 eV 

Since the energy of the MO is matched to that of the Cr Cmlimb 3d4s HO, E(AO/HO) in Eq. (15.61) is E Cmlomti (Cr,3d4s) given 

by Eq. (23.91) and twice this value for double bonds. E T ( atom- atom, msp'.AO} of the Cr-Z, -bond MO is determined by 

considering that the bond involves an electron transfer from the chromium atom to the ligand atom to form partial ionic 
character in the bond as in the case of the zwitterions such as H 2 B* — F~ given in the Halido Boranes section. For coordinate 

compounds, E T (atom- atom, msp } .AOj is -1.83256 eV , two times the energy of Eq. (23.95). For carbonyl and organometallic 

compounds, E T (atom-atom,msp i .AO\ is -1.44915 eV (Eq. (14.151)), and the C = functional group of carbonyls is 

equivalent to that of vanadium carbonyls. The benzene and substituted benzene groups of organometallics are equivalent to 
those given in the Aromatic and Heterocyclic Compounds section. 

The symbols of the functional groups of chromium coordinate compounds are given in Table 23.24. The corresponding 
designation of the structure of the (Cff 3 ) ,C S H 3 group of Cr([CH y )^C 6 H i ) 2 is equivalent to that of toluene shown in Figure 

23.5B. The geometrical (Eqs. (15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. 
(15.61) and (23.28-23.33)) parameters of chromium coordinate compounds are given in Tables 23.25, 23.26, and 23.27, 
respectively. The total energy of each chromium coordinate compound given in Table 23.28 was calculated as the sum over the 
integer multiple of each E D (am»p) of Table 23.27 corresponding to functional-group composition of the compound. The bond 
angle parameters of chromium coordinate compounds determined using Eqs. (15.88-15.117) are given in Table 23.29. The 
E T ( atom- atom, msp } .AO) term for CrOCl } was calculated using Eqs. (23.30-23.33) with s = l for the energies of 

E CtmIomb (Cr,3d4s) given by Eqs. (23.93-23.95). The charge-densities of exemplary chromium carbonyl and organometallic 

compounds, chromium hexacarbonyl {Cr(CO) ) and di-(l,2,4-trimethylbenzene) chromium (Cr((C//,), C 6 H } ) 2 ), respectively, 

comprising the concentric shells of atoms with the outer shell bridged by one or more H 2 -typc ellipsoidal MOs or joined with 
one or more hydrogen MOs are shown in Figures 23. 5A and C. 

Figure 23.5. (A) Chromium Hexacarbonyl. Color scale, translucent view of the charge-density of Cr(CO) 6 showing the 
orbitals of the Cr , C , and O atoms at their radii, the ellipsoidal surface of each // 2 -type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond, and the nuclei (red, not to scale). (B) Toluene. (C) Di-(1,2,4- 
trimethylbenzene) Chromium. Color scale, opaque view of the charge-density of Cr((C/Y,) t C 6 //,) 2 showing the orbitals of the 
Cr and C atoms at their radii and the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond. 



B 





le/A 2 
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Table 23.24. The symbols of the functional groups of chromium coordinate compounds. 



CrF group of CrF 2 
CrCl group of CrCl 
CrO group of CrO 



Functional Group 



Group Symbol 



Cr-F 
Cr-Cl 
Cr-O (a) 



CrO group of Cr0 2 
CrO group of Cr0 3 
CrCO group of Cr(CO) 6 



Cr-O (b) 
Cr-O (c) 
Cr-CO 



CrC a ,yi group of Cr(C b H b ) 2 and 



Cr((CH,\C 6 H,\ 
CC (aromatic bond) 



Cr-C 6 H 6 



C = C 



CH (aromatic) 

C a -C b ( CH 3 to aromatic bond) 

CH, group 



CH 

C-C 
C-H (CH 3 ) 



Table 23.25. The geometrical bond parameters of chromium coordinate compounds and experimental values. 



Cr-F 
Group 



Cr-Cl 
Group 



14 



14 



Cr-O (a) 
Group 



14 



Cr-O (b) 
Group 

2 



" ' 14 



Cr-O (c) 
Group 



.11 

14 



Cr-CO 
Group 



C = 

Group 



Cr-C„H t 

Group 



C=C 

Group 



CH 
Group 



C-C 
Group 



C-H [CH 3 ] 
Group 



Bond Length 
2c' (A) 



Exp. Bond 
T pnpth 



1.720 1 15| 2.126|15| 



1.627 1 37 1 



1.627 1 37 1 



1.627 1 37 1 



1.92 [3] 



T&fcop 



1.16 [3] 
1.1 1 1 [38] 



2.125 [39] 



(o(c«A,) 2 ) 

1.46755 



1.399 131 



1.101 [31 



1.524 131 



1.11 (avg.1 131 



(CrO,F 2 ) (Cr0 2 a 2 ) 



6,c taA 



(CrO n n=l,2,3) 
1.69738 



(CrO„ n=l,2,3) 
1.68294 



(CrO„» = 1,2,3) 
1.68294 



( & ( CO ) 6 ) 
0.46798 



(benzene) (benzene) (toluene) 
0.66540 1.22265 1.47774 



(toluene) 
1.27295 



Table 23.20. 



The MO to BO intercept geometrical 



bold parameters of chromium coordinate compounds. E r is E T (atcm-atom,HOAO). 



F (CrF 2 ) 
F (CrF 2 ) 



Cr 
F 



E T 
eV) 



91628 
91628 



(eV) 



(eV) 
Bond 3 



E, 

(eV) 
Btnd4 






(eV) 



Firal 



Total 
Energy 
Cr3i/4s 
(?Y) 



M 

194625 
174190 



£,.., 



t (Cr3d4 S ) 

(eV) 

Final 

14.37861 
8.33910 



E(CrMAs) 



(e 



V) 



(•) 

130.«3 
121.54 



49.07 
58.46 



(°) 



0.95607 
1.18799 



(": 



0.61998 
0.38806 



v (oa 2 ) 



2.48539 0.55052 



21 (CrCl 2 ) 



91628 



3.88392 



59.10 



120.90 



26.17 



2.43805 0.5C318 



9 (CrO) 
9 (CrO) 
iJCrOJ 



Cr 
O 
Cr 



91628 
91628 
91628 



01066 
93611 
94625 



.46233 
14.53434 
14.37861 



70.66 
61.71 
64.49 



109.34 
118.29 
115.51 



34.18 
29.05 
30.49 



1.92315 
2.03225 
1.99136 



0.33463 
0.44372 



9 (Cr0 2 ) 



91628 



14.53434 



63.1 



116.82 



29.76 



2.00615 0.42234 



(CrO,) 



2.07408 0.4S026 



Cr- 



9 (CrO,) 
O 



91628 
79278 



93611 
81871 



4.53434 
6.61853 



116.82 

32.57 



9.76 
034"" 



2.00615 
0.39853 



0.42234 
0.68997 



0.43577 0.65274 



20 [Cr(CO\' 



20 (Cr(CO) t 



1.72577 0.11 



C-H (CH) 



Ah) 
-„ = £' 



1.25543 0.22244 



0.76561 0.54908 



2.07785 0.01965 



'F<. H *\ 



2.13387 0.07567 



(C.H,) 
[ CH,),CMl] 

CH,),C S H,)' 



1.20367 0.15511 



t'=( 
Cr(, 



C 
.1,C a )C b =C 

1 C„-C a H, 
CH,\C ( H,l) 



1.68807 0.25279 



CH,) 3 C 6 H,\) 

(c//,),c t // 3 ) 2 
:; c=(ff 3 c„K = 

'CH 3 ),C t H,l) 

:; c=hc c =c 
ch^c^I) 



56690 

72457 
12076 

12076 



2076 

56690 



1771 

'P447 

771 



56690 (' 



0.79039 
0.83600 
0.79039 

0.79039 



7.21410 
6.27490 
7.21410 

7.21410 



119.32 
91.35 
95.49 

95.49 



7.80 

14.72 
32.42 

32.42 



1.82231 0.38703 

2.07785 0.0 

2.13387 0.0 

2.13387 0.07567 



Table 23.27. The energy parameters (eV) of functional groups of chromium coordinate compounds. 



Parameters 



Group 



Cr-Cl 
Group 

1 



Cr-0 (a) 
Group 

1 



0(b) 
Group 



0(c)) 
Graup 



Cr-CO 
Group 

1 



Group 
1 



Gi oup 



= C 

Gfoup 

1.75 



CH 
Group 



C-C 
Group 



CH, 

Group 



1 



1 































_C^5_ 
0.72009 



0.375 

0.967 49 

1 



0.5 
0.92128 

1 



0.9 2128 
1 



o .; 

0.92128 



0.375 

0.857 27 

1 



0.5 
1 
1 



375 
0.7 3563 
1 



[)3_ 

0.8525? 
1 



0.75 



0.5 
1 
1 



0.75 



072009 




0.967 49 




0.92128 




0.92128 

D 



0.92128 

3 



0.857 27 




0.85395 

2 



0.8525? 




0.9 



77 



0.91771 




0. 91771 








.5 



0.375 



0.5 



0.375 



0.5 



0. 



375 



0.5 



0.75 



0.5 



175 



(eV 



0.72009 
-34.33458 



0.96749 

-24.26770 



0.92128 
52.72902 



0.92128 



53. 



2750 



0.92128 

-53.12750 



0.85727 
-31.58105 



1 

134.96850 



0.75563 



0.85252 



■30. 



12868 -101 



12679 -37.10024 



1 
-29.95792 -10f.32728 



(rf 



8.6528: 



7.03 190 



17.13015 



7.1 



1105 



17.1 



8105 



7.40515 



24.99908 



6.6 



1055 20.69825 13.17125 



J.47952 



38 



92728 



T (eV 



9.55777 



4.46671 



11.34075 



11.49446 



11.49446 



7.27506 



56.95634 



5.95942 34.31559 11.58941 



7.27120 



32 



53914 



(el 



) 

o) (eV) 



7988:? 
.546C5 



-2.23336 
-12.54605 



-5.67037 
25.09211 



-5.74723 
25.09211 



-5.7472:; 
-25.0921 



-3.6375: 
-12.54605 



28.47817 




-2.S 7971 
12.54605 



-17. 



57' 



-5.7947 
-14.634119 



-3.63560 
-15.35946 



16.26957 



-15 



56407 



jim)) (eV) 



















-1.44915 



18.22046 



1.44915 



-1.13379 



-0.56690 







E t {ac 



o) (eV) 
') (eV) 
n- atom,msp\ 



(eV) 



-12. 
-33. 
-1 



546C5 
44892 
83256 



-12.54605 
-27.54850 
-1.83256 



25.09211 
55.02060 
-1.83256 



25.09211 



-25.0921 



■55. 



9133 



-55. 



9133 



1.83256 



1.83256 



-1 1. 0969 J 
-31.63528 
-1.44915 



1 8.22046 
■63.27080 

-3.58557 



11.09690 
■31.63533 
-1.44915 



-63 





270 



2.26759 



-13.501 10 
-31.6353 9 
-0.56690 



-14.79257 
-31.63537 
-1.13379 



-15 .56407 

-671.69451 





(eV) 



35.28148 -29.38106 



56.85316 



57. 



2389 



-57.1 



2389 



-33.08452 



66.85630 



33.08452 -65 



53S::3 -32.20226 



-32.76916 -67.69450 



rad I s 



0.569' 



).45766 



12.( 



i\ 



2.15518 



7.98665 



18.8708 



22.6662 



12 



7018 



49. 



7272 



26.4825 



16.2731 



24.9286 



4 < e 



6.8255 
-0.18236 



6.22520 
-0.14503 



8.35152 
-0.16252 



8.4)929 
-0.16435 



5.25695 
-0.12956 



12.42109 
-0.2306S: 



14.91930 
-0.25544 



8.35057 32.''3I33 



-0.1 



8925 



-0. 



5805 



17.43132 
-0.26130 



10.71127 
-0.21217 



16 



40846 



0.25352 



eV) 



0.07005 
[40] 



0.04030 
[40] 



0.11144 
[37] 



1144 
V] 



0.1 



144 



[:7] 



0.04724 
[41] 



0.24962 
[29] 



0.05951 

[42] 



0.1 



964$ 
[30] 



0.3553P 

Eq. 
(13.458) 



0.14940 

[43] 



0.35532 

;Eq. 
(i:i.458)) 



J; «, < e n 



0.14733 



-0.12481! 



-0.10680 



0.10863 



0.0738' 



-0.20706 



■0.13063 



-0.1 



5950 



0.25982 



-0.08364 



-0.13747 



-0. 



22757 



;>■ 



V) 



0.0 



1971 



35.4288 



0.08971 
-29.50594 



0.08971 
57.06677 



0.015971 

57.34114 



0.08971 

-57.27156 



0.14803 
-33.29158 



0.11441 
67.11757 



0.14803 
■33.24401 



0.1 
-49. 



4803 

543^-7 



0.1480 3 
-32.28590 



0.14803 
-32.90663 



14803 

.92207 



' 4 aoiho) (eV) 



12.546C5 -12.54605 



12.54605 



12.54605 



12.54605 



-14.6348? 



14.63489 



15.76868 -14. 



53489 -14.63489 



-14.63489 



-14 



.63489 



(eV) 



17.42282 -12.96764 



13.61806 



13.61806 



13.61805 



















-13.59844 







-13 



.59844 



,) (eV) 



5.4599^ 



3.99224 



4.73854 



5.01291 



4.94333 



4.02180 



8.34918 



1.73665 



5.6388 1 



3.90454 



3.63685 



12 



49186 



Table 23.28 



23.27 



compared to 



The total bond energies 



the gaseous-state exper mental values except where indicated. 



of gaseous-state chromium 



Cr-F 
Group 



Goup 



Cr-0 

(a) 
Group 



O-i 

(b) 

3rou 



coordinate compounds calculated using the functional 



Cr-0 
Group 



-CO 
•oup 



Group 



Cr-C b H b 
Group 



Grojp 



group composition and the 



CH 
Group 



-C 
Croup 



CH : 

Group 



Calculated 
Total Bond 

Energy (eV) 



energies of Table 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Eror 



to 

O 



CrF 2 

Crci 2 

CrO 
CrOi 

cro 3 

Cr0 2 Cl2 



Chronium difluoride 
Chroriium dichloride 
Chroriium oxide 

•onium dioxide 
Chroriium trioxide 
Chroriium dichloride 



diox: 



Cr(C 6 



-(CO), 



Hs) 



Q:r((Cti3)3C6H3) 2 
a Liquid. 



ab 



Chronium hexacarbonyl 
Diberzene chromium 
2 ,4-tri methyl b< 



Di-(1 



) chromium 



e 23.29. The bond ;ing 



le parameters 



Atoms of 
Aigle 



i( a , 



2c' 
Bond2(a„) 



2c' 
;rminal 



of chromium 

Atom 1 
Hybridization 
Designation 

(Table 1 5.3A) 










12 
6 



coordinate compounds and 



experimental values. Et is 



Et (atom-atom,HO.AO) 



Atom 2 



Mom 2 
iridization 
Dt signation 



Hybi 



(Taale 1S.3A) 



E, 
(eV) 



10.91988 

7.98449 

4.73854 

10.02583 

14.83000 

17.46158 

74.22588 

117.93345 

191.27849 



9, 0, 

C) (°) 



92685 [15] 
96513 [15] 
''5515 [37] 
04924 [37] 
85404 [37] 
30608 [15] 
61872 [44] 
.97971 [44] 
42933° [44] 



349 
233 



0.0(162 
-0.00899 



526 
'039 
'598 



Exfj. 
(' 



© 





rO 




O 








O 




CD 




0) 




O 




7T 




I - 




CO 




J 






n 


TJ 


ST- 


O 


S.1 


s 


'« 


CD 






(ft 




-f 








K) 


o 


U> 





96764 

a 



-13.61806 
O 



-12.96764 
Ct 



0.96' 
(Ec 

(23. 



97J)_ 



1 

0.96749 

(Eq. 
(23.97)) 



0.9212 

(Eq. 
(23.1 



108.'; 



[15] 



00)1 



(CrC 7 Cl 2 ) 



0.75 



113.C 



[15] 



(CrCfi^) 



/LCCC 
(aro matic) 



0.79: 



0.79232 



120 [3 



4-36 



(ben;:ene) 



•CH 
(aro erratic) 



120 [34-36 
(benzene) 



< 
CD 
Q. 
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MANGANESE FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of manganese is [^r]45 ,2 3fif 5 having the corresponding term 6 S 5/2 . The total energy of the state is 
given by the sum over the seven electrons. The sum E T (Adn,3d4s) of experimental energies [1] of Mn , Mn* , Mn 2+ , Mn i+ , 



Mn 4+ , Mn 5+ , and M« 6+ is 



A\9.2GheV + 95.6 eV + 12.4 eV + 5\.2eV 
E T (Mn,3d4s) = -\ 
-— ' ' ' +33.668 gF + 15.6400gF + 14.22133eF 



-401.93233 eV (23.102) 



J 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r MAs of the 
Mn3d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

^ i .- = £ .. . (Z ~ n) f. • = ,. . ■ J 86 '. ,, =0.96411a (23.103) 

MAs „t^ 8 8^ (e395. 14502 eV) Me (e395. 14502 eV) 9 

where Z = 25 for manganese. Using Eq. (15.14), the Coulombic energy E Coulomh (Mn,3d4s) of the outer electron of the 
Mn3d4s shell is 

Ecou,o mb (Mn,M4s) - V - ~f - 1 1 .112322 cV (23.104) 

8flg n r 1<M , %7is a 0.964 llq n 

During hybridization, the spin-paired 4* electrons are promoted to the Mn3d4s shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the 4s electrons. From Eq. (10.102) with Z = 25 
and n = 25 , the radius r 25 of the MnAs shell is 

r 25 =1.83021a (23.105) 

Using Eqs. (15.15) and (23.104), the unpairing energy is 

E 4s (magnetic) = ^W^ = 8 ^°^ = 0.01866 eV (23.106) 



m 2 (r,J (1.83021a,,) 



The electrons from the 4s and 3d shells successively fill unoccupied HOs until the HO shell is filled with unpaired electrons. 
then the electrons pair per HO. In the case of the MriidAs shell having seven electrons and six orbitals, one set of electrons is 
paired. Using Eqs. (15.15) and (23.102), the pairing energy is given by 

E id4s (magnetic) = - 2 ^ h \ =- * W * = = -0 . 12767 eV (23007^ 

ml{r MA ,) (0.96411a,,) 

Thus, after Eq. (23.28), the energy E{Mn,3d4s) of the outer electron of the Mn3d4s shell is given by adding the magnetic 

energy of unpairing the 4s electrons (Eq. (23.105)) and pairing of one set of Mn3d4s electrons (Eq. (23.106)) to 

ft M (^ , 3r/4 , v)(Eq . (23 . 103)): 

2 o „2 fc 2 o „2 fc 2 o „2 fc 2 



„/,. . ,. x e Ikluz ti ^ 2nu a e Ti ^ — 2m-e ft 

E(Mn,3d4s)= + ™ + £ -£h Z "tV- 



%xs a r Mls m 2 e rl id pairs m 2 jl d HOpairs m 2 e r^ dls (23.108) 

= -14.112322 eV + 0.01866 eV -0.12161 eV = -14.22133 eV 

Next, consider the formation of the Mn - L -bond MO wherein each manganese atom has a Mn3d4s electron with an 

energy given by Eq. (23.107). — The total energy of the state of each manganese atom is given by the sum over the seven 
electrons. The sum E T (Mn Mn _ L 3d4s) of energies of Mn3d4s (Eq. (23.107)), Mn\ Mn 2 \ Mn 3+ , Mn A \ M« 5+ ,and Mn 6+ is 

(\ 19.203 eF + 95.6 eF + 72.4 eV + 51.2 eV^ 
E T (Mn Ull ,3d4s) = - . , 
^ "^ l [+33.66% eV + 15.&400 eV + E(Mn,3d 4s) y 

(1 19.203 eF + 95.6eF + 72.4 eV + 51.2 eV\ 

(23.109) 
^+33.668 eF + 15.6400eF + 14.22133eF J 

= -401.93233 eV 



where E{Mn,3d4s) is the sum of the energy of Mn , -7.43402 eV , and the hybridization energy. 



The manganese HO donates an electron to each MO. Using Eq. (23.30), the radius r MAs of the Mn3d4s shell calculated 
from the Coulombic energy is 





f 24 •S 


S ?7^ 2 






£(z-»)-i 

Vn=t8 i 


0130 a 


(23.110) 


r Mn-LMAs 


8^ (e401. 93233 eV) &xs„ (e401. 93233 eV) "- J± " J "^ 



Using Eqs. (15.19) and (23.109), the Coulombic energy E Coulomb (Mn Mn _ L ,3d4s) of the outer electron of the MrihdAs shell is 

2 2 

E CuM (Mn Mu _ L ,3d^)= ~ e = " £ = -14 . 88638 eV (22A1TL 

%xe a r Un _ LMls 8^ 0.91398a 
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The magnetic energy terms are those for the impairing of the 4s electrons (Eq. (23.105)) and pairing one set of Mn3d4s 

electrons (Eg. (23.106)). Using Eqs. (23.32), (23.105), (23.106), and (23.110), the energy E(Mn Un _ L ,3d4s) of the outer 

electron of the MrihdAs shell is 

_ , , , „ , . N -e 2 27iLi n e 1 ti 1 2nu n e 1 n 1 
E [Mn Mn _ L , 3d 4s) = - J — - + ™ ^ TT~^ 



^ a r Mn _ L3dAs mlir^ ml(r 3d4s y (23.112) 
1 1 .88638 cF + 0.01866cF - 0.12767eF = - 1 4 .99539 eV 



Thus, E r (Mh - L,3d 4 s) , the energy change of each Mn3d 4 s shell with the formation of the Mn - L -bond MO is given by the 
difference between Eq. (23.1 1 1) and Eq. (23.107): 

E T (Mn-L,3d4s) = E (Mn Mll _ L ,3d4s)-E(Mn, 3d4s) 

= -14.99539 eV -(-14.22133 eV) = -0.77406 eV ' 

The semrmajor axis a solution given by iiq. (23.41) of the force balance equation, bq. (23.39), tor the cr-MU of the 
Mn - L -bond MO of MnL n is given in Table 23 .3 1 with the force-equation parameters Z = 25 , n e , and L corresponding to the 

orbital and spin angular momentum terms of the 3d4s HO shell. The semimajor axis a of carbonyl and organometallic 

compounds ar e solv e d using Eq. (15.51). 

For the Mn-L functional groups, hybridization of the 4s and 3d AOs of Mn to form a single 3d 4s shell forms an 

energy minimum, and the sharing of electrons between the Mn3d4s HO and L AO to form a MO permits each participating 
orbital to decrease in radius and energy. The F AO has an energy of E{F) = -17.42282 eV , the CI AO has an energy of 

E(Cl)= 12.9676 4 eV , th e Clsp* HO has an e n e rgy of E(c,2sp 3 )= 1 4 .63 4 89 eV (Eq. (15.25)), th e Coulomb e n e rgy of 
Mri3d4s HO is E Cmlomb (Mn,3d4s) = -14.1 1232 eV (Ecf (23.103)), the Mri3d4s HO has an energy oT 
E{Mn,3d4s) = -\4. 22X33 eV (Eq. (23.107)), and 13.605804 eV is the magnitude of the Coulombic energy between the 
electron and proton of H (Eq. (1 .264)). To meet the equipotential condition of the union of the Mn -L H 7 -type-ellipsoidal- 
MO with these orbitals, the hybridization factor(s), at least one of c 2 and C, of Eq. (15.61) for the Mn-L -bond MO given by 
Eq. (15.77) is 

. E(Mn,3d4s) -14.22133 eV 

CJFAO to Mn3d4sHO)= v - — -^ = : ^- = 0.81625 (23.114) 

_} ' E(FAO) -17.42282 eV 

? > E(CIAO) 12.9676 4 eV 

CACIAO to Mn3d4sHO\= ^\^-^j — = 0.91184 (23.115) 

v ' E(Mn,3d4s) -14.22133 eV 

c 2 (C2sp'HO to Mn3d4sHO) = Ecaubmb . ( Mn ^fl c ( C 2s p 3 HO) = ~* 4 '"^ eV (0.91771) = 0.88495 (23.1 16) 
^ U * £(C,2^ 3 ) ^^ > -14.63489 eV y * 

C 2 (Mn3d4sHO to Mn3d4sHO) = ^—^ = - 13 - 605804eF = 9641 j (23.1 17) 

V 7 E Coulomb {Mn,3d4s) -14.11232 eV 

where Eqs. (15.76), (15.79), and (13.430) were used in Eq. (23.115) andEq. (15.71) was used in Eq. (23.116). Since the energy 

of the MO is matched to that of the Mn3d4s HO in coordinate compounds, E{AO I HO) in Eq. (15.61) is E(Mn,3d4s) given 

by Eq. (23.107) and E^AOI HO) in Eq. (15.61) of carbonyl compounds is E Coulomh {Mn,3d4s) given by Eq. (23.103). 
E T ( atom- atom, msp^.AO) of the M«-i-bond MO is determined by considering that the bond involves an electron transfer 
from the manganese atom to the ligand atom to form partial ionic character in the bond as in the case of the zwittenons such as 
H 2 B* -F~ given in the Halido Boranes section. For the coordinate compounds, E T ( atom- atom, msp' .AO) is -1.54812 eV , 

two times the energy of Eq. (23.112). For the Mn-CO bonds of carbonyl compounds, E T ( atom -atom, msp 3 . AO) is 

-1.44915 pV (F,q. (14.151)) ; and the C.=Q functional group of carhonyls is equivalent to that of vanadium r-arhonyls. 

The symbols of the functional groups of manganese coordinate compounds are given in Table 23.30. The geometrical 

(Eqs. (15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of manganese coordinate compounds are given in Tables 23.31, 23.32, and 23.33, respectively. The total energy of 
each manganese coordinate compound given in Table 23.34 was calculated as the sum over the integer multiple of each E D (omu P ) 
of Table 23.33 corresponding to functional-group composition of the compound. The charge-densities of exemplary manganese 
carbonyl compound, dimanganese decacarbonyl (Mn 2 (CO) lQ ) comprising the concentric shells of atoms with the outer shell 

bridged by one or more 77 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 23.6. 
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Figure 23.6. Diamanganese decacarbonyl. Color scale, opaque view of the charge-density of Mn 2 (CO) w showing the 
orbitals of the Mn , C , and O atoms at their radii and the ellipsoidal surface of each H 2 -type ellipsoidal MO that transitions to 
the corresponding outer shell of the atoms participating in each bond. 




le/A 2 



Table 23.30. The symbols of the functional groups of manganese coordinate compounds. 



Functional Group 


Group Symbol 


MnF group of MnF 


Mn-F 


MnCl group of MnCl 


Mn-Cl 


MnCO group of Mn 2 (C0) |O 


Mn-CO 


MnMn group of Mn 2 (CO) jf) 


Mn-Mn 


c=o 


C = 



Table 23.31. The geometrical bond parameters of manganese coordinate compounds and experimental values. 



Parameter 


Mn-F 
Group 


Mil- CI 
Group 


Mn-CO 
Group 


Mn - Mn 
Group 


c=o 

Group 


«<■ 


2 


3 




5 




L 


2+4 JI 


4 + 6 S 




4 




a Kl 


2.2 1 856 


2.86785 


2.23676 


3.60392 


1.184842 


c 'K) 


1.64864 


2.04780 


1.72695 


2.73426 


1.08850 


Bond 
Length 

V (A) 


1 .74484 


2.16729 


1.82772 


2.89382 


1.15202 


Exp. Bond 
Length 


l.729|451 
( MnF 2 ) 


2.202| 15| 
(MnCl 2 ) 


1.830|46| 

(M„ 2 (CO) |0 ) 


2.923 [46| 
(M,(CO) |0 ) 


1.151 [29.46] 


b.c (a ) 


1 .48450 


2.00775 


1.42153 


2.34778 


0.46798 


e 


0.743 1 1 


0.71405 


0.77208 


0.75869 


0.91869 



Tablle 23.32. The MO to HO intercept geometrical 



(eV) 
Blond 1 



E,. 

;eV) 

Bbnd2 



bor d parameters 



E, 
(eV 



of manganese coordinate compounds. Er is £ r (atom-atom, HO.AO). 



(eV) 
Bond 4 



(e\) 
Bond 



(eV) 
Bond 6 



1'inal Total 

Energy 

Mnbd^s 

(eV) 



M 



M 



t (Mn3d4s) 

(eV) 

Final 



£(; 



i3rf4s) 

V) 



C) 



4 
(<%) 



(«> 



(jJ 
to 
-1^ 



Wn- 

Mn 
Mn 



F (MnF) 
F (MnF) 
CI (MnCl) 



-0.77406 
-0.77406 
-0.77406 



9641 
7806p 

9641) 



0.91398 
0.74770 
0.91398 



4.8 
8.19688 

4.8 



96.72 3 

116.25 2 
138.88 1 



.75558 0.1C694 
97934 0.33070 
.73630 0.68851 



Mn - 



CI (MnCl) 



-0.77406 















0515! 



0.99011 



3.74170 



125.99 



0.58189 



-1.79278 















0.81871 



6.61853 



32.57 



i.vr 
Mn- 
Mn- 
Mn- 



= () 

CO ({CO\ MrMn( 
CO ({CO\ MnMn( 
Mn ((CO).Mn-Mr, 



CO). 



(co),) 



-1 .79278 
-0.72457 
-0.72457 
-0.72457 



72457 
79278 

72457 
72457 



-0.72457 
-0.72457 






-0.72457 
-0.72457 







■0.72457 
■0.72457 







-0.7700'i 
-0.77002 



9177 
9177 
9641 
9641 



0.78451 
0.78451 
0.70795 
0.73524 



7.34311 
7.34311 
9.21864 
8.50521 



15225 
15225 



j)8 



69.i)5 



33.69 
101.32 
110.95 



.43577 0.6: 
.88097 0.1: 
.98013 0.2: 



274 
402 
319 



© 





ho 




o 








o 




CD 




CD 




O 




7T 




I - 




CO 




J 






n 


TJ 


>r» 


O 


» 


s 


'« 


CD 






(ft 




-f 








K) 


o 


U> 





< 
CD 

Q. 
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Table 23.33. The energy parameters (eV) of functional groups of manganese coordinate compounds. 





n t 








, . , . 










Group 


Group 


Group 


Group 


Group 






A 


1 


1 


1 


1 


1 






n \ 


1 


1 


1 


1 


2 






n i 


























































q 


0.5 


0.375 


0.375 


0.25 


0.5 






c 2 


0.81625 


0.91184 


1 


0.96411 


1 






c , 


1 


1 


1 


1 


1 






C 2 


1 


1 


0.88495 


1 


0.85395 






















C 3 














2 






















C 4 
















c s 


1 


1 















C ,„ 


0.5 


0.375 


0.375 


0.25 


0.5 






c 2 „ 


0.81625 


0.91184 


1 


0.96411 


1 






V (eV) 


-31.60440 


-23.79675 


-28.59791 


-19.76726 


-134.96850 






V„ (eV) 


8.25276 


6.64412 


7.87853 


4.97605 


24.99908 






T(eV) 


7.12272 


4.14889 


6.39271 


2.74246 


56.95634 






V m (eV) 


-3.56136 


-2.07445 


-3.19636 


-1.37123 


-28.47817 








-14.22133 


-14.22133 


-14.11232 


-14.11232 


n 






















&E hmo( ao < ho ) ( eV ) 














-18.22046 






















E t (ao/ho) (eV) 


-14.22133 


-14.22133 


-14.11232 


-14.11232 


1 8.22046 






E t [h,mo) (eV) 


-34.01162 


-29.29952 


-31.63535 


-27.53231 


-63.27080 






E T [atom - atom,msp 3 AO\ (eV) 


-1.54812 


-1.54812 


-1.44915 


-1.54005 


-3.58557 






E t (mo) (eV) 


-35.55974 


-30.84764 


-33.08452 


-29.07235 


-66.85630 






co (l0 15 radls) 


7.99232 


4.97768 


7.56783 


2.96657 


22.6662 






E K (eV) 


5.26068 


3.27640 


4.98128 


1.95265 


14.91930 






E D (eV) 


-0.16136 


-0.11046 


-0.14608 


-0.08037 


-0.25544 






















£« (*n 


0.07672 
T471 


0.04772 

[471 


0.04749 
1291 


0.01537 
[481 


0.24962 
[291 






















E otc (eV) 


-0.12299 


-0.08660 


-0.12234 


-0.07268 


-0.13063 






E m (eV) 


0.12767 


0.12767 


0.14803 


0.12767 


0.11441 






E T [^ f ) (eV) 


-35.68273 


-30.93425 


-33.20686 


-29.14504 


-67.11757 






^Wr/ta A0,H0 ) i e V) 


-14.22133 


-14.22133 


-14.63489 


-14.11232 


-14.63489 






















t, mi!ict! [^ aoiho) (eV) 


-17.42282 


-12.96764 















E D (<„,„ P ) (er) 


4.03858 


3.74528 


3.93708 


0.92039 


8.34918 





Tab le 23 . 3 4. — The total bond energies of gaseous - state manganese coordinate compounds calculated using the functional 
group composition and the energies of Table 23.33 compared to the gaseous-state experimental values. 



Formula 



Name 



Mn-F 
Group 



Mn-Cl 
Group 



Mn-CO 
Group 



Mn-Mn C = 
Group Group 



MnF 
M n CI 



Manganese fluoride 
Manganese oliloride 



Calculated 
Total Bond 
Energy (eV) 



4.03858 

3 7457 8 



Experimental 
Total Bond 
Energy (eV) 



Relative 
Error 



3.97567 L15J 
3 73801 [15] 



-0.01582 
-0 0194 



Mn2(CO)io Dimanganese decacarbonyl 



10 



123.78299 



122.70895 f491 



-0.00875 
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IRON FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of iron is [^4r]4^ 2 3ii 6 having the corresponding term 5 D 4 . The total energy of the state is given by 
the sum over the eight electrons. The sum E T [Fe,7d.4s) of experimental energies [1] of Fe, Fe* , Fe 2 * , Fe 3+ , Fe 4+ , Fe 5+ , 

Fe 6+ , and Fe 1 * is 

'151.06 eV + 124.9% eV + 99.1 eV + 15.0 eV 

= -559.68210 eV (23.118) 



E (Fe 3d4s) = - 
rV ' ; ' + 54.8 eV + 7 , 0.652 eV + 16.1877 eV + 7.9024 eV 



J 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r MAs of the 
Fe7>d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

r^, = f. _ , (Z ~ n) ^„ .., = . , _ 36e l = 0.87516a n (23.119) 

" 4v „tr 8 8^g (e559.68210eK) — 8a-g (e559.68210 eV) 

where Z = 26 for iron. Using Eq. (15.14), the Coulombic energy E Coulomb (Fe,3d4s) of the outer electron of the Fe7>d4s shell is 

Ec^, {Fe,3d4s) = -^— = ~f = -15.546725 eV (23.120) 
8^g n r 1rf4 , %ne n 0.875 16a n 

During hybridization, the spin-paired 4,? electrons and the one set of paired 3d electrons are promoted to the Fe7>d4s shell as 
initially unpaired electrons. The energies for the promotions are given by Eq. (15.15) at the initial radii of the 45 and 3d 
electrons. From Eq. (10.102) with Z = 26 and n = 26 , the radius r 26 of the Fe4s shell is 

r 26 =1.72173a (23.121) 

and with Z = 26 and n = 24 , the radius r, d of the Fe3d shell is 

r 24 =1.33164a (23.122) 

Using Eqs. (15.15), (23.120), and (23.121), the unpairing energies are 

E 4s (magnetic) = 2w -. = =MMk = .02242 eV (23.123) 

ml{r.J (1.72173a,,) 3 

E 3d (magnetic) = 2m ° e \ = % -5Mh. = 0.04845 eV (23.1 24) 



m 2 (r 24 ) (l.33164a ) 



The electrons from the 4s and 3d shells successively fill unoccupied HOs until the HO shell is filled with unpaired electrons, 
then the electrons pair per HO. In the case of the Fe3d4s shell having eight electrons and six orbitals, two sets of electrons are 
paired. Using Eqs. (15.15) and (23.1 18), the pairing energy is given by 

E M4s (magnetic) = - ^E^L = gWf| . = -0.17069 eV (23.125) 

m e {r idis ) (0.875 16a ) 



Thus, after Eq. (23.28), the energy E(Fe,3d4s) of the outer electron of the Fe3d4s shell is given by adding the magnetic 
energies of unpairing the 4s (Eq. (23.122)) and 3d electrons (Eq. (23.123)) and pairing of two sets of Fe3d4s electrons (Eq. 
(23.124)) to E Coulomb (Fe,3d4s) (Eq. (23.119)): 

8 X£ r 3d4s m e r 4s Mpairs m e r 3d HOpairs m e r 3d4s (23.126) 

= -15.546725 eV + 0.02242 eV + 0.04845 eV - 2(0.17069 eV) = -15.81724 eV 

Next, consider the formation of the Fe — L - bond MO wherein each iron atom has an Fe3d 4 s electron with an energy 

given by Eq. (7 .3.17,5). Th e total energy of the state of each i r on atom is gi ve n by the sum ove r the eight electrons. Th e sum 
E T (Fe Fe _ L 3d4s) of energies of Fe3d4s (Eq. (23.125)), Fe + , Fe 2+ , Fe 3+ , Fe 4+ , Fe 5+ , Fe 6+ ,and Fe 1+ is 

(151.06 eF + 124.98 eF + 99.1 eF + 75.0 eV 
E T (Fe Fe _ L 3d4s) = - 



+54.8 eF + 30.652 eV + 16.1871 eV + E(Fe,3d4s) 

^ v '' (23.127) 

(151.06 eK + 124.98 eF + 99.1 eV + 15.0 eV )~ 

= -567.59694 eV 
^+54.8 eK + 30.652 eK + 16.1877 eF + 15.81724 eV ) 

where E(Fe, 3d 4s) is the sum of the energy of Fe, -7.9024 eV, and the hybridization energy. 

The iron HO donates an electron to each MO. Using Eq. (23.30), the radius r M4s of the Fe3d4s shell calculated from 

the Coulombic energy is 

(^ ~\ e 1 35e 2 

r F . l*h, = Y(Z-n)-l ; - = -. - = 0.83898a (23.128) 

Fe-L3 d 4s ^v J 8;^ (e567.59694 eF) Ue (e567.59694 eV) ° 

Using Eqs. (15.19) and (23.127), the Coulombic energy E Cm , omb (Fe F€ _ I ,3d4s) of the outer electron of the Fe3d4s shell is 



©2010 BlackLight Power, Inc. All rights reserved. 



Organometallic and Coordinate Functional Groups and Molecules 1327 

E CaM (,Fe Pe _ L ,3d4s) = —^ = ~f =-16.21706 eV (23.129) 

Sa^fe^M, — 8?re,,0.83898a 

The magnetic energy terms are those for the unpairing of the As and 3d electrons (F,qs. (23.1 22) and (23.123), respectively) and 

paring two sets of Fe3d4s electrons (Eq. (23.124)). Using Eqs. (23.32), (23.128) and (23.122-23.124), the energy 

E(Fe Fe _ L ,3d4s) of the outer electron of the Fe3d4s shell is 

— ^e 2 2 ?rjii e 2 h 2 — I n/ii^h 1 — , In/ii^h 1 



E(Fe 3d / \s) = 

— ^ {> r te _ LidAs m l(r 26 y m 2 e (r 24 y m]{r id J (23.130) 

= -16.21706 eV + 0.02242 eF + 0.04845 eF-2(0.17069 eV) = -16.48757 eV 
Thus, E T (Fe-L,3d4s), the energy change of each Fe3d4s shell with the formation of the Fe-i-bond MO is given by the 
difference between Eq. (23.129) and Eq. (23.125): 

E T {Fe-L,3d4s) = E(Fe Fe _ L ,3d4s)-E(Fe,3d4s) = -16.48757 eF-(-15.81724 e^) = -0.67033 eV (23.131) 

The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the er -MO of the 

Fe-L -bond MO of FeL n is given in Table 23.36 with the force-equation parameters Z = 26 , n e , and L corresponding to the 

orbital and spin angular momentum terms of the 3d4s HO shell. The semimajor axis a of carbonyl and organometallic 

compounds are solved using Eq. (15.51). 

For the Fe-L functional groups, hybridization of the 4s and 3d AOs of Fe to form a single 3d 4s shell forms an 
energy minimum, and the sharing of electrons between the Fe3d4s HO and L AO to form a MO permits each participating 
orbital to decr e as e in radius and energy. — The F AO has an e nergy of E^F)- -17.42282 eV , th e CI AO has an en e rgy of 

E{Cl) = -12.96764 eV , the C aryl 2sp 3 HO has an energy of E(C aryI ,2sp 3 ) = -15.76868 eV (Eq. (14.246)), the Clstf HO has 
an energy of E(c,2sp 3 ) = -14.63489 eV (Eq. (15.25)), the O AO has an energy of E{0) = -13.61805 eV , the Coulomb 
energy of Fe3d 4 s HO is E Coulomb (Fe,3d ^\ s) = - 15.5 ^ 6725 eV (Eq. (23.119)), and the Fe344s HO has an energy of 
E(Fe,3d4s) = -15.81724 eV (Eq. (23.125)). To meet the equipotential condition of the union of the Fe-L H 2 -type- 
ellipsoidal-MO with these orbitals, the hybridization factor(s), at least one of c 2 and C 2 of Eq. (15.61) for the Fe-L -bond MO 
given by Eq. (15.77) is 

rjFAO tn EjMAsHQ\ZcJJlAQ to EeMAsHQ) = \ iZf^ EI \ -15-81724 eV ~ nQ07R5 ( 7.3.137.)" 

v ; v ; E(FAO) -17.42282 eV 

cJClAO toFe3d4sHO) = C ? (ClAO to Fe3d4sHO) = —± '—= ~ 12 " 96764 eV = 0.81984 (23.133) 

^ ' 2V ; E(Fe,3d4s) -15.81724 eV 

; s E(C , 2sp 3 ) , . 14 63489 P v 

c 7 (C2sp 3 HO to Fe3d4sHO) = v " ; c, {C2sp 3 HO) = — (0.91771) = 0.86389 (23.134) 

1 ^ ^c— (^,3</4s) 2l P > -15.54673 eK V ' 

c 2 [C aryl 2sp 3 H0 to Fe3d4sHO) = C 2 (C aryl 2sp 3 HO to Fe3d4sHO) 

E(C2sp 3 ) . , , -H 63 4 89 e^. (23.135) 

— - l - ; — ■ (C arvl 2sp 3 HO \ = _^2_ ^ e,/ (0.85252) = 0.80252 



E CoM (Fe,3d4s) 2 ^ °* " > -15.54673^' 

c, (O to Fe3d4sHO) = C, (0 to Fe3d4sHO) = ,^ ' - = ~ 13 - 61805 eV = 0.86096 (23.136) 
u ' n ' £(Fe,3^4j) -15.81724 eV 

where Eqs. (15.76), (15.79), and (13.430) were used in Eq. (23.133) and Eqs. (15.76), (15.79), and (14.417) were used in Eq. 
(23.134). Since the energy of the MO is matched to that of the Fe3d4s HO in coordinate compounds, E^AOI HO) in Eq. 

(15.61) is E{Fe,3d4s) given by Eq. (23.125) and Ei^AOl HO) in Eq. (15.61) of carbonyl and organometallic compounds is 
E coulomb {Ee 3d 4s) given by Eq. (23.119). E T ( atom- atom, msp 3 .AO) of the Fe - L -bond MO is determined by considering 
that the bond involves an electron transfer from the iron atom to the ligand atom to form partial ionic character in the bond as in 
the case of the zwitterions such as H 2 B + - F~ given in the Halido Boranes section. For the coordinate compounds, 

E T ( atom- atom, msp 3 .AO) is -1.34066 eV , two times the ene r gy of Eq. (23.130). — For the Fe-C bonds of carbonyl and 
organometallic compounds, E T i atom -atom, msp 3 . AO\ is -1.44915 eV (Eq. (14.151)), and the C = functional group of 
carbonyls is equivalent to that of vanadium carbonyls. The aromatic cyclopentadienyl moieties of organometallic Fe{C 5 H 5 ) 

3e ^ 

comprise C = C and CH functional groups that are equivalent to those given in the Aromatic and Heterocyclic Compounds 
section. 
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The symbols of the functional groups of iron coordinate compounds are given in Table 23.35. The geometrical (Eqs. 
(15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of iron coordinate compounds are given in Tables 23.36, 23.37, and 23.38, respectively. The total energy of each 
iron coordinate compound given in Table 23.39 was calculated as the sum over the integer multiple of each E D (Group) of Table 
23.38 corresponding to functional-group composition of the compound. The charge-densities of exemplary iron carbonyl and 
organometallic compounds, iron pentacarbonyl (Fe(CO) 5 ) and bis-cylopentadienyl iron or ferrocene (Fe[C s H s ) 2 ) comprising 

the concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with one or more 
hydrogen MOs are shown in Figures 23.7 and 23.8, respectively. 



Figure 23.7. Iron Pentacarbonyl. Color scale, translucent 
view of the charge-density of Fe(CO) showing the orbitals 
of the Fe , C , and O atoms at their radii, the ellipsoidal 
surface of each H 2 -type ellipsoidal MO that transitions to 
the corresponding outer shell of the atoms participating in 
each bond, and the nuclei (red, not to scale). 




Figure 23.8. Bis-cylopentadienyl Iron. Color scale, 
opaque view of the charge-density of Fe(C s H s )^ showing 
the orbitals of the Fe and C atoms at their radii and the 
ellipsoidal surface of each H or //,-type ellipsoidal MO 

that transitions to the corresponding outer shell of the atoms 
participating in each bond. 




Table 23.35. The symbols of the functional groups of iron coordinate compounds. 



Functional Group 


Group Symbol 


FeF group of FeF 


Fe-F (a) 


FeF: group of FeF, 


Fe-F (b) 


FeFj group of FeF x 


Fe-F (c) 


FeCl group of FeCl 


Fe-Cl (a) 


FeC'h group of FeCl 2 


Fe-Cl (b) 


Fed.; group of FeCl 3 


Fe-Cl (c) 


FeO group of FeO 


Fe-0 


FeCO group of Fe(CO) 5 


Fe-CO 


c=o 


c = o 


FeCani group of Fe(C s H s ) 2 


Fe-C 5 H 5 


CC (aromatic bond) 


3e 

C=C 


CH (aromatic) 


CH 



Table 23.36. The geometrical bond parameters of iron coordinate compounds and experimental values. 



Parameter 


Fe-F (a) 
Group 


Fe-F (b) 

Group 


Fe-F (c) 

Group 


Fe-CI {a) 
Group 


fc-C/ (b) 
Ciroup 


ft- Old 
Group 


ft-O 
Group 


Group 


C = 

Group 


Fe-C,H, 
Group 


Group 


CH 

Group 


n t 


2 


2 


2 


3 


3 


3 


2 












L 


"fi 


^ 


'I 


^ 


(1 


£ 


«g 












« w 


2.18715 


2.16654 


: -66M 


2.59993 


2.5O0OO 


2.53331 


.MS' 1 ; 


2.1S970 


1.184842 


2.33324 


1.47348 


1.60061 


«' ("<,) 


1.79227 


1. 78.180 


1.78380 


2.05629 


2.01639 


2.02978 


1-57408 


1.70868 


1.08850 


1.96889 


1.31468 


1.03299 


Bond Length 


1.89685 


1.88790 


1.88790 


2.17628 


2.13405 


2.14822 


1.66594 


1.80839 


1.15202 


2.08379 


1.39140 


1.09327 


Exp. Bond 

Length 

M 


1.80(14] 

(W, >i-l,2,3) 


1.80|15] 
(AW-, B- 1,2,3) 


1.80(15] 

(W, B- 1.2,3) 


2.09115] 
I FeCI) 


2.09 [IS] 

1/3X7) 

2.17 |S0] 

(/■O n = 2,3) 


2.00 [15] 

( /VCV 1 

2.I7|50] 

(«3„ u = 2,3) 


1.619 [15] 

(FeO) 


l.806|29| 
(Fc(CO), R--CO equatorial ) 

1.833 [29[ 
( Fe(CO), Fe-CO axial I 

1.82 [9-22] 
(Fe(CO), Fe-CO avj.) 

0.021) |3| 

v Fe-CO equalorial-Fe-CO ajial j 


1.145 |29| 
l/-i.'(ro),) 


2.064|3| 
(Fcfcyr,^) 


1399 p] 

(benzene) 


1.101 [3| 

(benzene) 


;,. („ l 


1.25356 


1 .22962 


1.22962 


1.59100 


1 .47790 


1.51580 


13978 


1.36937 


0.46798 


1.25199 


0.66540 


1.22265 


;■ 


0.81945 


11,823.14 


0.82334 


0.79090 


0.80651. 


0.80124 


0.73788 


11.78033 


[1.91869 


0,84384 


0.89223 


0.64537 



Table 23.37. The MO to HO intercept geometrical bond parameters of iron coordinate compounds. £Yis E T (atom-atom,HO.AO). 
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COBALT FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of cobalt is [^r]45 ,2 3ii 7 having the corresponding term 4 F 9/2 . The total energy of the state is given 
by the sum over the nine electrons. The sum E T (Co,M4s) of experimental energies [1] of Co . Co* , Co 2 * , Co 3+ , Co 4+ . Co 5+ , 

Co 6+ , Co 7+ , and Co s+ is 

'186.13 eF + 157.8eF + 128.9eK + 102.0eF + 79.5 eV\ 

= -764.09501 eV (23.137) 



E T (Co,3d4s) = -\ 
rv ' + 51.3eF + 33.50e^ + 17.084eK + 7.88101eF 



By considering that the central field decreases by an integer for each successive electron of the shell, the radius r MAs of the 
Co3d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

^ = 7. - A .-._., = . , . — — = 0-80129a n (23.138) 

" 4v tf s 8^g (e764.09501 eV) — 8a-g (e764.09501 eV) 

where Z = 21 for cobalt. Using Eq. (15.14), the Coulombic energy E Coulomb [Co, 3d4s) of the outer electron of the Co3d4s shell 

is 

^a (Co, 3 J 4 ^) - " g2 - " g2 - 1 6.979889 c r (23.139) 

Ms r MAs 87r£ 0.80129a 

During hybridization, the spin-paired 4s electrons and the two sets of paired 3d electrons are promoted to the Co3d4s shell as 

initially unpaired electrons. The energies for the promotions are given by Eq. (15.15) at the initial radii of the 4s and 3d 

electrons. From Eq. (10.102) with Z = 21 and n = 27 , the radius r 27 of the Co4s shell is 

r 27 =1.72640a (23.140) 

and with Z = 21 and n = 25 , the radius r 25 of the Co3d shell is 

r 25 =1.21843a (23.141) 

Using Eqs. (15.15), (23.139), and (23.140), the unpairing energies are 

2 W y 8w ^ 0.0222 1 ^ (23.142) 



E 4s (magnetic) - 



m 2 e (r 21 ) (1.72640a,,) 



E 3d (magnetic)= 2me2h l = 8mM ° , =0.06325 eV (23.143) 
w.fai) (1-21843^) ' 

The electrons from the 4s and 3d shells successively fill unoccupied HOs until the HO shell is filled with unpaired electrons, 
then the electrons pair per HO. In the case of the Co3d4s shell having nine electrons and six orbitals, three sets of electrons are 
paired. Using Eqs. (15.15) and (23.137), the pairing energy is given by 

E 3d4s (magnetic) = - 2 ' W —. = - *"^ B , - = -0.22238 eV (23.144) 
^-^ >n 2 M d J (0.80129a ) 3 

Thus, after Eq. (23.28), the energy E(Co,3d4s) of the outer electron of the Co3d4s shell is given by adding the magnetic 

energies of unpairing the 4s (Eq. (23.141)) and 3d electrons (Eq. (23.142)) and pairing of three sets of Co3d4s electrons (Eq. 

(23.143)) to E CouIomb (Co,3d4s) (Eq. (23.138)): 

E{Co,3d4s) = — i— + ^L + £ *24^*1_ £ ^!L 

&' rf r 3J4s m e r As id pairs m e r 3d HO pairs m e r 3d4s (23.145) 

= -1 6.979889 pV + 0.02224 p.V + 2(0.06325 p.V) - 3(0.22238 pV) = -\ 7.49830 pV 

Next , consider the formation of the Co -L -bond MO wherein each cobalt atom has an Co3d 4s electron with an energy 

given by Eq. (23.144). The total energy of the state of each cobalt atom is given by the sum over the nine electrons. The sum 
E T (Co Co _ L 3d4s) of energies of Co3d4s (Eq. (23.144)), Co\ Co 2 \ Co 3+ , Co A \ Co 5 \ Co 6+ , Co 7+ , and Co s+ is 

86.13 gF + 157 .8 gF + 12 8.9 gF + 10 2.0 eV + 19 . 5e V > 



E T (Co Co _ L 3d4s)-- 



+ 51.3 eV + 33.50 eV + 11.084 eV + E(Co,3d4s) 

186.13 eV + 151.8 eV + 128.9 eV + 102.0 eV + 19.5 eV} 

= -113.11230 eV 
+51.3eF + 33.50eF + 17.084eK + 17.49830eF J 

where E(Co,3d4s) is the sum of the energy of Co , -7.88101 eV , and the hybridization energy. 



(23.146) 



The cobalt HO donates an electron to each MO. Using Eq. (23.30), the radius r 3J4s of the Co3d4s shell calculated from 
the Coulombic energy is 

( ^ \ p 1 AAp 2 

Y(Z-«)-l - = - = 0.77374a„ (23.147) 



'Co-LMis ' 



K*^& 



8xe (ell3.11230 eV) 8xe (ell3.11230 eV) 
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Using Eqs. (15.19) and (23.146), the Coulombic energy E Coulamb (Co CoL ,3d4s) of the outer electron of the Co3d4s shell is 

E CauIomb (Co Co _ L ,3d4 S )= ° 2 = f = -17.58437 eV (23.148) 
^c r Co _ LMAs — 87rc 0.7737 -1 a 

The magnetic energy terms are those for the impairing of the 4s and 3d electrons (Eqs. (23.141) and (23.142), respectively) and 

paring three sets of Co3d4s electrons (Eq. (23.143)). Using Eqs. (23.32), (23.148) and (23.141-23.143), the energy 

E(Co Co _ L ,3d4s) of the outer electron of the Co3d4s shell is 

27t(i e 2 h 2 — 27t(i Q e 2 h 2 — 2K/i e 2 ti 2 



E(Co Co _ L ,3d4s) = —^ + ^^_ + ^^__ 3 



%™ a r Fe _ LMls m l{ ril ) m l{ r2$ ) m)(r M , s ) (23.149) 

= -17.58437 eK + 0.02224 eF + 2(0.06325 eF)-3(0.22238 eV) = -18.10278 eV 
Thus, E T (Co-L,3d4s), the energy change of each Co3d4s shell with the formation of the Co -L -bond MO is given by the 
difference between Eq. (23.148) and Eq. (23.144): 

E T (Co-L,3d4s) = E(Co Co _ L ,3d4s)-E(Co,3d4s) = -18.10278 eF-(-17.49830 eK) = -0.60448 eV (23.150) 

The semimajor axis a solution given by Eq. (23.41) of the force balance equation. Eq. (23.39). for the cr-MO of the 

Co -L -bond MO of CoL n is given in Table 23.41 with the force-equation parameters Z = 27 , n c , and L corresponding to the 
orbital and spin angular momentum terms of the 3d4s HO shell. The semimajor axis a of carbonyl and organometallic 
compounds are solved using Eq. (15.51). 

For the Co-L functional groups, hybridization of the 4* and 3d AOs of Co to form a single 3d4s shell forms an 
energy minimum, and the sharing of electrons between the Co3d4s HO and L AO to form a MO permits each participating 
orbital to decrease in radius and energy. The F AO has an energy of E \f) = -17.42282 eV , the C7 AO has an energy ol 

E(Cl) = -12.96764 eV , the C2sp 3 HO has an energy of E{C,2sp 3 ) = -14.63489 eV (Eq. (15.25)), the Coulomb energy of 

Co3d. 4 s H O is E Co ulo mb (Co, 3d 4s) = -16 . 9798 89 eV (E q. (2 3.1 38) ), 1 3 .60 5804 e V is the m agnitude of the Co ulombic energy 

b e twe e n th e e l e ctron and proton of II (Eq. (1.264)), and th e Co3d4s HO has an e n e rgy of E(Co,3d4s) - -17.49830 eV (Eq. 

(23.144)). To meet the equipotential condition of the union of the Co-L H 2 -type-ellipsoidal-MO with these orbitals, the 

hybridization factor(s), at least one of c 2 and C 2 of Eq. (15.61) for the Co -L -bond MO given by Eq. (15.77) is 

E(FAO) -17.42282 eV 

c 7 (FAO to Co3d 4 sHO) = — -± '— = - = 0.99569 (23.151) 

v ' E(Co,3d4s) -17.49830 eV 

E(CIAO) -12.96764 eV 

CACIAO to Co3d4sHO) = —+ '— = =0.74108 (23.152) 

_} ' E(Co.3d4s) -17.49830 eV 

? ; ^ E[C,2sp 3 ) -. r — -14 63489 pV , ; 

cAC2sp 3 HO to Co3d4sHO) = ±- '-—cAC2sp 3 HO)= (0.91771) = 0.79097 (23.153) 

1 } E CmIomb (Co,3d4s) 2l I -16.97989 eV y ' 

c, (HAO to Co3d4sHO) = C. (HAO to Co3d4sHO) = - } I = -13.605804 eV ^ QMUg (23 . 154) 

. zV ^..„^.^-, , A ^.,,,,.,^ J v ; E Coulomb (Co,3d4s) -16.97989 eV 

where Eqs. (15.76), (15.79), and (13.430) were used in Eq. (23.152) and Eq. (15.71) was used in Eq. (23.153). Since the energy 
of the MO is matched to that of the (703^4.? HO in coordinate compounds, E^AOI HO) in Eq. (15.61) is E(Co, 3d4s) given 

by Eq. (23.144) and E(AOIHO) in Eq. (15.61) of carbonyl compounds is E Cou , oirk (CoJd4s) given by Eq. (23.138). 
E T (atom — atom,msp 3 .AO) of the Co — L - bond MO is d e termined by consid e ring that the bond involv e s an e l e ctron transf e r 
from the cobalt atom to the ligand atom to form partial ionic character in the bond as in the case of the zwitterions such as 
H 2 B + -F~ given in the Halido Boranes section. For the coordinate compounds, E T ( atom- atom, msp 3 .AO) is -1.20896 eV , 

two times the energy of Eq. (23.149). For the Co-C bonds of carbonyl compounds, E T (atom- atom, msp 1 .AO) is 

-1.13379 eV (Eq. (14.247)), and the C - O functional group of carbonyls is equivalent to that of vanadium carbonyls. 

The symbols of the functional groups of cobalt coordinate compounds are given in Table 23.40. The geometrical (Eqs. 
(15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of cobalt coordinate compounds are given in Tables 23.41, 23.42, and 23.43, respectively. The total energy of each 
cobalt coordinate compound given in Table 23 .44 was calculated as the sum over the integer multiple of each E D (amu P ) of Table 
23.43 corresponding to functional-group composition of the compound. The charge-densities of exemplary cobalt carbonyl 
compound, cobalt tetracarbonyl hydride (CoH^CO)^ comprising the concentric shells of atoms with the outer shell bridged by 

one or more Ji 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 23.9. 
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Figure 23.9. Cobalt Tetracarbonyl Hydride. Color scale, translucent view of the charge-density of CoH(CO) 4 showing the 
orbitals of the Co , C , and O atoms at their radii, the ellipsoidal surface of each H or H 2 -type ellipsoidal MO that transitions 
to the corresponding outer shell of the atoms participating in each bond, and the nuclei (red, not to scale). 




le/A 2 



Table 23.40. The symbols of the functional groups of cobalt coordinate compounds. 



Functional Group 



CoF: group of CoF 2 
CoCl group of CoCl 
CoCl: group of CoCl 2 
C0CI3 group of CoC/, 
CoH group of CoH(CO) A 
CoCO group of CoH(CO\ 

c=o 



Group Symbol 



Co-F 
Co -CI (a) 
Co -CI (b) 
Co -CI (c) 
Co-H 
Co -CO 

c = o 



Table 23.41 . The geometrical bond parameters of cobalt coordinate compounds and experimental values. 



Parameter 


Co-F 

Group 


Co -CI (al 
Group 


Co- CI Ibl 
Group 


Co -CI (c) 
Group 


Co- H 

Group 


Co - co 

Group 


c = o 

Group 


flL 


1 


3 


3 


3 








L 


4 


*+4 


2+4 J! 


6+2 J! 


4 






«w 


2.22453 


2.74437 


2.70237 


2.78637 


1 .66038 


2.25172 


1.184842 


«■ w 


1.72222 


1.92437 


1 .90959 


1.93904 


1.43949 


1.73271 


1 .08850 


Bond i cimth 
w (i) 


1.82272 


2.03667 


2.02102 


2.05219 


1.52349 


1.83382 


1.15202 


Kxp. Bond 
Length 

W 


1.72(54] 

{CoF,) 


2.09(15] 

{Cocn 


2.09 [15] 
( CoCl ) 


2.(I9| 15] 
( CoO 1 


1.342 [3] 

{CoH) 


1.82(55] 

( NiiCOl 1 


1.145(29] 

1 ftfrol, 1 


b,c (a a ) 


1.40801 


1.95662 


1.91214 


2.00100 


0.82748 


1.43804 


0.46798 


e 


0.77420 


0.70121 


0.70663 


11.69590 


0.86697 


0.76951 


(1.91869 



Tiible 23.42,, The MO to 



HC intercept gecmetrical bone parameters of cobalt coorcinate compounds. £> is 



Kj 



{atom-atom, HO AG) 



Bond 



(e\ 



(eV) 
Bond 2 



(eV) 
Bond 3 



(eVi 
Bond 



Final Total 

Energy 

CoidAs 

(eV) 



(«») 



(«o 



£,■„„,,„„,, (Coii'As) 
(eV) 



E(Co3d4s) 
(eV) 

Final 



f) 










cl 2 



Co-/ - (Co/;) 



'o-F (CoF 2 ) 



o 



0.75473 



-18.02730 



-a (coci) 

-a (coci) 
-a (coa 2 ) 



-0.60448 
-0.60448 







-0.60448 



0.8>129 
1.0.5158 



0.77J74 
1.00248 
0.74U03 



-17.5843 

-13.57212 

-18.18 



Co-Cl (CoCl 2 ) 



CI 



-0.60448 











1.00248 



-13.5721' 



(fo-Ci (CoC/,) 

a (coci) 

Ct'cC^O 



Co 
CI 
7T -1.79(278 



-0.60448 
-0.60448 



-0.60448 





0.60448 





0.72:197 
1.00248 



-18.7933. 
-13.5721 
-16.6185: 



51.48 
14X43~ 



1 28.52 
^2.57 



23.08 
70.34 



2.56342 
"0.39853 



.6242 8 
!689S7~ 



CoC= O 



-1.79278 



-0.56690 







0.79 



71 



-17.1854 



•o-CO (CoH(CO) t ) 



C 



-0.56690 



-1.79278 







0.79 



71 



-17.1854: 



Co -CO (CoH(CO) 



© 



-0.56690 



■0.56590 



-0.56(90 



)129 



0.70689 



-19.2474!: 



118.72 



(.1.28 



48.52 



0.339(9 





w 




o 








o 




CD 




cu 




o 




7T 




r - 




CO 




J 






r> 


TJ 


=V- 


O 


tt 


S 


« 


CD 






<tl 




1 




t-O 


o 


Uj 





< 
CD 

Q. 
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Table 23.43. The energy parameters (eV) of functional groups of cobalt coordinate compounds. 



Parameters 


Co-F 
Group 


Co -CI (a) 
Group 


Co -a (h) 

Group 


Co- CI (c) 
Group 


Co- 11 

Group 


Co -CO 

Group 


c = o 

Group 


A 


1 


1 


1 


1 


1 


1 


1 


". 


1 


1 


1 


1 


1 


1 


2 


«2 























"} 























c, 


0.375 


0.5 


0.5 


0.5 


0.5 


0.375 


0.5 


c. 


1 


0.74108 


0.74108 


0.74108 


0.80129 


1 


1 


C L 


1 


1 


1 


1 


0.75 


1 


1 


C. 


0.99569 


1 


1 


] 


0.80129 


0.79097 


0.85395 


<■'-■ 




















2 


C 4 


1 


1 


1 


1 


1 


2 


4 


C 5 


1 


1 


1 


I 


1 








c,„ 


0.375 


0.5 


0.5 


0.5 


0.5 


0.375 


0.5 


20 


1 


0.74108 


0.74108 


0.74108 


0.80129 


1 


1 


r (W) 


-32.43083 


-24.59516 


-25.09218 


-24.11830 


-30.00832 


-25.31882 


-134.96850 


>; (*n 


7.90017 


7.07026 


7.12499 


7.01677 


9.45183 


7.85231 


24.99908 


T(el') 


7.28938 


4.48102 


4.64262 


4.32790 


9.03661 


5.62211 


56.95634 


V m (eV) 


-3.64469 


-2.24051 


-2.32131 


-2.16395 


-4.51831 


-2.81105 


-28.47817 


E(aoiho) (el) 


-17.49830 


-17.49830 


-17.49830 


-17.49830 


-16.97989 


-16.97989 


l) 


A£ w,je(' ,0 "H < e,/ ) 




















-18.22046 


£ ? . (^o;ho) (ef) 


-17.49830 


-17.49830 


-17.49830 


-17.49830 


-16.97989 


-16.97989 


1 8.22046 


£ [h.md) (eV) 


-38.38427 


-32.78269 


-33.14419 


-32.43588 


-33.01808 


-31.63534 


-63.27080 


E r [atom - atom, msp 3 .AO) (el) 


-1.20896 


-1.20896 


-1.20896 


-1.20896 





-1.13379 


-3.58557 


Ej.[uo)(,eV) 


-39.59324 


-33.99165 


-34.35315 


-33.64484 


-33.01808 


-32.76916 


-66.85630 


CO {](>" rad/s) 


15.1528 


9.19478 


5.66480 


5.41058 


1 2.2308 


7.49254 


22.6662 


E K (eV) 


9.97387 


6.05217 


3.72867 


3.56134 


8.05053 


4.93172 


14.91930 


E„ (eV) 


-0.24738 


-0.16544 


-0.13123 


-0.12561 


-0.18534 


-0.14397 


-0.25544 


£« i»V) 


0.09448 
[54] 


0.05222 
[56] 


0.05222 
[56] 


0.05222 
[56] 


0.23887 
[57] 


0.07181 
[58] 


0.24962 

[29] 


K c < el ') 


-0.20014 


-0.13933 


-0.10512 


-0.09950 


-0.11659(1 


-0.10806 


-0.13063 


E (el') 

mag v ' 


0.22238 


0.22238 


0.22238 


0.22238 


0.22238 


0.14803 


0.11441 


E. r (ar,mp) (eV) 


-39.79337 


-34.13098 


-34.45827 


-33.74434 


-33.08398 


-32.87722 


-67.11757 


E*te,h M "*>) ( e V) 


-17.49830 


-17.49830 


-17.49830 


-17.49830 


-16.97989 


-14.63489 


-14.63489 


E «,J c ' AO,H ^ ( eK > 


-17.42282 


-12.96764 


-12.96764 


-12.96764 


-13.59844 








E D [0nmp) (eV) 


4.87226 


3.66504 


3.99233 


3.27840 


2.50565 


3.60744 


8.34918 



Table 23.44. The total bond energies of gaseous-state cobalt coordinate compounds calculated using the functional group composition and the energies of Table 
23.43 compared to the gaseous-state experimental values. 



3\ 



Formula 


Name 




Co-F 


Co -CI (a) 


Co- a (b) 


Co -CI (c) 


Co- II 


Co- CO 


C = 


Calculated 


Experimental 


Relative Error 








Group 


Group 


Group 


Group 


Group 


Group 


Group 


Total Bond 
Energv (eV| 


Total Bond 
Energy (eV| 




CoF 2 


Cobalt difluoride 




1 





(1 














9.45115 


9.75552 [54] 


0.03120 


CoCI 


Cobalt chloride 







1 





11 











3.66504 


3.68049| 15) 


0.00420 


C0I2 


Cobalt dichoride 










2 














7.98467 


7.92106 [15] 


-0.00803 


C0CI3 


Cobalt trichloride 













3 











9.83521 


9.87205 [15] 


0.00373 


ColKCOl, 


Cobalt tetracarbonyl In 


dride 


(1 











1 


4 


4 


50.33217 


50.36087 [531 


(1.00057 





N) 




U 








O 




ro 








in 




n 




7T 




r - 




(Q 




=r 






n 


Tl 


* 


<) 


c 


> 


51 


CD 






(3 






3 



Uj 





<■ 

CD 



©2010 BlackLight Power, Inc. All rights reserved. 



Organometallic and Coordinate Functional Groups and Molecules 1337 

NICKEL FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of nickel is [^r]4.y 2 3fif 8 having the corresponding term 3 F 4 . The total energy of the state is given by 
the sum over the ten electrons. The sum E T {Ni,3d4s) of experimental energies [1] of Ni, Nt . Ni 1+ , Nt* , M 4+ , Ni 5+ , M 6+ , 
M 7+ , M 8+ ,and M 9+ is 



E T (Ni,3d4s) = - 



224.6 eV + \93eV + \62eV + \33eV + \0?,eV + 16.06 eV , 

= -1012.55864 eV (23.155) 

+ 54.9 eK + 35.19 eK + 18.16884 eV + 7.6398 eV 



V 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r MAs of the 

Ni3d4s shell may be calculated from the Coulombic energy using Eq. (15.13): 

27 (7-n\e 2 55f 2 

r^, = T. . ,:„...... „, = — ,„:..■■.. ^ f 0.73904a n (23.156) 

" 4 , t „4^8^g (el012.55864eF r ) 8^g (elQ12.55864gF r ) 

where Z = 28 for nickel. Using Eq. (15.14), the Coulombic energy E Coulimb (Ni,3d4s) of the outer electron of the Ni3d4s shell 

is 

£« (M,3</ 4 *) - ~ g2 - ^ - -18. 4 10157 C F (23J57>- 

&7T£ r 3(t4s 8^-£ 0.73904a 

During hybridization, the spin-paired 4s electrons and the three sets of paired 3d electrons are promoted to the Ni3d4s shell as 
initially unpaired electrons. The energies for the promotions are given by Eq. (15.15) at the initial radii of the 4s and 3d 
electrons. From Eq. (10.102) with Z = 28 and n = 28 , the radius r 28 of the Ni4s shell is 

r 28 =1.78091a (23.158) 

and with Z = 28 and n = 26 , the radius r 26 of the NiSd shell is 

r 26 =1.15992a (23.159) 
Using Eqs. (15.15), (23.157), and (23.158), the unpairing energies are 

E, (mag n etic) - 2 ^° e -. - *2Bdk _ 0.02026 eV (23.160) 

' " m e 2 (r 28 ) (1.78091a,,) 

E 3d (magnetic)= 2me2h l = 8mM ° , =0.07331 eV (23.161) 
mfWf {U5992a f 

The electrons from the 4s and 3d shells successively fill unoccupied HOs until the HO shell is filled with unpaired electrons, 
then the electrons pair per HO. In the case of the Ni3d4s shell having ten electrons and six orbitals, four sets of electrons are 
paired. Using Eqs. (15.15) and (23.155), the pairing energy is given by 



72 



E. M Xmasne.tir) = - ™ - = - ""™r~* ^ = -0,2K344 p.V (23.162) 



m, 



{r 3d4s ) (0.73904a ) 



Thus, after Eq. (23.28), the energy E(Ni,3d4s) of the outer electron of the Ni3d4s shell is given by adding the magnetic 
energies of unpairing the 4s (Eq. (23.159)) and 3d electrons (Eq. (23.160)) and pairing of four sets of Ni3d4s electrons (Eq. 
(23.161)) to E Coulomb (Ni,3d4s) (Eq. (23.156)): - 



„2 fc 2 o „2*2 o 2*2 



E{Ni,3d4s)=— e_ + 2?E£± + V ^ff±. V 2M£± 

^^ms »Vb M pair* m e r 3d HO pair* mj iMs (23.163) 

-18.410157 eF + 0.02026eK + 3(0.07331eK)-4(0.28344gF)- -19.30374 eV 

Next, consider the formation of the M-i-bond MO wherein each nickel atom has a Ni3d4s electron with an energy 
given by Eq. (23.162). The total energy of the state of each nickel atom is given by the sum over the ten electrons. The sum 

E T {Ni M _ L 3d4s) of energies of Ni3d4s (Eq. (23.162)), Nt , Ni 1+ , Nt , Nt , Nt , Nt , Ni l+ , M 8+ ,and Nt is 

^224.6 e^ + 193 eF + 162 e^ + 133 eF + 108 eF + 76.06 eV" 

+54.9 eF + 35.19 e^ + 18.16884 eV + E(Ni,3d4s) 

) v ; { (23.164) 

'224.6 eF + 193 eF + 162 eF + 133 eF + 108 eF + 76.06 eV\ 

-102 4 .22258 eV 



E T {Ni M _ L 3d4s) = - 



v 



+54.9 eF + 35.19 eF + 18.16884 eF + 19.30374 eV 



where E{Ni,3d4s) is the sum of the energy of Ni , -7.6398 eV , and the hybridization energy. 

The nickel HO donates an electron to each MO. Using Eq. (23.30), the radius r MAs of the Ni3d4s shell calculated from 
the Coulombic energy is 
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2k ^ e 2 54e 2 

Y(Z-»)-l - - = - — - = 0.71734a„ (23.165) 

£ & J %7T£ (el 024.22258 eV) 8^g (el 024.22258 eF) 

Using Eqs. (15.19) and (23. 16 4 ), the Coulombic energy E Cmlomb (Ni NiL ,3d 4 s) of the outer electron of the Ni3d 4 s shell is 

E Momb (Ni a . L ,3d4s) = —=^ = ~f = -18.96708 eV (23.166) 

$xs r M _ L3d4s 8^ 0.71734a 

1 he magnetic energy terms are those for the impairing of the 4s and id electrons (Eqs. (23.159) and (23.160), respectively) and 
paring four sets of NiMAs elections (Eq. (23.161)). — Using Eqs. (23.32), (23.165) and (23.159-23.161), the energy 
E(Ni Ni _ L ,3d4s) of the outer electron of the NiMAs shell is 

E(Ni :;l _ L ;MAs) = ^^- ^ 2 W 2 ft 2 ^ 2 W 2 ** _ / , 2 W 2 * 2 



Vm-lm4 S m 2 e (r 2g ) m 2 e (r 26 ) m 2 e (r iMs ) (23.167) 



= -18.96708 eF + 0.02026 eF + 3(0.07331 eF)-4(0.28344 eV) = -19.86066 eV 
Thus, E T (Ni-L,3dAs) , the energy change of each Ni3dAs shell with the formation of the Ni -L -bond MO is given by the 

difference between Eq. (23.166) and Eq. (23.162): 

E T (Ni-L,3d 4 s)-E(Ni Ni _ L ,3d A s)-E(Ni,3d 4 s) - -19.86066 eV -(-19.3037 4 eV) - -0.55693 eV (23.168) 

The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the cr-MO of the 
Ni - L -bond MO of NiL n is given in Table 23.46 with the force-equation parameters Z = 28 , n e , and L corresponding to the 
orbital and spin angular momentum terms of the 3d 4 s HO shell. — The semimajor axis a of carbonyl and organometallic 
compounds are solved using Eq. (1 5. 51) . 

For the Ni - L functional groups, hybridization of the 4* and 3d AOs of Ni to form a single 3d As shell forms an 
energy minimum, and the sharing of electrons between the Ni3d4s HO and L AO to form a MO permits each participating 
orbital to decrease in radius and energy. The CI AO has an energy of E{Cl) - -12.96764 eV , the C aiyl 2sp 3 HO has an energy 

of ft(r fy ,2.y/7 3 ) = -15.76S68er (Eq. (14.246)), the C2sp 3 HO has an energy of e{c, 2sp 3 ) = -14.63489 p.V (Eq. (15.25)), 
the Coulomb energy of Ni3d4s HO is E Cmhmb (Ni,3dAs) = -18.41016 eV (Eq. (23.156)), and the Ni3dAs HO has an energy of 
E(Ni,3dAs) = -19.30374 eV (Eq. (23.162)). To meet the equipotential condition of the union of the Ni-L H 2 -type- 
ellipsoidal-MO with these orbitals, the hybridization factor(s), at least one of c 2 and C 2 of Eq. ( 1 5 .6 1 ) for the Ni-L -bond MO 
given by Eq. (15.77) is 

C 2 (ClAO to Ni3dAsHO) = ^^ - = - 12 ' 96764 eV = 0.67177 (23.169) 
^ ; E(Ni,3d4s) -19.30374 eV 

, , E(c,2sp 3 ) , _ , -1463489 eV . , 

c 2 \C2sp'HO to Ni3dAsHO) = , c 2 (C2sp i HO) = — (0.91771) = 0.72952 (23.170) 

1 j E Coulomb {Ni,3dAs) 2 ^ ' -18.41016 eV K ' 

* o \ E(C,2sp 3 ) . „ , _i4(S^4SQ P r/ 

C 7 (C,2sp 3 HO to NiMAsHO) = V - ' ■ r. 7 (C,2sp 3 HO) = ^ MJ ^ oy er (Q.S5252) = 0.67770 (23.171) 

< 2l ^,y, m,„,m^n„ } g^ggggM^^ ™>) -l 8 .41016eF^ j 

where Eqs. (15.76), (15.79), and (13.430) were used in Eq. (23.169) and Eqs. (15.76), (15.79), and (14.417) were used in Eq. 
(23.170). Since the energy of the MO is matched to that of the Ni3d4s HO in coordinate compounds, Ei^AOl HO) in Eq. 

(15.61) is E(Ni,3d4s) given by Eq. (23.162) and E(AO/HO) in Eq. (15.61) of carbonyl compounds and organometallics is 
E Coulomb (Ni,3d A s) given by Eq. (23.156). — E T ( atom- atom, msp 3 .AO) of the M-Z-bond MO is determined by considering 
that the bond involves an electron transfer from the nickel atom to the ligand atom to form partial ionic character in the bond as 
in the case of the zwitterions such as H 2 B + - F~ given in the Halido Boranes section. For the coordinate compounds, 

E T ( atom- atom, msp 3 .AOj is -1.11386 eV , two times the energy of Eq. (23.167). For the Ni-C bonds of carbonyl 
compound, M(CO) 4 and organometallic, nickelocene, E T t atom- atom, msp 3 .AO\ is -1.85837 eV (two times Eq. (14.513)) 
and -0.92918 eV (Eq. (14.513)), respectively. The C-O functional group of M(CO) 4 is equivalent to that of vanadium 

3e 

carbonyls. The aromatic cyclopentadienyl moieties of organometallic Ni(C 5 H 5 \ comprise C = C and CH functional groups 

that are equivalent to those given in the Aromatic and Heterocyclic Compounds section. 

The symbols of the functional groups of nickel coordinate compounds are given in Table 23.45. The geometrical (Eqs. 
(15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of nickel coordinate compounds are given in Tables 23.46, 23.47, and 23.48, respectively. The total energy of each 
nickel coordinate compound given in Table 23. ^1 9 was calculated as the sum over the integer multiple of each E D (o,ou P ) of Table 
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23.48 corresponding to functional-group composition of the compound. The charge-densities of exemplary nickel carbonyl and 
organometallic compounds, nickel tetracarbonyl (7V/(C0) 4 ) and bis-cylopentadienyl nickel or nickelocene (M(C,// 5 ) 2 ) 

comprising the concentric shells of atoms with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with 
one or more hydrogen MOs are shown in Figure 23. 10A and B, respectively. 

Figure 23.10. (A) Nickel Tetracarbonyl. Color scale, translucent view of the charge-density of M'(CO) 4 showing the 
orbitals of the Ni, C , and O atoms at their radii, the ellipsoidal surface of each H 1 -type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond, and the nuclei (red, not to scale). (B) Nickelocene. Color 
scale, opaque view of the charge-density of Ni(C 5 H 5 ) 7 showing the orbitals of the Ni and C atoms at their radii and the 
ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atoms 
participating in each bond. 




Table 23.45. The symbols of the functional groups of nickel coordinate compounds. 



Functional Group 



Group Symbol 



ma group of ma 


Ni-a (a) 


Nia 2 group of NiCl 2 


M-C/(b) 


NiCO group of Ni(CO) 4 


Ni-CO 


c=o 


c = o 


NiCaryi group of Ni(C s H 5 ) 2 


Ni-C 5 H 5 


CC (aromatic bond) 


3e 

c=c 


CH (aromatic) 


CH 



Table 23.46. The geometrical bond parameters of nickel coordinate compounds and experimental values. 



Pum meter 


m - a (a) 

Group 


Nl-CI (b) 

Group 


NI-CO 
Group 


c = o 

Group 


tll.Htp 


Group 


CH 
Group 


n c 


3 


3 












L 


-1 


Hi 












• W 


2.83322 


2.82843 


2.22132 


1.184842 


3.00077 


1.47348 


1.60061 


«* w 


2.DS367 


2.05193 


1.72098 


1 .08850 


2.10426 


1.31468 


1 .03299 


Bond Length 
2c' W 


2.17351 


2.17167 


1.82140 


1.15202 


2.22705 


1.39140 


1.09327 


Exp. Bond 
Lenclh 

M 


2.137 [15. 59] 
( NIC! ) 

2.09 [15. 59J 
( MCI, ) 


2.137(15.59] 

( N1CI ) 
2.09 [ 1 5, 59] 

( MCI, ) 


1.82 [55] 

(,v;(ro) 4 ) 


1.15 |55| 
( Arl(CO), I 


2.185 |60[ 
(,\l(C f H f \) 


1.399 [3] 
(benzene) 


1.101|3] 
(benzene) 


*■' h) 


1.95181 


1.94669 


1.40446 


0.46798 


2.13933 


0.665411 


1.22265 


e 


i:.72IKS 


H.72J.17 


1.7717^ 


0.91869 


i -ni:i 


0.89223 


0.64537 



Tab 



e 23.47. The MO to HO intercept geometrical bond parameters of nickel coordinate compounds. Et i;i Ey (atom-atom, HO. AO) 



o 



i-Ct 
i-Ci 



(MCI) 

(ma) 



(ef) 
Bond 1 



-0.5:.693 

-0.5:i693 



(eV) 
Bond 2 






(eV) 
Bond 3 



(eV) 
Bond 5 



Final Total 

Energy 

NBd4s 

(eV) 



('•„) 



0.73904 
1.05158 



(<* 



E,,„ ///mt (NBc'4s) 

(eV) 

Final 

-18.9670ft 
-13.5245'' 



E(NOd4s) 
(eV) 



<?' 
(°) 







(°) 



M 



d, 

w 



(Acy 



(»,; 





(Cff) 



-1. 79278 
-0.92918 
-0.92918 
-0.8:i035 



-0.92918 
-1.79278 
-0.92918 
-0.85035 






■0.92918 
■0.56690 



0.91771 
0.91771 
0.73904 
0.91771 



0.77536 

0.77536 
0.73 ?76 
0.79167 



-17.54772 
-17.54772 
-18.5424'! 
-17.1862:i 



-17.35685 
-17.35685 



146.00 
79.19 
74.26 
73.83 



34.00 
1)0.81 
1 35.74 
1)6.17 



67.90 
32.84 
30.19 
38.45 



0.44572 
1.86635 
1.92004 
1.25345 
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Parameters 


/W-a (a) 

Group 


Ni-CI (h) 
Group 


Ni-CO 

Group 


c = o 

Group 


Xi -CJI, 
Group 


C=C 

Group 


CH 

Group 


f t 


1 


1 


1 


1 


1 


0.75 


1 


"i 


1 


1 


1 


2 


1 


2 


1 


ri. 























n i 























c\ 


0.5 


0.5 


0.375 


0.5 


0.5 


0.5 


0.75 


<". 


0.67177 


0.67177 


1 


1 


0.67770 


0.85252 


1 


c . 


1 


1 


1 


1 


1 


1 


1 


c 2 


1 


1 


0.72952 


0.85395 


1 


0.85252 


0.91771 


C 1 











2 








1 


Cj 


1 


1 


2 


4 


2 


3 


1 


c s 


1 


1 














1 


c u 


0.5 


0.5 


0.375 


0.5 


0.5 


0.5 


0.75 


c 2 „ 


0.67177 


0.67177 


1 


1 


0.67770 


0.85252 


1 


y,(eV) 


-2432206 


-24.37691 


-23.81088 


-134.96850 


-22.49426 


-101.12679 


-37.10024 


'■„ W) 


6.62512 


6.63072 


7.90586 


24.99908 


6.46585 


20.69825 


13.17125 


T (eV) 


4.29230 


4.30926 


5.35963 


56.95634 


3.74808 


34.31559 


11.58941 


V.ieY} 


-2.1 4hl 5 


-2. 1 5463 


-2.67981 


-28.47817 


-1.8741 14 


-17.15779 


-5.79470 


/'.: .)) lei > 


-19.30374 


-19.30374 


-in. nolo 


ii 


-18.41016 





-1 1.63489 


Af, M „U>;««l (t'D 











-18.22046 


-0.9291 8 





-1.13379 


E T U<»m)\ (e(') 


-19.30374 


-19.30374 


-18.41016 


18.22046 


-17.48097 





-13.50110 


£, \hm.i) (ef) 


-34.85452 


-34,89529 


-31.63537 


-63.27080 


-31.63535 


-63.27075 


-31.63539 


E [atom— al{>m.mxp 3 ..10\ (ef) 


-1.11386 


-1.11386 


-1.85837 


-3.58557 


-0.92918 


-2.26759 


-0.56690 


£rM U'l) 


-35.96838 


-36.00914 


-33.49374 


-66.85630 


-32.56455 


-65.53833 


-32.20226 


0) flO" rad/s] 


8.78663 


8.82133 


7.64687 


22.6662 


7.69080 


49.7272 


26.4826 


E K (en 


5.78351 


5.80635 


5.03330 


14.91930 


5.06222 


32.73133 


1 7.43 1 32 


E D (eV) 


-0.17113 


-0.17166 


-11.14866 


-0.25544 


-0.14495 


-0.35806 


-0.26130 


»e* («>0 


0.05257 
[59] 


0.05257 
[59] 


0.04711 
[55] 


0.24962 
[29] 


0.04711 
[55] 


0.19649 
[30] 


0.35532 
Eq. (13.458) 


5- («>0 


-0.14484 


-0.14537 


-0.12510 


-0.13063 


-0.12139 


-0.25982 


-0.08364 


E let') 


0.28344 


0.28344 


0.14803 


0.11441 


0.14803 


0.14803 


0.14803 


£ r |t™>,| (eV) 


-36.11322 


-36.15452 


-33.61884 


-(.7.11757 


-32.68594 


-49.54347 


-32.28590 


E Mmi l, AuiHtt) (el') 


-19.30374 


-19.30374 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


£ /niw(/ (r, -W.H</) (?f ') 


-12.96764 


-12.96764 














-13.59844 


E P U;™ V \ (eK) 


3.84184 


3.88314 


4.34906 


8.34918 


1.14858 


5.63881 


3.90454 



Table 23.49. The total bond energies of gaseous-state nickel coordinate compounds calculated using the functional group composition and the energies of Table 23.48 



compared to the 


gaseous-state experimental 


values. 






















4- 
to 


Formula 


Name 






Ni-CI (a) 

Group 


Ni-CI (b) 
Group 


M-CO 
Group 


c = o 

Group 


Ni-C i H i 
Group 


3* 

c=c 

Group 


CH 

Group 


Calculated 
Total Bond 
Energy (eV) 


Experimental 
Total Bond 
Energy (eV) 


Relative Error 




NiCI 
NiClj 

Ni(CO)., 
Ni(C 5 H 5 ) 2 


Nickel chloride 
Nickel dichloride 
Nickel tetracarbonyl 
Bis-c\ lopentadienyl nickel (i 


lickelocene) 


1 

" 





2 





u 
4 














2 





10 






10 


3.84184 
7.76628 
50.79297 
97.73062 


3.82934 |59| 
7.74066 [59) 
50.77632 [55] 
97.84649 |53| 


-0.00327 
-0.00331 
-0.00033 
0.00118 
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COPPER FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of copper is [^rJ^'Sfif 10 having the corresponding term 2 S 1/2 . The single outer As [61] electron 

having an energy of -7.72638 eV [11 forms a single bond to give an electron configuration with filled 3d and 4s shells. 
Additional bonding of copper is possible involving a double bond or two single bonds by the hybridization of the 3d and 4s 
shells to form a Cu3d4s shell and the donation of an electron per bond. The total energy of the copper 2 S ll2 state is given by 

the sum over the eleven electrons. The sum E T (Cu,3d4s) of experimental energies Til of C» , Cu* , Cu 2+ , Cu i+ , C» 4+ , Cu 5+ , 

Ci("\ Cu 7+ , Cu s+ , Cu 9+ , and Cu 10+ is 

, (2653eV + 212eV + \99eV + \e>6eV + tt9eV + \Q3eV + 19XeV^ 

E T (Cu,3d4s) = -\ \ = -1306.33978 eV (23.172) 

v ' 1^+57.38 eV + 36.841 eV + 20.2924 eV + 7.72638 eV J 

By consid e ring that th e c e ntral fi e ld d e cr e as e s by an int e g e r for e ach succ e ssiv e e l e ctron of th e sh e ll, th e radius r 3dAs of th e 

Cu3d4s shell may be calculat e d from the Coulombic en e rgy using Eq. (15.13): 

^- = S i l 1 ( ?n^Q78 V\ = i I 1^1q7S V\ = °- 68740fl » (23 - 1?3) 

" 8;n> (el306.33978 eV) 8?F£ (el306.33978 eV) 
where Z = 29 for copper. Using Eq. (15.14), the Coulombic energy E Cottlomb {Cu,Sd4s) of the outer electron of the Cu3d4s 
shell is 

E CoM {Cu,3d4s) = -^— = - ~f = -19.793027 eV (23.174) 

&7r£ r 3d4s 8;r£ 0.68740a 

During hybridization, the unpaired 4s electron and five sets of spin-paired 3d electrons are promoted to the Cu3d4s shell as 
initially unpaired electrons. The energies for the promotions of the initially paired electrons are given by Eq. (15.15) at the 
initial radius of the 3d electrons. From Eq. (10.102) with Z = 29 and n - 28 , the radius r 2g of the Cu3d shell is 

r 28 =1.34098a (23.175) 

Using Eqs. (15.15), and (23.174), the unpamng energy is 

E 3 , {magnetic) = ln ^\ = . *Wj = o. 04 745 eV (23.176) 

m 2 e (rj (l.34098a ) 3 

The electrons from the 4s and 3d shells successively fill unoccupied HOs until the HO shell is filled with unpaired electrons, 
then the electrons pair per HO. In the case of the Cu3d4s shell having eleven electrons and six orbitals, five sets of electrons 
are paired. Using Eqs. (15.15) and (23.172), the pairing energy is given by 

E 3d4 Xmagnetic) = - 2 ^ h \ = - * W * - 3 = -0.35223 eV (23.177) 
m]{r Mis ) (0.68740a ) 

Thus, after Eq. (23.28), the energy E(Cu,3d4s) of the outer electron of the Cu3d4s shell is given by adding the magnetic 
energies of unpairing five sets of 3d electrons (Eq. (23.175)) and pairing of five sets of Cu3d4s electrons (Eq. (23.176)) to 
E CoM {Cu,3d4s) (Eq. (23.173)): 



E{C u,3d4s)=—^ + "-mffL + £ 2mf±_ jj 2 m£ 



< ^ n£ « r idAs m e r As M pairs "Vji HO pairs m e r 'SdAs (23.178) 

= -19.793027 eF + 0eF + 5(0.04745 eF)-5(0.35223eF) = -21.31697 eF 
Next, consider the formation of the Cu -L -bond MO wherein each copper atom has a Cu3d4s electron with an energy 
given by Eq. (23.178). The total energy of the state of each copper atom is given by the sum over the eleven electrons. The sum 
E T (Cu Cu _ L 3d 4 s) of energies of GuMAs (Eq. (23.178)), Cu\ Cu 2 \ Cu 3+ , Cu 4 \ Cu 5 \ Cu"\ Cu 7+ , Cu % \ C» 9+ ,and Cu w+ 



is 

r 



E T {cu Cu _ L id4s) = - 



265.3 eF + 232 eK + 199 eF + 166 eV 



+ 139 eV +103 eV +79.8 eV + 57.38 eV 
v +36.841 eV + 20.2924 eV + E(Cu,3d4s) y 

^265.3 eF + 232eF + 199eF + 166eF ^ 
+1 39 e.V + 1 03 eV + 79.8 eV + 57.38 e.V 



(23.179) 



-1319.93037 eV 



+36.841 eF + 20.2924eF + 21.31697eF 



where E{Cu,3d4s) is the sum of the energy of Cu , -7.72638 eV , and the hybridization energy. 

The copper HO donates an electron to each MO. Using Eq. (23.30), the radius r MAs of the Cu3d4s shell calculated from 
the Coulombic energy is 
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^ A e 2 65e 2 

Y(Z-«)-l - - - = - — - = 0.67002a„ (23.180) 

Si: J 8 ^(^1319.93037 e.V) Sa^ (e1 31 9.93037 e.V) 

Using Eqs. (15.19) and (23.179), the Coulombic energy E Cmlomb (Cu Cll L ,3d A s) of the outer electron of the Cu3d A s shell is 

E Momb (Cu Cu _ L ,M4s) = —^ = ~f =-20.30662 eV (23.181) 

%xs r Cu _ ndls 8^ 0.67002a 

The magnetic energy terms are those for the impairing of the five sets of id electrons (Eq. (237175)) and pairing of five sets of 

Cu3dAs electrons (Eq. (23.176)). Using Eqs. (23.32), (23.180), and (23.175-23.176), the energy E(Cu Cu _ L ,3dAs) of the outer 

electron of the Cu3dAs shell is 



%™ r Cu _ LM4s m l(r x ) m 2 e (r 2g ) m 2 (r Mis ) (23.182) 



= -20.30662eF + 0eK + 5(0.04745eF)-5(0.35223eF) = -21.83056eF 
Thus, E T (Cu -L,3dAs), the energy change of each Cu3dAs shell with the formation of the Cu - L -bond MO is given by the 
difference between Eq. (23.181) and Eq. (23.177): 

E T (Cu -L,3d A s)-E(Cu Cu _ L ,3d A s)-E(Cu,3d4s)- -21.83056 eF-(-21.31697 eF)- -0.51359 eV (23.183) 

The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the cr-MO of the 
Cu -L -bond MO of CuL n is given in Table 23.51 with the force-equation parameters Z = 29 , n e , and L corresponding to the 
orbital and spin angular momentum terms of the 3d 4 s HO shell. 

For the Cu — L functional groups, hybridization of the 4s and 3d AOs of Cu to form a single 3d As shell forms an 

energy minimum, and the sharing of electrons between the Cu3d4s HO and L AO to form a MO permits each participating 
orbital to decrease in radius and energy. The F AO has an energy of £(F) = -17.42282 eV , the CI AO has an energy of 

E(Cl) = -12.96764 eV , the O AO has an energy of E{0) = -13.61805 eV , the Cu AO has an energy of 
E(Cu) = -7.72638 eV , and the Cu3d4s HO has an energy of E(Cu,3d4s) = -21.31697 eV (Eq. (23.177)). Tu meet the 
equipotential condition of the union of the Cu-L H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factor(s), at 
least one of c 2 and C 2 of Eq. (15.61) for the Cu -L -bond MO given by Eq. (15.77) is 

C^FAOtoCuAO)-^ }- - 1J2 ™ eV - .11 3 1 6 (23.184^ 

v ; E(FAO) -17.42282 eV 

cJClAOto CuAO) = CJClAOto CuAO) = -+-^ — '-= -7.72638 eF =a595g2 (23.185) 
tl '- tl '- E(CIAO) -12.96764 eV 1_ 

CAFAO to Cu3d4sHO)= E \ FAO ) ~ -17.42282 e ^ = 0M132 (23.186) 

v ; E(Cu,3d4s) -21.31697 eV 

rJOtn Cu3dAsHO)= -jM = ~ 13 - 61805 eV = n.63884 (23.187) 

2V ; E(Cu,3dAs) -21.31697 eV 

Since the energy of the MO is matched to that of the Cu3d4s HO in coordinate compounds, E(AOI HO) in Eq. (15.61) is 
E[Cu,3dAs) given by Eq. (23.177) and twice this value for double bonds. E T ( atom- atom, msp 3 .AO) of the Cw-Z-bondMO 
is determined by considering that the bond involves an electron transfer from the copper atom to the ligand atom to form partial 
ionic character in the bond as in the case of the zwitterions such as H 2 B + — T 7 ' given in the Halido Boranes section. For the two - 

bond coordinate compounds, E T (atom- atom, msp 3 .AO) is -1.02719 eV , two times the energy of Eq. (23.182). 

The symbols of the functional groups of copper coordinate compounds are given in Table 23.50. The geometrical (Eqs. 
(15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of copper coordinate compounds are given in Tables 23.51, 23.52, and 23.53, respectively. The total energy of each 
copper coordinate compound given in Table 23.54 was calculated as the sum over the integer multiple of each E D (g™^) of Table 
23.53 corresponding to functional-group composition of the compound. The charge-densities of exemplary copper coordinate 
compounds, copper chlorid e (C uC I) a nd copper dichlori de (CuCI 2 ) c omprising th e concentric shells of a toms w ith th e outer 
shell bridged by one or more ff 2 - type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 23.11A 
and B, respectively. 
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Figure 23.11. (A) Copper Chloride. Color scale, translucent view of the charge-density of CuCl showing the orbitals of the 
Cu and CI atoms at their radii, the ellipsoidal surface of each H 2 -type ellipsoidal MO that transitions to the corresponding 

outer shell of the atoms participating in each bond, and the nuclei (red, not to scale). (B) Copper Bichloride. Color scale, 
translucent view of the charge-density of CuCl 2 showing the orbitals of the Cu and CI atoms at their radii, the ellipsoidal 

surface of each H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atoms participating in each bond, 

and the nuclei (red, not to scale). 




Table 23.50. The symbols of the functional groups of copper coordinate compounds. 



Functional Group 



Group Symbol 



CuF group of CuF 
CuF 2 group of CuF 2 

CuCl group of CuCl 
CuO group of CuO 



Cu-F (a) 
Cu-F (b) 

cu-a 

Cu-O 



Table 23.51 . The geometrical bond parameters of copper coordinate compounds and experimental values. 



Parameter 


Cu-F (a) 

Group 


Cu-F (b) 
Group 


cu-a 

Group 


Cu-O 

Group 


n i 


I 


2 


1 


1 


L 


,o +2 ji 


»"£ 





3 + ,oJ| 


a M 


1. 90455 


2. 1 8842 


2.00000 


1.90208 


<• k) 


1. 69208 


l. 63632 


1.83213 


1.59251 


Bond Length 
2c' (A) 


1. 79083 


1.73181 


1 .93905 


1 .68544 


Exp. Bond Leneth 


1.7449 [3] 

( CuF ) 


1. 7449 [3] 
I CuF) 


2.051 [15] 
( CuCl ) 


1.724 [15] 
I CuO i 


h.c (a„) 


0.87417 


1. 453 14 


0.80205 


1 .04009 


e 


0.88844 


(1.74772 


0.91607 


0.83725 



Tsible 23.52. The MO to 



HO intercept geometrical band parameters of copper coordinate compounds. Erin Er(atom-atom,HOAO) 



0\ 






(eV) 
Bond 



E T 

(cV) 

Bond 3 



E T 

(cV) 

Bond 4 



inal 



Total 



Energy 
Cui Us 

(e V) 



(a, 



(«.) 



£(„„,, (Culdis) 
(eV) 
Final 



ir(C'u3d4s) 
(eV) 
Final 










(CuF) 



Cu 















76095 



1.76095 



-7.72638 



15X35 



65 



85.13 



0.16163 



1.53045 






F 
Cu 



0.781169 
0.68''40 



0.78092 
0.65349 



-17.42282 
-20.82022 



12).18 
50.41 



48.39 
20.28 



1.26473 
2.05281 



0.42736 
0.41649 



Cu-F (CkF 2 ) 



Cu-Cl (CuCl) 



Cu-Cl (CuCl) 



a (Cuo) 



O (CuO) 



51359 



00000 



0.96279 



-14.13165 



60 



74 



53.8i 



.12187 



0.470 64 
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Table 23.53. 



The energy parameters (eV) of functional groups of copper coordinate compounds. 



Parameters 


C«-F (a) 
Group 


Cu-F (b) 
Group 


Cu-a 

Group 


Cu-O 

Group 


!7 i 


1 


1 


1 


2 


"a 














"a 














C, 


0.75 


0.5 


0.5 


0.375 


C, 


0.44346 


0.81732 


0.59582 


1 


c , 


0.75 


1 


1 


1 


c, 


1 


1 


0.59582 


0.63884 


r 


1) 





II 


n 


<'. 


1 


1 


1 


2 


c. 


1 


1 


1 


2 


<--,, 


0.7? 


0.5 


0.5 


0.375 


C 3 „ 


0.44346 


0.81732 


0.59582 


1 


';.(«''» 


-34.12088 


-32.18726 


-27.68094 


-52.91628 


1 „(<•'''> 


8.04085 


8.31487 


7.42620 


17.08719 


r(ti) 


8.95771 


7.35401 


6.92024 


13.91013 


'',. («h 


-4.47886 


-3.67700 


-3.46012 


-6.95506 


E(toim) (e(') 


-7.72638 


-21.31697 


-7.72638 


-42.633933 


A£ FME1 (*»»o] (el') 














E J {AO!tni) (el') 


-7.72638 


-21.31697 


-7.72638 


-42.633933 


£,.(«,,urj| (e(') 


-29.32755 


-41.51235 


-24.52100 


-68.46008 


A' ; (^/tJ/jr — atom,msp J .AO\ (eV) 





-1.02719 





-1.02719 


E T (uo\ (el') 


-29.32755 


-42.53954 


-24.52100 


-69.48726 


ai (lO"ra<//s) 


29.1710 


8.16340 


7.97779 


9.65069 


£ A . (W) 


19.20083 


5.37329 


5.25112 


6.35225 


^ <*'■> 


-0.25424 


-0.19508 


-0.11116 


-0.17324 


E*« (*n 


0.0772 1 
|62| 


0.07721 
[62| 


0.05149 
[62] 


0.07937 
[62] 


£ « < e[/ ) 


-0.21563 


-0.15648 


-0.08542 


-0.13355 


E (eV) 





0.35223 





0.35223 


£ r (n™,| (el) 


-29.54319 


-42.69602 


-24.60642 


-69.75437 


£ », y 1'. ■ , "'""] ( e,/ ) 


-7.72638 


-21.31697 


-7.72638 


-21.31697 


Sjwwk ■*>"») ( eF ) 


- 1 7.42282 


-17.42282 


-12.96764 


-! 3.61806 


E n {«m V ] (el') 


4.39399 


3.95623 


3.912411 


2.93219 



Table 23.54. The total bond energies of gaseous-state copper coordinate compounds calculated using the functional group 
composition and the energies of Table 23.53 compared to the gaseous-state experimental values. 



Cw-F(a) Cu-F(b) Cu-Cl 

Group Group Group 



Cu-O 

Group 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy leV) 



Relative Error 



CuF 

CuF; 

CuCI 
CuO 



Copper fluoride 

Copper di fluoride 
Copper chloride 
Copper oxide 



4.39399 
7.91246 
3.91240 
2.93219 



4.44620 |63) 
7.89040 [63] 
3.80870 [15] 
2.90931 |631 



0.01174 

-0.00280 
-0.02723 
-0.00787 
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ZINC FUNCTIONAL GROUPS AND MOLECULES 

The electron configuration of zinc is [y4r]% 2 3fif 10 having the corresponding term l S . The two outer As [61] electrons having 

energies of -9.394199 eV and -17.96439 eV [11 hybridize to form a single shell comprising two HOs. Each HO donates an 
electron to any single bond that participates in bonding with the HO such that two single bonds with ligands are possible to 
achieve a filled, spin-paired outer electron shell. Then, the total energy of the 1 S state of the bonding zinc atom is given by the 

sum over the two electrons. The sum E T (Zn,AsHO) of experimental energies [11 of Zn , and Zn* , is 

E,. (Zn, As H O) = -(17 .96 4 39 eF + 9 .39 419 9 eV) - -27 .35859 eV (23.188) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r AsH0 of the 
ZnAs HO shell may be calculated from the Coulombic energy using Eq. (15.13): 

~~r =y (Z-n)e - 3e - = 1 49194a (23 189) 
4sHO „ t ? 8 8flg (g27.35859t r r) 8^(^27.35859 eV) - 

where Z - 30 for zinc. Using Eq. (15.14), the Coulombic energy E Cmlomb (Zn,AsHO) of the outer electron of the ZnAs shell is 

2 2 

E Cmlailb (Zn^sHO) = ~ S = 7 = 9.119530cF (23^90>- 

&x£ r 4sHO 8^g 1.49194a 

During hybridization, the spin-paired As AO electrons are promoted to the ZnAs HO shell as unpaired electrons. The energy 
for the promotion is given by Eq. (15.15) at the initial radius of the 4* electrons. From Eq. (10.102) with Z = 30 and w = 30, 
the radius r 30 of the ZnAs AO shell is 

r 30 =1.44832a (23.191) 

Using Eqs. (15.15) and (23.190), the unpairing energy is 

E 4s (magnetic) = gfgfgf!^ = gWf* = . 3766 eV (23.192) 
ml(r^) (l.44832a n ) 

Using Eqs. (7 .3.1 8 9) and (7 , 3 . 191) , the energy E{Zn, A sH O) o f the outer electron of the Zn A s H O shell is 

E(Zn,4sHO) = ^^- + 2 ^° e % = -9.1 19530 eV + 0.03766 eV = -9.08187 eV (23.193) 

%ne a r AsII0 m 2 e (r 30 ) 

Next, consider the formation of the Zn-L -bond MO wherein each zinc atom has a ZnAsHO electron with an energy 
given by Eq. (23.192). The total energy of the state of each zinc atom is given by the sum over the two electrons. The sum 
E T {Zn Zn _ L AsHO) of energies of ZnAsHO (Eq. (23.192)) and Zn* is 

E T (Zn Zn _ L AsHO) = -(17.96439 eV + E(Zn,AsHO)) = -(17.96439 eF + 9.08187 eV) = -27.04626 eV (23.194) 
where E{Zn,AsHO) is the sum of the energy of Zn , -9.394199 eV eV , and the hybridization energy. 

The zinc HO donates an electron to each MO. Using Eq. (23.30), the radius r 4sII0 of the ZnAsHO shell calculated from 
the Coulombic energy is 

f 29 \ „2 le 2 



Y(Z-«)-l - = — - = 1.0061 la n (23.195) 



'Zn-LAsHO 



V«=28 



Kke q (^27.04626 eV) Kke q (^27.04626 eV) 



Using Eqs. (15.19) and (23.194), the Coulombic energy E Coulomb {Zn Zn _ L ,AsHO) of the outer electron of the ZnAsHO shell is 



2 2 

-e -e 



E CD ll lD m b { Zn z „ l ,AsHO)= = =-13.52313 eV (23.196) 

*xe r Zn _ LAsHO 8^ l.U06lia 

During hybridization, the spin-paired 2s electrons are promoted to the ZnAsHO shell as unpaired electrons. The energy lor the 

promotion is the magnetic energy given by Eq. (23.191). Using Eqs. (23.195) and (23.191), the energy E(Zn Zn _ L ,AsHO) of the 

outer electron of the ZnAs HO shell is 

2 o 2 + 2 

E(Zn ZnL , A sHO) = — 1 ^ 3 = -13.52313 eF + 0.03766 eV = -13. 4 85 4 7 eV (23.197) 

%K£ r Zn _ LAsHO m 2 e (r 30 ) 

Thus, E T (Zn — L, AsHO) , the energy change of each ZnAsHO shell with the formation of the Zn-L -bond MO is given by the 

difference between Eq. (23.196) and Eq. (23.192): 

E r (Zn-L,AsHO) = E(Zn Zlt _ L ,AsHO)-E(Zn,AsHO) = -13. A85A1 eF-(-9.08187 eV) = -4 . 40360 eV (23 . 198) 

The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the er-MO of the 
Zn -L -bond MO of ZnL n is given in Table 23.56 with the force-equation parameters Z = 30 , n e , and L corresponding to the 

orbital and spin angular momentum terms of the A s HO shell. The semimajor axis a of organometallic compounds are solved 
using Eq. (15.51). 
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For the Zn-L functional groups, hybridization of the 4s AOs of Zn to form a single 4s HO shell forms an energy 
minimum, and the sharing of electrons between the ZnAs HO and L AO to form a MO permits each participating orbital to 
decrease in radius and energy. The CI AO has an energy of E[Cl) = -12.96764 eV , the C2sp* HO has an energy of 

E(C,2sp 3 ) = -14.63489 eV (Eq. (15.25)), the Coulomb energy of the ZnAs HO is E Coalomb (Zn,AsHO) = -9M9530eV (Eq. 
(23.189)), and the ZnAs HO has an energy of E(Zn,AsHO) = -9.08187 eV (Eq. (23.192)). To meet the equipotential condition 
of the union of the Zn-L // 2 -type-ellipsoidal-MO with these orbitals, the hybridization factor(s), at least one of c, and C 2 of 
Eq. (15.61) for the Zn - L -bond MO given by Eq. (15.77) is 

C 2 (ClAOtoZn4sHO)= E ( Z f 4sH °K - 9 - 08187gK =0.70035 (23.199) 

v ; E(ClAO) -12.96764 eV 

c 2 (CIsp'HO to ZnAsHO) = C 2 {CIsp'HO to ZnAsHO) 

. W*,4tfO) , , -9.H9S3 T (o , 9177l) = . 57186 ^^ 

E(c,2sp) -14.63489 eV x ' 

where Eqs. (15.76), (15.79), and (13.430) were used in Eq. (23.199). Since the energy of the MO is matched to that of the 
ZnAsHO in coordinate compounds, E(AOIHO) in Eq. (15.61) is E(Zn,4sHO) given by Eq. (23.192) and E(Zn,AsHO) for 

organometallics is E Cmlomll {Zn,4sHO) given by Eq. (23.189). E T ( atom- atom, msp y .AO\ of the Z«-i-bond MO is 
determined by considering that the bond involves an electron transfer from the zinc atom to the ligand atom to form partial ionic 
character in the bond as in the case of the zwitterions such as H 2 B* -F" given in the Halido Boranes section. For the 

coordinate compounds, E T (atom- atom, msp'.AO) is -8.80720 eV , two times the energy of Eq. (23.197). 

The symbols of the functional groups of zinc coordinate compounds are given in Table 23.55. The geometrical (Eqs. 
(15.1-15.5) and (23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) 
parameters of zinc coordinate compounds are given in Tables 23.56, 23.57, and 23.58, respectively. The total energy of each 
zinc coordinate compound given in Table 22.59 was calculated as the sum over the integer multiple of each E D {or„u P ) of Table 
23.58 corresponding to functional-group composition of the compound. The charge-densities of exemplary zinc coordinate and 
organometallic compounds, zinc chloride (ZnCl) and di-n-butylzinc (Z«(C 4 // 9 ) ) comprising the concentric shells of atoms 

with the outer shell bridged by one or more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in 
Figures 23.12A and B, respectively. 

Figure 23.12. (A) Zinc Chloride. Color scale, translucent view of the charge-density of ZnCl showing the orbitals of the 
Zn and CI atoms at their radii, the ellipsoidal surface of each H 2 -type ellipsoidal MO that transitions to the corresponding 
outer shell of the atoms participating in each bond, and the nuclei (red, not to scale). (B) Di-n-butylzinc. Color scale, translucent 
view of the charge-density of Z«(C 4 // 9 ), showing the orbitals of the Zn and C atoms at their radii, the ellipsoidal surface of 
each H or H 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atoms participating in each bond, and 
the nuclei (red, not to scale). 
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Table 23.55. The symbols of the functional groups of zinc coordinate compounds. 



Functional Group 



ZnCl group of ZnCl 

ZnCl: group of ZnCl 2 

ZnCaikyi group of RZnR 

CHi group 

CH_ group 

CC bond (n-C) 



Group Symbol 



Zn-Cl (a) 
Zn-Cl (b) 
Zn-C 
C-H (CH 3 ) 

C-H (CH 2 ) 
C-C 



Table 23.56. The geometrical bond parameters of zinc coordinate compounds and experimental values. 



Parameter 


a-ci (a) 

Group 


Zn-Cl (b) 
Group 


Zn-C 
Group 


C-H (Cll.) 
Group 


C-H (CH.) 

( iroup 


C-C 

Group 


n e 


6 


5 










L 


4 


10 










«w 


4.11547 


3.83333 


1.87715 


1.64920 


1.67122 


2.12499 


»' w 


1 .97928 


1.91023 


1.81177 


1.04856 


1.05553 


1.45744 


Bond Length 
2c- (A) 


2.09478 


2.02170 


1.91750 


1.10974 


1.11713 


1.54280 


Exp. Bond 
Length 

M 


2.05 [15] 
( 2nd, ) 


2.05 f 15] 
( ZnCl, ) 


1.930 [15] 
( CH f ZnCH, ) 


I.I 13 [3] 

(Erimelhylaluminum) 

1.107 [3] 

(C-H propane) 

I.I 17 [3] 
(C-H bulane) 


1.107(3] 

(C-H propane) 
1.117 [3] 

(C-H butane) 


1.53213] 
(propane) 
1.531 |3] 
(butane) 


Ax (o„) 


3.60826 


3.32347 


0.49108 


1.27295 


1 .29569 


1.54616 


e 


0.48094 


0.49832 


0.96517 


0.63580 


0.63159 


0.68600 



Tai 



bli9 23. 57. The MO tc HO intercepl geometrical bond parameters of zinc coordinate compounds. £> is E 



{atom-atom, HO. AO) 



Bond 



h 

V) 
Bdndl 



(eV) 

Bond ;: 



E T 

(eV) 

Bond 3 



E T 

(eV) 

Bond 4 



Final "otal 
Eneigy 
.Zn4sHO 

&_ 



(«ol 



M 



(eV) 
Final 



(Zn4.v770) 
(eV) 
Final 



0, 




4 

(«o) 



4 

(«ol 



Zi-C 

Zi-C 



(ZnO) 

(z»o) 



-4 
-4.4036(i 



1.051 



58 



1.00611 

0.78324 



-13.52313 
-17.37124 



Zj-C 



(ZnCl 2 ) 



■4/036(1 



-4.40360 



1.49194 



0.75897 



■17.92673 



Z/i-C 
Zi-(C 
Zi-(C 



(ZnCl 2 ) 



1.051 
1.491 



0.91771 



0.78324 
1.49194 
0.91771 



■17.37124 
■14.82575 
-14.82575 



14.63489 



153.00 



58.02 
58.02 



0.99406 
0.99406 



0.81-72 
0.81772 



Zj-(C 



,H 2 CH 2 -), 



Zn 







1.491 



94 



1.49194 



■14.82575 



153.00 



27 



00 



58.02 



0.99406 



0.81772 



Zi-(C\ 



\H 2 CH 2 -\ 
(CH 2 ) 



-0 
-0.! 







-0.9291 



-152.54487 
-153.47406 



0.91771 
0.91771 
0.91771 



0.91771 
0.86359 
0.81549 



-14.82575 
-15.75493 
-16.68412 



14.63489 
15.56407 
16.49325 



58.02 
41.48 
35.84 



0.99406 
1.23564 
1.35486 



0.81772 
0.18708 
0.29533 






H 1 CH 1 



-0.9291!: 



-152.54487 0.91771 



0.86359 



-15.75493 



15.56407 



63 



.82 



116.18 



30.08 



1.83879 



0.38106 
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Table 23.58. The energy parameters (eV) of functional groups of zinc coordinate compounds. 



Parameters 


Zrt - ( 7 (a) 
Group 


Zn-Cl (bl 
Group 


Zn-C 
Group 


< 'It. 
Group 


('II. 
Group 


C-C 
Group 


"i 


1 


1 


1 


3 


2 


1 


n. 











2 


1 





«. 




















q 


0.75 


0.75 


0.5 


0.75 


0.75 


0.5 


r 


0.700.15 


0.71X135 


0.57186 


1 


1 


1 


c , 


1 


1 


1 


1 


1 


1 


c. 


1 


1 


0.57186 


0.91771 


0.91771 


0.91771 


c , 








2 





1 





c 4 


1 


1 


2 


1 


1 


2 


c. 


1 


1 





3 


2 





'■„ 


0.75 


0.75 


0.5 


(1.75 


0.75 


0.5 


c 2 » 


0.70035 


0.70035 


0.57186 


1 


1 


1 


i; (<?i) 


-14.41370 


-15.58624 


-34.63883 


-107.32728 


-70.41425 


-28.79214 


'; («n 


6.87412 


7.12260 


7.50965 


38.92728 


25.78002 


9.33352 


7" (el) 


1.75116 


2.03299 


9.22644 


32.53914 


21.06675 


6.77464 


V m (eV) 


-O.X755X 


-1.01649 


-4.61322 


-16.26957 


-10.53337 


-3.38732 


£(*»«.) (ef) 


-9.08187 


-9.08187 


-9.11953 


-15.56407 


-15.56407 


-15.56407 


AE /; ^[jo/aD] (el') 




















£,1*>.'/m) (el') 


-9.08187 


-9.08187 


-9.11953 


-15.56407 


-15.56407 


-15.56407 


£, I«..i«j! «•(') 


-15.74587 


-16.52901 


-31.63548 


-67.69451 


-49.66493 


-31.63537 


E-jiawm- arom.msp^.AO) (eV) 


-8.80720 


-8.80720 


1) 








-1.85836 


£,(«') (fl') 


-24.55307 


-25.33621 


-31.63537 


-67.69450 


-49.66493 


-33.49373 


ft) (l0"«*//i) 


4.37145 


3.99216 


8.59541 


24.9286 


24.2751 


9.43699 


E, (el'l 


2.87737 


2.62771 


5.65765 


1 6.40846 


15.97831 


6.21159 


£„(el') 


-0.08240 


-11.08 125 


-0.14887 


-0.25352 


-0.25017 


-0.16515 


£ t „, (?(') 


0.04842 
114J 


0.04842 
[14] 


0.06236 
[64J 


0.35532 
(Eq. (13.458)) 


0.35532 
(Eq. (13.458)) 


0.12312 
[6] 


C <<?''> 


-0.05819 


-0.05704 


-0.11768 


-0.22757 


-0.14502 


-0.10359 


/. ul ; 


0.03445 


0.03.: |> 


0.1 1803 


I) 1 1803 


0.14803 


0.14803 


E^^^rny.) (W) 


-24.61126 


-25.39325 


-31.75305 


-67.92207 


-49.80996 


-33.59732 


E igilial (c 1 AOtHo) (el') 


-9.08 187 


-9.08187 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


E - ak»"»)(e»') 


-12.91,764 


-12.96764 





-13.59844 


-13.59844 





E D |i;™.,| (el') 


2.56175 


3.34374 


2.18721 


12.49186 


7.83016 


4.32754 



Table 23.59. The total bond energies of gaseous-state zinc coordinate compounds calculated using the functional group 
composition and the energies of Table 23.58 compared to the gaseous-state experimental values. 



Formula 


Name 


In- a (a) 


zn - a «b) 


Zn-C 


CH, 


CH, 


C-C 


Calculated 


Lxperimemal 


Relative trror 






Group 


Group 


Group 


Group 


Group 


Group 


Total Bond 

i ikt -. leV 


Total Bond 
iineriiv (eV) 




AM. 


Zinc chloride 


1 














ii 


2.56175 


2.56529 |15| 


0.00138 


ZnCli 


Zinc dichloride 





2 





6 








6.68749 


6.63675 1 1 5| 


-0.00764 


Zn(CH,) ; 


[)imclh\l/inc 





i 


2 


2 








29.35815 


29.21367(151 


-0.00495 


(C IM ll,fcZn 


l)ielhv]/inc 


o 





- 


2 


2 


2 


53.67355 


53.1)09X7 [65] 


-0.01252 


(CHiCPbCH-hZn 


l)i-n-propvl/ine 






2 


2 


4 


4 


77.yXX95 


77.67464 |65] 


-0.00405 


(CHjCHiCHiChMiZfl 


3I1-. -h,r.> i.-iii. 






2 


2 


6 


6 


102.30435 


101.95782 [65| 


-0.00340 
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GERMANIUM ORGANOMETALLIC FUNCTIONAL GROUPS AND MOLECULES 

The branched-chain alkyl g e rmanium molecul e s, GeC n H 2n 2 , comprise at l e ast on e Ge bound by a carbon-germanium single 
bond comp r ising & C-Ge g r ou p , and the digennanium molecules fu r the r comprise a Ge-Ge functional g r ou p . Both com pr ise 
at least a terminal methyl group ( CH 3 ) and may comprise methylene ( CH 2 ), methylyne ( CH ), and C-C functional groups. 
The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of C-C bonds can be 
identified. The n-alkane C-C bond is the same as that of straight-chain afkanes. In addition, the C-C bonds within isopropyl 
((CH i ) 2 CH) and t-butyl ((C//j) C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C 
bonds comprise functional groups. 

As in the cases of carbon, silicon, and tin, the bonding in the germanium atom involves four sp 3 hybridized orbitals. For 
germanium, they ar c form e d from the Ap and As electrons of the outer shells. Ge — C bonds form betw ee n a GeAsp 3 IIO and a 
C3sp 3 HO, and Ge-Ge bonds form between between GeAsp 3 HOs to yield germanes and digermanes, respectively. — The~ 
geometrical parameters of each Ge-C and Ge-Ge functional group is solved using Eq. (15.51) and the relationships between 
the prolate spheroidal axes. Then, the sum of the energies of the // 2 -type ellipsoidal MOs is matched to that of the GeAsp 3 shell 
as in the case of the corresponding carbon, silicon, and Lin molecules. As in the case of the transition metals, the energy of each 
functional group is determined for the effect of the electron density donation fr om each participating C3sp 3 HO and GeAsp 3 
HO to the corresponding MO that maximizes the bond energy. 

The Ge electron configuration is [Ar]As 2 3d m Ap 2 , and the orbital arrangement is 

4p state 
t t ~ (23.201) 

1 -1 

cor r esponding to the g r ound state 3 P . The ene r gy of the ge r manium Ap shell is the negative of the ionization ene r gy of the 
germanium atom [1] given by 



E(Ge,Ap shell) = -E(ionization; Ge) = -7.89943 eV (23.202) 
The energy of germanium is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264), but the 
atomic orbital may hybridize in order to achieve a bond at an energy minimum. After Eq. (13.422), the GeAs atomic orbital 
(AO) combin e s with th e Ge A p AOs to form a singl e Ge A sp 3 hybridiz e d orbital (HO) with th e orbital arrangem e nt 

4sp 3 state 

t t t t (23.203) 

QJ1 UJ 14) U 

where the quantum numbers (l,m ( ) are below each electron. The total energy of the state is given by the sum over the four 
electrons. The sum E T (Ge,Asp 3 ) of experimental energies [1] of Ge, Ge* , Ge 2+ , and Ge 3+ is 

ff r (Ge.4^) = 45.7131eK + 34.2241eK + 15.93461eF + 7.89943eF=103.77124eK f23.204;) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the 
GeAsp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

Z V , {Z - nV \ , ^ =1 .3111 3 ,,, , ( ?3 9Q5) 

^ „t^ 8 8^ (el 03.77124 eV) 8^ (el03.77124 eV) '""'-"« 

where Z = 32 for germanium. Using Eq. (15.14), the Coulombic energy E CouIomb [Ge,Asp 3 \ of the outer electron of the GeAsp 3 
shell is 

*™ {Oe, V ) = -^— = ^^777^ = "1 0.317JTW (23.206) 

%xs r 4sp3 8^ 1.31113a 

During hybridization, the spin-paired As electrons are promoted to the GeAsp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the As electrons. From Eq. (10.102) with Z = 32 

and n = 30 , the radius r M of the GeAs shell is 

r 30 =1.19265a (23.207) 

Using Eqs. (15.15) and (23.207), the unpairing energy is 
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E(magnetic) = 2 W^ = 8w< ' 3 = 0.06744 eV (23.208) 



-KW) (1 - 19265a,,) 



Using Eqs. (23.206) and (23.208), the energy E(pe,4sp 3 } of the outer electron of the Ge4sp 3 shell is 

E(Ge,4sp 3 ) = ^- + lK ^ e % = -10.37712 eF + 0.06744 eV = -10.30968 eV (23.209) 

Next, consider the formation of the Ge-L -bond MO of gernmanium compounds wherein L is a ligand including 

germanium and carbon and each gemanium atom has a Ge4sp 3 electron with an energy given by Eq. (23.209). The total energy 
of the state of each germanium atom is given by the sum over the four electrons. The sum E T [Ge Ge _ L ,4sp i \ of energies of 
Ge4sp 3 (Eq. (23.209)), Ge + , Ge 2+ , and Ge 3+ is 



E T (Ge Ge _ L ,4sp') = -(45.7131 eF + 34.2241 eF + 15.93461 eV + E(Ge,4sp 3 f) 



= -(45.7131 eF + 34.2241eF + 15.93461eF + 10.30968eF) (23.210) 
= -106.18149 eV 



where E(Ge,4sp 3 ) is the sum of the energy of Ge, -7.899 4 3 eV , and the hybridization energy. 



A minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the 
Hydroxyl Radical ( OH ) section with the donation of electron density from the participating Ge4sp 3 HO to each Ge-L -bond 
MO. Consider the case wherein each Ge4sp 3 HO donates an excess of 25% of its electron density to the Ge-L -bond MO Lo 



form an energy minimum. By considering this electron redistribution in the germanium molecule as well as the fact that the 
central field decreases by an integer for each successive electron of the shell, in general terms, the radius r Ge _ IAs 3 of the Ge4sp i 

shell may be calculated from the Coulombic energy using Eq. (15.18): 

f~^ *i e 2 9 75e 2 

r , ■^■= y(Z-«)-0.25 ■ -= ., ■ .,' , =1.24934a (23.211) 

^-"V (jgf j8^ (el06.18149eK) &H? (el06.18149 eV) ^~ 

Using Eqs. (15.19) and (23.211), the Coulombic energy E Coulomb (Ge Ge _ L ,4sp 3 ) of the outer electron of the Ge4sp 3 shell is 

Eo, ulomb {Ge Ge _ L ,4sp 3 )= V =- ~f =-10.89041 eV (232T2T 
— %7T£,,r — _ — 8;rg„l .24934a,, 

During hybridization, the spin-paired 4,? electrons are promoted to the Ge4sp 3 shell as unpaired electrons. The energy for the 

promotion is the magnetic energy given by Eq. (23.208). Using Eqs. (23.208) and (23.212), the energy E\Ge Ge _ L ,4sp 3 \ of the 

outer electron of the Ge4sp 3 shell is 

E(Ge Ge L ,4sp 3 ) = — + 27rM ° e * = -10.89041 eV + 0.06744 eV = -10.82297 eV (23.213) 

Thus, E T [Ge-L,4sp 3 \, the energy change of each Ge4sp 3 shell with the formation of the Ge-Z-bond MO is given by the 
difference between Eq. (23.213) and Eq. (23.209): 

E T {Ge-L,4sp 3 ) = E(Ge Ge _ L ,4sp 3 )-E(Ge,4sp 3 ) = -10.82297 eF-(-10.30968 eK) = -0.51329 eV (23.214) 

Now, consider the formation of the Ge-L -bond MO of gernmanium compounds wherein I is a ligand including 
germanium and carbon. For the Ge-L functional groups, hybridization of the 4p and 4s AOs of Ge to form a single Ge4sp 3 
HO shell forms an energy minimum, and the sharing of electrons between the Ge4sp 3 HO and L HO to form a MO permits 
each participating orbital to decrease in radius and energy. The C2sp 3 HO has an energy of E[C,2sp 3 \- -14.63489 eV (Eq. 
(15.25)) and the Ge4sp 3 HO has an energy of E{Ge,4sp 3 ) = -10.30968 eV (Eq. (23.209)). To mee t t he equipotential condition 
of the union of the Ge-L H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factor C 2 of Eq. (15.61) for the 
Ge-L -bond MO given by Eq. (15.77) is 

/ \ / \ E(Ge,4sp 3 HO) -10 30968 eF 

C, [Ge4sp 3 HO to Ge4sp 3 HO) = C, {C2sp 3 HO to Ge4sp 3 HO) = v , -r-^= : = 0.70446 (23.215) 

n ' 2y ' E(C,2sp 3 ) -14.63489 eV 
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Since the energy of the MO is matched to that of the Ge4sp 3 HO, E(AOIHO) in Eq. (15.61) is E^Ge,4sp 3 HO) given by Eq. 

(23.209). In order to match the energies of the HOs within the molecule, E r (atom - atom,msp } .AO\ of the Ge-Z, -bond MO 

-0 72457 
for the ligands carbon or germanium is — '■ (Eq. (14.151)). 

The symbols of the functional groups of germanium compounds are given in Table 23.60. The geometrical (Eqs. (15.1- 
15.5)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) parameters of germanium 
compounds are given in Tables 23.61, 23.62, and 23.63, respectively. The total energy of each germanium compounds given in 
Table 22.64 was calculated as the sum over the integer multiple of each E D (amu P ) of Table 23.63 corresponding to functional- 
group composition of the compound. The bond angle parameters of germanium compounds determined using Eqs. (15.88- 
15.117) are given in Table 23.65. The charge-densities of exemplary germanium and digermanium compounds, 
tetraethylgermanium (Ge(C// 2 C//, ) 4 ) and hexaethyldigermanium ((C 2 H i ),GeGe(C 1 H s ),) comprising atoms with the outer 
shell bridged by one or more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 23.13A 
and B, respectively. 

Figure 23.1 3 . (A) Color scale, charge-density of Ge(CH 2 CH } ) 4 showing the orbitals of the Ge and C atoms at their radii, 
the ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atoms 
participating in each bond, and the hydrogen nuclei. (B) Color scale, charge-density of (C,// 5 ).G£?Ge(C 2 // s ), showing the 
orbitals of the Ge and C atoms at their radii, the ellipsoidal surface of each H or //,-type ellipsoidal MO that transitions to the 
corresponding outer shell of the atoms participating in each bond, and the hydrogen nuclei. 




Table 23.60. The symbols of functional groups of germanium compounds. 



Functional Group 



GeC group 
GeGe group 

CHi group 

CH2 alkyl group 
CH alkyl 
CC bond (n-Q 
CC bond (iso-Q 
CC bond (tert-Q 
CC (iso to iso-C) 
CC (t to t-Q 
CC (t to iso-C) 



Group Symbol 



Ge-C 

Ge-Ge 
C-H (C/fj) 

C-H (CH 2 ) 

C-H 
C-C (a) 
C-C (b) 
C-C (c) 
C-C (d) 
C-C (e) 
C-C(f) 



Tablo 23.61 . jThq geometrical Ipond paraniet^rs of gernjan^um compcpnps and experimental values 
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2c' 
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e 23.62 
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), 
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1. 
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107 
{C-H 
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butane) 
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(eV) 
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Group 
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1 .45 744 



1.5)2 
(propane) 
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parameters o f germanium compounds. R, R ', R " are If or alkyl groups 
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E, 

ieV) 
Bond 4 



C-C (b) 
Group 

2.12499 
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(butane) 



Totil 
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Energy 
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TIN FUNCTIONAL GROUPS AND MOLECULES 

As in the cases of carbon, silicon and germanium, the bonding in the tin atom involves four sp 3 hybridized orbitals formed from 
the 5p and 5s electrons of the outer shells. Sn-X X = halide, oxide, Sn-H, and Sn-Sn bonds form between Sn5sp 3 HOs 
and between a halide or oxide AO, a His AO, and a Sn5sp 3 HO, respectively to yield tin halides and oxides, stannanes, and 
distannanes, respectively. The geometrical parameters of each Sn-X X = halide, oxide, Sn-H, and Sn-Sn functional group 
is solved from the force balance equation of the electrons of the corresponding a -MO and the relationships between the prolate 
spheroidal axes. Then, the sum of the energies of the H 2 -type ellipsoidal MPs is matched to that of the Sn5sp 3 shell as in the 
case of the corresponding carbon and tin molecules. As in the case of the transition metals, the energy of each functional group 
is determined for the effect of the electron density donation from each participating Sn5sp 3 HO and AO to the corresponding 

MO that maximizes the bond energy. 

The branched-chain alkyl stannanes and distannanes, Sn m C n H 7 , +n)+7 , comprise at least a terminal methyl group ( CH 3 ) 

and at least one Sn bound by a carbon-tin single bond comprising a C-Sn group, and may comprise methylene (CH 2 ), 
methylyne (CH), C-C, SnH n=123 , and Sn-Sn functional groups. The methyl and methylene functional groups are 
e quival e nt to thos e of straight - chain alkan e s. Six typ e s of C — C bonds can b e id e ntifi e d. Th e n - alkan e C — C bond is th e sam e 
as that of straight chain alkanes. In addition, the C — C bonds within isopropyl ((C//" 3 ) CH) and t butyl ((Cff 3 ) C) groups 
and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. 
The Sn electron configuration is [Kr]5s 2 4d m 5 p 2 , and the orbital arrangement is 

5p state 

JL _t_ (23.216) 

1 -1 
cor r esponding to the g r ound state 3 P . The ene r gy of the carbon 5p shell is the negative of the ionization energy of the tin atom 
[1] given by 



E(Sn,5p shell) = -E(ionization; Sn) = -7.34392 eV (23.217) 

The energy of tin is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264), but the atomic 
orbital may hybridize in order to achieve a bond at an energy minimum. — After Eq. (13.422), the Sn5s atomic orbital (AO) 
combin e s with th e Sn5p AOs to form a singl e Sn5sp 3 hybridiz e d orbital (HO) with th e orbital arrang e m e nt 

5sp 3 state 

^b — ^b — d= — db (23.218) 

0^ t-i hO hi 

where the quantum numbers (l,m t ) are below each electron. The total energy of the state is given by the sum over the four 

electrons. The sum E T ySn,Asp\ of experimental energies [1] of Sn , Sn* , Sn 2 * , and Sn 3 * is 

— E T (Sn,5sp i ) = 4 Q.Th5Q2cV i 30.50260 cV i 1 4 .6322 cV i 7.3 4 392 cV~ 93.2137 4 cV — (23.219) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the 

Sn5sp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

.,,-± / Z " W)g2 r= , ^ ,-l.UO CH (23^- 

5sp „t^8^ (e93.21374eK) 8^ (e93.21374 eV) 

where Z = 50 for tin. Using Eq. (15.14), the Coulombic energy E Coulomb iSn,5sp 3 \ of the outer electron of the Sn5sp 3 shell is 

^s 2 ^s 3 

Ec, ,!,:: ASn.5sp 3 )= - = = -9.321374 eV (23.221) 

Cou!ombK y j L 45964a, 



5sp' 



±.-r^u-ri« 



During hybridization, the spin-paired 5* electrons are promoted to the Sn5sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the 5s electrons. From Eq. (10.255) with Z = 50 , 



the radius r 48 of the Sn5s shell is 



r 48 =1.33816a (23.222) 

Using Eqs. (15.15) and (23.206), the unpairing energy is 

Eim agm ti c ) - ^M£ ft _ M dk _ 0.04775 j* (23.223) 

ml{r K ) (1.3381&Q 
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Using Eqs. (23.203) and (23.207), the energy EiSn,5sp 3 \ of the outer electron of the Sn5sp 3 shell is 

~~ E(Sn,5sp 3 )= ~ e + 2/W ^ -9.321374 eF + 0.04775 eF = -9.27363 eF (23.224) 

Next, consider the formation of the Sn-L -bond MO of tin compounds wherein L is a ligand including tin and each tin 
atom has a Sn5sp 3 electron with an energy given by Eq. (23.224). The total energy of the state of each tin atom is given by the 

sum over the four electrons. The sum E T (Sn Sn _ L ,5sp 3 \ of energies of SnSsp 3 (Eq. (23.224)), Sn + , Sn 2+ , and Sn 3+ is 

E T (Sn Sn _ L ,5sp 3 ) = -( y 40J3502eV + 30.50260eV + U.6322eV + E{Sn,5sp 3 )"j 

= -(40.73502 eV + 30.50260 eV + 14.6322 eV +9.27363 eV) = -95.14345 eV 
where ElSn, 5sp 3 1 is the sum of the energy of Sn , -7.34392 eV , and the hybridization energy. 

A minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the 
Hydroxyl Radical (OH) section with the donation of electron density from the participating Sn5sp 3 HO to each >S«-Z-bond 
MO. As in the case of acetylene given in the Acetylene Molecule section, the energy of each Sn-L functional group is 
determined for the effect of the charge donation. For example, as in the case of the Si - Si -bond MO given in the Alkyl Silanes 
and Disilanes section, the sharing of electrons between two Sn5sp 3 HOs to form a Sn-Sn -bond MO permits each participating 
orbital to decrease in size and energy. In order to further satisfy the potential, kinetic, and orbital energy relationships, each 
Sn5sp 3 HO donates an excess of 25% of its electron density to the Sn - Sn -bond MO to form an energy minimum. By 
considering this electron redistribution in the distannane molecule as well as the fact that the central field decreases by an integer 
tor each successive electron ot the shell, in general terms, the radius r L 3 ot the Snbsp 3 shell may be calculated trom the 

Coulombic energy using Eq. (15.18): 

(^ \ e 2 915e 2 

r, „ , = Y(Z - «) - 0.25 ; r- _^i^ - = 1.39 4 28a (23.226) 

S "- L5sp yg6_ J8^g (e95.14345eF) &x£ (e95. 14345 eV) 

Using Eqs. (15.19) and (23.210), the Coulombic energy E Coulomb (Sn Sn _ L ,5sp 3 ) of the outer electron of the Sn5sp 3 shell is 

E auI o mb (Sn s „_ L ,5sp 3 )= V = ~f = -9.75830 eV (23.227) 

^ ' — 8^6'„r I= 3 — 8^6' n 1.39428a„ 

u Sn-L5sp u u 

During hybridization, the spin-paired 5s electrons are promoted to the Sn5sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (23.223). Using Eqs. (23.223) and (23.227), the energy E(Sn Sn _ L ,5sp 3 ) of the 
outer electron of the Sn5sp 3 shell is 

E[Sn Sn L ,5sp 3 ) C + 2/T/ "° C T \ = -9.75830 eF + 0.04775 eV = -9.71056eF (23.228) 

Thus, E T (Sn-L,5sp 3 ), the energy change of each Sn5sp 3 shell with the formation of the Sn-L -bond MO is given by the 

difference between Eq. (23.228) and Eq. (23.224): 

E T (Sn-L,5sp 3 ) = E(Sn Sn _ L ,5sp 3 )-E(Sn,5sp 3 ) = -0A3693 eV (23.229) 

Next, consider the formation of the Sn-L -bond MO of additional functional groups wherein each tin atom contributes a 

Sn5sp 3 electron having the sum E T (Sn Sii _ L ,5sp 3 \ of energies of SnSsp 3 (Eq. (23.224)), Sn + , Sn 2+ , and Sn 3+ given by Eq. 

(23.209). Each Sn-L -bond MO of each functional group Sn-L forms with the sharing of electrons between a SnSsp 3 IIO 
and a AO or HO of L , and the donation of electron density from the SnSsp 3 HO to the Sn-L -bond MO permits the 
participating orbitals to decrease in size and energy. In order to further satisfy the potential, kinetic, and orbital energy 
relationships while forming an energy minimum, the permitted values of the excess fractional charge of its electron density that 
the Sn5sp 3 HO donates to the Sn — L - bond MO given by Eq. (15.18) is ,y(0.25); — s = 1,2,3, 4 and linear combinations thereof. 
By considering this electron redistribution in the tin molecule as well as the fact that the central field decreases by an integer for 
each successive electron of the shell, the radius r 3 of the Sn5sp 3 shell may be calculated from the Coulombic energy using 

Eq. (15.18): 



K. 



„ , ,, ? (l0-5(0.25))e 2 

Y (Z - n)-s (0.25) \ - = — ^- — i ^ (23.230) 



s„-L5 Sp ^v v ^8^ (e95. 14345 eV) 8^£ (e95. 14345 eV) 

Using Eqs. (15.19) and (23.230), the Coulombic energy E CnuInmh (Sn fSn _,,5sp 3 \ of the outer electron of the Sn5sp 3 shell is 
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E couiomb{Sn s „- L ,5sp i ) = 



-e 



-e 



95.14345 eV 



forg„ r 



M - Lisp Ms n 



(l0-.v(0.25))g 2 (10-.v(0.25)) 



(23.231) 



8;re (e95.1 4 345eK) 



During hybridization, the spin-paired 5* electrons are promoted to the Sn5sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (23.223). Using Eqs. (23.223) and (23.231), the energy E(Sn Sll _ L ,5sp 3 ) of the 



outer electron of the Sn5sp shell is 



E(Sn Sn _ L ,5sp 3 )-- 



2x>u e 2 h 2 95.14345 eV 



u Sn-L5sp 



m 2 e (rj (10-^(0.25)) 



+ 0.04775 eV 



(23.232) 



Thus, E T (Sn-L,5sp 3 ), the energy change of each Sn5sp 3 shell with the formation of the Sn-L -bond MO is given by the 
difference between Eq. (23.232) and Eq. (23.224): 

E T (Sn-L,5sp 3 ) = E(Sn s „_ L ,5sp 3 )-E(Sn,5sp 3 ) = - ,^ 5A *l 4 ^ eV + 0.04775 eV -(-9.27363 eV) 



(10-^(0.25)) 



(23.233) 



Using Eq. (15.28) for the case that the energy matching and energy minimum conditions of the MOs in the tin molecule are met 
by a linear combination of values of s (s l and s 2 ) in Eqs. (23.230-23.233), the energy E(Sn Sll _ L ,5sp 3 ) of the outer electron of 

the Sn5sp 3 shell is 

95.1 4 3 4 5 eV 95.1 4 3 4 5 eV 



(10 ^(0.25)) (10 s 2 (0.25)) 



-2(0.04775 eV) 



E {Sn Sn _ L ,5sp 3 )-- 



Using Eqs. (15.13) and (23.234), the radius corresponding to Eq. (23.234) is: 



(23.234) 



„2 



r , = 

5sp' 



(23.235) 



8xs E(Sn Sn _ L ,5sp 3 ) 



r ( 95 14345 eV 95 14345 eV , ^ 

+ , +2(0.04775 eV) 



&7t£ n 



(10-^(0.25)) (10- j 2 (0.25)) 



E T ySn- L, 5sp 3 ) , the energy change of each Sn5sp 3 shell with the formation of the Sn-L -bond MO is given by the difference 
between Eq. (23.235) and Eq. (23.224): 

E r ( y Sn-L,5sp 3 ) = E (Sn Xn _ L ,5sp 3 )- E(Sn,5sp 3 ) 



95.14345 eV 95.14345 eV tt— — — . 

7 7 TY + 7 7 rv + 2(0.04775 eV) 

(10-^(0.25)) (10- j 2 (0.25)) v ; 



(23.236) 



-(-9.27363 eV) 



E T (Sn-L,5sp 3 ) is also given by Eq. (15.29). Bonding parameters for the Sn-L-bond MO of tin functional groups due to 
charge donation from the HO to the MO are given in Table 23 .66. 



Table 23 



.66. The values of r^ , , E rnnlnmb {Sn Sn _ L ,5sp 3 ^, and E^Sn^^^sp 3 } and the resulting E T [Sn-L,5sp 3 } of the MO 



due to charge donation from the HO to the MO . 





MO 
Bond 


s 1 


s 2 


Final 


E Cou,o mb { Sn Sn-L^ S P') 

(eV) 


E(Sn s „_ L ,5sp 3 ) 
(eV) 


E T (Sn-L,5sp 3 ) 
(eV) 






Type 








Final 


Final 

















1.45964 


-9.321374 


-9.27363 









I 


1 





1.39428 


-9.75830 


-9.71056 


-0.43693 






II 


2 





1.35853 


-10.01510 


-9.96735 


-0.69373 






III 


3 


o 


1 3°°78 


10 °fi578 


10 °3803 


964/10 
























rv 


4 





1.28703 


-10.57149 


-10.52375 


-1.25012 






i+ii 


1 


2 


1.37617 


-9.88670 


-9.83895 


-0.56533 






ii+iii 


2 


3 


1.34042 


-10.15044 


-10.10269 


-0.82906 
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The semimajor axis a solution given by Eq. (23.41) of the force balance equation, Eq. (23.39), for the cr-MO of the 
Sn-L -bond MO of SnL n is given in Table 23.68 with the force-equation parameters Z = 50 , n e , and L corresponding to the 
orbital and spin angular momentum terms of the 4s HO shell. The semimajor axis a of organometallic compounds, stannanes 



and distannanes, are solved using Eq. (15.51). 














For the Sn 


— L functional groups, hybridization of the 


5p and 5s AOs of Sn to form a single 


SnSsp 3 


HO shell forms an 


energy minimum, 


and the sharing of electrons between the 


Sn5sp 3 


HO and L 


AO to form 


a MO 


permits 


each participating 



orbital to decrease in radius and energy. The CI AO has an energy of E(Cl) = -12.96764 eV , the Br AO has an energy of 
E(Br) = -11.8138 eV , the I AO has an energy of E(l) = -10.45126 eV , the O AO has an energy of E(O) = -13.61805 eV , 
the C2sp 3 HO has an energy of E(c,2sp i ) = -14.63489 eV (Eq. (15.25)), 13.605804 eV is the magnitude of the Coulombic 
energy between the electron and proton of H (Eq. (1 .264)), the Coulomb energy of the Sn5sp 5 HO is~~ 
E amiomb (Sn,5sp 3 HO) = -9.32137 eV (Eq. (23.205)), and the SnSsp 3 HO has an energy of E{Sn,5sp 3 HO) = -9.27363 eV (Eq. 
(23.208)). To meet the equipotential condition of the union of the Sn-L H 2 -type-ellipsoidal-MO with these orbitals, the 
hybridization factor(s) . , at least one of r 2 and C 2 of Eq. (1 5.61 ) for the Sn - L -hond MO given by Eq. (1 5.77) is 

7 ; \ 7 ; \ — E\Sn,5sp 3 1 -9 27363 eV 

c, [ClAO to Sn5sp 3 HO) = C, [ClAO to Sn5sp 3 HO) = — y - - 1 = : = 0.71514 (23.237) 

v ' n > E(CIAO) -12.96764 eV 

, „ , E[Sn,5sp 3 ) _q 27363 eV 
C 2 (b,AO to Sn5sp 3 IIO)= V / / - y ^ IJUJt:y - 0.7G4 9 G (23.238) 
2 _} ' E(BrAO) -11.8138 eV 

, „ , E\Sn,Sn5sp 3 ) _o 27363 eV 

c 2 (IAO to Sn5sp 3 HO) = — ^- f-^ = = 0.88732 (23.239) 

n > E(IAO) -10.45126 eV 

/ '-, \ / I \ E(Sn,5sp 3 ) -9 27363 eV 
cAO to Sn5sp 3 HO) = CAO to Sn5sp 3 HO) = v - ■ ; = '_^±^_ = 0.68098 (23.2 4 0) 

. 2 v ^p „„ 7 ^ 2 v „ t — j £ ^ _i3.6i805 eV 

cAHAOtoSn5sp 3 HO) J c ° M [ Sn [ 5SP ^ = ' 9 " 32137 &V =0.68510 (23.241) 
^ '- E{H) 13.60580 1 cV — 

/ ~, ~, \ E(Sn,5sp 3 HO) ; " " -9 27363 eV , ^ 

CAC2sp 3 HO to Sn5sp 3 HO) = — x —, — -^-cAC2sp 3 HO)= '_^±^_ ( 091771 ) = 0.58152 (23.242) 

2{ F F ' E(c,2sp 3 ) 2l ; -14.63489 eV K ' V ' 

t-Q-i — 3 Trr\ 7 c t — ro7=rt E Coulomb{ Sn ' 5s P ) -9.32137 eV nirotTn no ~IA?\ 

c, Sn5sp HO to Sn5sp HO = — = = 0.685 1 (23 .243) 

^ >- E{H) 13.60580 4 eV — 

where Eq. (15.71) was used in Eqs. (23.241) and (23.243) and Eqs. (15.76), (15.79), and (13.430) were used in Eq. (23.242). 

Since the energy of the MO is matched to that of the Sn5sp 3 HO, E^AOI HO) in Eq. (15.61) is E(Sn,5sp 3 HO) given by Eq. 

(23.224) for single bonds and twice this value for double bonds. E T ( atom- atom, msp 3 .AO) of the Sw-Z-bond MO is 
determined by considering that the bond involves up to an electron transfer from the tin atom to the ligand atom to form partial 
ionic character in the bond as in the case of the zwitterions such as H 2 B + -F~ given in the Halido Boranes section. For the tin 

compounds. E T ( atom- atom, msp 3 .AO\ is that which forms an energy minimum for the hybridization and other bond 

parameter . — The general values of Table 23 . 66 are given by Eqs . (23 . 233) and (23 . 226), and the specific values for the tin 
functional groups are given in Table 23. 70. 

The symbols of the functional groups of tin compounds are given in Table 23.67. The geometrical (Eqs. (15.1-15.5) and 
(23.41)), intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) parameters of tin 
compounds are given in fables 23.68, 23.69, and 23.70, respectively. The total energy of each tin compound given in Table 
22.71 was calculated as the sum over the integer multiple of each E d {gtou P ) of Table 23.70 corresponding to functional-group 
composition of the compound. The bond angle parameters of tin compounds determined using Eqs. (15.88-15.1 17) are given in 
Table 23.72. The E T ( atom- atom, msp 3 .AOj term for SnCl 4 was calculated using Eqs. (23.230-23.277) with s = \ for the 

energies of E[Sn,5sp 3 ). The charge-densities of exemplary tin coordinate and organometallic compounds, tin tetrachloride 
(SnCl A ) and hexaphenyldistannane ((C 6 H 5 ) 3 SnSn(C 6 H 5 ) i ) comprising the concentric shells of atoms with the outer shell 
bridged by one or more H 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figures 23.14 and 
23.15, r e sp e ctiv e ly. 
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Figure 23.14. Tin Tetrachloride. Color scale, translucent view of the charge-density of SnCl A showing the orbitals of the 
Sn and CI atoms at their radii, the ellipsoidal surface of each // 2 -type ellipsoidal MO that transitions to the corresponding outer 
shell of the atoms participating in each bond, and the nuclei (red, not to scale). 




Ie/A 2 



Figure 23.1 5. (A) and (B) Hexaphenyldistannane. Color scale, opaque view of the charge-density of (C(,Hs)iSnSn(C(,Hs)i 
showing the orbitals of the Sn and C atoms at their radii and the ellipsoidal surface of each H or //2-type ellipsoidal MO that 
transitions to the corresponding outer shell of the atoms participating in each bond. 
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Table 23.67. 



The symbols of functional groups of tin compounds. 



Functional Group 



Group Symbol 



SnCl group 
SnBr group 
SnI group 
SnO group 



Sn CI 



Sn-Br 

Sn-I 

Sn-O 



SnH group 
SnC group 
SnSn group 

CH 3 group 
CH2 alkyl group 



Sn-H 

Sn-C 
Sn-Sn 
C-H (CH % ) 

C-H (CH 7 ) (i) 



CH alkyl 

CC bond (n-C) 

CC bond (iso-C) 



C-H (i) 
C-C (a) 
C-C (b) 



CC bond (tert-C) 
CC (iso to iso-C) 
CC(t to t-C) 
CC (t to iso-C) 
CC double bond 



C-C (c) 
C-C (d) 
C-C (e) 
C-C(f) 

c = c 



C vinyl single bond to C(C)-C 

C vinyl single bond to -C(H)=C 
C vinyl single bond to -C(C)=CH 2 
CH2 alkenyl group 



C C(i) 

C-C (ii) 
C-C (iii) 
C-H(CH 2 ) (i i ) 



CC (aromatic bond) 

Cff (aromatic) 

C a -C b ( C/f 3 to aromatic bond) 



3e 

C = C 
Ctf (ii) 
C-C (iv) 



C-C(0) 

C=C (aryl carboxylic acid) 

(0)C-0 

OH group 



C-C(O) 
~C^O 
C-0 
OH 



Table 23.68A. 



The geometrical bond parameters of tin compounds and experimental values [3]. 

S»- Br Sii- 1 Sn-O Sn-lt Sn-C Stj-Sn ~1 /' _ u ti 



Parameter 


Sn -CI 

Group 


»i - Br 
Group 


Sn-I 
Group 


SJI-0 

Group 


Sn-H 

(iroup 


Sn-C 
(iroup 


Sn-Sn 
(imup 


C- II (CH,) 
(iroup 


C- II ((«,) 

(il 
Group 


C-H (i) 

<ir»i]p 


C-C (a) 
{iroup 


C-C<t>) 

(iroup 


C-C<c) 

(iroup 


C-C(d) 

(iroup 


". 


3 


5 


5 


2 


2 




6 
















L 


£ 


4 





4 







11 
















.. i,. ) 


2.51732 


3.55196 


3.50000 


2.03464 


2.00000 


2.44449 


4.00000 


1.64920 


1.1.7133 


1.67465 


2.12499 


2.12499 


2.10725 


2.12499 


«■ M 


2.16643 


2.45626 


2.64575 


1.72853 


1.63299 


2.05027 


2.79011 


1.04856 


1.05553 


1.05661 


1.45744 


1.45744 


1.45164 


1.45744 


[Jond 
Length 
2c. (A) 


2.2928 


2.59959 


2.80014 


1.82940 


1.72829 


2.16991 


2.95293 


1.10974 


1.11713 


1.11827 


1.54280 


1.54280 


1 .53635 


1.54280 


Exp, Bond 
Length 


2.280 13| 
(SnCI 2 ) 


2.495 [66J 
((C,H,), Snftl 


2.7081 [67] 


1.8325(31 
( SnO ) 


1.711 P] 

(Sntf,) 


2.144 |3J 
<S»(C»,),) 


2.79 [68| 
{(CH,),SnSn(CH x ) t ) 


1.107 
{C-H propane) 

1.117 
{C-H butane) 


1 107 
{C-H propane) 

1.117 
((/ H butane) 


1.122 
(isohutane) 


1 512 
(proptinel 

1.531 
(huiane) 


1 3;^ 
(propane) 

1.531 
(butane) 


1 33i 
(propane) 

1.531 
(huiane) 


1 533 
(propane) 

1.531 
(huiane) 


.'...■["J 


[.28199 


2.56578 


229129 


1.07329 


1.15470 


1.33114 


2.86623 


1.27295 


1 .29569 


1.29924 


1.54616 


1.54616 


1 .52750 


1.54616 


e 


0.86(16! 


(1.69152 


(1.75593 


(1.84955 


11.81651] 


(1.83873 


0.69753 


(1.63580 


0.63159 


(1.63095 


0.68600 


11.68600 


0.68888 


11.68603] 



Table 23.68B. The geometrical bond parameters of tin compounds and experimental values [3] . 



Parameter 


C-C (e) 
Group 


C-C (f> 
Group 


C = C 
Group 


C-C (i) 
Group 


C-C (ii) 
Group 


C-C 010 

Group 


C-H (CH,) 

(ii) 
Group 


it 
C=C 
Group 


CH (ii) 
Group 


C-C {W) 
Group 


C-C{0) 

Group 


C-0 

Group 


C-0 

Group 


OH 
Group 


«<■■) 


2.10725 


2.10725 


1 .47228 


2.04740 


2.04740 


2.04740 


1.64010 


1.47348 


1.60061 


2.06004 


1.95111 


1 .29907 


1.73490 


1.26430 


c' (.,, ) 


1.45164 


1 .45164 


1 .26661 


1.43087 


1.43087 


1.43087 


1.04566 


1.31468 


1.03299 


1.43528 


1.39682 


1.13977 


1.31716 


0.91808 


Bond Length 


1.53635 


1.53635 


1.34052 


1.51437 


1.51437 


1.51437 


1.10668 


1.39140 


1.09327 


1.51904 


1.47833 


1.20628 


1.39402 


0.971651 


Exp. Bond 
Length 


1.532 
(propane) 

1.531 
(butane) 


1.532 
(propane) 

1.531 
(butane) 


.343 

(Tt-metlivlpmpene) 

1.346 

(2-butene) 

1.349 

( 1 .3-baladiene) 




1.508 
(2-butene) 


1.508 
( 2 -mef hy Ipropene ) 


1.10 

(2-methvrproiKiie) 

1.108 (a.f.l 

(1,3-butiMjiene) 


1.399 
(benzene) 


1.101 
(benzene) 


1.524 
(toluene) 


1.48 [69] 
(benzoic acid) 


1.214 
(acetic acid) 


1.393 

(methyl formate) 


0.972 
(formic acid) 


''■.. (./„) 


.3175(1 


3175U 


;).75055 


3.0410 


1.00.30 


1.4 6430 


1.36154 


0.66540 


1 33 365 


1 43774 


.31,335 


063111 


33„, 3 


0.86925 


e 


0.68888 


0.68388 


0.86030 


0.69887 


0.69887 


0.69887 


0.63756 


0.89223 


0.6:517 


(169671 


0.71591 


0.87737 


0.7503 


73635 



'J~ 




Rl 




a 









3 




^ 








& 




51 


© 


(^ 


W 


& 


O 


Tr- 


CD 


ft 




S 


O 


£• 


I - 


■*1 


zr 


a 


** 


a 


II 








». 


* 





m 


33! 


-3 










»**. 


3 


O 


p 


-7 


> 


■S 


—I 


z 


(O 


(^ 


=r 


a 




si 


—1 

3D 


fc 


C/5 

rr> 





< 


re 


CD 


~. 


Q 


s 








S<s 




>i 





u> 

■Jy 



Tab 



Sn-C 

Si-C 



e 23.69 



(SnCl,) 
{SnCl 4 ) 



. The MO to HO intercept 



(eV) 
Bond 



-0.693"'3 
-0.693''3 



geometrical bond parameters of tin compounds. R, R' 



(eV) 
Bond 2 



(eV) 
Bond 3 



.69373 




(eV) 
land 4 



Final Total 

Energy 

SnSsp* 

C2sp* 

(eV) 



M 



1.45964 
1.05158 



1.12479 
3.99593 



R' 



(«. 



are H or 



alkyl 



(eV 
Finil 



>V) 



-12.09627 
-13.66137 



groups. 

E(Sn5sp') 

E(cisp>) 

(eV) 



s Et (atom-a 



19.18 
13.59 



om,msp AO) 



(°) 



50.00 
45.39 



1.61807 
1 .76780 



rf, 



0.$483<i 
0. 



Si-B,- (SnBr 4 ) 



Si -Si- (»iBr 4 ) 



Si-i 



SW 4 ) 



-0.62506 



1.45964 



1.15093 



56.35 



11 



3.65 



27.39 



.10753 



0.4617! 



Sn-I 
Sn-0 
Sn-0 



(SnO) 
(SnO) 



in 
O 



-0.62506 
-0.56533 
-0.56533 



1.30183 
1.45964 
1.00000 



1.22837 
1.37617 
3.95928 



-11.07632 
-9.88670 



72.99 
33.85 
18.84 



107.01 
46.15 
6 .16 



30.84 
67.61 
51.53 



00509 
0.77508 
1 .26580 



0.3593: 
0.1156" 
0.16831 



Sn-H 



(SnH,) 



-0.82906 



1.45964 



.07661 



17.80 



62.20 



55.57 



13092 



0.5020!: 



Sn-(CH,) 







1 .45964 



D.9177 



-14.82575 



04.51 



75.49 



41.87 



.82034 



,Si-( 
H 



Sn-Sn(CH,\ 
(CH,) 





-0.21846 
-0.929 .! 



0.91771 

1.45964 
0.91771 



3.91771 

1.42621 
3.86359 



-14.82575 
-9.53983 
-15.75493 



04.51 
50.89 
77.49 



75.49 
129.11 
102.51 



41.87 
22.71 
41.48 



1 .82034 
.68987 
1 .23564 



0.22992 
0.1997(i 



C-H 



(CH,) (i) 



-0.929 



0.91771 



3.81549 



-16.68412 



58.47 



11 



1.53 



35.84 



35486 



(CH) (i) 



fiJC, 

•-C 



,H 2 CH 2 - 

m 



,H 2 CH 2 - 
W) 



TT 



Cfi t (H 2 C c -R 



-0.929 



-0.92918 



.92918 



-154.40324 



0.91771 



3.77247 



330 



18.30 



1.70 



.97162 



•"! =r 



H. 

c-c 



f u (R'-H 2 C d )C 

m 



u* 



H 2 C\)CH 2 - 



oC,C, 
C 



-,(H 2 C C -R')l 

m 



krlCj 



R'-H 2 C d )C h ( 

m 



1"-H 2 C C )CH 2 - 



-0.724:17 



-0.72457 



72457 



.724: 



-154.51399 



0.91771 



3.76765 



-17.92866 



-17.73779 



50.04 



29.96 



22.66 



.94462 



0.4929): 



' b (H 2 C^-R')j 
W) 



isoC a ( 



R-H 2 C d )C b ( 
W) 



2 C C )CH 2 - 



£„ = C„(H)C„ 
C. = Gff, 



-1.133110 
-1.133110 



-0.92918 




-153.6 
-152.7 



0.91771 
0.91771 



3.80561 
3.85252 



-16.E 

-15.S 



-16.69786 
-15.76868 



27.61 
29.84 



52.39 
50.16 



58.24 
60.70 



0.77492 
0.72040 



0.4916!: 
0. >462(i 



(C, 



)C d =C„H,C, 



[All 



C,H 
C 



-C'„(C) = C 
©) 



ab 



e 23.69 cont'd. The MO to HO intercept geomexical bone parameters of tin compounds 



R, R', R" 



are 



//or alky] groups. E T h E T (atom-atom, msp AO). 



C-C 



:-c 



2-c.,(C)=c 

(i)) 

2 -C„(C) = CH 

(iii)) 



(ev; 

Bond 



(eV) 
Bond 2 



(eV) 
$ond3 



(eV) 
$ond ^ 



Final To 

Energj 

Sn5sp' 

C2sp> 

(eV) 



W 



w 



C2sp : 



(eV 



£(SnS»p 3 j 

£(C2.,p J ) 
(eV) 
Final 



f) 



(°) 



4 

M 



l\C s h 
C-C 



2 -C„{H) = C 

m 



-1.13330 



0.91771 



-16.69786 



64.57 



29.79 



.77684 



.345% 



C„h 

C-C. 
H 



,-C,(H) = C 

m 

(CH 2 ) (ii) 



-0.92918 
-1.13330 



-153.4 
-152." 



0.91771 
0.91771 



-16.49325 
-15.76868 



65.99 
77.15 



30.58 
41.13 



76270 
.23531 



33183 
18965 



('=(Si)C,=C 



-0.85035 



-153.31638 



0.91771 



0.82: 



-16.5; 



644 



16.33558 



35.37 



41.63 



60.36 



0.72875 



58594 



C-H 



(CH) (ii) 



C-H 

C-H 



(C,«) 



-0.566TO 
-0.85035 




-0.85035 




456690 



-152.1: 
-153.8 



).91771 

0.91771 



-15.35265 
-17.0S334 



-15.20178 
-16.90248 



79.89 
74.42 



43.13 
38.84 



.20367 
.24678 



1551 
21379 



i:=m: 



> C „K»= C 



c= 



C„-C,H, 



-CM, 



= HC h = C 

^(fipocjcjk:..^) 
)c„=c;(ff) 
tt'^'ANyc^c^H) 



C„C„(0)0-H 



C,,CjO)-OH 
C t C\(0)-OH 
C„C„(OH) = 

i\C„(PH) = 

(O)0H 

-CUO)OH 



-0.92918 
-0.92918 




-1.34946 





4.64574 



1.00000 
0.91771 



01.32 
93.11 



73.68 
85.89 



48.58 
42.68 



.14765 
.27551 



169511 
34165 



Table 23.70A. The energy parameters (eV) of functional groups of tin compounds. 



o 



Parameters 


S»-C3 

Group 


Sn- Br 
Group 


Sit- 1 
Group 


S11-O 
Group 


Sn-ll 
Group 


Sn-C 

Group 


Sn - Sn 
Group 


Group 


CM, (i) 
Group 


CH (i) 

Group 


C-C(a) 

Group 


C-C (t>) 
Group 


C-C(c) 

Group 


C-C(d) 

Group 


"i 


! 


1 


1 


2 


1 


1 


1 


3 


2 


1 


1 


1 


1 


1 


"2 


D 




















2 


1 

















", 


























1) 

















>', 


0.37J 


0.375 


0.25 


0.5 


0.375 


0.5 


0.375 


0.75 


".7? 


0.75 


0.5 


0.5 


0.5 


0.5 


c, 


0.71514 


0.78498 


1 


0.68098 


1 


0.58152 


0.68510 


1 


1 


I 


1 


1 


1 


1 


c , 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


c i 


0.71514 


1 


0.88732 


0.68098 


0.68510 


1 


1 


0.91771 


0.91771 


0.91771 


0.91771 


0.91771 


0.91771 


0.91771 


H 


1) 























1 


1 











1 


e. 


1 


1 


1 


2 


1 


2 


2 


1 


1 


1 


2 


2 


2 


2 


c s 


1 


1 


1 


2 


1 








3 


2 


1 














<■; 


0.375 


0.375 


0.25 


0.5 


0.375 


0.5 


0.375 


0.75 


0.75 


0.75 


0.5 


0.5 


0.5 


0.5 


<"„ 


0.71514 


D.78498 


1 


0.68098 


1 


0.58152 


0.68510 


1 


1 


1 


1 


1 


1 


1 


V, Cef) 


-23.27710 


-18.85259 


-18.00852 


-53.79651) 


-26.17110 


-32.30127 


-16.82311 


-107.32728 


-70.41425 


-35.12015 


-28.79214 


-28.79214 


-29.10112 


-28.79214 


y, («''> 


6.28029 


5.53925 


5.14251 


15.74264 


8.33182 


6.63612 


4.87644 


38.92728 


25.78002 


12.87680 


9.33352 


9.33352 


9.37273 


9.33352 


1 \e\] 


4.6233S) 


2.65383 


2.57265 


13.22015 


6.54278 


6.60696 


2.10289 


32.53914 


21.06675 


10.48582 


6.77464 


6.77464 


6.90500 


6.77464 


r <„r, 


-2.3 116') 


-1.32691 


-1.28632 


-6 61(107 


-3.27139 


-1.30348 


- 1 .05 1 44 


-I;., 2695V 


-111.53337 


-5,24291 


-3 18732 


-3.38732 


-3.45250 


-3.38732 


E[ao;ho) {el') 


-9.27363 


-9.27363 


-9.27363 


-18.54725 


-9.27363 


-9.27363 


-9.27363 


-15.56407 


-15.56407 


-14.63489 


-15.56407 


-15.56407 


-15.35946 


-15.56407 


AF. H ^ (0 [*ott{o} (el') 












































E t (a<hho\ (el') 


-9.27363 


-9.27363 


-9.27363 


-18.54725 


-9.27363 


-9.27363 


-9.27363 


-15.56407 


-15.56407 


-14.63489 


-15.56407 


-15.56407 


-15.35946 


-15.56407 


E t [h,mo] {el) 


-23.9587-1 


•21 26006 


-20.85331 


-49.99104 


-23.84152 


-31.63530 


-20.16886 


-67.69451 


-49.66493 


-31.63533 


-31.63537 


-31.63537 


-3 1 .63535 


-31.63537 


EAatom - atom, tmp y .A()\ (el ' ) 


-1.38745 


-2.50024 


-1.25012 


-1.13065 


-1.65813 





-0.43693 











-1.85836 


-1.85836 


-1.44915 


-1.85836 


E r (mHeV) 


-25.34619 


-23.76030 


-22.10343 


-51.12171) 


-25.49965 


-31.63537 


-20.60579 


-67.69450 


-49.66493 


-31.63537 


-.33.49373 


-33.49373 


-33.08452 


-33.49.373 


to (lO' J radls] 


14.7492 


5.45759 


3.15684 


21.6951 


8.95067 


14.5150 


2.61932 


24.9286 


24.2751 


24.1759 


9.43699 


9.43699 


15.4846 


9.43699 


E K (el') 


9.70820 


3.59228 


2.07789 


14.28009 


5.89149 


9.55403 


1.72408 


16.40846 


15.97831 


15.91299 


6.21159 


6.21159 


10.19220 


6.21159 


/:,, id-, 


-0. 1 5624 


-0.08909 


-0.06303 


-:: i')ii)>; 


-D.I 2245 


-0.19345 


-0.05353 


-0.25352 


-0.251) 17 


-0.24966 


-0.16515 


-0.16515 


-D.20896 


-0.16515 


2» c«n 


0.04353 
[14] 


0.03065 
[14] 


0.02467 
[14] 


0.10193 

I4| 


0.22937 
[70] 


0.14754 
[70.1 


0.02343 
[71] 


0.35532 
Eq.( 13.458) 


0.35532 
Eq. (13.458) 


0.35532 
Eq. (13.458) 


0.12312 
[61 


0.17978 
[7] 


0.09944 
[»] 


0.12312 

|6| 


E„ (eK) 


-0.13447 


-0.07377 


-0.O5070 


-0.14013 


-0.00776 


-0.11968 


-0.04181 


-0.22757 


-0.14502 


-0.07200 


-0.10359 


•0.07526 


-0.15924 


-0.10359 


£ (el - ) 


0.03679 


0.03679 


0.03679 


0.03679 


0.03679 


0.1480.3 


0.03679 


0.14803 


0.14803 


0.14803 


0.14803 


0.14803 


0.14803 


0.14803 


£, («v™,,| (eK) 


-25.48066 


-23.83407 


-22.15413 


-51.40195 


-25.50741 


-31.75505 


-20.64760 


-67.92207 


-49.80996 


-31.70737 


-33.59732 


-33.49373 


-33.24376 


-33.59732 


E iniltvl {<\ M>tm) (el') 


-9.27363 


-9.27363 


-9.27363 


-9.27363 


-9.27363 


-14.63489 


-9.27363 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


-14.63489 


£,„»„,(•. <"'"*'K e, '> 


-12.96764 


-11.8138 


-10.45126 


-13.61806 


-13.59844 








-13.59844 


-13.59844 


-13.59844 











(i 


£.„(<,™,|«?r) 


3.23939 


2.74664 


2.42924 


5.61858 


2.63534 


2.48527 


2.10034 


12.49186 


7.83016 


3.32601 


4.32754 


4.29921 


3.97398 


4.17951 



I 



ro 

o 

o 

2 

m 



o 
S 

CD 



"■( — 



3 

CD 

a. 



able 23.70B 



The energy parameters 



(eO°f function. 



1 groups of tin compounds 



Parameters 



'-"(e) 
Goup 



:-c (f) 

Gioup 



C = C 

Group 



C-C (i) 

Group 



C (ii) 
Group 



C (iii) 
roup 



Cff, (ii) 
Group 

I 



Group 

0.75 

2 



CH (ii) 
Group 



C 
3rou3 



iv) 



C-C(O) 
Group 



c = o 

Group 

1 

2 



C-O 

Group 



OF 

Group 







0.5 



0.5 



0.5 



0.5 



0.75 



0.5 



0.75 



0.5 



0.5 



0.5 



0.5 



0.7) 



0.91771 



0.85252 



0.7; 



0.9.771 



0.91771 



0.91771 



0.91771 



0.91771 



0.91771 



0.91771 



0.35252 



.91771 



C.917'1 



0.91771 



0.85395 



0.85395 



0.5 



0.5 



0.5 



0.5 



0.75 



0.5 



0.75 



0.5 



0.5 



0.5 



0.5 



0.7) 



«",„ 



K («/) 



>' (" 



V) 



21.48380 



9.50874 



26.023M 



20.69825 



.17125 



9.47952 



9.74055 



23.87467 



0.32968 



4.81 



(el 

l- 



) 

V) 

no) (eV) 



34.67061 

-17.3353 





7.37432 
-3.68716 
-14.63489 



37432 
58716 
63489 



37432 
.68716 

634)19 



21.95 990 
-10.97995 
-14.6341(9 



34.31559 

-17.15779 





11 .58941 
-5.79470 
-14.63489 



127120 

63550 

16.35946 



8.23945 
-4.11973 
-14.63489 



42.82081 

-21.41040 





10.11150 
■5.05575 
i 4.63489 



16.18567 
8.09284 
13.6.81 



Z r (M. 



(ao;[[o) (eV) 

ho) (eV) 




35946 





-14.63489 




.63489 





.634*9 




-14.63489 



-1.13379 
-13.50110 



-0.56650 
14.79257 



-1.29147 
-13.34342 



-2.69893 
2.69893 



-2.69893 
1 1.93596 




13.6 81 



M«, 



.to) (eV) 
om-atom.msp^.AO) (eV) 



63535 



353:; 

(915 



-63.27075 
-2.26759 



-31.63534 
-1.44915 



63534 
35836 



.635^4 
.44915 



-49.664J7 




-63.27075 
-2.26759 



31.63539 
C. 56690 



11.63:37 

1.13379 



-31.63:i30 
-1.29147 



-63.27074 
-2.69893 



1.63541 
.85836 



31.63 




247 



: r («i W 



33.08452 



33.08452 



-65.5383 5 



-33.08451 



-33 



49373 



-33 



.08452 



-49.66493 



-65.53833 



32.20226 



32.76916 



-32.92684 



-65.96966 



3.49373 



31.63 



co (l0 15 radls) 



9.5 5643 



43.0680 



9.97851 



4962 



9.9785 



25.2077 



49.7272 



25.4826 



6.2731 



10.7252 



59.4034 



24.3637 



5a-( 



V) 



28.34813 



6.56803 



85807 



16.59214 



32.73133 



.43132 



10.71127 



7.060 



19 



39.10034 



6.03660 



9.07344 



><„ 



v) 

(eV) 



5416 
2312 



-0.1 



6416 

■2312 



I3_ 



[6J_ 



-0.3451 
0.17897 
[721 



-0.16774 

0.15895" 

[73] 



.21834 
.09931 

J74J 



1677f4 
0993 
74] 



-0.25493 
0.3563 2~ 
Eq. (1 3.458) 



-0.35806 
0.19649 

[30] 



.26130 
.35532 
(13.458; 



-0.21217 
~C. 14940 

[43] 



-0.17309 

0.105'XT 
[75]_ 



-0.40804 

0.21077 

[76] 



D.26535 
q.14010 

VII 



0.33''49 
'1463 TT 
[78-79] 



V< 



sV) 

eV) 



-0.1 D260 
0.14803 



-0.1 
0. 



0260 
14803 



-0.2556*. 
0.14803 



-0.08827 
0.14803 



16869 

4803 



11809 
14803 



-0.07727 
0.1480? 



-0.25982 
0.14803 



.08364 
.14803 



-0.137(7 
0.14803 



-0.12058 
0.148i)3 



-0.30266 
0.11441 



-3.19530 
0.14803 



-0.10594 
0.11441 



l (eV) 



U« 



i (eV) 



\(eV) 



i.62 



18712 
63489 
) 
28 



8712 
fi348< > 


1734 



-66.0496) 

-14.6348P 


7.51014 



-33.17279 
-14.63489 


3.75498 



66242 
63489 

39264 



20260 

,6348<r 

78480 



-49.81948 
-14.6341(9 
-13.59844 
7.83963 



-49.54347 
-14.63489 


5.63881 



-32.28590 
-14.63489 
-13.59844 
3.90454 



32.90661 



(.6348 


.63685 



-33.04''42 
-14.63+89 


3.77764 



-66.57498 
-14.63489 


7.80660 



3.68903 

4.63489 



4.41925 



31.74130 
13.6.81 
3.59844 
1.41 C 35 



Tab 

row) 



e 23.71. The total bond energies 

and the energies of Tables 23.70 A ahd B compared to| 



of gaseous-st^te |in compoilindfe calculated uting the functional groujb composition 
the gaseous- state experimental values except wheie indicated 



(separate functional groups designated in the first 



o 



SnCI .mBr SnI SnO 



Fornula 



C 



SnCU 
C 3 3 ClJ: 
CfHeCI; 

,H,C|Sn 
Si^Br, 
C 
C 
C 2 H 27 BrSn 

sHisBrSn 



Sn 
Sn 



H,BiSn 
2 HiolSr 2 Sn 



Tin 

Methy t 

Dimethylti 

Trimelhyli 



l trichloride 
ti dichloride 
i Chloride 



Tintet:abronide 



Trimelhylti 



tyltin 
butylt. 



.HsISn 



C 

C 

SiO 

SilH 4 

C:HsSii 

CiH 10 Sn 

C.iHnSn 

CiH 12 Sti 

cjHuSa 
H 14 Sti 

ClHuStl 

CjHuSti 
HisSti 2 

ClH 18 Sti 

CHuSti 

C,;H ls Sn 

CpfaSn 
oH I6 !in 
[jHi 4 2 Sn 
i)H 2 oSn 
2 H 28 :in 
2 H 28 !ln 
2 H3o!in 2 
9 H 18 !>n 



bromide 
i dibromide 
it n bromide 
hetryltir bromide 
Ide 
iodide 
Triphenyltir iodide 



Diphi 

Tri-n- 

Triptu 

Tintet:aiod 

Trimelhylth 



C 



Stannaoe 

Dimet] rylsta tinane 

Trimet hylsti nnane 

Diethylstantiane 

Tetrarr ethyl tin 

Trimet ay lv i: lyltm 

Trimet tiyletl lyltin 

Trimet tiylis< >propyltin 

Tetrav nylti 

Hexarr ethyl distannane 

:-butyltin 
Trimethylpl enyltin 
Triethylvinyltiri 
Tetrad hyltin 
Trimet aylbe nzylti 
Trimet ayltir 
Tetra- 
Tetra- 



llylth 
-propyl! 



C.:oH 20 !;n 



fiH3f,Sn 
„H 36 !in 



C:,H 24 :>n 2 
CHffllin 



Tetraisopropyltin 
Hexael hyldi stannane 

ylmethyltin 
Triphe rylethyltin 

-butyltin 
Tetraisobutjltin 
Triphe lyl- 
trimetr yldis 



Tripht 
Tripfo 
Tetra- 



aUwSn 



Tetrapjienyl 

Tetrac; 

Hexap 



/clohexyltin 
iyl listanna 



CH, CH, 

© 

0~ 







9 








2 



1 






3 
4 
1 

4 



ai c-c c-c 

(a) (b) 







1 

1 1 

4 12 

8 4 

3 





24 




C-C 

(c) 

~0 























3 
















CH, 
(ii) 



(ii) 

"0~~ 











10 



15 





15 

























5 





5 

4 









15 

15 







c-c <p-o 

(iv) 



O) c = o c 



Calculaed 
Total Bond 
Energy (;V) 
12.957.56 
24.69530 
36.43304 
48.17077 
10.986.55 
47.67802 
117.17489 
157.09112 
170.26505 
9.71657 
47.36062 
169.95165 
5.61858 
10.54137 
35.22494 
47.56673 
59.54034 
59.908.51 
66.09248 
72.066 >1 
84.324: » 
84.64438 
91.96311 
96.81417 



19 



100.772 

102.56558 

108.53531 

112.23520 

117.28149 

133.53558 

157.17C11 

157.57367 

164.90531 

182.49554 

194.65724 

205.80C91 

206.09115 

214.55414 

223.363^22 
283.7C 

337.14 



Experimental 
Total Bond 
Energy (eV ) 
13.03704 [82] 
25.691 18 a [83 
37.12369 [84] 
49.00689 [84] 
11.01994 [82] 
48.35363 [84] 
117.36647a [82] 
157.26555" [85] 
169.91511a [83,] 
9.73306 [85] 
47.69852 [84] 
167.87948" [Sfl 
5.54770 [82] 
10.47181 [82] 
35.14201 [84] 
47.77353 [84] 
59.50337 [84] 
60.13973 [82] 
66.43260 [84] 
72.19922 [83] 
84.32346 [8.3] 
86.53803" [83 
91.75569 [83] 
96.47805 [82] 
100.42716 [83 1 
102.83906" [83] 
108.43751 [83 1 
112.61211 [83 1 
119.31199" [85] 
139.20655" [85] 
157.01253 [83 1 
156.9952 [83] 
164.76131" [85] 
180.97881" [84] 
192.92526" [84] 
205.60055 [83 1 
206.73234 [83 1 

212.72973" [84] 

221.61425 [83| 
284.57603 [83 1 
333.27041 [8 3 



Relative 
Error 



C. 006 10 
.03876 
.01860 
.01706 
0.00303 
C. 01 397 
(J.00163 
.00107 
400208 
C. 001 65 
C. 00708 
0.01234 
0.01278 
0.006*1 
0.00236 
C.00433 
0.00062 
.00384 
C. 00526 
C. 001 84 
-| 00002 
02188 
400226 
■0.00348 
0.00344 
0.00266 
0.00094 
C. 00331 
C.01702 
.04074 
0.00100 
0.00366 
0.00090 
0.00840 
0.00898 
0.00097 
C. 003 10 

0.00858 

0.00789 
C. 00305 
■0.01163 
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E T (atom-\itofri 



The bond angle parameters of tin compounds and experimental vdues [3]. In the calculation of t%, the parameters from i:he 



,/wp 3 .. 



AG) 



preceding 



angle were used. 



of Angle 



2c 

Bond 

(«, 



2c' 
1 Bond 2 

(a„) 



2c ' Ec, 

Terminal ^ 
Atoms 
(«o) 



Atom 1 
Hybridization 
Designator 

(Table 15,3a ) 



Atom 2 



Atom 



Hybridiz 
Desigl 



2 

ition 
nation 



(Table 15 



3A) 



(<:V) 



(°) 



ft 
(°) 



Exp. e 

f) 



4.33286 
3.26599 



6.9892 



5.3417 



(Eq. 23.221 



-12.96764 
CI 

H 



0.7151 
0.6851 



0.71514 
1 



0.75 0.71514 
0.75 1 



0.71514 
0.68510 



1.(5813 
ffq. 23.236) 



107.52 
109.72 
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1 



D9.5 
•tchli 
09.5 



( sta] inane ) 



Methyl 
ZHC.H 



4.10053 
11 2.09711 



6.7082 -14. 
3.4252 -15. 



-14.82575 
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0.91771 
0.8635S 



0.91771 
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LEAD ORGANOMETALLIC FUNCTIONAL GROUPS AND MOLECULES 

The branched-chain alkyl lead molecules, PbC n H 2n _ 2 , comprise at least one Pb bound by a carbon-lead single bond comprising 
a C-Pb group, at least a terminal methyl group (CH 3 ), and may comprise methylene (CH 2 ), methylyne (CH), and C-C 

functional groups. The methyl and methylene functional groups are equivalent to those of straight-chain alkanes. Six types of 
C-C bonds can be identified. The n-alkane C-C bond is the same as that of straight-chain alkanes. In addition, the C-C 
bonds within isopropyl {{CH i ) 2 CH) and t-butyl ((C/f 3 ) 3 C) groups and the isopropyl to isopropyl, isopropyl to t-butyl, and t- 
butyl to t-butyl C-C bonds comprise functional groups. 

As in the cases of carbon, silicon, tin, and germanium, the bonding in the lead atom involves four sp 3 hybridized 
orbitals. For lead, they are formed from the 6p and 6s electrons of the outer shells. Pb-C bonds form between a Pb6sp 3 
HO and a Cisp 3 HO to yield alkyl leads. The geometrical parameters of the Pb - C functional group are solved using Eq. 
(15.51) and the relationships between the prolate spheroidal axes. Then, the sum of the energies of the // 2 -type ellipsoidal MPs 

is matched to that of the Pb6sp 3 shell as in the case of the corresponding carbon, silicon, tin, germanium molecules. As in the 
case of the transition metals, the energy of each functional group is determined for the effect of the electron density donation 

from each participating C3sp 3 HO and Pb6sp 3 HO to the corresponding MO that maximizes the bond energy . 

The Pb electron configuration is [Xc]6s 2 4 f u 5d m 6p 2 , and the orbital arrangement is 

6p state 

JT t (23.244) 

1 -1 

corresponding to the ground state 3 P . The energy of the lead 6p shell is the negative of the ionization energy of the lead atom 
[1] given by 
E(Pb,6p shell) = - E {ionization; Pb) = - 7.41663 eV (23.245) 

The energy of lead is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264), but the atomic 
orbital may hybridize in order to achieve a bond at an energy minimum. After Eq. (13.422), the Pb6s atomic orbital (AO) 
combines with the Pb6p AOs to form a single Pb6sp 3 hybridized orbital (HO) with the orbital arrangement 

6sp 3 state 

JL J_ JL _L (23.246) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (I, in,) are below each electron. The total energy of the stale is given by the sum over the four 
electrons. The sum E T (Pb,6sp 3 J of experimental energies [1] of Pb , PV , Pb 2± , and Pb 3± is 



£' r (pft,6^ 3 ) = 42.32eF + 31.9373eF + 15.03248eF + 7.41663eF=96.70641eF (23.247) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r t of the 
Pbbsp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

, 6 t= % (Z-»)* 2 - = — ig - = 1.40692a (23.248) 

6sp „tr 8 8^? (e96.70641eF) 8^ (e96.70641 eV) 

where Z = 82 for lead. Using Eq. (15.14), the Coulombic energy E rnlilnmh (Pb,6sp 3 ) of the outer electron of the Pb6sp 3 shell is 

2 2 

E CoM {Pb,6sp 3 ) = -^— = ~ e = -9.67064 eV (23.249) 

v ' &x£(,r 6s , 8;r£ 1.40692a 

During hybridization, the spm-paired 6s electrons are promoted to the Pbbsp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (15.15) at the initial radius of the bs electrons. .From Eq. (1U.1U2) with Z = 82 
and n = 80, the radius r 80 of the Pb6s shell is 

r 80 =1.27805a (23.250) 

Using Eqs. (15.15) and (23.250), the unpairing energy is 

E{magnetic) = lK ^ en = Z gwg ~ a o 5481 eV (23.251) 

m 2 e {r S0 ) (1.27805a,,) 

Using Eqs. (23.249) and (23.251). the energy E(Pb,6sp 3 ) of the outer electron of the Pb6sp 3 shell is 
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E(Pb,6sp') = ^- + 2me % = -9.67064 eF + 0.05481 eV = -9.61584 eV (23.252) 



bsp 

N e xt, consid e r the formation of th e Pb — L - bond MO of lead compounds wh e rein L is a ligand including carbon and 

each lead atom has a Pb6sp 3 electron with an energy given by Eq. (23.252). The total energy of the state of each lead atom is 

given by the sum over the four electrons. The sum E T (Pb pb _ L ,6sp 3 ) of energies of Pb6sp 3 (Eq. (23.252)), Pb + , Pb 1 * , and 
Pb i+ is 

E T (Pb pb _ L ,6sp 3 ) = -(42.32 eF + 31.9373eF + 15.03248eF + £(ra,6^ 3 )) 

= -(42.32 eF + 31.9373 eF + 15.03248 eF + 9.61584 eV) = -98.90562 eV 

where E(Pb,6sp 3 ) is the sum of the energy of Pb , -7.41663 eV , and the hybridization energy. 

A minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the 
Hydroxyl Radical ( OH ) section with the donation of electron density from the participating Pb6sp 3 HO to each Pb-L -bond 
MO. Consider the case wherein each Pb6sp 3 HO donates an excess of 25% of its electron density to the Pb-L -bond MO to 
form an energy minimum. By considering this electron redistribution in the lead molecule as well as the fact that the central 
field decreases by an integer for each successive electron of the shell, in general terms, the radius r pb _ ifa 3 of the Pbbsp 2 shell 

may be calculated from the Coulombic energy using Eq. (15.18): 

' JK ~\ e 2 9 75c 2 
V(Z-«)-0.25 - -— _I±^ --1. 3 4 12 4 a,, (23.25 4 ) 



Pb-Lt>sp' 



8^g (e98.90562 eV) 8n;s (e98.90562 eV) 



Using Eqs. (15.19) and (23.254), the Coulombic energy E Coulomb (Pb pb _ L ,6sp 3 \ of the outer electron of the Pb6sp 3 shell is 

^^fe^ h l "^ = ,,.. iTLi,. --10-14417 eV (23.255) 

^ — 8^„1.34124« 

During hybridization, the spin-paired 6* electrons are promoted to the Pb6sp' shell as unpaired electrons. The energy for the 

promotion is the magnetic energy given by Eq. (23.251). Using Eqs. (23.251) and (23.255), the energy E(Pb pb _ L ,6sp 3 ) of the 

outer electron of the P b 6sp 3 s hell is 

E(Pb n L ,6sp i )= ° + 2 Wo c n _ 10-14417 e F + 0.05481eF = -10.08936 eV (23.256) 

8 ™o r r b -L6s p i m 2 e (r g0 ) 

Thus, E T (Pb-L,6sp 3 ), the energy change of each Pb6sp 3 shell with the formation of the Pb-L -bond MO is given by the 

difference between Eq. (23.256) and Eq. (23.252): 

E T (Pb-L,6sp) = E(Pb pb _ L ,6sp 3 )-E(Pb,6sp 3 ) = -10.08936 eF-(-9.61584 eF) = -0.47352 eV (23.257) 

Next, consider the formation of the Pb-C -bond MO by bonding with a carbon having a Clsp 3 electron with an energy 

giv e n by Eq. (1 4 .1 4 6). Th e total e n e rgy of th e stat e is giv e n by th e sum ov e r th e four e l e ctrons. Th e sum E T (C ahane ,2sp 3 \ of 

calculated energies of Clsp 3 , C' + , C' 2+ , and C 3+ from Eqs. (10.123), (10.1 13-10.1 14), (10.68), and (10.48), respectively, is 

E T (C elhalle ,lsp 3 ) = -(643911 eV + 483115 eV + 14.1161 eV + E(C,lsp 3 )) 

= - (64 .3921 eK + 4 8.3 125eK + 2 4.2762 eK + 14 .63 4 89 eF) = -1 5 1 .61569 eV 

where E\C,2sp 3 \ is the sum of the energy of C , -11.27671 eV , and the hybridization energy. 

The sharing of electrons between the Pb6sp 3 HO and Clsp 3 HOs to form a Pb-C -bond MO permits each 
participating hybridized orbital to decrease in radius and energy. A minimum energy is achieved while satisfying the potential, 
kinetic, and orbital energy relationships, when the Pb6sp 3 HO donates, and the C2sp 3 HO receives, excess electron density 
equivalent to an electron within the Pb - C -bond MO. By considering this electron redistribution in the alkyl lead molecule as 
well as the fact that the central field decreases by an integer for each successive electron of the shell, the radius r c , of the 

C2sp 3 shell of the Pb - C -bond MO may be calculated from the Coulombic energy using Eqs. (15.18) and (23.258): 

J^ } e 2 We 2 

Y(Z-n) + \\ , = ; x =0.98713o, (23.259) 



n=2 



r pt,-c2 Sp ' |^v -j ■ *) 8 ^ o ( el 5 1-61 5 69eF ) 8^ (el51.61569eF) 



Using Eqs. (15.19) and (23.259), the Coulombic energy E Couhmb (C pb _ c ,2sp 3 \ of the outer electron of the Clsp 3 shell is 
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2 2 

—e -e 



E Co ui omb (C Pb c ^p 3 ) = = = -13.78324 eV (23.260) 

l ^ H^ v 8^ 0.98713a '_ 

During hybridization, the spin-pai r ed 2a electrons are promoted to the C2sp 3 shell as unpaired electrons. The energy for the 

promotion is the magnetic energy given by Eq. (14.145). Using Eqs. (14.145) and (23.260), the energy E[C pb c ,2sp 3 J of the 

outer electron of the C2sp 3 shell is 

E(C pb c ,2sp 3 ) = ~ e + 2 W n eb = _ 13 j 83 24 6 . k + 0.19086^F = -13.59238^F 



%ns n r„, „„ , m 2 (r 3 ) 



(23.261) 



Pb-C2sp 3 

Thus, E T (Pb-C,2sp 3 \, the energy change of each C2sp 3 shell with the formation of the Pb-C -bond MO is given by the 
difference between Eq. (23.261) and Eq. (14.146): 
E T (Pb-C,2sp 3 ) = E(C pb _ c ,2sp 3 )- E(c,2sp 3 ) = -li.5923,8 eV -(-14.63489 eK) = 1.04251 eV (23.262) 

Now, consider the formation of the Pb-L -bond MO of lead compounds wherein L is a ligand including carbon. For 
the Pb-L functional groups, hybridization of the 6p and 65 AOs of Pb to form a single Pb6sp 3 HO shell forms an energy 
minimum, and the sharing of electrons between the Pb6sp 3 HO and L HO to form a MO permits each participating orbital to 
decrease in radius and energy. The C2sp 3 HO has an energy of E{c,2sp 3 ) = -14.63489 eV (Eq. (15.25)) and the Pb6sp 3 HO 
has an energy of EyPb,6sp 3 J = -9.61584 eV (Eq. (23.252)). To meet the equipotential condition of the union of the Pb-L 
H 2 -type-ellipsoidal-MO with these orbitals, the hybridization factors c 2 and C 2 of Eq. (15.61) for the Pb-L-bond MO given 
by Eq. (15.77) are 

/ \ / \ E(Pb,6sp 3 HO) _q fii 5S4 P v 

c 7 [C2sp 3 HO to Pb6sp 3 HO) = C 7 [C2sp 3 HO to Pb6sp 3 HO) = — ^ -^ = _Z^LJ2-1L- = 0.65705 (23.263) 

n v ) i\ v ; E(C,2sp 3 ) -14.63489 eV 

Since the energy of the MO is matched to that, of the Phbsp 3 HO, F\AO I HO) in Eq. (15.61) is E(^Pb,6sp 3 HO ) j given by Eq. 

(23.252). In order to match the energies of the carbon and lead HOs within the molecule, E T ( atom- atom, msp 3 .AO\ of the 

Pb-L -bond MO for the ligand carbon is one half E T {Pb- C, 2sp 3 ) (Eq. (23 .262)). 

The symbols of the functional groups of lead compounds are given in Table 23.73. The geometrical (Eqs. (15.1-15.5)), 

intercept (Eqs. (15.31-15.32) and (15.80-15.87)), and energy (Eqs. (15.61) and (23.28-23.33)) parameters of lead compounds are 
given in Tables 23.74, 23.75, and 23.76, respectively. The total energy of each lead compound given in Table 22.77 was 
calculated as the sum over the integer multiple of each E D {Gmu P ) of Table 23.76 corresponding to functional-group composition 
of the compound. The bond angle parameters of lead compounds determined using hqs. (15.88-15.1 17) are given in table 
23.78. The charge-densities of exemplary lead compound, tetraethyl lead {Pb{CH 1 CH i )) comprising atoms with the outer 
shell bridged by one or more /f 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs are shown in Figure 23.16. 
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Figure 23.16. Color scale, charge-density of Pb(CH 2 CH 3 ) showing the orbitals of the Pb and C atoms at their radii, the 
ellipsoidal surface of each H or // 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atoms 
participating in each bond, and the hydrogen nuclei. 




Table 23.73. The symbols of functional groups of lead compounds. 



Functional Group 



Group Symbol 



PbC group 
CHj group 

CH: alkyl group 
CHalkyI 
CC bond (n-Q 
CC bond (iso-C) 
CC bond (tert-Q 
CC (iso to iso-C) 
CC (t to t-Q 
CC (t to iso-C) 



Pb-C 
C-H (CH 3 ) 

C-H (CH 2 ) 

C-H 
C-C (a) 
C-C (b) 
C-C (c) 
C-C (d) 
C-C (e) 
C-C(f) 



Table 23.74. The geometrical bond parameters of lead compounds and experimental values [3]. 



Parameter 


Pb-C 
Group 


C-H (CH,) 
Group 


C-H (CH,) 
Group 


C-H 
Group 


C-C (a) 
Group 


C-C (b) 
Group 


C-C to 
Group 


C-C (ill 
Group 


C-C (e) 
Group 


C-C(t) 
Group 


.. (,., :. 


2.21873 


1 .64920 


1.67122 


1 .67465 


2.12499 


2.12499 


2.10725 


2.12499 


2.10725 


2.: 11725 


«* («.) 


2.12189 


1.04856 


1.05553 


1.05661 


1.45744 


1.45744 


1.45164 


1.45744 


1.45164 


1.45164 


Bund 
Length 
2.' (A) 


2.24571 


1.10974 


1.11713 


1.11827 


1.54280 


1.54280 


1.53635 


1.54280 


1.53635 


1.53635 


Exp. Bond 
Length 

(■•') 


2.238 
((Cll,)J'b) 


1.107 
(C-H propane) 

1.117 
{C -H butane) 


1.107 
{C-H propane) 

1.117 
[C-H butane) 


1.122 
(isubulanc) 


1.532 

(propane) 

1.531 

(l-.HicKM 


1.532 

(propane) 

1.531 

(I'll:, ilk- 1 


1.532 

(propane) 

1.531 

>;l>ii:aiiL-| 


1.532 

(propane) 

1.531 

(hulnik-i 


1.532 
(propane) 

1.531 
(butane) 


1.532 
(propane) 

1.531 
(butane) 


b.c (a,) 


0.64834 


1.27295 


1.29569 


1.29924 


1.54616 


1.54616 


1.52750 


1.54616 


1.52750 


1.52750 


e 


0.95635 


0.63580 


0.63159 


0.63095 


0.6S600 


0.686*10 


0.6888S 


0.68600 


0.68888 


0.68888 



Table 23.75 



The MO to 



HO intercept 



geometrical bond parameters of lead compounds. R, R', R" are Hor 



alkyl groups. 



Ei is Et {atom-atom, msp AC'). 



Band 



V) 



E,. 
(cV) 



E,. 
(cV) 



(eV 

Bond 



Total 



Final 

Energy 

Pbisy 

Clsp 

(eV) 



M 



«») 



-(c: 
(eV) 
Final 



2.sp 3 



E(PUsp 1 | #' 

e((.'V) (°) 



(eV) 
Fiial 






C-ff 



(CT,) 











0.91771 



0.J3414 



H.56512 



85.33 



91.67 



47.0(1 



12468 



1 
(pH, 



CH 2 ) 
H 



.Pb-CH, 
.Pb-CH, 
{CH,) 



Pb 
C 
C 





0.2( 

-0.9: 



26063 



0.26063 





3.26063 





$.260(53 





1.40692 
0.91771 
0.91771 



0.98713 
0.93414 
0. S6359 



1 3.78324 
H.56512 
15.75493 



-14.37426 
-15.56407 



147.67 
146.47 
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1380 Chapter 23 

ALKYL ARSINES ((C tt H 2n+l \As, n = 1,2,3, 4,5.„oo) 

The alkyl arsines, (C n H 2n+1 ) As , comprise a As-C functional group. The alkyl portion of the alkyl arsine may comprise at 
least two terminal methyl groups ( CH 3 ) at each end of each chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same 
as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl {(CH 3 ) 2 CH) and t-butyl ((C# 3 ) 3 C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 
branched-chain-alkane groups in alkyl arsines are equivalent to those in branched-chain alkanes. The As - C group may further 
join the AsAsp 3 HO to an aryl HO. 

As in the case of phosphorous, the bonding in the arsenic atom involves sp 3 hybridized orbitals formed, in this case, 
from the Ap and 4s electrons of the outer shells. The As-C bond forms between AsAsp 3 and Clsp 3 HOs to yield arsines. 
The semimajor axis a of the As-C functional group is solved using Eq. (15.51). Using the semimajor axis and the 
relationships between the prolate spheroidal axes, the geometric and energy parameters of the MO are calculated using Eqs. 
(15.1-15.117) in the same manner as the organic functional groups given in the Organic Molecular Functional Groups and 
Mol e cules section. 

The energy of arsenic is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). A 
minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the Hydroxyl 
Radical (OH) section with hybridization of the arsenic atom such that in Eqs. (15.51) and (15.61), the sum of the energies of the 
// 2 -type ellipsoidal MOs is matched to that of the AsAsp 3 shell as in the case of the corresponding phosphine molecules. 

The As electron configuration is [Ar]As 2 3d m Ap 3 corresponding to the ground state 4 S 3/2 , and the Asp 3 hybridized 
orbital arrangement after Eq. (13.422) is 

4sp 3 state 
ti JT JT T (23.264) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (i,m t ) are below each electron. The total energy of the state is given by the sum over the five 
electrons. The sum E T (As,Asp 3 \ of experimental energies [1] of As, As + , As 2+ , As i+ , and As*** is 

£' r (^,45p 3 ) = 62.63eF + 50.13eF + 28.351eF + 18.5892eF + 9.7886eF = 169.48880eF (23.265) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r 3 of the 
AsAsp 3 shell may be calculated trom the Coulombic energy using Eq. (15.13): 

r 3 = Y / Z ~" )g2 - = — ^ - = 1.20413a (23.266) 

^ M 8xs (el 69.48880 eV) — 8^g (el 69.48880 eV) - 



where Z = 33 for arsenic. Using Eq. (15.14), the Coulombic energy E CouIomb ( As, Asp 3 ) of the outer electron of the AsAsp 3 shell 



is 



^(4V) = £-= ,„ : grrr- =-11.29925 eF (23.267) 
^ '- — 8xc r 4s 3 — 8flg 1.20 4 13a 

During hybridization, the spin-paired As electrons are promoted to the AsAsp 3 shell as paired electrons at the radius r^ 3 of the 

AsAsp 3 shell. The energy for the promotion is the difference in the magnetic energy given by Eq. (15.15) at the initial radius of 
the As electrons and the final radius of the AsAsp 3 electrons. From Eq. (10.102) with Z = 33 and n = 30 . the radius r 30 of the 
AsAs shell is 

r 30 =1.08564a (23.268) 
Using Eqs. (15.15) and (23.268). the unpairing energy is 



2X]U e 2 h 2 ( 1 1 — } 



4 J- 



E(magnetic) - 



V r? ° )3 (VL 



= SufloMa 



(l.08564a ) (l.20413a ) 



= 0.02388 eV (23.269) 



Using Eqs. (23.267) and (23.269). the energy E[As,Asp 3 \ of the outer electron of the AsAsp 3 shell is 
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E(As,4sp i ) = 



-er 



2xfi a e ft 



" Asp 



<-»>' u 



= -11.29925 eV + 0.02388 eV = -1 1.27537 eV 



(23.270) 



For the As-C functional group, hybridization of the Is and 2p AOs of each C and the 4s and Ap AOs of each As 
to form single 2sp and Asp shells, respectively, forms an energy minimum, and the sharing of electrons between the C2sp } 
and AsAsp' HOs to fonn a MO permits each participating orbital to decrease in radius and energy. In branched-chain alkyl 
arsines, the energy of arsenic is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). 
Thus, c 2 in Eq. (15.61) is one, and the energy matching condition is determined by the C 2 parameter. Then, the C2sp 3 HO has 

an energy of E(C,2sp') = -14.63489 eV (Eq. (15.25)), and the AsAsp' HO has an energy of E(As,4sp 3 ) = -11.27537 eV 

(Eq. (23.270)). To meet the equipotential condition of the union of the As-C H 2 -type-ellipsoidal-MO with these orbitals, the 

hybridization factor C 2 of Eq. (15.61) for the As -C -bond MO given by Eqs. (15.77), (15.79), and (13.430) is 

, \ E[As,Asp 5 ) , , . _i 1 27537 pV 

C, {Clsp'HO to AsAsp'HO) = — \ -f c, (dsp'HO) = (0.91771) = 0.70705 (23.271) 

n > E(C,2sp 3 ) V ' -14.63489 eV y ' 

The energy of the As -C -bond MO is the sum of the component energies of the // 2 -type ellipsoidal MO given in Eq. (15.51) 

with E[AO/ HO) = E(As,Asp i ) given by Eq. (23.270), and E r ( atom- atom, msp* .AO) is zero in order to match the energies 

of the carbon and arsenic HOs. 

The symbols of the functional groups of branched-chain alkyl arsines are given in Table 23.79. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
arsines are given in Tables 23.80, 23.81, and 23.82, respectively. The total energy of each alkyl arsine given in Table 23.83 was 
calculated as the sum over the integer multiple of each E D (on Mp ) of Table 23.82 corresponding to functional-group composition 

of the molecule. The bond angle parameters of alkyl arsines detennined using Eqs. (15.88-15.117) are given in Table 23.84. 
The color scale, charge-density of exemplary alkyl arsine, triphenylarsine, comprising atoms with the outer shell bridged by one 
or more //,-type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 23.17. 

Figure 23.17. Color scale, charge-density of triphenylarsine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or # 2 -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. 
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Table 23.79. The symbols of functional groups of alkyl arsines. 



Functional Group 


Group Symbol 


As-C 


As-C 


CH 3 group 


C-H (CH,) 


CH 2 group 


C-H (CH 2 ) 



CH 

CC bond (n-Q 
CC bond (iso-Q 
CC bond (tert-Q 



C-H (i) 
C-C (a) 
C-C (b) 
C-C (c) 



CC (iso to iso-C) 

CC(t to t-Q 

CC(t to iso-Q 

CC (aromatic bond) 



C-C (d) 
C-C (e) 
C-C(f) 

c=c 



CH (aromatic) 



CH (ii) 



Table 23.80 



The geometrical bond parameters of alky] arsines and experimental \ 



alues [3]. 



Group 



Gioup 



(cw : ) 



Group 



C-H(i) 

Group 



Group 



(a) 



Group 



(b) 



C-C 
Grouj) 



c-c (,i) 

Group 



C-C (<j) 
Group 



C-C (f. 
Group 



C = C 
Group 



CH (ii) 
Group 



a (ij c 



1.61920 
1.01856 



1.67165 
1.05 561 



2.124)9 
1.45744 



2.1249') 
1.45744 



2.10725 
1.45164 



2.10725 
1.45164 



1.47348 
1.31468 



1.60061 
1.03299 



length 

!.± 

3xp. Jlond 
Len 

_(* 

b,c ( 



1.542*0 



5th 



<-,) 



979 
;AsC 



((CH, 

1.46544 



'",) 



1. 
(C-H 

1. 
(C-H 



107 

propune) 
117 
butane) 



(C-H 

1.1 

(C-H 



propane) 

17 

butane) 



1.1 22 

(isobuitane) 



1.5 
(propane) 



1.52 



(butaie) 



1.54( 



16 



1.532 
(prepare) 

1.531 
(butar e) 
1.54616 



1.53635 

L532 
(prepare) 

1.531 

(butane ) 

1.52750 



1.5428D 

1.532 
(propan;) 

1.531 

(butane ) 

1.5461ii 



1.53635 

1.532 
(propane) 

1.531 
(butane; 
1.5275C 



1.53635 

1.532 
(propane^ 

1.531 ' 
(butane) 
1.52750 



1.399 
(benzene) 



1.101 
(benzene) 



0. 



7839 



0.686' )0 



0.688S8 



0.6860D 



0.68888 



0.68888 
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. The MO tc HO intercept geometrical bond parameters of alkyl arsines. R, R ', R " are H or alsyl 
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Et (atom- 
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(eV) 
Bond 



(eV) 
Bond 2 



(eV) 
Fond 3 



;eV) 
Bond 4 



Final Tot^l 

Energy 

C2sp* 

(eV) 



M 



(eV) 
Final 



E(C2sp r 

(eV) ' 
Final 



f) 



C) 



O 



d 2 



C-H 
{CH, 



lAs-CH, 



-151.61569 



0.91771 
0.91771 



1 -14.8257) 

1 -14.8257.) 



14.63489 
14.63489 



96.38 
90.18 



45.76 
38.77 



1 .15051 
1.81991 



0.10195 
0.00291 



{CH, 



\,As-CH, 



-H 



(CH,) 



C-H 
C-H 

Hfij 

c-(t 



{CH) 
„H,CH,- 



-0.929 
-0.929 



-0.92918 
-0.92918 




.92918 



-153.47406 
-154.40324 



91771 
91771 



-16.6841 

-17.6133 



16.49325 
17.42244 



68.47 
61.1 



111.53 
118.90 



35.84 
31.37 



1 .354116 
1 .429(18 



0.29933 
0.37326 



'W) 



H,C, 
C-i 



h H,CH,- 

m 



<t-H 
C 



\,C„C,,(H,C^-R 
(b)) 



)HCH 



i-H 
C 



\f u (R'-H£ u ) 
(<0) 



C t (R 



-HA)CH,- 



■t{H 2 C -R')l 
(d)) 



lerlC 
C- 



(R'-H,C d )C h ( 
'(e)) 



R"-H,C C )CH 2 - 



rerlC, 
C-i 



C\(H,C C -R')i 
(fil 



i soC f: 
C-i 



[R'~ «,C,, ) C, ( f( "- H\,C C )CH, 
(ffl 



C.767(5 -17.92866 



Table 23.82 



The energj 



parameters (eV) 



of functional 



groups of alkyl arsines 



As-C 
Grcup 



CH, 
Group 



CH 2 
Group 



(i) 



Group 



C-C (.1) 
Group 



C-C (b) 
Group 



C-C (c) 
Group 



C-C (d) 
Group 



i'-C (e) 
Group 



C(f) 
Group 



Group 



CH (ii) 
Group 



0.75 



75 



0.7) 



0.5 



0.5 



0.5 



0.5 



0.5 



0.5 



0.7f 



0.70705 



0.8:252 



0.9177 




0.91771 




0.91771 




0.91771 
1 



0.91771 

1 



0.91771 




Q.917|71 
1 



























0.75 






0.70705 
31. 115832 
7.48 306 



-107.32728 
i .92728 



3S 



-70. 

25.' 



4142$ 

800: 



0.7? 
1 
-35.12 
12.87fc80 



0.5 
1 
-28.792 
9.33352 



0.5 
1 

-28.79214 
9.33352 



0.5 

1 

-29.10112 

9.37273 



0.5 

1 

-28.79214 

9.33352 



0.5 

1 

■29.10112 

9.37273 



0.5 
1 

-29.10112 
9.37273 



20.65825 



0.7: 

1 

-37.10024 
15.17125 



T (eV 



6.77464 



6.77464 



6.90500 



6.77464 



6.90500 



6.90500 



1.58541 



'„(e 



V) 



3.34021 



16.26957 



10.5333'' 



-5.24291 



-3.38732 



-3.38732 



-3.45250 



-3.38732 



■3.45250 



45250 



-17.15779 



5.79470 



il{* 



(eV) 



11.27537 



15.56407 



15.5640' 



-14.63489 



-15.56407 



-15.56407 



-15.35946 



-15.56407 



15.35946 



.35946 



14.63189 



,{.10: ho) (eV) 



v) (eV) 



11.27537 



15.56407 



15.5640' 



-14.63489 



-15.56407 



-15.56407 



-15.35946 



-15.56407 



1 5.35946 



.35946 



3.50110 



\(eV) 



31.63542 



■67.69451 



49.66493 



-31.63533 



-31.63537 



-31.63537 



-31.63535 



-31.63537 



■) 1.63535 



.63535 



63.: 



7075 



1.63539 



'om- atom, ms 



sp'.AO) (eV) 




31.63537 





.69450 




66494 



-1.85836 
-33.493''3 



-1.85836 

-33.49373 



-1.44915 
-33.08452 



-1.85836 
-33.49373 



1.44915 
■53.08452 



-1 44915 
-33 .08452 



■2.26759 



-0.56690 
-32.20226 



•"! =r 



a (lC 



rad I s) 



6.8921 



24.92S6 



24.2751 



24.1' 



59 



9.43699 



9.43699 



15.4846 



9.43699 



9.55643 



55643 



49.7 



272 



6.4826 



'i (' 



V) 



il„ (e 



V) 



■0.13 



330 



25352 



-0.2 



5017 



-0.24966 



-0.1651 



-0.16515 



-0.20896 



-0.16515 



■0.16416 



16416 



■0.3)806 



■0.261 



30 



eV) 



0.15198 
[66] 




(Eq. 



355: 
(13.458)) 



0. 
(Eq. (1 



5532 
3.455)) 



0.35: 
(Eq. (12 



458) ) 



0.1231J 
[61 



0.17978 
[7] 



0.09944 
[8] 



0.12312 
[6] 



0.12312 

m 



12312 
[6] 



0.19649 
[3 0] 



_Eqj 



0.355 
(13 



2 
458) 



eV) 



■0.0: 



581 



0.14303 



.22757 
148(3 



.14502 
11803 



-0.07200 
0.14S03 



-0.10359 
0.14803 



-0.07526 
0.14803 



-0.15924 
0.14803 



-0.10359 
0.14803 



■0.10260 
0.14803 



10260 
14803 



-0.2)982 
O.R803 



-0.08364 

('.14833 



„) (eV) 



31.6911 



■6''.92207 



49.150990 



-31.70737 



-33.597: 



-33.49373 



-33.24376 



-33.59732 



53.18712 



.18712 



49.5 



4347 



32.28590 



i (eV) 



14.63489 



14.63489 



14.63489 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



-14.63489 



14.63489 



14.63489 



14.(3489 



14.63189 



'^aojjio) (eV) 



13.59844 



13.59844 



-13.59844 



3.59:544 



, h ,(c. 



<(eV) 



2.42 



140 



491 56 



7.83016 



3.32601 



4.32754 



4.29921 



3.97398 



4.17951 



3.62128 



3.91734 



5.63 



i .904 54 



Table 23.83 

values [87]. 

?ornkua 



The total bone, energies of a 



lkyl arsines calculated using the functional group composition and the energies of Table 23.82 compared to the experimentil 



H 9 As 



C6Hi5^S 



^Jam^ 



Trimethylarsine 
arsine 



8 H 



Tri ethyl; 
;As Triph( 



ylar >ine 



Ar-C 



CH, 



CH, 



CH 



© 



C-C 
(a) 



3 




(t) 

( 



C-C 
(c) 

0~~ 







C-C 
(d) 







C-C 
(e) 

~6 
o 
o 



C-C (fi 



C = C 

~0 


18 



ct; (ii) 



Calculated 
Total 
Energy (ef 
44.73978 
81.21288 
167.33081 



YL 



Experiment al 
Total BoncJ 

Energy (e\ 
45.63114 
81.01084 
166.49257 



Relative Erro: 



0.01953 
-0.00249 
-0.00503 



Table 23.84. 

Et is Ej {atom-atobi,msp 3 A&). 



The bond angle parameters of alkyl arsines and experimental values [3]. In the calculation of 0, 



the parameters from the preceding an jle 



were used 



Atoms of 
Angle 



«.) 



2c' 
Bond 2 

(°o) 



2c 
Term 



(<k 



or 

E 
Atom 1 



Atom 1 

hybridization 

designation 

( Table 15.3.A) 



! 2 Hybridi: 
Desig] 

(Table 1 



2 
zation 



5.3.A) 



(fV) 



C) 







s, 



Exp. e 



Meth; 
//7C 



2.09711 



3.4252 



-15.7549:: 



0.86359 



1.15796 



109.50 



1.4 
(trimethylars ine) 



98.8 
(trimethylars ine) 



Meth; 
/HC 



ylene 
H 



(pre 



107 
panel) 



J 12 
(prcpane| 

1 

(bitane) 
1.0.8 
(isotwtarith 
f 
(bit 
1 
(isobutane ) 



Meth; 
/HC 



iso C 
iso C 
iso C 



1547 
1547 
1547 



2.91547 
2.11323 
2.09711 



-16.68412 

C 
-15.5503:: 

C„ 
-15.5503:: 

C 



26 
5 
5 



■ 16.68412 
C c 

14.82575 

14.82575 
C„ 



0.81549 
0.87495 
0.87495 



0.81549 
0.91771 
0.91 771 



1 
0.75 
0.75 



0.81549 
1.04887 
1.04887 



110.67 
110.76 

1 1 1 .27 



1.0.8 

(isobutane) 



1.1.4 
(isobutane) 



lert C, 

zc,c;c 



0327 



2.90327 



-16.68412 
C 



16.68412 



0.81549 



0.81 >49 



1 



0.81549 



1.37 



1.0.8 

(iso butane) 
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1386 Chapter 23 

ALKYL STIBINES ((C„H 2n+1 \ Sb, « = 1,2,3, 4,5...oo) 

The alkyl stibines, [C n H 2n+1 ) Sb , comprise a Sb-C functional group. The alkyl portion of the alkyl stibine may comprise at 
least two terminal methyl groups ( CH 3 ) at each end of each chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same 
as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl {(CH 3 ) CH) and t-butyl ((C# 3 ) 3 C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 
branched-chain-alkane groups in alkyl stibines are equivalent to those in branched-chain alkanes. The Sb-C group may further 
join the Sb5sp 3 HO to an aryl HO. 

As in the case of phosphorous, the bonding in the antimony atom involves sp 3 hybridized orbitals formed, in this case, 
from the 5p and 5s electrons of the outer shells. The Sb-C bond forms between Sb5sp 3 and C2sp 3 HOs to yield stibines. 
The semimajor axis a of the Sb-C functional group is solved using Eq. (15.51). Using the semimajor axis and the 
relationships between the prolate spheroidal axes, the geometric and energy parameters of the MO are calculated using Eqs. 
(15.1-15.117) in the same manner as the organic functional groups given in the Organic Molecular Functional Groups and 
Mol e cules section. 

The energy of antimony is less than the Coulombic energy between the electron and proton of H given by Eq. (1 .264). 
A minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the Hydroxyl 
Radical (OH) section with hybridization of the antimony atom such that in Eqs. (15.51) and (15.61), the sum of the energies of 
the H 2 -type ellipsoidal MOs is matched to that of the Sb5sp 3 shell as in the case of the corresponding phosphine and arsine 
molecules. 

The Sb electron configuration is [Kr]5s 2 4d w 5p 3 corresponding to the ground state 4 S V2 , and the 5sp 3 hybridized 
orbital arrangement after Eq. (13.422) is 

— 5sp 3 state 

t>l JL JL JL (23.272) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (l,m,) are below each electron. The total energy of the state is given by the sum over the five 
electrons. The sum E T ySb, 5sp 3 J of experimental energies [1] of Sb , Sb + , Sb 1+ , Sb 3+ , and Sb 4+ is 

E T (Sb,5sp 3 ) = 56.0 eK + 44.2 eF + 25.3 eK + 16.63 eF + 8.60839 eV = 150.73839 eV (23.273) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r , of the 
Sb5sp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

•• -^ (Z-n)e 2 _ 15e 2 _ 1 ^ Q? ^ (?3 9,74) 



^ „tr 6 8^ (el50.73839eF) 8tkt (el 50.73839 eV) 
where Z = 51 for antimony. Using Eq. (15.14), the Coulombic energy E Caulomb (Sb,5sp 3 \ of the outer electron of the Sb5sp 3 
shell is 

t CM {Sb,^) = -^- = = f^= =-10.04923 eV ^275T 



SjZEfrJi- 3 8 ^? 1.35 392 « 

During hybridization, the spin-paired 5s electrons are promoted to the Sb5sp 3 shell as paired electrons at the radius r 5s 3 of the 

Sb5sp 3 shell. The energy for the promotion is the difference in the magnetic energy given by Eq. (15.15) at the initial radius of 

the 5s electrons and the final radius of the Sb5sp 3 electrons. From Eq. (10.102) with Z = 51 and k = 48, the radius r 48 of the 

Sb5s shell is 

r 48 =1.23129a (23.276) 

Using Eqs. (15.15) and (23.276), the unpairing energy is 

7 ^ 



2n/i e h 



-1 i~ 



E(magnetic) - 



2 



y^ (V) ? y 



= 8^ // 



2 



(l.23129a ) (l.35392a ) 



= 0.01519 eV (23.277) 



Using Eqs. (23.275) and (23.277), the energy Eisb,5sp 3 \ of the outer electron of the Sb5sp 3 shell is 
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_ 2 f 2 i2 

£(S6,5,sp 3 )= - + -^£ — = -10.04923 eK + 0.015 19 eV = -10.03404 eV (23.278) 

For the Sb-C functional group, hybridization of the 2s and 2p AOsofeach C and the 5.s and 5p AOsofeach Sb to 

form single 2sp } and 5sp } shells, respectively, forms an energy minimum, and the sharing of electrons between the C2sp* and 

SbSsp* HOs to form a MO permits each participating orbital to decrease in radius and energy. In branched-chain alkyl stibines, 

the energy of antimony is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). Thus, c, 

in Eq. (15.61) is one, and the energy matching condition is determined by the C, parameter. Then, the C2sp 3 HO has an energy 

of E(C,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the SbSsp 1 HO has an energy of E{Sb t 5sp 3 ) = -10.03404 eV (Eq. (23.278)). 

To meet die equipotential condition of the union of the Sb-C H 2 -type-ellipsoidal-MO with these orbitals, the hybridization 

factor C 2 of Eq. (15.61) for the Sb-C-bond MO given by Eqs. (15.77), (15.79), and (13.430) is 

/ \ E[Sb,5sp 3 ) , , . -in 03404 pV 

CAC2sp'HO to Sb5sp'HO) = -± -f c 2 (C2sp , HO) = -^-^—— — (0.91771) = 0.62921 (23.279) 

v ; E[c,2sp') y ' -14.63489 eV K ' 

The energy of the Sb-C -bond MO is the sum of the component energies of the ff 2 -type ellipsoidal MO given in Eq. (15.51) 

with E(AO/ HO) = E^Sb,5sp^ given by Eq. (23.278), and E T [citom-atom,msp : AO\ is zero in order to match the energies 

of the carbon and antimony HOs. 

The symbols of the functional groups of branched-chain alkyl stibines are given in Table 123.85. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
stibines are given in Tables 23.86, 23.87, and 23.88, respectively. The total energy of each alkyl stibine given in Table 23.89 
was calculated as the sum over the integer multiple of each E D {c,rm< P ) of Table 23.88 corresponding to functional-group 
composition of the molecule. The bond angle parameters of alkyl stibines determined using Eqs. (15.88-15.117) are given in 
Table 23.90. The color scale, charge-density of exemplary alkyl stibine, triphenylstibine, comprising atoms with the outer shell 
bridged by one or more H, -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 23.18. 

Figure 23.18. Color scale, charge-density of triphenylstibine showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or //,-type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. 
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Table 23.85. The symbols of functional groups of alkyl stibines . 



Functional Group " 



Group Symbol 



Sb-C 
CH 3 group 



Sb-C 
C-H (C// 3 ) 



C-H (CH 2 ) 

C-H(i) 
C-C (a) 
C-C (b) 
C-C (c) 



CH 2 group 

CH 

CC bond (n-C) 

CC bond (iso-Q 

CC bond (tert-C) 



CC {iso to iso-C) 
CC(t to t-Q 
CC (t to iso-C) 

CC (aroma t ic bond) 

CH (aromatic) 



C-C (d) 

C-C (e) 

C-C if) 

■he 



C = C 

CH (ii) 



Tabl 



e 23.86 



The geomelrical bond parameters of alcyl 



stibines arid experimental values [3] 



Group 



[CH,) 



Group 



(CH 

Grbup 



Group 



C-i. 

Grti 



(b) 



Grcup 



(c) 



Group 



(d) 



Group 



(e) 



Group 



(0 



Groi.p 



Group 



CH ( 
Groin 



a (a 



nd Length 

Exp. Bond 
Length 



1.1 

r. 

(C-H 

1. 

(C-H 



1974 

107 

prop; me) 
117 
butahe) 



1.38332 
0.81547 



1.1 

17 

(C-H 

1. 

(C- H 

1.2! 
0.6: 



713 

07~ 
propane) 
17 
butafie) 



1.53635 



1.53635 



1.1 



122 
(isobutane" 



1.532 
(pro): ane) 

1.531 
(butiine) 
1.54616 
0.68600 



1.5 32 

(propane) 

1.551 
(buu.ne) 
1 .54516 



1.532 
(prop me) 

1.531 
(butane) 
1.52 '50 



1.5. 
(propime) 

1.5:1 
(butane) 
1.54(116 
0.68d00 



1.532 
(propjne) 

1.531 
(butane) 
1.52750 
0.68888 



1.532 
(propane) 

1.53 
(butane) 
1.52750 
0.68888 



1.399 
(benze le) 



0.66510 

0.89223 



1.10" 
(benzene) 



1 .222(15 
0.64537 



Table 23.87 



. The MO to 



HO intercept 



E, 

(eV) 
Botidl 



geo|metrical bjonq parameters f alkyl stitpinejs. R, R', if " aye H or alljyl groups. Ef is 

(h ■:"r E ; M («,) 



E, 

(eV) 
Bond 2 



(eV) 
Bond 3 



Bo id 4 



C2sp 
_JeV)_ 



W) 
1'inal 



E(C2sp' 

(eV) 

Final 



Et (atom-htoht.msp* Aty . 

(°) (1 (") 






(«.) 



Sb-CH, 



0.91771 
0.91771 



('.91771 
('.91771 



-14.63489 
-14.63489 



83.62 
99.00 



45.76 
40.9-: 



1.15051 
1.80541 



•H, 



(CH,) 




-0.92918 



-152. 
-153. 



.5448:' 
,17406 



0.91771 
0.91771 



('.86359 
('.81549 



.684 



'3 -15.5640' 
2 -16.49325 



77.49 
68.47 



fl 41.4S 

35.8. 



1.23564 
1.35486 



0.2 



>933 



•-H 



(CH) 



-0.92918 



-0.92918 



,61330 -17.42244 



61.10 



31.: 



1.42988 



0.3 7326 



4f,c; 
c 

tf,Cj 

-c. 

H 

c-c 



CMX'H, - 



(a)) 

:„h 2 ch 

(a)) 
C,C\(H,C\-R 

Mi 



)HCH. 




-0.92918 
-0.92918 







-0.92918 



-152. 
-153. 

-154. 



5448' 



0.91771 



15.56407 
2 -16.49: 
613*0 -17.4224* 



754?: 
.684 



'325 



63.82 
56.41 
48.30 



8 30.0* 

>9 26.06 
70 21.9(' 



1.83879 
1.90890 
1.97162 



0.33106 
0.4)117 



0.5 



1388 



C a (R'-H 2 C d ) 
Ml 



-*(* 



"-H 2 C t )CH, 



-0.72457 



-0.72457 



0.91771 



('.75889 



.9281.6 -17.73779 



48.21 



21.7/ 



1.95734 



50570 



-C 



: t (H 2 C c -R')l 

(d» 

(iC-/f 2 Q)C s l 

M) 



-1,C,)CH 2 - 



-0.92918 
-0.72457 



-0.92918 
-0.72457 



0.91771 
0.91771 



('.77247 
('.76765 



61330 -17.42244 
9281.6 -17.73779 



48.30 
50.04 



70 21.9(i 
96 22.66 



1.97162 
1.94462 



1388 
)298 



:'-c 



:,(h 2 c c -r , )i 
ffl) 

i?'-//,Q)C,( 

(3) 



s'-i( 2 c;)c//j- 



-0.92918 
-0.72457 



-0.92918 
-0.72457 



-154, 
-154. 



9863 
)139« 



0.91771 
0.91771 



('.78155 
('.76765 



.40869 -17.21783 
.92866 -17.73779 



52.78 
50.04 



24.0^ 
96 22.66 



1 .92443 
1.94462 
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V) 



£(,,, 



EA-i 



(.«.H (eV) 
oiho) (eV) 



E T (, 



m (l 



E K ( 



ho) (eV) 



' ) ("V) 
atom- atom, i 



I (eV) 



0" rod Is) 



eV) 



E„ ieV) 



(eV) 



(eV) 
(eV) 



.,.) (eV) 



■>mo) (eV) 
).-«)) (eV) 



i (eV) 



Tahiti 23.89. 

vslluels [88]. 



I ormula 



H,Sb 
HisSb 

sHuSb 



The 



i 3 JO) (eV) 



Name 



Trimethylstibine 

Triethyktibine 

Triphenylstibine 



Sb -C 
Group 



31.92151 
6.9* 1 12 



■3.3:191 ■ 



total bone, energies of a 



Sb 



0.14878 
_[66]_ 



-o.o:;28i 

0.14803 



CH 3 
Group 



32: 

.927: 



-l(i.269|57 





(Eq. 



CH 



Of 



3553P 

(11; 



.227: 



functional 



■1 58)) 



Grcup 



-70/ 
25.7 



21.1 
-10.56337 



0. 
(Eq.dl 



-0.1 
0. 



CH 



groups of alkyl s tibines. 



458)1 



'■502 



Cff (i 
Group 




0.75 



1 
0.75 



-35.120 
12.876? 



10.4 
-5 .242911 



0.3553£ 
(Eq.(13, 



-0.07200 
0.1480J 



-14.63 
-13.59 



(i) 



c-c 

(a) 

3 




458)1 



C-C (a) 
Group 




0.5 





0.5 



-28.79214 
9.33352 



6.77464 
-3.38732 





-15.56407 



-31.63537 
-1.85836 



0.12312 



-0.10359 
0.14803 



-14.634 




C-C 
(b) 







C-C 

0) 

o~~ 

o 
o 



C-C (b) 
Group 




0.5 




0.5 



-28.79214 
9.33352 



6.77464 
-3.38732 




-15.56407 



-31.63537 
-1.85836 



0.17978 

__m 



-0.07526 
0.14803 



-14.63489 




Iky L stibines calculated using the functional group composition and the energies of Table 23 



c-c 

(d) 







C-C (c) 
Group 



29.10112 
9.37273 



6.90500 
3.45250 




15.35946 




0.5 




0.5 



31.63535 
.44915 



0.09944 
I?] 



■0.15924 
0.14803 



14.63489 




<f-C C-(f (f) 
(e) 



C- C (d) 
Group 



3.38732 





56407 



I..S5836 



0.12312 
_[6] 



0359 



63489 




5.90J 

3.45: 




15.35946 



c=c 



Group 



■31.63535 
1.44015 



3.123 



■0.1O 
3.148' 



(e) 



14.63489 




C-C(f) 



G 



1011? 

7273 



6.90500 

-3.<-5250 




.359415 



Total 
Energ ; 
44.f 
81.: 
167. 



:oup 



0.12312 



0261 



63480 





Bond 



307S: 
3038): 

2 



C-- 

Groip 



0.852p2 
1 



34.31i.59 
-17.15/79 



-63.27075 
-2.26159 



0.19649 

_[30_ 



-0.25' 82 
0.14833 



-14.63)189 




(ii) Calculate:! Experiment; 



:o_ 



Total 
Energy 

45.02: 



165.8 



ompared to the experimen 



$ond 
(eV 
378 



.69402 



583 



CH (ii) 
Group 





0.75 



1 
0.75 



-37.10024 
13.17125 



11.58941 
-5.79470 



-1.13379 
-13.50110 



-31.63539 
-0.56690 



0.35532 
Eq. (13.45 i) 



-0.08364 
0.14803 



-14.63489 
-13.59844 



1 Relative Error 



0.0065 1 

-0.00632 
-0.00908 



:al 



•"! =r 



Tab 

£>is 



e 23.90. The bond ajnglb parameters (bf alkyl stibinfes and expbrirhental vahkes 
Ej (atom- atom, msp AO) 



2c 
Bonll 

(a, 



2c' 
Bond 2 



Atom* 
(«o) 



E 
Atom 1 



Atom 1 
Hybridization 
Designation 

(Table 15.3.A) 



Atom 

Hybridizition 
Designation 



(Table 15 



M) 



c 7 
Atom 1 



[3]. In the ca 



culation of ft 



the parameters from the preceding angle were used 



i0 



(•) 



8, 
(") 



Exp. 



Meihyl 
ZHCH 



2.09711 3 



ZHCSb 



ZC.ibC 



94.2 
(trimetl ylstibine) 



Methylene 
ZHCH 



07 



(pre pane 



12 



(pre pane 

1 
(biji 

1 
(isot titans) 



3. 

tane) 

0.8 



.0 
(butane) 



(isol ut 



1.4 
an^) 



Meihyl 

zuk 
zc; 
zc, 
zc 



70.56 
70.56 



-16.68412 



16.68^12 
C, 



109.44 
109.44 



0.8 



(isolutant) 



C„ 



2.9l:i47 



2.11323 4 



-15.55033 
C„ 



14.82)75 



0.87495 



0.91771 



0.75 



1.04887 



110.76 



ISO 

~ZC„ 
tert 

ZC, 



:„C 



2.91 
2.90 



2.09711 4 
2.90327 4 



-15.55033 

C, 

-16.68412 



5 
26 



1 4.82$ 75 
C„ 

1 6.68412 

C, 



0.87495 
0.81549 



0.75 
1 



1 .04887 
181549 



72.50 



1.4 
(isolutant) 



(isolutant) 



107.50 
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ALKYL BISMUTHS ({C n H 2n+1 \Bi, « = l,2,3,4,5...oo) 

The alkyl bismuths, ( C n H 2n+l ) Bi , comprise a Bi-C functional group. The alkyl portion of the alkyl bismuth may comprise at 
least two terminal methyl groups ( CH 3 ) at each end of each chain, and may comprise methylene ( CH 2 ), and methylyne ( CH ) 
functional groups as well as C bound by carbon-carbon single bonds. The methyl and methylene functional groups are 
equivalent to those of straight-chain alkanes. Six types of C - C bonds can be identified. The n-alkane C-C bond is the same 
as that of straight-chain alkanes. In addition, the C-C bonds within isopropyl ((CH 3 ) CH) and t-butyl ((C# 3 ) 3 C) groups 

and the isopropyl to isopropyl, isopropyl to t-butyl, and t-butyl to t-butyl C-C bonds comprise functional groups. The 
branched-chain-alkane groups in alkyl bismuths are equivalent to those in branched-chain alkanes. The Bi-C group may 
further join the Bi6sp 3 HO to an aryl HO. 

As in the case of phosphorous, arsenic, and antimony, the bonding in the bismuth atom involves sp 3 hybridized orbitals 
formed, in this case, from the 6p and 6s electrons of the outer shells. The Bi-C bond forms between Bi6sp 3 and C2sp 3 HOs 
to yield bismuths. The semimajor axis a of the Bi-C functional group is solved using Eq. (15.51). Using the semimaj or axis 
and the relationships between the prolate spheroidal axes, the geometric and energy parameters of the MO are calculated using 
Eqs. (15.1-15.117) in the same manner as the organic functional groups given in the Organic Molecular Functional Groups and 
Mol e cules section. 

The energy of bismuth is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). A 
minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the Hydroxyl 
Radical (OH) section with hybridization of the bismuth atom such that in Eqs. (15.51) and (15.61), the sum of the energies of 
the H 2 -type ellipsoidal MOs is matched to that of the Bi6sp 3 shell as in the case of the corresponding phosphines, arsines, and 



stibines. 
























The Bi electron configuration is 


[Xe]6s 


z 4/ u 


5d w 6p 3 


corresponding 


to the 


ground state 


4r, 
°3/2 


and the 


6sp 3 


hybridized 


orbital arrangement after Eq. (13.422) is 

























6SP 3 state 
U J_ JL JL (23.280) 

0,0 1,-1 1,0 1,1 

where the quantum numbers (l.m t ) are below each electron. The total energy of the state is given by the sum over the five 
electrons. The sum E T (Bi,6sp 3 J of experimental energies [1] of Bi, Bi* , Bi 1 * , 5;' 3+ ,and Bi A+ is 

E T {Bi,6sp i ) = 56.0 eV + <\53eV + 25.56 eF + 16.703 eF + 7.2855 eF =150.84850 eV (23.281) 

By considering that the central field decreases by an integer for each successive electron of the shell, the radius r , of the 
Bi6sp 3 shell may be calculated from the Coulombic energy using Eq. (15.13): 

r 3 =J (Z-n)e 2 15e^ = i. 3 5293a (23.282) 

^ „t^8^g (el50.84850eF) — 8^g (el 50.84850 eV) - 

where Z=S3 for bismuth. Using iiq. (15.14), the Coulombic energy E Coalo ABi,6sp 3 \ of the outer electron of the Bibsp 3 shell 
is 



2 2 

-e -e 



E Laulamb {Bi,6s P 3 ) = -^= ; =-10 . 05657 e F (23 . 283) 

x ' 8xe r 6sl 8;r£ 1.35293a 

During hybridization, the spin-paired 6s electrons are promoted to the Bi6sp 3 shell as paired electrons at the radius r 3 of the 

Bi6sp 3 shell. The energy for the promotion is the difference in the magnetic energy given by Eq. (15.15) at the initial radius of 
the 6s electrons and the final radius of the Bi6sp 3 electrons. From Eq. (10.102) with Z = 83 and n = 80, the radius r 80 of the 
Bibs shell is 

r 80 =1.20140a (23.284) 

Using Eqs. (15.15) and (23.284), the unpairing energy is 



_^_ ^ 2KUr £ ft 

E(magnetic) = — 2 



-f ^ 

2*2 



J 1_ 



^WjT b 



■- 0.01978 eV (23.285) 



W (v) 



(l.20140a ) (l.35293a ) 



Using Eqs. (23.283) and (23.285), the energy E(Bi,6sp 3 ) of the outer electron of the Bi6sp 3 shell is 
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F,{Bi,6sp')-- 



27TjU e 2 h 2 



fc^o^ < 



^y (v) j 



1 005657 p.V + 0.01 978 eV = -1 0.03679 eV (7.3.7.86) 



^ v °v / y 

Next, consider the formation of the 5 j - L -bond MO of bismuth compounds wherein L is a very stable ligand and each 
bismuth atom has a Bi6sp 3 electron with an energy given by Eq. (23.286). The total energy of the state of each bismuth atom is 

given by the sum over the five electrons. The sum E T (Bi BiL , 6sp 3 ) of energies of Bi6sp 3 (Eq. (23 .286)), Bi + , BC' + , Bi 3+ , and 
Bi 4+ is 

E T (Bi Bi _ L ,6sp 3 ) = -(56.0 eV + 45.3 eV + 25.56 eV + 16.703 eV + E(Bi,6sp 3 )} 

= -(56.0eF + 45.3eF + 25.56eF + 16.703eK + 10.03679eK) = -153.59979eF 

where E(Bi,6sp* ) is the sum of the energy of Bi , -7.2855 eV , and the hybridization energy. 

A minimum energy is achieved while matching the potential, kinetic, and orbital energy relationships given in the 
Hydroxyl Radical {OH) section with the donation of electron density from the participating Bi6sp 3 HO to each Bi -L -bond 
MO. Consider the case wherein each Bi6sp 3 HO donates an excess of 25% of its electron density to the Bi - L -bond MO to 
form an energy minimum. By considering this electron redistribution in the bismuth molecule as well as the fact that the central 
field decreases by an integer for each successive electron of the shell, in general terms, the radius r 3 of the Bi6sp i shell 

may be calculated from the Coulombic energy using Eq. (15.18): 

( 82 \~~ j. 147 V 

r . = \Y(Z n) 0.25 -= _^2±fl - = 1.30655a„ (23.288) 

" Vlhk j87RT (el53.59979eF) %ne (el 53.59979 eV) 

Using Eqs. (15.19) and (23.288), the Coulombic energy E Coulomb (Bi m _ L ,6sp 3 \ of the outer electron of the Bi6sp 3 shell is 



E cauio mb (Bi Bi ^ L ,6sp 3 )= s ^ r 



'0 Bi-L6sp 3 

-e 2 
8^e l. 30655a, 



-e 2 

(23.289) 



= -10.41354 eV 

During hybridization, the spin-paired 6,? electrons are promoted to the Bi6sp 3 shell as paired electrons at the radius r 3 of the 

Bi6sp 3 shell. The energy for the promotion is the difference in the magnetic energy given by Eq. (15.15) at the initial radius of 

the 6s electrons and the final radius of the Bi6sp 3 electrons. Using Eqs. (23.285) and (23.289), the energy E(Bi Bi _ L ,6sp 3 ) of 

the outer electron of the Bi6sp 3 shell is 



E(Bi Bi L ,6sp 3 ) = + 2me % = -10.41354 eV + 0.01978 eV = -10.39377 eV (23.290) 

v ' 8?T£ n r .„2/„ \ 



J 0'«,-ff, T 3 



iX^L 



Thus, E T (Bi-L,6sp 3 ), the energy change of each Bi6sp 3 shell with the formation of the Bi-L -bond MO is given by the 
difference between Eq. (23.290) and Eq. (23.286): 

E T (Bi-L,6sp 3 ) = E(Bi m _ L ,6sp 3 )-E(Bi,6sp 3 ) = -10.39377 eK - (-10.03679 eF) = -0.35698 eV (23.291) 

Next, consider the formation of the Bi - C -bond MO by bonding with a carbon having a C2sp 3 electron with an energy 

given by Eq. (14.146). The total energy of the state is given by the sum over the five electrons. The sum E T (C elhalle ,2sp 3 ) of 

calculated energies of C2sp 3 , C + , C 2+ , and C 3+ from Eqs. (10.123), (10.1 13-10.1 14), (10.68), and (10.48), respectively, is 

E T (C ahme asp 3 ) = - (6+.3»2\eV + 4%.3\25eV + 24.2762 eV + E(C,2sp')) (232927 

= -(64.3921 eF + 48.3 125 eK + 24.2762 eK + 14.63489 eF) = -151.61569 eV 

where E(c,2sp 3 ) is the sum of the energy of C, -11.27671 eV , and the hybridization energy. 

The sharing of electrons between the Bi6sp 3 HO and C2sp 3 HOs to form a Bi-C -bond MO permits each participating 

hybridized orbital to decrease in radius and energy. A minimum energy is achieved while satisfying the potential, kinetic, and 
orbital energy relationships, when the Bi6sp 3 HO donates, and the C2sp 3 HO receives, excess electron density equivalent to an 
electron within the Bi -C -bond MO. By considering this electron redistribution in the alkyl bismuth molecule as well as the 
fact that the central field decreases hy an integer for each successive electron of the shell, the radius r , of the C?.sp 3 shell 

of the Bi — C-bond MO may b e calculated from th e Coulombic e nergy using Eqs. (15.18) and (23.292): 
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r m 3 =[y(z- w ) + l| - - = — — - = 0.98713a (23.293) 

B - C2sp {t£ ) teE y (e1 51 .61 569 e.V) S^ (p\ 51 .61 569 eV) 

Using Eqs, (15.19) and (23,293), th e Coulombic energy E Coulomb (C Bi _ c ,2sp 3 ) of the out e r electron of the Clsp 3 shell is 

— p 2 —p 1 

E coui omb { c m c^P 3 ) = = = -13.78324eF (23.294) 

a,u lomt ,\ b,-o v j &K£ r B ._ C2 ^ 8^£- 0.98713a 

During hybridization, the spin-paired 2s electrons are promoted to the C2sp 3 shell as unpaired electrons. The energy for the 
promotion is the magnetic energy given by Eq. (14.145). Using Eqs. (14.145) and (23.294), the energy E(C m _ c ,2sp 3 \ of the 
outer electron of the C2sp 3 shell is 

E(C 3iC ,2sp i )= __ ~ e -+ ^° g 5 =-13.78324er + 0.19086eF = -13.59238eF (23.295) 

Thus, E T \Bi-C,2sp 3 J , the energy change of each C2sp 3 shell with the formation of the Sz'-C-bond MO is given by the 

difference between Eq. (23.295) and Eq. (14.146): 

E T ( Bi- C, ?,s p 3 )= E(C m _ c ,7.s p 3 )- E(c,?.s p 3 ) = -13 . 597,3 8 eV -(-]4 .63 48 9 eV) = 1 .0 47 , 51 e .V (73.7.96) 

Now, consider the formation of the Bi - L -bond MO of bismuth compounds wherein L is a ligand including carbon. 
For the Bi - C functional group, hybridization of the 2,? and 2p AOs of each C and the 6s and 6p AOs of each Bi to form 

single 2sp 3 and 6sp } shells, respectively, forms an energy minimum, and the sharing of electrons between the C2sp } and 
Bi6sp } IIOs to form a MO permits each participating orbital to decrease in radius and energy. — In branched-chain alkyl 
bismuths, the energy of bismuth is less than the Coulombic energy between the electron and proton of H given by Eq. (1.264). 
Thus, the energy matching condition is determined by the c 2 and C 2 parameters in Eq. (15.61). Then, the C2sp 3 HO has an 

energy of E[c,2sp 3 ) = -14.63489 eV (Eq. (15.25)), and the Bi6sp 3 HO has an energy of E^Bi,6sp 3 ) = -10.03679 eV (Eq. 
(23.286)). To meet the equipotential condition of the union of the Bi-C H 2 -type-ellipsoidal-MO with these orbitals, the 
hybridization factors c 2 and C 2 of Eq. (15.61) for the Bi - C -bond MO given by Eqs. (15.77) are 

- , , > , , , , E(Bi.6sp 3 ) -10.03679 eV 

c 1 (C2sp i HO to Bi6sp 3 HO) = C 2 [C2sp i HO to Bi6sp 3 HO)= v ; = I "-" J »' ?g '' =0.68581 (23.297) 

The energy of the Bz'-C-bond MO is the sum of the component energies of the H 2 -type ellipsoidal MO given in Eq. (15.51) 

with E(AO/HO) = E(Bi,6sp 3 ) given by Eq. (23.286), and E T (atom- atom, msp 3 AO) is E T (Bi-C,2sp 3 ) (Eq. (23.296)) in 

order to match the energies of the carbon and bismuth HOs. 

The symbols of the functional groups of branched-chain alkyl bismuths are given in Table 23.91. The geometrical (Eqs. 
(15.1-15.5) and (15.51)), intercept (Eqs. (15.80-15.87)), and energy (Eqs. (15.6-15.11) and (15.17-15.65)) parameters of alkyl 
bismuths are given in Tables 23.92, 23.93, and 23.94, respectively. The total energy of each alkyl bismuth given in Table 23.95 
was calculated as the sum over the integer multiple of each E D {oruu P ) of Table 23.9 4 corresponding to functional group 

composition of th e mol e cul e . Th e bond angl e param e t e rs of alkyl bismuths d e t e rmin e d using Eqs. (15.88 - 15.117) ar c giv e n in 
Table 23.96. The color scale, charge-density of exemplary alkyl bismuth, triphenylbismuth, comprising atoms with the outer 
shell bridged by one or more // 2 -type ellipsoidal MOs or joined with one or more hydrogen MOs is shown in Figure 23.19. 
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Figure 23.19. Color scale, charge-density of triphenylbismuth showing the orbitals of the atoms at their radii, the ellipsoidal 
surface of each H or //, -type ellipsoidal MO that transitions to the corresponding outer shell of the atom(s) participating in 
each bond, and the hydrogen nuclei. 




Table 23.91 . The symbols of functional groups of alkyl bismuths. 



Functional Group 


Group Symbol 


Bi-C 


Bi-C 


CH, group 


C-H (CH,) 


CH 2 group 


C-H (CH 2 ) 


CH 


C-H (i) 


CC bond (n-Q 


C-C (a) 


CC bond (iso-C) 


C-C (b) 


CC bond (tert-Q 


C-C (c) 


CC {iso to iso-C) 


C-C (d) 


CC (t to t-Q 


C-C (e) 


CC(t to iso-Q 


C-C(f) 


CC (aromatic bond) 


3e 

C=C 


CH (aromatic) 


CH (ii) 



Table 23.92 



Bond Length. 



lixp. Bond 

Length 

b,c («„) 



Table 23.93 

"Band 



AC 



a (,j ) 



c'( 



2c' 



'A) 



(en,) 

Bi-CH, 
Bi-CH, 



(CH,) 



(CH 2 ) 



-Hi 

:-c 

■i oC „<- 

:-c 



UrtC, 



» c .( 

'-C 



Ei-C 
Croup 



1890 



2.i)629o 








.263 
CH, 



(CH) 



,H 2 CH 1 - 
(a)) 



,H 2 CH 2 ■ 
(?» 



:„C h (H,C c -R 

m 



C„(R'- H 2 C d )C 

M 

t (H,C c -R') 

m 



R '- H i c t) c A- 
m 



\(H 2 C\-R')HC 

m 



R'-H,C t )C h (R 

(2) 



The geomericul bond parameters of alkyl 



),) 



The MO to 



\HCIJ. 



(*' 



■H 2 



Group 



1.64920 



1.04856 



propane) 



(C-H 
1. 
(C-H \ butane) 
1. 



H,C C )CH 2 - 



C)CH 2 - 



C C )CH 2 



(";) 



HO intercept 



(CH 
Group 



1.6 



1.05553 



(C-H 
1.1 
(C-H 
1.2' 



geometrical bond parameters cf alkyl bismu 



E, 

(eV) 
Bond 1 



0.5212! 
0.5212! 
0.5212: 



-0.9291:5 



17 



butane) 



C-H 
G 



1.67465 



1.05661 



le) i.i; 

(isobu 



1.29924 
0.63095 



E, 

(eV) 
Bond 2 






0.52125 







!2 
:ane) 



E, 

(,:V) 

Bend 3 






0.52125 



bismuths and 



(a) 



Group 



2.12499 



1.45744 



1.542*0 



1.532 
(propaie) 

1.531 
(butare) 
1.54616 
0.686' )0 



(sV) 
Bond 4 



experimental 



c-c 

Group 



(b) 



2.12499 



1.45744 



1.54280 



1.532 
(propane) 

1.531 

(butan e) 

1.54616 
0.68600 



Final Total 
Energy 
C2sp' 
(eV) 



-151.09444 



(1.91771 
4.91771 

35293 



values [3] 



c-c (( 

Group 



2.10725 



1.45164 



1.5363: 



1.532 
(propane ) 

1.531 
(butane 
1.5275C 
0.6888S 



lis. R, 

M 



R\ 



$5116 

116 

02592 



C-C (S 
Group 



2.12499 



1 .45744 



1.54280 



1.532 
(propane} 

1.531 
(butane) 
1.54616 
0.68600 



R " are H or a Iky] groups 



(eV) 
Final 



-14.30450 
-14.30450 
-13.26199 



-15.75493 



E[C2sp'] 
(eV) ' 



14.11363 
14.11363 



C-C (e) 
Group 



2.10725 



1.45164 



1.53635 



1.532 
(propane) 

1.531 
(butane) 
1.52750 
0.68888 



Mt if E T (atom^atpm, 

9' 

1°) C) (°) 



8[7.03 
1.99 
3.89 



77.49 



C-C (f) 
Group 



2.10725 



1.45164 



1.53635 



1.532 
(propane) 

1.531 
(butane) 
1.52750 
0.68888 



92.97 
38.01 
36.11 



102.51 



C=C 
Group 



1 .47348 



! .3 1468 



1.399 
(benzene) 

0.66540 
0.89223 



,msp AG). 

d, 



48.26 1 

53.13 1 

55.68 1 



Q9791 
1349 

3415 



41.48 



CH (ii) 
Group 



1.60061 



1.03299 



1.101 
(benzene) 



1.22265 
0.64537 



d-, 
M 



0.04936 
0.74947 
0.82881 



3564 



0.18708 



'O 
ON 
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7T 
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» 


s 


'w 


CD 
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. The energy 



parameters (eV) 



of functional groups of alkyl bismuths 



Parameters 



3i-C 
Group 



Group 



Grojp 



CH (i) 
Grour. 



C-C (a) 
Group 



C-C(b) 

Group 



C-C(c) 

Group 



f-C (d) 
Group 



C (e) 
Group 



C-C(f) 
Grzmp 



c=c 

Grovp 

0.7! 



Group 



685S 




0.91771 




0.91771 




0.91771 




0.91771 

1 



91771 
1 



0.9 771 



0.85252 




0.91771 
1 



(eV) 



1 
327218 



0.85252 
101.12679 



(eV 



6.59529 



38.92728 



25.78002 



12.876i:0 



9.33352 



9.333S2 



9.37273 



9.33352 



37273 



9.3''273 



20.69! 25 



13. 



(c¥ 



(el 



) 

>) (eV) 



-16. 
~A5. 



2695'' 
56W'" 



-10.5: 



-5.24251 
-14.634: W 



-3.38732 
-15.56407 



-3.38732 
-15.56407 



-3.45250 
-15.35946 



-3.38732 
15.56407 



-3.45250 
■15.:.5946 



7.15779 
~~ 



7947(1 
6348 9~ 



)(eV) 



E,.{m 



to) (eV) 



5640'' 



-15.56407 



-15.56407 



-15.35946 



15.56407 



1:5.35946 



t'Aa 



m — atom, msp ? ' 
rad! s\ 



(eV) 



.04231 



5945 


5945$ 
.9286 



-49.66 



■49.66 

24.2' 



-31.635 


-31.635 

24.1759 



-31.63537 
-1.85836 

-33.49373 
9.43699 



-31.63537 
-1.85836 

-33.49373 
9.43699 



-31.63535 

-1.44915 

-33.08452 

15.4846 



■31.63537 
-1.85836 
33.49373 
9.43699 



31.63535 
.44915 

3J.08452 
55643 



-31.(3535 
-1.41915 

-33.08452 
9.5:i643 



)75 
59 



(.3.27 
-2.267 
(i5.53.i33 

49.7272 



■0.56690 



20226 
.4826 



t'„ (el 



I') 



40846 
5352 



15.9 
-0.2 



15.91299 
-0.2496 6 



6.21159 
-0.16515 



6.21159 
-0.16515 



10.19220 
-0.20896 



6.21159 
-0.16515 



29021 
16416 



6.29021 
-0.15416 



32.73133 
-0.35S06 



V) 



K,„ 



0. 
(Eq.( 

-o.; 



3p532 
3.45 i)) 
2757 



0.35 

(Eq.(l: 

-0.1' 



■458) ) 



0.3553 2 

(Eq. (13.458)) 

-0.072CO 



0.12312 

[6] 
-0.10359 



0.17978 

[7] 
-0.07526 



0.09944 

[8] 
-0.15924 



0.12312 

[6] 
-0.10359 



12312 

J6J 

.10260 



0.12312 
_[5] 



0. 196 19 

[30 

■0.25S82 



0.:.5532 
Eq. (13.4! 



(«■(/) 



0.1480 



0.14803 



0.14803 



0.14803 



0.14803 



14803 



0.14833 



(eV) 



) {eV) 



.iQ'uo) (eV) -13.59844 -43.591844 

■) (eV) } 1 [5327,6 1 12.49180 7. 

Table 23.95. The total bbnd energies hi alkyl bismiiths 
experimental values [88]. 



-13.5984 4 
3.32601 





4.32754 




4.29921 




3.97398 




4.17951 





62128 



■)_ 

3.9 734 




3.63S 



59844 



calculatec us ng the functional group 



composition and 



the energies of Table 23.94 compared to 



the 



Formula 



CHoHi 



Name 



Trimet lylbi smuth 
Triethylbisrivuth 



Bi-C 



Bi Tripheivylbi 



smuth 



CH, 



CH, 



(0 



C-C (a) 



C (b) C 



C (z) C-C (d) C-C (e) C-C (f) 



C = C 



CH (h) 






15 



Calculated Experimental Relative E|rror 
"f otal Bond Tc tal E ond 

•g / (eV) Er n irgy (eV) 



42.79068 



, / (eV) Energy 

7387 

4697 

66490 1 



42.07387 
78.54697 
64, 



63 



53 
184 



.0167 5 
.301S8 
.30558 



iib 



e 23.96 

-atom, 



{mom 



msp .AO). 



The bond angle parameters of alkyl bismuths and experimental values 

,.3 



[3]. In the calculation of 6 V , the parameters from the preceding angle were used. 



Et is 



oo 



Angle 



Mothyl 
Zh'CH 



U\) 



2c' 
Bond 2 



Atorr 



E 
Atom 1 



2.09711 3.4252 -15.75493 
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(T 



able 15.3. A) 
7 
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Designhti 
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£atior 
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(Table 1?.3. At 
H 



(eV) 



6>„ 
f) 



C) 



ft, 
C) 



Exp. 



ZC 



-S'Cs 



4.12592 5.1806 -15.18804 



97.1 
(trimethylbisnutb) 



Metiylene 
ZFCH 



4252 -15.75493 



1 07 
par 
IT 
pa 
3. 
tai 
0.8 



(pre pane) 

I 
(pre pane 

1 
(bl 
1 
(isobutanc ) 
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© 
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o 








o 




CD 




CD 




O 




7T 




r - 




CQ 




J 






n 


TJ 


»- 


O 


» 


s 


'w 


CD 






<ft 




"I 




>\) 


o 


Ui 





C,,H 



(butane) 



(isobutant :) 



Mothyl 
ZFC„H 



2.0'<'71 1 



2.0971 1 



3.4252 -15.75493 



0.86359 



0.75 



1.15796 



109.50 



,C.C 



109.44 



, c i> H 

Pfi c 
C„ 



2.91547 4.7958 



16.68412 



16.68412 
C 



0.8 
(isobutanc) 






2.11323 4.1633 



15.55033 
C. 



14.8: 
C, 



C\H 



2.09711 4.1633 



15.55033 



1.4 



(isobutanc) 



IC, 



2.90327 



2.90327 4.7958 



-16.68412 



I6.6S412 



26 



0.81549 



0.8 1M9 



0.81549 



85836 



0.8 



(isobutanc) 



< 
CD 
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SUMMARY TABLES OF ORGANOMETALLIC AND COORDINATE MOLECULES 

The bond energies, calculated using closed-form equations having integers and fundamental constants only for classes of 
molecules whose designation is based on the main functional group, are given in the following tables with the experimental 
values. 

Table 23. 97.1 . Summary results of organoaluminum compounds. 



Formula 



Calculated Experimental Relative Error 



Total Bond 



Total Bond 



Name 



Energy (eV) Energy (eV)~ 



C2H7AI dimethylaluminum hydride 

C3H9AI trimethyl aluminum 
C4H11 AI diethylalumimim hydride 



34.31171 
47.10960 
58.6271 1 



34.37797 a [11] 

46.95319 
60.10948b 



0.00193 
-0.00333 
0.02466 



Q,H 15 A1 



triethylaluminum hydride 



83.58270 



83.58176 



-0.00001 



C 6 H 15 A1 di-n-propylaluminum hydride 82.94251 84.40566 b 0.01733 

C9H21AI tri-n-propyl aluminum 120.05580 121.06458 b 0.00833 

C 8 H 19 A1 di-n-butylaluminum hydride 107.25791 108.71051 b 0.01336 



QH19AI 
C12H27AI 



di-isobutylaiuminum hydride 



107.40303 
156.52890 
156.74658 



108.77556 b 



0.01262 
0.00569 
0.00535 



tri-n-butyl aluminum 



157.42429b 
157.58908 b 



C12H27AI tri-isobutyl aluminum 



a Estimated. 
b Crystal 



Table 23. 97.2. Summary results of scandium coordinate compounds. 

Calculated Experimental 

Formula Name Total Bond Total Bond 



Relative Error 



Energy (eV) Energy (e\Q~ 



-ScF- 

ScF 2 
ScF 3 
ScCl 



scandium fluoride — 
scandium difluoride 
scandium trifluoride 
scandium chloride 



6.34474 
12.11937 
19.28412 
4.05515 



6.16925 
12.19556 
19.27994 
4.00192 



-0.02845 
0.00625 
-0.00022 
-0.01330 



ScO 



scandium oxide 



7.03426 



7.08349 



0.00695 



Table 23. 97.3. Summary results of titanium coordinate compounds- 



Formula 



Nam e 



Calculated 
Total Bond 



Experimental 
Total Bond — 



Relative Error 



Energy (eV) Energy (eV) 



TiF 

TiF 2 

TiF 3 



TiFV 
^FiQ- 



titamum 
titanium 
titanium 



titanium tetrafluoride 
titanium chlorid e 



fluoride 

difluoride 

trifluoride 



6.44997 
13.77532 
19.63961 



6.41871 [21] 
13.66390 [21] 
19.64671 [21] 



-0.00487 
-0.00815 
0.00036 



24.66085 
4.56209 



24.23470 [21] 
4.56198 [22] 
9.87408 [22] 
14.22984 [22] 
17.82402 [22] 
3.78466 [19] 



-0.01758 
-0.00003 



TiCl 2 
TiCl 3 
TiCU 
TiBr 



Til 2 
Til 3 
Til 4 
TiO 



titanium 
titanium 
titanium 
titanium 



dichoride 
trichloride 
tetrachloride 
bromide 



10.02025 
14.28674 
17.94949 
3.77936 



-0.01517 
-0.00400 
-0.00704 
0.00140 



TiBr 2 


titanium dibromide 


8.91650 


8.93012 [19] 


0.00153 


TiBr 3 


titanium tribromide 


12.07765 


12.02246 [19] 


-0.00459 


TiBr 4 


titanium tetrabromide 


14.90122 


14.93239 [19] 


0.00209 


Til 


titanium iodide 


3.16446 


3.15504 [20] 


-0.00299 



titanium 
titanium 
titanium 
titanium 



diiodide 
triiodide 
tetraiodide 
oxide 



7.35550 
9.74119 
12.10014 
7.02729 



7.29291 [20] 
9.71935 [20] 
12.14569 [20] 
7.00341 [23] 



-0.00858 
-0.00225 
0.00375 
-0.00341 



TiQs 

TiOF 


titanium dioxide 

titanium fluoride oxide 


13.23528 — 

1 2.78285 


— 13.21050 [23] — 
12.77353 [23] 


0.00188 

-0.00073 


TiOF 2 
TiOCl 
TiOCl 2 


titanium difluoride oxide 
titanium chloride oxide 
titanium dichloride oxide 


18.94807 
11.10501 

15.59238 


18.66983 [23] 
11.25669 [23] 
15.54295 [231 


-0.01490 
0.01347 
-0.00318 
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Table 23. 97.4. Summary results of vanadium coordinate compounds. 



Calculated 



Formula 



Name 



Total Bond 
En e rgy ( eV)- 



Experimental 
Total Bond 



Relative Error 



En e rgy ( e¥)- 



VF 5 

VC1 4 

VN 



vanadium 
vanadium 
vanadium 



pentafluoride 

tetrachloride 

nitride 



24.06031 
15.84635 
4.85655 



24.24139 [15] 
15.80570 [15] 
4.81931 [24] 



0.00747 
-0.00257 
-0.00775 



VO 

V0 2 

VOCI3 

V(CO) 6 

V(C 6 H 6 ))2 



vanadium 
vanadium 
vanadium 
vanadium 
di benzene 



oxide 
dioxide 

trichloride oxide 
hexacarbonyl 
vanadium 



6.37803 
12.75606 
18.26279 
75.26791 
119 80633 



6.60264 [15] 
12.89729 [34] 
18.87469 [15] 
75.63369 [32] 
17.1 .7.01 93a ft3i_ 



0.03402 
0.01095 
0.03242 
0.00484 
001151 



' Liquid. 



Table 23. 97.5. Summary results of chromium coordinate 
Fo r mula Name 



compounds. 
Calculated 



Experimental 
— Total Bond 



Relative Error 



Total Bond 
Energy (eV) Energy (eV )- 



CrF 2 

CrCl 2 

CrO 



chromium difluoride 
chromium dichloride 
chromium oxide 



10.91988 
7.98449 
4.73854 



10.92685 [15] 
7.96513 [15] 
4.75515 [37] 



0.00064 
-0.00243 
0.00349 



Cr0 2 

-er©3 

Cr0 2 Cl 2 
Cr(CO) 6 
Cr(C 6 H 6 ) 2 



chromium dioxide 
chromium trioxide 



10.02583 
14.83000 



10.04924 [37] 
14.85404 [37] 



0.00233 
0.00162 



chromium dichloride dioxide 17.46158 17.30608 [15] -0.00899 

chromium hexacarbonyl 74.22588 74.61872 [44] 0.00526 

dibenzene chromium 117.93345 117.97971 [44] 0.00039 



Cr((CH 3 )3C.H3)2 



di-( 1 ,2,4-trimethylbenzene) 
chromium 



191.27849 192.42933* [44J 



0.00598 



a Liquid. 
Tab le 23 . 97 . 6 . Summary results of manganese coordinate compounds. 



Formula 



Name 



Calculated 
Total Bond 
Energy (eV) 



Experimental 
Total Bond 
Energy (eV) 



Relative Error 



MnF manganese fluoride 

MnCl mangan e s e chlorid e 



4.03858 
3.74528 



3.97567 [15] 
3.73801 [15] 
122.70895 [49L 



-0.01582 
- 0.00194 



Mn 2 (CO)io dimanganese decacarbonyl 



123.78299 



-0.00875 



Table 23. 97.7. Summary results of iron coordinate compounds. 

Calculated 



Formula 



Name 



Total Bond 
En e rgy ( eV)- 



Experimental 
Total Bond 



Relative Error 



En e rgy ( e¥)- 



FeF 

FeF 2 

FeF 3 

TeCT 



iron fluoride 
iron difluoride 
iron trifluoride 
iron chloride 



-TeCl, 

FeCl 3 

FeO 

FetCO). 



4.65726 
10.03188 
15.31508 
2.96772 



4.63464 [15] 
9.98015 [15] 
15.25194 [15] 
2.97466 [15] 



-0.00488 
-0.00518 
-0.00414 
0.00233 



iron dichoride 
iron trichloride 
iron oxide 
iron pentacarbonyl 



8.07880 
10.82348 
4.09983 
61.75623 



8.28632 [15] 
10.70065 [50] 
4.20895 [15] 
61.91846 [29] 



0.02504 
-0.01148 
0.02593 
0.00262 



FeCCA) , 



bis-cylopentadienyl iron 



(ferrocene) 



98.90760 



98.95272 [53] 



0.00046 
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Table 23. 97.8. Summary results of cobalt coordinate compounds. 



Calculated 



Formula 



Name 



Total Bond 
En e rgy ( eV)- 



Experimental 
Total Bond 



Relative Error 



En e rgy ( e¥)- 



CoF 2 
CoCl 

Col 2 



cobalt difluoride 
cobalt chloride 
cobalt dichloride 



9.45115 
3.66504 
7.98467 



9.75552 [54] 
3.68049 [15] 
7.92106 [15] 



0.03120 
0.00420 
-0.00803 



C0CI3 cobalt trichloride 9.83521 9.87205 [15] 0.00373 

CoH(CO) 4 cobalt tetracarbonyl hydride 50.33217 50.36087 [53] 0.00057 



Table 23. 97.9. Summary results of nickel coordinate compounds. 

Calculated 



Experimental Relative Error 



Formula 



Name 



Total Bond 



Total Bond 



Energy (eV) 



Energy (eV) 



NiCl 

NiCl 2 

Ni(CO) 4 



nickel chloride 
nickel dichloride 
nickel tetracarbonyl 



3.84184 
7.76628 
50.79297 



3.82934 [59] 
7.74066 [59] 
50.77632 [55] 



-0.00327 
-0.00331 
-0.00033 



Ni(C 5 H 5 )2 



bis-cylopentadienyl nickel 



97.73062 



97.84649 [53] 



0.00118 



(nickelocene) 



Table 23. 97.1 0. Summary results of copper coordinate compounds- 



Calculated Experimental Relative Error 
Total Bond Total Bond 



Formula 



Name 



Energy (eV) 



Energy (eV) 



CuF copper fluoride 

CuF 2 copper difluoride 

CuCl copper chloride 



4.39399 
7.91246 
3.91240 



4.44620 [63] 
7.89040 [63] 
3.80870 [15] 



0.01174 
-0.00280 
-0.02723 



-Cue- 



co p per ox ide- 



2.93219 



2.90931 [63] - 



-0.00787 



Table 23. 97.1 1 ■ Summary results of zinc coordinate compounds. 



Calculated 



Experimental Relative Error 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



ZnCl 

ZnCl 2 

Zn(CH.> 



zinc chloride 
zinc dichloride 
dimethylzinc 



2.56175 
6.68749 
29.35815 



2.56529 [15] 
6.63675 [15] 
29.21367 [15] 



0.00138 
-0.00764 
-0.00495 



(CH 3 CH 2 ) 2 Zn 



diethylzinc 



53.67355 



53.00987 [65] 



-0.01252 



(CH 3 CH 2 CH 2 ) 2 Zn 
(CH 3 CH 2 CH 2 CH 2 ) 2 Zn 



di-n-propylzinc 
di-n-butylzinc 



77.98895 
102.30435 



77.67464 [65] 
101.95782 [65] 



-0.00405 
-0.00340 



Summary r e sults of g e rmanium compounds. 



Calculated 



Experimental Relative Error 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



CsFboGe tetraethylgermanium 

Ci 2 H 28 Ge t etra-u-propylgermauium 

Ci 2 H3oGe 2 hexaethyldigermanium — 



109.99686 
158.62766 
167.88982 



110.18166 
158.63092 
167.89836 



0.00168 
0.00002 
0.00005 
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Table 23. 97.1 3. Summary results of tin compounds. 



Formula 



Name 



Calculated 
Total Bond 



Experimental 
Total Bond 



Relative Error 



En e rgy ( eV)- 



En c rgy ( e¥)- 



SnCl 4 
CH 3 Cl 3 Sn 

C 2 H 6 Cl 2 Sn 



tin tetrachloride 
methyltin trichloride 
dimethyltin dichloride 



12.95756 
24.69530 
36.43304 



13.03704 [82] 
25.691 18 a [83] 
37.12369 [84] 



0.00610 
0.03876 
0.01860 



C 3 H 9 ClSn 



SnBr 4 
C 3 H 9 BrSn 
Ci 2 H 10 Br 2 Sn 
C 12 H 2 7BrSn 



trimethylin chloride 
tin tetrabromide 
trimethyltin bromide 
diphenyltin dibromide 
tri - n - butyltin bromide 



48.17077 



49.00689 [84] 



0.01706 



10.98655 
47.67802 
117.17489 
157.09732 



11.01994 [82] 

48.35363 [84] 

117.36647 a [83] 

157.26555 a [83] 



0.00303 
0.01397 
0.00163 
0.00107 



C i sHi 5 B rSn triphenyltin bromide 



1 70 .7.6905 



169.9151 l a [83] 



-0.007,08 



Snl 4 

C 3 H 9 ISn 

C 18 H 15 SnI 



tin tetraiodide 
trimethyltin iodide 
triphenyltin iodide 



9.71697 
47.36062 
169.95165 



9.73306 [85] 

47.69852 [84] 

167.87948 a [84] 



0.00165 
0.00708 
-0.01234 



~5nO 
SnH 4 
C 2 H 8 Sn 

C 3 H 10 Sn 
C 4 H 12 Sn 



tin oxide 

stanuaue 

dimethylstannane 
trimethylstannane 
diethylstannane 



5.61858 
10.54137 
35.22494 
47.56673 
59.54034 



5.54770 [82] 
10.47181 [82] 
35.14201 [84] 
47.77353 [84] 
59.50337 T84] 



-0.01278 
-0.00664 
-0.00236 
0.00433 
-0.00062 



C 4 Hi 2 Sn 



tetramethyltin 



59.90851 



60.13973 [82] 



0.00384 



CsH^Sn trimethylvinyltin 
CsH^Sn trimethylethyltin 
CeH^Sn trimethylisopropyltin 
CgH^Sn tetravinyltin 



66.08296 
72.06621 
84.32480 
84.64438 



66.43260 [84] 
72.19922 [83] 
84.32346 [83] 
86.53803 a [83] 



0.00526 
0.00184 
-0.00002 
. 02188 



GjHiaSn? hexamethyldistannane 



91.96311 



91.75569 [83] 



-0.00226 



C7Hi8Sn trimethyl-t-butyltin 

CgHuSn trimethylphenyltin 

CsHjgSn triethylvinyltin 

CsItoSn tetraethyltin 



96.81417 
100.77219 
102.56558 
108.53931 
112.23920 



96.47805 [82] 
100.42716 [83] 
102.83906 a [83] 
108.43751 [83] 



-0.00348 
-0.00344 
-0.00266 
-0.00094 
0.00331 



CioII| 6 Sn 
Ci H 14 O 2 Sn 
CioH2oSn 
C^FfaSn 



trimcthylbcnzyltin 

trimethyltin benzoate 

tetra-allyltin 

tetra-n-propyltin 



112.61211 [83] 
1 19.31 199 a [83] 
139.20655 a [83] 

157.01253 [83] 



117.28149 
133.53558 
157.17011 



0.01702 
0.04074 
-0.00100 



Ci2H 2 8Sn tetraisopropyltin 



157.57367 



156.9952 [83] 



-0.00366 



Ci2H 3 oSn2 
CigHigSn 

C2oH2oSn 

Cl6H 3 6Sll 

CisH^Sn — 



hexaethyldistannane 

triphenylmethyltin 

triphenylethyltin 

tetra-n-butyltin 

tetraisobutyltin 



164.90931 
182.49954 
194.65724 
205.80091 
206.09115 



164.76131 a [83] 
1 80.9788 l a [84] 
192.92526 a [84] 
205.60055 [83] 
206.7323 4 [83] 



-0.00090 
-0.00840 
-0.00898 
-0.00097 
0.00310 



C2lH24Sn2 

C24H2oSn 

C24tl44Sn 


triphenyl-trimethyldistannane 

tetraphenyltin 

tetracyclohexyltin 


214.55414 
223.36322 
283.70927 


212.72973 3 [84] 
221.61425 [83] 
284.57603 [83] 


-0.00858 
-0.00789 
0.00305 


C 3 6H 3 oSn2 


hexaphenyldistannane 


337.14517 


333.27041 [83] 


-0.01163 



a Crystal. 
Table 23. 97.14. Summary results of lead compounds- 



Calculated 



Experimental Relative Error 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



C 4 Hi 2 Pb 
C 8 H 20 Pb 



tetramethyl-lead 
tetraethyl-lead 



57.55366 
106.18446 



57.43264 
105.49164 



-0.00211 
-0.00657 
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Table 23. 97.1 5. Summary results of alkyl arsines. 







Calculated 


Experimental 


Relative Error 


1-ormula 


Name 


1 otal Bond 


1 otal Bond 














C 3 H 9 As 

CeHuAs 

Ci 8 H 15 As 


trimethylarsine 

triethylarsine 

triphenylarsine 


44.73978 
81.21288 
167.33081 


45.63114 
81.01084 
166.49257 


0.01953 
-0.00249 
-0.00503 




Table 23.97.1 6. Summary results ol alkyl stibmes. 


Formula 


Name 


Calculated 
Total Bond 
Energy (eV) 


Experimental 
Total Bond 
Energy (eV) 


Relative Error 


C 3 H 9 Sb 


trimethylstibine 


44.73078 


45.02378 


0.00651 



C6Hi 5 Sb triethylstibine 

CisHisSb triphenylstibine 



81.20388 
167.32181 



80.69402 
165.81583 



-0.00632 
-0.00908 



Tab le 23 . 97 . 17 . Summary results of alkyl bismuths. 



Calculated 



Experimental Relative Error 



Formula 



Name 



Total Bond 
Energy (eV) 



Total Bond 
Energy (eV) 



C 3 H 9 Bi 
QJIisBi 



trimethylbismuth 
tricthylbismuth — 
triphenylbismuth 



42.07387 
78.54697 



42.79068 
78.39153 



0.01675 
-0.00198 



CisHisBi 



164.66490 



163.75184 



-0.00558 
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Dr. Mills has advanced the field generally known as Quantum Mechanics by deriving a new atomic theory of Classical 
Physics (CP) from first principles, which unifies Maxwell's Equations, Newton's Laws, and Einstein's General and Special 
Relativity. The central feature is that physical laws hold over all scales, from the scale of subatomic particles to that of the 
cosmos. 

Quantum Mechanics has remained mysterious to all who have encountered it. Whereas Schrodinger postulated a boundary 
condition 4> ->• as r — <*> resulting in a purely mathematical model of the hydrogen atom, CP was derived from known 
physics, i.e. Maxwell's Equations. Under special conditions, an extended distribution of charge may accelerate without 
radiating energy. This leads to a physical model of subatomic particles, atoms, and molecules. Equations are closed-form 
solutions containing fundamental constants only and agree with experimental observations. 

From two basic equations, the key building blocks of organic 

chemistry have been solved, allowing the true physical structure ^ 

and parameters of an infinite number of organic molecules up to 

infinite length and complexity to be obtained. These equations 

were also applied to bulk forms of matter, such as the allotropes 

of carbon, the solid bond of silicon and the semiconductor bond; 

as well as fundamental forms of matter such as the ionic bond 

and the metallic bond; and major fields of chemistry such as that 

of silicon, tin, aluminum, boron, coordinate compounds and 

organometallics. 

Further, the Schwarzschild Metric is derived by applying 
Maxwell's Equations to electromagnetic and gravitational fields at 
particle production. This modifies General Relativity to include the 
conservation of spacetime and gives the origin of gravity, the 
families and masses of fundamental particles, the acceleration of 
the expansion of the Universe (predicted by Dr. Mills in 1995 and 
since confirmed experimentally), and overturns the Big Bang 
model of the origin of the Universe. 

"Mills' theory explains the answers to some very old scientific questions, such as 'what happens to a photon upon 
absorption' and some very modern ones, such as 'what is dark matter.' ...Lastly, Mills has made an extremely important 
contribution to the philosophy of science. He has reestablished cause and effect as the basic principle of science. " 

Dr. John J. Farrell. former Chair of the Dept. of Chemistry, Franklin & Marshall College 

"Mills' ingenious way of thinking creates in different physical areas astonishing results with fascinating mathematical 
simplicity and harmony. And his theory is strongly supported by the fact that nearly all these results are in comfortable 
accordance with experimental findings, sometimes with breathtaking accuracy. " 

Dr Gunther Landvogt, Retired Scientist, Philips Research Lab 

"Dr. Mills has apparently completed Einstein's quest for a unified field theory. . . without largesse from the US Government, 
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Chapter 24 



STATISTICAL MECHANICS 



Large systems of particles are ubiquitous in nature. The physics of each particle of a large system is determined by physical 
laws given its initial conditions and history. However, the amount of information to follow even 2 grams of hydrogen gas 
having Avogadro's number of molecules (A^ = 6.022045 X 10 23 wo/' 1 ) is overwhelming. Statistical models typically deal with 
insufficient information for an underlying deterministic macrosystem such as the determination of an average property of a 
population with the accuracy only limited by the number of independent samples 1 . Fortunately for the cases of atomic systems, 
it is also possible to determine the bulk properties of many systems using statistical models. The modeling of aggregate behavior 
of a large ensemble of atoms, electrons, or photons obeying classical physics such as molecules in a gas, photons in a cavity, and 
free elec t rons in a metal is the branch of physics called statistical mechanics. Statistical mechanics gives state properties of a 
system of many particles that are a manifestation of the properties of the particles themselves. The necessity to be concerned 
with the actual motions and interactions of individual particles is avoided. Instead, such models give predictions for the 
probability that the particle has a certain amount of energy at a certain moment. It gives statistical distributions for all of the 
particles rather than the exact value for a specific particle. 

THREE DIFFERENT KINDS OF ATOMIC-SCALE STATISTICAL DISTRIBUTIONS [5] 

It was shown in the State Lifetimes and Line Intensities section, that a mean lifetime arises due to the superposition of transitions 
over an ensemble of individual atoms. Each atom has an exact lifetime due to an exact transition involving specific initial, final, 
and any intermediate I , m states and the corresponding exact photon in space relative to the states. The mean lifetime arises 
from the mean current given by Eq. (2.87) and the spherical radiation field due to the superposition of emitted photons. 
Similarly, Maxwell's equations apply to macroscopic electromagnetic fields that are in actuality the superposition of quantized 
photons traveling at the speed of light. Furthermore, using Maxwell's equations, the reduced speed of light in a transparent 
medium can be shown to be due to the radiation from many induced dipoles that produce a single wave propagating at the 
r e duc e d sp ee d [6]. Thus, d e t e rministic physics aris e s as th e aggr e gat e b e havior of e ntiti e s that also in turn ob e y d e t e rministic 
physics. The same principle applies in the case of statistical mechanical models. 

In previous sections, the exact nature of individual particles (e.g. atoms, electrons, and photons) were solved. The 
interactions of two separate individual particles demonstrated three types of behavior that are correctly modeled by three types of 
corresponding statistical models. Each statistical model with a corresponding probability distribution function is based on the 
properties of the particle and their corresponding interactions. 



According to statistical thermodynamics [7], a macroscopic thermodynamic system is viewed as an assembly of myriad 
submicroscopic entities in ever changing quantum states. Consider the number of distinct ways that a set number of energy 

Quantum theory is incompatible with probability theory since the latter is based on underlying unknown, but determined outcomes, and the former is not 

[1]. Wavefunction solutions of the Schrodinger equation are interpreted as probability-density functions. Quantum theory confuses the concepts of a 
wave and a probability-density function that are based on totally different mathematical and physical principles. The use of "probability" in this instance 
does not conform to the mathematical rules and principles of probability theory. Statistical theory is based on an existing deterministic reality with 
incomplete information; whereas, quantum measurement acts on a "probability-density function" to determine a reality that did not exist before the 
measurement. Additionally, it is nonsensical to treat a single particle such as an electron as if it was a population of electrons and to assign the single 
electron to a statistical distribution over many states. The election has conjugate degrees of freedom such as position, momentum, and energy thai obey 
conservation laws in an inverse-r Coulomb field. A single electron cannot have multiple positions and momenta or energies simultaneously. The decision 
to treat the electron as a point-particle-probability wave, a point with no volume with a vague probability wave requiring that the electron have an infinite 
number of positions and energies including negative and infinite energies simultaneously was a turning point in physics. The adoption of the probabilistic 
versus deterministic nature of atomic particles violates all physical laws including special relativity with violation of causality as pointed out by Einstein 
[2] and de Broglie [3]. Consequently, it was rejected even by Schrodinger [4]. Pure mathematics took the place of physics, but even so, the mathematics is 
not even consistent with probability theory. 
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quanta can be distributed between a set number of energy levels each called a microstate. The total number of microstates W 
associated with any configuration involving N distinguishable units is 

— AH " 

where rj a represents the number of units assigned the same number of energy quanta (and, hence, occupying the same quantum 
number), and rj h represents the number of units occupying some other quantum level. As the number of units increases, the total 
number of microstates skyrockets to unimaginable magnitudes. Thus, one can calculate that an assembly of 1000 localized 
harmonic oscillators sharing 1000 energy quanta possesses more than 10 600 different microstates. This explosive expansion of 
the total number of microstates with increasing N is a direct consequence of the mathematics of permutations, from which 
arises also a second consequence of no less importance. Statistical analysis shows that the emergence of a predominant 
configuration is characteristic of any assembly with a large number ( N ) of units. Of the immense total number of microstates 
that can b e assum e d by a larg e ass e mbly, an ov e rwh e lming proportion aris e s from on e comparativ e ly, small s e t of configurations 
centered on, and only minutely different from, the predominant configuration — with which they share an empirically identical 
set of macroscopic properties. 

The first step in the program of statistical mechanics is to find a general expression for W for the kind of particles being 
considered. Then W is maximized subject to the conditions that the system consists of a fixed number of N particles (except 
when they are photons or their acoustic equivalents called phonons where the total energy is conserved, but the number can 
change since the individual energies are given by Planck's equation, E = hv) and that the system contains a fixed amount of 
energy E that is conserved in populating the conserved number of states where applicable. The result in each case is an 
expression for n{s), the number of particles with the energy s , that has the form 

n(e) = g(e)f(e) (24^T 



where g{e) = number of states of energy g 

= statistical weight corresponding to energy e 



f ( g ) = distribution function 

= average number of particles in each state of energy e 
= probability of occupancy of each state of energy g 

When a continuous rather than a discrete distribution of energies is involved, g(e)ls replaced by g[s)de, the number of states 
energies between £ and £ + d£ . 

Each of the three models is based upon the determination of the most probable way in which a certain total amount of 
energy E is distributed among the N members of a system of particles in thermal equilibrium at the absolute temperature T . 
Then, it is possible to statistically predict aggregate properties such as the number of particles having an energy g t , g 3 , and so 

on, based on the model. The particle interactions are assumed to be at thermal equilibrium between themselves and the walls of 
their container in the absence of strongly correlated motion. More than one particle state may have a certain energy £ . In the 
case of Maxwell-Boltzmann and Bose-Einstein statistics more than one particle may be in a certain state. In the case of Fermi- 
Dirac statistics each particle must be in different state since Fermi-Dirac statistics treats particles such as electrons that spin pair. 
A fundamental assumption of all statistical mechanical models that is supported by experimen t ation and consistent with physical 
laws, is that the greater the number W of different ways in which the particles can be arranged among the available states to 
yield a particular distribution of energies, the more probable the distribution. It is assumed that each state of a certain energy is 
equally likely to be occupied. The atomic scale distributions derived from deterministic, conditional probability theory [81 are: 

-identical, discrete particles such as molecules are separated and act independently such 
that they possess a continuum of momenta with exchange by the predominant interaction of collisional scattering. Atoms and 
molecules have exact dimensions as shown in the and One-Electron Atom section, Two-Electron Atoms section, Three- Through 
Twenty-Electron Atoms section. Nature of the Chemical Bond of Hydrogen-Type Molecules and Molecular Ions section. 
Polyatomic Molecular Ions and Molecules section, and More Polyatomic Molecules and Hydrocarbons section. Neutral particles 
such as atoms and molecules undergo one-on-one collisional interactions, which are conservative; otherwise, there is no 
correlation between the separated particles. Maxwell-Boltzmann statistics is used to model the aggregate properties of a gas at a 
given temperature. The corresponding Maxwell-Boltzmann distribution function states that the average number of particles 

f MB (g) in a state of energy £ in a system of particles at the absolute temperature T is 

— f UB {c) = Ac^ T (243)- 

where value of A depends of the number of particles in the system is and serves to scale the distribution to the number of 
particles and, & = 1.381xl0~ 23 .//AT = 8.617 xlO 5 eV I K is Boltzmann's constant. 
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BOSE-EINSTEIN — indistinguishable photons called bosons having h of angular momentum excite quantized energy 
levels of electron resonator cavities where superposition and conservation of angular momentum are obeyed. As shown in the 
Excited States of the One-Electron Atom (Quantization) and the Excited States of Helium sections, each bound electron is a 
resonator cavity, which traps single photons of discrete frequencies. Thus, photon absorption occurs as an excitation of a 

resonator mode. The angular momentum of the free space photon given by m = | Re[rx(ExB*)]<fc 4 =h in the Photon 

section is conserved [9] for the solutions for the resonant photons and excited-state electron functions. The change in angular 
frequency of the el e ctron is equal to th e angular frequ e ncy of the r e sonant photon that excites th e resonator cavity mod e 
corresponding to the transition, and the energy is given by Planck's equation. An ensemble of a large number of photons in 
equilibrium with a material comprised of many electron states having resonant transitions excited by the photons may be 
correlated in order to conserve angular momentum. Certain solid materials have essentially a continuum of discrete excited 
states wherein excitation of any state increases the cross section for the absorption of additional photons of the same energy by 
changing the angular momentum of the electron during excitation to permit further excitation, in each case, the excited-state 
electron can undergo further transitions by resonant excitation with photons of the same energy, but different polarizations 
having the required angular momentum. An ensemble of a large number of photons in equilibrium, with such a solid material 
comprised of many electron states having correlated resonant transitions excited by the photons, gives rise to blackbody 
radiation. The statistics of this model is based on the physics that the presence of a particle in a certain quantum state increases 
the probability that other particles are to be found in the same state. Bose-Einstein statistics is used to model photons in 
equilibrium with a cavity to account for the spectrum of radiation from a blackbody. It is also used to model phonons in a solid. 
The corresponding Bose-Einstein distribution function states that the probability f(e) that a boson occupies a state of energy s 
in a system of particles at the absolute temperature T is 

F E RM I -D I RAC — identical, indistinguishable electrons called fermions occupy the lowest energy configuration as given in 



the Two Electron Atom section. The Pauli Exclusion Principle arises as a minimum of energy for interacting electrons each 
having a Bohr magneton of magnetic moment. Electrons pair as opposite mirror-image currents such that the occupation of one 
spin state by a first electron (e.g. 5 = 1/2) causes a second to occupy the opposite spin state ( s = - 1 / 2 ). Thus, the statistics of 
this model is based on physics that the presence of a particle in a certain state prevents any other particles from being in that 
state. Fermi-Dirac statistics is used to model the behavior of electrons in a metal to explain the ability of metals to conduct 
electricity. The corresponding Fcrmi-Dirac distribution function states that the probability f(e) that a f c rmion occupi e s a stat e 
of energy £ in a system of particles at the absolute temperature T is 

The quantity a depends on the properties of the particular system and may be a function of T . 

The Maxwell-Boltzmann distribution function holds for systems of identical particles that can be distinguished one from 
another and there is no conditional-probability factor corresponding to the physics of the occupation of a given quantum state 
influ e ncing th e probability that oth e r particl e s ar e found in th e sam e stat e . In contrast, th e — 1 t e rm in th e d e nominator of Eq. 
(7 . 4 . 4) ex presses the i n creased l i kelihood of m ultiple occupancy of an energy state by bosons compared w i t h the l i kelihood fo r 
distinguishable particles such as molecules. The +1 term in the denominator in Eq. (24.5) is a consequence of the minimization 
of energy corresponding to spin pairing: no matter what the values of a , s , and T , f(s) can never exceed one. In both cases, 

when £ : » kT , the functions f(s) approach that of the Maxwell-Boltzmann statistics , Eq . (24 . 3) . Figure 24 . 1 is a comparison 
of the three distribution functions for a = -1 . For a given value of — , f BE (g) , which models bosons (photons and phonons), 
is always greater than f MB (g-) , and f FD (g) , which models fermions (electrons), is always smaller. 
From Eq. (24.5), f FD (f) = i when the energy is 



s F = -akT (24.6) 
This energy defined as the Fermi energy, has significance in analyzing the behavior of a system of fermions, such as the 
conduction electrons in a metal. The Fermi-Dirac distribution function, expressed in terms of g F is 

/*>(*)= ( ^)V ; e^ 

e y " +1 
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Figure 24.1. A comparison of the three statistical functions that give the probability of occupancy of a state of energy s at 
the absolute temperature T for a = —\. The Maxwell-Boltzmann is pure exponential. The Bose-Einstein function is always 
higher and the Fermi-Dirac function is always lower. 



Bose-liinsltin 
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The significance of the Fermi energy can be appreciated by comparing the occupancy of the states a system of fermions at T = 
whose energies are less than e F with those that are greater than s f : 



T = 0,e<e F : f FD (£) = — 



l 



l 



I 



)/* r +1 e°+l + 1 



= 1 



T = 0, e>e F : f FD {s) = —_ 



I 



I 



(24.8) 



= 



At absolute zero, all energy states up to s F are occupied, but none above e F as shown in Figure 24.2 for T = . As given in the 
Free Electrons in a Metal Section (Eq. (24.60)), the Fermi energy s F of a system containing N fermions can calculated by 
filling up its energy states with the N particles in order of increasing energy starting from £ = . The highest state to be 
occupied will then have the energy s = s F ■ 

£ . £ 

The distribution functions for fermions at 7" = 0, T = 0.1-f~, and T = ].0— — are shown in Figure 24.2. As the 

k k 

temperature is increased above 7 = with < kT < e F , fermions shift their population of states from those just below s F to 

states just above it as shown in Figure 24.2 for T = 0.1— . At higher temperatures, even fermions in the lowest states will begin 

k 

to be excited to higher ones, so f FD (0) will drop below 1. In these circumstances f FD {s) will assume a shape like that the 

lowest curve in Figure 24.2 corresponding to T = 1 .0— . The properties of the three distribution functions are summarized in 

k 

Table 24.1 wherein to obtain the actual number h(^) of particles with an energy e , the functions f{s) are multiplied by 
g ( e ) , the number of states of energy ( e ) : 

n(e) = g(£)f(e) (24.9) 



>2010 BlackLight Power, Inc. All rights reserved. 
Statistical Mechanics 



1411 



Figure 24.2. Distribution function for fermions at three different temperatures. At T = 0, all the energy states up to the 
Fermi energy e F are occupied. At low temperaUire (r = 0.1— ), some fermions will leave states just below s F and move into 

states just above s F . At a higher temperature ( T = 1 .0— ), fermions from any state below s F may move into states above e F . 




0.5 ■■ 



Table 2AA. The Three Statistical Distribution Functions 



Maxwell-Boltzmann 



Bose-Einstein 



Fermi-Dirac 



Applies to systems of Identical, 

distinguishable 
particles 



Categories of particles Collisional 
Properties of particles Any spin 
Examples Molecules of gas 



Distribution function 
(number of particles 
in each state of energy 
e at the temperature 

T) 

Properties of 
distribution 



Identical, 

indistinguishable 
particles that do not 
spin pair 

Bosons 

SpinO, 1,2, 

Photons in a cavity; 
phonons in a solid; 
liquid helium at low 

temperatures 

1 



Identical, 

indistinguishable 
particles that spin pair 



Fermions 

Jpin "2>2">2" 

Free electrons in a metal 



f MB (e) = Ae- e/kT f ^~ <fe*v -1 /j ^~ 



1 



Js-s F )/tT 



+ 1 



No limit to number of 
particles per state 



No limit to number of Never more than 1 

particles per state; particle per state; fewer 

more particles per particles per state than 

state than f MB at low f MB at low energies; 

energies; approaches approaches f MB at high 

Lm at high energies ene rgies 
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APPLICATION OF MAXWELL-BOLTZMANN STATISTICS TO MODEL 
MOLECULAR ENERGIES IN AN IDEAL GAS 

Combining Eqs. (24.2) and (24.3) gives us the number n{s) of identical, distinguishable particles in an assembly at the 
temperature T that have the energy s : 

n{e) = Ag(s)e clkT (24.10) 

Eq. (24.3) predicts that f MB (s) decreases with s and increases with increasing T consistent with observations. A more 

definite test of the validity of Eq. (24.3) including the 1 / kT factor in the exponent is to use it to calculate the total internal 
energy £ of a system of particles for which E is known. An appropriate test system is a sample of an ideal gas that contains N 
molecules. The elementary kinetic theory of gases shows that the ideal-gas law will have the correct form PV = NkT only if the 

average molecular kinetic energy is yrkT , so that the total molecular energy must be E = ^-NkT . As shown by Eq. (24.24), Eq. 

(24.3) does give this result validating the model, which is developed next. 

The translational motion of gas molecules is continuous, and the total number of molecules TV in a sample is usually 

very large. Therefore, a continuous distribution of molecular energies is used instead of the discrete set £-,,£- 2 ,£- 3 , If n[e)de 

is the number of molecules whose energies lie between s and s + ds , Eq. (24.3) can be written 

n(e)de = [g(s)ds][f(s)] = Ag(e)e" itT de (24.11) 

To find g(e)ds, the number of states that have energies between s and s + de, first consider that a molecule of energy e has 
a momentum p whose magnitude p is specified by 

p=42me=^pl+p] + p: (24.12) 

Each set of momentum components p x ,p v ,p. specifies a different state of motion. Further consider a momentum space whose 
coordinate axes are p x ,p v ,p : , as in Figure 24.3. The number of states g(p)dp with momenta whose magnitudes are between 
p and p + dp are proportional to the volume of a spherical shell in momentum space p in radius and dp thick, which is 
Axp 2 dp. Hence 

g(p)dp = Bp 2 dp (24.13) 

where B is some constant. Since each momentum magnitude p corresponds to a single energy e , the number of energy states 
g[e)de between £ and e + de is the same as the number of momentum states g(p)dp between p and p + dp . Thus, Eq. 

(24.13) becomes 

g(e)de = Bp 2 dp (24.14) 

Figure 24.3. The coordinates in momentum space are p x p p_. The number of momentum states available to a particle 
with a momentum whose magnitude is between p and p + dp is proportional to the volume of a spherical shell in momentum 
space of radius /; and thickness dp. 



volume of shell 
- An />■'<//' 
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Since 



p 1 = 2me and dp = 



m de 



(24.15) 
(24.16) 



■dime 
Eq. (24.14) becomes 

g(£)d£ = 2m%Bj£d£ 
The number of molecules with energies between a and de is therefore 

n{e)de = c4ee- slkT de (24.17) 

where cl = 2m^AB\ is a constant to be evaluated. To find C we make use of the normalization condition that the total number 
of molecules is N ,. so that 

N = £ n (s)de = C J* 4ee^ lkT de (24. 1 8) 
From integral # 670 of Lide [10] we find that 

rrxe-dx=±$- 

u 2a V a 

where a = y, _ , such that 
/kT 



(24.19) 



N=-4^(krf 



c = 



2ttN 
{nkTf 



(24.20) 



Substitution of Eq. (24.20) into Eq. (24.17) gives 

n { s ) de = lKN v 4se-" lkT de (24.21) 

{nkTf- 

Eq. (24.21) gives the number of molecules with energies between e and e + de in a sample of an ideal gas that contains TV 
molecules at absolute temperature T . 

Figure 24.4. Maxwell-Boltzmann energy distribution for the molecules of an ideal gas. 




e 



The curve of Equation (24.21) plotted in terms of kT (Figure 24.4) is not symmetrical about the most probable energy. 
This is because e = is the lower limit to e while the upper limit is £■—»<»; although, the probability of particles with energies 
many times greater than kT is small. 

The total internal energy of the system is calculated by integrating the product of n{.e)de and the energy e over all 
energies from to oo : 



2uN f» 3/ _ 



E=\ sn{s)ds = rrf e'^e 

Using integral #521 and #670 of Lide [11] 



e/kT 



de 



gives 



E = 



2kN 



{izkT'f 



r 7rkf ' = 2-NkT 
2 



(24.22) 

(24.23) 

(24.24) 
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This is the correct result based on the ideal-gas law's dependence on the average molecular kinetic energy being ^kT . Eq. 
(24.24) confirms that the y, T factor in the exponent of the Maxwell-Boltzmann distribution function of Eq. (24.3) properly 



describes the dependence of n{ y e)de on T . Also, from Eq. (24.24), the average energy of an ideal-gas molecule is — , or 



I = ikT 



(24.25) 



which is independent of the molecule's mass; however, a light molecule has a greater average speed at a given temperature than 
a heavy one. The value of e at room temperature is about 0.04eV. 

A gas molecule can be excited to translate in three directions such that is possesses energy in three translational modes or 

degrees of freedom corresponding to motions in the x , y , and z directions. -~kT of energy can be associated with each degree 

of freedom. This association turns out to be a quite general one; the average energy per degree of freedom of any Newtonian 
entity modeled by Maxwell-Boltzmann statistics that is part of a system of such entities in thermal equilibrium at the temperature 

Tis l*r. 

For example, a harmonic oscillator has two degrees of freedom, one corresponding to its kinetic energy and the other to 
its potential energy. Each oscillator of a system of harmonic oscillators thus has an average energy of (2)i^-\kT = kT . To a 

first approximation, the atoms of a solid behave like a system of Newtonian harmonic oscillators, as shown in the Application of 
Bose-Einstein Statistics to Model Specific Heats of Solids section. 

The distribution of molecular speeds can be found from Eq. (24.21) by making the substitution 

1 ' 

2 (24.26) 
de = mv dv 

First obtained by Maxwell in 1859, the result for the number of molecules with speeds between v and v+dv is 

n{v)dv = ^^ v ^^T dv (242?) 

(TckTf 
Eq. (24.27) is plotted in Figure 24.5. 

Figure 24.5, Maxwell-Boltzmann speed distribution. 



n{y) 




•3 

v ms , the square root of the average of the squared molecular speed of a molecule with an average energy of ^-kT is 

Fj (3kT 
v =Vv = ,/ 



(24.28) 



since jmv 2 =^kT . This speed is denoted the root-mean-square speed which is not the same as tire simple arithmetic average 
speed v . The relationship between v and v nni . depends on the distribution law that governs the molecular speeds in a particular 
system. For a Maxwell-Boltzmann distribution, 



; ■■..=./— v*.\xm 



(24.29) 
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so that the rms speed is about 9 percent greater than the arithmetical average speed. Due to the asymmetry of the speed 
distribution given by Eq. (24.27), the most probable speed v p is smaller than either v or v„ M . To find v p , the derivative of 

«(v) with respect to v is set equal to zero and the resulting equation is solved for v : 



J2kT 
W m 



(24.30) 



Molecular speeds in a gas may vary considerably about v p as shown (Figure 24.6) by the distributions of speeds in 

oxygen at 73 K (-200°C), in oxygen at 273 K (0°C), and in hydrogen at 273 K. The most probable speed increases with 
temperature and decreases with molecular mass such that molecular speeds in oxygen at 73 K are in totality less than at 273 K. 
Furthermore, the average molecular energy is the same in both oxygen and hydrogen at 273 K, but the molecular speeds in 
hydrogen at 273 K are in totality greater than those in oxygen at the same temperature. 

Figure 24.6. The distributions of molecular speeds in oxygen at 73 K, in oxygen at 273 K, and in hydrogen at 273 K. 
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APPLICATION OF BOSE-EINSTEIN STATISTICS TO MODEL BLACKBODY 
RADIATION 

Every substance emits electromagnetic radiation with a spectrum that depends on the nature and temperature of the substance. 
The discrete electronic-excited-state spectra of isolated atoms of gases such as hydrogen and helium are given in the Excited 
States of the One-Electron Atom (Quantization) and the Excited States of Helium sections. At the other extreme, continuum 
spectra are observed from dense bodies such as solids. As expected, the ability of a body to radiate is closely related to its ability 
to absorb radiation, since a body at a constant temperature is in thermal equilibrium with its surroundings and must absorb 
energy from them at the same rate as it emits energy. It is convenient to consider a blackbody as an ideal body that absorbs all 
radiation incident upon it, independent of frequency. 

Figure 24.7. Two pairs of Identical Surfaces in Thermal Equilibrium. Surfaces I and I' are identical to each other and are 
different from the identical pair of surfaces II and II'. 
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An experiment, illustrated in Figure 24.7, to demonstrate that a blackbody is the best emitter of radiation involves two 
identical pairs (I, I' and II, H") of dissimilar surfaces with no temperature difference observed between two of the surfaces I 1 and 
II 1 . At a given temperature, the surfaces I and V radiate at the rate of e t while the dissimilar surfaces II and IF radiate at the 

different rate e 2 . The surfaces I and I' absorb some fraction a, of the incident radiation, while the dissimilar surfaces II and IF 

absorb some other fraction a 2 ■ Hence F absorbs energy from II at a rate proportional to a 2 e t , and IF absorbs energy from I at a 

rate proportional to a 2 e t . For F and IF to remain at the same temperature, 



a x e % = a 2 e, and — L = — 
a, a, 



(24.31) 



Eq. (24.3 1) shows that the ability of a body to emit radiation is proportional to its ability to absorb radiation. 

Next, consider that 1 and F are blackbodies such that fl L = 1 , and II and IF are not with a, < 1 . Eq. (24.3 1 ) becomes 



<?i= — 



(24.32) 



Since a 2 < 1 , Eq. (24.32) gives 

e, > e 2 (24.33) 

A blackbody at a given temperature is the most effective radiator of energy. 

In the analysis of thermal radiation, the concept of an idealized blackbody permits the precise nature of whatever is 
radiating to be disregarded, since all blackbodies behave identically. A laboratory blackbody can be approximated by a hollow 
object with a very small hole leading to its interior as shown in Figure 24.8. Any radiation striking the hole enters the cavity, 
where it is trapped by reflecting from the walls until it is absorbed. The cavity walls are constantly emitting and absorbing 
radiation, and die properties of this radiation (blackbody radiation) can be modeled using Einsteiii-Bose statistics. 

Figure 24.8. A hole in the wall of a hollow object is an excellent approximation of a blackbody. 




Blackbody radiation can be experimentally sampled by recording the spectrum of the light emitted from the hole in the 
cavity, and the results agree with our everyday experience. Blackbody radiation increases with temperature, and the spectrum of 
a hot blackbody has its peak at a higher frequency than the peak of the spectrum of a cooler one. For example, as an iron bar is 
heated to progressively higher temperature, it first glows dull red, then bright orange-red, and eventually becomes "white hot." 
The spectrum of blackbody radiation for two temperatures is shown in Figure 24.9. 

PLANCK RADIATION LAW 

As shown in the Excited States of the One-Electron Atom (Quantization) and the Excited States of Helium sections, each bound 
electron is a resonator cavity, which traps single photons of discrete frequencies. Thus, photon absorption occurs as an 



m 



excitation of a resonator mode. The angular momentum of the free space photon given by m = f Re[rx(ExB*)]ctc 4 = ft 

* 8;rc 

the Photon section is conserved [9] for the solutions for the resonant photons and excited state electron functions. The change in 

angular frequency of the electron is equal to the angular frequency of the resonant photon that excites the resonator cavity mode 

corresponding to the transition, and the energy is given by Planck's equation. The equation of the blackbody spectrum shown in 

Figure 24.9 is derived using the quantization of electromagnetic radiation. 
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Figure 24.9. Blackbody spectra. The spectral distribution of energy in the radiation depends only on the temperature of the 
body. 
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The superposition of photons gives rise to electromagnetic waves that obey the macro Maxwell's equations. The 
radiation inside a cavity of temperature T whose walls are perfect reflectors exists a series of three-dimensional standing 
electromagnetic waves. 

The condition for standing waves in such a cavity is that the path length from wall to wall in any x, y ,or z direction 
must be an integral number / of half-wavelengths such that a node occurs at each reflecting surface. 



h 



Jy 



= ^ = 1,2,3.., 
X 

= — = 1 2 3 
A 

2L 



number of half-wavelengths in x direction 
number of half-wavelengths in y direction 



(24.34) 



j z = — = 1 , 2, 3 . . . = number of half-wavelengths in z directi on 

A- 



(24.35) 



Combining the components for a standing wave in any arbitrary direction gives 

I =0,1,2,... 

Jl+f^jl4~) J y = 0,l,2,... 

./; =o,i,2,... 

in order that the wave terminate in a node at its ends. 

The number of standing waves g^A)dX within the cavity whose wavelengths lie between X and X + dX can be counted 

as the number of permissible sets of j\,j y ,j z values that yield wavelengths in this interval. Consider a three-dimensional j- 

space whose coordinate axes are j x , / , and j. where Figure 24.10 shows part of the j x - j plane of such a space. Each point in 

the /-space corresponds to a standing wave having a permissible set of j r ,j v ,j. values. The magnitude of each vector j defined 

from the origin to a particular point /,,./,,./, is 

J = j£ + £+£ (24.36) 

The total number of wavelengths between X and X + dX is equivalent to the number of points in j space whose 

distances from the origin lie between j and j + dj , the volume of a spherical shell of radius j and thickness dj is Anfd}. 

Taking the octant of this shell having positive values of j x , j , and /'. as physical and considering the two perpendicular 

directions of polarization of each standing electromagnetic wave, the number of independent standing waves in the cavity is 

g(j)dj=(2){£j(4xj 2 dj) = xfdj (24.37) 
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Figure 24.1 0. Each point in/ space corresponds to a possible standing electromagnetic wave. 




The number of standing waves in the cavity as a function j is converted into their frequency ( v ) dependence. From 
Eqs. (24.35) and (24.36): 

jJLJ^L (24.38) 



dj = — dv 
c 



Substitution of Eqs. (24.38) and ((24.39) into Eq. (24.37) gives 

(2Lv) 2 2L , ZxL- 
> = k\ — dv = - 



g(v) dv- 



-v 2 dv 



(24.39) 



(24.40) 



c J c c 

Tlie cavity volume is Is ; thus, from Eq. (24.40), the number of independent standing waves per unit volume is 

G(v)dv = -^g{v)dv= ^ V ] dv (24.41) 

To determine the average energy per standing wave, Bose-Einstein statistics are used. The energy of each photon of 
frequency v is quantized in units of hv . The average number of photons /(v) in each state of energy e = hv is given by the 

Bose-Einstein distribution function of Eq. (24.4). The value of a in Eq. (24.4) depends on the number of particles in the system 
being considered, but unlike gas molecules or electrons, photons of different frequencies (energies) are continuously emitted and 
absorbed. Although the total radiant energy in the cavity must remain constant, the number of free photons having this total 
energy can change. Because of the way in which a is defined in the derivation of Eq. (24.4) as given by Beiser [8], the 
nonconservation of the total number of photons means that a = such that the Bose-Einstein distribution function for photons is 

f(y) = ^J— (24.42) 

v ' e As _ J 

Equation (24.41) for the number of standing waves of frequency v per unit volume in a cavity is valid for the number of 
quantum states of frequency v since photons each have two possible directions of polarization, right-hand and left-hand circular 
polarization. Thus, the energy density of photons in a cavity is 

u(v)dv = hvG(v)f(v)dv (24.43) 

=^4^ < 24 - 44 > 

c e /a -\ 
Equation (24.44) is the Planck radiation formula for the spectral energy density of blackbody radiation, which agrees with 
experimental spectra such as those of Figure 24.9. 

An object need not be so hot that it glows conspicuously in the visible region in order to be radiating. Every body of 
condensed matter radiates according to Eq. (24.44), regardless of its temperature. For example, an object at room temperature 
radiates predominantly in the infrared part of the spectrum, which are nonvisible frequencies. 

Wien 'is displacement law and the Stefan-Bultzmann law can be obtained from the Planck radiation formula. The 
wavelength whose energy density is the greatest is obtained by expressing Eq. (24.44) in terms of wavelength and solving 
du(X) dX =0 for 2 = A nuiI : 

he 

= 4.965 (24.45) 

kTZ„ m 
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Eq. (24.45) can be more conveniently expressed as 

XT- hc -2.898xlO- 3 m-K (2 4 . 4 6) 

Equation (24.46) known as Wien 's displacement Law quantitatively expresses the observation that the peak in the blackbody 
spectrum shifts to progressively shorter wavelengths (higher frequencies) as the temperature is increased as shown in Figure 
24.9. 

The total energy density u within the cavity we can also be obtained from Eq. (24.44) by integrating the energy density 

over all frequencies: 

u=r u {v)dv = ^- T T 4 =aT' (24.47) 

where a is a universal constant. The total energy density is proportional to the fourth power of the absolute temperature of the 
cavity walls. Similarly, the energy R radiated by an object per second per unit area is also proportional to T 4 . This result is 
shown by the Stefan-Boltzmann law: 

R = eoT 4 (24.48) 

where Stefan's constant a is given by <r = — = 5.670xl(T 8 w/m 2 • K 4 . 

The emissivity e depends on the nature of the radiating surface and ranges from 0, for a p erfect reflector with zero 

radiation, to 1, for a blackbody. Some exemplary values of e are 0.07 for polished steel, 0.06 for oxidized copper and brass, and 
0.97 for matte black paint. 

APPLICATION OF BOSE-EINSTEIN STATISTICS TO MODEL SPECIFIC HEATS 
OF SOLIDS 

Consider, C r , the molar specific heat of a solid at constant volume which is the energy that must be added to 1 kmole of the 
substance at fixed volume to raise its temperature by IK. C p , the specific heat at constant pressure, is 3 to 5 percent higher than 
C v in solids because it includes the work associated with a volume change as well as the change in internal energy. The internal 

energy of a solid resides in the vibrations of its constituent particles, which may be atoms, ions, or molecules. These vibrations 
may be resolved into components along three perpendicular axes, such that each particle (designated as an atom for convenience) 
can be represented by three harmonic oscillators. Using Bose-Einstein statistics, the probability /(v) that an oscillator has the 

frequency v is giv e n by Eq. (24.42), f(v) = \[e' kT -\\. — H e nce, the average en e rgy for an oscillator whos e fr e qu e ncy of 

vibration is v is 

hv 
*=W{v) = ^— - (24A9X- 

Therefore, the total internal energy of a kilomole of a solid is given by 



3/V hv 
E = 3N £=^^- (24.50) 
e /tT -\ 
and its molar specific heat is 

MIL-iFj^ ™ 

Thus, at high temperatures hv<^kT , and 

hv/ hy 

e/"-ttl + — (24.52) 

kT 

since 

2 3 

e"-l + x + — + — + ... (2 /1 .53) 

2! 3! 

Hence Eq. (24.49) becomes 

e * hv/(hv/kT) = kT (24.54) 

which leads to C y * 3R . At high temperatures the spacing hv between possible energies is small relative to kT , so s is 
effectively continuous and Maxwell-Boltzmann statistics applies. 

As the temperature decreases, the value of C r given by Eq. (24.51) decreases. The deviation from Maxwell Boltzmann 
behavior arises as the spacing between possible energies becomes large relative to kT . The natural frequency v for a particular 
solid can be determined by comparing Eq. (24.5 1) with an empirical curve of C v versus T . The result in the case of aluminum 

is v = 6.4xl0 12 Hz, which agrees with estimates made in other ways, for instance on the basis of elastic moduli [5]. 
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Eq. (24.51) predicts that C v — »0 as T — »0 in agreement with observations. However, better models to the actual 
behavior of C r as T — > such as Debye's [5] take into account that a solid is a continuous elastic body wherein the internal 
energy of a solid resides in elastic standing waves, rather than vibrations of individual atoms. The elastic waves in a solid are of 
two kinds, longitudinal and transverse, and range in frequency from to a maximum v m . (The interatomic spacing in a solid sets 
a lower limit to the possible wavelengths and hence an upper limit to the frequencies.) Typically, the total number of different 
standing waves in a mole of a solid is equal to its 3N A degrees of freedom. These waves, like electromagnetic waves, have 
energies quantized in units of hv . A quantum of acoustic energy in a solid is called aphonon, and it travels with the speed of 
sound since sound waves are elastic in nature. — The concep t of phonons is quite general and has applications other than in 
connection with specific heats. — A phonon gas has the same statistical behavior as a photon gas or a system of harmonic 
oscillators in thermal equilibrium, so that the average energy e per standing wave is the same as in Eq. (24.49). The resulting 
formula for C v , which is fairly complicated, reproduces the curves of C r versus T quite well at all temperatures. 



Al 

A MCTAI 

A McTAL 

Fermi-Dirac statistics corresponds to the physics of electrons wherein no more than one electron can occupy each quantum state. 

Although systems of bosons and fermions both approach Maxwell-Boltzmann statistics with average energies s =—kT per 

degree of freedom at "high" temperatures, in a metal, the transition temperature range for Maxwell-Boltzmann behavior is not. 
necessarily the same for the two kinds of systems. According to Eq. (24.7), the distribution function that gives the average 
occupancy of a quantum state of energy e in a system of fermions is 
1 



■/>z>(*) = - 



Jir^fw 



(7 . 4 .5 5) 



+ 1 



An expression for g ( e) de, the number of quantum states available to electrons with energies between e and e + de , is 
obtained using the same approach as that to used to determine the number of standing waves in a cavity with the wavelength X 
in the Planck Radiation Law section. The correspondence is exact because there are two possible spin states, m s =+\ and 
m s = -\ ("up" and "down"), for electrons, just as there are two independent directions of polarization for otherwise identical 
standing waves. 

Using Eq. (24.37), the number of standing waves in a cubical cavity L on a side is 



g{j) dj = xf dj 



(24.56) 



where j = 2L/X . In the case of an electron, X is its de Broglie wavelength of X = — . Electrons in a metal have nonrelativistic 



velocities, so p = ^2m e s and 

._2L_ 2Lp _ 2Lj2m e e 



J : 



X 



h 



dj = —J — - de 



Using these expressions for j and dj in Eq. (24.37) gives 
8V2;rZX K 



(24.57) 



g(s) de = - 



-V£ de 



(24.58) 



As in the case of standing waves in a cavity the exact shape of the metal sample does not matter; so, its volume V can 
substituted for i 3 to give 

g {s)ds J^ 7t ^ rsds (24.59) 



Using Eq. (24.59), the Fermi energy £ F can be calculated by filling up the energy slates in the metal sample with the TV 

free electrons it contains in order of increasing energy starting from e = such that the highest state to be filled has the energy 
e = e F . This is the definition of e F as given in the Three Different Kinds of Atomic-Scale Statistical Distributions section. The 
number of electrons that can have the same energy £ is equal to the number of states that have this energy, since each state is 
limited to one electron. 



N-- 



■-^g^dE: 



%42KVm'} 



\ ' yl£ d£- 



\b42jiVm'} 
3h 3 



X 



(24.60) 



and 
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N 
The quantity — is the density of free electrons. 

ELECTRON-ENERGY DISTRIBUTION 

Using Eqs. (24.7) and (24.59), the number of electrons in an electron gas that have energies between s and e + de is 



(24.61) 



n(e) de = g{s)f(e) ds- 



ti 



4s de 



ts-sp)/ 

e /lT +l 



Expressing the numerator of Eq. (24.62) in terms of the Fermi energy e F (Eq. (24.61)) gives 



3N] --^ds 



n{s)de = - 

e /kT +1 
Eq. (24.63) is plotted in Figure 24.1 1 for 7 = 0, 300, and 1200 K . 



(24.62) 



(24.63) 



Figure 24.1 1 . Distribution of electron energies in a metal at various temperatures. 



300 K 
I200K 




To determine the average electron energy at K, the total energy E at K is first obtained by the following integral: 
E Q =£sn(s)ds (24.64) 

Since at T = K, all of the electrons have energies less than or equal to the Fermi energy e p , the temperature-dependent term 

becomes 

e /kT = e-" = 
and Eqs. (24.63) and (24.64) give 

iAli V F e*de=\Ke F 
o g F h 5 F 

The average electron energy s n is this total energy divided by the number of electrons present N , which gives 



(24.65) 
(24.66) 



- -1 



(24.67) 



Since Fermi energies for metals are usually several eVs (Table 24.2), the average electron energy in them at K will also 
be of this order of magnitude. In contrast, the temperature of an ideal gas whose molecules have an average kinetic energy of 1 
eV is 1 1,600 K. 
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Table 24.2. Some Fermi energies. 





Metal 




t ermi 


energy, ev 


Lithium 


Li 




4.72 


Sodium 


Na 




3.12 


Aluminum 


Al 




11.8 


Potassium 


K 




2.14 



Cesium Cs 1.53 

Copper Cu 7.04 

Zinc Zn 11.0 

Silver Ag 5.51 

Gold Au 5.5 4 



The failure of the free electrons in a metal to contribute appreciably to its specific heat is due to the behavior of the 
electron energy distribution. When a metal is heated, only those electrons with thermal energy near the very top of the energy 
distribution — those within about kT of the Fermi energy — are excited to the higher energy states while the less energetic 
electrons cannot absorb more energy because the states above them are already filled. An electron with a low energy s in the 
range of 0.5 eV below e F is unlikely to undergo a transition to the nearest vacant state above the intervening states that are 

already filled since kT at room temperature is 0.025 eV and even at 500 K it is only 0.043 eV. 

A detailed calculation shows that the specific heat of the electron gas in a metal is given by [5] 



C„ = — 



R (24.68) 



kT 
For the metals listed in Table 24.2, — at room temperature ranges from 0.016 for cesium to 0.0021 for aluminum; so, the 

s F 

coefficient of R is very much smaller than the Maxwell Boltzmann figure of j| . The atomic specific heat C v in a metal is much 

greater than the electronic specific heat over a wide temperature range. However, at very low temperatures C Ve becomes 
significant because C v is then approximately proportional to T 3 whereas C Ve is proportional to T . At very high temperatures, 
C v approaches the value of about 3i? while C Ve continues to increase such that the contribution of C Ve to the total specific heal 
is detectable. 
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SUPERCONDUCTIVITY 



In the case of a superconductor, an applied voltage gives rise to a transient constant electric field in the z direction 

E z =£ cos#i z (25.1) 

E z =£ i z (25.2) 

where i z is the unit vector along the z-axis. 

The applied field polarizes the material into a superconducting current comprised of current dipoles, i.e. magnetic 



dipoles. In Cartesian coo r dinates, the magnetic field, H , at the point (x, y, z) due to a magnetic dipole having a magnetic dipole 
moment of a Bohr magneton, (i B , at the position (x , y , z ) is 



i (?(z-z f-(x-x (> ) 2 -(y-y ) 2 Y 



H = ^_ — — : — : — M z (25.3) 

[(*-•*„) +(y-y ) +(z-z ) ]'" 

(2z 2 -x 2 -y 2 ) 
H = rv 2 i _ 15 ' 2 ®li B 5{x-x a ,y-y a ,z-z a )i z (25.4) 

The field is the convolution of the system function, h(x,y,z~) or h(p,(j>,z), (the left-handed part of Eq. (25.4)) with the delta 
function (the right-hand part of Eq. (25.4)) at the position (x ,y Q ,z Q ) . A very important theorem of Fourier analysis states that 
the Fourier transform of a convolution is the product of the individual Fourier transforms [11. The Fourier transform of the 
system function, h(x,y,z) or h(p,$,z), is given in Box 25.1. 

BOX 25.1. FOURIER TRANSFORM OF THE SYSTEM FUNCTION 

The system function, h(p,<f>,z), in cylindrical coordinates is 

it j. \ 2z 2 -x 2 -y 2 2z 2 -p 2 

h{p ^ z) =[x 2 + y 2 + z 2 r=ip^7r °i 

The spacetime Fourier transform in three dimensions in cylindrical coordinates, H(k p ,(b,k z ) , is given [1] as follows: 

H(k p ,(b,k z )= J [ \ h(p,0,z)exp(-i2x\k p pcos(<£> - 0) + k z z~\) pdpdfidz (2) 

-oo 

With circular symm e try [1] 



H (k p ,k z ) = lK \ \ h{p,z)J n (k p p)e~ ivz pdpdz (TT 



-m 

The Fourier transform of the system function is given by the substitution of Eq. (1) into Eq. (3). 



H=\ 2k f - 2 t ; -gs JJjk p\pdpe^dz (4) 

3 — j0 [p +z ] e 
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Consider the integral of Eq. (4) with respect to dp only. Factorization of h(^p,(j),z) gives 
-^p p^- 



2n 



\p" 



£ r vp a 



'-¥ 



J [ko]dp 



(5) 



Consider the definite integral 

f» t v+1 J v [at]dt _ a" z v ~" K v u [az] 



Jo [y +z ']" + ' 2"T[u + l] 

and the relationship between modified Bessel functions of the third kind : 

K_ u [x] = K u [x] 

3 
The first factor of Eq. (5) is the same form as Eq. (6) with v = 0; u = — , thus, 



(6) 



(7) 



2z2 ^ L p 2+ z 2 r -J»lk p PVp = 



2z\2n)k p z- i 
2 3/2 r[5/2] 



l/2n_ 1/2; 3/2 



[2 U2 ]nz Ui k 
r[5/2] 



-K_ y2 [kz] 



-K 3/2 [k p z] 



(8) 



where K_ 3l2 [k z] = K 3l2 [k z] (Eq. (7)). The second factor of Eq. (5) can be made into the same form as Eq. (6) using the 
recurrence relationship of Bessel functions of the first kind 



2v 

^-iM+^iM = -^M 

X 

Consider the second factor of the integral of Eq. (5). 

j 



(9) 



-2ir 



-tP 
Eq. (9) with v = 1 is 



7 , , ?i 0l"> 



J a [k p p]dp 



(10) 



J [x] + J 2 [x] = -J l [x] 



(11) 



J ( ,[x\ = -J l [x\-J 1 [x\ 



x = k n p 



TT2J 
(13) 



Let 



Substitution of Eq. (13) into Eq. (12) is 

2 

JotfpP] = 7 — -At VW 2 [ V] 
%/? 

Substitution of Eq. (10) into Eq. (14) is 
' -PL 



-In 



-P 



o - r - 7] j ol K f ,p l ap = -^ j 0[7T?F 



7— -AL^WzLVJ 



rfp 



(14) 



^P 



= -2ir 



2^ 



-irrx+^f 



J t \k p]dp + 2n\ - g ■/,!•£ plt/p 



T7? 



(15) 



The first factor of the right hand side of Eq. (15) is the same form as Eq. (6) with v = 1; w = — , thus, 



-2n- 



£ 



2p 2 



J\k p\dp - 



-(4tt)^ /2 z- 



^ITltV^ 



[2 1,2 ]7rz- 1/2 ^ 



1/2 7,1/2 



^172%^ 



-(4^- 



W + z 1 



2 n 5/2 "U'V- 



fc g 2 3/2 r]5/2] 



r[5/2] 



where X"_ 1/2 [& z] = AT 1/2 [& z] (Eq. (7)). The second factor of the right hand side of Eq. (15) is the same form as Eq. (6) with 

v - 2; u - — , thus, 

2^ 







-^KaPp = 



CtQW 



-^i/ 2 [M] =i 



jlZV 



\ K vi[k p z\ 



TT7T 



Jo[/? 2 +z2]S ^2,>^ 2 3,2 r[5/2] il,2L ' J [2 1,2 ]r[5/2] J 

Combining the parts of the integration with respect to dp of Eq. (4) by adding Eq. (8), Eq. (16), and Eq. (17) gives 



2 Ui nz Ui k: 



T l nz lii k" 



-K 3l2 [k p z]- 



K m [k p z] + 



Ttz a: 



[2 1,2 ]r[5/2]' 



*raW 



-A*, 



-W- 



r[5/2] 



r[5/2] 



The modified Bessel functions of the third kind may be expressed as 

E[w + m + l] 



K n + VlM -■ 



-t=o m!r[w + l-wj 



TT9T 



2x- 
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Substitution of Eq. (13) into Eq. (19) with u - 1 is 

-il/2 



K 3l2 [K z y- 



^k- 



i+- 



-2k- 



-r[3] 



(20) 



P J L P 

Substitution of Eq. (13) into Eq. (19) with u = is 



k ak 7 }-- 



4iiy 



2k p z 



Substitution of Eq. (20) and Eq. (21) into Eq. (18) is 



I 



{2 m wx 2 



r[5/2] 



1+- 



1 



-2k^ 



-r[3] 



{2 Ul )7tZ U % 1 7ZZ ll % 1 



T[5/2] (2 1/2 )r[5/2] 



-2fc 



<f*' z k A ^z 



(22) 



J -»[r[5/2] p 

Collecting terms gives 



T[5/2]2 r[5/2] T[5/2]2 



ft 4#^> l & 



(23) 



f 



^ [1 + 1/2]- 



r[3] 



z ^e 



4A+M Z 



tfr- 



i24t- 



J -»r[5/2] {" J L 2 

With T[3] = 2 and r[5 / 2] = 3 / 4^" 2 , Eq. (24) is 



— \kJ3 / 2] + [1 - IK 1 f e'^e-^dz 

r[5/2]' p L - k ^ — — f 



(25) 



_3'2 

J-»^/4tt 1/2 p 



4 **J." 



(26) 



e^e^dz 



e- lJk - +k ' ] 'dz 



(27) 
(28) 
(29) 



Integration of Eq. (29) with respect to dz gives 



A7ik r 



Ank, 



-1 



[A+K 



-[jk z +k p ]z 



(30) 



_A+K_ 

Multiplication of Eq. (31) by 
~A+k p 



+ 



-(32)- 



-A+^ 



gives 



4;z* 



~A+k p 
k 2 +k 2 



(33) 



The system function (Eq. 


-t4t 


ns- 


an even 


function; thus, 


the spacetime 


Fourier 


transform 


m- 


three dimensions 


m- 


cyhndrical 


coordinates, ff(£ 


£ z ),is 


given 


by 


taking 


the real part ofEq. (33) [2]. 














#[*„,*,] = 


4^/ 

I 2 . , 


-2 




















(34) 



The spacetime Fourier transform in three dimensions in Cartesian coordinates, H(k ,k z ) , is 

47r[k 2 +k 2 ] 
H[k % ,k,K] = T^ — — 



[k 2 +k 2 + k 2 ] 



(35) 



w here the re lationship between the w ave n umbers and the spatial Cartesian coordinates is as fo llows: 



In 1 



k = — = - 



(36) 
-T37T 



A — y- 
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(38) 
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BAND-PASS FILTER 

The z component of a magnetic dipole oriented in the z direction has the system function, h(x, >',-), which has the Fourier 
transform, H[k x , k ,k z ], which is shown in Figure 25 . 1 . 



H[K,K>KV 



[k x 2 +k/+k : 2 ] 
--H[k p ,k : y. 






(25.5) 
(25.6) 



Figure 25.1. The Fourier transform H[k x ,k ,£„] of the system function h(x,y,z) corresponding to the z component of a 
magnetic dipole oriented in the z direction. 




As shown in the Electron Scattering by Helium section, in the far field, the amplitude of the scattered electromagnetic 
radiation or scattered electron flux density is the Fourier transform of the aperture function. In the case of a superconductor, the 
electric field is zero — no voltage drop occurs; however, a magnetic field is present. The relationship between the amplitude of 
the scattered energy and the Fourier transform of the aperture function can be applied to the present case of the scattering of 
magnetic energy by the lattice of the potential superconductor. The spatial aperture function is the convolution of the array 
pattern with the elemental pattern. The elemental pattern is the system function, h(x,y,z), which is the geometric transfer 

function for the z component of a z oriented magnetic dipole. And, the array pattern is a periodic array of delta functions each at 
the position of a magnetic dipole corresponding to a current carrying electron. 

(2z 2 -* 2 -/) 



[x 2 + / + = 2 



1 



Z M B #(x-nx<„y-ny,>z-nz,) 



(25.7) 



The Fourier transform of a periodic array of delta functions (the right-hand side of Eq. (25.7)) is also a periodic array of delta 
functions in k-space 

' (25.8) 






Z/V? 



't " jt„ " k-^ 



y* 



By the Fourier Theorem, the Fourier transform of the spatial aperture function, Eq. (25.7), is the product of the Fourier transform 
of the elemental function, system function given by Eq. (25.6), and the Fourier transform of the array function given by Eq. 

(25.8). 

An X (25.9) 



1 + 



*iM 



T n B 5\ k s -—,k -—,k, -— 

— xv z 



k 2 
K f> 
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The spacetime aperture function corresponding to the current-density function is given by multiplying the spatial aperture 
function (Eq. (25.7)) by a time harmonic function 

exp(-z'fitf) (25.10) 



Thus, the spacetime aperture function is 

(2z 2 -x 2 -y 2 ) - 

p- — : — ~^k® Z, >«^(^-«^„,j-«j„,z-«z„)exp(-/fljf) (25.il) 

\ x +y +z j «=z» . 

The Fourier transform of the time harmonic function (Eq. (25.10)) is 

l_\ w v zAJ (25 _ 12) 

A very important theorem of Fourier analysis states that the Fourier transform of a product is the convolution of the individual 
Fourier transforms. Thus, the Fourier transform of Eq. (25.11) is the convolution of Eqs. (25.9) and (25.12) 



An 1 v * 



1+ 4w„ 



, n , n , n 



\S((O-C0 ) + S(co-(D )~\ 

|__V ,j V zyj (2513) 



p 

In th e sp e cial cas e that 

k p =K (25.14) 

the Fourier transform of the system function (the left-hand side of Eq. (25.13)) is given by 

H = An (25 . 15) 

Thus, the Fourier transform of the system function band-passes the Fourier transform of the time dependent array function. Both 
the spacetime aperture function, Eq. (25.11) and its Fourier transform, Eq. (25.13), are a periodic array of delta functions. No 
frequencies of the Fourier transform of the spacetime aperture function are attenuated; thus, no energy is lost in this special case 
where Eq. (25.14) holds. (This result is also central to a powerful new medical imaging technology — 4 Dimensional Magnetic 
Resonance Imaging (4D-MRI [2]) . No energy loss c orresponds to a superconducting state . And the relationship between It- 
space and real space is 

_2£Z"_J_ 

K x 

k y ~ = - (257T6T 



k - — -- 

From Eqs. (25.14) and (25.16), it follows that a cubic array (x =y =z l> ) of magnetic dipoles centered on the nuclei of the lattice 
is a superconductor when the temperature is less than the critical temperature such that the superconducting electrons can 
propagate. Propagating electrons that carry the superconducting current and comprise magnetic dipoles form standing waves 
centered on the nuclear centers of the cubic lattice. Fermi-Dirac statistics apply to electrons as given in the Statistical Mechanics 
section. It follows from Eqs. (25.14) and (25.16) that the Fermi energy is calculated for a cubical cavity L on a side. The 
number standing waves in a cubical cavity L on a side is given by Eq. (9.33) of Beiser [3] 

g{j)dj = 7 I fdj (25.17) 

where 

7^ (25T8T 

The de Broglie wavelength of an electron is 

X^- (25.19) 

J2 

Electrons in superconductors have non relativistic velocities; so, 

p = <j2m e e (25.20) 

where e is the kineti c energy and 



_2L _ 2Lp _ 2L y J2m e e 




h\e 

Using these expressions for j and dj in Eq. (25.17) gives 



(25.21) 
(25.22) 
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g(s)ds J^ nI l m ' A rsd £ (25.23) 
h 

,3 



Substitution of V for L gives the number of electron states, g(e) 



g {e)de J rinV ™° A 4Sde (25.24) 

h 

The Fermi energy, E F , is calculated by equating the number of free electrons, N , to the integral over the electron states of 

energy s fr om zero to the h ighest energy, th e Fe rmi energy, E=E F . 

N = E \ g(e)de jjMpL E \ 4~ £ de (25.25) 



16<j2xVm% 



Ej^ (25.26) 



3h 3 
and the Fermi energy is 



h 2 (3Nf h 2 (3 f t M 



(25.27) 
2m e \%7rV ) 2m\%n ' 

The quantity N IV = n is the density of free electrons. 

In the case of superconducting electrons, comprising an array of magnetic dipoles (each dipole in the xy-plane and 
oriented along the z-axis), the dimensions of Eq. (9.33) of Beiser [3] is reduced to 2 from 3. 

2±2xj = g(j) (25.28) 

For g(j) = 1 with the substitution of Eq. (25.18), 

2nL = A (25.29) 

As the temperature of a superconducting material rises from a temperature below the critical temperature, T c , the number 
density, n s , of superconducting electrons decreases. At the transition temperature, the superconducting electrons condense into 
a nondissipative electron current ensemble, which obeys the statistics of a Bose gas (each electron is identical and 
indistinguishable as indicated in Eq. (25.8) with the constraint of Eq. (25.14)), and Eqs. (25.28) and (25.29) apply 

2 4M^ e-oL 

where 

n s E F =nk B T c (25.31) 

n s is the number density of superconducting electrons within k B T c of the Fermi energy and n is the number density of free 

electrons. T h e current carried by each superconducting electron corresponds to a translational or k inetic energy. The 

relationship between the electron de Broglie wavelength (Eqs. (25.19) and (25.20)) and the average electron energy, e ', per 
degree of freedom, / , given by Beiser [4] 

e=^-k B T c =A f = 3,2, or 1 (25.32) 



X = v = v (25.33) 

1 ^ r K/m;/ 2 



T5~ 



2 m e \-Jk B T c 

where in the present case of an inverse squared central field, the binding energy or energy gap, A , of the superconducting state 
is one half the negative of the potential energy and equal to the kinetic ene r gy [5]. Consider the case wherein the Fermi ene r gy 
is that of a three dimensional system, but the motion of superconducting electrons is restricted to 3, 2, or 1 directions 
corresponding to / = 3, 2, or 1 , respectively. Combining Eqs. (25.30-25.33) gives the transition temperature 

8 ( **^ Er (2534T 



T =— - — 



{2k)" I 3 ,; kj 



where the Fermi energy, E F , is given by Eq. (25.27). An isotope effect can be manifested indirectly by changing the rms. 
position of atoms which effects the condition of Eq. (25.14) or the Fermi energy by changing the bond and vibrational energies. 
The superconducting electrons are equivalent to those of metals and semiconductors in the conduction state given in the Nature 
of the Metallic Bond of Alkali Metals section and the Nature of the Semiconductor Bond of Silicon section, respectively. The 
election supeicuirents confined Lo two-dimensions corresponding to f = 2 in Eq. (25.32) are shown picLorially in Figures 
25.2A-25.2F. Except for their distribution in the lattice, the individual electron planes of superconductors are the same as those 
of metals. This aspect has been experimentally confirmed by using high-intensity pulsed magnetic fields that cause the 
superconducting electrons to behave the same as those in metals [6]. 
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Figure 25.2A-F. A superconductor comprising covalent bonds and metallic (free) electrons showing the superconducting 
current as two-dimensional membranes of zero thickness that are each an equipotential energy surface comprised of the 
superposition of multiple electrons. The membranes called bands carry the current along two axes in the plane. Such a band is 
shown separately in (B). 








D 
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CRITICAL TEMPERATURE, T c 

T c FOR CONVENTIONAL THREE DIMENSIONAL METALLIC SUPERCONDUCTORS 

In the case of conventional three dimensional metallic superconductors, the number density of conduction electrons is 
comparable to the number density of atoms — approximately 10 29 / m 3 . 
Thus, the calculated transition temperature (Eq. (25.34)) is 

T C =30.&K 

As a comparison, th e mat e rial of this class with th e high e st known transition of 23.2 K is ffl^G c [7]. 

T c FOR ONE, TWO, OR THREE DIMENSIONAL CERAMIC OXIDE SUPERCONDUCTORS 

In the case of ceramic oxide superconductors, one, two, and three dimensional conduction mechanisms are possible. The 
number density of conduction electrons is less than that of metallic superconductors — approximately 10 2 ° / m 3 . For the three- 
dimensional case, the calculated transition temperature (Eq. (25.34)) is 



T C =1K 
As a comparison, a possible material of this class, Li 2 Ti0 3 has a transition temperature of 13.7 K [8]. 
For the two-dimensional case, 

T c - 22 K 

As a comparison, a possible material of this class, the original Bednorz and Muller Ba-La-Cu-0 material has a transition 
temperature of 35 K [7]. 

For the one-dimensional rase, 

T c =U0K 

As a comparison, a possible material of this class, Tl-Ca-Ba-Cu-0 has a transition temperature of 1 20 - 1 25 K [9] . The 
existence of superconductivity confined to stripes has been observed experimentally by neutron scattering [10]. 

Transition temperatures which are intermediate of each of these limiting cases are possible where combinations of 
conduction mechanism are presen t . 

JOSEPHSON JUNCTION, WEAK LINK 

As shown in the Electron g Factor section, the electron links flux in units of the magnetic flux quantum. Thus, the magnetic flux 
that links a superconducting loop with a weak link is the magnetic flux quantum, <D . 

<h^= (253£L 

2e 

The factor of 2e in the denominator has been erroneously interpreted [11] as evidence that Cooper pairs are the superconducting 

current carriers, which is central to the BCS theory of superconductors. This theory fails to explain so called High Temperature 

Superconductors. These materials have a transition temperature, which corresponds to an internal electron energy that is well 

above the energy limits at which the BCS theory permits conduction electron pairing. According to CP, Cooper pairs do not 

exist, and CP is consistent with the existence of High Temperature Superconductors as well as the experimental result that the 

magnetic flux that links a superconducting loop with a weak link is the magnetic flux quantum, O . Cooper pairs are also 

disproved by the existence of a spin triplet supercurrent [12]. 
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QUANTUM HALL EFFECT 



GENERAL CONSIDERATIONS 

When confined to two dimensions and subjected to a magnetic field, electrons exhibit a range of extraordinary behavior, most 



notably the Quantum Hall Effect (OHR). Two distinct versions of this phenomenon are observed ^ the Integral Quantum Hall 

Effect (IQHE) and the Fractional Quantum Hall Effect (FQHE). The former involves the condition for re-establishment of a 
superconducting state of one well in the presence of a magnetic field; whereas, the latter involves the condition for re- 
establishment of a superconducting state of two magnetically linked wells in the presence of a magnetic field. 

Consider a conductor in a uniform magnetic field and assume that it carries a current driven by an electric field 
p e rp e ndicular to th e magn e tic fi e ld. Th e curr e nt in this cas e is not parall e l to th e e l e ctric fi e ld, but is d e fl e ct e d at an angl e to it 
by the magnetic field. This is the Hall Effect, and it occurs in most conductors. 

In the Quantum Hall Effect, the applied magnetic field quantizes the Hall conductance. The current is then precisely 
perpendicular to the magnetic field, so that no dissipation (that is no ohmic loss) occurs. This is seen in two-dimensional 
systems, at cryogenic temperatures, in quite high magnetic fields. Furthermore, the ratio of the total electric potential drop to the 
total current, the Hall resistance, R H , is precisely equal to 

_ h 25812.807Q 

K H = — - = (/O.l) 

ne n 

The factor n is an integer in the case of the Integral Quantum Hall Effect, and n is a small rational fraction in the case of the 
Fractional Quantum Hall Effect. In an experimental plot [1] as the function of the magnetic field, the Hall resistance exhibits flat 
steps precisely at these quantized resistance values; whereas, the regular resistance vanishes (or is very small) at these Hall steps. 
Thus, the quantized Hall resistance steps occur for a transverse superconducting state. 

As shown in the Superconductivity section, superconductivity arises for an array of current carrying magnetic dipoles 
when 

k p =k, (26.2) 

Thus, the Fourier transform of the system function band-passes the Fourier transform of the time dependent array function. Both 
th e spac e tim e ap e rtur e function and its Fouri e r transform ar e a p e riodic array of d e lta functions. No fr e qu e nci e s of th e Fouri e r 
transform of the spacetime aperture fu nction are attenuated; thus, n o energy is l o st i n this special case wh ere Eq. (7 ,6.7.) h olds. 
Consider the case that an external magnetic field is applied along the x-axis to a two-dimensional superconductor in the yz- 
plane, which exhibits the Integral Quantum Hall Effect. (See Figure 26.1.) The magnetic field is expelled from the bulk of the 
superconductor by the supercurrent (Meissner Effect). The supercurrent-density function is a minimum energy surface; thus, the 
magnetic flux decays exponentially at the surface as given by the London Equation [2]. The Meissner current increases as a 
function of the applied flux. The energy of the superconducting electrons increases with flux. This energy increase is equivalent 
to lowering the critical temperature in Eq. (25.31) of the Superconductivity section which is given by 

n s E F = nkT c (26.3) 

where n„ is the number density of superconducting electrons within kT c of the Fermi energy and n is the number density of free 
electrons. At the critical current, the material loses superconductivity and becomes normal at a temperature below that of the 
critical temperature in the absence of an applied field. Conduction electrons align with the applied field in the x direction as the 
field permeates the material. The normal current carrying electrons experience a Lorentz force, F L , due to the magnetic flux. 
The y directed Lorentz force on an electron having a velocity v in the z direction by an x directed applied flux, B, is 
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F i= evxB (26.4) 

The electron motion is a cycloid where the center of mass experiences an ExB drift [31. Consequently, the normal Hall Effect 
occurs. Conduction electron energy states are altered by the applied field and by the electric field corresponding to the Hall 
Effect. The electric force, F H , due to the Hall electric field, E , is 

V L =eE y (26.5) 

When these two forces are equal and opposite, conduction electrons propagate in the z direction alone. For this special case, it is 
demonstrated in Jackson [3] that the ratio of the corresponding Hall electric field and the applied magnetic flux is 



E/B = v (26.6) 

where v is the electron velocity. At a temperature below T c , given by Eq. (26.3) where E F is the Fermi energy, Eq. (26.6) is 

satisfied. The further conditions for superconductivity are 

nco = a> 2 (26.7) 

nk p = k z (26.8) 

And, it is demonstrated in the Integral Quantum Hall Effect section that the Hall resistance, R H , in the superconducting state is 
given by 

R H =-^j (26.9) 

ne 

where n of Eqs. (26.7), (26.8), and (26.9) is the same integer for the case of a single superconducting well. It is demonstrated in 

the Fractional Quantum Hall Effect section that electrons in different superconducting wells can interact when the two wells are 

separated by a distance comparable to the magnetic length, £ . 

mr ^ 

In this cas e , it is furth e r d e monstrat e d that th e Hall r e sistanc e , R H , in th e sup e rconductivity stat e is giv e n by Eq. (26.9) wh e r e n 
is a fraction. 



IMTFftPAl ftl IAMTI IM UAI I FCCFrT 
IN I CuKAL MwAN I UIVI IrAtt ErrCw I 

A superconducting current-density function is nonradiative and does not dissipate energy as was the case for single electron 
current-density functions described previously in the One-Electron Atom section, the Two Electron Atom section, the Three 
Electron Atom section, the Electron in Free Space section, and the Nature of the Chemical Bond section. Furthermore, a 
superconducting current-density function is the superposition of single electron current-density functions which are spatially two 
dimensional in nature. Thus, a superconducting current-density function is an electric and magnetic equipotential energy 
surface. The nature of electrons in materials as such extended surfaces is observed by scanning tunneling electron microscopy 
(STM)[4]. 

From Eq. (1.36), the angular frequency in spherical coordinates which satisfies the boundary condition for nonradiation is 

ffl = r= -, , 2 (26 - 11) 

m e r m e (2nr) 

The relationship between the electron wavelength and the radius, which satisfies the nonradiative boundary condition in 
spherical coordinates is given by Eq. (1.15) 

2nr = X (26.12) 

Substitution of Eq. (26.12) into Eq. (26.11) gives 

o = —k 2 (26.13) 

where 

k~ (26.14) 

A 

It follows from Eq. (1.35) that 

tt ft 

v = — = — k (26.15) 

m e r m e 

In a solid lattice, the coordinates are Cartesian rather than spherical. The relationship between the wavelength of a standing 
wave of a superconducting electron and the length, x, of a cubical unit cell follows from Eqs. (25.28) and (25.29) of the 
Superconductivity section 
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k = 2xr (26.16) 
Th e de Rroglie w avelength, X is given by 

k = — (26.17) 

m e v 

It follows from Eqs. (26.14), (26.16), and (26.17) that the angular velocity, co, and linear velocity, v, for an electron held in 
force balance by a periodic array of nuclei comprising a cubical unit cell with internuclear spacing x are given by Eqs. (26.13) 
and (26.15) where 

In 1 
k = — = - (26.18) 

k x 

In general, the Cartesian coordinate wavenumber. k. given by Eg. (26.18) replaces — of spherical coordinates. 

r 

In the case of an exact balance between the Lorentz force (Eq. (26.4)) and the electric force corresponding to the Hall 

voltage (Eq. (26.5)), each superconducting electron propagates along the z-axis where 

E/B = v (26.19) 

where v is given by Eq. (26.15). Substitution of Eqs. (26.15) and (26.18) into Eq. (26.19) gives 

E/B = — k=— (26.20) 
m e mx 

Eq. (26.20) is the condition for superconductivity in the presence of crossed electric and magnetic fields. The Hall resistance for 
this superconducting state is derived as follows using the coordinate system shown in Figure 26. 1 . 

Figure 26.1. Coordinate system of crossed electric field, E . corresponding to the Hall voltage, magnetic flux, B . due to 
applied field, and superconducting current, i z . 

B 



\A. 





The current is perpendicular to E , thus there is no dissipation. This occurs when 






eE = evxB 


(26.21) 


or 







E/B = v (26.22) 

The magnetic flux, B, is quantized in terms of the Bohr magneton because an electron, and therefore a superconductor, links flux 
in units of the magnetic flux quantum, 

<P„=— (26.23) 

2e~ 

The electric field, E y , corresponding to the Hall voltage, Vw, is quantized in units of e because this electric field arises from 

conduction electrons-each of charge e. The energy, E H , corresponding to the Hall voltage is calculated using the Poynting Power 

Theorem. The Hall energy of an integer number of electrons, Z, each in the presence of a magnetic dipole and an electric field of 

magnitude Ze due to the Z electrons follows for Eqs. (7.46) and (7.63) of the Two Electron Atom section 

E ~Z E - Z W ^^ as^V 

H ™* Zm? K ' 

where k is given by Eq. (26.13) and where the electric energy of Eq. (7.63) is zero because each electron is a conduction 
electron. In the limit to a superconducting state, the trajectory of each electron is a cycloid where co is the angular frequency in 
the xy-plane and co_ is angular the frequency along the z-axis. In this case, the dipole array function given in the 
Superconductivity section is multiplied by a time harmonic function with argument co 

(2z 2 -x 2 -y 2 ) - 
'-™ zZ //,<?(*-rcW-»y,„z-Bz,,)exp(-ifirf) (26.25) 



[x 2 + y 2 + z 2 ] 
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where 

(26.26) 
The Fourier transform of the convolved functions of Eq. (26.25) is given in the Superconductivity section as 



\n 



1 



1 + 






K x '% > K z 



(26.27) 



The Fourier transform of the time harmonic function is 

[s(a-(co p -co z )) + s(co + (co p -co z ))\ ^^ 

A very important theorem of Fourier analysis states that the Fourier transform of a product is the convolution of the individual 
Fourier transforms. Thus, the Fourier transform of Eq. (26.25) is the convolution of Eqs. (26.27) and (26.28) 



4x 



J_ 



H/uP r * - k v '^ 



n)\ S ( 6) -( 0) p-^)) + S ( 0) + ( 0) p-^))] 



(26.29) 






A- 



Eq. (26.29) is a band-pass when 



nk p = k z 



(26.30) 



and when 
a. 



-6^ 



wh e r e n is an int e g e r. Th e cyclotron angular fr e qu e ncy, co p , is d e riv e d as follows: 
The force balance between the Lorentz force and the centrifugal force is 

m e \ 2 

— — = evxB 



(26.31) 



(26.32) 



The magnetic flux, B, from a magnetic moment of a Bohr magneton is 



B- 



2m, 



Cancellation of v on both sides of Eq. (26.32) gives 



(26.33) 



m.m = f>xR 



(26.34) 



eB 



(26.35) 



Substitution of Eq. (26.33) into Eq. (26.35) gives 



P 2m„ 2 



Substitution of Eq. (26.31) into Eq. (26.36) gives 



(26.36) 



tot 



n/u n e 2 Ti 



k^ 



(26.37) 



2m' 



The current, i z , along the z-axis is given as the product of the charge, e , and co z , the angular frequency along the z-axis 



1 = em = 



nju e 3 n ,, 3 



(26.38) 



2m„ 



The Hall voltage is given as the energy per coulomb: 



K ju eti k 



mag J V-*0 



Thus, the Hall resistance, R H , is given as the ratio of the Hall voltage (Eq. (26.39)) and the current, \ z , (Eq. (26.38)) 



(26.39) 
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2r 3 



nju eh k 



V„ 2m t 2 h 

n/j. e 3 hk 3 neL 



R H= — = —i77T = ^7 V^MT 



2m 



i 



The velocity of each superconducting electron according to Eq. (26.22) is 

E/B = v (26.41) 

which is derived as follows: 

The Hall electric field, E , is given by the ratio of the Hall voltage and the distance of the cyclotron orbit, lux , where 

the unit cell distance, x , wavenumber, k , by Eq. (26.16) 

E„-r g j- (26.42) 

2n 

where V H is given by Eq. (26.39) 

_ Ji// efi 2 A: 4 
y 27tm 2 



(26.43) 



The magnetic field, B, is given by Eq. (26.33); thus the velocity v is given as 



n/i Q eh 2 k A 

2nm} h , .. , . ,. 

-_k (26.44) 



ju ehk mr e 



2M e 
Eq. (26.44) is equivalent to the velocity for nonradiation given by Eq. (1.35), where 

2&- 7jh — , 



(26.45) 



T26.46^ 



2^p X 

This superconducting phenomenon whereby the Hall resistance occurs as inverse integer multiples of 
h 



is the Integral Quantum Hall Effect (IQHE). 

FRACTIONAL QUANTUM HALL EFFECT 

For two superconducting wells separated by the magnetic length, i , 



'•■(3) ■[£) 

where O given hy Eq. (26.23) is the magnetic flux quantum, the wells are linked. Electrons can propagate from one well to the 
other with activation energy 



AE 

mag 



mag 



oc — (26.48) 



In the case that a magnetic field is applied to both well one and well two, and that an exact balance between the Lorentz force 
(Eq. (26. 4 )) and the electric force corresponding to the Hall voltage (Eq. (26.5)) exists, each superconducting electron propagates 
along the z-axis where 

^- = v, (26.49) 
3, - 



E 
B 2 



^ = v 2 (26.50) 



Be c ause the two wells are linked 



Vi = j v 2 (26.51) 

where j is an integer. Eq. (26.51) provides that the electrons are in phase with 

^ = k l =j-k 2 =j^ (2T532T 
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where the de Broglie wavelength is given by Eq. (26.19). 
from the derivation of Eq. (26.40) of the Integral Quantum 


Otherwise, E z ^Q, and the state 
Hall Effect section that 


is not 


superconducting. 


It follows 


E 


— = v i 
And, 












(26.53) 


«A 












(26.54) 



where »j and n 2 are integers. From Eqs. (26.52), (26.53), and (26.54) 

El =j^B m (26.55) 

%A) 

The resistance of each well is proportional to the transverse velocity as shown previously, and the resistance across both linked 
wells which are in series is the sum of the individual resistances. Thus, the total resistance is proportional to the sum of the 
individual velocities. 



Rx 



V W l"01 W 2"01 J 



(26.56) 



Substitution of Eq. (26.55) into Eq. (26.56) gives 

J?oc^-— (/+!) (26.57) 

It follows from the derivation of Eq. (26.40) of the Integral Quantum Hall Effect section that Hall resistance, R H , is 
nju eh 2 k ? 



-&+V 



Rh = Vh = £h =^j- (26-58) 

i z n 2 ju e nk ne 

2m/ 

where n is a fraction. This superconducting phenomenon whereby the Hall resistance occurs as inverse fractional multiples of 

e 
is the Fractional Quantum Hall Effect (FQHE). 
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AHARONOV-BOHM EFFECT 



The resistance of a circuit corresponds to the decrease in the energy of the current carrying electrons as they propagate through 
the circuit. Scattering of the electrons is a principal mechanism. In the case where a magnetic field is applied such that the field 
lines are perpendicular to the plane of a current carrying ring, the current carrying electrons lose energy through the effect of the 
field on the current. 

The application of the magnetic field to the current carrying ring initially gives rise to a changing flux through the ring. 
The changing flux gives rise to an electric field that reduces the current in the ring; thus, the magnetic field contributes a term 
called magnetoresistance to the resistance of the ring. This term can be derived from the change in velocity (assuming no 
scattering) of a current carrying electron of charge, e, and mass, m e , by the application of a magnetic field of strength, B, which 
is given as Eq. (29) of Puree!! [1J 



Av_ eB 

r 2m„ 



(27.1) 



wh er e r i s the r adius of the ri ng. Th e changes i n the fo rce on the electron due to the electric field is 



AF = eAE (27.2) 

The change in kinetic energy of the electron over length, s , is 

- m e A\ 2 = AFs = cAEs = cAV (27.3) 

where AV is the change in voltage over the distance, s. From Eq. (27.3), the voltage change is 

AF = ^ (27^ 

2e — - 

The change in current, Ai , per electron due to the change in velocity, Av, is given by Eq. (20) of Purcell [1]. 

m=^ (27^- 



27tr 



And, the total change in current, Ai , is 

M = NWt— (27.6) 

27TT 

where TV is the density of current carrying electrons in the current ring cross section, W is the width of the current ring, and t is 
the thickness of the ring. 

The resistance change, AR , follows from Eqs. (27.4) and (27.6) 



AR = 


AV 2nrm e Av 


Krm e Av 










(27.7) 




Ai NWtleeAv 


NWte~ 












Substitution of Av given by Eq. (27.1) into 


Eq. (27.7) gives 


the change in resistance 


corresponding to the 


magnetoresistance. 




7ir 2 B 














AR = 


NWtle 












(27.8) 
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An additional critically damped, overdamped, or imderdamped oscillatory resistive term may arise due to both the 
magnetoresistance and the vector potential of the electron. The electron possesses an angular momentum of h . As shown in the 
Electron g Factor section, Hie electron angular momentum comprises kinetic and vector potential components. Angular 
momentum is conserved in the presence of an applied magnetic field when the electron links flux in units of the magnetic flux 
quantum, O . 

O =A (27.9) 
2e 

This occurs when the electron rotates by — radians about an axis perpendicular to the axis parallel to the magnetic tlux 

h 
lines. This electron rotation corresponds to an — magnitude, 180° , rotation of the electron's angular momentum vector. In the 

case that the electrons carry current, this change in momentum of a given current carrying electron increases or decreases the 
current depending on the vector projection of the momentum change onto the direction of the current. Recently, it has been 
demonstrated that 50-nm-diameter rings of InAs on a GaAs surface can host a single circulating electron in a pure quantum state, 
that is easily controlled by magnetic fields and voltages on nearby plates. The electrons were observed to link flux in the unit of 

the magnetic flux quantum with a gain in a unit of angular momentum in a specific direction with the linkage [2~|. 

At low temperature, the de Broglie wavelength of an electron 

X = — (27.10) 

has mac r oscopic dimensions, and the elect r on scattering length for a given elect r on in a cu rr ent car r ying ring may be comparable 
to the dimensions of the ring . A current carrying ring having a magnetic field applied perpendicularly to the plane of the ring 
may be constructed and operated at a temperature, current, and applied magnetic field strength such that resonance occurs 
between the vector potential of a current carrying electron and the flux of the applied magnetic field. This coupling can give rise 
to a contribution to the resistance, which behaves as an underdamped harmonic oscillator in response to the applied magnetic 
flux. The g e neral form of the equation for this compon e nt of th e r e sistance is the product of an exponential dampening function 
and a h armonic fu nction as given by Fo wl e s [3 ], Each electron l i nks fl ux only i n units of the m agnetic flux quantum, O , given 
by Eq. (27.9). Thus, the natural frequency in terms of the applied flux, <J> , is the magnetic flux quantum, O . According to Eq. 
(27.8), the magnetoresistance is proportional to the applied flux <1> where 

O = 7ir 2 B (27.11) 

<5 
Thus, the argument of the dampening function is proportional to — . Furthermore, the magnetoresistance gives rise to a 

■ ~ O 

distribution of electron velocity changes centered about the average velocity change given by Eq. (27.1) where each electron's 
current c ontributing drift velocity along the ring contributes a component to the kinetic term of the electron's angular 
momentum. The distribution of velocity changes, dampens the coupling between each electron vector potential and the applied 
magnetic flux at the natural frequency corresponding to the average electron velocity. And, each electron de Broglie wavelength 
change corresponding to its velocity change alters the electron-lattice scattering cross section, which also contributes to the 

O 

dampening of the oscillatory resistance behavior. The argument of the dampening function is the product of — — and the 

corresponding dimensionless damping factor, a D , which incorporates both dampening effects. The underdamped oscillatory 
resistance change due to the applied magnetic field is 

A* = ^- e ~ an fe]cos2^ ^27T2T 



NWtle 4u 



The total resistance change due to the applied field is the sum of the magnetoresistance and the underdamped oscillatory 
resistance 



JUL « rB 



1+P 



$0 



J cos7.w- 



(7.7 . 13) 



NWt2e 



4>o 



h 
This type of contribution to the resistance that is an oscillatory function of the applied flux with a period of O = — is 

: 2e 

known as the Aharonov-Bohm Effect. The resistance contribution given by Eq. (27.1 3) is consistent with the observed behavior 
[4] as shown in Figure 27.1. 
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Figure 27.1 . The change in the resistance divided by the resistance as a function of the applied flux that demonstrates the 
Aharonov-Bohm effect. 
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CREATION OF MATTER FROM ENERGY 



[The general result of particle production equations and relationships derived in the Pair Production and Gravity sections are 
given herein.] 

Matter and energy are interconvertible and are in essence different states of the same entity. The state, matter or energy, 

is determined by the laws of nature and the properties of spacetime. A photon propagates according to Maxwell's Equations at 
the speed of light in spacetime having intrinsic impedance rj . Matter, as a fundamental particle, is created in spacetime from a 
photon. Matter obeys the laws of Special Relativity, the relationship of motion to spacetime, and spacetime is curved by matter 
according to the laws of Uenerai Relativity. Relationships must exist between these laws and the implicit fundamental constants. 
The fundamental elements which determine the evolution of the Universe are the fundamental constants of spacetime, s and /i 
with the property of charge; the capacity of spacetime to be curved by mass-energy; and the photon's angular momentum of Ti . 
The conversion of energy into matter requires a transition state for which the identification of the entity as matter or energy is 
impossible. From the properties of the entity, as matter or energy, and from the physical laws and the properties of spacetime, 
the transition state hereafter called a transition state orbitsphere are derived. Concomitantly, the equations for the interconversion 
of matt e r and e n e rgy ar c d e t e rmin e d, and th e fundam e ntal constant r e lationships ar c d e t e rmin e d e xactly. Th e r e sults ar c : matt e r 
and energy possess mass; matter possesses charge, and energy is stored in the electric and magnetic fields of matter as a 
consequence of its charge and the motion of its charge. Matter can trap photons as an absorption event. The mass of the matter 
possessing a "trapped photon" increases by the mass-energy of the photon, and the photon acts as if it possesses charge. (The 
electric field of "trapped photons"' is given in the Excited States of the One-Electron Atom (Quantization) section). Photons 
obey Maxwell's Equations. At the two - dimensional surface of the orbitsphere containing a "trapped photon," the relationship 
between the photon's electric field and its charge at the orbitsphere (See Eq. 2.10) is 

n«(E 1 -E 2 ) = — (28.1) 

& 

Thus, the photon's electric field acts as surface charge. This property of a photon is essential because charge arises from 
electromagnetic radiation in the creation of matter. Furthermore, energy is proportional to the mass of matter as given by 



(28.2) 



And, energy is proportional to angular frequency as given by Planck's equation, 



E = hm (28.3) 

It is shown in the Gravity section (Eq. (32.29)) that the de Broglie relationship can be derived from Planck's equation. 

X = — (2*4)- 

mv 

Matter and light obey the wave equation relationship 

v = X— (28.5) 

27Z 

and Eqs. (28.2) through (28.4). Light and matter exist as orbitspheres, as given in the Photon Equation section and the Une- 
Electron Atom section, respectively. 

The boundary condition for nonradiation by a transition state orbitsphere is 

2n(r n ) = 2n{ru\") = «/l,* = /C n (28.6) 
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where r * and X * are allowed radii and allowed wavelengths for the transition state matter in question, and n is a positive real 
number. A general relationship derived for the electron in the Pair Production section is that when r = aa B , v of Eq. (28.5) of a 
transition state orbilsphere equals the velocity of light in the iuertial reference frame of the photon of angular frequency to* and 
energy ha* - m e c 2 which forms the transition state orbitsphere of rest mass m e . Substitution of Eq. (28. 4 ) into Eq. (28.6) with 
v = c and r* - aa (See Spacetime Fourier Transform of the Electron Function and the Determination of Orbitsphere Radii 
sections) gives the result that the radius of the transition state orbitsphere is the Compton wavelength bar, X ( . ) which gives the 
general condition for particle production. 

r* a =aa = K c = k (28.7) 

With the substitution of Eq. (28.7) and the appropriate special relativistic corrections into the orbitsphere energy equations, the 
following energies, written in general form, are equal 

E = ha>* = ot c 2 = V (28.8) 

where V is the potential energy. In the case of an electron orbitsphere, the rest mass m =m e , the radius r" a = aa a , and the 
electron and positron each experience an effective charge of 

a^e . 

V= (28.9) 

47T£ aa 

This energy and mass are that of the transition state orbitsphere which can be considered to be created from the photon of 
angular frequency a> * . Furthermore, the relativistic factor, y , 



1 



2 



(28.10) 



for the lab frame relative to the photon frame of the transition state orbitsphere of radius aa is 2k where Eq. (28.10) is 
transformed from Cartesian coordinates to spherical coordinates 1 . (For example, the relativistic mass of the electron transition 
state orbitsphere of radius aa is 27tm e . See the Special Relativistic Correction to the Ionization Energies section.) Using the 
relativistic mass, the Lorentz invariance of charge, and the radius of the transition state orbitsphere as aa v , it is demonstrated in 
the Pair Production section that the electrical potential energy is equal to the energy stored in the magnetic field which gives the 
following equalities of energies written in general form 

E = V = E mag =hco* = m a c 2 (28.11) 

The energy stored in the electric and magnetic fields of any photon are equal, and equivalence of these energies occurs for an LC 
circuit excited at its r esonance angular frequency 

<y* = -=L= (28.12) 

■Jic 



where L is the inductance and C is the capacitance of the circuit. Spacetime is an LC circuit with resonance angular frequency 



1 For time harmonic motion, with angular velocity, CO , the relationship between the radius and the wavelength given Eq. (1.15) by is 

2nr = A 

n n 

The de Broglie wave length is given by Eq. (1.38) 

h h 

p m-v 

r n en 

In the relativistically corrected case given by Eq. (1.16), 

r =A 

n n 

Then from Eq. (1.38), 

h h 

.A 



Thus, the relativistically corrected electron mass in the mass density is 2nm . Alternatively, with the wavelength in the speed of light frame given by Eq. 
(1.16), the relalivislic invariance of the angular momentum of the electron of ti (Eq. (1.37)) gives the corresponding electron mass as 2/tm . 
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a>* = -^ = l =-=2 (28.13) 

where d is the circuit dimensions. (This equation is derived in the Pair Production section.) For d - aa , this frequency is 
equivalent to that of a photon of energy m e c 2 . When the resonance frequency of an LC circuit is excited, the impedance 
becomes infinite. Thus, spacetime is excited at its resonance frequency when a photon of angular frequency a> * forms a 
transition state orbitsphere of mass-energy m e c 2 . At this event, the equivalence of all energies given previously provides that 
matter and energy are indistinguishable. (For the transition state orbitsphere, the potential energy corresponds to the stored 
electrical energy of an LC circuit, which in turn corresponds to the energy stored in the electric field of a photon.) — The 
impedance for the propagation of electromagnetic radiation becomes infinite and a photon of energy m e c 2 becomes a 
fundamental particle as the transition state orbitsphere becomes real. The energy of the photon is equal to the rest mass of the 
particle at zero potential energy. Therefore, in the case of charged particle production, a particle and an antiparticle each of mass 

— — are produced at infinity relative to the mutual central field of 

c 

E = -^T (28.14) 
AjT£ n r 

And momentum is conserved by a third body, such as an atomic nucleus. 

The boundary condition, Eq. (1.15) and Eq. (28.6), precludes the existence of the Fourier components of the current- 
density function of the orbitsphere that are synchronous with waves traveling at the speed of light. The nonradiative condition is 
Lorentz invariant because the velocity is perpendicular to the radius. However, the constancy of the speed of light must also 
hold which requires relativistic corrections to spacetime. The Schwarzschild metric gives the relationship whereby matter causes 
relativistic corrections to spacetime that determines the curvature of spacetime and is the origin of gravity. Thus, the creation of 
matter causes local spacetime to become curved. The geometry of spacetime is transformed from flat (Euclidean) to curved 
(Riemannian). Time and distances are distorted. At particle production, the proper time of the particle must equal the coordinate 
time given by Special Relativity for Riemannian geometry affected by the creation of matter of mass m where the metric of 

spacetime is given by the Schwarzschild metric. This boundary condition determines the masses of the fundamental particles. 

The gravitational radius, a or r G ; which arises from the solution of the Schwarzschild metric is defined as 

a G =^ = r a (28.15) 

c 

where G is the gravitational constant. The radius of the transition state orbitsphere is 

h 



r. 



>K= (28.16) 



m c 



These radii are equal when the gravitational potential, E ; is 



E gm =^ = ^ = nm = V = E mag (28.17) 

Th e se relationships represent the unification of the fundam e ntal laws of the Univers e , Maxwell's Equations, Newtonian 
Mechanics, Special and General Relativity, and the Planck equation and the de Broglie relationship where the latter two can be 
derived from Maxwell's Equations as demonstrated in the Gravity section. 
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Chapter 29 



PAIR PRODUCTION 



The conversion of energy into matter requires a transition state for which the identification of the entity as matter or energy is 
i m possibl e . Fro m th e properties of th e entity, a s m atter or energy, and fr om th e ph y sical laws and th e properties of spacetime, 
the transition state hereafter called a transition state orbitsphere is derived. For example, a photon of energy 1.02 MeV in the 
presence of a third particle becomes a positron and an electron. This phenomenon, called pair production, involves the 
conservation of mass-energy, charge, and angular and linear momentum. Pair production occurs as an event in spacetime where 
all boundary conditions are met according to the physical laws: Maxwell's Equations, Newton's Laws, and Special and General 
Relativity, where matter and energy are indistinguishable by any physical property. Matter and photons exist as orbitsphere s; 
thus, the conversion of energy to matter must involve the orbitsphere equations derived in the previous sections. It must also 
depend on the equations of electromagnetic radiation and the properties of spacetime because matter is created from 
electromagnetic radiation as an event in spacetime. 

Matter and light obey the wave equation relationship 

v = X— (29.1) 

2n 

The boundary condition for nonradiation by a transition state orbitsphere is 

2n(r n ) = 2n(nr') = nX[ = X* n (29.2) 

where r" and X are allowed radii and allowed wavelengths for the transition state matter in question, and n is a positive real 

number. 

Consider the production of an electron and a positron providing a mutual central field. The relationship between the 
potential energy of an electron orbitsphere and the angular velocity of the orbitsphere is 

1 e 2 _____ 

y=hco* = -- (29.3) 



n 4ns na Q 



It can be demonstrated that the velocity of the electron orbitsphere satisfies the relationship for the velocity of a wave by 
substitution of Eqs. (1.15) and (1.36) into Eq. (29.1), which gives Eq. (1.35). Similarly, the relationship between c, the velocity 
of light in free space, and angular frequency, w , and wavelength, X , is 

c-A— (29.4) 

2n 

And, the energy of a photon of angular frequency, co , is 

E = hco (29.5) 

Recall from the Excited States of the One Electron (Quantization) section that a photon of discrete angular frequency, co — ean- 
be trapped in the orbitsphere of an electron which serves as a resonator cavity of radius r„ where the resonance excitation energy 

of the cavity is given by Eq. (29.3). 

As demonstrated in the Excited States of the One-Electron Atom (Quantization) section, with the inclusion of the 
contribution of the electron kinetic energy change, the change in the orbitsphere angular velocity is equal to the angular velocity 
of the resonant photon of the corresponding electron transition. For the initial conditions of an unbound electron at rest, the ratio 
of the linear velocity of the subsequently bound electron to the emitted free-space photon is given by Eq. (29.4): 

^photon 7 ^photon ^photon 
photon r* 
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where the n subscripts refer to orbitsphere quantities and the far-right-hand-side relationship follows from Eq. (2.2) and Eq. 
(4.12). 

Consider a transition state electron orbitsphere, which is defined as the transition state between light and matter where 
light and mailer are indistinguishable and the linearly propagating photon becomes a stationary spherical standing wave LhaL only 
possesses light speed of rotation along field lines 1 . For this case, the velocity of the electron transition state orbitsphere is the 
speed of light in the inertial reference frame of the photon, which formed the transition state orbitsphere. The result of the 
substitution into Eq. (29.1) of c for v . of X r given by Eq. (2.2) where r x is given by Eq. (1.257) for X . and of co r given by Eq. 
(1.36) for co is 

h 

c - 27tna Q — (29.7) 

m e (na ) In 

Maxwell's Equations provide that 



-i- 



The result of substitution of Eqs. (1.256) and (29.8) into Eq. (29.7) is 



(29.8) 



-mr A kcJx 




hjeji~ 



(29.9) 



In fact, a is the fine structure constant (a dimensionless constant for pair production) [1]. The experimental value is 
0.0072973506 . Recently, alterations to the most up-to-date, self consistent set of the recommended values of the MKS basic 
constants and conversion factors of physics and chemistry resulting from the 1986 least-squares adjustment have been proposed 
[2]. Eq. (29.9), the equations of pair production given below, and the equations in the Unification of Spacetime, the Forces, 
Matter, and Energy section and Gravity section permit the derivation of a more accurate self-consistent set. 
Co ntinuing w i t h th e presen t M KS units, th e ra dius of th e tra nsition state electron orbitsphere is aa , a nd th e potential 

energy, V , is given by Eq . (29 . 3) where n = a where a arises from Gauss' law surface integral and the relativistic invariance of 
charge. 

v = _^_^_ (2910) 

4x£ a 

V = m e c 2 (29 . 11) 

Furthermore, the result of the multiplication of both sides of Eq. (1.36) by ti , r n = na ; and the substitution of n = a yields 

%co a =mjz 1 (29.12) 

The relativistic factor, 

Y= i l , (29.13) 

H-| V 



for an orbitsphere at radius r a (aa in the case of the electron) is 2n where Eq. (29.13) is transformed from Cartesian 
coordinates to spherical coordinates. (See the Special Relativistic Correction to the Ionization Energies section.) The energy 
stored in the magnetic field of the electron orbitsphere is 

— ^-?i* ^^ 

(wj r„ 

Eq. (29.15) is the result of the substitution of aa for r n , the relativistic mass, Inm^, for m e , and multiplication by the 
relativistic correction, a 1 , which arises from Gauss' law surface integral and the relativistic invariance of charge. 

The relationship between the angular frequency 03 , radius r , oton , and speed c is 

® r pko t on = C (1) 

It follows from Eq. (1) that 

In 

~ZT r photon ~ C (2) 

where T is the period of motion such that 

^nr photon =cT = X try 



corresponding to a match with the particle radius and wavelength in the transition state. 
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E mag =m e c 2 (29.15) 

Thus, the energy stored in the magnetic field of the transition state electron orbitsphere equals the electrical potential energy of 
the transition state orbitsphere. The magnetic field is a relativistic effect of the electrical field; thus, equivalence of the potential 
and magnetic energies when v = c is given by Special Relativity where these energies are calculated using Maxwell's Equations. 
The energy stored in the electric and magnetic fields of a photon are equivalent. The corresponding equivalent energies of the 
transition state orbitsphere are the electrical potential energy and the energy stored in the magnetic field of the orbitsphere. 
Spacetime is an electrical LC circuit with an intrinsic impedance of exactly 



77= p. =376.730 519 Q (29.16) 



The lab frame circumference of the transition state electron orbitsphere is 2naa ; whereas, the circumference for the v = c 
inertial frame is aa . The relativistic factor for the radius of aa is In as shown in the Spacetime Fourier Transform of the 
Electron Function section, the Relativistic Correction to the Ionization Energies section, and the Spin-Orbit Coupling section; 
thus, due to relativistic length contraction, the total capacitance of free space of the transition state orbitsphere of radius aa is 

C = lKaa ^ = 6 wa - o (29.17) 

2n 

where s is the capacitance of spacetime per unit length (F I m). Similarly, the inductance is 

T. = 27aZaof ^ =/ i aa v (79 18) 

2n 

where fi„ is the inductance per unit length {Him). 
Thus, the resonance angular frequency of a transition state electron orbitsphere is 

<a* = - r i== . l (29.19) 

yJLC ,J s a aa a ju aa 

Thus, 

m="-^— (29.20) 
fi 

Thus, the LC resonance frequency of free space for a transition state electron orbitsphere equals the frequency of the photon, 
which forms the transition state orbitsphere. 

Th e imp e danc e of any LC circuit go e s to infinity wh e n it is e xcit e d at th e r e sonanc e fr e qu e ncy. — Thus, th e e l e ctron 

transition state orbitsphere is an LC circuit excited at the corresponding resonance frequency of free space. The impedance of 
free space becomes infinite, and electromagnetic radiation cannot propagate. At this event, the frequency, wavelength, velocity, 
and energy of the transition state orbitsphere equal that of the photon. The energy of the photon is equal to the rest mass-energy 
of the particle at zero potential energy, and charge is conserved. Therefore, a free electron and a free positron each of mass 

— -T- are produced at infinity relative to the mutual central field of 

c 

+e (29.21) 



4ne„r 2 



where all of the electron transition state orbitsphere equations developed herein apply to this central field. The equation of the 

free electron is given in the Electron in Free Space section. The transition state is equivalent to the equation of the photon given 

in the Photon Equation section. Photons superimpose; thus, pair production occurs with a single photon of energy equal to twice 

the rest mass of an electron. Linear momentum is conserved by a third body such as a nucleus which recoils in the opposite 

direction as the particle pair; thus, permitting pair production to occur . 

For pair production, angular momentum is conserved. All photons carry ±h of angular momentum, and the angular 

momentum of all matter as orbitspheres is +Ti ; see Eq. (1.37). The radius of particle creation is ar* . This radius is equal to X c , 

h 
the Compton wavelength bar, where X c = . It arises naturally from the boundary condition of no radiation, Eq. (1.15) and 

u^c- 

Eq. (29.2) where n = a , the de Rrog lie relationship, Eq. (1 .38), and that the velocity of the transition state orbitsphere equals r . 

r a = = K (29.22) 

m e c 

A schematic of the pair-production process of photon to transition state to free electron-positron pair is shown in Figure 29. 1A- 
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E. In addition, a free positron and electron may form a bound state with a radius of 2a called positronium that exists for a 
fraction of a second before decaying into two 510 keV photons in opposite directions. Positronium is discussed in the 
corresponding section. 

Figure 29.1. Pair Production. (A) A linearly polarized photon of energy 1.02 MeV comprising the superposition of two 
oppositely circularly-polarized photons collides with a third body such as a proton. (B) The photon transforms into a transition 
state intermediate between matter and energy. (C) The photon forms a two-dimensional spherical shell of mass 2m t with the 

same radius as the photon, the electron Compton-wavelength bar (X c ). The shell comprises the superposition of the positron and 

the electron of opposite charges and each having h of total angular momentum. (D) The transition state ionizes. (E) Free 
particles propagate in different directions with linear momentum conserved. 




The equations derived for the electron in the present section are generally applicable to all fundamental particles, and it is 
shown in the Gravity section that the masses of the fundamental particles are determined by these equations and the curvature of 
spacetime by matter. During the creation of matter, the constancy of the speed of light must hold which requires relativistic 
corrections to spacetime. The Schwarzschild metric gives the relationship whereby matter causes relativistic corrections to 
spacetime that determines the curvature of spacetime and is the origin of gravity. Thus, the creation of matter causes local 
spacetime to become curved. The geometry of spacetime is transformed from flat (Euclidean) to curved (Riemannian). Time 
and distances are distorted. At particle production, the proper time of the particle must equal the coordinate time given by 
Special Relativity for Riemannian geometry affected by the creation of matter of mass m (in the case of pair production, 

m =m e ) where the metric of spacetime is given by the Schwarzschild metric. This boundary condition determines the masses 
of the fundamental particles. 
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POSITRONIUM 



Pair production, the creation of a positron/electron pair, occurs such that the radius of one orbitsphere has a radius infinitesimally 

greater th an th e r adius of the a nripa.rric.1e orbitsphere a s discussed i n the Pa i r Pro duction section a nd th e T.eptons section. In_ 

addition, a free positron and electron may form a bound state with a radius of 2a called positronium that exists for a fraction of 

a second before decaying into two 510 keV photons in opposite directions. The sequence of events is shown in Figures 30.1 A-E. 
As shown in Figures 30.1A-B, a minimum energy is obtained by the binding of a positron and an electron as concentric 
orbitspheres at the same radius to form a short-lived hydrogen-like atom wherein the electric fields mutually cancel and the h of 
angular momentum of each lepton is conserved. Before annihilation, positronium can exist with the electron and positron spins 
parallel or antiparallel called orthopositromum ( 3 i\) and parapositromum ( l \), respectively. Due to the opposite charge of the 
positron, the magnetic moments are opposed to the spin orientations. The respective decay times are 1 ns and 1 ju s. The 
splitting of the spectral lines due to spin orientations is called the hyperfine structure of positronium. 

The forces of positronium are central, and the radius of the outer orbitsphere (electron or positron) is calculated as 

follows. — The centrifugal force is given by Eq. (1.2 'i l). — The centripetal electric force of the inner orbitsphere on the outer 
orbitsphere is given by Eq. (1 .242). A second centripetal force is the relativistic corrected magnetic force, F , between each 

point of the particle and the antiparticle given by Eq. (1.252) with m e substituted for m . The force balance equation is given by 
Eq. (1.253) with m e substituted for m . The balance between the centrifugal and electric and magnetic forces is given in the 
Excited States of the One-Electron Atom (Quantization) section and the Excited States of Helium section: 



mj\ AkCct} mj\ 



(30.1) 



AksJi 

1 = — 

e ju 

where r x = r 2 is the radius of the positron and the electron and where the reduced mass , // , is 



(30.2) 



A = Y (30.3) 



The Bohr radius given by 



Ans^ti 



-QQA)- 



"0 2 

e m„ 



and Eq. (30.3) is substituted into Eq. (30.2) to give the ground-state radius of positronium: 
r x = 2a (30.5) 
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Figure 30.1. Formation and Annihilation of Positronium. (A) A free positron and electron are mutually attracted by the 
Coulombic force. (B) A positron and an electron form a bound State called positronium that exists as a two-dimensional 
spherical shell of mass 2m c with a radius of 2a . The particle provides the central force for the antiparticle. The shell comprises 
the superposition of the positron and the electron of opposite charges and each having h of total angular momentum. 
Transitions between ortho and para magnetic states may occur. (C) The pair transforms into a transition state intermediate 
between matter and energy. (D) The annihilation is complete as two oppositely circularly-polarized photons each of 510 keV 
and having a radius of twice the electron Compton-wavelength bar ( X c ) (not to scale) propagate in opposite directions. 











^^r^^^H 





I) 



EXCITED STATE ENERGIES 

The potential energy V between the particle and the antiparticle having the radius r, given by Eq. (1 .261) is 



V = - 



4flS(,7] 



-ZV 
8ae„a (t 



= -2.18375 X 10"./ = 13.59 eV 



(30.6) 



The calculated ionization energy is — V (Eqs. (1.262-1.264)) which is 
E„, = 6.795 eV 



(30.7) 



The experimental ionization energy is 6.795 eV . 

Parapositronium, a singlet state hydrogen-like atom comprising an electron and a positron, can absorb a photon which 
excites the atom to the first triplet state, orthopositronium. In parapositronium, the electron and positron angular momentum 
vectors are antiparallel; whereas, the magnetic moment vectors are parallel. The opposite relationships exist for 
orthopositronium. The balance between the centrifugal and electric and magnetic forces is 



tr 



1 



h 2 



n Anej; 



■rilOn 



(30.8) 



(30.9) 



where n is an integer and both electrons are at the same excited state radius of r n = n2a u . The principal energy levels for the 
singlet excited states are given by Eq. (2.22) and Eq. (9.12) with the electron reduced mass (Eq. (30.3)) substituted for the mass 
of the electron. 
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1^=1^^=^ ,r (30.10) 



The levels given by Eg. (30.10) match the experimental energy levels. 



HYPERFINE STRUCTURE 

As shown in the Orbitsphere Equation of Motion For i = Based on the Current Vector Field (CVF) section, the angular 

ft 
momentum of the electron or positron orbitsphere in a magnetic field comprises the initial — projection on the z-axis and the 

h 
initial — vector component in the xy-plane that precesses about the z-axis. As further shown in the Magnetic Parameters of the 

Electron (Bohr Magneton) section, a resonant excitation of the Larmor precession frequency gives rise to an additional 
compon e nt of angular mom e ntum which is consist e nt with Maxw e ll's e quations. As shown in th e Excit e d Stat e s of th e On c - 
Electron Atom (Quantization) section, conservation of the ft of angular momentum of a trapped photon can give rise to ft of 
electron angular momentum along the S-axis. The photon standing waves of excited states are spherical harmonic functions 
which satisfy Laplace's equation in spherical coordinates and provide the force balance for the corresponding charge (mass)- 
density waves. Consider the photon in the case of the precessing electron with a Bohr magneton of magnetic moment along the 
S -axis. The radius of the orbitsphere is unchanged, and the photon gives rise to current on the surface that satisfies the 
condition 

V-J = (30.11) 

corresponding to a rotating spherical harmonic dipole [1] that phase-matches the current (mass) density of Eq. (1.144). Thus, the 
electrostatic energy is constant, and only the magnetic energy need be considered as given by Eqs. (30.14-30.15). The 
corresponding central field at the orbitsphere surface given by the superposition of the central field of the lepton and that of the 
photon follows from Eqs. (2.10-2.17) and Eq. (17) of Box 1.1: 

E-^ J [^(^^)i,+Re{^(^^)e' a '"'}i/(r-r 1 )] (30.12) 

where the spherical harmonic dipole 7™ (9,<f) - sin# is with respect to the S-axis. The dipole spins about the S-axis at the 

angular velocity given by Eq. (1.36). The resulting current is nonradiative as shown in Appendix I: Nonradiation Condition. 
Thus, the field in the RF rotating frame is magnetostatic, as shown in Figures 1.28 and 1.29, but directed along the S-axis. 



The application of a magnetic field with a resonant Larmor excitation gives rise to a precessing angular momentum 
vector S of magnitude ft directed from the origin of the orbitsphere at an angle of 6 = — relative to the applied magnetic field. 

S rotates about the axis of the applied field at the Larmor frequency. The magnitude of the components of S that are parallel 

ft fJ 

and orthogonal to the applied field (Eqs (1.129-1.130)) are — and J— ft, respectively. Since both the RF field and the 

orthogonal components shown in Figure 1 .25 rotate at the Larmor frequency, the RF field that causes a Stern Gerlach transition 

produces a stationary magnetic field with respect to these components as described by Patz [2]. 

ft 

The component of Eq. (1.130) adds to the initial — parallel component to give a total of ft in the stationary frame 

corresponding to a Bohr magneton, ju B , of magnetic moment. The potential energy of a magnetic moment m in the presence of 
flux B [3] is 



E = m B (30.13) 

The angular momentum of the electron gives rise to a magnetic moment of ju B . Thus, the energy AE^" to switch from parallel 
to antiparallel to the field is given by Eq. (1.168) 

Agg = 2/<, i, ■ B = 2ju B B cos g = 2 Mb B (30. 14) 

AE'^1 is also given by Planck's equation. It can be shown from conservation of angular momentum considerations (Eqs. (26- 

32) of Box 1.1) that the Zeeman splitting is given by Planck's equation and the Larmor frequency based on the gyromagnetic 
ratio (Eq. (2) of Box 1.1). The electron's magnetic moment may only be parallel or antiparallel to the magnetic field rather than 
at a continuum of angles including perpendicular according to Eq. (30.13). No continuum of energies predicted by Eq. (30.13) 
for a pure magnetic dipole is possible. The energy difference for the magnetic moment to flip from parallel to antiparallel to the 
applied field is 

AE%=2fia> L (3IH5^ 
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corresponding to magnetic dipole radiation wherein a> L is the Larmor angular frequency. 
Eg. (30.13) implies a continuum of energies; whereas, Eg. (29) of Box 1,1 shows that the static-kinetic and dynamic 

ft 
v e ctor pot e ntial compon e nts of th e angular mom e ntum ar c quantiz e d at -. Cons e qu e ntly, as shown in th e El e ctron g Factor 

section, the flux linked during a spin transition is quantized as the magnetic flux quantum: 

«v~ &ti6y 



2e 
Only the states corresponding to 

"»,=*} (30-17) 

are possible due to conservation of angular momentum. It is further shown using the Poynting power vector with the 
requirement that flux is linked in units of the magnetic flux quantum, that the factor 2 of Eqs. (30.14) and (30.15) is replaced by 
the electron g factor. From Eqs. (1.226-1.227), the energy AE^" to flip the electron's magnetic moment from parallel to 
antiparallel to the applied field is: 



A£""*" = 2 

'-"-'mag 



1- 



+ JL + 2 a2 fiLW^l 



v 



In 3 \2n ) 2>\2n ) 



H B B (30.18) 



*E%=gfi B B (30-19) 

The spin-flip transition can be considered as involving a magnetic moment of g times that of a Bohr magneton. The calculated 

value of -£ is 1.001 159 652 137. The experimental value [4] of ^ is 1 .00 1 159 652 188(4). 

Posirroninm undergoes a Srern-Cierlach transition. The energy of the transition from orthopositroninm ( 3 .*? t ) to 

parapositronium CS ) is the hyperfine structure interval. The angular momentum of the photon given by 

m = [ Re[rx(ExB*)](fe 4 =S in the Photon section is conserved [5] for the solutions for the resonant photons and 

hyperfine-state lepton functions as shown for the cases of one-electron atoms and helium in the Excited States of the One- 
Electron Atom (Quantization) section and the Excited States of Helium section, respectively. To conserve the % of angular 
momentum of each lepton and the photon, orthopositronium possesses orbital angular momentum states corresponding to 
m t = 0,±1; whereas, parapositronium possesses orbital angular momentum states corresponding to the quantum number m t =0. 
The orbital angular momentum states of orthopositronium are degenerate in the absence of an applied magnetic field. As in the 
case of the electron Stern-Gerlach transition, the radius of both leptons remains at the same radius of r = 2a given by Eq. 
(30.5). 

The hyperfine structure interval of positronium can be calculated from the spin-spin and spin-orbit coupling energies of 
the 3 S l — > l S transition using the procedure given in the 1 wo-blectron Atoms section and Appendix VI. The vector projection 

fi Ti 

of the orbitsphere angular momentum on the z-axis is L z =— (Eq. (1.128)) with an orthogonal component of L =— (Eq. 



(1.127)). 


The magnetic flux, B 


, of the electron (positron) at the positron (electron) due to L z 


after McQuarrie [3] (Eqs. (2.183) 


and (7.6)) 


is 












B 

where A> 


ju eh 
2m e r 3 

is the permeability i 


jf frcc-spacc (4n X 10~ 


7 Nl A 2 ). 


The spin-spin coupling energy Affrrr; 


(30.20) 
fa between the inner 



orbitsphere and the outer orbitsphere is given by Eq. (1 .227) where ju B , the magnetic moment of the outer orbitsphere is given 
by Eq. (1.169). Substitution of Eqs. (1.169) and (30.20) into Eq. (30.19) gives 

-7SE _ UW^ 2 _ gM e 2 h 2 _ 1 ga 5 {2n) 2 

ag-p, 2 — v — (2 g j — ■ »g (30.21) 

where the factor of 1/2 arises from Eq. (30.13) with the presence of the magnetic flux only for the 1 S state, the radius is given 
by Eq. (30.5), and Eqs. (2.169-2.172) were used to convert Eq. (30.21) to the electron mass-energy form of Eq. (30.22). 

In the case of atomic hydrogen with n = 2 , the radius given by Eq. (2.2) is r = 2a , and the predicted energy difference 
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between the 2 P yl and 2 P 1I2 levels of the hydrogen atom, E s/0 ,is 



(30.22) 



In the case of the hyperfme transition of positronium, the spin-orbit coupling energy AE slo ( 3 S 1 — » 1 S ) having r = 2a is 
given by Eq , (2.172) with the requirement that the flux from the partner lepton is linked in units of the magnetic flux quantum 
corresponding to the anomalous g factor (Eqs. (30.18-30.19)). the source current given by Eg. (30.12) gives rise to a factor of 
3 / 2 , and each lepton contributes to the energy: 

&E Jlo eS l ^ 1 S ) = 2l^^-m.^ (30-23) 

The hyperfine structure interval of positronium ( 3 S l — > l S ) is given by the sum of Eqs. (30.21) and (30.23): 

A^Ps hyperfme = ^£ spin-spin + ^slo ( *->! ~~ * \) 



8m e 2 (2a ) 3 8 \A 



za 5 (2x) 2 



m„c 



1 lS 



(30.24) 



%KCC 2 



=8.41155110A" 10~ 4 eV 

Using Planck's equation (Eq. (2.139)), the interval in frequency, Ad, is 

Av= 203.39041 GHz (30.25) 

The experimental ground-state hyperfine structure interval [6] is 

AW^e (experimental) = 8.41 143 X 10~ 4 eV 

(jU.zo) 
An(experimental) = 203.38910(74) GHz (3.6/ym) 

There is remarkable (six significant figure) agreement between the calculated and experimental values of Av that is only limited 
by the accuracy of the fundamental constants [7]. 
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Chapter 31 



RELATIVITY 



BASIS OF A THEORY OF RELATIVITY 1 

To describe any phenomenon su c h as the motion of a body or the propagation of light, a definite frame of reference is required . 
A frame is a certain base consisting of a defined origin and three axes equipped with graduated rulers and clocks. Bodies in 
motion then have definite positions and definite motions with respect to the base. The motion of planets is commonly described 
in the heliocentric system. The origin is defined as the mass center, and the three axes are chosen to point to three fixed stars to 
establish the fixed orientation of the axes. In general, the mathematical form of the laws of nature will be different in different 
frames. For example, the motion of bodies relative to the Earth may be described either in a frame with axes pointing to three 
fixed stars or in one rigidly fixed to the Earth. In the latter case, Coriolis forces arise in the equations of motion. There exist 
frames of reference in which the equations of motion have a particular simple form; in a certain sense these are the most 
"natural" frames of reference. They are the inertial frames in which the motion of a body is uniform and rectilinear, provided no 
forces act on it 2 . In pre-relativistic physics the notion of an inertial system was related only to the laws of mechanics. Newton's 
first law of motion is, in tact, nothing but a definition of an inertial frame. Similarly, Newton's second law gives the relationship 
of a force acting on a mass and its acceleration relative to certain frame of reference. Newton introduced the concept of absolute 
space to provide an absolute frame for acceleration and rotation as well as uniform motion. According to Newton, acceleration 
and rotation relative to absolute space are detected by simple experiments. But, it was believed that there is no such means to 
identify an absolute frame for uniform motion 3 . 

The relativity principle is postulated on the basis of the impossibility of measuring absolute velocity. This assumption is 
incorrect. Absolute space can be defined based on the solution of the exact conserved relationships between matter, energy, and 
spacetime given in the Equivalence of Inertial and Gravitational Masses Due to Absolute Space and Absolute Light Velocity 
section. Specifically, the production of an isolated particle from a photon of identically the production energy defines the 
absolute i n ertial fr ame at re st fo r the particle and could, i n pri n ciple, define absolute space th at conserves th e energy invento ry o f 
the Universe and resolves paradoxes such as the twin paradox [1-2]. But, even though any motion, or parameter of inertia or 
electromagnetism can ultimately be measured in principle (but perhaps not always in practice) relative to absolute space, a 
principle of relativity based on physical laws can be derived that has great utility. The principle of relativity given next treats 
relative motion, and the transforms of relativity are Lorentzian. 

Since the constant speed of light is the absolute limiting conversion factor from time to length, it is reasonable to expect 

that the laws of light propagation play a fundamental part in the definition of the basic concepts relating to space and time in 
terms of inertial frames defined according to uniform relative motion. Therefore it proves more correct to relate the notion of an 
inertial frame not only to the laws of mechanics but also to those of light propagation. 

The usual form of Maxwell's equations refers to some inertial frame. It is obvious and has always been assumed, even 
before relativity, that at least one reference frame exists that is inertial with respect to mechanics and in which at the same time 
Maxwell's equations are true. The law of propagation of an electromagnetic wave front in the form 



1 A good reference for the historical concepts of the theory of special relativity, which are partially included herein, is Fock [3]. 

2 Regarding the consequences of the motion such as time dilation, mass increase, and length contraction while maintaining energy conservation, the 
constitution of an inertial frame as a frame of reference possessing constant relative rectilinear velocity and absence of forces is generalized to one 
possessing constant relative speed and force balance as discussed in the Equivalence of Inertial and Gravitational Masses Due to Absolute Space and 
Absolute Light Velocity section. This generalization, supported by experimental data [4-5], is applied in the Special Relativistic Effect on the Electron 
Radius and the Relativistic Ionization Energies section. 

3 Even relative uniform motion is an approximation since it is impossible for any two objects to maintain an exact (infinite precision) relative velocity 
even for a brief time. Inherently, there are always deviations, and acceleration or deceleration is always present even at very short time scales of 
measurement. 
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= (31.1) 



1 (d 2 co 
" 2| &- 



<?x 2 )\c>y 2 )\c>z 2 



also refers to this inertial frame. A frame for which Eq. (31.1) is valid may be called inertial in the electromagnetic sense. A 
frame that is inertial both in the mechanical and in the electromagnetic senses will be simply called inertial. 

Thus, by the definition we have adopted, an inertial frame is characterized by the following two properties: 

1. In an inertial frame, a body moves uniformly and in a straight line, provided no forces act on it. (The usual 

mechanical inertial property.) 

2. In an inertial frame, the equation of propagation of an electromagnetic wave front has the form Eq. (31.1). (The 
inertial property fo r th e fi eld.) 

Eq. (31.1) applies not only to the propagation of an electromagnetic wave. The electromagnetic field has no preference 
over other fields. The maximum speed of propagation of all fields must be the same such that Eq. (31.1) is of universal validity. 

The fundamental postulate of the theory of relativity, also called the principle of relativity, asserts that phenomena 
occurring in a closed system are independent of any non-accelerated motion of the system as a whole. The principle of relativity 
asserts that the two sequences of events will be exactly the same (at least insofar as they are determined at all). If a process in 
the original systems can be described in terms of certain functions of the space and time coordinates of the first frame, the same 
functions of the space and time coordinates of the second frame will describe a process occurring in the copy. The uniform 
rectilinear motion of a material system as a whole has no influence on the course of any process occurring within it. 

The theory of relativity is based on two postulates, namely, the principle of relativity and another principle that states that 

the velocity of light is independent of the velocity of its source. The latter principle is a consequence of the first. The latter 
principle is implicit in the law of the propagation of an electromagnetic wave front given by Eq. (31.1). The basis for defining 
inertial reference frames is Eq. (31.1) together with the fact of the uniform rectilinear motion of a body not subject to forces. 
The principle of relativity holds in the case that the reference frames are inertial. 

It is appropriate to give a generalized interpretation of the law of wave front propagation and to formulate the following 



g e n e ral postulat e : 

There exists a maximum speed for the propagation of any kind of action — the speed of light in free space. 

This principle is very significant because the transmission of signals with greatest possible speed plays a fundamental 

part in the definition of concepts concerning space and time. The very notion of a definite frame of reference for describing 
events in space and time depends on the existence of such signals. The principle formulated above, by asserting the existence of 
a general upper limit for all kinds of action and signal, endows the speed of light with a universal significance, independent of 
the particular properties of the agency of transmission and reflecting a certain objective property of spacetime. This principle 
has a logical conn e ction with th e principl e of r e lativity. For if th e r e was no singl e limiting v e locity but inst e ad diff e r e nt ag e nts, 
e.g. l i ght and gra vit ation, propagated i n v acuum w i t h different speeds, then the pri n ciple of re lativi t y w ould n ecessari ly b e 
violated as regards at least one of the agents. The principle of the universal limiting velocity can be made mathematically 
precise as follows: 

For any kind of wave advancing with limiting velocity and capable of transmitting signals, the equation of front 
propagation is the same as the equation for the front of a light wave. 

Thus, the equation 



( d 2 co 
dt 2 



-(grad 2 a>) = (31.2) 



acquires a general character; it is more general than Maxwell 's equations from which Maxwell originally derived it. — As a 
consequence of the principle of the existence of a universal limiting velocity one can assert the following: the differential 
equations describing any field that is capable of transmitting signals must be of such a kind that the equation of their 
characteristics is the same as the equation for the characteristics of light waves. In addition to governing the propagation of 
anyjorm oj energy, the wave equation governs fundamental particles created jrom energy and vice versa, the associated effects 
of mass on spacetime, and the evolution of the Universe itself. — The equation that describes the electron rotational energy and 
angular momentum given by Eqs. (1.56-1.65) is the wave equation, the relativistic correction of spacetime due to particle 
production travels according to the wave equation as given in the Gravity section, and the evolution of the Universe is according 
to the wave equation as given in the Gravity section and the Unification of Spacetime, the Forces, Matter, and Energy section 
(Eqs. (33.45-33.36)). 

The presence of a gravitational field somewhat alters the appearance of the equation of the characteristics from the form 
of Eq. (31.2), but in this case one and the same equation still governs the propagation of all kinds of wave fronts traveling with 
limiting velocity, including electromagnetic and gravitational ones. The basis for defining inertial reference frames is Eq. (31.2) 
asserting th e universality of the equation together w i t h the f act of th e uniform re ctilinear m otion of a body n ot subject to fo rces. 
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Let one and the same phenomenon be described in two inertial frames of reference. The question arises of relating 
measurements in one frame to those in another. For example, consider transforming radar data obtained by a satellite circling 
the Earth to that recorded on the ground, f<or such a transformation, the relationship between the space and time coordinates 
x, y, z and / in the first frame and the corresponding x', y', z' and /' in the second. Before relativity one accepted as self- 
evident the existence of a universal time t that was the same for all frames. In this case t' = t or t' = t-t , if a change of time 
origin was used. Considering two events occurring at V and t , the old point of view required the time elapsed between them to 
be the same in all reference frames so that 

t-T = t'-r' pLTT 

Furthermore, it was considered to be evident that the length of a rigid rod, measured in the two frames, would have the same 
value. (This applies equally to the distance between the "simultaneous" positions of two points that need not necessarily be 
rigidly connected.) Denoting the spatial coordinates of the two ends of the rod (or the two points) by (x, y, z) and (g, tj, g) in 
the one frame and by (x ', y ', z ') and (g ', r/ ', g ') in the other, the old theory required 



(x-^) 2 +(y-v) 2 +(z-^) 2 =(x'-^') 2 +(y'-7') 2 +(z'-^') 2 ( 31 - 4 ) 

Eqs. (31.3) and (3 1 .4) determine uniquely the general form of the transformation connecting x, y, z and t with x', y\ z' and 
t ' . It consists of a change in origin of spatial coordinates and of time, of a rotation of the spherical axes, and of a transformation 
such as 



x' = x-Vj 

y=y-vj 



4U^- 



z' = z-V z t 

t' = t 

where V x , V x , and V x are the constants of velocity with which the primed frame moves relative to the unprimed one ; more 
exactly they are the components of this velocity in the unprimed frame. The transformation (Eg. (31.5)) is known as a Galileo 
transformation. Thus, pre-relativistic physics asserted that, given an inertial frame (x, y, z) , space and time coordinates in any 
other frame moving uniformly and rectilinearly relative to the former are connected by a Galileo transformation, apart from a 
displacement of the origin. 

Galileo transformations satisfy the principle of relativity as far as the laws of (Newtonian) mechanics are concerned ; hut 

not in relation to the propagation of light. Indeed the wave front equation changes its appearance when subjected to a Galileo 
transformation. If Galileo transformations were valid and the Principle of Relativity in its generalized form was not, then there 
would exist only one inertial system as defined above. The changed form of the wave front equation in any other frame would 
allow one to detect even uniform rectilinear motion relative to the single inertial system — the "immobile ether" — and to 
determine the velocity of this motion. Experiments devised to discover such motion relative to the "ether" have unquestionably 
eliminated the "ether" as a possibility and confirm that the form of the law of wave front propagation is the same in all non- 
accelerated frames 4 . Therefore the principle of relativity is certainly also applicable to electromagnetic phenomena. It also 
follows that the Galileo transformation is in general wrong and should be replaced by another. The problem can be stated as 
follows. Let a reference frame be given which is inertial according to the definition given above (i.e. both mechanically and 
electromagnetically). The space time coordinates in this frame are given by x. y. z and t . Let the space time coordinates in 
another inertial frame be given by (x',y',z ',t'). The connection between (x,y,z,t) and (x',y',z',t') is to be found. The 
problem of finding a transformation between two inertial frames is purely mathematical; it can be solved without any further 
physical assumptions other than the definition of an inertial frame given above. The transformations are given by Lorentz. 



4 The most famous of such experiments is the Michelson-Morley experiment. In 1887 in collaboration with Edward Morley, Albert Michelson performed 
an experiment to measure the motion of the Earth through the "ether," a hypothetical medium pervading the Universe in which light waves propagated. 
The notion of the ether was carried over from the days before light waves were recognized as electromagnetic. At that time, the physics community was 
unwilling to discard the idea that light propagates relative to some universal frame of reference. The extremely sensitive Michelson-Morley experiment 
could find no motion llirough an ether, which meant thai there could be no ether and no principle ofabsolule motion" relative to it All motion is relative 
to a specific frame of reference, not a universal one. The experiment which in essence compared the speeds of light parallel to and perpendicular to the 
Earth's motion around the Sun, also showed that the speed of light is the same for all observers. This is not true in the case of waves that need a material 
medium in which to occur such as sound and water waves. The experimental results of the Michelson-Morley experiment as well as those of Fizeau 
comprised the basis of a theory proposed in 1 904 by Poincare [6-8] that stated the impossibility of an absolute reference frame and that the speed of light 
is a constant maximum for all observers. Thus, the Michelson-Morley experiment set the stage for the special theory of relativity as Michelson was 
reluctant to accept this result. 
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LORENTZ TRANSFORMATIONS 

A Lorentz transformation is a set of equations for transforming the space and time coordinates in one inertial frame into those of 
another that moves uniformly and in a straight line relative to the first. The transformation can be characterized by the fact that 
the quantity 

ds 2 = dx] -(dx 2 + dx 2 + dx\ ) (31.6) 

or 

ds 1 = c 2 dt 2 -(dx 2 + dy 2 + dz 2 ) (31.7) 

remains invariant in the strict sense (not only the numerical value, but also the mathematical fonn of the expression remain 
unchanged). Newtonian mechanics is corrected by Lorentz transformations of the time, length, mass, momentum, and energy of 
an object. Newtonian mechanics with Galileo transforms give mechanical forces for v « c : 



fifp _ d{m\) _ d\ 
dt dt dt 

1 



ma 



T = — mv~ 

2 

In the case that v approaches c , Lorentz transforms apply. 



(31.8) 



(31.9) 



TIME DILATION 

THE RELATIVITY OF TIME 

The postulates of relativity may be used to derive the Lorentz transformation that described how relative motion affects 
measurements of time intervals. 

A clock that moves witii respect to an observer appears to tick less rapidly than it does when at rest with respect to him. 
That is, if someone in a spacecraft finds that the time interval between two events in the spacecraft is t , we on the ground would 
find that the same interval has the longer duration / . The quantity f , which is determined by events that occur at the same 
place in a observer's frame of reference, is called the proper time of the interval between the events. When witnessed from the 
ground, the events that mark the beginning and end of the time interval occur at different places, and as a consequence the 
duration of the interval appears longer than the proper time. This effect is called time dilation (to dilate is to become larger). 

To see how time dilation comes about, let us consider two clocks of the particularly simple kind shown in Figure 31.1. 



Figure 31.1. 

one and back. 



A simple clock. Each "tick" corresponds to a round trip of the light pulse from the lower mirror to the upper 
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Such a clock consists of a stick L a long with a mirror at each end. A pulse of light is reflected up and down between the minors, 
and a device attached to one of them produces a "tick" of some kind each time the light pulse strikes it. Such a device might be 
a photosensitive coating on the mirror that gives an electric signal when the pulse arrives. 

One clock is at rest in a laboratory on the ground and the other is in a spacecraft that moves at die velocity v relative to 
the ground. An observer in the laboratory watches both clocks and finds that they tick at different rates. 

Figure 3 1 .2 shows the laboratory clock in operation. The time interval between ticks is the proper time t . The time 

needed for the light pulse to travel between the mirrors at the speed of light, c , is — 



hence — = - 

2 



and 



'„=- 



2L„ 



(31.10) 



Figure 3 1 .3 shows the moving clock with its mirrors perpendicular to the direction of motion relative to the ground. 
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Figure 31.2. A light-pulse clock at rest on the ground as Figure 31.3. A light-pulse clock in a spacecraft as seen 

seen by an observer on the ground. The dial represents a by an observer on the ground. The minors are parallel to 

conventional clock on the ground. the direction of motion of the spacecraft. The dial 

represents a conventional clock on the ground. 
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The time interval between ticks is t. Because the clock is moving, the light pulse, as seen from the ground, follows a 
zigzag path. On its way from the lower mirror to the upper one in the time — , the pulse travels a horizontal distance of v— and 

a total distance of c— . Since L, is the vertical distance between the minors, 

2 

4j=4 + (v0 (3U1) 

j(c 2 -v*)=Z| (31.12) 

>-A = -^4 (31-13) 

c -v , f v- 

2A, 



t= , c (31.14) 



£_ 

1- 
V £* 

2i 
But — - is the time interval t a between ticks on the clock on the ground, as in Eq. (31.10), and so the time dilation 

c 

relationship is 

t= , f ° (31.15) 

wherein the parameters are: 

t — time interval on clock at rest relative to an observer 
t = time interval on clock in motion relative to an observer 
v = speed of relative motion 
c = speed of light 

Because the quantity Jl — - is always smaller than 1 for a moving object, t is always greater than t„ . The moving clock 

in the spacecraft appears to tick at a slower rate than the stationary one on the ground, as seen by an observer on the ground. 

Exactly the same analysis holds for measurements of the clock on the ground by the pilot of the spacecraft. To him, the 
light pulse of the ground clock follows a zigzag path that requires a total time t per round trip. His own clock, at rest in the 
spacecraft, ticks at intervals of f (1 . He too finds that 
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t = 



(31.16) 



T^ 



so the effect is reciprocal: Every observer finds that clocks in motion relative to him tick more slowly than clocks at rest relative 
to him. 

The Lorentz transformation of time, length, mass, momentum, and energy which are significant when v approaches c 



can be derived by a similar procedure [2]. The Lorentz transformations are: 



"fr 



t = 



i-Ui 



(31.17) 



(31.18) 



(31.19) 



(31.20) 



E = mc = 



m n c 



(31.21) 



(31.22) 



.2„2 



h = m c — vp c 

When speaking of the relativity of a frame of reference or simply of relativity, one usually means that there exist identical 

physical processes in different frames of reference. According to the generalized Galilean principle of relativity identical 
processes are possible in all inertial frames of reference related by Lorentz transformations. On the other hand, Lorentz 
transformations characterize the uniformity of Galilean spacetime. 



GALILEAN OR EUCLIDEAN SPACETIME AND RIEMANN SPACETIME 

From the geometrical point of view the theory of space and time naturally divides into the theory of uniform, Galilean, space and 

t he t heory of non-uniform, Riemaiinian, space. 

Galilean space is of maximal uniformity. This means that in it: 

(a) All points in space and instants in time are equivalent 

(b) All directions are equivalent, and 



(c) All inertial systems, moving uniformly and in a straight line 

relative to one another, are equivalent (Galilean principle of relativity). 

The uniformity of space and time manifests itself in the existence of a group of transformations which leave the four- 
dimensional interval between two points (distance) invariant. The expression for this interval plays an important part in the 
theory of space and time because its form is directly related to the form taken by the basic laws of physics, viz. the law of motion 
of a free mass-point and the law of propagation in free space of the front of a light wave. 

The indications (a), (b) and (c) of the uniformity of Galilean space are related to the following transformations: 

(a) To the equivalence of all points and instants corresponds to the transformation of displacing the origins of the 
spatial coordinates and of time; the transformation involves four parameters, namely, the three space coordinates 

and the lime coordinate of the origin. 

(b) To the equivalence of all directions corresponds to the transformation of rotating the spatial coordinate axes; this 
involves three parameters, the three angles of rotation. 

(c) To the equivalence of inertial frames corresponds to a change from one frame of reference to another moving 
uniformly in a straight line with respect to the first; this transformation involves three parameters, the three 

compon e nts of relative velocity. 

The most general transformation involves ten parameters. This is the Lorentz transformation. It is well known that in a 
space of n dimensions the group of transformations which leave invariant the expression for the squared distance between 

infinitely nea r points, can contain at most — w(« + l) parameters. If there is a group involving all — «(w + l) paramete r s then the 
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space is of maximal uniformity; it may be a space of constant curvature, or, if the curvature vanishes, a Euclidean or pseudo- 
Euclidean space. 

In the case of spacetime, the number of dimensions is four and therefore the greatest possible number of parameters is 
t e n. This is also th e numb e r of param e t e rs in th e Lor c ntz transformation, so that Galil e an spac e , to which th e transformation 
relates, is indeed of maximal uniformity. It is customary to call the theory based on the Lorentz transformations the special 
theory of relativity. More precisely, the subject of that theory is the formulation of physical laws in accordance with the 
properties of Galilean space. 

A formulation of the principle of relativity given supra, which together with the postulate that the velocity of light has a 



limiting character, may b e made th e basis of r e lativity theory. — W e shall now inv e stigate in mor e d e tail th e qu e stion of th e 
connection of the physical principle of relativity with the requirement that the equations be covariant. 

In the first place, we shall attempt to give a generally covariant formulation of the principle of relativity, without as yet 
making this concept more precise. In its most general form, the principle of relativity states the equivalence of the coordinate 
systems (or frames of reference) that belong to a certain class and are related by transformations of the form 

A a ~ J a \ A 0' A V X 2' X 3) (Jl.Zj) 

which may be stated more briefly as 

x' = f(x) (31.24) 

It is essential to remember that, in addition to the group of permissible transformations, the class of coordinate systems 
must b e charact e riz e d by c e rtain suppl e m e ntary conditions. Thus, for instanc e , if w c consid e r Lor c ntz transformations, it is s c lf - 
evident that these linear transformations must connect not any arbitrary coordinates, but only the Galilean coordinates in two 
inertial reference frames. To consider linear transformations between any other (non-Galilean) coordinates has no sense, 
because the Galilean principle of relativity has no validity in relation to such artificial linear transformations. On the other hand, 
if one introduces any other variables in place of the Galilean coordinates, a Lorentz transformation can evidently be expressed in 
terms of these variables, but then the transformation formulae will have a more complicated form. 

The formulation of the principle of relativity based on the equivalence of reference frames depends on the ability to call 
two reference frames (x) and (x 1 ) physically equivalent if phenomena proceed in the same way in them. Specifically, if a 
possible process is described in the coordinates (x) by the functions 

A(*), &(*), ...,A{x) (31-25) 

then there is another possible process which is describable by the same functions 

4(*'), A (*')»■••> A (*') < 31 - 26 ) 

in the coordinates (x'). Conversely any process of the form Eq. (31.26) in the second system corresponds to a possible process 
of the form Eq. (3 1 .25) in the first system. Thus, a relativity principle is a statement concerning the existence of corresponding 
processes in a set of reference frames of a certain class wherein the corresponding systems are accepted as equivalent. It is clear 
from this definition that both the principle of relativity itself and the equivalence of two reference frames are physical concepts, 
and validity of either involves a definite physical hypothesis rather than convention. In addition, it follows that the very notion 
of a "principle of relativity" becomes well defined only when a definite class of frames of reference has been singled out. In the 
usual theory of relativity, this class is that of inertial systems. 

The functions Eq. (31.25) or Eq. (31.26) describing a physical process will be called field functions or functions of state. 

In a generally covariant formulation of the equations describing physical processes the components g of the metric tensor 
must be included among the functions of state such as the collection of field functions: 

FjJAl JMi Sjx) (31-27) 

i.e. the electromagnetic field, the current vector, and the metric tensor, respectively. The requirement for the formulation of a 
principle of relativity that in two equivalent reference frames corresponding phenomena should proceed in the same way applies 
equally to the metric tensor. Thus, if we compare two corresponding phenomena in to physically equivalent reference frames, 
then for the first phenomenon, described in the old coordinates, not only the components of electromagnetic field and of current 
density, but also the components of the metric tensor must have the same mathematical form as for the second phenomenon 
described in the new coordinates. 

Further conclusions depend on whether the metric is assumed to be tixed or whether phenomena that influence the metric 
are considered. In the usual theory of relativity, it is assumed that the metric is given, and it does not depend on any physical 
processes. This is also the case for the generally covariant formulation of the theory of relativity. As long as the assumption 
remains in force that the character of spacetime is Galilean and the g are introduced only to achieve general covariance, these 
quantities will depend only on the choice of coordinate system, not on the nature of the physical process discussed. They are 
functions of state only in a formula sense. In the theory of gravitation on the other hand, a different assumption is made 
concerning the nature of spacetime. There the g are functions of state, not only in a formal sense, but in fact: they describe a 
certain physical field, namely the field of gravitation. 

To give a definite meaning to the principle of relativity in such circumstances, it is essential to specify more closely not 

only the class of coordinate systems, but also the nature of the physical processes for which the principle is being formulated. 
Starting from the assumption that the metric is fixed ("rigid"), or that it may be considered as fixed for a certain class of physical 
processes, consider the above definition of corresponding phenomena in two physically equivalent coordinate systems, wherein 
all field functions, including the components of the metric tensor, must have the same mathematical form for the first process 
described in the old coordinates as for the second process described in the new coordinates. If the g are independent of the 
nature of the physical phenomenon, then a distinction must be made between the first and second process relative to those 
quantities, and only transformations of the coordinates need to be considered. Thus, the quantities 
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gflv (x) and g' MV (x') (31.28) 
will he connected hy the tensor transformation rule, and the requirement of the relativity principle that they should have one and 
the same mathematical form reduces (for infinitesimal coordinate transformations) to the equations Sg = . 

The most general class of transformations that satisfies these equations contains 10 parameters and is possible only in 
uniform spacetime, where the relation 

R uv. a e= K <8ya8u8-8ua8y8) ( 31 - 29 ) 

is valid. (A space in which the curvature tensor R aj3 has the form of Eg. (3 1 .29) is called a space of constant curvature; it is a 

four-dimensional generalization of Friedmann-Lobachevsky space. The constant K is called the constant of curvature.) If in 
these relations, K is zero, the spacetime is Galilean and the transformations in questions are Lorentz transformations, except 
when other (non-Galilean) coordinates are used. 

Thus, with the rigidity assumption for the metric, the principle of relativity implies the uniformity of spacetime. And, it 



the additional condition K - holds, we obtain a Galilean metric in appropriate coordinates. The relativity principle in general 
form then reduces to the Galilean relativity principle. As for the condition K = , it results in an additional uniformity of 
spacetime. If the scale of the Galilean coordinates is changed, then the scale of the elementary interval changes in the same 
proportion. This property implies in turn that there is no absolute scale for spacetime, unlike the absolute scale that exists for 
velocities in terms of the velocity of light. The absence of an absolute scale for spacetime leads conversely to the equation 
K = 0. 

Furthermore, taking into account phenomena that may influence the metric gives rise to the possibility that under certain 
conditions the principle of relativity will be valid in non-uniform space also. In this case, it is necessary that the motion of the 
masses producing the non-uniformity be included in the description of the phenomena. 

It can be shown that under the assumption that spacetime is uniform at infinity (where it must be Galilean), a class of 
coordinate systems exist that are analogous to inertial systems and defined up to a Lorentz transformation. — A principle of 
relativity will hold with respect to this class of coordinate systems in the same form as in the usual theory of relativity, despite 
the fact that at a finite distance from the masses the space is non-uniform. However, ultimately, this relativity principle is also a 
result of uniformity forced by the boundary conditions that require uniformity at infinity. 

Since the greatest possible uniformity is expressed by Lorentz transformations, there is no more general principle of 
relativity than that discussed in ordinary relativity theory. — Moreover, there cannot be a general principle of relativity, as a 
physical principle, which would hold with respect to arbitrary frames of reference. In order to make this fact clear, it is essential 
to distinguish sharply between a physical principle that postulates the existence of corresponding phenomena in different frames 
of reference and the simple requirement that equations should be covariant transforming from one frame of reference to another. 
II is clear thai a principle of relativity implies a covariance of equations, but the converse is nol hue: covariance of differential 
equations is also possible when no principle of relativity is satisfied. 

Covariance of equations in itself is in no way the expression of any kind of physical law. For instance, consider the 
mechanics of systems of mass-points. Lagrange's equations of the second kind are covariant with respect to arbitrary 
transformations of the coordinates. However, they do not express any new physical law compared to, for example, Lagrange's 
equations of the first kind, which are stated in Cartesian coordinates and are not covariant. In the case of Lagrange's equations, 
covariance is achieved by introducing the coefficients of the Lagrangian as new auxiliary functions considered as a quadratic 
expression, but not necessarily homogeneous in the velocities. 

Independently considering that not all laws of nature reduce to differential equations, even fields described by differential 
equations not only require these equations for their definitions, but also all kinds of initial, boundary, and other conditions. 
These conditions arc not covariant. Therefore, the preservation of their physical content requires a change in their mathematical 
form and, conversely, preservation of their mathematical form implies a change of their physical content. Rut, the realization of 
a process with a new physical content is an independent question that cannot be solved a priori. If "corresponding" physical 
processes within a given class of reference systems are possible, then a principle of relativity holds. In the opposite case, it does 
not. It is clear, however, that such a model representative of physical processes, and in particular such a model representative of 
the metric, is possible at most for a narrow class of reference systems of limited number. — This argument shows once again 
(without invoking the concept of uniformity) that a general principle of relativity, as a physical principle, holding in relation to 
arbitrary frames of reference, is impossible. 

A desire to find a general principle of relativity is unnecessary as a basis of the requirement of the covariance of the 
equations. The covariance requirement can be justified independently. It is a self-evident, purely logical requirement that in all 
cases in which the coordinate system is not fixed in advance, equations written down in different coordinate systems should be 
mathematically equivalent. The class of transformations with respect to which the equations must be covariant must correspond 
to the class of coordinate systems considered. Thus, if one deals with inertial systems related by Lorentz transformations and if 
Galilean coordinates are used, it is sufficient to require covariance with respect to Lorentz transformations. If, however, 
arbitrary coordinates are employed, it is necessary to demand general covariance. 

It should be noted that covariance of coordinate systems acquires definite physical meaning if, and only if, a principle of 

relativity exists for the class of reference frames used. Such is the covariance with respect to Lorentz transformations. This 
concept was so useful in the formulation of physical laws because it contains concrete temporal and geometric elements 
(rectilinearity and uniformity of motion) and also dynamic elements (the concept of inertia in the mechanical and the 
electromagnetic sense). Because of this, it is related to the physical principle of relativity and itself becomes concrete and 
physical . 
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However, if arbitrary transformations are considered rather than the Lorentz transformations, one ceases to single out that 
class of coordinate systems relative to which the principle of relativity exists, and by doing this one destroys the connection 
between physics and the concept of covariance. There remains a purely logical side to the concept of covariance as a 
consistency requirement on equations written in different coordinate systems. Naturally this requirement is necessary, and it can 
always be satisfied. 

In dealing with classes of reference frames that are more general than that relative to which a principle of relativity holds, 
the necessity arises of replacing the explicit formulation of the principle by some other statement. The explicit formulation 
consists of indica t ing a class of physically equivalent frames of reference. The new formulation mus t express those proper t ies of 
space and time by which the principle of relativity is possible . — With the assumption of a rigid metric this is achieved by 
introducing an additional Eq. (31.29). With the additional assumption of the absence of a universal scale (K = 0) these 
equations lead to a generally covariant formulation of the theory of relativity, without any alteration of its physical content. The 
Galileo-Lorentz principle of relativity is then maintained to its full extent. 

The very possibility of formulating the ordinary theory of relativity in a general covariant form clearly demonstrates the 

difference between the principle of relativity as a physical principle and the covariance of the equations as a logical requirement. 
In addition, such a formulation opens the way to generalizations based on a relaxation of the assumption of a rigid metric. This 
relaxation provides the possibility of replacing the supplementary conditions Eq. (31.29) by others that reflect better the 
properties of space and time corresponding to the theory of gravitation. 

Universal gravitation docs not fit into the framework of uniform Galilean space because the gravitational mass of a body 

as well as the inertial mass depends on its energy. In the latter case , Einstein felt that it was possible to eliminate the effects of 
gravity by transforming to an accelerating frame of reference that defined his "Equivalence Principle." A theory of universal 
gravitation is derived in the Gravity section wherein Euclidean, or rather pseudo-Euclidean, geometry is abandoned in favor of 
the geometry of Riemann. But the derivation does not involve the traditional approach based on the Equivalence Principle; rather 
it is based on Eq. (3 1.2). 

In Riemannian geometry, the coefficients g of the quadratic form for the squared infinitesimal distance are mechanics 

functions. These functions establish a law regarding their transformation from one coordinate frame to another based on their 
definition as coefficients of a quadratic form, together with the condition that this form is an invariant. Thus, a transformation of 
the coordinates is accompanied by a transformation of the metric g , according to this law. The set of quantities g , is called 

the metric tensor. 

With the introduction of a metric tensor, expressions can be formed that are covariant with respect to any coordinate 
transformation. Nothing other than the covariance of equations is implicit in the metric tensors that may be obtainable from a 
particular one (e.g. from the Galilean tensor) by coordinate transformation. But, metric tensors of a more general form that 
cannot be transformed into one another by coordinate transformations are fundamentally different. In each case, the metric 
tensor will express not only properties of the coordinate system but also properties of space, and the latter can be related to the 
phenomenon of gravitation. It is shown below that the origin of gravity is the relativistic correction of spacetime itself as 
opposed to the relativistic correction of mass, length, and time of objects of inertial frames in constant relative motion. The 
production of a particle having an inertial and gravitational mass from a photon traveling at the speed of light requires time 
dilation and length contraction of spacetime. The present theory of gravity also maintains the constant maximum speed of light 

for the propagation of any form of energy including the gravitational field. 

Having clarified the concept of covariance as applied to Riemannian geometry, consider it together with the previously 
discussed concept of the uniformity of space. As was shown above, the property of uniformity in Galilean space manifests itself 
in the existence of transformations that leave unchanged the expression for the four-dimensional distance between two points. 
More precisely, these transformations leave unchanged the coefficients of this expression, i.e. the quantities g . — g are 



functions of the coordinates which means that the mathematical form of these functions is unchanged: The dependence of the 
new g on the new coordinates has the same mathematical form as that of the old g on the old coordinates. In the general 

case of Riemannian geometry, there are no transformations that leave the g v unchanged because Riemannian space is not 

uniform. One deals with transformations of coordinates accompanied by transformations of the g , and neither such a 

combined transformation nor covariance with respect to it has any relation to the uniformity or non-uniformity of space. 

The geometrical properties of real physical space and time correspond not to Euclidean but to Riemannian geometry. 
Any deviation of geometrical properties from their Euclidean, or to be precise, pseudo-Euclidean form appears in Nature as a 
gravitational field. — The geometrical properties are inseparably linked with the distribution and motion of ponderable matter. 
This relationship is mutual. On the one hand the deviations of geometrical properties from the Euclidean are determined by the 
presence of gravitating masses, on the other, the motion of masses in the gravitational field is determined by these deviations. In 
short, masses determine the geometrical properties of space and time, and these properties determine the movement of the 
masses. The description of the gravitational field demands the introduction of no functions other than the metric tensor itself 
which is uniquely determined by the presence and motion of matter . — Differing from other kinds of forces, gravity which 
influences the motion of the matter by determining the properties of spacetime, is itself described by the metric of spacetime. 
For this principle of relativity, the class of coordinate systems relative to which the principle of relativity exists is the spherical 
coordinate systems. Spherical harmonic coordinates arise naturally due to the spherical symmetry of the particle production 
(energy/matter conversion) event and its effect on spacetime and provide the connection between physics and the concept of 
covariance as shown i n th e Gravi t y section. Th e corresponding metric is th e Schwarzschild m etric derived i n the Gravi t y section. 
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The Schwarzschild metric gives the relationship whereby matter causes relativistic corrections to spacetime that 
determines the curvature of spacetime and is the origin of gravity. The correction is based on the boundary conditions that no 
signal can travel faster thai the speed of light including the gravitational field thai propagates following particle production from 
a photon wherein the particle has a finite gravitational velocity given by Newton's Law of Gravitation, — The spacetime 
contraction during particle production is analogous to Lorentz length contraction and time dilation of an object in one inertial 
frame relative to another moving at constant relative velocity. In the former case, the corresponding correction is a function of 
the square of the ratio of the gravitational velocity to the speed of light. In the latter case, the corresponding correction is a 
func t ion of the square of t he ra t io of t he relative veloci t y of two iner t ial frames to t he speed of ligh t . Thus, the relativi t y principle 
for both Euclidean and Riemannian geometries is based on the light wave front propagation equation, specifically Eq. (3 1 . 2). 
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Chapter 32 



GRAVITY 



QUANTUM GRAVITY OF FUNDAMENTAL PARTICLES 

The attractive gravitational force has been the subject of investigation for centuries. Traditionally, gravitational attraction has 
been investigated in the field of astrophysics applying a large-scale perspective of cosmological spacetime, as distinguished from 
currently held theories of atomic and subatomic structure. However, gravity originates on the atomic scale. In Newtonian 
gravitation, the mutual attraction between two particles of masses m 1 and m 2 separated by a distance r is 

F = G» (32XT 

r 

where G is the gravitational constant, its value being 6.67 X 1CT 11 Nm 2 kg~ 2 . Although Newton's theory gives a correct 

quantitative description of the gravitational force, the most elementary feature of gravitation is still not well defined. What is the 

most important feature of g ra vitation in terms of fundamental principles? By comparing Newton's second law, 

F = wa (32.2) 

with his law of gravitation, we can describe the motion of a freely falling object by using the following equation: 

m . A = m<y 9MjL Y (32.3) 

where m i and m g represent respectively the object's inertial mass (inversely proportional to acceleration) and the gravitational 
mass (directly proportional to gravitational force), M ffi is the gravitational mass of the Earth, and r is the position vector of the 
object taken from the center of the Earth. The above equation can be rewritten as 
m(GU a 



-(32=4)- 



Extensive experimentation dating from Galileo Galilei's Pisa experiment to the present has shown that irrespective of the object 
chosen, the acceleration of an object produced by the gravitational force is the same, which from Eq. (32.4) implies that the 
value of m g I m i should be the same for all objects. In other words, we have 

m 
— = universal constant (32.5) 



the equivalence of the gravitational mass and the inertial mass. The fractional deviation of Eq. (32.5) from a constant is 
experimentally confirmed to less 1 X 10~ n [1]. In physics, the discovery of a universal constant often leads to the development 
of an entirely new theory. From the universal constancy of the velocity of light, c, the special theory of relativity was derived; 
and from Planck's constant, h, the quantum theory was deduced. Therefore, the universal constant m I m i should be the key to 

the gravitational problem. The theoretical difficulty with Newtonian gravitation is to explain just why relation, Eq. (32.5), exists 
implicitly in Newton's theory as a separate law of nature besides Eqs. (32.1) and (32.2). Furthermore, discrepancies between 
certain astronomical observations and predictions based on Newtonian celestial m e chanics e xist, and they appar e ntly could not 
be reconciled until the development of Einstein's theory of general relativity which can be transformed to Newtonian gravitation 
on the scale in which Newton's theory holds. 

General relativity is the geometric theory of gravitation developed by Albert Einstein, whereby he intended to incorporate 
and extend the special theory of relativity to accelerated frames of reference. Einstein's theory of general relativity is based on a 
flawed dynamic formulation of Galileo Galilei's law. Einstein took as the basis to postulate his gravitational field equations a 
certain kinematical consequence of a law, which he called the "Principle of Equivalence," which states that it is im p ossible to 
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distinguish a uniform gravitational field from an accelerated frame. However, the two are not equivalent since they obviously 
depend on the direction of acceleration relative to the gravitating body and the distance from the gravitating body since the 
gravitational force is a central force, (in the latter case, only a line of a massive body may be exactly radial, not the entire mass.) 
And, this assumption leads to conflicts with special relativity. — The success of Einstein's gravity equation can be traced to a 
successful solution which arises from assumptions and approximations whereby the form of the solution ultimately conflicts 
with the properties of the original equation; no solution is consistent with the experimental data in the case of the possible 
cosmological solutions of Einstein's general relativity. Furthermore, Einstein's general relativity is a partial theory in that it 
deals with matter on the scale of celestial objects, but not on an atomic scale. And, it fails on the cosmological scale. All 
gravitating bodies are composed of matter and are collections of atoms that are composed of fundamental particles such as 
electrons, which are leptons, and quarks, which make up protons and neutrons. Gravity originates from the fundamental 
particles. 

The Einstein's theory has as its foundation that gravity is a force unique from electromagnerism. The magnetic force was 

unified with the Coulomb force by Maxwell. Lorentz derived the transformations named after him which formalize the origin of 
the magnetic force as a relativistic correction of the Coulomb force. The unification of electricity and magnetism by Maxwell 
permitted him to derive a wave equation that predicted the propagation of electromagnetic waves at the speed of light. 
Maxwell's wave equation defines a four-dimensional spacetime and the speed of light as a maximum permitted according to the 
permeability and permittivity of spacctimc. — Minkowski originated the concept of a four-dimensional spacetime formally 

expressed as the Minkowski tensor [2], The Minkowski tensor corresponds to the electromagnetic wave equation derived by 

Maxwell and can be derived from it [3]. Special relativity is implicit in the wave equation of electromagnetic waves that travel 
at the speed of light. As given in the Relativity section and the Equivalence of Inertial and Gravitational Masses Due to 
Absolute Space and Absolute Light Velocity section, the generalization of this metric to mass as well as charge requiring 
application of Lorentz transformations comprises the theory of special relativity invented by Poincare in 1904 [4-6] K The 
Lorentz transformations quantify the measurement of the increase in mass, length contraction, and time dilation in the direction 
of constant relative motion of separate inertial frames due to the finite maximum speed of light. The goal of Einstein, who 
worked on special relativity, was to generalize it to accelerated frames of reference as well as inertial frames moving at constant 
relative velocity. But, gravity is not a force separable from electromagnetism. The true origin of gravity is the relativistic 
correction of spacetime itself as opposed to the relativistic correction of mass, length, and time of objects of inertial frames in 
constant relative motion, the production of a massive particle from a photon with zero rest mass traveling at the speed of light 
requires time dilation and length contraction of spacetime. The present theory of gravity also maintains the constant maximum 
speed of light for the propagation of any form of energy. (Recently the speed of gravity has been measured to be the speed of 
light [7].) And, the origin of the gravitational force is also a relativistic correction. In the metric which arises due to the 
presence of mass, spacetime itself must be relativistically corrected as a consequence of the presence of mass in order to that (i) 
the speed of light is constant and a maximum, (ii) the angular momentum of a photon, % , is conserved, and (iii) the energy of the 
photon is conserved as mass. Spacetime must undergo time dilation and length contraction due to the production event. The 
event must be spacelike even though the photon of the particle production event travels at the speed of light and the particle must 
travel at a velocity less than the speed of light. The relativistically altered spacetime gives rise to a gravitational force between 
separated m asses. Th us, the production of m atter and i t s m otion alters spacetime and the altered spacetime affects the m otion of 
matter, which must follow geodesies. 

When speaking of the relativity of a frame of reference or simply of relativity, one usually means that there exist identical 
physical processes in different frames of reference. According to the generalized Galilean principle of relativity identical 
processes are possible in all inertial frames of reference related by Lorentz transformations. On the other hand, Lorentz 
transformations characterize the uniformity of Galilean spacetime. Using the four-dimensional coordinates x 1 ' for describing the 
events and the world-line in spacetime the separation of proper time between two events x 1 " and x M + dx M is 

dz 2 - -g flv dx' J dx v (32.6) 

where g is the metric tensor which determines the geometric character of spacetime. tor different coordinate systems, the 
dx M may not be the same, but the separation dz 2 remains unchanged. The metric g for Euclidean space called the 
Minkowski tensor rj v is 



1 In 1900, Lorentz conjectured that gravitation could be attributed to actions that propagate with the velocity of light. Poincare, in a paper in July 1905 
(submitted days before Einstein's special relativity paper), suggested that all forces should transform according to Lorentz transformations. In this case, he 
notes that Newton's Law of Gravitation is not valid and proposed gravitational waves that propagated with the velocity of light. Specifically, Poincare 
pointed out that all forces must propagate with the finite light velocity, that interaction implies a time delay, and it is mediated by field waves. Thus, 
Poincare made for the first time the hypothesis of the existence of gravitational waves [4]. 
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(32.7) 



In this case, the separation of proper time between two events x? and x* 1 + dx'' is 
dr 2 = -r/ flv dx f 'dx v 



(32.8) 



A spherically symmetrical system of mass m applies to the production of a particle which implies spherical coordinates 

with the origin at 0. Thus, a family of curved surfaces, each with constant r, is a series of concentric spheres on which it is 
natural to adopt the coordinate r so that a sphere with constant r has area Axr 1 , and the metric on the surface of the sphere 
would then be 

ds 2 =r 2 d0 2 +r 2 sin 2 0d0 2 (32.9) 



Such a definition of r is no longer the distance from the origin to the surface, because of the spacetime contraction caused by the 
mass m . The form of the outgoing gravitational field front traveling at the speed of light is 



/l'-i 



(32.10) 



Therefore the spatial metric should be expressed as 



ds 2 = f(r) dr 2 + r 2 d9 2 + r 2 sin 2 



(32.11) 



In addition, the existence of mass m also causes time dilation of spacetime such that the clock on each r-sphere is no 
longer observed from each r sphere to run at the same rate. That is, clocks slow down in a gravitational field [8] -. Therefore, the 
general form of the metric due to the relativistic effect on spacetime due to mass w is 



dr 2 = f{r)dt 2 -\\f{r)~ l dr 2 + r 2 d9 2 +r 2 sin 2 9d<p 2 ^ 
In the case where m =0, space would be flat which corresponds to 



(32.12) 



f{r) = f(r)-=l 



(32.13) 



Then the spacetime metric is the Minkowski tensor. In the case that the mass m is finite, the Minkowski tensor is corrected by 
the time dilation and length contraction of spacetime. 

~~ The creation of a particle from light requires the event to be spacelike; yet, particle production arises from a photon 

trav e ling at th e spe e d of light. At production, th e particle must hav e a finit e v e locity call e d th e N e wtonian gravitational v e locity 
(according to Newton's Law of Gravitation) that may not exceed the speed of light. The Newtonian gravitational velocity must 
have an associated gravitational energy. The photon initially traveling at the speed of light undergoes particle production and 
must produce a gravitational field that travels at the speed of light. The gravitational energy associated with the field must have 
an inverse radius dependence according to the spreading wave. Since the gradient of the gravitational energy gives rise to the 
gravitational field, the gravitational field must have an inverse radius squared dependence. In order that the velocity of light 
does not exceed c in any frame including that of the particle having a finite Newtonian gravitational velocity, v g , the laboratory 

frame of an incident photon, and that of a gravitational field propagating outward at the speed of light, spacetime must undergo 
time dilation and length contraction due to the production ev e nt. — During particle production th e speed of light as a constant 
maximum as well as phase matching and continuity conditions require the following form of the squared displacements due to 
constant motion along two orthogonal axes in polar coordinates: 

(32.14) 



(Cr) 2 + (V) ={ctf 



[erf ={ctf -(v) 



(32.15) 
(32.16) 
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Thus, 



/(') = 



(32.17) 
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(The derivation and result of spacetime time dilation is analogous to the derivation and result of special relativistic time dilation 
given by Eqs. (30.11-30.15).) Therefore, the general form of the metric due to the relativistic effect on spacetime due to mass 

Gm„ 



proper time _ m _ _ t fi a e c 
coordinate time m„ 2h 



- = a 



, f^e c 



Gm n 



2h \c 2 X 
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, /j e c v G 



2h 
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?T 



^T 



M^ 



dt — T 



M^ 



-dr 



-+T 



l d0 2 +r 2 sin' 



(32.18) 



c 2 v 



The gravitational energy of a particle during production given by Newton's Law of Gravitation may be unified with the 
inertial and electromagnetic energies given by Planck's equation and Maxwell's equations , respectively . The physical basis is 
the law of Galileo that in the absence of a resistive medium all bodies fall equally fast, or, more accurately, with equal 
acceleration. The law of Galileo can be stated in generalized form as the law of the equality of inertial and gravitational mass. 
The equivalence of the Planck equation, electric potential, and the stored magnetic energies occurs for a transition state 
orbitsphere during pair production as shown in the Pair Production section. During particle production the transition state 
orbitsphere has a charge-density function a given 1 



rby- 



a - 



4xr" 



-S(r-r n ) 



where e is the fundamental charge. The corresponding mass-density function is 

m Sf 

<" = T J T<?(''-0 



(32.19) 
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(32.21) 



m n c 



Consider the gravitational radius, a G or r G , of an orbitsphere of mass, m , defined as 
Gm n 



(32.22) 



where G is the Newtonian gravitational constant. Notice that as m n increases the gravitational radius, r G , increases (i.e. the 
curvature of spacetime increases), and the radius of the transition state orbitsphere, r" a , decreases. Remarkably, when 
r G - r a = % c , the gravitational potential energy equals m c 2 where m is the rest mass of the fundamental particle created as the 
transition state orbitsphere becomes real. This is shown by equating the gravitational radius, r G , to the Compton wavelength 



bar, % c , given by Eq. (29.22)-' 



Gm„ 



(32.23) 



Multiplication of both sides of Eq. (32.23) by m c and division of both sides by X gives: 



Gm„ 
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(32.24) 



(32.25) 
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Since % c = X c 1 2n and from Eqs. (27.3) and (27.5). 



he 



tico: 



Gmi Gwc 



■tico 



(32.26) 



The left-hand side of Eq. (32.26) is the gravitational potential energy and the right-hand side is the energy of the particle- 
production photon. Thus, from Eq. (28.1 1) and Eq. (32.26), the following energies are equivalent 



E = m c 



■ V = ha) 






(32.27) 



where a> * is the angular frequency of the photon which forms the transition state orbitsphere, and o * is also the spacetime 
resonance angular fr e quency for this particle. Furthermor e , given 
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E = m c 2 = fico = — j- (32.28) 

A. 



It follows that 



r=JL = J_ = A (32.29a) 

m c m v p 



and in general, 



X = — = — (32.29b) 

mv p 

This equation is the de Broglie relationship; it must hold for matter and energy. In fact, this was de Broglie's original insight [9] 

which led him to postulate the relationship named after him. The mass-energy which causes the gravitational radius, r G , to 

equal X c is hereafter called the Grand Unification Mass-Energy which is equal to fi times the angular frequency of the photon 

which becomes the transition state orbitsphere. This angular frequency is also the spacetime resonance angular frequency of the 
Grand Unification Mass-Energy as given by Eq. (28.13). The Grand Unification Mass-Energy is further equal to the 
corresponding electric potential, stored magnetic, and gravitational potential energy. The equality of radii unifies de Broglie's 
equation, Planck's equation, Maxwell's equations, Newton's equations, and Special and General Relativity, which comprise the 

fundamental laws of the Universe. 

The Grand Unification Mass-Energy, m u , can be expressed in terms of Planck's constant. 

2 Gm 2 u 2 m u c 

m u c = — ^- = Gm u ■— — (32.30) 

Xg g 

m, = J— (32.31) 

The Grand Unification Mass-Energy, m u , given by Eq. (32.31) is the Planck mass. From Eq. (20.11), the relationship of the 
e quival e nt particl e production e n e rgi e s (mass e n e rgy - Planck e quation e n e rgy - e l e ctric pot e ntial e n e rgy - magn e tic e n e rgy ~ 



gravitational potential energy) is 



m c 2 = ha" = V = E mag = E grav (32.32a) 

where m is the rest mass of a fundamental particle of the Planck mass m u when the gravitational energy is the gravitational 

potential energy given by Eq. (32.30). A corresponding general relationship of the equivalent particle production energies (mass 
energy = Planck equation energy = electric potential energy = mag ne tic energy = gravitational energy) is 

ho} - = JL] = a -i _J^_ = a -i wy = a -i t^J^fte (32 32b) 



m X c ) 4xe X c (2xm ) X 3 C 2h \ X c V G 

where m is the rest mass of a fundamental particle. For particle production, the gravitational velocity, v G , is defined as 



,-^\^ .32-33) 

Substitution of the gravitational velocity, v G , given by Eq. (32.33) and the Planck mass, m u , given by Eq. (32.31) into Eq. 
(32.32) followed by division by the speed of light squared gives the mass of a fundamental particle in terms of the Planck mass. 
Gm 



"0 



_! // e 2 c \ X c _ , ju e 2 c | Gm .,ftAv s v, 



a' 1 ^° ' L m u =a- l ^-^-\^p-m u =a- l ^^-^-m u =^-m u (32.34) 



2h c _ 2h \cX c 2h d_ c_ 



The equivalence of the gravitational and inertial masses according to experiments and Eq. (32.32) prove that Newton's 

Gravitational Law is exact on a local scale. The production of a particle requires that the velocity of each of the point masses of 
the particle is equivalent to the Newtonian gravitational escape velocity v of the superposition of the point masses of the 

antiparticle. According to Newton's Law of Gravitation the eccentricity is one (Eqs. (35.17-35.22)) and the particle production 
trajectory is a parabola relative to the center of mass of the antiparticle. The correction to Newton's Gravitational Law due to the 
relativistic effect of the presence of mass on spacetime may be determined by substitution of the gravitational escape velocity, 
v , given by [10] 



l2Gm 


l2Gm 


ni i^ 
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into Eq. (32.18) for v g . 

2Gm a 
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The corresponding Newtonian gravitational radius is given by 


(32.36) 
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In the case of the boundary conditions of Eq. (32.32), Eq. (32.35) and Eq (32.36), three families of leptons and quarks are 
predicted wherein each particle corresponds to a unique orbitsphere radius equal to its Compton wavelength bar. At particle 
production, a photon having a radius and a wavelength equal to the Compton wavelength bar of the particle forms a transition 

state orbitsphere of the particle of the same wavelength. 

A fourth family is not observed. A pair of particles each of the Planck mass corresponding to the conditions of Eq. 
(32.22), Eq. (32.32), and Eq. (32.33), is not observed since the velocity of each of the point masses of the transition state 
orbitsphere is the gravitational velocity v G that in this case is the speed of light; whereas, the Newtonian gravitational escape 

velocity v of the superposition of the point masses of the antiparticle would be V2 the speed of light (Eq. (32.35)). In this 

case, an electromagnetic wave of mass energy equivalent to the Planck mass travels in a circular orbit around the center of mass 
of another electromagnetic wave of mass energy equivalent to the Planck mass wherein the eccentricity is equal to zero (Eq. 
(35.21)), and the escape velocity can never be reached. The Planck mass is a "measuring stick." The extraordinarily high 

he 



Planck mass (.1 — = 2.18 X 10 kg) is the unobtainable mass bound imposed by the angular momentum and speed of the 

photon relative to the gravitational constant. It is analogous to the unattainable bound of the speed of light for a particle 
possessing finite rest mass imposed by the Minkowski tensor. It has a physical significance for the fate of blackholes as given in 
the Composition of the Universe section. 

~~ Eq. (32.34) gives the relationship between the mass of each fundamental particle and the ratio of the gravitational 

velocity v G to the speed of light times the Planck mass, the mass at which the gravitational radius r G is the Compton wavelength 
bar and the production energy is equal to the gravitational potential energy given by Eq. (32.30). The square of the ratio of the 
gravitational escape velocity v of each particle relative to the speed of light gives the corresponding spacctimc contraction 

according to Eqs. (32.17-32.18). During particle production, a particle having the gravitational escape velocity v g is formed 

from a photon traveling at the speed of light. The spacetime contraction during particle production is analogous to Lorentz 
length contraction and time dilation of an object in one inertial frame relative to another moving at constant relative velocity. In 
the latter case, the correction is the square of the ratio of the relative velocity of two inertial frames to the speed of light 
according to Eqs. (31.17-31.18). The theory of the masses of fundamental particles is given in the Particle Production section, 
the Leptons section, and The Quarks section. 

The resulting metric is valid for the external region of particles and spherically symmetric bodies comprised of 
fundamental particles such as the celestial bodies. The metric g pv for non-Euclidean space due to the relativistic effect on 

spacetime due to mass m is 



- 1- 
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In this case, the separation of proper time between two events x p and x M + dx^ is 
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(32.38) 



c 



The origin of gravity is fundamental particles, and the masses and fields from particles superimpose. So, m , the mass of a 

fundamental particle, may be replaced by M, the sum of the masses of the particles which make up a massive body. In this case, 
Eq. (32.38) is equivalent to a modified version of the Schwarzschild metric [8 and footnote 7]. 

One interpretation of the relativistic correction of spacetime due to conversion of energy into matter and matter into 
energy is that spacetime contracts and expands, respectively, in the radial and time dimensions. Thus, matter-energy conversion 
can be considered to conserve spacetime. Also, since matter causes spacetime to deviate from flat or Euclidean, matter-energy 
conversion can be considered to curve spacetime. The result is that spacetime is positively curved to match the boundary 
condition of the positive curvature of particles during production. The two-dimensional nature of fundamental particles requires 
that the radial and time dimensions are distinct from the angular dimensions. The curvature of spacetime results from a 
discontinuity of matter having curvature confined to two spatial dimensions. This is the property of all matter as an orbitsphere. 
A space in which the curvature tensor has the following form: 
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fAV^afi 



= K <gy a g 



vaS [t[l & [ta&vjl 



vfi) 



(32.39) 
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is called a space of constant curvature; it is a four-dimensional generalization of Friedmann-Lobachevsky space. The constants 
is called the constant of curvature. Consider an isolated orbitsphere and radial distances, r, from its center. For r less than r n 
there is no mass; thus, spacetime is flat or Euclidean. The curvature tensor applies to all space of the inertial frame considered; 
thus, for r less than r n , K = . At r = r n there exists a discontinuity of mass of the orbitsphere. This results in a discontinuity of 
the metric tensor for radial distances greater than or equal to r n which defines the curvature tensor given by Eq. (32.39). 

Gauss and Riemann [8, 11] developed the theory of curved spacetime and proposed that our Universe may be curved 
rather than flat. A generation later, Einstein formalized the ideas of Gauss, Riemann, and Clifford [8, 11, 12] that matter curved 
spacetime to give rise to a gravitational field 2 . Einstein proposed the principle of equivalence as the basis that gravity could be 
explained in terms of a spacetime metric that is different from Euclidean [8, 11]. According to Einstein's theory of general 
relativity, his field equations give the relationship whereby matter determines the curvature of spacetime 3 , which is the origin of 
gravity. The definitive form of the equations are as follows 4 : 

2 c 

where R^ = g a/> R /iavfi , R = g flv R flv , the left-half of Eq. (32.40) is Einstein's Tensor G^„, and T^ is the stress-energy- 
momentum tensor. Einstein proposed Eq. (32.40) starting with the assumption of the local equivalence of accelerated and 
gravitational inertial reference frames called the Principle of Equivalence. Einstein's equation postulates that a conservative 
Riemannian tensor is proportional to a conservative stress energy momentum tensor wherein the proportionality constant 
contains Newton's gravitational constant. The uniqueness of the radial and time dimensions for particle production (Eq. (32.32) 
and Eqs. (32.37 32.38)) and the corresponding effect on spacetime reveals a fatal flaw in Einstein's gravity equations. — The 

tensors cannot, he conservative. All cosmological solutions of general relativity predict a decelerating Universe from a 

postulated initial condition of a "Big Bang" expansion [13]. The astrophysical data reveals an accelerating cosmos [14] that 
invalidates Einstein's equation, as discussed in the Cosmology section. Recently Lieu and Hillman [15] and Ragazzoni et al. 
[16] have shown using the Hubble space telescope that the infinities in the quantum singularity, which became the Universe with 
the big bang, cannot be reconciled by invoking uncertainty on the Planck-time scale. Time is continuous rather than quantized, 

the concept of the big bang is experimentally fatally flawed. 

It has been shown that the correct basis of gravitation is not according to Einstein's equation (Eq. (32.40)); instead the 

origin of gravity is the relativistic correction of spacetime itself which is analogous to the special relativistic corrections of 

inertial parameters — increase in mass, dilation in time, and contraction in length in the direction of constant relative motion of 

separate inertial frames. On this basis, the observed acceleration of the cosmos is predicted as given in the Cosmology section. 

~~ The popular terms for these effects, general relativity and special relativity, respectively, are confusing at best. The 



special relativistic corrections of an object corresponding to Newton's law of mechanics applied to inertial frames with constant 
relative motion are more appropriately named Newtonian Inertial Corrections or Newtonian Corrections of the First Kind. The 
gravitational relativistic corrections of spacetime. which correspond to Newton's Laws of Gravitation applied to massive bodies 
are more appropriately named Newtonian Gravitational Corrections or Newtonian Corrections of the Second Kind. The 
nomenclature used herein will adhere to tradition, but it is implicit that Special Relativity refers to spacetime defined by the 
Minkowski tensor, and General Relativity refers not to Einstein's equations but to the spacetime defined by the Schwarzschild 
metric wherein the physical basis for the latter is the time dilation and length contraction of spacetime due to particle 
production 5 . Furthermore, in the use of traditional nomenclature of the magnetic force as a relativistic correction of the Coulomb 



2 It is easy to discuss two-dimensional surfaces since we live in a three-dimensional space. Gauss considered the problem of whether a being that lives in 
and measures only in a two dimensional surface and can not travel in a three dimensional space can determine whether the surface in which it exists is 
curved or flat. The solution is not obvious. "One cannot be sure of the true sights of Lu mountain, since one is on it." Gauss found the solution that the 
two dimensional being could determine whether the surface on which it exists is curved by measuring the angle sum of a "geodesic triangle" on the 
surface. Euclidean plane geometry asserts that in a plane, the sum of the angles of a triangle add up to 180°. On the surface of a sphere, however, the sum 
of the angles of a "geodesic triangle" exceeds 1 80". Gauss reasoned that the question of whether the three dimensional space in which we live is curved or 
flat could be resolved analogously. Gauss himself measured the angle sum of a triangle formed by three mountains as vertices, but failed to detect any 
departure from 180° within the limits of accuracy of his experiments. A generation later Einstein paraphrased this concept, "When a blind beetle crawls 
over the surface of the globe, he doesn't realize that the track he has covered is curved. I was lucky enough to have spotted it." 

3 I t is impor t an t t o reali z e t he dis t inc t ion be t ween t he ra t ionali z a t ion t ha t t he origin of gravi t y is by vir t ue of ma tt er causing space t ime t o be curved, and a 
physical basis consistent with Maxwell's equations and special relativity that the origin of gravity is time dilation and length contraction of spacetime 
based on the speed of light which is a constant maximum for the propagation of any form of energy at particle production. The relativistic correction of 
spacetime may be viewed as matter causing spacetime to be curved, but this is a consequence rather than the cause of the origin of gravity. 

4 Although historically Einstein is credited with Eq. (32.40), David Hilbert discovered the same form of the field equations days before Einstein. Einstein 
had reached his final version of general relativity after a slow road with progress but many errors along the way. In December 1915, he said of himself, 
"That fellow Einstein suits his convenience. Each year he retracts what he wrote the year before." A reference describing the tremendous broad-based 
effort — to — develop — the — theory — of- — general — relativity — m — the — early — 2©th — century — is — the — web — site: — http://www-history.mcs.st- 
andrews.ac.uk/HistTopics/General_relativity.html. Also see D. Overbye, "Einstein, Confused in Love, and Sometimes, Physics," New York Times, 
August 31, 1999, F4. 

5 The Schwarzschild metric was originally derived from Einstein's field equations and is widely used in astrophysical calculations. This metric is widely 
regarded as a triumph of Einstein's theory of gravitation. Implicit in the Schwarzschild solution is a privileged system of coordinates. Yet, Einstein denied 
the existence of a privileged system of coordinates in all cases based on his view of the local method of discussing properties of space. The equivalence 
principle used by Einstein as the basis for Riemannian geometry of space is only valid locally. Einstein underestimated the importance of considering 
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space as a wlinle. Having obtained his equation based nn the Principle nf Equivalence, Einstein realized that the mass of the Universe would cause; it to 
collapse. He would accept only a static Universe. Thus, he added a cosmological constant to his equation. This type of antigravity of spacetime was 
intended to exactly balance the tendency ot matter to cause spacetime to collapse. But, according to his basic postulates, the absence ot a gravitational 

field signifies the absence of deviations of the geometry of spacetime from Euclidean, and therefore, also vanishing of the curvature tensor R 1 " and of its 

invariant R. Also, the gravitational field will be absent if the mass tensor T 1 " is zero everywhere. Therefore, the equations T 1 " = and R 1 " = must 

: : — t — : : : 

certainly be compatible, and this is only possible if the equations relating G 1 ™ = R 1 " — —g^R to T 1 " do not contain the term Ig 1 " . The cosmological 

2 
constant must be zero. This is also the case in order to obtain consistency with Newton's Law of Gravitation in the same limit. After Hubble's redshift 
observations in 1929 demonstrated the expansion of the Universe, the original motivation for the introduction of A was lost. Nevertheless, A has been 
reintroduced on numerous occasions when discrepancies have arisen between theory and observations, only to be abandoned again when these 
discrepancies have been resolved. — Einstein abandoned the constant calling it the greatest mistake of his life. — Einstein failed to notice two other 
tremendously important features of the Universe, which further undermines his view of a static Universe. A positively curved spacetime has a finite radius 

based on the mass and energy. And, the Universe is converting about 10 kilograms of matter into energy per second. He also failed to develop an 
atomic theory of gravity, which is the means to determine the impact of matter to energy conversion on the expansion of the Universe. 

In Einstein's equation in its original form, a conservative tensor (the divergence of the tensor is zero) which expresses the curvature of spacetime 
is equated with a conservative stress-energy-momentum tensor of matter. This approach conserves momentum, matter, and energy. The Schwarzschild 



metric given as Eq. (57.54) of Fock [17] 
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is an exact solution of the Einstein's equation based on a preferred system of coordinates. According to a theorem by Birkoff [18] the Schwarzschild 
metric is the only solution of Einstein's gravity equations for the corresponding boundary conditions of a spherically symmetric time-independent or 
dynamic solution with zero cosmological constant for the metric of a space which is empty apart from a central spherical body. 
The Schwarzschild metric is consistent with observations wherein the radius applies to distances between gravitating bodies. For example, it 



solves the precession of the perihelion of Mercury and the deflection of light in a gravitational field. However, Einstein's equation with general 
coordinates has an infinite number of solutions, and none of the possible solutions are consistent with cosmological observations as shown in the 
Cosmology Section. These solutions are all conservative (the divergence of each metric tensor is zero). The Schwarzschild metric given by Eq. (32.41) is 
also conservative; whereas, the Schwarzschild metric in the form given by Eq. (32.38) is not conservative. 

The Schwarzschild metric (Eq. (32.38)) gives the relationship whereby matter (energy) causes relativistic corrections to spacetime that 
determines the curvature of spacetime and is the origin of gravity. The Minkowski space is obtained in the limit of no mass at infinity. Eq. (32. 4 1) may 



-GM- 



be transformed into Eq. (32.38) by the substitution of the radial coordinate r with the reduced radial coordinate, r . 

c 
The origin of gravity is fundamental particles, and the masses and fields from particles superimpose. The derivation of the correct form of the 
Schwarzschild metric (Eq. (32.38)) is based on contraction of spacetime during particle production that requires a privileged system of coordinates. 



Einstein's approach lo his equation conserves momentum, mailer, and energy. Derivation of the Schwarzschild metric is based on the wave equation lhat 
conserves momentum, matter, and energy and additionally requires a maximum constant velocity for the propagation of any signal including a 
gravitational field at particle production. As a consequence of particle production the radius of the Universe contracts by 2n times the gravitational radius 

of each particle with the gravitational radius given by Eq. (32.36) which applies to the observed leptons and quarks formed at the gravitational velocity v 

which is the escape velocity given by Eq. (32.35). Thus, Q, the mass-energy-to-expansion-contraction quotient of spacetime (Eq. (32.140)), is given by 
the ratio of the mass of a particle at production divided by Tthe period of the gravitational radius as given by Eq. (32.149) wherein the gravitational radius 
is the Newtonian gravitational radius given by Eq. (32.36). Thus, Tis the period of the orbit of the particle relative to the antiparticle during production. 
By superposition, obtaining the correct solution of the Schwarzschild metric (Eq. (32.38)) requires that the radius of the metric (Eq. (32.41)) be replaced 
by the radius decreased by the gravitational radius of the central mass (Eq. (32.22) which applies to a particle of the Planck mass). The gravitational 
radius which gives the spacetime dilation at particle production may be considered the "effective thickness" of fundamental particles which are two 

dimensional. 

It is shown in the Cosmology Based on the Relativistic Effects of Matter/Energy Conversion on Spacetime Section that a 3 -sphere spatial 



geoineliy desciibes the Uuiveise which is finite but has no bouudaiy. — The ladius of the Uiiive 



scillates haiiiiouically between two finite ladii. — Hr 



escnbes are Uuiveise wliicli is linile bin lias no bouudaiy. — xlie lauius ot are Uuiveise oscillales haiiiiouically between I 
expands as matter is transformed into energy, and it contracts as the radiation filled Universe reverts back to a matter filled Universe. Matter causes 
spacetime to become curved like a dimple on a ball, but in three spatial dimensions plus time. Consider such a dimple as shown in Figure 32.3 caused by 
the Sun which is converting 5 billion kg of matter into energy per second. If the conversion persisted indefinitely, the Sun would vanish. The local 
spacetime dimple would vanish also. Thus, spacetime must expand as matter is converted into energy. The same applies to the Universe as a whole. Due 



to matter converting to energy the radius of the Universe expands by 2ti times the gravitational radius of the converted matter (Eq. (32.140)) with the 

gravitational radius given by Eq. (32.36) wherein m , the mass of a fundamental particle, is replaced by M, the sum of the masses of the particles which 

make up the massive body). The Hubble constant is consistent with the experimental mass to energy conversion rate of the Universe calculated from the 
number of galaxies (400 billion) times the number of stars per galaxy (400 billion) times the average mass to energy conversion rate per star (5 billion kg I 
sec star) . Th e Schwarzschild m e tric (Eq . (32 . 38)) is shown to e xpl a in all curr e nt cosmologic a l obs e rvations as w e ll as p e rmit th e d e riv a tion of a 



f a n e quation 



which correctly predicts the masses of fundamental particles. It is proposed that the Schwarzschild metric (Eq. (32.38)) is an exact description of reality 

which has as its basis the gravitational velocity v of a massive object according to Newton's Law of Gravitation and the constant maximum speed of 

light. It provides that any discontinuities in the gravitational field caused by matter to energy conversion or vice versa must propagate as a front like a 
light wave in empty space, this equation does not conserve matter, energy, and momentum separately from spacetime. In this case, matter, energy, 
momentum, and spacetime are conserved as a totality. — The wave equation conserves matter, energy, and momentum. — It further provides for the 



conservation of these physical entities with spacetime and provides a unifying physical principle that gives an oscillating Universe as given in the Wave 
Equation Section. 
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force and now the origin of gravity as the relativistic correction of spacetime, magnetism and gravity should be considered more 
than corrections, rather they are fundamental relativistic effects. 

PARTICLE PRODUCTION 

The equations which unify de Broglie's Equation, Planck's Equation, Maxwell's Equations, Newton's Equations, and Special 
and General Relativity define the mass of fundamental particles in terms of the spacetime metric. Eq. (32.32) (Eq. (32.48) 
infra.) gives the equivalence of particle production energies corresponding to mass, charge, current, and gravity according to the 
proportionality constants which are given in terms of a self-consistent set of units. This equivalence is a consequence of 
equivalence of the gravitational mass and the inertial mass together with special relativity. Charge is relativistically invariant; 
whereas, mass and spacetime are not. The fine structure constant is dimensionless and is the proportionality constant 
corresponding to the relativistic invariance of charge. Thus, it is absolute. All the other constants are not, and any property of 
mass-energy or spacetime is measurable only in terms of the remaining properties where the metrics and definitions of the 
properties are in terms of experiments which define a self-consistent circular system of units. In addition to the equivalence of 
particle production energies corresponding to mass, charge, current, and gravity according to the proportionality constants which 
are given in terms of a self-consistent set of units, general relativity further provides for the further proportional equivalence with 
the metric of spacetime of the same self-consistent system of units. The metric of spacetime is used to calculate the mass of the 

fundamental particles in terms of the same consistent system of units. 

Satisfaction of the nonradiative boundary condition precludes emission of electromagnetic radiation. Continuity of 
boundary conditions requires that particle production gives rise to a gravitational field front which satisfies the same wave 
equation as electromagnetic radiation and travels at the speed of light. The charge and mass-density functions of an orbitsphere 
are interchangeable by interchanging the fundamental charge and the particle mass; thus, satisfaction of the boundary condition 
of no Fourier components of the current - density function which are synchronous with waves traveling at the speed of light also 
holds for the mass-density function. The transverse electric field of the photon of zero rest mass is replaced by a central electric 
and gravitational field and a particle and antiparticle. For Euclidean spacetime, the radius of the boundary condition is invariant 
because the velocity is perpendicular to the radius of the orbitsphere. (The radius of the boundary condition is not length- 
contracted by special relativistic effects.) However, the nonradiative boundary condition and the constancy of the speed of light 
must hold which requires relativistic corrections to spacetime. 



Mass and charge are concomitantly created with the transition of a photon to a particle and antiparticle. Thus, the 
energies, which are equal to the mass energies apply for the proper time of the particle (antiparticle) given by the general 
relativity, Eq. (32.38). The transition state from a photon to a particle and antiparticle pair comprises two concentric 
orbitspheres called transition state orbitspheres. The gravitational effect of a spherical shell on an object outside of the radius of 
the shell is equivalent to that of a point of equal mass at the origin. Thus, the proper time of the concentric transition state 
orbitsphere with radius V* (the radius is infinitesimally greater than that of the inner transition state orbitsphere with radius r") 
is given by the Schwarzschild metric, Eq. (32.38). The proper time applies to each point on the orbitsphere. Therefore, consider 
a general point in the xy-plane having r = X c ; dr = Q; d6 = 0; sin 2 6 = 1 . Subs t itution of t hese parame t ers into Eq. (32.38) 



gives 

i 
2Gm, 



f -l/^.„ ..^2 



dx = dt 



1- 



'0 



2 » 2 

X, CJcc c_ 



(32.42) 



W it h v 2 = c 2 , E q. (32. 4 2) becomes 



= ft" p£¥- = ft" \=^- = ft' IS- = ft s- (32.43) 




where the gravitational radius, r , and the gravitational velocity, v , are given by Eqs. (32.35) and (32.36), respectively. The 

production of a real particle from a transition state orbitsphere is a spacelike event in terms of special relativity wherein 
spacetime is contracted by the gravitational radius of the particle during its production. Thus, the coordinate time is imaginary 
as given by Eq. (32.43). On a cosmological scale, imaginary time corresponds to spacetime expansion and contraction as a 
consequence of the harmonic interconversion of matter and energy as given by Eq. (32.40). The left-hand side of Eq. (32.43) 
represents the proper time of the particle/antiparticle as the photon orbitsphere becomes matter. The right-hand side of Eq. 
(32.43) represents the correction to the laboratory coordinate metric for time corresponding to the relativistic correction of 
spacetime by the particle production event. Riemannian space is conservative, and only changes in the metric of spacetime 
during particle production must be considered. The changes must be conservative. For example, pair production occurs in the 
presence of a heavy body. A nucleus which existed before the production event only serves to conserve momentum but is not a 
factor in determining the change in the properties of spacetime as a consequence of the pair production event. The effect of this 
and other external gravitating bodies are equal on the photon and resulting particle and antiparticle and do not affect the 
boundary conditions for particle production. For particle production to occur, the particle must possess the escape velocity 
relative to the antiparticle where Eqs. (32.34), (32.48), and (32.140) apply. 
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Eq. (32.43) is valid in the case that v < c 6 . The velocity of each mass-density element of the extended particle is 

equivalent to the gravitational escape velocity v^ of the mass of the antiparticle (F.q. (32.43)). According to Newton's T.aw of 

Gravitation the eccentricity is one and the particle production trajectory is a parabola relative to the center of mass of the 
antiparticle. The mass of each member of a lepton pair corresponds to an energy of Eq. (32.32). The electron and antielectron 
correspond to the Planck equation energy. The muon and antimuon correspond to the electric energy. And, the tau and antitau 
correspond to the magnetic energy. However, a pair of particles each of the Planck mass corresponding to the conditions of Eq. 
(32.22), Eq. (32.32), and hq. (32.33), is not observed since the velocity of each of the point masses of the transition state 
orbitsphere is the gravitational velocity v G that in this case is the speed of light; whereas, the Newtonian gravitational escape 

velocity v g of the superposition of the point masses of the antiparticle would be V2 the speed of light (Eq. (32.35)). In this 

case, an electromagnetic wave of mass energy equivalent to the Planck mass travels in a circular orbit around the center of mass 
of another electromagnetic wave of mass energy equivalent to the Planck mass wherein the eccentricity is equal to zero (Eq. 
(26.20)), and the escape velocity can never be reached. The relative velocity of Eq. (32.18) given by the velocity addition 
formula of special relativity for two photons corresponding to a particle and an antiparticle each of the Planck mass is c . In this 
case, the Compton wavelength bar is the gravitational radius given by Eq. (32.22) where the mass m is the Planck mass, and no 
matter can escape. Thus, for example, only three pairs of leptons are observed. And, a lepton having the Planck mass is not 
observed. From Eq. (32.43), the masses of fundamental particles are calculated in the Leptons and Quarks sections. 

As stated in the Relativity section, to describe any phenomenon such as the motion of a body or the propagation of light, 
a definite frame of reference is required. A frame of reference is a certain base consisting of a defined origin and three axes 
equipped with graduated rulers and clocks. Given the unified relationships between the mass energy, the Planck equation 
energy, electric potential, magnetic energy, the gravitational potential energy, and the mass/spacetime metric energy given by 
Eqs. (32.32-32.34) and Eq. (32.48) infra., it is possible to reduce the graduated rulers and clocks to a clock alone. The units of 
measure are interdependent. Eqs. (32.32-32.34) and Eq. (32.48) infra which unify the energies also unify the relationships of the 
units of measurement. A measure of spacetime does not exist a priori. Thus, one must be defined. Based on the unification, 
only the metric of time need be set in the equations such that the other calculable parameters of matter and energy may be 
expressed relative to the time metric in terms of an internally consistent system of units such as the MKS units. — The 

2_ 



permeability of free s p ace, // , is defined in terms of the MKS unit NA — as 

fi„ = 4tt X M)- 1 NA- 2 (32.44) 

The permeability of free space, ju , and the permittivity of free space, s , are derived by converting the Coulombic force law 

and the magnetic force law from CGS units to MKS units. In CGS units, the unit of charge is defined such that the Coulomb 
force equation is 

F (dynes) = k * , ' where k = 1 (32.45) 

r [cm ) 

From the magnetic force per unit length law, ju is given by the conversion of 

2/ 1 esu I sec I 

F (dynes /cm) = k — -4 — '-r where k = 1 (32.46) 

re (cm /sec J 

-to 

2 f a2 



F (dynes I cm)-- 



(32.47) 
Att r 

and defined exactly as ju = An X 1(T 7 NA' 1 . The experimental definition of charge in MKS units is based on the speed of light, 
the Coulomb force law gives e in terms of the MKS charge; thus, s in terms of MKS units is based on the experimentally 
measured speed of light. The speed of light is the conversion factor from time to length, lime can also be converted to mertial 
and gravitational mass and charge according to Eqs. (32.32-32.34) and Eq. (32.48) infra. MKS units are selected. In the case of 
MKS units, the time metric is the second which is substituted for the variable t of Eq. (32.43). (See Box 32.1.) Eq. (32.43) 
which gives the equivalence of time in the proper and coordinate frames according to a dimensionless correction factor provides 
a definition of the unit of time in terms of fundamental constants. And, the unification equation provides a superior means to 
define a self-consistent set of units based only on time. 

m n c 2 = hco = V = E = E =E ,. (32.48a) 
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6 Eq. (32.42) becomes the special case where — = 
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= . No particle can form when the proper 


time, i , is not finite. 
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(32.48b) 



where Lhe mass, m , of Lhe relationship containing the Lime ruler sec must be corrected for Lhe energy of Lhe particle fields 

corresponding to neutrinos as given in the Leptons section. A superior measure of time is an atomic standard. Using Eq. 
(32.48b) all other standards are determined according to the metric of time defined by Eq. (32.43). 

MEASUREMENT OF OBSERVABLES OVER ALL SCALES THEREUPON 

A unit of time may be defined arbitrarily in terms of how it is measured (such as the time for a defined number of "clicks" of a 
Cs 133 atom), but mass, charge, energy, spacetime. and other observables are not generalities. The result of unification is that 
each arises from and is dependent on the other and may be measured on this basis only. The relationships between observables 
depend on fundamental constants. So, generalities are lost after a clock is defined in terms of the constants. The relationships 
are circular since no phenomenon is independent of another. 

The metric of time, sec, is defined by Eq. (36.2) in terms of fundamental constants and the electron mass with the implicit 
contraction of spacetime due the formation of the electron from energy. Eq. (32.39) is equivalent to Eq. (36.2) which is the 
definition of the sec. However, the form given by Eq. (32.29) gives a method of experimentally determining the metric of time 
(sec) which does not require the measurement of the electron mass. The electron Compton wavelength, X c , is equal to the 
wavelength of the photon which gives rise to the electron, and the velocity of each mass-density element of the extended particle 
is equivalent to the gravitational escape velocity, v , of the mass of the antiparticle (Eq. (32.43)). According to Newton's Law 
of Gravitation the eccentricity is one and the particle production trajectory is a parabola relative to the center of mass of the 



antiparticle. Both parameters, X c and v , may be measured independently of the electron mass. The resulting determination of 

the unit of the metric of spacetime, sec, may be used to calculate the electron mass (Eq. (36.3)). 
Another example that follows from Eq. (32.48) with Eq. (28.15) is 



4 ^o* c 



ah 



1 sec V 2Gm 
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■■ 0.9975 second 



(32.1.1) 
(32.1.2) 



which is based on the time definition of bq. (36.^), but does not require knowledge of the electron mass for the determination of 
sec. 

The electron mass is not a fundamental constant since it can be derived in terms of the actual fundamental constants 
given in the Relationship of Spacetime. Matter, and Charge section. The electron mass is given by Eq. (36.3) wherein the time 
unit sec may be determined independently of any parameter measured directly on the electron. The production (annihilation) of 
a particle requires that spacetime contract (expand). The relationship of matter to energy conversion and space time expansion 
given by Eq. (32. 140) is 

.... _ _ ...3 kg 



Q = ^ = 



2nr„ 



~2GW 47r<7 



= 3.22X10 J ' 



(32.1.3) 



2k 



sec 



That is the conversion of 3.22 X 10 34 kg of matter into energy results in the expansion of the 3-sphere Universe-(Riemannian 
three - dimensional hypcrspacc plus time of constant positive curvature at each r - sphcrc) by one sec . Based on this result with 
the inherent time unit sec, the Universe is time harmonically oscillatory in matter energy and spacetime expansion and 
contraction with a minimum radius that is the gravitational radius. With the origin of gravity being the contraction of spacetime 
during particle production, the masses of particles and the cosmological parameters such as the Hubble constant, the age of the 
Universe, the observed acceleration of the expansion, the power of the Universe, the mass-density, the power spectrum of the 
Universe, the microwave background temperature, the uniformity of the microwave background radiation, the microkelvin 
spatial variation of the microwave background radiation, and the large scale structure of the Universe are given in terms of sec as 
the definition of the spacetime metric. The harmonic oscillation period, T , of the Universe given by Eq. (32.149) is 

2nr a _ 27iGm u _ 2kG{2X 10 54 kg) 



T = - 



■= 3.10X1CT sec 



(32.1.4) 



where the mass of the Universe, m v , is approximately 2X10 — kg . The mass of the Universe is a fundamental constant which 
may be measured by internal consistency of the cosmological parameters. From Eq. (32.1.4), the time unit sec is given by the 

time required for the Universe to complete — of a cycle. Thus, the converse of the definition given by Eq. (36.2) holds — 



cosmological obs e rvabl e s e ach s e rv e as a clock to giv e a m e asur e m e nt of and circularly d e fin e th e tim e unit s e c. 
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The laws of nature are self contained and self consistent such that any phenomena can be described only in terms of all 
the others, but cannot be described in isolation. A force is simply the change in energy with time. When matter decays to 
energy, the energy content of spacetime increases and it expands. This can be thought of in terms of a corresponding force 
called the "Q force" after Eq. (32.140). The process caii only be described in terms of its relationship to Maxwell's equations 
and other first principles. The interdependencies are summarized in Eq. (32.48). 

Eq. (32.48b) (Eq. (32.21)) gives the circular relationships between matter, energy, and spacetime based on the definition 
of time given by Eq. (36.2). A unified theory can only provide the relationships between all measurable observables in terms of 
a clock defined according to those observables and used to measure them. The so defined "clock" measures "clicks" on an 
observable in one aspect, and in another, it is the ruler of spacetime of the Universe with the implicit dependence of spacetime 
on matter-energy conversion. In this case, fundamental physical constants and observables calculated in terms of the 
fundamental constants have no meaning except with regard to the definition of time in terms of the constants. Then all 
observables such as the excited states of atoms, ionization energies of atoms ; chemical hond energie s ; scattering of electrons 
from atoms, nuclear parameters, cosmological parameters, etc. are given in terms of the definition of the sec (Eq. (36.2)) which 
is extremely close to the MKS second. Internal consistency is given with a high degree of precision over the scalar range of 85 
orders of magnitude (mass of the electron to mass of the Universe). To achieve exact predictions of particle masses and 
cosmological parameters which requires the introduction of the spacetime metric as a fundamental constant, a slight modification 
of th e e xp e rim e ntal d e finition of th e s e cond may b e r e quir e d. — Pr e s e ntly, all fundam e ntal constants including mass e s ar c 
determined in a self-consistent manner involving definitions and measurements. With time defined by Eq. (36.2), ultimately the 
unit system will have to be revised according to Eq. (32.48b) (Eq. (32.21)) which gives the exact relationships between the 
measurable constants. Then from the definition of the metric of time, sec, in terms of fundamental constants given by Eq. (36.2) 
and the relationships between the fundamental constants given by Eq. (32.48b) (Eq. (32.21)), the periods of spacetime expansion 
(contraction) and particle decay (production) for the Universe are equal as shown in the Period Equivalence section, and the 
atomic, thermodynamic, and cosmological arrows of time discussed in the Arrow of Time and Entropy section are based on the 
same time unit. 

For convenience, the masses of particles derived from Eq. (32.43) and given in the Leptons and Quarks sections as well 
as the cosmological parameters given in The Expanding Universe and the Microwave Background, The Period of Oscillation 
Based on Closed Propagation of Light, Equations of the Evolution of the Universe, Power Spectrum of the Cosmos, The 
Differential Equation of the Radius of the Universe, and Power Spectrum ol the Cosmic Microwave Background sections are 
calculated based on the approximation of the sec to the MKS second wherein MKS units are used. However, the sec may be 
converted to MKS second based on the deviation of Eq. (36.2) from one second (also Eq. (32.1.2)). The accuracy of the 
conversion factor of 0.9975 second/sec is limited by the error in the value of the gravitational constant (See Box 32.2). A new 
system of units would eliminate the need for conversion and permit a more accurate determination of the constants including the 
definition of time based on internal consistency. 




PRODUCTION AND ITS EFFECT ON SPACETIME, AND THE DEFINITION OF SEC 
AND THE FUNDAMENTAL CONSTANTS 

The definition of the time unit sec is given in terms of the mass of the electron and fundamental constants in Eq. (36.2). 

2<7m 2 



2k- 



- = sec 



(32.2.1) 



mc~ V ca h 

Substitution of the MKS values for the fundamental constants and the electron mass for m including the correction due to the 
particle fields given by Eq. (36.15) into Eq. (32.2.1) gives sec = 0.9975 MKS seconds . One scenario of how the MKS second 
(presently defined as the time required for 9,192,631,770 vibrations within the cesium-133 atom) evolved such that it matches 
the sec to within a ppt tollows from Eq. (32.39). 



2kX c 
2Gm„ 



2n°K r 



- ta sec 



(32.2.2) 



The electron Compton wavelength, X c , is equal to the wavelength of the photon which gives rise to the electron, and the 

velocity of each mass-density element of the extended particle is equivalent to the gravitational escape velocity, v , of the mass 

of the antiparticle (Eq. (32.43)). According to Newton's Law of Gravitation, the eccentricity is one and the particle production 
trajectory is a parabola relative to the center of mass of the antiparticle. In the case of particle production, Eq. (1.16) gives 



Substitution of Eq. (32.2.3) into Eq. (32.2.2) gives 



(32.2.3) 
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■ = ia~ l sec (32.2.4) 



which gives the definition of sec in terms of traveling the distance corresponding to one particle orbit at the gravitational 
velocity. 

The Mean Solar Day (1956) definition of the time unit second was based on the day-night cycle of the Earth defined as 
t he time for 1/86,400 th of a rota t ion of t he Ear t h. This defini t ion was t he predecessor t o t he MKS definition of time which is 
also based on the second. The exact number, 86, 4 00, permits the day - night cycle to be expressed in terms of 2 4 hours per day, 
60 minutes per hour, and 60 second per minute. One method of advancing the definition of second is to develop a relationship 
between the fundamental constants and Newton's Law of Gravitation regarding the Earth. The gravitational velocity of the 
Earth, v^ , is 



7 -^- = iAX^m Ts (37X5T 

R 

where R = 6 X 10 6 m is the radius of the Earth, and M = 6 X 10 24 kg is the mass of the Earth. Eq. (32.2.5) is also the 

gravi t ational escape ve locit y . A M ean Solar Day definition of th e second based on constants and gravi t y is 

L L LlM =^s ' (3226T 



2K Se m(v SE ) (vj 

where the fine structure constant, a , is dimensionless, LI m is the angular momentum per unit mass over In radians, K is 

the kinetic energy corresponding to the gravitational escape velocity, and the escape velocity, v , is given by Eq. (32.2.5). 

LI m is given by 

L/m = 27rRxv (32.2.7) 

Substitution of Eq. (32.2.7) into Eq. (32.2.6) gives 

±l!L = ™JL = a — s ^ Q22X) 

h.) v * v * 

where the linear velocity of the Earth at the equator due to rotation is given by 

^p (32JL2X 

where T is the period of rotation. From the Mean Solar Day (1956) definition 

T = 86,400 s (32.2.10) 
Substitution of Eqs. (32.2.9) and (32.2.10) into Eq. (32.2.8) gives 
InR 



1,1 m -2xR 86,400 s 



(32.2.11) 



(v fc ) ^ v gE 
Substitution of Eq. (32.2.5) into Eq. (32.2.11) gives 
(2ttR) 2 [2x(6X10 6 mjf 



86,400, .. 86,400, _ 136 ,„„-., (32212) 



(1.1X10 4 mis) [l.lXlO 4 mis) 
This clos e id e ntity may hav e play e d a rol e in choosing th e numb e r 86,400 in th e d e finition of th e s e cond. 



Now consider the relationship between Eq. (32.2.8) and Eq. (32.2.2). In the case of pair production, the electron linear 

velocity is the gravitational escape velocity, and the radius is the Compton wavelength bar, X c , as given by Eqs. (32.2.2-32.2.4). 

Thus, Eq. (32.2.8) may be written as 

1,1 m 7ttR v InR v s 2nX r 2^X.„ . , 

- - " - ' - : = ia s (32T2TT3) 



■fef 



2Gm„ 



X c 



where the imaginary number indicates that pair production is spacelike. Eq. (32.2.13) is identical to Eq. (32.2.2). Thus, the 
M ean Solar D ay d efinition of th e second a nd the definition of sec given by Eq. (3 2.2.?,) are i d entical to th e extent th at Eq. 
(32.2.12) is identically the reciprocal of the fine structure constant. And, other equivalent parallels between Eq. (32.2.2) and 
(32.2.8) are given in terms of other fundamental constants using Eq. (32.48b) (Eq. (33.21)) which gives the relationships 
between the constants and the time unit sec. 
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ORBITAL MECHANICS 

Newton's differential equations of motion in the case of the central field are 



m(f-rd 2 )- f(r) (32.49) 

m(2rd + rd) = (32.50) 
where f(r) is the central force. The second or transverse equation, Eq. (32.50), gives the result that the angular momentum is 
constant, 

r 2 9 - constant -Llm (32.51) 

where L is the angular momentum. The central force equations can be transformed into an orbital equation by the substitution, 

u = — . The differential equation of the orbit of a particle moving under a central force is 
r ^ 
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(32.52) 


Because the 


m 
angular momentum 


is 


constant, 


motion 


in 


only 


one 


plane 


need be considered; 


thus, 


the orbital equation is 


given in 



polar coordinates. The solution of Eq. (32.52) for an inverse square force 

Kr) = -\ (32.53) 

r 

is 

r = r — ~ (32.54) 
l + ccosff 

L 1 

m — 

e = A—^- (32.55) 

Z? 

m — = 

^=7-^- (32.56) 

k(l + e) 

where e is the eccentricity and A is a constant. The equation of motion due to a central force can also be expressed in terms of 

the energies of the orbit. The square of the speed in polar coordinates is 

v 1 =(r 1 +r 1 1 ) (32.57) 

Since a central force is conservative, the total energy, E , is equal to the sum of the kinetic, T , and the potential, V , and is 

constant. The total energy is 

]-m(r 2 + r 2 G 2 ) + V(r) = E= constant (32.58) 

Substitution of the variable u = — and Eq. (32.51) into Eq. (32.58) gives the orbital energy equation. 

r 

±-m^[(^) + u 2 ]+V(u- i ) = E (3Z59T 
2 — m — e& 

Because the potential energy function V{r) for an inverse square force field is 

V(r) = -- = -ku (32.60) 

1- 

the energy equation of the orbit, Eq. (32.59), 

\ m ^r\&) +u ^- ku = E ( 32 - 61 ) 

2 m aO 

which has the solution 

J 2 
in , k 

(32.62) 
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where the eccentricity, e, is 



f 

e = [l + 2Em—rk- 2 f 2 (32.63) 

m 
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Eq. (32.63) permits the classification of the orbits according to the total energy, E, as follows: 
~~ E <0, e<\ ellipse 



E < 0, e = circle (special case of ellipse) 

E=ft, e=i parabolic orbit (32.64) 

E > 0, e > 1 hyperbolic orbit 

Since E = T + V and is constant, the closed orbits are those for which T < \ V \ , and the open orbits are those for which T > \ V \ . 
It can be shown that the time average of the kinetic energy. < T > , for elliptic motion in an inverse square field is 1 / 2 that of the 
time average of the potential energy, <V >: <T >=1/2<V > . 

In Newtonian gravitation, the central force between two particles of masses m 1 and m 2 separated by a distance r is 

F-G^ (32*5^ 



where G is the gravitational constant, its value being 6.67 X 10 " Nm 2 kg 2 . The theoretical difficulty with Newtonian 
gravitation is to explain just why Eq. (32.5) exists implicitly in Newton's theory as a separate law of nature besides Eq. (32.1) 
and Eq. (32.2). Even so, Newtonian gravitation and mechanics was the first truly successful dynamics, and its most well-known 
application was in celestial mechanics. The verification of the prediction of the existence of Neptune marked the peak of the 
success of celestial mechanics, but the first real difficulty was also met he r e. — It was first pointed out in 1850, based on 
astronomical observations, that there was a discrepancy between certain observations of the orbit of Mercury and the predictions 
made by Newtonian mechanics. According to Newton's theory of gravitation, the Sun's gravitational force acting on Mercury 
causes its orbit to be a closed ellipse. In fact it is not a precise ellipse: with every revolution, its major axis rotates slightly. The 
observed rate of Mercury's precession (rotation) of the perihelion (major axis) is 1° 33'20" per century. This value ought to be 
due to the gravitational perturbations ot all other planets and the effect ot rotation of our Earth-based coordinate system. 
However, the value calculated from Newtonian mechanics is 1 ° 32'37" per century. The discrepancy between them of 

l°33'20"-l o 32'37 = 43" " (32.66) 
is extremely small, but it has heen ohserveri with a negligible amount of observational error, and it represents a tremendous 
outstanding problem for Newtonian mechanics. 

RELATIVISTIC CORRECTIONS OF NEWTONIAN MECHANICS AND NEWTONIAN 
GRAVITY 

Newtonian mechanics (Eqs. (32.2)) is corrected by Lorentz transformations of the time, length, mass, momentum, and energy of 
an object (Eqs. (30.17-30.22)). — Similarly Newtonian gravitation is corrected by relativistic corrections of the metric. — The 
Schwarzschild metric is relativistically correct and may be solved to provide the orbital equation. The force is central; therefore, 
the angular momentum per unit mass is constant. The transverse differential equation of motion in the case of the central field, 

w(2r^ + r^) = (32.67) 

gives the result that the angular momentum is constant 

r 2 - constant = L^l m (32.68) 

where L, is the <f> component of the angular momentum of an orbiting body of mass m . Eq. (32.38) may be expressed as 



_i 2Gm )( dt ) T 



~ 2Gm \ ( dr 



dtj> 



Ht 



^T 



Ut 



(32.69) 
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The relativistic correction for time is 



(32.70) 



It has the same form as the special relativistic correction for time with v g in place of v . This correction may be determined by 
considering an object of mass m orbiting an object of mass M . The gravitational force is central; thus the angular momentum 
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s orbit with 


a change 


of its 


energy E . 


mr l 


(2H( 


d<f\ 
dt) f 




















(32.71) 
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where — is the initial angular velocity, — is the final angular velocity, r. is the initial radius and r, is the final radius. 

I dt ), I dt ) f : 

At fixed radius, dr 2 is zero, but dt 2 is finite. Applying the time relativistic correction given by Eq. (32.38) and Eqs. (32.14- 
32.17) gives the mass m f at r, with respect to the mass m i of the inertial frame of r. t as 



in 2GM 
m,A\ 1 — I =m r 



(32.72) 



where r is the increase in the radius, The proper energy E ol the object is given by 

(32.73) 
The relativistic correction for energy is of the same form as the special relativistic correction for mass (Eq. (31.21)) with v in 



«,MU-^l=^ 



place of v . 



(32.74) 



V c ) 



where m is the coordinate mass of the orbiting body and E is the energy of the orbiting object. In the case that the gravitational 



velocity is much less than the speed of light (v «c), the gravitational energy E g converges to that given by Newton. 



E &mc 



2 \(2GM 



(32.75) 



E &mc 



GMm 



(32.76) 



F,= 



GMm 



(3 2. 77) 



PRECESSION OF THE PERIHELION 



Combining Eq. (32.73) and Eq. (32.38) in terms of the time differentials gives 
2GM '1<ft~g~ 



re 2 J dz mc~ 



(32.78) 



Eq. (32.78) is herein derived from first principles. It is postulated in previous solutions [8, 1 1]. Having arrived at the basis for 
the orbital equation using the correct physics, the derivation follows from Fang and Ruffini [8]. Eqs. (32.69), (32.78) and 
(32.68) ar e th e e quations of motion of th e g e od e sic, which giv e 



^dr^ 



d <t>. 



2GM \ 
c 2 r ) 



f L\ 



2 2 

+ m c 



(32.79) 



The central force equations can be transformed into an orbital equation by the substitution, u - 



The relativistically corrected 



differential equation of the orbit of a particle moving under a central force is 
'E^ 

v2- 



^du^ 



m'-c 1 ( 2GM 



2GM 



zH_ 



~zT 



ILz 



U_ 



(32.80) 



\d<j>) L^ i" V C J V c 
By differentiating with respect to <j> , noting that u = u{if) gives 
dlu GM t,(7GM ^ 



(32.81) 



- + u ■ 



V-^ / 



where 



m 

In the case of a weak field, 



(32.82) 



(2GM\ 



I — — jw«l (32.83) 

and the second term on the right-hand of Eq. (32.81) can then be neglected in the zero-order. In such a case the solution is 
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w r = Acos(0 + o ) (32.84) 

where A and tp denote the constants of integration. The orbits of Eq. (32.84) are conic sections and are specified in terms of 



eccentricity 



An 2 
e = — (32.85) 
GM 

and perihelion distance 

2 

r.= % (32.86) 

mm GM(\ + e) 

If e < 1 , the orbits are bound and elliptical in shape. In the case for which the minor axis is parallel to <p = (i.e. tp a = ), the 
ellipse can be written as 

Mn =I = ^H.(l + ecos^) (32.87) 



r 

3(2GM 



The correction to the elliptical orbits caused by the relativistic term — — - — z/ — in Eq. (32 . 81) is calculated. The value of this 

term is only about 1CT 7 for Mercury and far less for other planets, so that it is only necessary to calculate the lowest order 
corrections, called the post-Newtonian corrections. Substituting Eq. (32.87) into the second term on the right-hand side of Eq. 
(32.81), gives 

— - + u= — — + s 2ecos^ + (l + e cos tp\ (32.88) 

dtp a a t ^ 

where e - « 1 . Let u - u + u x . Then the equation for the first-order correction function u x is 

\ ca ) 

d 2 u, 3GM 



\ u 1 -c 2 [2gcos^ + (l + g 2 cos 2 ^)] (32.89) 

This is an equation for forced oscillations. In Eq. (32.89), the only important term on the right-hand side is the first one, which is 
resonant, while the second non-resonant term will only cause a slight periodic variation in the position of the perihelion. Thus, 
after neglecting the non-resonant term, bq. (32.87) becomes 

~ itu, 6GM "~ ; ^TZ^r 

— T + u,=s — t- ecostft (32.90) 

dtp a 

A solution can be obtained as 

3GMe j. ■ j. mo n 

u x = s — - — tpsmtp (32.91) 

tr 

The presence of a multiplicative factor tp in the solution causes a cumulative effect which can be observed clearly after a 
sufficiently large number of revolutions. 

Using the above solution, by considering the relativistic correction up to the first order, the orbit is 

u=u +u 1 = — j-[l + t;(cos^ + 3£^siu^)] (32.92) 

or 



GM 



{l + ecos[^(l-3f)]} 



(32.93) 



as s is small. 

Perihelia occur when the cosine is unity; thus, they are given by the following condition: 

<p(l-3e) = 2xn (32.94) 

where n is any integer. This can be approximated as 

^ = Inn + bnne (32.95) 

Therefore, the azimuth angle ^ increases with increasing n , corresponding to a precession of the major axis of the ellipse. The 

angular precession A$ per revolution is 

6xGM 
A ^i = ~2 7i 7 (32.96) 

and the centennial precession t±tp is 
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bnGMN 

A* = - r (32.97) 

cr m i Jl + e) 



where N is the number of revolutions per century. 



Only for the planets Mercury, Venus, and the Earth, and the asteroid Icarus, is r^ n small enough and M large enough 
for A0 to be measured. The results are as shown in Table 32.1. The large uncertainty in the measured precession of Venus 
arises from the near-circularity of the orbit ( e is only 0.0068), which makes it difficult to locate the precession. These results 
support that the Schwarzschild metric derived from Maxwell's equations is the correct theory of gravitation. 

Table 32.1 . Observed and theoretical angle of precession of the perihelion of Mercury, Venus, Earth, and Icarus. 





Observed 


Theoretical 


Planet 


Aiz* 100 (seconds of arc) 


Aiz* 100 (seconds of arc) 




Mercury 


43.11 ± 0.45 


43.03 


Venus 


8.4 + 4.8 


8:6 



Earth 5.0 ± 1.2 3.8 

Icarus 9.8 ± 0.8 10.3 



Other sources of precession must be ruled out in order to definitely assign the remaining precession to a Newtonian 
correction based on the Schwarzschild metric. The most important source of some precession is the non-spherical symmetry of 
the Sun. If the Sun is slightly oblate, its gravitational potential would be 



-y^L 



T-r^ 



2 2 

r 



3cos 2 f?- 



(32.98) 
V *■ J_ 
where J 2 is the oblateness of the Sun. The corresponding rotation of the perihelion per revolution of the Sun is 



~K 



'Sun 



A^ = -^-J 2 JZ= (32^ 

The lack of data of J 2 is the major limitation in determining the Sun's contribution if any. Measurement of J 2 from the visual 
oblateness of the Sun is difficult, and the results are in dispute. Dicke and (Joldenberg have claimed that this oblateness is as 
large as J 2 = 5 X 10 5 [8], corresponding to about 20% of the remaining precession. However, recent observations indicate that 

the oblateness of the Sun is far less corresponding to J 2 =(1.84 ±1.25) X 10~ 6 . Inference of J 2 by comparing results for 

Mercury and Mars is also difficult. The effect for Mars is very small, and the influences of the asteroid belt on the orbit of Mars 
make the interpretation of a measured precession difficult. J 2 should be directly measured by tracking a spacecraft that passes 
close to the Sun. In one scenario, the spacecraft would be sent from the Earth to pass by Jupiter to obtain a "gravity assist." Due 
to the Jupiter encounter, the spacecraft would be made to travel perpendicular to the ecliptic. After several years of flight, the 
spacecraft would pass by the Sun in less than a day and J 2 would be estimated from that brief encounter. 



The photon has h of angular momentum, which must be conserved while light passes a gravitating body. In addition, particle 
production causes contraction of spacetime. According to the Schwarzschild metric matter causes relativistic corrections to the 
spacetime metric that determines the curvature of spacetime and is the origin of gravity. — Due to conservation of angular 

momentum, Newtonian mechanics predicts the bending of the trajectory of light, in a gravitational field. The deflection 

predicted by Newtonian gravitation is less than the experimental value, but closely matches the experimental value when 
relativistically corrected. As early as in 1801, Soldner calculated the deflection of light in gravitational fields using Newtonian 
mechanics. Eq. (32.87) corresponds to unbound hyperbolic orbits if the eccentricity e exceeds unity. The asymptotes, where 
r — > co , correspond to the angles shown in Figure 32.1 having the following relationship 

^ = ±ff+|^1 (32.100) 

where 5 is the total Newtonian deflection of the ray, given by 

cos^=-- (32.101) 
e 
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which is equivalent to 

• l x J 
sin— o= — 

2 e 
Figure 32.1 . The coordinate parameters of the deflection of light in the gravitational field of the Sun. 



(32.102) 




Using the speed of light c , Eq. (32.5 1 ) and a = — , the angular momentum per unit mass of the photon, a , is approximately 

m 

The eccentricity follows from Eq. (32.85) and Eq. (32.86) 
cr 



GMr 



1 2 

C T ■ C V ■ 

. mm | ~, mui 

GM GM 



Since — — » 1 , e is very large and S is very small, so that we have approximately, 



that is 



■i 1 s I l s ' 
sin | —d ■«— o = — 

.2 J 2 e 



„ 2GM 
o = 



c 2 ^ 



(32.103) 
(32.104) 

(32.105) 
(32.106) 



For light grazing the surface of the Sun, r niB = R Sm and M = M Sm , giving 

<? = 0".875 (32.107) 

The Newtonian deflection must be corrected relativistically to calculate the true deflection S . The results obtained in the 
Precession of the Perihelion section can be applied to light propagation in gravitational fields wherein the gravitational mass of 
light is zero (rather than the rest mass of light is zero as typically given [8]) 7 Substitution of m = in Eq. (32.81) gives 



d 2 u IGM 



,- 4- U — 
df c 2 

If M = , the path of the light would be a straight line with the orbit equation, 

w =— cos(^+^) 

"]i:: 

where r mjn and ^ are constants of integration. By making ^> = , up to the first order correction, Eq. (32.108) gives 
d 2 u 3GM 

which has the solution: 

1 j. GM (i 

U= COS^>+ ■ l + £ 



a u ^UM -, 

~~TT +U = 2 2 cos " V 



- sin^ 



(32.108) 
(32.109) 

(32.110) 
(32.111) 



7 According to standard general relativity, the solution of the deflection of light in a gravitational field requires that the gravitational mass of the photon be 
zero. To avoid an inconsistency with the equivalence principle, a hand-waving argument is offered wherein the parameter m in Eq, (32,81) which is 
unequivocally the gravitational mass somehow becomes the photon rest mass, As shown in the Cosmology section, since the gravitational field and the 
photon both travel at the speed of light, the photon cannot give rise to a gravitational field without violating causality. The zero rest mass argument is 
made turther internally inconsistent by invoking special relativity to magically make die rest mass of the photon be zero, but special relativity absolutely 
requires that the speed of the photon be C for all inertial frames with the absence of a special frame. Specifically, the frame in terms of the historical data 
is that of an Earth observer, not a photon rest frame. 
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The asymptote is determined by taking r — > oo , namely, 

0= * sir/ i ^ fl i cos 2 *! (32^42>- 



2 c l ri 



mm 



Since 8 ~ and — « 1 , the deflection 8 is 



c r ■ 

nun 



4GM 



(32.113) 



c 2 r ■ 

-^ — mm 



This is twice the unrelativistically corrected Newtonian value. For light grazing the Sun, 

S = V. 75 ' ' (32.114) 

It is only possible to measure the deflection of light from a star during a total eclipse of the Sun. A comparison between 
the measured relative positions of the stars around the Sun during an eclipse and six months later (i.e. in the absence of the Sun's 
gravitational field in the region), gives A#S, the Sun's deflection of light from these stars. A^ lias been measured for about 400 
stars since 1919. The experimental results all lie within the limits 1". 57-2". 37 with a mean value of 1".89. These results 
disagree with the prediction of unrelativistically corrected Newtonian theory. But, the predicted and experimentally observed 
values agree quite well after general relativistic correction of Newton 's Law of Gravitation. 

Observation of deflections is experimentally difficult. For example, the effect of the solar corona limits measurements of 

the star with r^ n > 2R Sun . Total eclipses of the Sun are not usually observable at locations where large telescopes are available. 
The accuracy of the measurement is restricted by the size of the diffraction disc of the telescope (e.g. a 10 cm diameter telescope 
has a diffraction disc of about 5X 10~ 6 arc). Moreover, exposures and developing made at different times give rise to 
systematic errors. 

Recently, radiosources have been used for detecting the deflection of light. Since the precision of the direction 
measurements made by very long baseline interferometry can be very high compared to telescopes, the corresponding data is 
superior. For example, QSO 3C279 is occulted annually by the Sun. The deflection results are obtained by measuring the angle 
between 3C279 and 3C273 before and after an occultation. Some of these results are listed in Table 32.2. 

Table 32.2. The angle of deflection of the propagation of a light ray /S.tf> by a gravitating body. 

Name of Frequency Length of Baseline 

Observatory (MHz) (km) Aj> 

OWENSVALLEY 9602 1 1".7 ± 0".20 

GOLDSTONE 2388 21.566 1 ".82 ± 0".24 

0".17 



GOLDSTONE 


7840 


3899.22 


1".80 ± 0".2 


HAYSTACK 








NRAO 


2695 








8085 


2.7 


1".57 ± 0".08 


NRAO 


2697 








4993.8 


1.41 


1".87 ± 0".3 



In addition, radiosources 0119+1 1, 01 16+08, and 01 1 1+02 are collinear such that when the ecliptic of the Sun crosses 01 16+08, 
0119+11 and 0111+02 are each on one side of the ecliptic, making angles of 4° and 6° with the ecliptic, respectively. The Sun 
passes through the celestial region near 01 16+08 in the first ten days of April. The effects of the corona are eliminated using two 
frequencies, 2695 and 8085 MHz. Fomaleont and Sramek have obtained the result A^ = l".761±0".010 by measuring the 
change in the relative positions of the three radiosources using the 35 km baseline interferometry at NRAO when the Sun passed 
0116+08. 



COSMOLOGY 

The development of the cosmoiogical solutions of Einstein 's general relativity with big bang theory are from Wald [13 J. The 
failings of this theory and a discussion of solutions by the author of this book are given in this section in italicized text to 
distinguish the author 's work from that of Wald. 

A space in which the curvature tensor R „ having the form 

R»v,af) = K ■ (Svagrf - S^aSvp) ( 32 - 1 15 ) 

is satisfied (with K = constant ) is called a space of constant curvature; it is a four-dimensional generalization of Friedmann- 
Lobachevsky space. The constant K is called the constant of curvature. If in these relations K is zero, the spacetime is Galilean 
and the transformations in questions are Lorentz transformations, except when other (non-Galilean) coordinates are used. It can 
be shown [19] that any two spaces of constant curvature of the same dimension and metric signature which have equal values of 
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K must be (locally) isometric. Thus, our task of determining the possible spatial geometries of a hypersurface 2, will be 

completed if we enumerate spaces of constant curvature encompassing all values oiK. This is easily done. All positive values 
of K are attained by the 3-spheres, defined as the surfaces in four-dimensional flat Euclidean space R 4 whose Cartesian 
coordinates satisfy 

x 2 +y 2 +z 2 +w 2 =R 2 (32.116) 

In spherical coordinates, the metric of the unit 3-sphere is 

ds 2 = dy/ 2 + sin 2 y/ [dO 2 + sin 2 Odfi ) (32.117) 



The value K = is attained by ordinary three-dimensional flat space. In Cartesian coordinates, this metric is 

ds 2 =dx 2 +dy 2 +dz 2 (32.118) 

Finally, all negative values of K are attained by the three-dimensional hyperboloids, defined as the surfaces in a four- 

drmensional Hat Lorentz signature spaces (i.e., Minkowski spacetime) whose global inertial coordinates satisfy 
t 2 -x 2 -y 2 -z 2 =R 2 (32.119) 

In hyperbolic coordinates, the metric of the unit hyperboloid is 

ds 2 = dy/ 2 +sinh 2 y/(d9 2 +sin 2 Od<j> 2 ) (32.120) 

The new possibilities for the global spatial structure of our Universe should be stressed. In prerelativity physics, as well as in 
special relativity, it was assumed that space had the flat structure given by the possibility K = above. Hut even under the very 
restrictive assumptions of homogeneity and isotropy, the framework of general relativity admits two other distinct possibilities. 
The possibility of a 3-sphere spatial geometry is particularly interesting, as it is a compact manifold and thus describes a 
Universe which is finite but has no boundary. Such a Universe is called "closed," while the Universes with noncompact spatial 
sections such as those given by flat and hyperboloid geometries are called "open." (One could construct closed Universes with 
flat or hyperboloid geometries by making topological identifications, but it does not appear to be natural to do so.) Thus, an 
intriguing question raised by general relativity is whether our Universe is closed or open. 

Consider isotropic observers orthogonal to the homogeneous hypersurfaces Z ( . In this case, we may express the four- 
dimensional spacetime metric g ab as 

g ab =-u a u b +K b (t) (32.121) 

where for each t, h ab (t) is the metric of either (a) a sphere, (b) flat Euclidean space, or (c) a hyperboloid, on S, . We can 

choose, respectively, either (a) spherical coordinates, (b) Cartesian coordinates, or (c) hyperbolic coordinates on one of the 
homogeneous hypersurfaces. We then "carry" these coordinates to each of the other homogeneous hypersurfaces by means of 
our isotropic observers; i.e., we assign a fixed spatial coordinate label to each observer. Finally, we label each hypersurface by 
the proper time, r , of a clock carried by any of the isotropic observers. (By homogeneity, all the isotropic observes must agree 
on the time difference between any two hypersurfaces.) Thus, t and our spatial coordinates label each event in the Universe. 
Expr e ss e d in th e s e coordinat e s, th e spac e tim e m e tric tak e s th e form 



dy/ 2 + sin 2 y/ {d6 2 + sin 2 9d<j> 2 ) 

dx 2 +dy 2 +dz 2 (32.122) 



ds 2 = -dt 2 + a 2 (r) 



dy/ 2 + sinh 2 y/ (dO 2 + sin 2 6d<j> 2 ) 

where the three possibilities in the bracket correspond to the three possible spatial geometries. The metric for the spatially flat 
case could be made to look more similar to the other cases by writing it in spherical coordinates as 

dy/ 2 + v/ 2 (d0 2 +sm 2 8d<f> 2 ) (32.123) 

The general form of the metric, Eq. (32.122) is called a Robertson- Walker cosmological model. The assumptions of 
homogeneity and isotropy alone determine the spacetime metric up to three discrete possibilities of spatial geometry and 
arbitrary positive function q(r) . Einstein's equation can be solved for the spatial geometry and q(r) . As shown infra the 

result is that all possible solutions of Einstein's equation are inconsistent with the observation that the expansion of the cosmos 
accelerates. 
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FAILED COSMOLOGICAL PREDICTIONS REVEAL EINSTEIN'S INCORRECT 
PHYSICAL BASIS OF GENERAL RELATIVITY 

Dynamical predictions for the evolution of the Universe according to Einstein's equation based on the Equivalence Principle 
may be found by substituting the metric into Eq. (32.40). In the cases of spherical, flat, and hyperbolic geometries, the general 
evolution equations for homogeneous, isotropic cosmology are 



= 8^o — 3 — g- 



(32.124) 



3- = -4;r(/j> + 3P) 



(32.125) 



where k — +\ for the 3-sphere, k — for flat space, and k-—\ for the hyperboloid and p is the (average) mass-density of 

matter, a - — , and P is the pressure. The exact solutions of these equations for the cases of dust ( P = ) and radiation 
eh 

(P = — ) are given below in Table 32.3. 

Table 32.3. Dust and Radiation Filled Robertson- Walker Cosmologies. 



TYPE OF MATTER 



"Dust" 



Radiation 



SPATIAL GEOMETRY 



P = 



P = £- 

3 



3-sphere, k-+\ 



a= — C{\-cosrj) 



^ 



+= 



T= 



Flat, k = 



r = — C'(?7-sin?7) 



9C> 



= (4C) 



4 r 2 



Hyperboloid, k = -\ 



a = — C(cosh^-l) 
r= — C(sinh 77-77) 



a = y[C~' 




Consider some of the important qualitative properties of the solutions. The first striking result is that the Universe cannot be 
static, provided only that p > and P > . This conclusion follows immediately from Eq. (32.125) which tells us that a < . 
Thus, the Universe must always either be expanding ( a > ) or contracting ( a < ) (with the possible exception of an instant of 
time when expansion changes over to contraction). Note the nature of this expansion or contraction: The distance scale between 
all isotropic observers (in particular, between galaxies) changes with time, but there is no preferred center of expansion or 
contraction. Indeed, if the distance (measured on the homogeneous surface) between two isotropic observers at time t is R , the 
rate of change of R is 
dR — R da 



■ = HR 



(32.126) 



-dz — a dz 



a 



where Hit) =— is called Hubble's constant. (Note, however, that the value of H changes with time.) Eq. (32.126) is known 
a 

as Hubble's law. 



Note that v can be much greater than the speed of light if H(t)=— is large enough. This represents a contradiction of 

a 

special relativity that no signal may travel faster than c , the speed of light, for any observer. The maximum expansion 

rate for a 3-sphere is Akc which is given in Eq. (32.186). — In this case a photon traveling at the speed of light may 

complete identically one revolution of the Universe per cycle as shown infra. 
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The expansion of the Universe in accordance withEq. (32.126) has been confirmed by the observation of the redshifts of distant 
galaxies. The confirmation of this striking prediction of Einstein's general relativity is regarded as a dramatic success of the 
theory. Unfortunately, the historical development of events clouded this success and recent data reveals a fatal flaw in the nature 
of the expansion. Einstein was sufficiently unhappy with the prediction of a dynamic Universe that he proposed a modification 
of his equation, the addition of a new term, as follows: 

G ab +Ag ab =8xT ab (32.127) 

where A is a new fundamental constant of nature, called the cosmological constant . — (It can be shown [20] that a linear 
combination of (7^ and g uh is the most general two-index symmetric tensor which is divergence-free and can be constructed 

locally from the metric and its derivatives up to second order; so, Eq. (32.127) gives the most general modification which does 
not grossly alter the basic properties of Einstein's equation. If A =£ , one does not obtain Newtonian theory in the slow motion, 
weak field limit; but if A is small enough, the deviations from Newtonian theory would not be noticed.) With this additional 
one-parameter degree of freedom, static solutions exist, though they require exact adjustment of the parameters and are unstable, 
much like a pencil standing on its point. Thus, Einstein was able to modify the theory to yield static solutions. After Hubble's 
redshift observations in 1929 demonstrated the expansion of the Universe, the original motivation for the introduction of A was 
lost. Nevertheless, A has been reintroduced on numerous occasions when discrepancies have arisen between theory and 
observations, only to be abandoned again when these discrepancies have been resolved. In the following, we shall assume that 

A = 0. 

Given that the Universe is expanding, a > , we know from Eq. (32.125) that a < , so the Universe must have been 
expanding at a faster and faster rate as one goes backward in time. Einstein's equation predicts that the Universe must be 
decelerating for all time. 



Jnfac.t, the opposite is observed experimentally [14] 



If the Universe had always expanded at its present rate, then at the time T = — = H ' ago, we would have had a = . Since its 

a 

expansion actually was faster, the time at which a was zero was even closer to the present. Thus, under the assumption of 

homogeneity and isotropy, Einstein's general relativity makes the prediction that at a time less than H 1 ago, the Universe was 

in a singular state: The distance between all "points of space" was zero; the density of matter and the curvature of spacetime was 

infinite. This singular state of the Universe is referred to as the big bang. 

Such a spacetime structure makes no physical sense. Furthermore, big bang theory requires the existence of a center of 

the Universe from which the Universe originated. No such point of origin is observed. Recently Lieu and Hillman [15] 
and Ragazzoni [16] have shown, using the Hubble space telescope, that the infinities in the quantum singularity that 
became the Universe with the big bang can not be reconciled by invoking uncertainty on the Planck-time scale. Time is 

continuous rather than quantized, the concepts of the graviton and the big bang are experimentally fatally flawed. 

For many years it was generally believed that the prediction of a singular origin of the Universe was due merely to the 
assumptions of exact homogeneity and isotropy, that if these assumptions were relaxed one would get a non-singular "bounce" at 
small a rather than a singularity. However, the singularity theorems of general relativity [21] show that singularities are generic 
features of cosmological solutions; they have ruled out the possibility of "bounce" models close to the homogeneous, isotropic 
modes. 

In order to determine the qualitative predictions of Einstein's general relativity for the future evolution of the Universe, it 
is useful to first obtain an equation for the evolution of the mass-density. Multiplying Eq. (32.124) by a 1 , differentiating it with 
respect to r , and then eliminating a via Eq. (32.1 25) g i ves an equation for the evolution of the mass-density. 

p + 3(p + P)- = (32.128) 



a 
In the case of a dust filled Universe ( P - ), the equation for the predicted evolution of the mass-density of the Universe is 

pa 3 = constant (32.129) 

which e xpr e ss e s cons e rvation of r e st mass, whil e in th e cas e of a radiation fill e d Univ e rs e (P = — ) 

pa 4 = constant (32.130) 

In this case, the explanation is that the energy density decreases more rapidly as a increases than by the volume factor a 3 , since 
the radiation in each volume element does work on its surroundings as the Universe expands. (Alternatively, in terms of 
photons, the photon number density decreases as a 3 , but each photon loses energy as a" 1 because of redshift.) Comparison of 
Eq. (32.129) and Eq. (32.130) shows that although the radiation content of the present Universe may be negligible, its 
contribution to the total mass-density far enough into the past (a — » 0) should dominate over that of ordinary matter. 
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In Einstein 's gravity equation, the Einstein tensor and the stress-energy-momentum tensor are each conservative. This 

forces conservation of curvature and conservation of mass-energy and momentum. Consequentially, a photon and a 

gravitational field with corresponding energies must each produce a gravitational field corresponding to the equivalent 

mass. However, for any kind of wave advancing with limiting velocity and capable of transmitting signals, the equation 



of front propagation is the same as the equation for the front of a light wave. If gravity propagates at the speed of light, 
light travels at c in all inertial frames, and light gives rise to a gravitation field, then an internal inconsistency arises 

regarding causality. 

Conservation of mass-energy and momentum under the law of the limiting propagation velocity based on 
Maxwell's equations requires conservation of spacetime with matter-energy and momentum but nonconservation of 
curvature. Thus, the wave equation conserves matter, energy, and momentum. It further provides for the conservation 
of these physical entities with spacetime and provides a unifying physical principle that gives an oscillating Universe 

with predictions that are consistent with observation . 

Furthermore, in the calculation of the deflection of light by a gravitational field, the mass of the photon was set 

equal to zero in the Deflection of Light section at Eq. (32.108). The agreement of the observed deflection with that 
predicted with m = confirms that the photon has zero gravitational mass. 

The qualitative features of the future evolution of the Unive r se p r edicted by Einstein's general r elativity may now be 

determined. If k - or -1, Eq. (32,12 4 ) shows that a never can become zero. Thus, if the Universe is presently expanding, it 
must continue to expand forever. Indeed, for any matter with P > , p must decrease as a increases at least as rapidly as a ~ 3 , 
the value for dust. Thus, pa 1 — > as a -> oo . Hence, if k = , the "expansion velocity" a asymptotically approaches zero as 

-^ — > oo , while if k - — 1 we have a — > 1 as r — ^^-. 

However, if k = +1 , the Universe cannot expand forever. The first term on the right hand of Eq. (32.124) decreases with 

a more rapidly than the second term, and thus, since the left-hand side must be positive, there is a critical value, a c such that 
a<a c . Furthermore, a cannot asymptotically approach a c as t — > oo because the magnitude of a is bounded from below on 
account of Eq. (32. 125). Thus, if k = +1 , then at a finite time after the big bang origin of the Universe, the Universe will achieve 
a maximum size a c and then will begin to reconlract The same argument as given above for the occurrence of a big bang of the 

Universe now shows that a finite time after recontraction begins, a "big crunch" end of the Universe will occur. Thus, the 
dynamical equations of Einstein's general relativity show that the spatially closed 3-sphere Universe will exist for only a finite 
span of time. 

Let us now turn our attention to solving Eq. (32.124) and Eq. (32.125) exactly for the cases of dust and radiation. The 
most efficient procedure for doing this is to eliminate p using Eq. (32.129) or, respectively, Eq. (32.130), and substitute into Eq. 
(32.124). The result for dust is 

a 1 - — + k = (32.131) 
a 

where C = — — — is constant; and for radiation, 
3 

d 2 -^- + k = (32.132) 
a 

Q 4 

where C ' = . Given Eq. (32.129) (or Eq. (32.130)), Eq. (32.125) is redundant; so, the only first order ordinary 

differential Eq. (32.131) (or, respectively, Eq. (32.132)) need be solved. The solutions for a(r) are readily obtained by 
elementary methods. These solutions for the six cases of interest are given in Table 32.3. Graphs of a[z) versus t for dust- 
tilled Robertson- Walker Universes are shown in Figure 32.2. Similar graphs are obtained tor radiation-tilled Robertson- Walker 
Universes. The solution for the dust-filled Universe with 3-sphere geometry was first given by Friedmann (1922) and is called 
the Friedmann cosmology, although in some references all the solutions in Table 32.3 are referred to as Friedmann solutions. 
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Figure 32.2. The dynamics of dust- filled Robertson-Walker Universes. 



a (r) 




Solutions to Einstein's general relativity yield multiple possible outcomes of a(r) with regard to future evolution such 

as whether our Universe is "open" or "closed," i.e., whether it corresponds to the cases k = , k = -1 , or the case k = +1 . If the 
Universe is open, it will expand forever, while if it is closed it will eventually recontract. The basic equations (Eq. (32.124) and 

Eq. (32.125)) governing the dynamics of the Universe may be expressed in terms of Hubble's constant, H= — , and the 

a 

deceleration parameter, q , defined by 

q = —a — — (32.133) 



Assuming P&0 in the present Universe, gives 



H l = 



q = 



ZnGp kc 2 

3 a 2 
AxGp 



3H l 
Defining CI as 

3H 2 
gives the result 
_Q 
q ~ 2 

and the Universe is closed (k = +1 ) if and only if Q > 1 , i.e., p > p t , 



(32.134) 
(32.135) 

(32.136) 

(32.137) 



8xG' 



Dynamical predictions for the evolution of the Universe according to Einstein 's equation are consistent with the 
expansion of the cosmos; but are fatally flawed since they predict the possibility of an expansion velocity that greatly exceeds the 
speed of light such that a cosmology inconsistent with special relativity is possible, and all cosmologicai solutions of Einstein 's 
general relativity predict a decelerating Universe from a postulated initial condition of a "big bang" expansion [13]\ The 
astrophysical data reveal an accelerating cosmos [14], which invalidates Einstein 's equation. Furthermore, multiple solutions 
with dramatically different consequences are equally valid. The solutions to Einstein 's equation cannot account for the power 
spectrum of the cosmos or the nature or uniformity of the cosmic microwave background radiation. Einstein 's Universe is static 
with expanding dust, expanding radiation, or a static expanding mixture. In actuality, the Universe comprises predominantly 
matter which is undergoing conversion into radiation with a concomitant expansion of spacetime. The Einstein solutions predict 
the opposite of the actual evolution of the cosmos wherein radiation dominates in the early Universe with matter dominant later. 
The equations are derived infra. They reconcile the shortcomings of Einstein's general relativity. The correct basis of 
gravitation is not according to Einstein's equation (Eq. (32.40)); instead the origin of gravity is the relativistic correction of 
spacetime itself which is analogous to the special relativistic corrections ofinertial parameters — increase in mass, dilation in 
time, and contraction in length in the direction of constant relative motion of separate inertia! frames. As matter converts into 
energy spacetime undergoes expansion. On this basis, the observed acceleration of the expansion of the cosmos is predicted. 



8 Some of the failings of the "Big Bang" model as well as an even more far-fetched model are given by Linde [22]. 
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COSMOLOGY BASED ON THE RELATIVISTIC EFFECTS OF MATTER/ENERGY 
CONVERSION ON SPACETIME 



The first principle laws are time symmetrical. They are equally valid for reverse time as they are for forward time. The 
principle of entropy was invented to provide an explanation for the direction of time as it pertains to macroscopic processes. 
And, it is not based on first principles. It does not provide an atomic arrow of time or provide insight into its existence. It is not 
clear whether entropy applies to the entire Universe, and the relationship of entropy to the observed large scale expansion of the 
Universe is not obvious. 

The following retrospect of entropy is adapted from Levine [23]. Consider the spontaneous mixing of two different 
gases. In the mixing process, the molecules move according to Newton's second law, Eq. (32.2). This law is symmetric with 
respect to time, meaning that if / is replaced by -/ and v by -v, the law is unchanged. Thus, a reversal of all particle motions 
gives a set of motions that is also a valid solution of Newton's equation. — Hence it is possible for the molecules to become 
spontaneously unmixed, and this unmixing does not violate the laws of motion. However, motions that correspond to a 
detectable degree of unmixing are extremely improbable (even though not absolutely impossible). Although Newton's laws of 
motion (which govern the motion of individual molecules) do not single out a direction of time, when the behavior of a very 
large number of molecules is considered, the second law of thermodynamics (which is a statistical law) tells us that states of an 
isolated system with lower entropy must precede in time states with higher entropy. The second law is not time-symmetric but 

singles out the direction of increasing time; we have — > for an isolated system, so that the signs of dS and dt are the same. 

dt 

If someone showed us a film of two gases mixing spontaneously and then ran the film backward, we would not see any violation 

of F = ma in the unmixing process, but the second law would tell us which showing of the film corresponded to how things 

actually happened. Likewise, if we saw a film of someone being spontaneously propelled out of a swimming pool of water, with 

the concurrent subsidence of waves in the pool, we would know that we were watching a film run backward; although tiny 

pressure fluctuations in a fluid can propel colloidal particles about, the Brownian motion of an object the size of a person is too 

improbable to occur. 

The second law of thermodynamics singles out the direction of increasing time. The astrophysicist Eddington puts things 

nicely with his statement that "entropy is time's arrow." The fact that — > for an isolated system gives us the thermodynamic 

dt 

arrow of time. Besides the thermodynamic arrow, there is a cosmological arrow of time. Spectral lines in light reaching us 

from other galaxies show wavelengths that are longer than the corresponding wavelengths of light from objects at rest (the 

famous red shift). This red shift indicates that all galaxies are moving away from us. Thus the Universe is expanding with 

increasing time, and this expansion gives the cosmological arrow. Many physicists believe that the thermodynamic and the 

cosmological arrows are directly related, but this question is still undecided [24]. 

Particle physicists feel that there is strong (but not conclusive) evidence that the decay of one of the elementary particles 

(the neutral K meson) follows a law that is not symmetric with respect to time reversal. Thus, they speculate that there may also 

be a microscopic arrow of time, in addition to the thermodynamic and cosmological arrows [25-27]. 

The second law of thermodynamics shows that S increases with time for an isolated system. Can this statement be 

applied to the entire physical Universe? Scientists use Universe to mean the system plus those parts of the world which interact 

with the system. In the present contexts, Universe shall mean everything that exists — the entire cosmos of galaxies, intergalactic 

matter, electromagnetic radiation, etc. Physicists in the late nineteenth century generally believed that the second law is valid for 

the entire Universe, but presently they are not so sure. Scientists make the point that experimental thermodynamic observations 

are on systems that are not of astronomic size, and hence they are cautious about extrapolating thermodynamic results to 

encompass the entire Universe. They feel that there is no guarantee that laws that hold on a terrestrial scale must also hold on a 

cosmic scale. Although there is no evidence for a cosmic violation of the second law, their experience is insufficient to rule out 

such a violation. 

THE ARROW OF TIME 

Th e pr e s e nt th e ory provid e s an alt e rnativ e e xplanation for th e e xpanding Univ e rs e which unifi e s th e microscopic, 
thermodynamic, and cosmological arrows of time. 



Physical phenomena involve exchange of energy between matter and spacetime. The relationship between mass-energy 
and spacetime provides the arrow of time. The particle production equations which unify de Broglie's Equation, Planck's 
Equation, Maxwell's Equations, Newton's Equations, and Special and General Relativity, Eq. (32.48a) and Eq. (32.48b), give 
the equivalence of particle production energies corresponding to mass, charge, current, gravity, and spacetime according to the 
proportionality constants which ar c given in terms of a self-consistent set of units. As shown by Eq. (32.38), particle production 
requires radial length contraction and time dilation that results in the curvature of spacetime. Thus, the creation of mass from 
energy causes an infinitesimal contraction or collapse of spacetime much like a dimple in a plastic ball but in three dimensions 
plus time; whereas, the release of energy causes an expansion of spacetime. Time goes forward in the direction of lower energy 
states and greater entropy because these states correspond to an expansion of spacetime relative to the higher energy states of 
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matter. Expanded space corresponds to a smaller cross section for reverse time as opposed to forward time. Thus, the arrow of 
time arising on the subatomic and atomic level gives rise to the Second Law of thermodynamics; 

In an isolated system, spontaneous processes occur in the direction uf increasing entropy. 



Stated mathematically: 
The entropy change, dS, which is equal to the change in heat, dq, divided by the temperature, T, is greater than zero. 

dq 



dS=^->0 
T 



(32.138) 



The atomic arrow of time also applies to cosmology and provides for the expansion of spacetime on a cosmological scale. As 
fundamental particles, atoms, molecules, and macroscopic configurations of fundamental particles, atoms, and molecules release 
energy, spacetime increases. The superposition of expanding spacetime arising at the atomic level over all scales of dimensions 
from the atomic to the cosmological gives rise to the observed expanding Universe which continues to increase in entropy. 
However, due to conservation of mass-energy and spacetime as given by Eqs. (32.43), (32.48a), and (32.48b), the change in 
entropy of the Universe over all spacetime is zero. 



(dS) 

\ I si 



= 



(32.139) 



Thus, regions of the world line of the Universe exist wherein entropy decreases. The implications that are developed supra, are 
that: 

• The Universe is closed (it is finite but with no boundary) 

• The total matter in the Universe is sufficient to eventually stop the expansion and is less than that which would result in 
permanent collapse (a 3-sphere Universe-Riemannian three-dimensional hyperspace plus time of constant positive 

curvature at each r-sphere), and 

« The Universe is oscillatory in matter/energy and spacetime. 



As shown in the Particle Production section, the gravitational equations with the equivalence of the particle production 

c 3 kg 

energies require the conservation relationship of mass-energy, E = mc 2 , and spacetime, = 3.22X 10 34 — — . Spacetime 

AttG sec 

expands as mass is released as energy which provides the basis of the atomic, thermodynamic, and cosmological arrows of time. 

Entropy and th e e xpansion of th e Univ e rs e ar e larg e scal e cons e qu e nc e s. It is further shown infra, that the Univers e is clos e d 

independently of the total mass of the Universe, and different regions of space are isothermal even though they are separated by 

greater distances than that over which light could travel during the time of the expansion of the Universe. The Universe is 

oscillatory in matter/energy and spacetime with a finite minimum radius, the gravitational radius; thus, the gravitational force 



causes celestial structures to evolve on a time scale corresponding to the period of oscillation. The equation of the radius of the 



Universe, X , is X = 



calculated Hubble constant is H« = 78.5 




sec- Mpc 



which predicts the observed acceleration of the expansion. The 



Presently, stars and large-scale structures exist that are older than the 



elapsed time of the present expansion as stellar and celestial evolution occurred during the contraction phase. The maximum 

energy release of the Universe which occurs at the beginning of the expansion phase is P n = - — — = 2.88 X 10 51 W . 
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Figure 32.3. Shown below are three increasing times in the evolution of an illustrative "star. r 
into energy spacetime expands. 



As the star converts matter 




The amount of mass which is released as energy to cause spacetime to expand by one second can be calculated in the 

following way: Consider the conversion of an electron of mass m t into energy E = m e c 2 . Eq. (32.43) represents the relationship 

between the equivalence of mass-energy conversion and the contraction/expansion of spacetime and gives the relativistic 

v 
factor p = — , which divides the electron mass m e and multiplies the electron proper time r to give the corresponding 

spacetime expansion. Thus, Q , the mass-energy-to-expansion-contraction quotient of spacetime is given by 



v.. 



2Gm„ 



Q 






c-%„ 



2Gm e 

7x7 



c 2 K.. 



2Gm r 



2k 



ti 2Gm, AxG 



■■7,22 X 10" 



kg_ 
sec 



(32.140a) 



m.c 



where r and K c are given by Eq. (36.1) of the Lepton section and Eq. (28.7), respectively. 

Alternatively, Q may be calculated as follows: As a consequence of particle production the radius of the Universe 
contracts by 2k times the gravitational radius of each particle with the gravitational radius as given by Eq. (32.36) which 
applies to the observed leptons and quarks formed at the gravitational velocity v s which is the escape velocity given by Eq. 

(32.35). Thus, Q the mass-energy-to-expansion-contraction quotient of spacetime is also given by the ratio of the mass of a 
particle at production divided by r the period of the gravitational radius as given by Eq. (32.149) wherein the gravitational 
radius is the Newtonian gravitational radius is given by Eq. (32.36). Thus, t is the period of the orbit of the particle relative to 
the antiparticle during production. Then Q is given by 



T 


m 


«0 


c 


2ar g 
c 


ln 2Gm n 
c 


AttG 



= 3.22X 10 34 -^L 
sec 



(32.140b) 



As shown infra, the Universe oscillates between the extremes of all matter and all energy. At the beginning of its expansion, the 
Universe is matter-filled with no observable electromagnetic radiation; thus, the Universe is not observable for earlier times. 
Also, the observer's light sphere determines the limits of observation thereafter which begins at zero as contraction transitions to 
expansion; thus, the observable conversion rate is a percentage of the total. The observable mass to energy conversion rate of 
the Universe calculated from the number of galaxies (400 billion) times the number of stars per galaxy (400 billion) times the 

average mass to energy conversion rate per star (5 billion kg /sec star) is 8 X W~ — — which is 2.5% of Q given by Eq. 

sec 

(32.140). The time of the present expansion calculated from the observed Hubble constant and the maximum redshift is 

approximately 10 billion years [28]. Assuming the presently observed mass to energy conversion rate was approximately 

constant over this time, the amount of mass to energy released during this time is 



3.2 X 10 34 ^-13.21 10" sec = 1 X 10 52 kg 

sec 



(32.141) 
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The mass of the Universe is approximately 2 X 10 54 kg [Eq. (32.147) with ref. 30-32]; thus, 0.5% of the maximum mass of the 
Universe has been converted to energy. Thus, the present Universe is predominantly comprised of matter, and according to Eg. 
(32.141) the mass of the matter of the Universe is essentially a maximum. Given time harmonic behavior, the observable 
Universe is approximately at its minimum size. The wavefront of energy and spacetime from matter to energy conversion travel 
at the speed of light. Consider Eq. (32.43). At the present time in the cycle of the Universe, the world line of the expanding 
spacetime and the released energy are approximately coincident. In terms of Eq. (32.38), the proper time and the coordinate 
time are approximately equal. The ratio of the gravitational radius, r given by Eq. (32.36), and the radius of the Universe equal 

to on e and th e gravitational e scape velocity given by Eq. (32.35) is th e sp ee d of light. And, Q, (Eq. (32.140)) is e qual to the 
matter to energy conversion rate of the time harmonic expansion-contraction cycle of the entire Universe (versus the observable 
Universe) which permits light energy (photons) to propagate (escape the gravitational hole of the Universe). 

When the gravitational radius r g is the radius of the Universe, the proper time is equal to the coordinate time (Eq. (32.43)), 

and the gravitational escape velocity v g of the Universe is the speed of light. 

The cosmic microwave background radiation dominates the total radiation density of the Universe. The microwave 
background spectrum obtained by COBE is well fitted by a blackbody with a temperature of 2.735 ±0.06 K , and the deviation 
from a blackbody is less than 1% of the peak intensity over the range 1-20 cmT 1 [33]. From the isothermal temperature of the 
ubiquitous microwave background radiation and the Stefan-Boltzmann law, the minimum size of the Universe is calculated. 
Presently, the mass to energy conversion rate of the Universe is approximately equal to Q, the mass-energy-to-expansion- 
contraction quotient of spacetime given by Eq. (32.140). At the present time in the cycle of the Universe, the world line of the 
expanding spacetime and the released energy are approximately coincident. In terms of Eq. (32.38), the proper time and the 
coordinate time are approximately equal. Therefore, the mass to energy conversion rate of the entire Universe is equated with 0. 
Thus, P u , the maximum power radiated by the Universe is given by Eqs. (32.27) and (32. 140). 



2GM 



„ C 2 K r 5 

,^, . = _!_ = 2.89 ZIP 51 W (32.142) 

\2GM AtiG 



The observable mass to energy conversion rale of the Universe calculated from the number of galaxies (400 billion) limes (lie 
number of stars per galaxy ( 4 00 billion) times the average mass to energy conversion rate per star (5 billion kg / sec star) is 
7.2 X 10 49 W which is 2.5% of P u given by Eq. (32.142). 

The Stefan-Boltzmann law [34] equates the power radiated by an object per unit area, R, to the emissivity, e, times the 

Stefan-Boltzmann constant, a , times the fourth power of the temperature, T A . 

R = eaT 4 (32.143) 

The area, A v , of the Universe of radius X is 

4,=4;tN 2 (32.144) 
Th e pow e r radiat e d by th e Univ e rs e p e r unit ar e a, R u , is giv e n by th e ratio of Eq. (32.142) and Eq. (32.144). 

^ 

JdL = 2.89X10" FT 

V 4^K 2 4^K 2 
The minimum radius of the Universe, K min , is calculated in terms of the temperature of the cosmic microwave background 
radiation by the substitution of Eq. (32.1 4 5) into Eq. (32.1 4 3). 

K_ = — ^ = 8.52 X 10 27 m 



mm 



\(4x) GeaT 4 



(32.146) 



= 8.52X10 27 m = 9 Q1 x 1Qll Hght ^^ 
c 



where T = 2.735 °K , e = 1 for a blackbody, and a = 5.67 X 10 8 Wm 2 K^ . Given that the present expansion age is 10 billion 
years [28] and that the power used to calculate Eq. (32.146) is an upper bound, the minimum radius of the Universe, X^, 
given by Eq. (32.146) is equal to the gravitational radius of the Universe, r g , given by Eq. (32.36) and Eq. (32.38) where the 
experimental mass of the Universe is 2 X 10 54 kg [Eq. (32.147) with ref. 30-32]. 

r = i^m. = 2.96 X 10 27 m = 3.12 X 10 11 light years (32.147) 
d 
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Eq. (32.147) is consistent with the mass of the Universe being that which gives the ratio of the gravitational radius, r , and the 

radius of the Universe equal to one and the gravitational escape velocity given by Eg. (32.35) equal to the speed of light. 

The gravitational equation (Eq. (32.38)) with the equivalence of the particle production energies (Eqs. (32.48a) and 

(32.48b)) permit the equivalence of mass-energy (E = mc 2 ) and spacetime ( = 3.22X 10 34 — — ). Spacetime expands as 

AttG sec 

mass is released as energy which provides the basis of the atomic, thermodynamic, and cosmological arrows of time. Entropy 
and the expansion of the Universe are large scale consequences. The Universe is closed independently of the total mass of the 
Universe. Because Eq. (32.140) gives a constant as the ratio of energy to spacetime expansion, the energy density is constant 
throughout the inhomogeneous Universe for a given r-sphere; thus, different regions of space are isothermal even though they 
are separated by greater distances than that over which light could travel during the time of the expansion of the Universe. 
The spacetime expansion and the energy released travel spherically outward at the speed of light. The sum of the spacetime 
expansion over all points in the Universe and the sum of the energy release over all points in the Universe are each equivalent to 
that of a point source at the observer's position of magnitude equal to the corresponding sum. The cosmic microwave 
background radiation is an average temperature of 2.7°K, with deviations of 30 or so fiK in different parts of the sky 
representing slight variations in the density of matter. Peaks in the power spectrum from the temperature fluctuations of the 
cosmic microwav e background radiation app e ar at c e rtain valu e s of £ of sph e rical harmonics [35] as shown in th e Pow e r 

Spectrum of the Cosmic Microwave Background section. The origin of the microwave background radiation (OvTRR) as the 

power from the Universe rather than from a Big Bang creation event is demonstrated by the absence of the shadows in the 
CMBR required for the Big Bang model [36]. 

THE PERIOD OF OSCILLATION BASED ON CLOSED PROPAGATION OF LIGHT 



Mass 


-energy must be conserved during 


; the harmonic 


cycle 


of 


expansion 


and contraction. 


The 


gravitational potential energy 


grav 


of the Universe follows that given 
E _ Gm u 


by Eq. (32.26) 












(32- 


448) 



K 

In the case that the radius of the Universe K is the gravitational radius r G given by Eq. (32.22), the gravitational potential 

energy is equal to m^ 1 which follows that given by Eq. (32. 27) 9 . The gravitational velocity v G is given by Eq. (32.33) wherein 

an electromagnetic wave of mass-energy equivalent to the mass of the Universe travels in a circular orbit wherein the 
eccentricity is equal to zero (Eq. (35.21)), and the escape velocity from the Universe can never be reached. The wavelength of 
the oscillation of the Universe and the wavelength corresponding to the gravitational radius r G must be equal. Both spacetime 
expansion and contraction travel at the speed of light and obey the wave relationship given by Eq. (29.4). The wavelength is 
given in terms of the radius by Eq. (2.2). Thus, the harmonic oscillation period, T v , is 



2ky g iKGmy 2nG{2X 10 J ^%f 



T v = 2. = r-2- = i '-= 3.10X10 19 sec = 9.83X 10 11 jears (32.149) 

c c c 

where the mass of the Universe, m v , is approximately 2 X 10 54 kg [Eq. (32.147) with ref. 30-32]. Thus, the observed Universe 

will expand as mass is released as photons for 4.92 X 10 11 years . At this point in its world line, the Universe will obtain its 
maximum size and begin to contract. 

EQUATIONS OF THE EVOLUTION OF THE UNIVERSE 

The Universe is oscillatory in matter/energy and spacetime with a finite minimum radius, the gravitational radius r . The 

minimum radius of the Universe, 300 billion light years [32], is larger than that provided by the current expansion, 
approximately 10 billion light years [28]; even though, presently the spacetime expansion and the released energy world lines are 
coincident as a consequence of the equality of Eq. (32.140) and the rate of matter to energy conversion. In terms of Eq. (32.38), 
the proper time and the coordinate time are approximately equal. Consequently, the radius of the Universe does not go negative 
during th e contraction phas e of th e oscillatory cycl e . 



9 The ratio of v to v n is y2 . The total angle which is traversed twice in the generation of the orbitsphere of the electron as shown in the Orbitsphere 

Equation of Motion for 1=0 Based on the Current Vector Field (CVF) section is \2n . Thus, v2 is also the ratio of the angular sum of the rotations to 

generate the orbitsphere to the angle spanned by a great circle of the orbitsphere. \2k is the hypotenuse of the triangle having the sides of n radians 

v r 
corresponding to x-axis rotations and jc radians corresponding to y-axis rotations. Similarly, the result that — = \2 can be considered as the projection 

v 

G 

of two degrees of freedom of a spherical wave to one at the speed of light. 
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The maximum radius of the Universe, the amplitude, tt a , of the time harmonic variation in the radius of the Universe, is 
given by the quotient of the total mass of the Universe and Q, the mass-energy-to-expansion-contraction, given by Eg. (32.140). 



K, 



, = m LL= 2 X 10" kg = IX 10" kg =62QX 1Ql9 sec = L97X1Q n Ughtyears 



Q 



AkG 



3.22X10" 



sec 



(32.150) 



K = 2A1 f * c = 1.867Io^r 



AnG 



where the conversion factor of space to time is the speed of light according to Minkowski's tensor [8]. The equation for K , the 
radius of the Universe is 



X = 



^-1.97X10' 



'^M 



light years = \ r v - 1 .97 X 10 12 cos 



2nt 



3.10 X 10" sec 



light years 



(32.151) 



N= r„-1.86X10 28 cos 



2Kt 



3.10X 10" sec 



where r v is the average size of the Universe and T b is given by Eq. (32.149). 



The Universe has a finite minimum radius equal to its gravitational radius r according to Eq. (32.147) and a maximum 

radius given by Eq. (32.150). Therefore, the Universe has an average size which represents an offset of an oscillatory cycle of 

3?. 1 / minrnF.n. H7.. 



expansion and contraction. The average size of the Universe, r v , is determined by substitution of Eq. (32.1 4 7) into Eq. (32.151) 



with t = . 

r v = X -r g = (l.97 X 10 12 -3.12 X 10 11 ) light years = 2.28 X 10 12 light years 



(32.152) 



r u= K -r e =(l.86X 10 28 -2.96X 10 27 ) m = 2.16X10 28 m 

Substitution of Eq. (32.152) into Eq. (32.151) gives the radius of the Universe as a function of time. 

iKt 



X = \ 2.28 X 10" -1.97 X 10" cos 



light yc 



3.10X 10" sec 



(32.153) 



X= 2.28 X10 12 -1.97 X10 12 cos 



iTCt 



9.83 X 10" >ts 



light years 



The expansion/contraction rate, X , is given by taking the derivative with respect to time of Eq. (32.153): 

2nt \ light years 



X = 3.99X10 "' sin 



3.10 X 10 19 sec 



sec 



(32.15 4 ) 



f 



X = 3.77X10 6 sin 



2nt 



9.83 X 10 n >ra 



km 
sec 



The expansion/contraction acceleration, K , is given by taking the derivative with respect to time of Eq. (32.154): 
X = 7.64X10~ 13 cos 



2Kt | km „„ . ( Int \ km 

— T = 78.6 cos -. 

9.83X I0 n yrs) sec 2 ^9.83 X 10 11 yrs J sec-Mpc 



(32.155) 



where 1 Megaparsec (Mpc) is 3.258 X 10 6 light years. Eq. (32.155) and Figure 32.5 are consistent with the experimental 
observation that the rate of the expansion of the Universe is increasing [37-39]. 

The time harmonic radius of the Universe is shown graphically in Figure 32.4. The time harmonic 
expansion/contraction rate of the radius of the Universe is shown graphically in Figure 32.5. 
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Figure 32.4. The radius of the Universe as a function of time. 
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Figure 32.5. The expansion/contraction rate of the Universe as a function of time . 
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The Hubble constant defined by Eq. (32.126) is given by the ratio of the expansion rate given in units of divided by the 

sec 

radius of the expansion in units of Mpc (1 Megaparsec (Mpc) is 3.258 X 10 6 light years). The radius of expansion is equivalent 

to th e radius of th e light sph e r e with an origin at th e tim e point wh e n th e Univ e rs e stopp e d contracting and start e d to e xpand. 

Thus, the radius of Eq. (32.126) is given by the time of expansion times the speed of light, c . From Eq. (32.154), the Hubble 

constant is 

-km 



-27rf- 



ct 



• 3.77X10" sin 



9.83 X 10 1 



yrs^ 



ct 



(32.156) 



For small t, the Hubble constant is also equivalent to the acceleration as given by Eq. (32.155). For 
t = 10 10 light years; ct = 3.069 X 10 3 Mpc , 



3.77 X 10 6 sin 



H ■ 



2^(l0 10 j^) 
9.83 X \0 n yrs 



km 
sec 



:78.5- 



km 



(32.157) 



3.069 X 10 J Mpc 



sec-Afpc 
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Thus, from Eqs. (32.156-32.157), the Hubble, H , constant is // =78.5 



km 



sec- Mpc 



The experimental value is 



K ft) KJVl 

7/ n =80117 [28], o r mo r e recently II Q =7218 [\ [29]. The Hubble constant as a function of time is shown 



sec- Mpc 
graphically in Figure 32.6. 
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Figure 32.6. The Hubble constant of the Universe as a function of time. 
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The mass of the Universe as a function of time, m u (?) , follows from the initial mass of 2 X 10 54 kg (based on internal 

consistency with the size, age, Hubble constant, temperature, density of matter, and power spectrum of the Universe given 
herein) and Eg. (32.153) ' 



m u (t) = \X 10 5 



1 + cos 



2nt 



V\ 



J J 



^9.83 X ltf 1 yrs, 
The volume of the Universe as a function of time V{t) follows from Eq. (32.153) 



(32.158) 



K(0 = |*N(0 3 =f* 



2.16 X 10 30 cm -1. 86 X W° cos 




(32.159) 



The density of the Universe as a function of time p v (t) is given by the ratio of the mass as a function of time given by Eq. 
(32.158) and the volume as a function of time given by Eq. (32.159) 



Pv(t)-- 



, (t)_ m u (t) - 



IX 10 5 



1 + cos 



2nt 



9.83 X 10 " jts 



-*<*)- 



^W 



2m 



(32.160) 



2.16 X 10 30 cm -1.86 X 10 30 cos 



cm 



9.83 X 10'Vs, 

For t = 1 10 light, years = 3 .069 X 1 3 Mpc , ^.=1.7 7 1 0~ 32 g / r-m 3 . The density of luminous matter of stars and gas of 

galaxies is about p u =2X 1(T 31 g I cm 3 [ 4 0, 4 1]. The time harmonic density of the Universe, p v (t) , is shown graphically in 

Figure 32.7. 
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Figure 32.7. The density of the Universe as a function of time. 
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The power of the Universe as a function of time, P v (f) , follows from Eq. (32.142) and Eq. (32.151). 



^(0 = 



KuG 



1 + cos 



2m 



9.83 X 10" jrs 



W 



(32.161) 



P c/ (f) = 1.45Z10 51 



1 + cos 



-2m- 



W 



9m X 10 11 yxs) / 
The time harmonic power of the Universe, P v (t) , is shown graphically in Figure 32.8. 



Figure 32.8. The power of the Universe as a function of time. 
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The temperature of the Universe as a function of time can be derived from the Stefan-Boltzmann law. The Stefan- 
Boltzmann law (Eq. (32.143)) equates the power radiated by an object per unit area, R, to the emissivity, e, times the Stefan- 
Boltzmann constant, u , times the fourth power of the temperature, T 4 . The area of the Universe as a function of time, A r , (t) , 

is approximately given by substitution of Eq. (32.153) into Eq. (32.144). (The Universe is a four-dimensional hyperspace of 
constant positive curvature at each r-sphere. In the case that the radius of the Universe is equal to the gravitational radius r , the 

area is given by Eq. (32.144); otherwise, the area of the sphere corresponding to the radius of the Universe is less than that given 
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by Eq. (32.144). The proper area is given by solving Eq. (32.38) for the coordinate radius as a function of the proper radius 
followed by the substitution of the coordinate radius into Eq. (32.144).) 







2 




4, (t) = AnK 2 = An 


o u Fin 28 1 % Fif) 28 rn " 


m 1 


(32.162) 


U.10X10 19 secj 



The power radiated by the Universe per unit area as a function of time, R v (i) , is given by the ratio of Eq. (32.161) and Eq. 
(32.162). 



R v {t)-- 



p u{t) 



(32.163) 



2nt 



1.45X10 51 1 + cos 



Rv{t) = - 



3.10 X10 19 sec 



W 



-An- 



2.16 X lCT 1.86X10 2S cos 



2m 



3.10X10" sec 

The temperature of the Universe as a function of time, T v {t), follows from the Stefan-Boltzmann law (Eq. (32.143)) 
and Eq. (32.163) 



^W 



(32.164) 



1.45 X 10 M 1 + cos 



2m 



W 



3.10X 10 19 sec 



An 



2.16X10 -1.86 X10 28 cos 



2m 



3.10 X 10 19 sec 



T u{*) = 



5 .67 XI 0'" WtrCK.-* 

where the emissivity, e , for a blackbody is one, and a = 5.67 X 10~ 8 Wm~ 2 K~ A . 

The Universe is a four-dimensional hyperspace of constant positive curvature at each r-sphere. The coordinates are 
spherical, and the space can be described as a series of spheres each of constant radius r whose centers coincide at the origin. 



The existence of the ; 



the area of the spheres to be less than Anr and causes the clock of each r-sphere to run so 



that it is no longer observed from other r-spheres to be at the same rate. The Schwarzschild metric given by Eq. (32.38) is the 
general form of the metric which allows for these effects. Fang and Ruffini [8] show that the time effect is equivalent to a 
gravitational redshift of a photon. The shifted wavelength due to the gravitational field of a mass m v is 



*H = A(r)[l + ^J 



(32.165) 



Wien's displacement law gives the relationship between temperature and wavelength [34]. 
1 T = 2.898X1 0' 3 m-K 



(32.166) 



Thus, the temperature of the Universe as a function of time, T v {t) , is 
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(32.168) 
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The temperature of the Universe as a function of time, T„ (t) , during the expansion phase is shown graphically in Figure 32.9. 



©2010 BlackLight Power, Inc. All rights reserved. 



Gravity 



1501 



Figure 32.9. The temperature of the Universe as a function of time during the expansion phase. 
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where co u =2n IT is the angular frequency of the Universe. 
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COMPOSITION OF THE UNIVERSE 

In the case that lower-energy hydrogen comprises the dark matter, all matter is ordinary (baryonic) matter, and the mass of the 
Universe is sufficient for it to be closed [30, 31]. Whereas, the standard theory of big bang nucleosynthesis explains the 
observed abundance of light elements (H, He, and Li) only if the present density of ordinary (baryonic) matter is less than 10 % 
of the critical value [43, 44]. Recently, the missing mass has been showed to be baryonic rather than strange matter [45]. 
According to CP, the abundance of the lighter elements, H, He, and Li can be explained by neutron, proton, and electron 
production during the contraction phase and stellar nucleosynthesis during the contraction as well as the expansion phase of 
the expansion-contraction cycle. In the latter case, stellar and galaxy evolution occurred during the contraction phase as 
revealed by high-redshift radio galaxies and galaxies associated with extremely distant, luminous quasars that date back to the 
beginning of the expansion [46, 47]. The presence of metal lines in quasars demand a previous generation of stars (two 
generations for nitrogen) which is consistent with the stellar nucleosynthesis origin of the light elements [46] . 

The abundance of light elements for any r - sphere may be calculated using the power of the Universe as a function of time 

(F,q. (32.161)) and the stellar nucleosynthesis rates. During the contraction phase of the oscillatory cycle, the electron neutrino 
causes neutron production from a photon. Planck's equation and special and general relativity define the mass of the neutron in 
terms of the spacetime metric as given in the Quarks section. The Planck equation energy, which is equal to the mass energy, 
applies for the proper time of the neutron given by general relativity (Eq. (32.38)) that is created with the transition of a photon 
to a neutron. 

As discussed pr e viously in the Quantum Gravity of Fundamental Particl e s s e ction, ordinarily, a photon giv e s ris e to a 

particle and an antiparticle. The event must be spacelike or annihilation would occur. The event must also conserve energy, 
momentum, charge, and satisfy the condition that the speed of light is a constant maximum. Eqs. (32.14-32.17) give the 
relationship whereby matter causes relativistic corrections to spacetime that determines the curvature of spacetime and is the 
origin of gravity. To satisfy the boundary conditions, particle production from a single photon requires the production of an 
antimatter particle as well as a particle. The transition state from a photon to a particle and antiparticle comprises two concentric 
orbitspheres called transition state orbitspheres. The gravitational effect of a spherical shell on an object outside of the radius of 
the shell is equivalent to that of a point of equal mass at the origin. Thus, the proper time of the concentric orbitsphere with 
r adiu s V* (t he r adius is i n finitesimal ly g reater th an th at of th e inner tr ansition state orbitsphere w i t h radius r) i s given by t he 
Schwarzschild metric, Eq. (32.38). The proper time applies to each point on the orbitsphere. Therefore, consider a general point 
in the xy-plane having r = X c ; dr-Q; dd = 0; sin 2 9 = 1. Substitution of these parameters into Eq. (32.38) gives 

2Gm n v 2 



dr = dt 



- 2 \~2 



(32.169) 



2 * 2 

^ CJ^ Q_ 



with v 2 =c 2 , Eq. (32.169) becomes 



2GM . 2GM 



(32.170) 



2 * \l 24- 

cr. V c A, 



The coordinate time is imaginary because particle/antiparticle production is spacelike. The left-hand side of Eq. (32.170) 
represents the proper time of the particle/antiparticle as the photon orbitsphere becomes matter. The right-hand side of Eq. 
( 37. 1 70 ) re presents the correction to th e laborat ory c oordinate m etric fo r ti me corresponding to the curvature of spacetime by the 
particle production event. 

In contrast to the familiar particle production event involving production of particles in matter-antimatter pairs, it is 
possible to form a particle without production of the corresponding antimatter partner. During the contraction phase, electron 
neutrinos cause neutron production from photons. In this case, the event must also be spacelike or annihilation would occur. 
Similarly, the ev e nt must also conserve en e rgy, mom e ntum, charge, and satisfy the condition that the spe e d of light is a constant 
maximum . Eqs . (32 . 14-32 . 17) also apply . They give the relationship whereby matter causes relativistic corrections to spacetime 
that determines the curvature of spacetime and is the origin of gravity. 

The electron neutrino is a special type of photon as given in the Neutrino section which like the photon has zero rest mass 
and travels at the speed of light. In addition, neutrinos have spin which must be conserved. To satisfy the boundary conditions, 
particle production from an electron neutrino and a photon requires the production of a single neutral particle, a neutron. In this 
case, the transition state only comprises a single transition state o r bitsphe r e. The left-hand side of Eq. (32.170) r e pr esents the 
proper time of the neutron as the photon orbitsphere becomes matter. The right-hand side of Eq. (32.170) represents the 
correction to the laboratory coordinate metric for time corresponding to the relativistic correction of spacetime by the particle 
production. Thus, during the contraction phase of the oscillatory cycle, the electron neutrino causes neutron production from 
a photon, and the production of protons and electrons occurs by neutron beta decay. 

Typically, antimatter and matter are created in the laboratory in equal amounts; yet, celestial antimatter is not observed. 



The reason is that electron neutrinos of only one type (electron neutrinos) exist at the initiation of spacetime contraction. Thus, 
spin conservation requires that antineutron production does not occur as a separate symmetrical reaction, and particle production 
from a neutrino and a photon prohibits production of the antimatter twin. From Eq. (38.6), the neutron mass is 
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The neutron production reaction and the nuclear reaction for the beta decay of a neutron are 

(32.172) 



y + v e — » l n 



' w-> " H + p + V e +0.7835 MeV 

where v e is the electron neutrino and v e is the electron antineutrino. Eq. (32.172) predicts an electron neutrino background 

which could account for the atmospheric neutrino anomaly [48]. From Eq. (32.172), the number of electrons exactly balances 
the number of protons. Thus, the Universe is electrically neutral. 

The origin of the microwave background radiation (CMBK) as the power from the Universe rather than from a Big Bang 
creation event is demonstrated by the absence of the shadows in the CMBR required for the Big Bang model [36]. As shown in 
the Power Spectrum of the Cosmic Microwave Background section, when the Universe reaches the maximum radius 
corresponding to the maximum contribution of the amplitude, r o , of the time harmonic variation in the radius of the Universe, 
(Eq . (32 . 150)) , it is entirely radiation filled . — Since the photon has no gravitational mass, the radiation is uniform . As energy 
converts into matter the power of the Universe may be considered negative for the first quarter cycle starting from the point of 
maximum expansion as given by Eq. (32.195), and spacetime contracts according to Eq. (32.140). The gravitational field from 
particle production travels as a light wave front. As the Universe contracts to a minimum radius, the gravitational radius given 
by Eq. (32.147), constructive interference of the gravitational fields occurs for distances which are integers of the amplitude, r , 

of the time harmonic variation in the radius of the Universe for the times when the power is negative according to Eq. (32.195). 
The resulting slight variations in the density of matter are observed from our present r-sphere. The cosmic microwave 
background radiation is an average temperature of 2.725 K, with deviations of 30 or so fiK in different parts of the sky 
r e pr e s e nting th e s e slight variations in th e d e nsity of matt e r. By this m e chanism, th e production of particl e s ov e r tim e from a 
photon-filled Universe gives rise to centers which eventually aggregate by gravitational attraction into a hierarchy of more 
massive structures to eventually form the large scale structure of the cosmos. 

During the expansion phase, protons and electrons of lower-energy hydrogen which comprises the dark matter annihilate 
to photons and electron neutrinos as given in the New "Ground" State section. To conserve spin (angular momentum) the 
reaction is 



v+ l H 



■Y + v e (32.173) 



where v e is the electron neutrino. (A similar reaction to that of Eq. (32.173) is the reaction of a muon neutrino rather than an 

electron antineutrino with a hydrino to give a gamma photon and a muon antineutrino.) Disproportionation reactions to the 
lowest-energy states of hydrogen followed by electron capture with gamma ray emission may be a source of nonthermal x-ray 

bursts from interstellar regions [49] . A branch of the decay path may also be similar to that of the x° meson. Gamma and pair- 
production decay would result in characteristic 511 keV annihilation energy emission . — This emission has been recently been 

identified with dark matter [50, 51]. 

Furthermore, a very plausible source of nonthermal / -ray bursts from interstellar regions [49] may be due to conversion 
of matter to photons of the Planck mass-energy, which may also give rise to cosmic rays. When the gravitational potential 
energy density of a massive body such as a blackhole equals that of a particle having the Planck mass as given by Eqs. (32.22- 
32.32), the matter may transition to photons of the Planck mass given by Eq. (32.31). In the case of the Planck mass, the 
gravitational potential energy (Eq, (32.30)) is equal to the Planck, electric, and magnetic energies which equal mc 7 (Eq. 
(32.32)), and the coordinate time is equal to the proper time (Eqs. (32.33-32.34) and Eq. (32.43)). However, the particle 
corresponding to the Planck mass may not form since its gravitational velocity (Eq. (32.33)) is the speed of light. (The limiting 
speed of light eliminates the singularity problem of Einstein 's equation that arises as the radius of a blackhole equals the 
Schwarzschild radius. General relativity with the singularity eliminated resolves the paradox of the infinite propagation velocity 
required for the gravitational force in order to explain why the angular momentum of objects orbiting a gravitating body does 
not increase due to the finite propagation delay of the gravitational force according to special relativity [52]). Thus, it remains 
a photon. Even light from a blackhole will escape when the decay rate of the trapped matter with the concomitant spacetime 
expansion is greater than the effects of gravity which oppose this expansion. The annihilation of a blackhole may be the source 
of g-ray bursts. Gamma-ray bursts are the most energetic phenomenon known that can release an explosion of gamma rays 
packing 100 times more energy than a supernova explosion [53]. Cosmic rays are the most energetic particles known, and their 
origin is also a mystery [54], In 1966, Cornell University's Kenneth Greisen predicted that interaction with the ubiquitous 
photons of the cosmic microwave background would result in a smooth power-law cosmic-ray energy spectrum being sharply 
cutoff close to 5 X 10 1 " eV . However, in 1998, Schwarzschild reported [55] that the Akeno Giant Air Shower Array (AGASA) 
in Japan has collected data that show the cosmic-ray energy spectrum is extending beyond the Greisen-Zatsepin-Kuzmin (GZK) 
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cutoff. According to the GZK cutoff, the cosmic spectrum cannot extend beyond 5 X 10 19 eV , but AGASA, the world's largest 
air shower array, has shown that the spectrum is extending beyond 10 20 eV without any clear sign of cutoff. Similarly, the Utah 
Fly's Eye had detected cosmic rays with energy up to 3X 10 20 eV [56, 571. Photons, each of the Planck mass, may be the 
source of these inexplicably energetic cosmic rays. 

Thus, the Universe is oscillatory in matter, energy, and spacetime without the existence of antimatter due to 
conservation of spin of the electron neutrino and the relationship of particle production to spacetime contraction. During the 
e xpansion phas e , the arrow of time runs forward to low e r mass and high e r e ntropy stat e s; wh e r e as, during collaps e , the arrow 
of time runs backwards relative to the case of the Universe in a state of expansion, Recent particle physics experiments 



demonstrate that the decay of kaons and antikaons follows a law that is not symmetric with respect to time reversal [39]. The 
data reveals that there is a microscopic arrow of time, in addition to the thermodynamic and cosmological arrows. 

The Universe evolves to higher mass and lower entropy states. Thus, biological organisms such as humans, which rely 
on the spontaneity of chemical reactions with respect to the forward arrow of time cannot exist in the contracting phase of the 
Universe. And, compared to the period of the Universe, the origins of life occurred at a time very close to the beginning of the 
expansion of the Universe when the direction of the spontaneity of reactions changed to the direction of increasing entropy and 
the rate of the increase in entropy of the Universe was a maximum. 

Expansion of the Universe depends on the rate of energy release, which varies throughout the Universe; thus, clusters of 
galaxies, huge voids, and other large features which are observed [58-61] are caused by the interaction between the rate of 
energy release with concomitant spacetime expansion and gravitational attraction. Hydrogen-type atoms and molecules 
comprises most of the matter of the Universe. The distinction between hydrogen and lower-energy hydrogen with respect to the 
interaction with electromagnetic radiation and release of energy via disproportionation reactions (Eq. (5.87)) also has an 
influence on the formation of large voids and walls of matter. Lower-energy atomic hydrogen atoms, hydrinos, each have the 
same mass and a similar interaction as the neutron. According to Steinhardt and Spergel of Princeton University [62], these are 
the properties of dark matter that are necessary in order for the theory of the structure of galaxies to work out on all scales. The 
observation that galaxy clusters arrange themselves as predicted for cold dark matter except that the cores are less dense than 
expected is explained. Hydrinos further account for the observation that small halos of dark matter are evaporated when they 
approach larg e r on e s and that dark matt e r is e asily influ e nc e d by black hol e s, e xplaining how th e y gr e w so larg e . 

R ecentl y , Bournaud el ai [6 3, 64] suggested that dark m atter is h ydrogen i n dense m olecular fo rm that somehow behaves 



differently in terms of being unobservable except by its gravitational effects. Theoretical models predict that dwarfs formed 

from collisional debris of massive galaxies should be free of nonbaryonic dark matter. So, their gravity should tally with the 

stars and gas within them. By analyzing the observed gas kinematics of such recycled galaxies, Bournaud et al. [63, 64] have 

measured the gravitational masses of a series of dwarf galaxies lying in a ring around a massive galaxy that has recently 

e xp e ri e nc e d a collision. — Contrary to th e pr e dictions of Cold-Dark-Matt c r (CDM) th e ori e s, th e ir r e sults d e monstrat e that th e y 

contain a massive dark component amounting to about twice the visible matter. This baryonic dark matter is argued to be cold 

molecular hydrogen, but it is distinguished from ordinary molecular hydrogen in that it is not traced at all by traditional methods 

such as emission of CO lines. These results match identically the predictions of the dark matter being dihydrino molecules. 

The best evidence yet for the existence of dark matter is its direct observation as a source of massive gravitational mass 

evidenced by gravitational lensing of background galaxies that do not emit or absorb light as shown in Figure 32. iu [65j. 

Hydrogen transitions to hydrinos that comprise the dark matter can be observed celestially and in the laboratory. Characteristic 

91.2 
EUV continua of hydrino transitions following radiationless energy transfer with cutoffs at X, r ,= — — nm are 

observed from hydrogen plasmas in the laboratory that match significant celestial observations and further confirm hydrino as 
the identity of dark matter [66, 67]. Hydrinos have been isolated in the laboratory and confirmed by a number of analytical 
techniques [66, 68-69]. 
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Figure 32.1 0. Dark matter ring in galaxy cluster. This Hubble Space Telescope composite image shows a ghostly "ring" of 
dark matter in the galaxy cluster CI 0024+17. The ring is one of the strongest pieces of evidence to date for the existence of dark 
matter, a prior unknown substance that pervades the universe. Courtesy of NASA, M.J. Jee and H. Ford (Johns Hopkins 
University). 




Furthermore, the Universe is oscillatory with a finite minimum radius, the gravitational radius. Thus, stellar and celestial 
Structures evolve on a time scale that is greater than the observed time of expansion. Stars exist which are older than the 
elapsed time of the present expansion as stellar evolution occurred during the contraction phase [70, 71]. Galaxy evolution also 
occurred during the contraction phase as revealed by high-redshift radio galaxies and galaxies associated with extremely distant, 
luminous quasars that date back to the beginning of the expansion [46, 47]. The Gemini Deep Deep Survey confirmed the 
predicted existence of old galaxies at the beginning of the expansion at 10 billion light years and further directly disprove the Big 
Bang theory of cosmology [72-74]. These results were confirmed by a spectroscopic redshift survey that probed the most 
massive and quiescent galaxies back at 10 billion light years [75, 76]. It was found that a significant fraction of the massive old 
galaxies observed over all of time since the expansion were in place in the early Universe. This is also shown by the Hubble 
Ultra Deep Field (HUDF) given in Figure 32. 1 1 . Recently, a definitive validation of the classical predictions was provided by 
the Keck survey for gravitationally lensed Ly a emitters that found galaxies back at over 13 billion light years [77]. 
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Figure 32.11. The Hubble Ultra Deep Field (HUDF) shows mature galaxies at the time of the beginning of the expansion of 
the Universe. The "Big Bang" is NOT observed. This image is a composite of two separate images taken by the Hubble's 
Advanced Camera for Surveys (ACS) and the Near Infrared Camera and Multiobject Spectrometer (NICMOS), the result of over 
eleven and a half days of exposure. It contains an estimated ten thousand galaxies. Released on 9 March 2004. Courtesy of 
NASA, ESA, S. Beck with STScI and the HUDF Team. 




Galaxies formed during the collapsing stage of the evolution of the Universe wherein the mass perturbations occurred 
due to gravity wave interference as demonstrated by the DASI data as shown in the Power Spectrum of the Cosmic Microwave 
Background section. These perturbation resulted in collapsing gas clouds which formed quasars. Then each of these quasars 
erupted into a supernova and formed a blackhole. The expelled gas evenUially formed galaxies. The observation of a blackhole 
in the center of each galaxy is consistent with the origin of galaxies from a quasar supernova [78, 79]. Furthermore, since 
angular momentum must be conserved in the rotation of the founding quasar and the resulting blackhole and galactic rotating 
stars, a linear relationship of the plot of the velocity of the outer stars of given galaxy to the blackhole mass is expected. This 
ratio called sigma is indeed observed to be linear [78, 79]. 

The maximum energy release of the Universe given by Eq. (32.142) occurred at the beginning of the expansion phase, 
and the power spectrum is a function of the r-sphere of the observer. 
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POWER SPECTRUM OF THE COSMOS 

The power spectrum of the cosmos, as measured by the Las Campanas survey, generally follows the prediction of cold dark 
matter on the scales of 200 million to 600 million light-years. However, the power increases dramatically on scales of 600 
million to 900 million light-years [79]. This discrepancy means that the Universe is much more structured on those scales than 
current theories can explain. The Universe is oscillatory in matter/energy and spacetime with a finite minimum radius. The 
minimum radius of the Universe, 300 billion light years [32], is larger than that provided by the current expansion, 
approximately 10 billion light years [28]. The Universe is a four-dimensional hyperspace of constant positive curvature at each 
r - sph e r e . The coordinat e s are sph e rical, and th e spac e can b e d e scribed as a s e ri e s of sph e r e s e ach of constant radius r whos e 
centers coincide at the origin. The existence of the mass m u causes the area of the spheres to be less than Anr 2 and causes the 

clock of each r-sphere to run so that it is no longer observed from other r-spheres to be at the same rate. The Schwarzschild 

m etric given by F,q. (3 2.3 8 ) is th e general fo rm of the m etric that a llows fo r th ese effects. Co nsider the present observable 

Universe that has undergone expansion for 10 billion years. The radius of the Universe as a function of time from the coordinate 
r-sphere is of the same form as Eq. (32.153). The average size of the Universe, r v , is given as the sum of the gravitational 

radius, r , and the observed radius, 10 billion light years. 
r v = r g +10 10 light years 

r v = 3.12X 10 11 light years + 10 10 light years (32.174) 

r v = 3.22 X 10" light years 

The frequency of Eq. (32.153) is one half the amplitude of spacetime expansion from the conversion of the mass of Universe 
into energy according to Eq. (32.140). Thus, keeping the same relationships, the frequency of the current expansion function is 
the reciprocal of one half the current age. Substitution of the average size of the Universe, the frequency of expansion, and the 
amplitude of expansion, 10 billion light years, into Eq. (32.153) gives the radius of the Universe as a function of time for the 
coordinate r-sphere. 



K = 



3.22 X 10" light years -\X 10 10 cos| ^- 

5X10 light years 



light years (32.1 75) 



The Schwarzschild metric gives the relationship between the proper time and the coordinate time (Eq. (32.38)). ThlT 
infinitesimal temporal displacement, dr 2 , is 



. , i , 2Gm„ j ,,? 1 f dr 

dr 1 = \ \— " u I dt 2 - -^ 4 



f J 2 A 



+ r ' d6 ' +r ' sm ' -0d<l> ' 
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In the case that dr = d6 = d<j> = , the relationship between the proper time and the coordinate time is 



dz 2 -\l 2 °™ u \ dt 2 (32.177) 

c r 



r = ,|l_*Jk (32.178) 
— c~r 

x = t ^\\- r JL (32.179) 

The maximum power radiated by the Universe is given by Eq . (32.142) and occurs when the proper radius, the coordinate radius, 
and the gravitational radius r are equal. For the present Universe, the coordinate radius is given by Eq. (32.174). The 

gravitational radius is given by Eq. (32.147). The maximum of the power spectrum of a trigonometric function occurs at its 
frequency [81]. Thus, the coordinate maximum power according to Eq. (32.175) occurs at 5 X 10 9 light years . The maximum 
power corresponding to the proper time is given by the substitution of the coordinate radius, the gravitational radius r g , and the 
coordinate power maximum into Eq. (32.179). The power maximum in the proper frame occurs at 



, ,. , ,-j, ,. , i, 3.12X10 11 light years 
r = 5 X 10 9 light years I ^ — l 



3.22 X 10" light years (32.180) 



r = 880X 10 6 light years 
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The power maximum of the current observable Universe is predicted to occur on the scale of 880 X 10 6 light years . There is 
excellent agreement between the predicted value and the experimental value of between 600 million to 900 million light years 
[80]- 

THE DIFFERENTIAL EQUATION OF THE RADIUS OF THE UNIVERSE 

The differential equation of the radius of the Universe, X , can be derived as a conservative simple harmonic oscillator having 
a restoring force, F , which is proportional to the radius, — The proportionality constant, k , is given in terms of the potential 
energy, E , gained as the radius decreases from the maximum expansion to the minimum contraction. 



4=* 

X 2 



(32.181) 

The Universe oscillates between a minimum and maximum radius as matter is created into energy and then energy is converted 
to matter. At the minimum radius, the gravitational velocity, v G , is given by Eq. (32.33) and the gravitational radius r G , is given 

by Eq. (32.22) wherein an electromagnetic wave of mass energy equivalent to the mass of the Universe travels in a circular orbit 
wherein the eccentricity is equal to zero (Eq. (35.21)), and the escape velocity from the Universe can never be reached. At this 
point in time, all of the energy of the Universe is in the form of matter, and the gravitational energy (Eq. (32.148)) is equal to 
m v c~ . Thus, the proportionality constant of the restoring force with respect to the radius is 



f = -m ■■ 



-^X: 



( Gm v 
I c 2 



-X 



(32.182) 



Considering the oscillation, the differential equation of the radius of the Universe, X, follows from Eq. (32.182) as given by 
Fowles [82]. " "" 

m rr X+-^X = 



m,, X+ - 



-X = 



(32.183) 



( Gm h 

I c 2 
The solution of Eq. (32.183) which gives the radius of the Universe as a function of time follows from Fowles [82]. 
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(32.184) 
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The gravitation force causes the radius of Eq. (32.184) to be offset [82]. The force equations of general relativity which follow 
from Eq. (32.38) give the offset radius, r v . The minimum radius corresponds to the gravitational radius r e whereby the proper 

time is equal to the coordinate time. The offset radius, r v , is 

r v =r+^Y (32.185) 



4^(7 



The expansion/contraction rate, X , is given by taking the derivative with respect to time of Eq. (32.184). 



X = Anc ■ sin 



2nt 



2nGm,, 



(32.186) 



According to special relativity no signal may travel faster than c , the speed of light for any observer. The maximum expansion 

rate for a 3-sphere is Anc which is given in Eq. (32.186). The expansion/contraction acceleration, X, is given by taking the 
derivative with respect to time of Eq. (32.186). 



2nl 



X = 2?r- 



Gm,, 



cos 



2nGm,, 



(32.187) 



The Universe oscillates between the extremes of all matter and all energy. At the beginning of its expansion, the 
Universe is all matter with no electromagnetic radiation; thus, the Universe is not observable for earlier times. The observer's 
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light sphere determines the limits of observation thereafter. Furthermore, ancient stars and the large scale structure of the 
cosmos comprising galactic superclusters and voids that could not have formed within the elapsed time of expansion are visible 
[38-61, 70-76, 79]. Recently, a uniform cosmic infrared background has been discovered which is consistent with the heating of 
dust with reradiation over a much longer period than the elapsed time of expansion [83]. — The size of the Universe may be 
detected by observing the early curvature, the power spectrum, and the microwave background temperature. In the latter case, 
the power released as a function of time over the entire Universe is given by Eq. (32.161). The size of the Universe as a function 
of time is given by Eg. (32.153). The microwave background temperature corresponds to the power density over the entire 
Universe which is uniform on the scale of the entire Universe. Thus, the microwave background temperature as a function of 
time for each observer withm his light sphere is given by Eq. (32.168). 

The Hubble constant is given by the ratio of the expansion rate (Eq. (32.186)) given in units of — and the radius of the 

sec 



expansion (Eq. (32.126)) in units of Mpc (1 Megaparsec (Mpc) is 3.258 X 10 light years). 



Ak sin 



H=«=- 



2nt 



2nGm T , 



V c J 



(32.188a) 



ct 



Using 



\Gyr = 3.1358 X \0 16 s^ 



3.1358X10 16 s 



= 1 



Mpc = 7,mSl X ^Q 19 km^> 



1 Gyr 
3.0857 X 10" km 



(32.188b) 



1 Mpc 



and t - 10 Gyr , Eq. (32.188a) is given by 
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The differential in the radius of the Universe AX due to its acceleration is given by 

AX = l/2Xf 2 



(32.189) 



The expansion of the light sphere due to the acceleration of the expansion of the cosmos given by Eq. (32.155) and Eq. 

(3 2.1 87) i s shown graphical ly in Fig ure 32.1 7 .. T h e observed brightness of supernovae as standard candles is i n vers ely 

proportional to their distance squared. As shown in Figure 32.12, AX increases by a factor of about three as the time of 
expansion increases from the midpoint to a time comparable to the elapsed time of expansion, 
^ = 10 10 light years = 3.069 X 10 3 Mpc . As an approximation, this differential in expanded radius corresponds to a decease in 
brightness of a supernovae standard candle of about an order of magnitude of that expected where the distance is taken as AX . 
This result is consistent with the experimental observation [37-39]. Recently, the BOOMERANG telescope [84] imaged the 
microwave background radiation covering about 2.5% of the sky with an angular resolution of 35 times that of COBE [33]. The 
image revealed hundreds of complex structures that were visible as tiny fluctuations — typically only 100 millionths of a degree 
(0 . 0001 °C) — in temperature of the Cosmic Microwave Ba c kground . — Structures of about 1° in size were observed that are 
consistent with a Universe of nearly flat geometry since the commencement of its expansion. The data is consistent with a large 
offset radius of the Universe as given by Eq. (32.147) with a fractional increase in size (Eq. (32.153)) since the commencement 
of expansion about 10 billion years ago. 
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Figure 32.12. The differential expansion of the light sphere due to the acceleration of the expansion of the cosmos as a 
function of time. 
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Recently NASA announced Hubble Space telescope results taken on the most distant supernova ever at a distance of 10 billion 
light years [85, 86]. The extraordinary brightness of this standard candle compared to other such closer supernovas indicate that 
the Universe accelerated from a stationary state 10 billion years ago. This result is in agreement with the predictions of Eqs. 
(32. 15-32.1 54) and figure 32.5 presented before 1993 which predated the startling discovery that the Universe is accelerating. 



POWER SPECTRUM OF THE COSMIC MICROWAVE BACKGROUND 

The cosmic microwave background radiation corresponds to an average temperature of 2.725 K, with deviations of 30 juK or so 
in different parts of the sky representing slight variations in the density of matter. The measurements of the anisotropy in the 
Cosmic Microwave Background (CMB) have been measured with the Degree Angular Scale Interferometer (DASI) [35]. The 
angular power spectrum was measured in the range 100<i'<900, and peaks in the power spectrum from the temperature 
fluctuations of the cosmic microwave background radiation appear at certain values of i of spherical harmonics [35]. Peaks 
were observed at I « 200 , I « 550 , and I « 800 with relative intensities of 1, 0.5, and 0.3, respectively. 



These peaks 



rporated into adiabalic inflationary cosmology models wherein the 10 parameters are fully 



are incorporated into auiabalic mllationary cosr 
adjustable to fit the data supposedly corresponding to gravity driven acoustic oscillations in the primordial plasma and 
nonbaryonic dark matter. However, these models are not based in observed physics. In addition, acoustic waves are not 
observed in plasmas, and if the Sun were analogous to the primordial plasma, helioseismology data shows no resemblance to 
orderly spherical harmonic waves [87]. Such acoustic waves in plasma, if they could exist, could not seed the structure of the 
Universe since acoustic waves would have a propagation velocity far less than the speed of light. Acoustic waves would be 
perturbed by plasma instabilities due to electromagnetic forces which dominate plasma physics. And, standing waves are 
precluded in a rapidly expanding plasma. Furthermore, these inflationary models require the assignment of dark matter, which is 
essentially all of the matter in the Universe, as nonbaryonic matter — exotic unidentified matter which exerts a gravitational 
attraction but has essentially no other interaction observed for normal matter such as absorption of light. 

The identity of dark matter has been a cosmological mystery. Postulated assignments include t neutrinos, but a detailed 
search for signature emissions has yielded nil [88]. The search for signatures by the Cryogenic Dark Matter Search (CDMS) 
developed to detect theorized Weakly Interacting Massive Particles (WIMPs) has similarly yielded nil [89, 90]. WIMP theory's 
main competitor known as MACHO theory which assigns the Dark Matter to Massive Compact Halo Objects (MACHOs) which 
rather than elusive subatomic particles comprises ordinary baryonic matter in the form of burned-out dark stars, stray planets, 
and other large, heavy, but dark objects that must be ubiquitous throughout the Universe. However. MACHO theory has also 
recently been ruled out based on lack of evidence of these dark objects observable by the brief ellipses caused by them moving 
in front of distant stars. Only a few such objects have been observed after exhaustively searching for over five years [89, 91]. 

Hydrogen is known to comprise about 95% of the visible matter of the Universe. Recently, the missing mass has been 
showed to be baryonic rather t han s t range ma tt er [45]. Spectroscopic data indicates t hat the dark mat t er is also hydrogen, bu t in 
a lower - energy state [66 - 67\]. Thus, it comprises ordinary baryonic matter. Hydrogen atoms in these states exert a gravitational 
force, but do not resonantly absorb photons. Lower-energy atomic hydrogen atoms, hydrinos, each have the same mass and a 
similar interaction as the neutron. According to Steinhardt and Spergel of Princeton University [62], these are the properties of 
dark matter that are necessary in order for the theory of the structure of galaxies to work out on all scales. The observation that 
galaxy clusters arrange themselves as predicted tor cold dark matter except that the cores are less dense than expected is 
explained. — Hydrinos further account for the observation that small halos of dark matter are evaporated when they approach 
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larger ones and that dark matter is easily influenced by black holes, explaining how they grew so large. Rather than curve fitting 
the peaks corresponding to the anisotropy in the Cosmic Microwave Background (CMB), the data is predicted due to the time 
harmonic oscillation of the Universe due to the relationship between energy-matter (matter-energy) conversion and spacetime 

contraction (expansion) without requiring that the Universe is almost entirely comprised of exotic unidentified matter. 

When the Universe reaches the maximum radius corresponding to the maximum contribution of the amplitude, K , of 

the time harmonic variation in the radius of the Universe, (Eq. (32.150)), it is entirely radiation-filled. Since the photon has no 
gravitational mass, the radiation is uniform . — As energy converts into matter the power of the Universe may be considered 
negative for the first quarter cycle starting from the point of maximum expansion as given by Eq. (32.195), and spacetime 
contracts according to Eq. (32.140). The gravitational field from particle production travels as a light wave front. As the 
Universe contracts to a minimum radius, the gravitational radius given by Eq. (32.147), constructive interference of the 
gravitational fields occurs for distances which are integers of the amplitude, K , of the time harmonic variation in the radius of 

the Universe for the times when the power is negative according to Eq. (32.195). The resulting slight variations in the density of 
matter are observed from our present r-sphere. The observed radius of expansion is equivalent to the radius of the light sphere 
with an origin at the time point when the Universe stopped contracting and started to expand. The spherical harmonic parameter 
£ is given by the ratio of the amplitude, tt , of the time harmonic variation in the radius of the Universe, (Eq. (32.150)) divided 
by the present radius of the light sphere where the Universe is a 3 - sphere Universe — Riemannian three - dimensional hyperspace 
plus time of constant positive curvature at each r-sphere. For t - 10 10 light years - 3.069 X 10 3 Mpc , the fundamental £ is given 
by 
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The number of constructive interferences is given by the maximum integer of the ratio of the amplitude, K , of the time 
harmonic variation in the radius of the Universe, (Eq. (32.150)) divided by the minimum radius, the gravitational radius r (Eq, 



(32.1 4 7)). The number of peaks are 
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The peaks are predicted to occur at the fundamental plus harmonics of the fundamental — integer multiples, n - 2,3,4,5, and 6, 
of the fundamental £ = 197 . 



1 = 197 (fundamental) 



(32.192) 



£ = 197 + k197 n = 2,3,4,5, an d 6 (harmonics) 
From Eq. (32.192), the predicted harmonic parameters £ are given in Table 32.4. 

The harmonic peaks correspond to the condition that the amplitude of the harmonic term of the radius of the Universe 

K (n) is a reciprocal integer of the maximum amplitude K,, . Thus. K (n) is given by 
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The power flow of radiant energy into mass decreases as the radius contracts, and the relative intensities of the peaks 
follow from the power flow. The relative intensities are given by the normalized power as a function of t{n), the time at which 

the magnitude of the amplitude of the harmonic term of the radius of the Universe K («) is given by Eq. (32.193) 



corresponding to each contracted radius at which constructive interference occurs. — Starting the clock at the point of the 
maximum expansion wherein the Universe is entirely radiation-filled and the CMB is uniform, the time at which the magnitude 
of the amplitude of the harmonic term of the radius of the Universe K [n) is given by Eq. (32.193) follows from Eq. (32.153). 
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The power of the Universe as a function of time is given by Eq. (32.161) and is shown in Figure 32.8. To express the negative 
power flow relative to the radiant energy of the Universe corresponding to the conversion of energy into matter, the power of the 
Universe as a function of time may be expressed as ~~ ~~ 



P„(t) cos 
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(32.195) 
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where t = corresponds to the time when the Universe reaches the maximum radius corresponding to the maximum 
contribution of the amplitude, K , of the time harmonic variation in the radius of the Universe, (Eq. (32.150)). At t = as 



_JL 



defined, the Universe is entirely radiation-filled, and the power into particle production is a maximum. At t = - 



2n 



9.83 X 10 11 .yrs 



according to Eq. (32.195), particle production is in balance with matter to energy conversion, and the latter dominates for the 
following half cycle. 

The relative intensities are given by substitution of Eq. (32.194) into Eq. (32.195) that is normalized by the magnitude of 
the maximum power which occurs at the maximum radius. Thus, the relative intensities are given by 
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The relative intensities l[n) as a function of peak n are given in Table 32.4. 



(32.196) 



Table 32.4. Predicted harmonic parameters £ and relative intensities /(«) as a function of peak n. 



Angle (°) a 



7(«)b 



_137_ 



0.91 



591 


0.30 


0.50 


788 


0.23 


0.33 


985 


0.18 


0.25 


1182 


0.15 


0.20 


H?9 


0vl3 


- 0.17 



'Eq. (32.192) 



'Eq. (32.196) 

The angular power spectrum was measured [35] in the range 100 < I < 900 , and peaks in the power spectrum from the 
temperature fluctuations of the cosmic microwave background radiation were observed at 2 « 200 (0.9°), i « 530 (0.32' ! '), and 



/» 800 (0.24 n ) with relative intensities of 1, 0.5, and 0.3, respectively [Figure 1 of ref. 35]. — There is excellent agreement 
between the predicted parameters given in Table 32.4 and the observed [35] peaks. 

Constructive interference due to the time harmonic variation in the radius of the Universe (Eq. (32.150)) applies to any 
field that travels at the speed of light — the electromagnetic field as well as the gravitational field front. The constructive 
interference of electromagnetic waves would give rise to polarization of the cosmic microwave background radiation in the same 
pattern as the variation in temperature. The matching pattern of polarization and peaks in the angular power spectrum from the 
temperature fluctuations of the cosmic microwave background radiation is observed experimentally [92-94]. 

The definitive form of the field equations of general relativity follow from the Schwarzschild metric (Eq. (32.38)) and 
can be expressed in terms of the contraction of spacetime by the special relativistic mass of a fundamental particle (Eq . 
(32.140)). The masses and charges of the fundamental particles are determined by the equations of the transition state 
orbitsphere herein derived where the nonradiative boundary condition and the constancy of the speed of light must hold which 
requires relativistic corrections to spacetime. Fundamental particles can decay or interact to form an energy minimum. Thus, 
each stable particle arises from a photon directly or from a decaying particle, which arose from a photon. The photon, and the 
corresponding fundam e ntal particle, possess ti of angular mom e ntum. — Nuclei form as binding e nergy is rel e as e d as the 
orbitspheres of participating nucleons overlap. — Atoms form as the potential energy of the fields of electrons and nuclei is 
released as the fields are partially annihilated. Molecules form as the energy stored in the fields of atoms is minimized. Planets 
and celestial bodies form as the gravitational potential energy is minimized. All of these energies correspond to forces, and the 
equations of the forces are given in the Unification of Spacetime, the Forces, Matter, and Energy section. 
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UNIFICATION OF SPACETIME, THE FORCES, MATTER, 



RELATIONSHIP OF SPACETIME AND THE FORCES 



Spacetime has an intrinsic impedance of r/ . It provides a limiting speed of c for the propagation of any wave, including 
gravitational and electromagnetic waves. It further provides fields that match boundary conditions. Matter/energy acts on 
spacetime and spacetime acts on matter/energy. Thus, a spatial two-dimensional manifold of matter results in a gravitational 
field in spacetime; a three-dimensional spacetime manifold of current gives rise to a magnetic field in spacetime; a spatial two- 
dimensional manifold of charge gives rise to an electric field in spacetime. Thus, General Relativity and Maxwell's Equations 
are valid on any scale. Furthermore, the existence of matter with a determined mass as a three-dimensional spacetime manifold 
that is charged maximizes the volume of spacetime to the surface area of matter. This gives an energy minimum of the resulting 
gravitational, electric, and magnetic fields. 

Matter/energy are interchangeable and are, in essence, the same entity with different boundary values imposed by 
spacetime where the matter/energy has a reaction effect on spacetime. The intricacy of the action/reaction is evident in that all 
matter/energy obeys the four-dimensional wave equation, and the magnetic, electric, photonic, and gravitational fields can be 
derived as boundary value problems of the wave equation of spacetime where space provides the respective force fields for the 
matter/energy. That spacetime is four-dimensional is evident because the fundamental forces of gravity and electric attraction 
which are time dependent have a one-over-distance-squared relationship. This relationship is equivalent to the distance 
dependence of the area of a spherically symmetric wavefront which carries the forces. The force at the wavefront is nonradial 
and has an inverse r-dependence, traveling at the limiting speed of light provided by spacetime in accordance with Special 
Relativity. 

The action/reaction relationships of the third fundamental force, the mechanical force, are given by Newton's Laws. 

They provide the motion of matter including charged matter, which can give rise to gravitational, magnetic, and photonic fields. 
The action/reaction provided by forces in one inertial frame is given in a different inertial frame by the Lorentz transformations 
of Special Relativity, which are valid for Euclidean spacetime and are a consequence of the limiting speed of light. For example, 
the magnetic field in one inertial frame is given as electric field in another inertial frame as consequence of their relative motion. 
The presence of matter causes the geometry of spacetime to deviate from Euclidean, which is manifest as a gravitational field. 
The gravitational equation is derived for all scales from the present orbitsphere model where spacetime is Riemannian. 

The provision of the equivalence of inertial and gravitational mass by the CP theory of fundamental particles permits the 
correct derivation of the General Theory. And, the former provision of the two-dimensional nature of matter permits the 
unification of atomic, subatomic, and cosmological gravitation. The unified theory of gravitation is derived by first establishing 
a metric. 

A space in which the curvature tensor has the following form: 

R^, a p =K-(g va g flp -g fla g vp ) (33.1) 

is called a space of constant curvature; it is a four-dimensional generalization of Friedmann-Lobachevsky space. The constant 
K is called the constant of curvature. The curvature of spacetime will be shown to result from a discontinuity of matter having 
curvature confined to two spatial dimensions. — This is the property of all matter as an orbitsphere. — Consider an isolat e d 
orbitsphere and radial distances, r , from its center. For r less than r n there is no mass; thus, spacetime is flat or Euclidean. 

The curvature tensor applies to all space of the inertial frame considered; thus, for r less than r n , K = . At r-r n there exists a 
discontinuity of mass of the orbitsphere. This results in a discontinuity of the curvature tensor for radial distances greater than or 
equal to r n . The discontinuity requires relativistic corrections to spacetime itself. It requires radial length contraction and time 



©2010 BlackLight Power, Inc. All rights reserved. 



1520 



Chapter 33 



dilation that results in the curvature of spacetime. The gravitational radius r g of the orbitsphere and infinitesimal temporal 

displacement in spacetime. which is curved by the presence of the orbitsphere are derived in the Gravity section. 

The Schwarzschild metric gives the relationship whereby matter causes relativistic corrections to spacetime that 
determines the curvature of spacetime and is the origin of gravity. The separation of proper time between two events x 1 ' and 
jc" + dx 1 " given by the Schwarzschild metric is 



2Gm n 



-+ 



2Gm n 



dz 2 



dt l 



a r 



<-' r ) 



dr 2 +r 2 dd 2 +r 2 sin 2 0d0 2 



(33.2) 



Eq. (33.2) can be reduced to Newton's Law of Gravitation for -f- « 1 , where r a = X c 

c, 



Gm-jriz 



F = 



(33.3) 
r 

where G is the Newtonian gravitational constant. Eq. (33.2) relativistically corrects Newton's gravitational theory. In an 
analogous manner, Lorentz transformations correct Newton's Laws of Mechanics. 

Maxwell's Equations give the electromagnetic forces: 

VxE = -^£ (33.4) 



^T 



VxH = J+— °— 
dt 

V«g„E = /7 



V»// H = 

Maxwell's Integral Laws in Free Space are: 
Ampere's Law 



cj)H»Js = (j»rfa + — J£ E»da 

C X "' s 

Faraday's Law 



d 



j>E»ds- [a,H 



ui?a- 



(33.5) 
(33 . 6) 



-(3XTT 



(33.8) 



(33.9) 



c ®* 's 

Power flow is governed by the Poynting power theorem: 









V»(ExH): 



^nH»H 



£ n E»E 



J»E 



Newtonian mechanics gives mechanical forces for v « c : 
dp d(m\) dx 



(33.10) 



(33.11) 



-dt dt- 



- m — = ma 
dt 



/it 1 2 

T = —mv 



(33.12) 



Special Relativity applies when v approaches c: 
E = mc 



m n 



1 — 



(33.13) 
(33.14) 



l = l ox \\-^ 



(33.15) 
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t = -M — (33.16) 

where the subscript denotes the value in the rest frame. 

The following equations are boundary conditions: 

2n(nr x ) = 'lnr n =n\= A, n (33.1V) 

where 

\ is the allowed wavelength for n = 1 

Tj is the allowed radius for n = 1 



For pair production: 



n =a 
For hydrogen: 

n =1,2,3,4, 
1 1 1 



n = — ,-,—,... 
2 3 4 

v =— (33.18) 

m e r„ 

The weak and strong nuclear forces are discussed in the Weak Nuclear Force: Beta Decay of the Neutron section and the 

Strong Nuclear Force section. These forces are electromagnetic in nature. They arise as a minimization of the stored field 
energies. This also applies for the case of the force of the chemical bond as described in the Nature of the Chemical Bond 
section. 



In addition to the force laws, the nature of the Universe is determined by the following experimentally observed parameters: 

• Four dimensional spacetime (the only dimensionality consistent with observations [1]); 

• The fundamental constants which comprise the fine structure constant; 

• Fundamental particles including photons have % of angular momentum; 

• The Newtonian gravitational constant, G; 



• The mass of the Universe, and 

• The spin of the electron neutrino. 

General Relativity gives the relationship between the proper time and the coordinate time of particle production. 



. 2GM . 2GM 

T=ti h^ =ti h^ (33 - 19) 

The following boundary condition applies at the creation of matter from energy: 

2Kr n =k n n = a (33.20) 

The particle production energies given in the Gravity section are the mass energy, the Planck equation energy, the electric 
potential energy, the magnetic energy, the gravitational potential energy, and the mass/spacetime metric energy 1 . 

m c = na> =v= t mag = h gmv = b, spacaime 



e 7 _, 7i/i Q e 2 h 2 _! /J e 2 c 2 JGm jnc ah \X c c 2 (33.21) 



mc 2 = ha = —V = a' 1 — = a 1 "^ = a 1 ^ 

m t 2 Ave 1 tl \ 2 *3 



4 m X c {2 n m ii ) K 3 C 2h \ X c V (7 1 s ec \j 2(7 w , 



When m is the Grand Unification Mass or Planck mass, m u , 



1 Eq. (33.21) is the relationship between matter and energy with an implicit physical basis for particle production. The current understanding of the 
matter-energy relationship E = mc first recognized by Poincare [2-4] is based on the derivation of the kinetic energy from Newton's force equation [5] 
or by applying special relativistic principles to conservation of energy and momentum during particle scattering [6]. These approaches have nothing to do 
with particle production. Eq. (33.21) is the mass-energy for particle production and is the correct physics for the popular equation E = mc and the 
version including relative motion given by Eq. (34.17). 
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m u c 2 = hco = V = E mag = 


Gm 2 u 














(33.22) 


The 


gravitational velocity, v G , is 


: defined as 








v. = K 






(33.23) 


Substitution of the gravitational 
(33.21) followed by division by i 


velocity, v . 
the speed of li 


, given by Eq. (33.23) and the Planck mass, m u , given by Eq. (33.22) 
ght squared gives the particle mass in terms of the Planck mass. 


into Eq. 


\Gm 




m =a~— - — —m u =a x — — \—±-m u =a y — -m u =—m u 
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The relationships between the fundamental constants are given by the equivalence of the particle production 


(33.24) 
energies. 



The magnitude of the quantized angular momentum of the photon and fundamental particles is Planck's constant bar, h . The 
wave equation gives the relationship between the velocity, wavelength, and frequency of the wave. 

v = X— (33.25) 

In 

When v = c the radius at particle production is given by Eq. (29.22). 

r a = — = \ c (33.26) 

Substitution of Eq. (33.25) and (33.26) into Eq. (33.21) with v = c gives the relationship between h and the fundamental charge 

squared. 
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Thus, charge is quantized as a consequence of the quantization of the angular momentum of the photon. The relationship 
between the speed of light, c , and the permittivity of free space, s , and the permeability of free space, // , is 

1 (33.28) 



■\IMo £ o 

The fine structure constant, given by Eqs. (1.179) and (29.9), is the dimensionless factor that corresponds to the relativistic 
invariance of charge. 

a = _L ££. = !%= AA (33.29) 

4n\s h 2 h_ 2h 

e 1 

It is equivalent to one half the ratio of the radiation resistance of free space, I— , and the hall resistance, — . The radiation 

resistance of free space is equal to the ratio of the electric field and the magnetic field of the photon (Eq. (4.10)). The Hall 
resistance is given by Eq. (26.46). Substitution of Eq. (33.28) into Eq. (33.27) gives the relationship for the radiation resistance 
of tree space, rj . 

ij= ii = 47ra4- ( 33 - 30 ) 
\gp g 

It provides a limiting speed of c for the propagation of any wave, including gravitational and electromagnetic waves and 

expanding spacetime. 
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PERIOD EQUIVALENCE 

The Universe undergoes time harmonic expansion and contraction correspond in g to matter/energy conversion. The equation of 
the radius of the Universe, X , which is derived in the Gravity section is 



K = 



2Gm r , 
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(33.31) 
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The gravitational equation (Eq. (31.38)) with the equivalence of the particle production energies (Eqs. (31.48a-31.48b)) permit 

c 3 kg 

the equivalence of mass-energy (E = mc 2 ) and spacetime ( = 3.22 X 10 34 — — ). Spacetime expands as mass is released as 

<\kG sec 

energy according to Eq. (32.140) which provides the basis of the atomic, thermodynamic, and cosmological arrows of time. Q, 

the mass-eiiergy-to-expansioii-contraction quotient of spacetime is given by the ratio of the electron mass m e and the electron 

v 
proper time z wherein Eq. (32.43) gives the relativistic correction B = — to give the corresponding spacetime expansion for 

s c 

the conversion of matter into energy. 
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From Eq. (33.31), the period of the expansion-contraction cycle of the radius of the Universe, T, is 

„ 27tGm„ 



(33.33) 



It is herein derived that the periods of spacetime expansion/contraction and particle decay/production for the Universe 

are equal. It follows from the Poynting Power Theorem (Eq. (7.43)) with spherical radiation that the transition lifetimes are 
given by the ratio of energy and the power of the transition [7]. Magnetic energy is a Special Relativistic consequence of electric 
energy and kinetic energy. Thus, only transitions involving electric energy need be considered. The transition lifetime, z , in the 
case of the electric multipole moment given by Jackson |7j as 
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where in the exemplary case of an excited state of atomic hydrogen r is the radius of the electron orbitsphere which is iia a (F.q. 



(33.17)). From Eq. (33.35), the transition lifetime is proportional to the ratio of — , the Quantum Hall resistance, and 77, the 

e 

radiation resistance of free space 



n = W 



(33.36) 



The Quantum Hall resistance given in the Quantum Hall Effect section was derived using the Poynting Power Theorem. Also, 
from Eq. (33.35), the transition lifetime is proportional to the fine structure constant, a , 

1- 



4kv s h 



(33.37) 



From Eq. (33.17) and Eq. (33.35), the lifetime of an excited state of a hydrogen atom is inversely proportional to the frequency 
of the transition. This is also the case for the Universe that is a 3-sphere Universe. (More explicitly, the Universe is a 
Riemannian three-dimensional hyp e rspac e plus time with a constant positive curvatur e at each r-spher e ). — During an 
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electromagnetic transition, the total energy of the system decays exponentially. Applying Eqs. (2.119) and (2.120) to the case of 
exponential decay, 

_2£ 

h(t) = e a 'u{t) = e T 'u{t) (33.38) 

However, Eq. (33.19) determines that the coordinate time is imaginary because energy transitions are spacelike due to General 
Relativistic effects. For example, Eq. (36.2) gives the mass of the electron (a fundamental particle) in accordance with Eq. 
(33.19). ~~ " 



2Gm e 
X c 



(33.39) 



where Newtonian gravitational velocity v g is given by Eq. (32.35). Replacement of the coordinate time, t, of Eq. (33.38) by the 
spacelike time, it , gives. 

ft(Q = Re{ e -'T'} = c<A (33.40) 

where the period is T. The periods of spacetime expansion/contraction and particle decay/production for the Universe are equal 
due to the Eq. (33.19) which determines the masses of fundamental particles, the equivalence of inertial and gravitational mass, 
the phase matching condition of mass to the speed of light and charge to the speed of light, and that the coordinate time is 
imaginary because energy transitions are spacelike due to general relativistic effects. From Eq. (33.19) 

proper time _ gravitational wave condition _ gravitational mass phase matching 



coordinate time electromagnetic wave condition charge/inertial mass phase matching 
(33.41) 



proper time _ . \ c X c _ . v g 



26m- 



coordinate time a ac 



where Newtonian gravitational velocity, v , is given by Eq. (32.35). Eq. (33.24) gives the ratio of Eq. (33.41) in terms of the 
coordinate particle mass, m Q , and the Planck mass, m u . 
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(33.42) 



coordinate time m„ 2h c 2h v c X r 2h 



As fundamental particles, atoms, molecules, and macroscopic configurations of fundamental particles, atoms, and 
molecules release energy, spacetime increases. The superposition of expanding spacetime arising at the atomic level over all 
scales of dimensions from the atomic to the cosmological gives rise to the observed expanding Universe. The wavefront of 
energy and spacetime from matter to energy conversion travel at the speed of light. Consider Eq. (32.43). As given in the 
Gravity section, at the present time in the cycle of the Universe, the world line of the expanding spacetime and the released 
energy are approximately coincident. In terms of Eq. (32.38), the proper time and the coordinate time are approximately equal. 
The ratio of the gravitational radius, r , given by Eq. (32.36), and the radius of the Universe are about equal to one and the 
gravitational escape velocity given by Eq. (32.35) is the speed of light. And, Q, (Eq. (32.140)) is equal to the matter to energy 
conversion rate of the time harmonic expansion-contraction cycle of the Universe which permits light energy (photons) to 
propagate (escape the gravitational hole of the Universe). 

When the gravitational radius r g is the radius of the Universe, the proper time is equal to the coordinate time (Eq. (31.43)), 

and the gravitational escape velocity v of the Universe is the speed of light. 

Mass energy must be conserved during the harmonic cycle of expansion and contraction. — The gravitational potential 

energy E of the Universe follows that given by Eq . (32 . 26) 

E gm =^- (33.43) 
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In the case that the radius of the Universe r is the gravitational radius r G given by Eq. (32.22), the gravitational potential energy 
is equal to m^.c 2 which follows that given hy F.q. (32.27). The gravitational velocity v G is given hy F.q. (32.33) wherein an 

electromagnetic wave of mass-energy equivalent to the mass of the Universe travels in a circular orbit wherein the eccentricity is 
equal to zero (Eq. (35.21)), and the escape velocity from the Universe can never be reached. The wavelength of the oscillation 
of the Universe and the wavelength corresponding to the gravitational radius r a must be equal. Electromagnetic energy and 
gravitational mass obey superposition, and both spacetime expansion/contraction and electromagnetic energy corresponding to 
particle decay/production travel at the speed of light and obey the wave relationship given by Eq. (29.4). The wavelength is 
given in terms of the radius by Eq. (2.2). Thus, the harmonic oscillation period, T, is 



2nr InGm InGilX 10 54 kg) 
T = =^= ^ u = i ^= 3.10 X10 19 sec =9.83X 10 11 >>ears (33.44) 



c 
where the mass of the Universe, m,, 



WAVE EQUATION 

The equation 

1 — •t 3 

-^^—grad 2 co = (33.45) 

c 2 dt 2 

acquires a general character; it is more general than Maxwell's equations from which Maxwell originally derived it. As a 

consequence of the principle of the existence of a universal limiting velocity one can assert the following: the differential 

equations describing any field that is capable of transmitting signals must be of such a kind that the equation of their 

characteristics is the same as the equation for the characteristics of light waves. In addition to governing the propagation of any 

form of energy, the wave equation governs fundamental particles created from energy and vice versa, the associated effects of 

mass on spacetime, and the evolution the Universe itself. The equation that describes the rotational motion of the charge-density 

wave of the electron given by Eqs. (1.56-1.65) is the wave equation, the relativistic correction of spacetime due to particle 

production travels according to the wave equation as given in the Gravity section, and the evolution of the Universe is according 

to the wave equation. The speed of light is the conversion factor from time to distance. Thus, the equation of the radius of the 

Universe, X , (Eq. (33.3 1)) may be written as 
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which is a solution to the wave equation. 
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Chapter 34 



EQUIVALENCE OF INERTIAL AND GRAVITATIONAL 



LIGHT VELOCITY 



NEWTON'S ABSOLUTE SPACE WAS ABANDONED BY SPECIAL RELATIVITY 
BECAUSE ITS NATURE WAS UNKNOWN 

Maxwell's electrodynamic equations predict electromagnetic waves that travel at the speed of light c that is determined by the 
permittivity f and permeability jr of free space such that 



Thus, if these spacetime properties were independent of the motion of emitters and observers, then, the speed of light is a 
constant. This result was proven by the Michelson-Morley experiment in 1887. The covanance or invariance of form of 
Maxwell's electrodynamic equations under Lorentz transformations was shown by Lorentz and Poincare before the formulation 
of special relativity. The various parameters p , J , E , and B that are operated on in these equations transform in well-defined 
ways under Lorentz transformations such that the laws of electricity, magnetism, and electrodynamics have the same form 
independent of relative constant motion of observers. In 1904 [ 1-4], Poincare achieved the similar covariance of the equations 
of Newton's laws of mechanics under Lorentz transformation of the corresponding spatial-temporal and mechanical parameters 
with the invention of special relativity based on his two postulates [1]: 

The principle of relativity, according to which the laws of physical phenomena should be the same, whether for an observer fixed, or for an 
observer carried along in a uniform movement of translation; so that we have not and could not have any means of discerning whether or not we 
are carried along in such a motion. 

From all these results, if they are confirmed, would arise an entirely new mechanics, which would be, above all, characterized by this fact, 
that no velocity could surpass that of light. Poincare added that consistency of the descriptions of different inertial reference frames implies that 
the limiting light velocity is invariant for inertial reference frames. 

Poincare recognized that the inertia of material bodies would become infinite when one approached the velocity of light 

and predicted the relationship of matter to energy: E = mc 2 [2]. He further pointed out that all forces must propagate with the 
finite light velocity, that interaction implies a time delay, and it is mediated by field waves. Thus, Poincare made for the first 
time the hypothesis of the existence of gravitational waves [1]. He and others who worked on special relativity developed the 
principles and mathematics to make the laws of nature covariant, correctly model e d the propagation of light, particles, and forces 
including the gravitational force, and recognized the relationship between matter and energy . But , they did not realize or even 
consider the nature of the gravitational force or the relationship between matter-energy and spacetime. Nor, did they consider 
the implications of relativity as a description of the physical nature of spacetime. Relativity was developed for a Universe that 
was empty (devoid of matter and light) and infinite in extent. Yet, the Universe is not only filled with matter and light, it is also 
dynamic in the conversion of matter to light. Furthermore, it is finite rather than infinite, and its size is also dynamic and 

determined by the inter - conversion of matter to energy as shown in the Gravity section. 

Shortcomings, problems, and paradoxes arise with special relativity. Since relativity is simply a set of postulates and 
mathematical rules for transformation of coordinates and mechanical parameters, it provides no physical basis for the conversion 
of matter into energy, the absolute loss of time in experiments such as those regarding the twin paradox, the equivalence of the 
inertia! and gravitational masses, the masses of tundamentai particles, and the limiting velocity c tor the propagation of matter 
in the same sense that Maxwell's equations do for electromagnetic-waves in terms like Eq. (34.1). Furthermore, the basis of 
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defining an inertial frame of reference based on relative motion ignores the kinetic energy of the objects in motion. Indeed, the 
potential for an infinite number of Universes with total kinetic energies from zero to infinities of infinite energy are all equally 
permissible, tor example, a single celestial object could be translating at say 0.99999c relative to the balance of the objects of 
the Universe, or all of the celestial objects of the Universe could be tr anslating at 0.99999c relative to the single object. In 
terms of special relativity, both situations are equivalent, simultaneously. But the kinetic energy inventory and mass-energy 
inventory is not conserved between the two cases. By selecting different inertial frames that are all equivalent under special 
relativity, the energy in the former case with 10 23 objects weighting a total of 2 X 10 54 kg is 

10 23 



E = J^m i c 1 +m 1 c 1 =J^m 0i c 1 + . ff? »' C (34.2) 

'=2 ' If 0.99999c Y 



c ) 



And, in the latter case the energy is 

-H>a vP 



<=2 *=2 ( 0.99999c V 

corresponding to essentially zero kinetic energy in the first case compared to the equivalent of over two hundred times the rest 
mass of the Universe mass or (0.5) (2 X 10 54 kg)c 2 = 9 X 10 70 J in the latter case! 

The obvious question is how can the mass-energy of the Universe be increased up to arbitrary orders of magnitude by 
simply selecting an inertial frame? The set of equivalent inertial frames extends over an infinite range of kinetic energies 
relative to even one body for example. Since the Universe is finite and closed, and matter, energy, and spacetime are conserved 
these infinite possibilities for equivalent inertial frames for the Universe with its unique inventories is untenable'. The frames of 
reference regarding relative uniform motion are only convenient means to compare measurements in those frames when absolute 
values are not important in the determination, and it is not necessary to determine the relative rank of the frames (e.g. the 
stationary versus the moving one). These conditions may break down, and paradoxes arise that can only be resolved by 
abandoning the simplified frames of special relativity and invoking an absolute frame of reference. 

Specifically, in addition to the lack of energy conservation and physical mechanism for many of its consequences, 
another problem that arises is the inability to determine which body is in motion when comparing relative motion in order to 
arrive at consistent predictions. The limitation in uniquely and unequivocally identifying inertial frames centrally impacts the 
ability to interpret and apply special relativity. This is particularly acute when objects initially in the same inertial frame 
separate and rejoin. A famous example is the case of the twin paradox. Here two twins separate and are rejoined with 
intervening periods of acceleration and reversal of physical displacement. A failure of special relativity is that upon rejoining 
the traveling twin is younger relative to the stationary twin in contradiction to his expectations since to him, it is the stationary 
twin who had been in motion. Although strained "resolutions" to the asymmetrical time dilation of the traveling twin have been 
put forward including a far-fetched one by Einstein regarding gravitational time dilation of the general relativity theory , none are 
tenable | "5"|. The fundamental impasse is inherent in the consideration that motion is arbitrarily relative. There must be an 
absolute frame for each object in order to conserve the mass/energy inventory of the Universe as well as resolve paradoxes such 
as the twin paradox. 

To develop an understanding of spacetime that is described by relativity and to correct its deficiencies, it is insightful to 
consider the history of the laws of mechanics starting with Newton. The second law is represented by 



_dp d(m\) dx- 



m — = m& (34.4) 

dt dt dt 

where m is the mass of the body, a is its acceleration relative to a certain frame of reference, and F is the resultant force acting 

on the body due to all other bodies that apply the force. Newton's laws are valid in frames of reference called inertial frames, 

moving relative to each other with uniform velocities. Experimentally, the laws of physics are the same in all such inertial 

frames which provides a means to identify a frame as inertial. By this criterion, inertial frames are unaccelerating and 

nonrotating. Otherwise, all objects would be accelerating or rotating relative to some other frame. Such a reference frame must 

exist for all cases. Newton introduced the concept of absolute space to provide such an absolute frame for acceleration and 

rotation as well as uniform motion. According to Newton, acceleration and rotation relative to absolute space are detected by 

simple experiments. For example, an observer accelerated relative to the Earth sees the Earth accelerate in the opposite 

direction. Since there is no force acting on the Earth, the apparent acceleration is not a consequence of the Newton's second 

law, rather it is due to the acceleration of the observer relative to absolute space. Another example is rotation wherein the object 

rotating relative to absolute space can be identified by the measurement of centrifugal forces. Thus, it can be appreciated that 

observations consistent with physical laws permit identifying acceleration and rotation relative to absolute space, but 

Einstein's interpretation of relativity predicts the existence of "parallel universes" each with a different energy inventories based on measurement as 
basis of reality and eliminates inertial mass and Newton's Second Law. This consequence may be considered the origin of the misguided interpretation of 
reality in terms of an observer's measurement. This philosophy originally from Mach evolved into quantum mechanics theory with its inherent 
uncertainty principle involving simultaneity of infinite states for a single particle with a "collapse" into a single state with measurement. Thus, single — 
valued exact properties were deemed impossibilities due to perturbations with measurement, and the development of the theory became a discourse 
regarding measurement. 
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consequences of the forces of acceleration or rotation cannot be used to determine an absolute frame for two bodies in uniform 
motion. Although Newton could give the criterion for absolute acceleration and absolute rotation, he could not do so for 
absolute velocity. Locally, motion can only be defined as relative. So, it seems impossible to define an absolute frame, and in 
particular, the absolute fram e at r e st could not be id e ntified. Newton's absolute spac e was abandoned by special relativity du e to 
this limitation of being unable to reference an inertial frame in an absolute sense. However, this inability to identify or 
understand the nature of absolute space and an absolute frame at rest should not be confused with the lack of their existence and 
the consequences for the nature of spacetime, matter, and energy. 

The relativity principle is postulated on the basis of the impossibility of measuring absolute velocity. This assumption is 
incorrect. Absolute space can be defined based on the solution of the exact conserved relationships between matter, energy, and 
spacetime given in the Gravity section. Specifically, the production of an isolated particle from a photon of identically the 
production energy defines the absolute inertial frame at rest for the particle and could, in principle, define absolute space that 
conserves the energy inventory of the Universe and resolves paradoxes such as the twin paradox. The rate at which ones clock is 
ticking can be determined in terms of the absolute time unit defined in the Gravity section as the "sec" of each particle. It is 
possible as discussed infra, to slow the clock ot an object by expending energy to increase its velocity with a consequent and 
concomitant acceleration of the clocks of parts of the object's surroundings such that the absolute time of the Universe is 
conserved overall. 

A relativity principle based only on frames in uniform motion excludes all of the dynamic properties of the Universe. 

And, no two independent objects can maintain infinitely exact constant relative motion. Furthermore, matter is dynamic, either 
gaining or losing energy with changing velocities and directions, and, all of the matter in the Universe is accelerating as 
spacetime expands. The physics of essentially all forms of motion of matter including acceleration, rotation, and motion of any 
type in a gravitational field cannot be dealt with within the context of relative space. However, even though any motion, or 
parameter of inertia or electromagnetism can ultimately be measured in principle (but perhaps not always in practice) relative to 
absolute space as discussed infra., a principle of relativity based on physical laws can be derived that has great utility. The 
principle of relativity given next treats relative uniform rectilinear motion, and the transforms of relativity are Lorentzian . 

Since the constant speed of light is the absolute limiting conversion factor from time to length, it is reasonable to expect 
that the laws of light propagation play a fundamental part in the definition of the basic concepts relating to space and time in 
terms of inertial frames defined according to uniform relative motion. Therefore it proves more correct to relate the notion of an 
inertial frame not only to the laws of mechanics but also to those of light propagation as given in the Relativity section. 

The usual form of Maxwell's equations refers to some inertial frame. It is obvious and has always been assumed, even 
before relativity, that at least one reference frame exists that is inertial with respect to mechanics and in which at the same time 
Maxwell's equations are true. The law of propagation of an electromagnetic wave front in the form 



1 f d l <a 
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also refers to this inertial frame. A frame for which Eq. (34.5) is valid may be called inertial in the electromagnetic sense. A 
frame that is inertial both in the mechanical and in the electromagnetic senses will be simply called inertial. Thus, by the 
definition we have adopted, an inertial frame is characterized by the following two properties: 

1. In an inertial frame, a body moves uniformly and in a straight line, provided no forces act on it. (The usual 
mechanical inertial property.) 

1. in an inertial frame, the equation of propagation of an electromagnetic wave front has the form Eq. (34.5). (the 



ine r tial property for the field.) 

Eq. (34.5) applies not only to the propagation of an electromagnetic wave. The electromagnetic field has no preference 
over other fields. The maximum speed of propagation of all fields must be the same such that Eq. (34.5) is of universal validity. 

The fundamental postulate of the theory of relativity, also called the principle of relativity, asserts that phenomena 
occurring in a closed system are independent of any non-accelerated motion of the system as a whole. The principle of relativity 
asserts that the two sequences of events will be exactly the same (at least insofar as they are determined at all). If a process in 
the original systems can be described in terms of certain functions of the space and time coordinates of the first frame, the same 
functions of the space and time coordinates of the second frame will describe a process occurring in the copy. The uniform 
rectilinear motion of a material system as a whole has no influence on the course of any process occurring within it. 

The theory of relativity is based on two postulates, namely, the principle of relativity and another principle that states that 
the velocity of light is independent of the velocity of its source. The latter principle is a consequence of the first. The latter 
principle is implicit in the law of the propagation of an electromagnetic wave front given by Eq. (34.5). The basis for defining 



2 

Another mistake regarding relativity was made by Einstein in the consideration of the extension of relativity to accelerating frames with the postulate of 

the equivalence of a uniform gravitational field and an accelerating frame. As shown in the Gravity section, in addition to being physically flawed, 

Einstein's version of general relativity is disproved experimentally with the observation that the expansion of the cosmos is accelerating in contradiction 

with the predictions of decelerating cosmologies by all solutions of Einstein's equations. 

3 
Ironically, some of the most cited experimental validations of special relativity such as the dilation of the half-life of particles such as muons moving at 

near light speed in cyclotrons involve constant acceleration in the storage ring rather than constant uniform rectilinear motion. 
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inertial reference frames is Eq. (34.5) together with the fact of the uniform rectilinear motion of a body not subject to forces. 
The principle of relativity holds in the case that the reference frames are inertial. 

It is appropriate to give a generalized interpretation of the law of wave front propagation and to formulate the following 
general postulate: 

There exists a maximum speed for the propagation of any kind of action — the speed of light in free space. 

This principle is very significant because the transmission of signals with greatest possible speed plays a fundamental 
part in the definition of concepts concerning space and time. The very notion of a definite frame of reference for describing 
events in space and time depends on the existence of such signals. The principle formulated above, by asserting the existence of 
a general upper limit for all kinds of action and signal, endows the speed of light with a universal significance, independent of 
the particular properties of the agency of transmission and reflecting a certain objective property of spacetime. This principle 
has a logical connection with the principle of relativity. For if there was no single limiting velocity, but instead different agents, 
e.g. light and gravitation, propagated in vacuum with diflerent speeds, then the principle of relativity would necessarily be 
violated as regards at least one of the agents. The principle of the universal limiting velocity can be made mathematically 
precise as follows: 

For any kind of wave advancing with limiting velocity and capable of transmitting signals, the equation of front 
propagation is the same as the equation for the front of a light wave. 



Thus, the equation 



+ 



-(grad 2 w) = (34.6) 
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acquires a general character; it is more general than Maxwell's equations from which Maxwell originally derived it. As a 
consequence of the principle of the existence of a universal limiting velocity one can assert the following: the differential 
equations describing any field that is capable of transmitting signals must be of such a kind that the equation of their 
characteristics is the same as the equation for the characteristics of light waves. In addition to governing the propagation of any 
form of energy, the wave equation governs fundamental particles created from energy and vice versa, the associated effects of 
mass on spacetime, and the evolution of the Universe itself. Specially, the equation that describes the electron dynamics of the 
rotational energy and angular momentum with I ^ given by Eqs. (1 .56-1 .65) is the wave equation, the relativistic correction of 
spacetime due to particle production travels according to the wave equation as given in the Gravity section, and the evolution of 
the Universe is according to the wave equation as given in the Gravity section and the Unification of Spacetime, the Forces. 
Matter, and Energy section (Eqs. (33.45-33.46)). 

RELATIONSHIP OF THE PROPERTIES i OF S PACETIME AND THE PHOTON TO 

LORENTZ TRANSFORMS BASED ON CONSTANT RELATIVE VELOCITY 

The magnetic force was unified with the Coulombic force by Maxwell. Lorentz derived the transformations named after him 
which formalize the origin of the magnetic force as a relativistic correction of the Coulomb force. The unification of electricity 
and magn e tism by Maxw e ll p e rmitt e d him to d e riv e a wav e e quation, which pr e dict e d th e propagation of e l e ctromagn e tic wav e s 
at the speed of light (Eq. (34.1)). Maxwell's wave equation defines a four-dimensional spacetime with the speed of light as a 
maximum permitted according to the permeability and permittivity of spacetime. Minkowski originated the concept of a four- 
dimensional spacetime formally expressed as the Minkowski tensor [6]. The Minkowski tensor corresponds to the 
electromagnetic wave equation derived by Maxwell and can be derived from it [7]. Special relativity is implicit in the wave 
equation of electromagnetic waves that travel at the speed of light. The generalization of this metric Lo mass as well as charge 
requiring application of Lorentz transformations to relative parameters comprises the theory of special relativity. The Lorentz 
transformations quantify the measurement of the increase in mass, length contraction, and time dilation in the direction of 
constant relative motion of separate inertial frames due to the finite maximum speed of light. 

Using the principle that that light velocity is the constant maximum c in all inertial frames, the relationships between 
distances in two frames with one moving a constant velocity relative to the other are shown in the Relativity section to be [&\ 

c 



-¥ 



(34.8) 
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v4- 



(34.9) 



The Lorentz transformation of the other spatial-temporal and mechanical parameters that maintain the covariance of mechanical 
laws gives the following relationships between the parameters of inertial frames [8]: 



^T 



(34.10) 



c 
m n v 



(34.11) 



(34.12) 



! "7 

Using the Lorentz transformation of the energy of particle production given by Eg. (34.49) gives 



_= 2 m c 

E = mc - — - — 



(34.13) 



Squaring the energy given in Eg. (34.13) gives 



E 2 = m c 



(34.14) 



>4 



The square of the Lorentz momentum given by Eg. (34.12) multiplied by c 2 is 



p c 



2 2 _ '»0 > 



(34.15) 



1-- 



Subtracting p 2 c 2 from E 2 gives 



2—+ 

„2„4 2 2 2 m C 



E 2 -p 2 c 2 



V c J 



.2 



(34.16) 



Thus. 



E 2 = m 2 c 4 + p 2 c 2 



(34.17) 



When speaking of the relativity of a frame of reference or simply of relativity, one usually means that there exist identical 
physical processes in different frames of reference. According to the generalized Galilean principle of relativity, identical 
processes are possible in all inertial frames of reference related by Lorentz transformations. On the other hand, Lorentz 
transformations characterize the uniformity of Galilean spacetime. Using the four-dimensional coordinates x M for describing 
the events and the world-line in spacetime the separation of proper time between two events r" and x M + dx M is 

dT 2 =- gflv dx M dx v (34.18) 

where g is the metric tensor which determines the geometric character of spacetime. For different coordinate systems, the 
dx p may not be the same, but the separation dz 2 remains unchanged. The metric g ljv for Euclidean space called the 
Minkowski tensor 77 is 

'-10 0^ 



7 







V 



Xr 



(34.19) 



OOO-5- 
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In this case, the separation of proper time between two events x 1 * and jc" + dx F is 

dr 2 - -r/ flv dx f 'dx v 

Relativity deals with definitions and tensor mathematics in space devoid of matter. 



(34.20) 

To cast relative measurements for 



bodies in relative motion in physical terms, the relationships of matter to spacetime and spacetime to matter must be included. 



ORIGIN OF GRAVITY WITH PARTICLE PRODUCTION 



Gravity is not a force separable from electromagnetism. The production of a particle having an inertial mass and a gravitational 
mass from a photon initially traveling at the speed of light requires time dilation and length contraction of spacetime itself as 
opposed to the relativistic correction of mass, length, and time of objects of inertial frames in constant relative motion. The 
derivation of the gravity equations and the inherent masses of particles maintains the relativity principle of Eq. (34.6): the 
constant maximum speed of light for the propagation of light and gravity wave fronts. The gravity metric corresponding to 
spacetime time dilation and length contraction due to the production event is derived with the boundary conditions: (i) the speed 



of light is constant and a maximum, (ii) the angular momentum of a photon, h , is conserved, and (iii) the energy of the photon is 
conserved as mass. The event must be spacelike even though the photon of the particle production event travels at the speed of 
light and the particle must travel at a velocity less than the speed of light. The relativistically altered spacetime gives rise to a 
gravitational force between separated masses . Thus, the production of matter and its motion alters spa c etime, and the altered 
spacetime affects the motion of matter, which must follow geodesies. The spacetime contraction and time dilation derivation 
based on the same principle as special relativity has a similar form as that of its Lorentz transformations relating observations 
from different inertial frames of reference. 



A spherically symmetrical system of mass m applies to the production of a particle which implies spherical coordinates with 
the origin at 0. Thus, a family of curved surfaces, each with constant r , is a series of concentric spheres on which it is natural to 
adopt the coordinate r so that a sphere with constant r has area 4tzt 2 . and the metric on the surface of the sphere would then be 

ds 2 - 



2 d0 2 +r 2 sm 2 0df 



(34.21) 



Such a definition of r is no longer the distance from the origin to the surface, because of the spacetime contraction caused by 
the mass m . The form of the outgoing gravitational field front traveling at the speed of light is 



rp 



Therefore the spatial metric should be expressed as 
ds 2 = /(/-)"' dr 2 + r 2 d0 2 + r 2 sin 2 0d£ 



(34.22) 



(34.23) 



In addition, the existence of mass m also causes time dilation and length contraction of spacetime such that the 
clock on each r-sphere is no longer observed from each r-sphere to run at the same rate. That is, clocks slow down in a 
gravitational field [9], Therefore, the general form of the metric due to the relativistic effect on spacetime due to mass m is 



dr 2 = f(r)dt 2 —[/(ry 1 dr 2 +r 2 d0 2 +r 2 sin 2 0d0 2 ~\ 
In the case where w = , space would be flat which corresponds to 
/(r) = /(r) 1 =l 



(34.24) 



(34.25) 



Then the spacetime metric is the Minkowski tensor. In the case that the mass m is finite, the Minkowski tensor is corrected by 

the time dilation and length contraction of spacetime. 

The photon initially traveling at the speed of light undergoes particle production and must produce a gravitational field 

that travels at the speed of light. According to Newton's Law of Gravitation, the particle must have a finite velocity relative to 
the antiparticle called the Newtonian gravitational velocity, v , (Eq. (32.35)) that may not exceed the speed of light and has an 

associated gravitational energy given in the Gravity section. The eccentricity is one (Eqs. (35.17-35.22)), the total energy is 
zero, and the particle production trajectory is a parabola relative to the center of mass of the antiparticle. In order that the 
velocity of light does not exceed c in any frame including that of the particle having a finite Newtonian gravitational velocity, 
v , the laboratory frame of an incident photon, and that of a gravitational field propagating outward at the speed of light, 

spacetime must undergo time dilation and length contraction due to the production event. During particle production the speed 
of light as a constant maximum as well as phase matching and continuity conditions require the following form of the squared 
displacements due to constant motion along two orthogonal axes in polar coordinates: 
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(cr) 2 + (v s t) 2 =(ct) 2 



T -t 



^\ 



(34.26) 



(34.27) 



Thus, 



A 



-A4^ 



i= 



(34.28) 



The derivation and result ofspacetime time dilation is analogous to the derivation and result of special relativistic time dilation 
given by Eqs. (31.11-31.15) wherein the gravitational velocity replaces the relative velocity of two inertial frames in the Lorentz 
factor. The general form of the metric due to the relativistic effect on spacetime due to mass m is 



dx = 




1 




dr +r 2 d0 2 + r sin 2 9d<f> 



(34.29) 



The equivalence of the gravitational and inertial masses, according to experiments and Eqs. (34.49) and (34.67-34.68). 

prove that Newton's Gravitational Law is exact on a local scale. The correction to Newton's Gravitational Law due to the 
relativistic effect of the presence of mass on spacetime may be determined by substitution of the gravitational escape velocity, 
v g , given by 



2Gm„ 



2Gm n 



(34.30) 



into Eq. (34.29) for v . The corresponding Newtonian gravitational radius is given by [10] 



2Gm a 

r = 

e c 2 

Thus, Eq. (34.29) can also be expressed as 



(34.31) 



-4- 



dx l = 1 



dt l 



1- 



2jfl2 , „2„;„2 



dr + r dO + r sin 



(34.32) 



In the case of the boundary conditions of Eqs. (34.48-34.49), Eq. (34.30) and Eq. (34.31), three families of leptons and quarks 
are predicted in the corresponding sections wherein each particle corresponds to a unique orbitsphere radius equal to its 
Compton wavelength bar. At particle production, a photon having a radius and a wavelength equal to the Compton wavelength 
bar of the particle forms a transition state orbitsphere of the particle of the same wavelength. 



. h , 

• = A,„ = = r 



(34.33) 



The resulting metric g for non-Euclidean space due to the relativistic effect on spacetime due to mass m n with v g 



given by Eq. (34.30) is 






In this case, the separation of proper time between two events x M and x^ + dx'' is 



dT=\l 



2Gm, 



° \de-K 



1-^2-1 dr 2 +r 2 d0 2 +r 2 sin 2 9d</> 2 



(34.35) 



The Schwarzschild-type metric (Eq. (34.35)) gives the relationship whereby matter causes relativistic corrections to 
spacetime that determines the curvature ofspacetime and is the origin of gravity. 
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The origin of gravity is fundamental particles, and the masses and fields from particles superimpose. So, m , the mass of a 

fundamental particle, may be replaced by M , the sum of the masses of the particles which make up a massive body. In this 
case, Eq. (34.35) is equivalent to a modified version of the Schwarzschild metric that is conservative of matter, energy, and 

spacetime and lacking the reduced radial coordinate, r r— , and singularity issues of general relativity. 

c 

The Schwarzschild metric provides transforms of the spacetime and mass-energy parameters based on the effect of 

gravity in an analogous manner as the Minkowski tensor provides the Lorentz transforms for the corresponding inertial 

parameters. As shown in Eq. (32.70), the relativistic correction for time is 

(34.36) 



.-t 



Then, 



/ = Un "^ (34-37) 

The spacetime corrections have the same form as the special relativistic corrections for time and length with v in place of v . 

Consider the relationship between proper and coordinate mass derived in the Gravity section by considering an object of mass 
m orbiting an object of mass M . The gravitational ibrce is central; thus the angular momentum is constant. Consider that a 
radial force is applied to increase the radius r of the object's orbit with a change of its energy E . The angular momentum is 
conserved; thus, 



_ I i ci f Vi ti initio! onmilor ^ r£±\ r\s*-tt~t r Z_ 



where — is the initial angular velocity, — — is the final angular velocity, r. is the initial radius and r, is the final radius. 
\dtJi '" \dt) f 

At fixed radius, dr 2 is zero, but dt 2 is finite. Applying the time relativistic correction given by Eq. (34.35) and Eqs. (34.26- 
3 4 .28) gives the mass m f at r, with respect to the mass m i of the inertial frame of r\ as 



2GM\ 



m,J| 1 -\ = m, (34.39) 



where r is the increase in the radius. The proper energy E of the object is given by 



2GM) 



vji r- = e p ( 34 - 4 °) 



-F€- 






The relativistic correction for energy is of the same form as the special relativistic correction for mass (Eq. (31.21)) with v g in 
place of v . 

, " - mc 2 (34.41) 



IT 



v„ 



c j 



where m is the coordinate mass of the orbiting body and E is the energy of the orbiting object. In the case that the gravitational 
velocity is much less than the speed of light (v «.c), the gravitational energy E converges to that given by Newton's law of 
Gravitation. 



2h \(2GM\ 



(34.42) 



— ^ 9 — GMm ,^ , ,^ 

E *mc 2 (34.43) 

r 
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PARTICLE PRODUCTION CONTINUITY CONDITIONS FROM MAXWELL'S 
ES!¥£I!S»£' - A .~P- T il E SCHWARZSCHILP METRIC GIVE RISE TO CHARGE, 

The photon possesses electric and magnetic fields and the corresponding energies and momentum. The angular momentum of 
the photon given by 



m= f Re[rx(ExB*)lrfx 



(34.45) 



in the Photon section is conserved [11] during particle production. The energy due to the angular frequency of the photon 
according to Planck's equation and those of its electric and magnetic fields match those of the particle to which it gives rise. 
The transition state has dimensions of the particle's Compton wavelength bar such that the speed matches light speed at the 
photon's frequency as a further constraint of Maxwell's equations and the inherent special relativity . This limiting speed is set 



by the permittivity and permeability of spacetime. Spacetime undergoes time dilation and length contraction at the particle 
production event as a gravitation-field front propagates out as a light- wave front at light speed. The photon's effect on 
spacetime and spacetime's effect on the corresponding production particle then determine its inertial and gravitational mass m 
and the fundamental charge e where the momentum and energies of the photon are continuous with those of the particle during 



the production event. 

The photon to particle event requires a transition state that is continuous wherein the velocity of a transition state 

orbitsphere is the speed of light. The radius, r, is the Compton wavelength bar, X c , given by Eq. (34.33). At production, the 

Planck equation energy, the electric potential energy, and the magnetic energy are equal to m c 2 . 

The Schwarzschild metric gives the relationship whereby matter causes relaiivistic corrections to spacetime that 
determines the masses of fundamental particles. — Substitution of r = X c ; dr = 0; d0 = 0; siii 2 # = l into the Schwarzschild 
metric gives 



2Gm„ 



,.2\ 



dr = dt 



(34.46) 



with v 2 = c 2 , the relationship between the proper time and the coordinate time is 



2GM- 



2GM- 



■-ti-s- 
— e— 



(34.47) 



When the orbitsphere velocity is the speed of light, continuity conditions based on the constant maximum speed of light given by 
Maxwell's equations are mass energy = Planck equation energy = electric potential energy = magnetic energy = mass/spacetime 
metric energy. Therefore, 



mc =na> =V = E =E 

o mag spacetime 



(34.48) 



m n c 2 =h(o = ■ 



h 2 



7rju e 2 H 2 



ah 



X c c 2 



(3 4 . 4 9) 



m a X c 



4 xe X c 



{2nm a \Xl lsecV2Gw 

The continuity conditions based on the constant maximum speed of light given by the Schwarzschild metric are: 
proper time _ gravitational wave condition _ gravitational mass phase matching 
coordinate time electromagnetic wave condition charge/inertial mass phase matching 



(34.50) 



proper time 



2Gm 
c X r 



coordinate time 



_a_ 



ac 



Each of the Planck equation energy, electric energy, and magnetic energy corresponds to a particle given by the 
relationship between the proper time and the coordinate time. The electron and down-down-up neutron correspond to the Planck 
equation energy. The muon and strange-strange-charmed neutron correspond to the electric energy. The tau and bottom- 
bottom-top neutron correspond to the magnetic energy. The particle must possess the escape velocity v g relative to the 

antiparticle where v g <c . According to Newton's law of gravitation, the eccentricity is one and the particle production 

trajectory is a parabola relative to the center of mass of the antiparticle. The masses of the three families of leptons and quarks 
are given in the corresponding sections. Exemplary relations between fundamental particles are shown in Table 34.1. 
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Table 34.1 . The calculated relations between the lepton masses and neutron to electron mass ratio are given in terms of the 
dimensionless fine structure constant a only and compared to experimental values from the 1998 CODATA and the Particle 
Data Group given in parentheses [12- 13 J. 



/ 



m„ 



(^^ 



\ + 2tt- 



K 2^y 



T+ 



= 206.76828 



(206.76827) 



T+ 



CL 



JTL 



(X 



1 \3 



K 2/ =16.817 



(16.817) 



(l-4^a 2 ) 



f_.-3 



m 



,.1 1 + 2tt- 

-3 \i 



e y^j 



(\-4na 2 ) 



■34112 



(3477.3) 




= 1838.67 



(1838.68) 



Consider pair production. The proper time of the particle is equated with the coordinate time according to the 
Schwarzschild metric corresponding to light speed. The special relativistic condition corresponding to the Planck energy (Eg. 
(34.49)) gives the mass of the electron [12-13]: 



„ h 2Gm 2 

2k — - = sec. — 

mc V ca h 



(34.51) 



~twr 



— F= 9.0998 X10~ 31 kg 

2G 



secc 



(34.52) 



where m. 



experimental 



= 9.10945455 X 10 31 kg . A clock is defined in terms of a self-consistent system of units used to measure the 



particle mass. Presently the second is defined as the time required for 9.192.631.770 vibrations within the cesium-133 atom. 
The "sec" as defined in Eqs. (34.49) and (34.51) is a fundamental constant, namely, the metric of spacetime (it is almost 
identically equal to the present value of the MKS second for reasons explained in the Gravity section). A unified theory can 
only provide the relationships between all measurable observables in terms of a clock defined in terms of fundamental constants 
according to thos e obs e rvabl e s and us e d to m e asur e th e m. Th e so defined "clock" measures "clicks" on an observable in one 
aspect, and in another, it is the ruler of spacetime of the Universe with the implicit dependence of spacetime on matter-energy 
conversion as shown in the Gravity and Relationship of Matter to Energy and Spacetime Expansion sections. 
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RELATIONSHIP OF MATTER TO ENERGY AND SPACETIME EXPANSION 

The Schwarzschild metric gives the relationship whereby matter causes relativistic corrections to spacetime. The limiting 
velocity c results in the contraction of spacetime due to particle production, which is given by Inr where r g is the 
gravitational radius of the particle. This has implications for the expansion of spacetime when matter converts to energy. Q the 
mass/energy to expansion/contraction quotient of spacetime is given by the ratio of the mass of a particle at production divided 
by T, the period of production. 

e = £j ! , = J^ = _gfe_ = _cl = 3- 22Ari0 *.te (34.53) 

T 2m^ 2t 2Gm AttG sec 



The gravitational equations with the equivalence of the particle production energies (Eq. (34.49)) permit the conservation of 

mass/energy (E = mc 2 ) and spacetime ( = 3.22X 10 34 — — ). With the conversion of 3.22 X 10 34 kg of matter to energy, 

AkG sec 

spacetime expands by 1 sec. The photon has inertial mass and angular momentum, but due to Maxwell's equations and the 

implicit special relativity it does not have a gravitational mass. The observed gravitational deflection of light is predicted as 

given in the Gravity section. 

COSMOLOGICAL CONSEQUENCES 

The Universe is closed (it \sfinite but with no boundary). It is a 3-sphere Universe-Riemannian three-dimensional hyperspace 
plus time of constant positive curvature at each r-sphere. The Universe is oscillatory in matter/energy and spacetime with a 
finite minimum radius, the gravitational radius. Spacetime expands as mass is released as energy which provides the basis of the 
atomic, thermodynamic, and cosmological arrows of time. Different regions of space are isothermal even though they are 
separated by greater distances than that over which light could travel during the time of the expansion of the Universe [14"|. 
Presently, stars and large scale structures exist which are older than the elapsed time of the present expansion as stellar, galaxy, 
and supercluster evolution occurred during the contraction phase [15-21 J. The maximum power radiated by the Universe, which 

c 5 

occurs at the beginning of the expansion phase, is P v = = 2.89X 10 51 W . Observations beyond the beginning of the 

AttG 

expansion phase are not possible since the Universe was entirely matter filled. 

THE PERIOD OF OSCILLATION OF THE UNIVERSE BASED ON CLOSED 
PROPAGATION OF LIGHT 

Mass/energy is conserved during harmonic expansion and contraction. The gravitational potential energy E given by Eq. 

(32.148) with m = m u is equal to m v c 2 when the radius of the Universe r is the gravitational radius r G (Eq. (32.22)). The 
gravitational velocity v a (Eq. (32.33) with r = r G and m =m u ) is the speed of light in a circular orbit wherein the eccentricity 
is equal to zero and the escape velocity from the Universe can never be reached. The period of the oscillation of the Universe 
and the period for light to transverse the Universe corresponding to the gravitational radius r G must be equal. The harmonic 
oscillation period, T , is 

2nr G InGm,, 2jcG{2X 10 54 kg) 

c " c 3 " c 3 (34.54) 

= 3.10 X 10 19 sec =9.83X 10" years 

where the mass of the Universe, m v , is approximately 2 X 10 54 kg . (The initial mass of the Universe of 2 X 10 54 kg is based 
on internal consistency with the size, age, Hubble constant, temperature, density of matter, and power spectrum.) Thus, the 
observed Universe will expand as mass is released as photons for 4.92 X 10 11 years . At this point in its world line, the Universe 
will obtain its maximum size and begin to contract. 
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THE DIFFERENTIAL EQUATION OF THE RADIUS OF THE UNIVERSE 

c 3 kg 

Dased on conservation of mass/ e nergy (E-mc 2 ) and spacctimc ( -3.22X 10 34 ), the Universe behaves as a simple 



AttG 



sec 



harmonic oscillator having a restoring force, F , which is proportional to the radius. The proportionality constant, k , is given in 
terms of the potential energy, E , gained as the radius decreases from the maximum expansion to the minimum contraction. 



A = k 



-tr 



(34.55) 



Since the gravitational potential energy E is equal to m v c when the radius of the Universe r is the gravitational radius r G 



F = -kK- 



-^-H- 



-^^K 



Gm,, 



(34.56) 



\ c J 



and, considering the oscillation, the differential equation of the radius of the Universe, X is 

-M = 



i\ m u° 2 v> i\ m u c2 

m„ K+— ^K = m„ K+ u 



(34.57) 



Gm,, 



The maximum radius of the Universe, the amplitude, r o , of the time harmonic variation in the radius of the Universe, is 
given by the quotient of the total mass of the Universe and Q (Eq. (34.53)), the mass/energy to expansion/contraction quotient. 
m„ m„ 2X\tf A kg 



Q 



■ = \.91 XW 1 light years 



(34.58) 



AkG AkG 

The minimum radius which corresponds to the gravitational radius, r , given by Eq. (32.36) with m - m v is 



= jg^V = 296 x 1Q 27 m = 3l2 x 1Q ii Uhl s (34.59) 

s c 
When the radius of the Universe is the gravitational radius, r , the proper time is equal to the coordinate time by Eq. (34.47), 

and the gravitational escape velocity v of the Universe is the speed of light. The radius of the Universe as a function of time is 



, 4 | cm u 

Q 



cm v 



cos 



2Kt 

1nr„ 



2Gm r , 



cm,, 



AttG 
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cos 



AkG 



2Kt 



IxGm,, 



(34.60) 



As shown in the Gravity section, Eq. (34.60) correctly predicts the observed size, age, Hubble constant, temperature, density of 
matter, power spectrum, large-scale structure, and acceleration rate of the expansion of the Universe. The latter astonishing 
observation was predicted years before it was observed [22]. 

DECAY/PRODUCTION FOR THE UNIVERSE ARE EQUAL 

The period of the expansion/contraction cycle of the radius of the Universe, T , is given by Eq. (34.54). It follows from the 
Poynting power theorem with spherical radiation that the transition lifetimes are given by the ratio of energy and the power of 
the transition (Eq. (33.35)). Exponential decay applies to electromagnetic energy decay 



h(t)-e-"'u(t)-e T u(t) 



(34.61) 



The coordinate time is imaginary because energy transitions are spacelike due spacetime expansion from matter to energy 
conversion. For example, the mass of the electron (a fundamental particle) is given by 



7.71%. r 



2icX r 



(34.62) 



2Gm, 



where v is Newtonian gravitational velocity (Eq. (34.30)). When the gravitational radius r is the radius of the Universe, the 
proper time is equal to the coordinate time by Eq. (34.47), and the gravitational escape velocity v g of the Universe is the speed 
of light. Replacement of the coordinate time, t, by the spacelike time, it , gives 



h(t) = Rel 



■ cos - 



(3 4 .63) 
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where the period is T (Eq. (34.54)). The continuity conditions based on the constant maximum speed of light (Maxwell's 
equations) are given by Eqs. (34.48-34.49). The continuity conditions based on the constant maximum speed of light 
(Schwarzschild metric) are given by Eq. (34.50). The periods of spacetime expansion/contraction and particle decay/production 
for the Universe are equal because only the particles which satisfy Maxwell's equations and the relationship between proper 
time and coordinate time imposed by the Schwarzschild metric may exist. 

The general form of the light front wave equation is given by Eq. (34.5). The equation of the radius of the Universe, X , 
may be written as 



2Gm,, 



cm,, 



cm,. 



-1* 



44 



X = 



AttG 



cos 



IjiGm, 



(34.64) 



y_ V 



AkG 



which is a solution of the wave equation for a light wave front. Maxwell's equations, Planck's equation, the de Broglie 
equation, Newton's laws, and special relativity, and gravity are unified. Classical physical laws apply on all scales wherein 
space is finite-absolute rather than infinite-relative 4 . 



The relationships of relativity and gravity have the same form with the interchange of the inertia! and gravitational velocities 
(Compare Eqs. (34.7-34.17) with Eqs. (34.26), and (34.36-34.41)). The relationships are reciprocal due to the nature of absolute 
space that is produced or annihilated with particle annihilation or production, respectively. Due to the finite propagation time for 
signals set by the speed of light which is in turn set by the finite permeability and permittivity of free space the mechanics 
parameters are corrected by Lorenlz transformations or their equivalent with the gravitational velocity replacing the constant 

kinetic velocity in the case of gravitating bodies. 

Extensive experimentation dating from Galileo Galilei's Pisa experiment to the present has shown that irrespective of the 
object chosen, the acceleration of an object produced by the gravitational force is the same, which from Eq. (32.4) implies that 
the value of m I m t should be the same for all objects. In other words, we have 



-m- 

— £- = universal constant 
m. 



(34.65) 



the equivalence of the gravitational mass and the inertial mass. The fractional deviation of Eq. (34.65) from a constant is 
experimentally confirmed to less IX KT 11 [23]. The equivalence of the gravitational mass and the inertial mass is a 
conservation statement of the mass, energy, and spacetime of the Universe. The overall inventory is a constant with the mter- 
conversion related by the ratios of fundamental constants of spacetime. 

At particle production, the outgoing gravitational field, traveling as a wave front, carries the change in the curvature of 
spacetime. The front must travel at light speed since the permittivity F - a and permeability y/ of free spacetime are and must 

remain independent of curvature in order for the laws of physics to be covariant and the physics of the Universe to be 
conservative. Thus, any perturbation must travel at the speed of light c given by Eq. (34.1). The justification for Eq. (34.26) is 
the relativity principle based on Eq. (34.6) and the invariance of the light speed due to the invariance of the permittivity s and 

permeability ju of free spacetime. 

From Eqs. (34.35) and (34.47-34.53), each r-sphere of the Universe comprising a finite, closed 3-sphere Universe- 

(Riemannian three-dimensional hyperspace plus time of constant positive curvature at each r-sphere) is determined by a clock 



set by the conservation relationship of mass-energy, E = mc 2 , and spacetime, 



c 3 ks 

= 3.22 X 10 34 — . Spacetime expands at 

AnG sec 



light speed as mass is released as energy which provides the basis of the atomic, thermodynamic, and cosmological arrows of 



time. 



Consider the relationship (Eq. (34.41)) between gravitational mass m and proper energy E of a gravitating object 



based on the absolute light speed and absolute space: 



■ mc 



(3 4 .66) 




The views that all phenomena in the universe are purely relative, the basis of gravity is the equivalence principle, and light has a wave-particle duality 
nature determined by the act of measurement were the seeds for the abandonment of the testable physical laws of Newton and Maxwell. Subsequent 
missteps of the interpretation of the electron as a nonphysical point-particle probability wave with intrinsic spin, the use of mathematics for circumventing 
intrinsic infinites while engendering the vacuum with infinities of virtual particles, and the pursuit of compactified extra dimensions, nonbaryonic dark 
matter and dark energy gave rise to the pure mathematics and the metaphysics of current quantum mechanics and string theory. This path has been a 
complete failure at achieving the goal of unification of the forces and laws of nature. 
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Similarly, 


based on 


the absolute light speed and absolute 


space, 


the 


relationship (Eq. (34.13)) between inertial mass 


m i and 


energy is 
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At particle 


production v = v 


and F.qs. (34.47-34.49) are continuously 


satisfied with a final free state at rest. 


such that 






Thus, 



= m i c\\\— V — = m c 2 (34.68) 

m = m, = m (34.69) 

wherein a particle's absolute frame of reference is determined by the production event having production mass m (e.g. Eq. 

(34.52)), energy m c 2 (Eq. (34.49)), velocity v R (Eq. (34.30)) in the photon-particle transition state and zero as a free particle, 

and the proper time defined in terms of the unit sec of its proper clock which depends on its gravitational and inertial masses 
(Eqs. (34.47), (34.49), (34.51)) which are equivalent. Following production, conservation of mass-energy relative to absolute 
space and consequently relative space in Eqs. (34.13) and (34.41) requires that 

m g = w. (34.70) 

where the energy is a Lorentz scalar and the contributions due to kinetic energy and gravitational energy corresponding to v and 
v g , respectively, superimpose. The validity of the gravity metric under interchange of the masses of gravitating bodies requires 

that Eqs. (34.69-34.70) apply in general. 

The absolute gravitational and inertial masses are equivalent since they both obey the relativity principle and 

conservation of mass-energy-spacetime. With regard to gravitational effects, clocks and rulers are affected by the acquisition of 
translational velocity. The gravitational mass increases by the kinetic energy increase. This causes a gravitating particle's 
internal clock to undergo gravitational dilation such that its proper time with respect to the absolute time unit sec is synchronized 
with the mass-energy expansion-contraction cycle of the Universe. Since the same physical relationships hold for all frames of 
reference (Relativity Principle), the relative inertial and gravitational masses are equivalent in their effects from the perspective 
of the corresponding frames. This result also provides a gravitational causality constraint regarding the maximum particle speed 
that matches that imposed by the particle's equivalent gravitational and inertial masses. In addition to the impossible result that 
the inertia of the particle would become infinite when it approached the velocity of light as first recognized by Poincare [1], the 
principle that the particle velocity cannot exceed c also arises from the existence of absolute space. A particle's gravitational 
mass cannot b e com e infinit e , and th e particl e 's position cannot outdistanc e th e spac e tim e p e rturbation cr e at e d by its production 

or any mass increase from the acquisition of kinetic energy. 

Regarding the inertial implications, based on the absolute speed of light, measurements by clocks in different inertial 
frames deviate in a manner independent of that due to spacetime curvature caused by gravitating bodies. These effects are also 
due to an absolute change in the particle's mass-energy-spacetime parameters. They are not due to different relative perceptions 
of time measurement as inherent in the current interpretations of special relativity. — For example, the appearance that a slick 
immersed in water appears to bend can be understood in terms of the difference in the speed of light propagation in air and 
water. The molecules are not really forming new bonds. But, clocks that were initially synchronized and at relative rest, have 
undergone relative translation, and were rejoined, measure different times in an absolute sense, not just a relative one. And, 
thereafter the relative velocity is zero, the increase in kinetic energy has gone to zero, and any contraction of physical 
dimensions due to relativity is not observed. Time has been absolutely lost due to motion. This conclusion is in agreement with 
th e results of th e twin paradox and differenc e s in the obs e rvation of the simultaneity of ev e nts du e to motion. It is possible to 
slow the clock of an object by expending energy to increase its velocity with a consequent and concomitant acceleration of the 
clocks of parts of the object's surroundings such that the absolute time of the Universe is conserved overall. As shown supra., 
spacetime expands as mass is released as energy which provides the basis of the atomic, thermodynamic, and cosmological 
arrows of time. The resulting object's kinetic energy is also an absolute as opposed to a relative parameter. It represents a 
conservative physical change in the mass-energy-spacetime inventory of the Universe. It can be quantified in terms of absolutes 
with the inertial and gravitational masses being equivalent as a requirement of the conservation of mass, energy, and spacetime. 
The equivalence of the inertial and gravitational masses is due to mass-energy conservation relative to absolute space whose 
permittivity and permeability and gravitational constant determine the conversion factor between mass and energy and the mass 
and curvature, respectively. Since the gravitational and inertial mass are equivalent, the same mass value for a gravitating body 
with inertia is used in both the gravitational and inertial equations of motion. Given that a particle's mass is absolute relative to 
absolute space according to Eq. (34.1 1) wherein v is the absolute velocity, the factor of resistance to any change in velocity due 
to an applied force corresponding to a change in kinetic energy and therefore mass-energy inventory over space and time is the 
inertial mass. Thus, conservation of mass-energy when there is any change is the basis of an absolute law, namely Newton's 
second law. 
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Newton's Second Law 

All matter is comprised of charged fundamental particles such as quarks and leptons. — Charge is relativistically invariant- 
Consider a particle that acquires a finite constant velocity. Tn the case of the electron orhitsphere, the radius undergoes 

relativistic contraction in the direction of constant velocity relative to a stationary observer according to Eq. (34.10). Thus, as v 
approaches c , the radius goes to zero, and the Coulomb potential density along the axis of propagation goes to infinity (Eq. 
(1.261)). However, as the velocity increases, the electric field lines of the particle increase in density relative to the stationary 
observer ill a direction perpendicular lo the direction of motion of the particle. The field lines of a stationary proton, electron, 
and hydrogen atom are shown in Figure 1.32. The field lines in the lab frame follow from the relativistic invariance of charge as 
given by Purcell [24]. The relationship between the relativistic velocity and the electric field of a moving point charge at two 
velocities is shown schematically in Figures 34.1 A and 34. IB. 



Figure 34.1A. The electric field lines of a moving point Figure 34.1 B . The electric field lines of a moving point 



charge (v =— c). 



charge (v = — c). 




The Lorentz correction to maintain the invariance of the field lines identically cancels the Lorentz contraction of the orbitsphere 
such that the Coulomb potential is unchanged. Thus, inertial mass is purely kinematics, except for radiation from moving 
charges and radiation reaction effects of charged particles given by Jackson [25] where these later effects also arise from 
Maxwell's equations and special relativity. The inertial mass is related to the gravitational mass and the momentum of the 
photon corresponding to its electric and magnetic fields as well as the corresponding energies as given by Eq. (34.49) for the 
particle production event. — Thereafter, the constant maximum v e locity of the sp ee d of light maintains that the relationships 
between parameters of observers moving at constant relative velocity are given by the Minkowski tensor. The inertial mass 

I LI fl 

arises from the impedance of spacetime of r/ = I— = Ana— = 377Q for the motion of light or matter at production according 

t^o e : 

to Eq. (34.49) wh e r e in matt e r can b e consid e r e d a sp e cial cas e of light from which it is form e d. — Th e r e sistanc e of mass to 
motion is thereafter based on absolute energy conservation. Thus, from Eq. (34.49), Newton's force law can be derived. 
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(34.71) 



Consider the invariant momentum given by Eq. (3 4 .12). The time derivative is given by 



dp 

dt 



dt 



m n v 
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(34.72) 



Comparison of Eq. (34.71) with Eq. (34.72) gives Newton's force law (Eq. (34.4)): 
d ( m n v ^ dp 

dt 



F = — 
dl 



(34.73) 



^ 
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Thus, the application of a force causes acceleration to a new final absolute velocity corresponding to the final absolute 
mass where the mass difference is the increased kinetic energy. Since the absolute-mass-energy of the source of force 
identically decreases by that of the increase of accelerated body, the mass-energy inventory of the Universe is conserved. This 
result is contrasted to the case in special relativity wherein there are infinites of inertial frames corresponding to infinities of 
different energy inventories. It is no more tenable that mass-energy can be created by simply selecting an alternative inertial 
frame, than matter can be created from the vacuum as predicted by the Heisenberg Uncertainty principle of quantum mechanics. 
Both have no basis in physical reality. In addition to restoring conservation to the Universe, the determination of absolute space 
resolves inconsistencies of special relativity such as the twin paradox as well as other confusing issues in the interpretation of 
special relativity. 

RETURN TO THE TWIN PARADOX 

It was discussed supra, that the framers of special relativity were incorrect in their conclusion of the absence of an absolute 
fram e bas e d on th e ir limit e d und e rstanding of th e natur e of spac c tim c and th e ir inability to id e ntify such a fram e . In fact, an 
absolute frame at rest exists for each particle at the moment of its creation from a photon wherein its absolute proper time is 
based on the time unit sec. Newton's second law and Newton's Law of Gravitation may be understood in terms of the nature of 
spacetime in the relationship of the photon and the corresponding particle. Spacetime has a limiting speed of light for the 
propagation of fields including the electromagnetic and gravitational fields with the requirement that the production of matter 
having inertial mass gives rise to the corresponding equivalent gravitational mass. Mass energy and spaceLime are conserved, 
and the clocks for the transition of matter to energy and the expansion of the cosmos are absolute overall and are synchronized. 

The production of a particle from a photon of identically the production energy defines the absolute inertial frame at rest 
for the particle. Since a typical laboratory object is comprised of trillions of trillions of particles, it is impossible to determine 
the kinetic energy inventory exactly. However, since the electromagnetic forces dominate the gravitational force by about forty 
orders of magnitude, and accelerated and hot particles typically thermalize by radiation and collisional exchange, the 
temperature of space at each r-sphere is a reasonable measure of the average kinetic energy inventory with space modeled as a 
blackbody as given in the Statistical Mechanics section. The current absolute temperature is about 4 K; thus, on average, the 
kinetic energy of the mass of the Universe can be assumed near rest relative to an absolute frame. Thus, the twin paradox is 
easily resolved in that the Earth is identifiable as a good approximation to an absolute frame at rest for near-light-speed space 
travel by the traveling twin . For relative motion, the inertial frames are easily ranked based on relative expenditure of energy to 
increase the corresponding spaceship's absolute energy. The kinetic energy imparted to the spaceship of the traveling twin 
causes its clock to slow down relative to the Earth-bound one's to maintain the conservation of matter, energy, and spacetime of 
the Universe. Recall that, the defined "clock" measures "clicks" in units of sec on an observable, in one aspect, and in another, 
it is the ruler of spacetime of the Universe with the implicit dependence of spacetime on matter-energy conversion as shown in 
the Gravity and Relationship of Matter to Energy and Spacetime Expansion sections. Even though the twins are rejoined and 
their clocks read identically thereafter, the returning twin is younger since his proper absolute clock underwent dilation. His 
retarded clock was at the expense of advancing the clocks of parts of his surroundings in the expenditure of the energy required 
for the acceleration and deceleration of his spaceship. Overall, the absolute periods of particle decay/production (Maxwell's 
equations) and spacetime expansion/contraction (Schwarzschild metric) for the Universe are equal and conserved. The 
synchronized periods are based on the corresponding continuity conditions given by Eq. (34.49) and Eq. (34.50), respectively, 
that arise from the relativity principle (Eq. (34.6)). 

In summary, the relationship between inertial and gravitational mass is based on the result that only fundamental particles 
having an equivalence of the inertial and gravitational masses at particle production arc permitted to exist since only in these 
cases ar e M ax w ell's equations and the conditions inherent i n the Schwarzschild m etric of spacetime satisfied simultaneously 
wherein space must be absolute. The equivalence is maintained for any velocity thereafter due to the absolute nature of space 
and the absolute speed of light. The invariant speed c is set by the permittivity and permeability of absolute space which 
determines the relativity principle based on propagation of fields and signals as light-wave fronts. The predicted twin-paradox 
result based on Poincare's postulates, Lorentz transforms, and absolute space has been verified by experiments in which 
extremely precise and accurate clocks are synchronized, divided into identical Earth bound and traveling clocks, and the times of 
stationary members are compared with ones flown around the world on airplanes [8]. 



Other celestial objects will also suffice. A suitable practical object as a reference of absolute space at rest for relativistic astrophysical measurements is a 
bright celestial body that has a zero translational velocity within its r-sphere, or this component is corrected for. A point at rest on the surface of a given r- 
sphere including the expansion horizon corresponding to absolute space can be observed in approximation by identifying a Cepheid of the corresponding 
calculated age (distance) relative to the current r sphere. Measurement of the change in angular diameter over its pulsation cycle when combined with 
spectroscopic radial velocity measurements, permits the distance to be determined very accurately in a quasi-geometrical way, and permits the zero-point 
of the Cepheid Period-Luminosity empirical law to be calibrated. 
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ABSOLUTE SPACE CONFIRMED EXPERIMENTALLY 

The absolute nature of spacetime is confirmed by the observation that quasars do not exhibit time dilation [26 29]. The power spectra — 

of quasars are identical at high and low redshift. Internal processes being time independent of redshift due to the expansion of 

spacetime is expected since time dilation arises from motion relative to an object's absolute space and not relative to an arbitrary 
observer such as an Earth observer whose position has relatively receded at a corresponding velocity due to spacetime expansion. 
Furthermore, time dilation is not predicted due to an apparent relativistic motion due to expansion. Given that a quasar's velocity 
r elative to its absolute space is not expected to be substantial even though its velocity relative to an Earth observe r cor r esponding to its — 
redshift may be relativistic, the power spectrum that arises from internal emission processes is predicted not to show time dilation. — 
This consequence of absolute space is unequivocally experimentally confirmed for quasars that are each essentially stationary relative 
to their absolute space [26-29] 6 . 

In contrast, the ejected matter of a supernova is accelerated to close to light speed relative to its absolute space and is predicted 
to exhibit time dilation observable by the dilation of its spectral evolution. Indeed, observational results are inconsistent with the null, 
no tim e dilation, hypoth e sis at a confid e nc e l e v e l of 99.0% [30]. 

In addition to providing for (i) the uniqueness of the energy inventory of the universe, (ii) the basis of inertial and gravitational 
masses and their equivalence, (iii) the restoration of Newton's laws as well as their relationship to Maxwell's equations, pillars of 
modern technological society, (iv) the resolution of the twin paradox, and (v) the predictions of the acceleration of the cosmic expansion 
and the mass of the top quark as well providing the means tor calculating the masses of the other fundamental particles, the nature of 
absolute space and absolute light velocity resolves the observation of the absence of time dilation in quasars and its presence in 
supernovas. These results demonstrate that a hypothetical particle dubbed the Higgs boson whose properties are coupled to the 19 
experimentally adjusted parameters of the Standard Model is not the basis of inertial mass, and such a particle will not be observed in 
experiments performed at Fermi National Accelerator Laboratory (Fermilab), the Large Hadron Collider (LHC), or any future collider 
[31]. 
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Chapter 35 



THE FIFTH FORCE 



GENERAL CONSIDERATIONS 

The physical basis of the equivalence of inertial and gravitational mass of fundamental particles is given in the Equivalence of 

Inertial and Gravitational Masses Due to Absolute Space and Absolute Light Velocity section wherein spacetime is Riemannian 

due to a relativistic correction to spacetime with particle production. The Schwarzschild metric gives the relationship whereby 

matter causes relativistic corrections to spacetime that determines the curvature of spacetime and is the origin of gravity. Matter 

arises during particle production from a photon and comprises mass and charge confined a two dimensional surface. Matter of 

fundamental particles such as an electron has zero thickness. But, in order that the speed of light is a constant maximum in any 

frame including that of the gravitational field that propagates out as a light-wave front at particle production, the production 

event gives rise to a spacetime dilation equal to 2k times the Newtonian gravitational or Schwarzschild radius 

2Gm 
r = — r-^ = 1.3525 X 1CT 57 m of the particle according to Eqs. (32.36) and (32.140b) and the discussion at the footnote after 

~^ r 

Eq. (32.40). For the electron, this corresponds to a spacetime dilation of 8.4980 X KP 17 m or 2.8346 X lCT*" s . Although the 
electron does not occupy space in the third spatial dimension, its mass discontinuity effectively "displaces" spacetime wherein 
the spacetime dilation can be considered a "thickness" associated with its gravitational field. Matter and the motion of matter 
effects the curvature of spacetime which in turn influences the motion of matter. Consider the angular motion of matter of a 
fundamental particle. The angular momentum of the photon is ~h . An electron is formed from a photon, and it can only change 
its bound states in discrete quantized steps caused by a photon at each step. Thus, the electron angular momentum is always 
quantized in terms of % . But this intrinsic motion comprises a two-dimensional velocity surface of the motion of the matter 
through space that may be positively curved, flat, or negatively curved. The first and second cases correspond to the bound and 
free electron, respectively . — The third case corresponds to an extraordinary state of matter called a hyperbolic electron given 
infra. Due to interplay between the motion of matter and spacetime in terms of their respective geometries, only in the first case 
is the inertial and gravitational masses of the electron equivalent. In the second case, the gravitational mass is zero, and in the 
third case, the gravitational mass is negative in the equations of extrinsic or translational motion. The negative gravitational 
mass of a fundamental particle is the basis of and is manifested as a fifth force that acts on the fundamental particle in the 
presence of a gravitating body in a direction opposite to that of the gravitational force with far greater magnitude 1 . 



The two-dimensional nature of matter permits the unification of subatomic, atomic, and cosmological gravitation. The 

theory of gravitation that applies on all scales from quarks to cosmos as shown in the Gravity section is derived by first 
establishing a metric. A space in which the curvature tensor has the following form: 

fiv.afi ~ '\SvaSpl3 ~ SpaSvp) (JJ.IJ 

is called a space of constant curvature; it is a four-dimensional generalization of Friedmann-Lobachevsky space. The constant 
K is called the constant of curvature. The curvature of spacetime results from a discontinuity of matter having curvature 
confined to two spatial dimensions. This is the property of all matter at the fundamental-particle scale. Consider an isolated 
bound electron comprising an orbitsphere with a radius r n as given in the One-Electron Atom section. For radial distances, r , 



1 In the case of Einstein's gravity equation (Eq. (32.40)), the Einstein's Tensor G , is equal to the stress-energy-momentum tensor T . The only 

possibility is for the gravitational mass to be equivalent to the inertial mass. A particle of zero or negative gravitational mass is not possible. However, it 
is shown in the Gravity section that the correct basis of gravitation is not according to Einstein's equation Eq. (32.40); instead, the origin of gravity is the 
relativistic correction of spacetime itself which is analogous to the special relativistic corrections of inertial parameters — increase in mass, dilation in time, 
and contraction in length in the direction of constant relative motion of separate inertial frames. On this basis, the observed acceleration of the cosmos is 
predicted as given in the Cosmology section. 



©2010 BlackLight Power, Inc. All rights reserved. 



1546 Chapter 35 

from its center with r <r n , there is no mass; thus, spacetime is flat or Euclidean. The curvature tensor applies to all space of the 
inertial frame considered; thus, for r <r H , K - . At r = r n there exists a discontinuity of mass in constant motion within the 
orbitsphere as a positively curved surface. This results in a discontinuity in the curvature tensor for radial distances > r n . The 

discontinuity requires relativistic corrections to spacetime itself. It requires radial length contraction and time dilation 
corresponding to the curvature of spacetime. The gravitational radius of the orbitsphere and infinitesimal temporal displacement 
corresponding to the contribution to the curvature in spacetime caused by the presence of the orbitsphere are derived in the 
Gravity section. 

The Schwarzschild metric gives the relationship whereby matter causes relativistic corrections to spacetime that 
determines the curvature of spacetime and is the origin of gravity. The correction is based on the boundary conditions that no 
signal can travel faster than the speed of light including the gravitational field that propagates following particle production from 
a photon wherein the particle has a finite gravitational velocity given by Newton's Law of Gravitation. The separation of proper 
time between two events x p and x M + dx fl given by Eg. (32.38), the Schwarzschild metric [1-2], is 




Eq. (35.2) can be reduced to Newton's Law of Gravitation for r , the gravitational radius of the particle, much less than r a 



r 



radius of the particle at production (-f- « 1 ), where the radius of the particle is its Compton wavelength bar (rj =X C ): 
_ Gm l m 2 



(35.3) 



where G is the Newtonian gravitational constant. Eq. (35.2) relativistically corrects Newton's gravitational theory. In an 
analogous manner, Lorentz transformations correct Newton's laws of mechanics. 

The effects of gravity preclude the existence of inertial frames in a large region, and only local inertial frames, between 
which relationships are determined by gravity are possible. In short, the effects of gravity are only in the determination of the 
local inertial frames. The frames depend on gravity, and the frames describe the spacetime background of the motion of matter. 
Therefore, differing from other kinds of forces, gravity which influences the motion of matter by determining the properties of 
spacetime is itself described by the metric of spacetime. It was demonstrated in the Gravity section that gravity arises from the 
two spatial dimensional mass-density functions of the fundamental particles. 

It is demonstrated in the One-Electron Atom section that a bound electron is a two-dimensional spherical shell — an 



orbitsphere. On the atomic scale, the curvature, K, is given by — , where r n is the radius of the radial delta function of the 

r n 

orbitsphere. The velocity of the electron is a constant on this two-dimensional sphere. It is this local, positive curvature of the 
electron that causes gravity due to the corresponding physical contraction of spacetime due to its presence as shown in the 
Gravity section. It is worth noting that all ordinary matter, comprised of leptons and quarks, has positive curvature. Euclidean 
plane geometry asserts that (in a plane) the sum of the angles of a triangle equals 1 80° . In fact, this is the definition of a flat 
surface. For a triangle on an orbitsphere the sum of the angles is greater than 180°, and the orbitsphere has positive curvature. 
For some surfaces the sum of the angles of a triangle is less than 180° ; these are said to have negative curvature. 

sum of angles of triangles type of surface 



> 1 80° positive curvature 

= 180° flat 

< 180° negative curvature 



The measure of Gaussian curvature, K, at a point on a two-dimensional surfac e is 

K = — (35.4) 

th e inv e rs e product of th e radius of th e maximum and minimum circl e s, i\ and r 2 , which fit th e surfac e at th e point, and th e radii 
ar c normal to the surface at the point. By a theorem of Eul c r, these two circles lie in orthogonal planes. For a spher e , the radii of 
the two circles of curvature are the same at every point and are equivalent to the radius of a great circle of the sphere. Thus, the 
sphere is a surface of constant curvature; 

K-\ (35.5) 
r_ 

at every point. In case of positive curvature of which the sphere is an example, the circles fall on the same side of the surface, 

but when the circles are on opposite sides, the curve has negative curvature. A saddle, a cantenoid, and a pseudosphere are 

negatively curved. The general equation of a saddle is 

z = ^-jr (35-6) 
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where a and b are constants. The curvature of the surface of Eq. (35.6) is 



K = - 



-1 



.r / 1 

ct b 4 4 



(35.7) 



A saddle is shown schematically in Figure 35.1 
Figure 35.1. A saddle. 



Figure 35.2. A pseudosphere. 





A pseudosphere is constructed by revolving the tractrix about its asymptote. For the tractrix, the length of any tangent measured 
from the point of tangency to the x-axis is equal to the height R of the curve from its asymptote — in this case the x-axis. The 
pseudosphere is a surface of constant negative curvature. The curvature, K 



V* R 



(35.8) 



given by the product of the two principal curvatures on opposite sides of the surface is equal to the inverse of R squared at every 
point where R is the equitangent. R is also known as the radius of the pseudosphere. A pseudosphere is shown schematically in 
Figure 35.2. 

In the case of a sphere, surfaces of constant potential are concentric spherical shells. The general law of potential for 
surfaces of constant curvature is 







l 



A7T£,,R 



(35.9) 



In the case of a pseudosphere the radii r t and r 2 , the two principal curvatures, represent the distances measured along the normal 
from the negative potential surface to the two sheets of its evolute, envelop of normals (cantenoid and x-axis). The force is 

given as the gradient of the potential that is proportional to — in the case of a sphere. 

r 

All matter is comprised of fundamental particles, and all fundamental particles exist as mass confined to two spatial 
dimensions. The particle's velocity surface is positively curved in the case of an orbitsphere, flat in the case of a free electron, 
and negatively curved in the case of an electron as a hyperboloid (hereafter called a hyperbolic electron given in the Hyperbolic 
Electrons section). The effect of this "local" curvature on the non-local spacetime is to cause it to be Riemannian in the case of 
an orbitsphere, or hyperbolic, in the case of a hyperbolic electron, as opposed to Euclidean in the case of the free electron. Each 
curvature is manifest as a gravitational field, a repulsive gravitational field, or the absence of a gravitational field, respectively. 
Thus, the spacetime is curved with constant spherical curvature in the case of an orbitsphere, or spacetime is curved with 
hyperbolic curvature in the case of a hyperbolic electron. 

The relativistic correction for spacetime dilation and contraction due to the production of a particle with positive 
curvature is given by Eq. (32.17): 



/('•) = 



\ 



c 



(35.10) 



The derivation of the relativistic correction factor of spacetime was based on the constant maximum velocity of light and a finite 
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positive Newtonian gravitational velocity v of the particle given by 



J2Gm J2Gm 


C35.ll) 


Vg V r i % c * ' 
Consider a Newtonian gravitational radius, r , of each orbitsphere of the particle production event, each of mass m 


2Gm n 
r = - 


(35.12) 


* c 1 





where G is the Newtonian gravitational constant. The substitution of each of Eq. (35.11) and Eq. (35.12) into the 
Schwarzschild metric Eq. (35.2) gives 



/ r a2\ 



dt 2 -\ 
c 



f r -,1\ 



dt 2 = 



1- 



1- 



2 , ,.2jq2 , 1 -2 nj±l 



dr + r d6 + r sin 



(35.13) 



and 



dT 2 =\\-^-W~ 



r r V 1 
1-^-1 dr 2 +r 2 d9 2 +r 2 sin 2 ^ ,J - 2 
r 



(35.14) 



respectively. The solutions for the Schwarzschild metric exist wherein the relativistic correction to the gravitational velocity v g 
and the gravitational radius r are of the opposite sign (i.e. negative). In these cases, the Schwarzschild metric (Eq. (35.2)) is 



-th^= 



( / \2-N 

{ c I c 



*^ 



f r \ 2 Y' 

V I 
8 I J..2 , „2 jal , „2 „;„2 



T+ 



dr 2 I rW I 



r sin 



(35.15) 



and 



dr 2 +r 2 dd 2 +r 2 sin 1 8df 



dr 1 



1 + -S- 



e 1 - 



1 + -S- 



(35.16) 



The metric given by Eqs. (35.13-35.14) corresponds to positive curvature. The metric given by Eqs. (35.15-35.16) corresponds 
to negative curvature. The negative solution arises naturally as a match to the boundary condition of matter with a velocity 
liinction having negative curvature. Consider the case of pair production given in the Gravity section. The photon equation 
given in the Equation of the Photon section is equivalent to the electron and positron functions given in the One-Electron Atom 
section. The velocity of any point on the positively curved electron orbitsphere is constant which corresponds to the equations of 
time-harmonic constant motion, the generation matrices, and convolution operators given in the Orbitsphere Equation of Motion 
for I = Based on the Current Vector Field (CVF) and subsequent sections. At particle production, the relativistic corrections to 
spacetime due to the constant gravitational velocity v are given by Eqs. (35.13-35.14). In the case of negative curvature, the 

electron velocity as a function of position is not constant. It may be described by a harmonic variation which corresponds to an 
imaginary velocity. The positively curved surface given in Eqs. (1.78-1.93) becomes a hyperbolic function (e.g. cosh) in the 
case of a negatively curved electron. Substitution of an imaginary velocity with respect to a gravitating body into Eq. (35.13) 
gives Eq. (35.15). Substitution of a negative radius of curvature with respect to a gravitating body into Eq. (35.14) gives Eq. 
(35.16). Thus, negative gravity (fifth force) can b e created by forcing matter into n e gative curvature of the velocity surface. A 
fundamental particle with negative curvature of the velocity surface would experience a central but repulsive force with a 
gravitating body comprised of matter of positive curvature of the velocity surface. Unlike the electric and magnetic forces where 
the vector corresponding to the opposite sign of charge or opposite magnetic pole has the same magnitude, the magnitude of the 
fifth force acting on a fundamental particle is much greater than the gravitational force acting on the same inertial mass when the 
inertial and gravitational masses are equivalent. Hyperbolic electrons can be formed by scattering of free electrons at special 
resonant energies for their formation. In this case, the fifth force deflects the free electron upward during the transition such that 
the hyperbolic electron has the translational kinetic energy that cause the coordinate and proper times to be equivalent according 
to the Schwarzschild metric. The upward acceleration from a gravitating body to the required electron velocity give by Eq. 
(35.157) is a condition for the production wherein the body is sufficiently massive to meet the boundary condition that the 
production radius (Eq. (35.158)) is larger than that of the hyperbolic electron to support hyperbolic-electron production. 
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POSITIVE, ZERO, AND NEGATIVE GRAVITATIONAL MASS 

Matter arises during particle production from a photon. The limiting velocity c results in the contraction of spacetime due to 
particle production. The contraction is given by 2ar where r is the gravitational radius of the particle . This has implications 

for the physics of gravitation. By applying the condition to electromagnetic and gravitational fields at particle production, the 
Schwarzschild metric (SM) is derived from the classical wave equation, which modifies general relativity to include 
conservation of spacetime in addition to momentum and matter/energy. The result gives a natural relationship between 
Maxwell's equations, special relativity, and general relativity. It gives gravitation from the atom to the cosmos. The 
Schwarzschild metric gives the relationship whereby matter causes relativistic corrections to spacetime that determines the 
curvature of spacetime and is the origin of gravity. The gravitational equations with the equivalence of the particle production 
energies permit the equivalence of mass-energy and the spacetime wherein a "clock" is defined which measures "clicks" on an 
observable in one aspect, and in another, it is the ruler of spacetime of the Universe with the implicit dependence of spacetime 
on matter-energy conversion. The masses of the leptons, the quarks, and nucleons are derived from this metric of spacetime. In 
addition to the propagation velocity, the intrinsic velocity of a particle and the geometry of its 2-dimensional velocity surface 
with respect to the limiting speed of light determine that the particle such as an electron may have gravitational mass different 
from its inertial mass. A constant velocity confined to a spherical surface corresponds to a positive gravitational mass equal to 
the inertial mass (e.g. particle production or a bound electron). A constant angular velocity function confined to a flat surface 
corresponds to a gravitational mass less than the inertial mass, which is zero in the limit of an absolutely unbound particle (e.g. 
absolutely free electron). A hyperbolic velocity function confined to a spherical surface corresponds to a negative gravitational 
mass (e.g. hyperbolic electron). Each case is considered in turn infra. 

According to Newton's Law of Gravitation, the production of a particle of finite mass gives rise to a gravitational 
velocity of the particle. The gravitational velocity determines the energy and the corresponding eccentricity and trajectory of the 
gravitational orbit of the particle. — The eccentricity, e, given by Newton's differential equations of motion in the case of the 
central field (Eq. (32.49-32.50)) permits the classification of the orbits according to the total energy, E, and according to the 
orbital velocity, v , relative to the Newtonian gravitational escape velocity, v g , as follows [3] : 

E<0 e<\ ellipse 

E < e - circle (special case of ellipse) 

(35.17) 

E = e = 1 parabolic orbit 

E > e > 1 hyperbolic orbit 



2GM 



e<\ ellipse 



v 2 < v 2 = e = circle (special case of ellipse) 



v^=v 2 = e = l parabolic orbit (35.18) 

n, 

v 2 > v 2 = e>\ hyper bo lic orbit 

r-p 

Since E = T + V and is constant, the closed orbits are those for which T <\V\, and the open orbits are those for which T >| V \ . 

It can be shown that the time average of the kinetic energy, < T > , for elliptic motion in an inverse square field is 1/2 that of the 

lime average of the potential energy, <V > : <T >=\I2<V > . 

— — In th e cas e that a particl e of in e rtial mass, m , is obs e rv e d to hav e a sp ee d, v , a distanc e from a massiv e obj e ct, r , and a 

direction of motion makes that an angle, <f>, with the radius vector from the object (including a particle) of mass, M, the total 

energy is given by 

4 , — GMm — 1 2 — GMm ,., . .. 

=— mv = constant (35.19) 

2 r 2 ^ 

The orbit will be elliptic, parabolic, or hyperbolic, according to whether E is negative, zero, or positive. Accordingly, if v 2 is 
less than, equal to, or greater than , the orbit will be an ellipse, a parabola, or a hyperbola, respectively. Since h, the 
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angular momentum per unit mass, is 

h=LI m = \ry.y\ = r v sin <f> 

the eccentricity, e, from Eq. (32.63) may be written as 



(35.20) 



= [1 + 



2GM^v^sm 2 > 1/2 



(35.21) 



G 2 M 2 

As shown in the Gravity section (F.q. (32.35)), the production of a particle requires that the velocity of each of the mass- 
density element of the particle is equivalent to the Newtonian gravitational escape velocity, v , of the superposition of the mass- 

density elements of the antiparticle. 

2Gm flG^ (3522) 



From Eq. (35.21) and Eqs. (35.17 - 35.18), the eccentricity is one and the particle production trajectory is a parabola relative to 
the center of mass of the antiparticle. The right-hand side of Eq. (32.43) represents the correction to the laboratory coordinate 
metric for time corresponding to the relativistic correction of spacetime by the particle production event. Riemannian space is 
conservative. Only changes in the metric of spacetime during particle production must be considered. The changes must be 
conservative. For example, pair production occurs in the presence of a heavy body. A nucleus that existed before the production 
event only serves to conserve momentum but is not a factor in determining the change in the properties of spacetime as a 
consequence of the pair production event. The effect of this and other external gravitating bodies are equal on the photon and 
resulting particle and antiparticle and do not effect the boundary conditions for particle production. For particle production to 
occur, the particle must possess the escape velocity relative to the antiparticle where Eqs. (32.34), (32.48), and (32.140) apply. 



In other cases not involving particle production such as a special electron scattering event wherein hyperbolic electron 
production occurs as given infra, the presence of an external gravitating body must be considered. The curvature of spacetime 
due to the presence of a gravitating body and the constant maximum velocity of the speed of light comprise boundary conditions 
for hyperbolic electron production from a free electron. 
With particle production , the form of the outgoing gravitational field front traveling at the speed of light (Eq . (32 . 10)) is — 

(35.23) 



-f^r- 

At production, the particle must have a finite velocity called the gravitational velocity according to Newton's Law of 
Gravitation. In order that the velocity does not exceed c in any frame including that of the particle having a finite gravitational 
velocity, the laboratory frame of an incident photon that gives rise to the particle, and that of a gravitational field propagating 
outward at the speed of light, spacetime must undergo time dilation and length contraction due to the production event. During 
particle production the speed of light as a constant maximum as well as phase matching and continuity conditions require the 
following form of the squared displacements due to constant motion along two orthogonal axes in polar coordinates: 

(35.24) 



( ct ) 2+ (v) = ( ct f 



(ct) 2 =(ct) 2 -(v) 



H*. 



^2^ 



(35.25) 
(35.26) 



Thus, 



/(') = 



1- 



2\ 



(35.27) 



The derivation and result of spacetime time dilation is analogous to the derivation and result of special relativistic time dilation 
given by Eqs. (31.11-31.15). Consider the gravitational radius, r , of each orbitsphere of the particle production event, each of 

mass m„ 



2Gm n 



(35.28) 



where G is the Newtonian gravitational constant. Substitution of each of Eq. (35.11) and Eq. (35.12) into the Schwarzschild 
metric Eq. (35.2), gives the general form of the metric due to the relativistic effect on spacetime due to mass m . 



-4^ 



\= 



w 



^\ 



d£ 



1 



4- 



\=L 



dr 2 +r 2 d8 2 + r 2 sin 2 ddf 



(35.29) 



and 
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dT 2 = \l-S- 



dt 2 -\ 

e— 



\—£- 
r- 



dr 2 +r 2 d0 2 +r 2 sin 2 6d^ 



J 



(35.30) 



respectively. Masses and their eltects on spacetime superimpose; thus, the metnc corresponding to the Earth is given by 
substitution of the mass of the Earth, M , for m in Eqs. (35.13-35.14). The corresponding Schwarzschild metric Eq. (35.2) is 



-d^ 



2GM 



4^\ 



2GM 



dr 2 + r 2 d9 2 +r 2 sin 2 6d<j> 2 



(35.31) 



In the case of ordinary bound matter, the inertial and gravitational masses are equivalent as shown in the Equivalence of Inertial 
and Gravitational Masses Due to Absolute Space and Absolute Light Velocity section, and the following conditions from the 
particle production relationships given by Eq. (33.41) hold: 

proper time ~ gravitational wave condition _ gravitational mass phase matching 



coordinate time electromagnetic wave condition charge/ inertial mass phase matching 



(35.32) 



2Gm 



proper time 



c 2 K r 



coordinate time 



a 



ac 



Consider the case that the radius in Eq. (35.31) goes to infinity. From Eq. (35.21) and Eqs. (35.17-35.18), when r goes 
to infinity the eccentricity is always greater than or equal to one and approaches infinity, and the trajectory is a parabola or a 
hyperbola. Then, the gravitational velocity given by Eq. (35.22) with m=M goes to zero. This condition must hold from all 
r ; thus, the free electron does not experience the force of the gravitational field of a massive object, but has inertial mass 

determined by the conservation of the angular momentum of h as shown by Eqs. (3.19-3.20). From the Electron in Free Space 
section, the free electron has a velocity distribution given by 



\{p,<l>,z,t) = \-p- 

.2 m e p 



(35.33) 



The velocity increases linearly with the radius in a two-dimensional plane. The corresponding gravity field front 
corresponds to a radius at infinity in Eq. (35.23). As a consequence, an ionized or free electron has a gravitational mass that is 
zero; whereas, the inertial mass is finite and constant (i.e. equivalent to its mass energy given by Eq. (33.13)). Minkowski space 
applies to the free electron. ' " — 

In the Electron in Free Space section, a free electron is shown to be a two-dimensional plane wave — a flat surface. 
Because the gravitational mass depends on the positive curvature of a particle, a free electron has inertial mass but not 
gravitational mass. The experimental mass of the free electron measured by Wittehorn [4] using a free fall technique is less than 
009 m e , where wi e is the inertial mass of the free electron (9.109534 X 10~ 31 kg) 2 - Thus, a free electron in tint gravitatinnally 



2 If the electric and magnetic fields are completely eliminated from a region of vacuum space containing an electron such that the electron is completely 
free and unbound, it may be possible to measure an electron gravitational mass that is less than the inertial mass m e . The gravitational mass may approach 
zero in the limit of the electron being absolutely free. With the exclusion of essentially all electromagnetic fields, Wittebom [4] experimentally measured 
the gravitational mass of the free electron using a free fall technique. The reported result was less than 0.09 m e , where m e is the inertial mass of the free 

electron (9.109534 X 10~ 31 kg). 

No perpetual motion scheme is possible involving gravity, since matter, energy and spacetime are conserved. Absorption of photons by matter 

occurs with conservation of mass-energy. The inertial and gravitational mass of matter may increase. The conservation of spacetime must also he 

considered which always forces conservation of mass-energy with regard to gravitation. If an electron is ionized, the ionizing photon propagating at the 
speed of light is replaced by electric fields of the particles propagating at the speed of light. Due to the flat current distribution of the electron that goes to 
infinite radius in the complete absence of fields and the limiting velocity condition, the free electron may have a gravitational mass less than its inertial 
mass, and, the gravitational mass may approach zero in the free limit. 

The Universe is electrically neutral. As shown in the Excited States of the One-Electron Atom (Quantization), Creation of Matter from Energy, 
and Pair Production s e ctions, photons may giv e rise to a corr e sponding surfac e charg e on which electric field lines may terminat e . — As given in th e 
Creation of Matter from Energy section (also see the Pair Production section) : 

With the substitution of Eq. (28.7) and the appropriate special relativistic corrections into the orbitsphere energy equations, the following energies, written 
in general form, are equal (Eq. (28.8)): 



E = tim* = m„c 



JXL 



where V is the potential energy. In the case of an electron orbitsphere, the rest mass m 
experience an effective charge of a~ l e as given in Eq. (28.9): 

-1 2 

a e 

V = 

4»&'„aa„ 



, the radius / = aa , and the electron and positron each 



(2) 
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attracted to ordinary matter, and the gravitational and inertial masses are not equivalent 3, . Furthermore, it is possible to give 
the electron velocity function negative curvature and, therefore, cause a fifth force having a nature of negative gravity. 

Since a gravitating body is the source of spacetime curvature, the intrinsic velocity of a particle in the presence of a 
gravitating body and the motion of the particle's center of mass due to the actioii of the gravitating body oil the particle due to 
the intrinsic motion can both be considered relatively. In the case that the intrinsic velocity gives rise to an imaginary relative 
gravitational velocity, the eccentricity is always greater than one, and the trajectory is a hyperbola. This case corresponds to a 
hyperbolic electron wherein gravitational mass is effectively negative and the inertial mass is constant (e.g. equivalent to its 
mass energy given by Eq. (33.13)). As shown infra, hyperbolic electrons can form from free electrons having specific kinetic 
energies by elastically scattering from targets such as neutral atoms. The formation of a hyperbolic electron occurs over the time 
that the plane wave free electron scatters from the neutral atom as well as the conditions given by Eqs. (35.157-35.159). 
Huygens' principle, Newton's law of Gravitation, and the constant speed of light in all inertial frames provide the boundary 
conditions to determine the metric corresponding to the hyperbolic electron. From Eq. (35.75), the velocity v(p,</>,z,t) on a 
two-dimensional sphere in spherical coordinates is 



\{r,0,(j),t) = 




(35.34) 



With hyperbolic electron production, the form of the outgoing gravitational field front traveling at the speed 


of light (Eq. 


(32.10)) is 




'H) 


(35.35) 


During hyperbolic electron production the speed of light as a constant maximum as well as phase matching and continuity 


conditions require the following form of the squared displacements due to constant motion along two orthogonal 


axes in polar 


coordinates: 




{erf + (vf =(ct) 2 


(35.36) 


According to Eq. (35.34), the velocity of the electron on the two-dimensional sphere approaches the speed of light 


at the angular 



extremes ( 6 = and 6 = k), and the velocity is harmonic as a function of 6 . The speed of any signal can not exceed the speed 
of light. Therefore, the outgoing two-dimensional spherical gravitational field front traveling at the speed of light and the 
velocity of the electron at the angular extremes require that the relative gravitational velocity must be radially outward. The 

relative gravitational velocity squared of the term [v t) of Eq. (35.36) must be negative. In this case, the relative gravitational 

velocity may be considered imaginary which is consistent with the velocity as a harmonic function of 9 . The energy of the orbit 
of the hyperbolic electron must always be greater than zero which corresponds to a hyperbolic trajectory and an eccentricity 
greater than one (Eqs. (35.17-35.18) and (35.21)). From Eq. (35.21) and Eq. (35.22) with the requirements that the relative 
gravitational velocity must be imaginary and the energy of the orbit must always be positive, the relative gravitational velocity 
for a hyperbolic electron produced in the presence of the gravitational field of the Earth is 

2GM- 




(35.37) 
r 

where M is the mass of the Earth. Substitution of Eq. (35.37) into Eq. (35.36) gives 

(cr) 2 -(ct) 2 +(v g t) 2 (35t3S)- 

(35.39) 



Thus, considering the relativistic invariance of charge for the electron, in order to cancel all of the fields between an electron and a nucleus from which it 

is ionized, 510 keV (8.2 X 1CT J ) per each electron tested singly must be provided in terms of captured photons or the equivalent electric or magnetic 
stored energies. Then, the contraction of spacetime due to capture of photons of zero gravitational mass equals the expansion of spacetime corresponding 
to th e form a tion of an electron which is free of a ny fi e lds and has gravitational mass that a ppro a ches zero . Sp a cetime is conserved, which forces m a ss- 
energy conservation independently of mass-energy conservation during photon absorption or the storing of electric or magnetic energies. 

The energy to ionize an electron is a very small fraction of the 510 keV that is required to identically cancel the field from the nucleus from which 
the electron is ionized. For example, this can be accomplished with a drift tube described by Witteborn [4] with energy stored in electric and magnetic 
fields of the corresponding to photons (See Equation of the Photon section.) which when propagating have zero gravitational mass and have mass 

equivalent to their energy according to E = mc when bound. Thus, creation of a completely free electron with a gravitational mass that approaches zero 
requires an increase in gravitational mass due to trapped fields corresponding to photons of exactly the same magnitude. Thus, mass/energy and 
gravi t a t ional energy are conserved, and perpetual mo t ion involving gravi t y is no t possible. 



3 Witteborn [4] explains the observation that free electrons floated in the drift tube by a postulated Schiff — Barnhill effect wherein the electrons in the 
metal of the drift tube fall in the Earth's gravitational field to produce an electric field which identically balances the force of gravity on the free electrons 
in the drift tube. This explanation is absolutely untenable. The binding energy of electrons in metals is typically 5 eV; whereas, the gravitational potential 
energy over atomic dimensions is over 20 orders of magnitude less and is given by E = m e gh where m is the mass of the electron, g is the acceleration of 

gravity, and h is the metal internuclear spacing, about 10~'° m . 
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Thus, 



-Ttf^ 






T+^ 



(35.40) 



Consider a gravitational radius, r , of a massive object of mass M relative to a hyperbolic electron at the production event that 
is negative to match the boundary condition of a negatively curved velocity surface 



2GM 



(35.41) 



where G is the Newtonian gravitational constant. Substitution of each of Eq. (35.37) and Eq. (35.41) into the Schwarzschild 
metric Eq. (35.2), gives the general form of the metric due to the relativistic effect on spacetime due to a massive object of mass 
M relative to the hyperbolic electron. 

2\ 



+ 



dz 2 



1 + 



dt 1 



1 + 



dr 2 +r 2 d9 2 +r 2 sin 2 8df 



(35.42) 



and 



dT=\ ! + -£■ dr--r 



v 1 



T+^ — dr l +rd6 l +r l im A 9d<j> 1 
r 



(35.43) 



respectively. 



tON& 



SCATTERING TRANSITION MECHANISM 

It is possible to create a fifth force, a negative gravitational force, by scattering free electrons of a specific energy and 
corresponding de Broglie waveleng t h from targets such as atoms and molecules to form a unique orbitsphere -type free electron 
of a specific stable radius called a hyperbolic electron. Consider first the mechanism to deform an incident electron to cause it 
to transition to the shape of a bound electron. An electron and an atomic beam intersect such that the neutral atoms cause elastic 
scattering of the electrons of the electron beam to form hyperbolic electrons having the mass-density distribution given by Eq. 
(35.72) with a velocity distribution given by Eq. (35.75). The de Broglie wavelength of each electron is given by 



4, 



-mrpr 



■ 2xp Q 



(35.44) 



where p is the radius of the free electron in the xy-plane, the plane perpendicular to its direction of propagation. The velocity 
of each electron follows from Eq. (35.44) 



-h- 



- J h- 



v z = —— = - — = — — (35.45) 

m&> — m e lKpv — mjx 

The elastic electron scattering in the far field is given by the Fourier transform of the aperture function as described in Electron 
Scattering by Helium section. 

The incident free electron mass-density distribution, a m (p,0,z), and charge-density distribution, a e (p,0,z), in the xy- 
plane at S(z) are 



3 m„ 



/ \ 



a m (pj,z) = ^-4pj^7=j^y ^ S ( z ) forO<p< Po 



^Po 



.jcp^. 



-A 



M4M 



(35. 4 6) 



^(a<M) = o 



for p <p 



and 



ge ( A 6 z ) = T J- > / A 2 -p*=.^L.Jl- ^r S(z) forO<p<p 



2 flp ( 



(35.47) 



r^Po 



\r» J 



<J e (p,0,z) = O 



for p <p 



respectively, where 



is the average mass density and 



is the average charge density of the free electron. The 



-Ttpl 7tpl 

superposition of many electrons forms a plane wave as the trigonometric density variation of each individual electron averages 
to unity over an ensemble of many electrons. The convolution of the corresponding uniform plane wave with an orbitsphere of 
radius z is given by Eq . (8 . 45) and Eq . (8 . 46) . The aperture distribution function, a(p,0,z), for the scattering of an incident 
plane wave by a He atom, for example, is given by the convolution of the plane wave function with the two-electron orbitsphere 
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Dirac delta function of radius = 0.567a and charge/mass density of 



4K(0.567a n ) 2 



■ . For radial units in terms of a„ 



a(p,(/>,z) = 7T(z)l 



-[S(r- 0.567 a )] 



(35.48) 



47r(0.567a y 



where a(p,<j>,z) is given in cylindrical coordinates, 7Z(z), the xy-plane wave is given in Cartesian coordinates with the 

2_ 



propagation direction along the z-axis, and the He atom orbitsphere function, 



47r(0.561aJ 



spherical coordinates. 
a(p,0,z) = 



4x(0.561a y 



- yj (0. 567 a f -z 2 S{r - ^(0.567 a Q ) 2 -z 2 ) 



-[S(r- 0.567 a B )], is given in 



(35.49) 



For circular symmetry ["5], 



F(s) = - 



4;r(0.567a ) 
F,q. (35.50) may he expressed as 



00 00 ^^^^^^^_^^^^^^^_ 

2k j j" ^J(0.567 a f -z 2 S(p-yj(0.567a ) 2 - z 2 )J a (s p)e- iwz pd pdz 



(35.50) 



F{s) = 4W - f (z 2 - z 2 )J {sJ. 

4«-(0.567a ) 2 _{ ° ° V 



z 2 - z ))e L "dz ; z =0.567a 



(35.51) 



Substitution of — = -cos# gives 



4kz, 



F(s) = I55l ("sin 3 0J o (sz o sm0)e iz ° wcos0 d0 

4xz I 

Substitution of the recurrence relationship, 



(35.52) 



H® 



■/oW = 



-M*) 



x = sz n sin( 



(35.53) 



into Eq. (35.52), and, using the general integral of Apelblat [6] 

?w 2 



j(sm9y +1 J v (bsmd)c ,ams(, d0-- 



with a = z w and b = z a s gives: 



Th. 



,2 , 1.2 „2 , u2 "+V2l(a +b ) 2 



(35.5 4 ) 



a +b a +b 



F(s) = 



2k 



{z wy+{z sy 



(35.55) 
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The electron elastic scattering intensity is given by a constant times the square of the amplitude given by Eq. (35.55). 
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wh e r e 



s = — sin—; w = (units of A ') (35.57) 

A 2 

The scattering amplitude fun c tion, F(s) (Eq . (35 . 55)) and the differential cross section cr(J)) (proportional to the scattering 

intensity given by Eq. (35.56)) for the elastic scattering of 4 2.3 cV electrons to form hyperbolic electrons as a function of angle 
are shown graphically in Figures 35. 3A and 35. 3B, respectively. 
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Figure 35.3. Hyperbolic-electron-production angular distribution. (A) The relative scattering amplitude function, F(s), of 
423 eV electrons as a function of angle (Eg. (35.55)). (B) The relative differential cross section, <t(0), for the elastic 
scattering of 42.3 e.V electrons to form hyperbolic electrons as a function of angle (Eq. (35.56)). 
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Consider an incident electron having a de Broglie wavelength X n given by Eg. (35.44) corresponding to A in Eg. 

(35.57). The convolution integral gives an aperture function that has the factor (Eq. (35.49)) of yjz 2 -z 2 sip-^z 2 -z 2 I such 

that an electron may be elastically scattered by an atom to form a stable current on a two dimensional sphere having a radius of 
z o = p o wherein the mass-density function on the two-dimensional spherical surface is given by 



<r m {p,0,z) = Nm e Jp o 2 -z 2 8\ y p-~[p 2 



(35.58) 



The scattering distribution is given by Egs. (35.56) and (35.57). To conserve angular momentum and energy, and to achieve 
force balance, such an electron called a hyperbolic electron has a negatively curved velocity distribution on the spherical surface 
given by Eg. (35.67) that causes it to behave differently in a gravitational field then a bound or free electron. With the condition 
z a = p a =r Q , the elastic electron scattering intensity at the far field angle is determined by the boundary conditions of the 

curvature of spacetime due to the presence of a gravitating body and the constant maximum velocity of the speed of light. The 
far field condition must be satisfied with respect to electron scattering and the gravitational orbital eguation. The former 
condition is m e t by Eg. (35.56) and Eg. (35.57). — Th e latter is d e riv e d in th e Hyp e rbolic-El e ctron-Das e d Propulsion Device 
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section and is met by Eqs. (35.148-35.156) where the far field angle © is centered about the hyperbolic gravitational trajectory 
at angle given by Eq. (35.156). Thus, the parameter s of Eq. (35.57) is given by the following convolution: 

Am 



An 



sin(0 + ^) 



(35.59) 



where the boundary conditions that the deflected beam pattern is away from the gravitating body and the conservation of current 
were applied. 

The charge density, mass density, velocity, current density, and angular momentum of the scattered hyperbolic electron 
are on a spherical surface and are symmetrical about the z-axis about which current circulates. The surface mass/charge-density 
function, a m [p,<j>,z), given in cylindrical coordinates, is derived as a boundary value problem with continuity and conservation 

principles applied in the same manner as for the free electron given in the Electron in Free Space section. The distinction is that 
the hyperbolic electron's current density is symmetric about the z-axis on a two dimensional sphere rather in a plane. The 
charge and mass-densities have the same dependency on z , but the coordinates transform from polar to cylindrical. The total 
mass is m e , and Eq. (35.58) must be normalized factor by the normalization factor N for cylindrical coordinates. 



m=N 



j j jJp o 2 -z 2 S{p-yjp o 2 -z 2 }pdpd0dz 



(35.60) 
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(35.61) 
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The mass-density function, a m (p,(f>,z) , of the scattered electron is 



( P ^ z )=^-4^7s(p-4p7^7 f 

T^Pi 



°ApAz)=- 



f \ 2 
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f \ 2 

z 



TV 



(35.62) 



;Wo 



and charge-density distribution, a e (p,0,z) , is 
^ e {p^z) = ^—4p a 2 -z 2 S\^p-^p 2 -z 2 



;xp 



cr e (p,0,z) = 



8 



1- 



z 



vn/ 



p-PnM — 

Po J 



\2 



(35.63) 



ftPtr- r ■ T 

The magnitude of the angular velocity of the orbitsphere given by Eq. (1.36) is 



co- 



h 



(35.64) 



The current - density function of the scattered hyperbolic electron, J(p,0,z,t) , in cylindrical coordinates can be found by 
convolving a plane, corresponding to the incident electron, with the orbitsphere uniform current density. The convolution is 
integral over r = r to r = go of the product of the charge of the orbitsphere (Eq. (3.3)) times the angular velocity as a function of 

the radius r (Eq . (35 . 64)) corresponding to the incident ele c tron forming an orbitsphere with the charge density given by Eq . 
(35.63): 



00 CO j. 

\ a ,7r{z)®d{r-r )dr = -^\-^^r 2 -z 1 8{r-4r 2 -z 1 )dr 



(35.65) 



'0 



With the substitution p =r , the cylindrically symmetric result in the corresponding coordinates is 




Then, the velocity in cylindrical coordinates is 
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\(p,<j>,z,t)-- 
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i(p-i 
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™ e PoJ l - 
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(35.67) 



\PoJ 
The angular momentum, L , is given by 

Li z = m e p 2 coi z = m e pi p x vi^ 
Substitution of m e for e in Eq. (35.66) followed by substitution into Eq. (35.68) gives the angular momentum-density function, 



(35.68) 



Li, 



h 



£ 



xp, »WA ~ g 



*P 2 8[p-4pJ- zl 



(35.69) 



A 



The total angular momentum of the hyperbolic electron is given by integration over the two-dimensional surface having the 
angular momentum density given by Eq. (35.69). 



Li 



3 m^p l -z z 



' pI-z 1 p 2 pdpd<f>dz 



s{p-Jt 



(35.70) 



-/>. o -«--xp 



Li =% 



(35.71) 



Eqs. (3 5. 71) and (35 . 77) a re i n agreement w i t h Eq. (1 . 16 7.); thus, the scalar sum of the m agnitude of the angular m omentum is 
conserved. 

The mass, charge, and current of the scattered hyperbolic electron exist on a two-dimensional sphere which may be given 
in spherical coordinates where 8 is with respect to the z-axis of the original cylindrical coordinate system. The mass-density 



function, a m {r,8,<p) , of the hyperbolic electron in spherical coordinates is 



<T m {r,e,4i) = -r-^-^eS{r-r,) 



(35.72) 



The charge-density distribution, a e (r,0,ifi) , in spherical coordinates is 
a e (r,0,0) = — — sin 6tf(r-r ) 



(35.73) 



The current-density function i(r,8,(/>,t), in spherical coordinates is 
e % 



i(r, 6, </>,{) = 



8 _ 2 m r: sin 8 



S(r-r a ) 



(35.74) 
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The velocity \(p,<f>,z,t) in spherical coordinates is 



-S- 



w^y 



v(r,0,j,t) = 



(35.75) 



The total angular momentum of the hyperbolic electron is given by integration over the two-dimensional negatively curved 
surface having the angular momentum density in spherical coordinates given by 



m, sin TT 



Li. = 



o o o l nr i m e r o sm0 

3 ° 
Li =h 



r 2 sin 2 8S(r-r )r 2 sin 8drd8d</> 



(35.76) 



(35.77) 



where the angular momentum density is given by Eq. (35.69) and p-r o am0 . 
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HYPERBOLIC-ELECTRON RADII AND FEATURES 

The electron orbitsphere of an atom has a constant velocity as a function of angle. Whereas, scattering of electrons from targets 
at a special energies such as the case where the incident electron's de Broglie wavelength equal to the radius 
z = p = 0.567a according to Eqs. (35.56), (35.57) (35.95), and (35.129-35.132) gives rise to an electron having a stable two- 

dimensional spherical shape with a velocity function on the surface whose magnitude approaches the limit of light-speed at 
opposite poles (Eq. (35.75)). The velocity function (Eq. (35.67) or Eq. (35.75)) is a hyperboloid. It exists on a two- 
dimensional sphere; thus, it is spatially bounded The mass and charge functions given by Eq. (35. 72) and Eq. (35. 73), 
respectively, are finite on a two-dimensional sphere; thus, they are bounded . The scattered ele 



curved two-dimensional velocity surface is called a hyperbolic electron. A unique photon excitation provides for the stability 
of hyperbolic electrons according to similar principles of other types of excited states. 

As shown in the Excited States of the One-Electron Atom (Quantization) section, the orbitsphere is a resonator cavity 
that traps single photons of discrete frequencies. Thus, photon absorption occurs as an excitation of a resonator mode. The 
electric field lin e s of the "trapped photon" comprise an orbitsphere at the inn e r surfac e of the electron orbitspher e that spins 
around the z-axis at the same angular frequency as a spherical harmonic modulation function of the orbitsphere charge-density 

function. The angular momentum of the photon given by m = [ Re [r x (E x B*)]iix 4 = ti in the Photon section is conserved 

for the solutions for the resonant photons and excited state electron functions. The velocity along a great circle is light speed; 
thus, the relativistic electric field of a trapped resonant photon of an excited state are radial. The photon's electric field 
superposes that of the proton such that the radial electric field has a magnitude proportional to Z I n at the electron where 

n - 1,2,3,... for excited states and n = —,—,—,...,—— for lower energy states given in the Hydrino Theory — BlackTight Process 

section. This causes the charg e d e nsity of the e lectron to correspondingly decreas e and th e radius to increase for stat e s high e r 

than 13.6 eV and the charge density of the electron to correspondingly increase and the radius to decrease for states lower than 

13.6 eV. 

Photons can propagate electron-surface current and maintain force balance in other excitations as well, such as during 

Larmor excitation in a magnetic field as given in the Magnetic Parameters of the Electron (Bohr Magneton) section. 

Furthermore, photons can exclusively maintain the current of a fundamental particle or a state of a fundamental particle in force 

balance. An example of the former involves the strong nuclear force wherein heavy photons call gluons can solely maintain the 

force balance of quarks in baryons as given in the Quark and Gluon Functions section. An example of the latter is the 

observation that free electrons in liquid helium form physical hollow bubbles that serve as resonator cavities that transition to 

fractional (1 /integer) sizes and migrate at different rates when an electric field is applied as shown in the Stability of Fractional- 

Principal-Quantum States of Free Electrons in Tiquid Helium section. Specifically, free electrons are trapped in superfluid 

helium as autonomous electron bubbles interloped between helium atoms that have been excluded from the space occupied by 

the bubble. The surrounding helium atoms maintain the spherical bubble through van der Waals forces. The bubble-like 

orbitsphere can act as a resonator cavity. The excitation of the Maxwellian resonator cavity modes by resonant photons form 

bubbles w i t h r adii of re ciprocal i n teger m ultiples of that of the une x cited n = 1 state. Th e central fo rce that re sults i n a fr actional 

electron radius compared to the unexcited electron is provided by the absorbed photon. Each stable excited state electron bubble 

r 

which has a radius of — may migrate in an applied electric field. The photo-conductivity absorption spectrum of free 

integer 

electrons in superfluid helium and their mobilities predicted from the corresponding size and multipolarity of these long-lived 

bubble-like states with quantum numbers n, £, and m t matched the experimental results of the 15 identified ions. Further 

examples of the existence of free electrons as bubble-like cavities in fluids devoid of any molecules are free electrons in liquid 
ammonia and in oils, which are also discussed with the supporting data in the Stability of Fractional-Principal-Quantum States of 
Free Electrons in Liquid Helium section. 

Thus, it is a g e n e ral ph e nom e non that photon absorption occurs as an e xcitation of a resonator mode; cons e qu e ntly, th e 

hydrogen atomic energy states are quantized as a function of the parameter n as shown in the Excited States (Quantization) 
section. Each value of n corresponds to an allowed transition caused by a resonant photon that excites the transition of the 
orbitsphere resonator cavity. In the case of free electrons in superfluid helium, the central field of the proton is absent; however, 
the electron is maintained as an orbitsphere by the pressure of the surrounding helium atoms. In this case, rather than the 
traditional integer values (1, 2, 3,...,) of n , values of reciprocal integers are allowed according to Eq. (2.2) where both the radii 
and wavelengths of the states are reciprocal integer multiples of that of the n = 1 state and correspond to transitions with an 
increase in the effective central field that decreases the radius of the orbitsphere. In these cases, the electron undergoes a 
transition to a nonradiatlve higher-energy state. The trapped photon electric field that provides force balance for the orbitsphere 

is a solution of Laplace's equation in spherical coordinates and is given by Eq. (35.80). 

In each case, the "trapped photon" is a "standing electromagnetic wave" which actually is a circulating wave that propagates 
around the z-axis, and its source current superimposes with each great circle current loop of the orbitsphere. The time-function 
factor, k(t) , for the "standing wave" is identical to the time-function factor of the orbitsphere in order to satisfy the boundary 
(phase) condition at the orbitsphere surface. Thus, the angular frequency of the "trapped photon" has to be identical to the 
angular frequency of the electron orbitsphere, w n , given by Eq. (1.36). — Furthermore, the phase condition requires that the 
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angular functions of the "trapped photon" have to be identical to the spherical harmonic angular functions of the electron 
orbitsphere. Combining k{t) with the (f> -function factor of the spherical harmonic gives e m ^°'"*' for both the electron and the 
"trapped photon" function. The angular functions in phase with the corresponding photon functions are the spherical harmonics. 
The charge-density functions including the time-function factor (Eq. (1.27-1.29)) are 
£=0 

f*r,0j,t) = -l T [S(r-r n )][Yf(0,t) + Yr(0j)] (35.78) 

i$7ir 

££0 

p(r,0J,t) = ^- T [S(r-r n )][Y:(0j) + R e {Y;(0j)e im ''"'}] (35.79) 

where Y t m (0,0) are the spherical harmonic, functions that spin about the z-axis with angular frequency co n with Y^{9,4>) the 
constant function and Rejff (0,</>)e ,mr ""'} = ff (cos6>)cus(«^ + mw„/). 



The solution of the "trapped photon" field of electrons in helium that is analogous to those of hydrogen excited states 
given by Eq. (2.15) is 



e{na) T 



lC 



^rphoton nfijn — — -j (1+2) 

,iii l 

n =1,— ,-,—,...,— 
2 3 4 p 



[ Y:(0^) + Re{Y ( m (0^)e ima "'}] 



S{r-r n )i r (35.80) 



' = 1 , ? -, , n-\ 



m = -£,-l + \,...,0,...,+l 

In Eq. (35.80), a is the radius of the electron in helium without an absorbed photon. C is a constant expressed in terms of an 
equivalent central charge. It is determined by the force balance between the centrifugal force of the electron orbitsphere and the 
radial force provided by the pressure from the van der Waals force of attraction between helium atoms given by Eqs. ( 4 2.126 
42.132). 

For fractional quantum energy states of the electron, cr photm , the two-dimensional surface charge density due to the 
"trapped photon" at the electron orbitsphere, follows from Eqs. (5.27) and (2.1 1): 



-[Y:(0j) + Rc{Y e m {0J)e im ' s " t }\ 



S(r-r\ » = 1,-,-, -,..., (35.81) 

2 3 4 



a 



P^on ^^ 



And, <J ekct „„ , the two-dimensional surface charge density of the electron orbitsphere is 

-[Y:(0J) + Re{Yr(0,4,)e^'\]S(r-r n ) (3T82T 



o", 



electron A s -.2 

4tffo) 

The superposition of a hoton (Eq. (35.81)) and cr electrolt , (Eq. (35.82)) where the spherical harmonic functions satisfy the 
conditions given in the Bound Electron "Orbitsphere" section gives a radial electric monopole represented by a delta function. 

^ P Ho t on+^,e C ,ron = J^j\[^ (M + RQ {^ (M)^'}] ^ " O « =1,|,^,..., (35.83) 

the radial delta function does not possess spacetime Fourier components synchronous with waves traveling at the speed of light 
[7-9]. Thus, the fractional quantum energy states are stable as given in the Boundary Condition of Nonradiation and the Radial 
Function — the Concept of the "Orbitsphere" section. 

Similarly, scattering of electrons with special resonant kinetic energies such as 42.3 eV can result in the excitation of a 
hyperbolic electron — an electron state having a unique trapped photon that maintains the electron in a stable two-dimensional 
spherical shape with a velocity function on the surface whose magnitude approaches the limit of light-speed at opposite poles 
(Eq. (35.75)) corresponding to a negatively curved two-dimensional velocity surface. The mass and charge functions are given 
by Eqs. (35.72) and (35.73), respectively. The trapped photon that maintains the hyperbolic-electron state has similar 
characteristics as that corresponding to the Larmor precession of the magnetostatic dipole results in magnetic dipole radiation or 

absorption during a Stern-Gerlach transition as given in the Magnetic Parameters of the Electron (Bohr Magneton) section. 

The photon gives rise to current on the surface that phase-matches the charge (mass) density of Eq. (1.144) and Eq. 

(35.73) and satisfies the condition 

V-J = (35.84) 

To satisfy the condition of Eq. (35.8 1 ) and the nonradiative condition, the current is constant azimuthally. — In addition, the 
photon standing wave of a hyperbolic-electron state also comprises a spherical harmonic function which satisfies Laplace's 
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equation in spherical coordinates, conserves the photon angular momentum of ft, and provides the force balance for the 
corresponding charge (mass)-density wave. The corresponding central field at the orbitsphere surface after Eqs. (2.10-2.17) is 
given by 



E = 



Ane ■„/-' 



{Y:{e4)i y + ^{Yr{94)e imcl '%S(r- ri )\ (35.85) 



wh e r e th e sph e rical harmonic dipol c Y t m (0,$) = sinO is with r e sp e ct to an S -axis (subscript p d e signat e s th e photon spin 
vector and e designates the intrinsic hyperbolic electron spin). The dipole spins about the S p -axis, the z-axis in cylindrical 
coordinates at the angular velocity given by Eq. (1 .36). In the frame rotating about the S -axis, the electric field of the dipole is 



E = 
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-sin6'sm^t)(r-r 1 )i j7 


















(35.86) 


Aire • r 2 


E = 


e 

47rs r 2 


- (sin 6 sin <j>\ r + cos 6 sin <JA e + sin 9 cos <j>\ f 


>)S{r- 


-n) 
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The resulting current is nonradiative as 


shown 


in Appendi 


ix I: Nonradiation Condition. 


Thus, 


the field 


in 


the rotating 


frame is 



magnetostatic, as shown in Figures 1.28 and 1.29, but directed along the z-axis. The time-averaged rotational energy and 
angular momentum due to the charge density wave are zero as given by Eqs. (1.76) and (1.77). However, the corresponding 
time-dependent surface charge density (<r) that gives rise to the dipole current of Eq. (1.144) as shown by Haus [10] is 

equivalent to the current due to a uniformly charged sphere rotating about the z-axis at the constant angular velocity given by Eq. 
(1.3b). The charge density is given by Gauss' law at the two-dimensional surface: 

a = -f n-VOU i = - £o n-EU i (35.88) 
From Eq. (35.87), (a) is 

(<r) = -%-sin0 (35.89) 

and the current (Eq. (1.144)) is given by the product of Eq. (35.89) and the angular frequency (Eq. (1.36)). The velocity along a 
great circle is light speed; thus, the relativistic electric field of the trapped resonant photon of an hyperbolic-electron state are 
radial for the spherical component and perpendicular to the cylindrical-coordinate z-axis in the case of the components 
comprising cylindrical current. In each case, the electric field force and the corresponding magnetic-field force maintains a force 
balance with the centrifugal force. 

During the transition of the free electron which is a two-dimensional disc lamina to a hyperbolic electron, the electron 
charge distribution becomes that of a 2-D uniform spherical shell of charge of radius r , and the electric field of the electron is 
zero for r <r and the field is equivalent to that of a point charge -e at the origin for r > r as shown in Figure 1.32. The since 
the fields are spatially matched, the central force of the electron surface due to the trapped photon is given by Eq. (7.3): 

^W ^ 

The uniform current along the z-axis held in force balance by the electric field of the photon gives rise to magnetic field 
along the z - axis which in turn gives rise to a second magnetic force - balance term. Consider that the vector S corresponding to 

the spherical harmonic dipole Y f m (0,</>) = sin (9 has a magnitude of — ft at 8 = 26.57° from the Z-axis having the same angular 

momentum components as the bound electron orbitsphere given by Eqs. (1.127-1.128). Torque balance is achieved when the 

ff 

hyperbolic-electron intrinsic angular momentum of ft precesses away from the original z-axis by an angle — and then 

continuously precesses about the new Z-axis as shown in Figure 35.4. In the stationary frame, the sum of the photon and 

ft 
intrinsic-electron angular momentum gives ft on the Z-axis and the — X-axis projection averages to zero. Thus, the ft Z- 

component of angular momentum is conserved. The vector S„ has a magnitude of ft which conserves the intrinsic hyperbolic- 
electron angular momentum. The energy to flip the orientation of the S e by 180° gives rise to a magnetic force F given by 
Eq. (35.91). 



>2010 BlackLight Power, Inc. All rights reserved. 
The Fifth Force 



1561 



h h 

Figure 35.4. The angular momentum components (light and dark-blue vectors of — and — , respectively) of S (yellow 

s 

vector of fi ) having the same angular momentum components as the orbitsphere and S f (black vector of h with Z and Y 

h [~T~ 

projections shown as green of — and red of A— fi , respectively) in the stationary coordinate system. S e , S„., and the 

components in the XY-plane precess at the Larmor frequency about the Z-axis. 




As shown in the Electron in Free Space section (Eq. (3.5 1)), the centrifugal force within the two-dimensional disc lamina 
of the free electron is balanced by the magnetic force, and the total energy of the free electron is its translational energy. 
Consider the radiation-reaction force on a free electron in the formation of a hyperbolic electron. This force derived from the 
relativistically invariant relationship between momentum and energy achieves the condition that the sum of the mechanical 
momentum and electromagnetic momentum is conserved. This force F given by Eq. (7.31) is 



F »-=— -i 



(35.91) 



wherein Z = 1 and the force is one-half that in the case of pairing electrons since the spin projection of the trapped photon is — . 

This force arises as an interaction of the time-independent photon driven modulation current and the electron orbitsphere spin 
function. The interaction of the photon's electric field and the electron charge density is given by the electric force (Eq. (35.90)). 
Energy balance is achieved when the magnitude of the photon field is equivalent to +e at the origin such that the photon- 
electron electric energy and magnetic energies are balanced by the corresponding self energies given by Eq. (54) of Appendix II 
and the negative of Eq. (7.40), respectively. Then, the total energy is the kinetic energy that is equivalent to the initial 
translational kinetic energy as required for energy conservation. In this case, the continuity of the de Broglie-relationship is 
maintained in the formation of a hyperbolic electron from a free electron in the same manner as in the case of the ionization of a 
bound atomic electron to form a free electron. The radius of the hyperbolic electron is given by balance of the forces 
corresponding to the energies that satisfy the energy balance and continuity conditions. The outward centrifugal force (Eqs. 
(7.1-7.2)) is balanced by the electric force (Eq. (35.90)) and the magnetic force (Eq. (35.91)): 



m e p x a>- 



^Jte^p 1 2m e p 



fi 1 sin /— — -r 
— -As(s + 1) 



wherein the force balance is about the z-axis, or S c -axis of Figure 35.4. From Eqs. (35.72) and (35.75), 



m, sin 9r, sin 



h 1 



2 4 ' 4 Si 

m e r sin 9 



4xs r sin" 9 



h 2 sin 9 
2m e r " sin" 9 



y}s(S + l) 



(35.92) 



(35.93) 
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Then, the force balance is 



' = m e =0 



2m„r 



■V*(*+i) 



(35.94) 



1- 



= 0.567a„ 



(35.95) 



By substituting the radius given by F,q. (35.95) into F,q. (1 .35), the velocity v is given by 
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2 J 
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2 J 



(35.96) 



where Eqs. (1.204) and (1.208) were used. 4 

To conserve the angular momentum of photons of different polarizations, the corresponding orbital angular momentum 
states of the hyperbolic electron can be excited based on the solutions of Laplace's equation. The orbital angular momentum can 
add to the spin angular momentum of the electron to give rise to corresponding forces that result in decreased radii and energies 
at force balance as shown in Appendix VI: The Relative Angular Momentum Components of Electron 1 and Electron 2 of 
Helium to Determine the Magnetic Interactions and the Central Magnetic Force section. The forces are given by Eqs. (1-14) of 
Appendix VI. Since the current has extremes at the poles of the hyperbolic electron as given by Eq. (35.75), Eq. (10.82) also 
applies to the case of orbital angular momentum of the hyperbolic electron, except that the force is paramagnetic in this case. 
Since the photon source current is also at r , in Eq. (10.82) r 3 = r n and the paramagnetic force is given by 



(l + | m | )! 



h 2 



-yls(s + l)i T 



(35.97) 
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(35.98) 
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(35.100) 



The first fifteen hyperbolic electronic states are calculated using the force balance equation corresponding to Eq. (35.91) with the 
additional magnetic forces given by Eqs. (35.98-35.100) and linear combinations of these states which conserve the relationship 
between Coulombic energy and kinetic energy corresponding to Eq. (35.91). The magnetic quantum numbers, additional 
magnetic forces, the force-balance equations, and radii of the states are 



4 Interestingly, the radius and velocity formula are equivalent to those of the bound electrons of the helium atom given in the Two-Electron Atom section. 
The helium atom's outer electron is paired by the magnetic force and bound as well with the Coulombic force. The former force is corrected by the 
relativistic factor at light speed to have the same order of magnitude of strength. Then, similar terms arise in the energy balances and both electrons have a 
total scalar angular momentum of fi . But, the bound-electron orbitsphere of an atom has a constant velocity over the surface. Whereas, in the special case 
of the hyperbolic electron, the velocity function on the spherical surface has a magnitude that approaches the limit of light-speed at opposite poles (Eq. 
(35.75)). 
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l = \ m t =0 
(Eg. (35.98)) 
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(35.101) 
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WU 



= 0.4948a n 



(35.102) 
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(Eg. (35.99)) 



h 2 e 2 h 2 i 2 h 2 i 

t = t + tsIs(s + \)+ -^s(s + \) 

mr Akej- 2m jr 3 Amr n 



'V T/^Q' 



(35.103) 
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(Eg. (35.100)) 
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Linear combination: (1 = m f =0)+ (£ = \ m t =0) 
(Eg. (35.98)) 
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Linear combination: S + (l = 1 m t = 0) 
(Eqs. (35.98) and (35.100)) 
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Linear combination: S + (£ - 1 m„=\) 
(Eqs. G5.99Und (35.100V) 
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Linear combination: (((S + £ = 1 m t = 0) + {i - 1 m, = 0)) 

+ (* = 1 «,=1)) 

(Eqs. (35.98), (35.99), and (35.100)) 
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Linear combination: (((S + £ - 1 m„ = 0) + {£ - 1 m ( = 0)) 
+ ((S +/ = 1 m,=1 ) + (/ = ! m ,= 0) 



m- 



(Eqs. (35.98), (35.99), and (35.100)) 



' ft 2 



1 h 2 



- Ty js(s + Y)+-- j-V^ + 1) 

2m r 3 4m r.. 



2_ 



AkEiT 



- + 0.5 



-T 



-i— ft 



m/ 



%S 



v 2m/ 2 4m/* , 



1 ft 2 



1 h 



yjs(s 1 1) i — — 3 ^0? ' i) 



(35.117) 



+^5 



2 4w e r J 



3 4w e r z 



+0.5 



( \ h 2 



2 h 



v 2 Am e r* 



y}s{S + \)+-- T yJs(S + \) 



3 Am e r* 



J) ) 



. . i — i — i — i — i — i — i — nt4 
i- — + — +— + — + — + — + — + — — 

2 12 2 12 16 24 16 12 J 2 



= 0.3866a„ 



(35.118) 



Linear combination: (S + £ = 1 m, = !) + (£ = 1 77^=0) 



(Eqs. (35.98), (35.99), and (35.100)) 
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(Eqs. (35.98), (35.99), and (35.100)) 
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Linear combination: ( S + £ - 1 m ( =0) + (£-1 m„=\) 
(Eqs. G5.98\ (35.99). and (35.100)) 
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(Eqs. (35.98), (35.99), and (35.100)) 
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(Eqs. (35.98), (35.99), and (35.100)) 
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Hyperbolic electrons can be formed by crossing an electron beam with a beam of neutral atoms such as helium. The 



velocity is given by 



h 



m e p 



(35.129) 



where p Q is the radius of the corresponding hyperbolic electron. The minimum velocity of the free electrons of the electron 
beam to form hyperbolic electrons by elastic electron scattering is 

h 



-■ 3.858361 X 10" ml s 



m c p a 



(35.130) 
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where p =0.567a = 3.000434 X 10 " m (Eq. (35.95)). The kinetic energy of the incident electron that scatters to form a 
hyperbolic electron is given by 

T = -my] (35.131) 

Thus, using the electron velocity v z (Eq. (35.130)), the kinetic energy, T , for resonant hyperbolic electron formation 
corresponding to the elastic scattering threshold is 



1 



myi = 42.3 eV 



(35.132) 



The velocities (Eq. (35.129)) and energies (Eq. (35.131)) corresponding to the fifteen states given by Eqs. (35.95), (35.102), 
(35.104), (35.106), (35.108), (35.110), (35.112), (35.114), (35.116), (35.118), (35.120), (35.124), (36.126), and (35.128) are 
listed in Table 35.1 with their corresponding radii and quantum numbers. 



Table 35.1. The theoretical velocities and 
hyperbolic electron formation given in increasing 



the kinetic energies of incident elastically scattered electrons for resonant 
; order of energy with the corresponding radii and quantum numbers of the 



n = 1 hyperbolic-electronic states. 



Peak # Theoretical Theoretical 
Hyperbolic- Velocity 
Electron {l{ f ^ 
Radius 



Theoretical 
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Kinetic 

— Energy — 

(eV) 



Quantum Numbers 

S p , £ , and m, 



(a ) 



0.5670 
0.5309 



3.8584 
4.1207 



42.32 
48.27 



0.4948 
0.4768 
0.4587 
0.4407 



4.4212 
4.5885 
4.7690 
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55.57 
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Hyperbolic electrons can also be formed by inelastic scattering wherein the difference between the incidence energy E i 
and the excitation energy E bm of the species with which the free electron collides is one of the resonant production energies T , 
one of the incident kinetic energies, given in Table 35.1. 

T = E i -E lms (35.133) 

The velocity function of the two-dimensional spherical hyperbolic electron is shown in color scale in Figure 35.5. The 
velocity distribution along the z-axis of a hyperbolic electron is shown schematically in Figure 35.6. With an incident electron 
kinetic energy of 42.3 eV , the formation of a hyperbolic electron by elastic free-electron scattering from an atom is shown in 
Figure 35.7. 



Figure 35.5. The hyperbolic electron is a two-dimensional 
spherical shell of mass (charge)-density having a velocity 
function that is maximum at the ± z-axis with 8 = and = tt 

and minimum at the in the xy-plane at 6> = — . 



Figure 35.6. The magnitude of the velocity distribution 
( v J ) on a two-dimensional sphere along the z-axis (vertical 
axis) of a hyperbolic electron. 
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Figure 35.7. Formation of a hyperbolic electron by free-electron having an energy of 42.3 eFelastically scattering from an 
atom. (A) The energy of the incoming electron is equal to 42.3 eV . (B) and (C) The electron is spherically distorted by the 
atom. (D) and (E) Momentum is conserved when each point of the surface acts as point source of the scattered electron 
according to Huygens's Principle. (F) The scattered electron called a hyperbolic electron comprises a spherical shell of 
mass(charge) density (Eqs. (35.72) and (35.73)) and has a velocity function whose magnitude is a hyperboloid (Eq. (35.67) or 
Eq. (35.75)). The velocity is shown in color scale with increasing velocity shown from green to red. 




The velocity is harmonic or imaginary as a function of 9 . Therefore, the gravitational velocity of the Earth relative to 
that of the hyperbolic electron is imaginary. This case corresponds to an eccentricity greater than one and a hyperbolic orbit of 
Newton's Law of Gravitation. The metric for the imaginary gravitational velocity is based on the center of mass of the 
scattering event. The Earth, helium, and the hyperbolic electron are spherically symmetrical; thus, the Schwarzschild metric 
(Eqs. (35.42-35.43)) applies. The velocity distribution defines a surface of negative curvature relative to the positive curvature 
of the Earth. This case corresponds to a negative radius of Eq. (35.41) or an imaginary gravitational velocity of Eq, (35.37). The 
lift due to the resulting repulsive gravitational force is given in the Hyperbolic-Electron-Based Propulsion Device section. 
According to Eq. (32.49) and Eq. (32.140), matter, energy, and spacetime are conserved with respect to creation of a particle 
which is repelled from a gravitating body. The gravitationally ejected particle gains energy as it is repelled. The ejection of a 
particle having a negatively curved velocity surface such as a hyperbolic electron from a gravitating body such as the Earth must 
result in an infinitesimal decrease in the radius of the gravitating body (e.g. r of the Schwarzschild metric given by Eq. (35.2) 
where m =M is the mass of the Earth). The amount that the gravitational potential energy of the gravitating body is lowered is 

equivalent to the energy gained by the repelled particle. The physics is time-reversible. The process may be run backwards to 
achieve the original state before the repelled particle such as a hyperbolic electron was created. 
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FIFTH-FORCE PROPULSION DEVICE 

It is possible to scatter an electron beam from atoms or molecules such that the emerging scattered electrons each have a velocity 
distribution with negative curvature. The emerging beam of electrons called "hyperbolic electrons" experience a fifth force, a 
repulsive gravitational force (on the Earth), and the beam will tend to move upward (away from the Earth). Hyperbolic electrons 
can be focused into a beam by electric and/or magnetic fields to form a hyperbolic electron beam. For propulsion or levitation 
use, the fifth force of the hyperbolic-electron beam must be transferred to a negatively charged plate. The Coulombic repulsion 
between the beam of electrons and the negatively charged plate will cause the plate (and anything connected to the plate) to lift. 
Figures 35.8 and 35.9 give a schematic of the components and operation of such a device, respectively. 

Figure 35.8. Schematic of the components of the system of a device that forms hyperbolic electrons by free-electron 
scattering and uses the Coulombic force of the gravitationally repelled electrons to act repulsively on a negatively-charged plate 
to transfer the fifth force to create lift. The system comprises an electron gun that ejects a beam of electrons which intersects an 
atomic beam from a gas source, a capacitor structurally attached to the craft to be lifted that receives the scattered hyperbolic 
electrons, a diffusion pump that collects and recirculates the atoms to the atomic beam, and a Faraday cup that collects and 
recirculates the electrons back to the electron beam. 




Figure 35.9. Schematic of the operation of a device that forms hyperbolic electrons by free-electron scattering and uses the 
Coulombic force of the fifth-force repelled electrons to act repulsively on a negatively-charged plate to transfer the fifth force to 
create lift, (i) A beam of electrons is generated and directed to the neutral atomic beam, (ii) Scattering of the electrons of the 
electron beam by the neutral atomic beam gives the electrons negative curvature of their velocity surfaces, and the electrons 
experience a fifth force (upward away from the Earth), (iii) The electrons, which would normally bend down toward the 
positive plate, but do not because of the fifth force, repel the negative plate and attract the positive plate, and transfer the fifth 
force, a repulsive force relative to the gravitational force, to the object to be lifted. 
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As shown schematically in Figures 35.8 and 35.9, the device to provide an repulsive gravitational force (fifth force) for 
levitation or propulsion comprises a gas jet of atoms or molecules and an energy-tunable electron gun that supplies an electron 
beam having electrons of a precise energy such that hyperbolic electrons form when scattered by the atoms. Preferably, the 
energy is 42.3 eV corresponding to an electron radius p =0.561 a Q or is the other energies and corresponding radii given in 

Table 35.1. Electrons having these resonant parameters may be scattered from a gas jet such as an atomic beam of helium atoms 
using the set up described by Bonham [11]. The gas jet and electron beam intersect such that each electron is scattered such that 
forms a spherical shell with a velocity distribution on the spherical surface that is a hyperboloid of negative curvature 
(hyperbolic electron). The hyperbolic electron beam passes into an electric field provided by a capacitor. The hyperbolic 
electrons experience a repulsive force from the gravitating body due to their velocity surfaces of negative curvature and are 
accelerated away from the center of the gravitating body such as the Earth. This upward force is transferred to the capacitor via 
a repulsive electric force between the hyperbolic electrons and the electric field of the capacitor. As shown by Eqs. (35.148- 
35.156), the filial velocity of the hyperbolic electron may be al an angle <f> from the horizontal axis, the axis perpendicular to the 
gravitational-force axis. This angle depends oil the angle y/ of the incident beam with respect to the horizontal axis as shown by 
Eq. (35.160) and Eqs. (35.142), (35.148), and (35.155). Thus, for control of the components offeree, energy, and power, the 
device further comprises a means to control the angle of the incident beam with respect to horizontal axis as well as a means to 
change the angle of the capacitors to preferably cause the propagation direction of the hyperbolic-electron beam at the angle ^ to 
be perpendicular to the plates. The capacitor is rigidly attached to the body to be levitated or propelled by structural attachments 
so that the repulsive force causes lift to the craft. Then, the spent hyperbolic electrons are collected in a trap such as a Faraday 
cup as described by Bonham [11] and recirculated to the electron beam. The atoms of the gas jet are also collected and 
recirculated using a pump. 
This hype r bolic-elect r on Coulombic force p r ovides lift to the capacito r due to the r e p ulsion of the hyperbolic elect r on 



from the Earth as it undergoes a trajectory through the capacitor. — The trajectory of hyperbolic electrons generated by the 
propulsion system can be found by solving the Newtonian inverse-square gravitational force equations for the case of a repulsive 
force caused by hyperbolic electron production. The trajectory follows from the Newtonian gravitational force and the solution 
of motion in an inverse-square repulsive field is given by Fowles [12]. The trajectory can be calculated rigorously by solving the 
orbital equation Irom the Schwarzschild metric (Eqs. (35.15-35.16)) tor a two-dimensional spatial velocity-density function of 
negative curvature which is produced by the apparatus and repelled by the Earth. — The rigorous solution is equivalent to that 
given for the case of a positive gravitational velocity given in the Orbital Mechanics section except that the gravitational velocity 
is imaginary and the magnitude is determined by the condition that the proper and coordinate times are matched. 
In the case of a velocity function having negative curvature, Eq. (32.78) becomes 

, 2GM\dt E „r,,,^ 

U — - (35.134) 



Idt 

where M is the mass of the Earth and m is the mass of the hyperbolic electron. Eq. (32.79) is based on the equations of motion 
of the geodesic, which in the case of an imaginary gravitation velocity or a negative gravitational radius becomes 



dr 



. 2GM n ^ 2 2 
1h o -7-1 m 2 c 2 



(35.135) 
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The repulsive central force equations can be transformed into an orbital equation by the substitution, u = — . The relativistically 
r 

corrected differential equation of the orbit of a particle moving under a repulsive central force is 

E] 22 



du\ 2 2 [c) mC m 2 c 2 (2GM\ (2GM\ 3 

+ u 2 =^^- 2 ^^H"-— H" (35.136) 
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By differentiating with respect to ff, noting that u = »(<9) gives 



d 2 u GM 3(2GM) 2 rc<im 
■dF + U= — -2{—) U (35 ' 137) 
wh e r e 

d^- (35.138) 

m 

In the case of a weak field, 
'2GM 



c 2 



w«\ (35.139) 



and the second term on the right-hand of (35.37) can then be neglected in the zero-order. The equation of the orbit is 

„ o ^I = ,4cos(0 + o )-^- (35.140) 
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, ta „ v GM 
a 



(35.141) 



where A and 8 denote the constants of integration. Consider E g , is the orbital energy of the electron with initial velocity v 
and kinetic energy E ; : 



v 1 
E, =—mv. 



(35.142) 



where m is the mass of the hyperbolic electron. Consider the trajectory of a hyperbolic electron shown in Figure 35.10. The 
orbit equation may also be expressed in terms of E s and E o as given by Fowles [13] 

„_ GmM 



-1 + 



1 + 



{GMmf 

2pE,E l 



cos 



(*-<%) 



(35.143) 



-\ + (l + 4E?E Q 2 )'- cos(0-0 o ) 

where the constant a = — — is expressed in terms of another parameter p called the impact parameter. The impact parameter is 

m 

the perpendicular distance from the origin (deflection or scattering center) to the final line of motion of the hyperbolic electron 
corresponding to a trajectory with die same initial parameter as shown in Figure 35.10. The relationship between a , the angular 
momentum per unit mass, and v , the initial velocity of the hyperbolic electron, is 

a = \rxv\=pv (35.144) 

In a repulsive field, the energy is always greater than zero. Thus, the eccentricity e, the coefficient of cos(<9-# ), must be 

greater than unity (e > 1 ) which requires that the orbit must be hyperbolic. 

Figure 35.10. Hyperbolic path of a hyperbolic electron of mass m in an inverse-square repulsive field of a gravitating body 
comprised of matter of positive curvature of the velocity surface of total mass M . 




Hyperbolic Path 



As shown in Figure 35.10, the electron approaches along one asymptote and recedes along the other. The direction of the polar 
axis is selected such that the initial position of the hyperbolic electron is 6 = , r = <x. According to either of the equations of 
the orbit (Eq. (35.141) or Eq. (35.143)) r assumes its minimum value when cos {&- <9 ) = 1 , that is, when = O . Since r = cc 

when 8 = , then r is also infinite when 6 = 2<? . Therefore, the angle between the two asymptotes of the hyperbolic path is 
2d , and the angle ^ through which the incident hyperbolic electron is deflected is given by 

<j>=7t-26 (35.145) 

Furthermore, the denominator of Eq. (35.143) vanishes when 6 = and = 2d . Thus, 



-l + (l + 4£ / 2 £- 2 ) 2 cos(0 o ) = O 
Using Eq. (35.145) andEq. (35.146), the scattering angle, ^, is given in terms of 9 as 



(35.146) 
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tanft = — L = cot— 



And, the scattering angle, <j> , is 



(35.147) 



E a 
■ 2 arctan — — 

IE, 



(35.148) 



Next, the orbital energy E of the hyperbolic electron following its production is determined using Eqs. (35.134) and (32.42). 
Consider F,q. (32.42) for the conditions of hyperbolic electron production: 



dz = dt 



l _]£m ± 



,.i\ 



(35.149) 



Substitution of Eq. (35.149) into Eq. (35.134) gives 



2GM 



r„c 



mc 



(35.150) 



2Gm„ 



.2\ 



where r* is the production radius. The gravitational velocity of the Earth for hyperbolic electron production in the laboratory 



frame, v , is 

Se 



2GM 



(35.151) 



Then, Eq. (35.150) becomes 



^2^ 



1 + 



mc 



■ = E 



(35.152) 



Se 



V J 

The proper and coordinate times are synchronous when 

\ E = V 
Substitution of Eq. (35.153) into Eq. (35.152) gives 

mc I 1 + - 



(35.153) 
(35.154) 



Using Eq. (35.154) and Eqs. (33.12-33.14), the orbital energy is 



E n fa I m n C 2 H fftr^ 



4+ 



- m n c 



f»— m„v +mc 



(35.155) 



>-m n v 



With the substitution of E l and E o given by Eqs. (35.142) and (35.155) into Eq. (35.148), the scattering angle, <j> , is 



($ = 2 arctan - 



^ 1 

2 2 W o v 



= 2arctan- = 112.6° 

2 



(35.156) 



The scattering distribution of hyperbolic electrons given by Eq. (35.56) is centered at a scattering angle of (j> given by 
Eq. (35.156). With the condition z :j = p :j =r , the elastic electron scattering intensity at the far field angle & is determined 



hy_ 



the boundary conditions of the curvature of spacer! me due to the presence of a gravitating body and the constant maximum 
velocity of the speed of light. The far field condition must be satisfied with respect to electron scattering and the gravitational 
orbital equation. The former condition is met by Eq. (35.56) and Eq. (35.57). The latter is met by Eqs. (35.148-35.156) where 
the far field angle © is centered about the hyperbolic gravitational trajectory at angle <f> (Eq. (35.156)) which further determines 



that the corresponding impact parameter p for each electron is given by Eq. (35.158). 
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The elastic scattering condition is possible due to the large mass of the helium atom and the Earth relative to the electron 
wherein the recoil energy transferred during a collision is inversely proportional to the mass as given by Eq. (2.144). According 
to l±qs. (32.48), (32.140) and (32.43 J, matter, energy, and spacetime are conserved with respect to creation of the hyperbolic 
electron which is repelled from a gravitating body (e.g. the Earth). The ejection of a hyperbolic election having a negatively 
curved velocity surface from the Earth must result in an infinitesimal decrease in the radius of the Earth (e.g. r of the 
Schwarzschild metric given by Eq. (35.2) where m =M is the mass of the Earth, 5.98 X 10 24 kg). The amount that the 
gravitational potential energy of the Earth is lowered is equivalent to the total energy gained by the repelled hyperbolic electron. 
Momentum is also conserved for the electron, Earth, and helium atom wherein the gravitating body that repels the hyperbolic 
electron, the Earth, receives an equal and opposite change of momentum with respect to that of the electron. 5 

As given in the leptons section, at particle production, the production photon and created gravitational field front are at 
light velocity, the particle velocity must be the Newtonian gravitational escape velocity, its energy is zero, and its trajectory is a 
parabola. In contrast, hyperbolic electron production results in a negatively-curved velocity surface wherein the mass at the 
extremes approaches light speed. — Thus, the hyperbolic-electron-production radius in the light-like frame r" is given by the 
particle-production condition given in the Gravity section, the maximum speed of light at hyperbolic-electron-production for the 
photon that provides the force balance (Eqs. (35.94), (35.101), (35.103), (35.105), (35.107), (35.109), (35.111), (35.113), 
( 35.1 1 5), (35. 1 1 7) , (35. 119) , (3 5 .1 21) , (35.1 23), (35.12 5) , and ( 3.5.1 2 7)) and the corresponding outgoing gravi t ational fi eld fr ont. 
In this case, the Earth's gravitational velocity is also equal to the speed of light in the production frame. The gravitational 
velocity of the Earth for hyperbolic electron production in the production frame, v* , is 



2GM «<i<<n 

— ^— = c (35.157) 

-^ 

Th e n, th e hyp e rbolic- e l e ctron-production radius is 

r - = ^£ = r ^ =888X10 -3 m (35.158) 

where r is the gravitational radius given by Fq. (35.41). The corresponding production time t is 



2;rr" AnUM 2nr g 2^(8.88* 1(T 3 /;/) 



t-- *- = . = s - = i '- = \%6X 10" lu j (35.159) 

c c c c 

The incident velocities for hyperbolic electron production are given by (Eq. (35.129)) and Eqs. (35.95), (35.102), 

(35.10 1 ), (35.106), (35.108), (35.110), (35.112), (35.11 1 ), (35.116), (35.118), (35.120), (35.12 4 ), (36.126), and (35.128); 

however, in each case, the hyperbolic electron trajectory and energy E a is dependent on the direction of the incident velocity. 

With the vector direction of the initial velocity defined with respect to the horizontal axis, the axis perpendicular with the radial 

1 ■> 
gravitational-force vector, the initial velocity in the — m v term of E (Eq. (35.155)) and E i (Eq. (35.142)) for the 

determination of the scattering angle using Eq. (35.148) is 

v = v cos^ (35.160) 

where i// is the angle from the horizontal axis towards the radial axis. In the case that y/ = 90° , E a = m v 2 , and E i along the 

h orizontal a xis (E q. (35 , 14? ))is 0, ^ = 1 80° , Th us, the i n cident electron propagating along the r adial a x is is directed ve rtically 
following the production of a hyperbolic electron. This aspect of the behavior of hyperbolic electron production is permissive of 
means to control the energy and power selectively applied to the horizontal and vertical axes to control the motion of a fifth- 
force-driven craft. For example, consider the case that the incident electron velocity is 3.8584 X 10 6 ml s as given by Eq. 
(35.130) and y/ = 0° , Then according to Eq. (35.156), ^ = 1 12.6° . The corresponding hyperbolic-electron velocity corresponding 
3 ~ 



to the e n e rgy E & —m v at this angl e is 




:>/3(3.86X \0 6 ml s) = 6.69 X 10" mis (35.161) 



The projection v.. in the direction opposite to the initial velocity along the horizontal axis is 



\ h = vcos^ = (6.69 X 10 6 m/s)cos(l 12.6°) = -2.57 X 10 6 ml s (35.162) 

The projection v v in the direction along the radial or vertical axis is 

v v =vsini> = (6.69X10 6 m/5)sin(ll2.6°) = 6.18X10 6 «/s (35.163) 



The corresponding energies E h and E v are 



' Causing a satellite to follow a hyperbolic trajectory about a gravitating body is a common technique to achieve a gravity assist to further propel the 
satellite. In this case, the energy and momentum gained by the satellite are also equal and opposite those lost by the gravitating body. 
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E k =-«o v * =-m Q {2.51 X 10 6 mis) 2 =18.8eF (35.164) 

E v = - m y 2 h = -m (6.18 X\<f mis) 1 = 108.6 eV (35.165) 

These horizontal and vertical components can be directed to horizontally translate and lift of a craft, respectively. 

For example, with an initial energy of T = 42.3 eV , the final kinetic energy of each hyperbolic electron that may be 
imparted to lifting the device is E v =108.6 eV according to Eq. (35.165). With a beam current of 10 5 amperes achieved by 
multiple beams such as 100 beams each providing 10 5 amperes, the power transferred to the device P FF is 

10 5 coulomb v 1 electron v 108.6 eV v 1.6 X 10"J inni „„ ,-.<- 1£ ~ 

P FF = X X X = 10.9 MW (35.166) 

sec 1.6X10 coulombs electron eV 

The power dissipated against gravity P G is given by 

P G =m e gv c (35.167) 

where m c is the mass of the craft, g is the acceleration of gravity, v c is the velocity of the craft. In the case of a 10 4 kg craft, 

10.9 MW of power provided by Eq. (35.166) sustains a steady lifting velocity of 111 mlsec . Thus, significant lift is possible 

using hyperbolic electrons. 

In the case of a 10 4 kg craft, F , the gravitational force is 



g 
m 
sec 



F g =m c g = (l0 i kg) 9.8 -^ =9.8 X 10 4 N (35.168) 



where m.^ is the mass of the craft and g is the standard gravitational acceleration. The lifting force may be determined from the 

gradient of the energy which is approximately the energy dissipated divided by the vertical (relative to the Earth) distance over 
which it is dissipated. The fifth force provided by the hyperbolic electrons may be controlled by adjusting the electric field of 
the capacitor. For example, the electric field of the capacitor may be increased such that the levitating force overcomes the 
gravitational force. The electric field of the capacitor, E , may be constant and given by the capacitor voltage, V mp , divided by 

the distance between the capacitor plates, d , of a parallel plate capacitor. 

E cap =^-f (35.169) 

In the case that V cap is 10 6 V and d is 1 m , the electric field is 

10 6 V 
Ec V = JLJL (35-170) 

m 

The force of the electric field of the capacitor on a hyperbolic electron, F e!e , is the electric field, E , times the fundamental 
charge 

F de =eE cap ={\.6 X 10 19 C)[l0 6 — ) = 1.6 X 10 13 TV (35.171) 

The distance traveled away from the Earth, Ar , by a hyperbolic electron having an energy of E = 1 08.6 p.V = 1 .74 X 1 0~ 17 J is 
given by the energy divided by the electric field F ele 

Ar= — = L74X10 J =1.09X10-" m = 0.109mw (35.172) 

F ele l.6X\Q- 13 N 



The number of electrons N e is given by 



N e = (35.173) 

where / is the current, e is the fundamental electron charge, v e is the hyperbolic electron velocity, r t is the length of the 
current. Substitution of / = 10 5 A , v e =v v = 6.18 X 10" mis, (Eq. (35.163)) and \ = Ar z = 1.09 X 10~ 4 m (Eq. (35.172)), the 
number of electrons is 

N e = 9.27 X 10 20 electrons (35.174) 

The fifth force, F FF , is given by multiplying the number of electrons (Eq. (35.174)) by the force per electron (Eq. (35.171)). 

F FF = N e F e =(9 . 21 X 10 20 e lectrons)^ .6 X W n /v)=1 . 48 X 10 8 N (35. 17 5) 

wherein the force F FF acts over the distance Ar z = 0.109 mm. Thus, this example of a fifth-force device may provide a 
levitating force that is capable of overcoming the gravitational force on the craft to achieve a maximum vertical velocity of 
1 1 1 m I sec as given by Eq. (35.167). The hyperbolic electron current and the electric field of the capacitor may be adjusted to 
control the vertical acceleration and velocity. 
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The current may be dramatically reduced when the hyperbolic electrons have a long half-life. The fifth force per 
hyperbolic electron is given by the energy such as those in Table 35.1 and Eq. (35.155) divided by the production radius given 
by Kq. (35.158). the number of hyperbolic electrons needed to levitate a craft of a given mass is given by the gravitational force 
on the craft (F = mg) divided by the fifth force per hyperbolic electron. Then, the incident current is given by the number of 
hyperbolic electrons times the fundamental charge e divided by the hyperbolic-electron half- life. 

Levitation by a fifth force is orders of magnitude more energy efficient than conventional rocketry. In the former case, 
the energy dissipation is converted directly to gravitational potential energy as the craft is lifted out of the gravitation field. 
Whereas, in the case of rocketry, matter is expelled at a higher velocity than the craft to provide thrust or lift. The basis of 
rocketry's tremendous inefficiency of energy dissipation to gravitational potential energy conversion may be determined from 
the thrust equation. In a case wherein external forces including gravity are taken as zero for simplicity, the thrust equation is 
[14] 

ftt 

v = v a + V\n-^- (35.176) 
m 

where v is the velocity of the rocket at any time, v is the initial velocity of the rocket, m is the initial mass of the rocket plus 

unburned fuel, m is the mass at any time, and V is the speed of the ejected fuel relative to the rocket. Owing to the nature of 
the logarithmic function, it is necessary to have a large fuel to payload ratio in order to attain the large speeds needed for satellite 
launching, for example. 

MECHANICS 

A fifth-force device as shown in Figures 35.8 and 35.9 can cause radial motion relative to the gravitating body such as the Earth. 
The corresponding motion in the vertical direction is defined as along the z-axis. It is also important to devise a means to cause 
translation in the transverse or horizontal direction, the direction tangential to the gravitating body's surface defined as the xy- 
plane. Consider that a vertical component and, depending on the direction of the incident beam, a horizontal component of the 
power of the hyperbolic-electron beam is also transferred to the craft as the hyperbolic electrons are deflected upward by the 
gravitating body as shown by Eqs. (35.162 - 35.165). The power and momentum conservation is achieved with the equal and 
opposite momentum and power changes in the gravitating body. The electrons move rectilinearly until being elastically 
scattered from an atomic beam to form hyperbolic electrons that are deflected in a trajectory with controllable radial and 
transverse components relative to the center of the gravitating body. This latter power may be used to cause the craft to spin in 
the case that the devices are located peripherally with regard to the craft, and the resulting spin may be used to translate the craft 
in a direction tangential to the gravitating body's surface. The rotational kinetic energy can be converted to translational energy 
as shown in d e tail infra. 

For example, using multiple devices of controllable vertical lift, the fifth force can be made variable in any direction in 
the xy-plane of an aerospace vehicle to be tangentially accelerated such that the spinning vehicle can be made to tilt to change 
the direction of its spin angular momentum vector. Conservation of angular momentum stored in the craft along the z-axis 
results in horizontal acceleration. Thus, the vehicle to be tangentially accelerated possesses a cylindrically or spherically 
symmetrically rotatable mass having a moment of inertia that serves as a flywheel. The flywheel is rotated by the horizontal 
component of power that is generated and transferred to the craft by controlling the angle of the incident electron beam and the 
orientation of capacitors to transduce the forces of the deflected hyperbolic-electron beam to impart a controlled angular 
momentum to the craft. By controlling the vertical forces in the xy-plane by controlling a plurality of fifth-force devices located 
around the perimeter of the craft, an imbalance can be controllably created to tilt the craft and cause a precession resulting in 
horizontal translation of the craft. The fifth-force devices can also be controlled to cause the craft to follow a hyperbolic orbit 
about a gravitating body to achieve a gravity assist to further propel the craft. Alternatively, the electron beam can serve the 
additional function of a direct source of transverse acceleration. Thus, it may function as an ion rocket. 

Consider the mechanics of using conservation of angular momentum generated and stored in the craft to achieve 

tangential mobility. The vehicle is levitated using the fifth-force system to overcome the gravitational force of the gravitating 
body (e.g. Earth) while a horizontal component of power causes the craft to spin where the levitation and rotation is such that the 
angular momentum vector of the flywheel is parallel to the radial or central vector of the gravitational force of the gravitating 
body (z-axis). Then at altitude, the angular momentum vector of the flywheel is forced to make a finite angle with the radial 
vector of gravitational force by tuning the symmetry of the levitating forces provided by a fifth-force apparatus comprising 
multiple elements at different spatial locations on the vehicle. A torque is produced on the flywheel as the angular momentum 
vector is reoriented with respect to the radial vector due to the interaction of the central force of gravity of the gravitating body, 
the resultant fifth force of the apparatus, and the angular momentum of the flywheel device. The resulting acceleration, which 
conserves angular momentum, is perpendicular to the plane formed by the radial vector and the angular momentum vector. 
Thus, the resulting acceleration is tangential to the surface of the gravitating body. 

Large translational velocities are achievable by executing a trajectory which is vertical followed by a transverse 



precessional translation with a large radius. The latter motion is caused by tilting the spinning craft to cause it to precess with a 
radius that increases due to the transverse force provided by the horizontal component of the hyperbolic-electron beam and the 
acceleration caused the variable imbalance in the gravitational and fifth forces in the transverse or xy-plane. For example, the tilt 
is provided by the activation and deactivation of multiple fifth-force devices spaced so that the desired torque perpendicular to 
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the spin axis is maintained while the craft also undergoes a controlled fall, which increases the precessional radius. 

During the translational acceleration in the xy-plane, energy stored in the flywheel is converted to kinetic energy of the 
vehicle. As the radius of the precession goes to infinity the rotational energy is entirely converted into transitional kinetic 
energy. The equation for rotational kinetic energy, E R , and translational kinetic energy, E T , are given as follows: 



* 2 
where I is the moment of inertia and co is the angular rotational frequency; 

t T = — mv 

T 2 



(35.177) 



(35.178) 



where m is the total mass and v is the translational velocity of the craft. The equation for the moment of inertia, / , of the 
flywheel is given as: 

/ = 2>v 2 (35.179) 

where m i is the infinitesimal mass at a distance r from the center of mass. Eqs. (35.177) and (35.179) demonstrate that the 

rotational kinetic energy stored for a given mass is maximized by maximizing the distance of the mass from the center of mass. 
Thus, ideal design parameters are cylindrical symmetry with the rotating mass, flywheel, at the perimeter of the vehicle. 

The equation that describes the motion of the vehicle with a moment of inertia, / , a spin moment of inertial, I s , a total 
mass, m , and a spin frequency of its flywheel of S is given as follows [15]: 

mgl sin 9 = 19 + I s S<j> sin - 10 2 cos 9 sin 9 (35.1 80) 



= /—| «Ssin0 
dt 



■I s S9+I90cos9 



(35.181) 



= / s 5 (35.182) 

The schematic for the parameters of Eqs. (35.180-35.182) appears in Figure 35.11 where 9 is the tilt angle between the radial 
vector and the angular momentum vector, 9 is the acceleration of the tilt angle 9, g is the acceleration due to gravity, / is the 
height to which the vehicle levitates, and ij> is the angular precession frequency resulting from the torque which is a consequence 
of tilting the craft. 

Figure 35.1 1 . Schematic of the forces on a spinning craft which is caused to tilt. 

7 



■trig cos 6 




Eq. (35.182) shows that 5, the spin of the craft about the symmetry axis, remains constant. Also, the component of the angular 
momentum along that axis is constant. 

L. = I s S = constant (35.183) 

Eq. (35.181) is then equivalent to 



=— (r<j>sm 1 9 + I,Scos9) 
dt x 



(35.184) 



so that 

/^sin 2 9 + I s Scos9 = B = constant (35.185) 

If there is no drag acting on the spinning craft to dissipate its energy, E , then the total energy, E , equal to the kinetic, T , and 
potential, V , remains constant: 

-{lcol+hol+I s S 2 ) + mglcos9 = E (35.186) 
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or equivalently in terms of Eulerian angles, 
-[W 1 + I0 2 sin 2 8 + I S S 2 ) + mgl cosd-E (35.187) 

From Eq. (35.185), <j> may be solved and substituted into Eq. (35.187). The result is 

1 ., (B-IScos9) 2 1 , 

-I9 2 +± s —, >— + -IS 2 +mglcos8 = E (35.188) 

2 2/sin 2 fl 2 * 

which is entirely in terms of 9 . Eq. (35.188) permits 9 to be obtained as a function of time t by integration. The following 

substitution may be made: 

m =cos# (35.189) 

Then 

u=-(sm9)9 = -(\-u 2 )" ? 9 (35.190) 



Eq. (35.188) is then 

it 2 ={\-u 2 )(2E-I s S 2 -2mglu)r l -(B-I s Su) 2 F 1 (35.191) 

or 

u 2 = f(u) (35.192) 

from which u (hence 9) may be solved as a function of t by integration: 

t=\-fi = (35.193) 

LfM — - 

In Eq. (35.163), f(u) is a cubic polynomial, thus, the integration may be carried out in terms of elliptic functions. Then, the 
precession velocity, <j> , may be solved by substitution of 9 into Eq. (35.185) wherein the constant B is the initial angular 
momentum of the craft along the spin axis, 7^5* given by Eq. (35.183). The radius of the precession is given by 

R = lsm0 (35.194) 

And the linear velocity, v, of the precession is given by 

v = R(j> (35.195) 

The maximum rotational speed for steel is approximately 11 00m /sec [16]. For a craft with a radius of 10m, the 

corresponding angular velocity is . In the case that most of the mass of a 1 4 kg was at this radius, the initial rotation 

sec 

energy (Eq. (35.177)) is 6 X 10 9 J . As the craft tilts and changes altitude (increases or decreases), the vertical force imbalance 

in the xy-plane pushes the craft away from the axis that is radial with respect to the Earth. For example, as the craft tilts and 

falls, the created imbalance pushes the craft into a trajectory, which is analogous to that of a gyroscope as shown in Figure 35.1 1. 

From Figure 35.1 1, the force provided by the fifth force along the tilted z-axis (mg cos 9) may be less than the force to counter 

that of gravity on the craft. From Eq. (35.185), the rotational energy is transferred from the initial spin to the precession as the 

angle 9 increases. From Eq. (35.186), the precessional energy may become essentially equal to the initial rotational energy plus 

the initial gravitational potential energy. Thus, the linear velocity of the craft may reach approximately 1100 m/sec (2500 mph). 

During the transfer, the craft falls approximately one half the distance of the radius of the precession of the center of mass about 

the Z - axis. Thus, the initial vertical height, /, must be greater. 

In the cases of solar system and interstellar travel, velocities approaching the speed of light may be obtained by using 

gravity assists from massive gravitating bodies wherein the fifth-force capability of the craft establishes the desired trajectory to 

maximize the assist. 

EXPERIMENTAL 

Hyperbolic electrons are formed by scattering at the energies given in Table 35.1 wherein the scattering is elastic. The minimum 
elastic scattering threshold for the formation of hyperbolic electrons is given by Eq. (35.132). Hyperbolic electrons can also be 
formed by inelastic scattering wherein the difference between the incidence energy E i and the excitation energy E loss of the 
species with which the free electron collides is one of the resonant production energies T (Eq. (35.133)), one of the kinetic 
energies given in Table 35.1. Thus, free-electrons made incident on and elastically scattered from target species such as noble- 
gas atoms (e.g. He, Ne, Ar , Kr , and Xe) or molecules (e.g. H 2 and N 2 ) are anticipated to form hyperbolic electrons that 

accelerate away from the center of the Earth at a threshold energy of 42.3 eV and the additional resonance energies given in 
Table 35.1 . And, the fifth - force effect will occur at higher incident electron energy as hyperbolic electrons form according to the 
resonance condition of Eq. (35.133) due to incident-electron energy loss. The loss may be due to excitation or recoil energy 
transfer to the collision target, such as a noble gas atom, until a resonant energy given in Table 35.1 for the scattered free- 
electrons can no longer be achieved. In the case of a resonant elastic excitation, distinct peaks in the upward-deflected-beam 
current of an electron are predicted at the incident energies given in Table 35.1. These predictions have been confirmed 
experimentally. 
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EXPERIMENTAL APPARATUS TO CREATE A FIFTH FORCE 

The experimental set up for scattering an electron beam from a crossed atomic beam and measuring the fifth-force deflected 
beam as the normalized current at a top electrode relative to a bottom electrode is shown in Figure 35.12. The side, top, and 
inside views of the fifth-force testing apparatus are shown in Figures 35.13, 35.14, and 35.15, respectively. The beams and 
electrodes were housed in a stainless steel chamber with two cylindrical // -metal shields to eliminate the influence of the Earth's 
magnetic field. The inner //-metal cylinder had a diameter of 50 mm, and the outer //-metal cylinder had a diameter of 130 
mm. The electron gun was a Kimball Physics ELG-2 (5-2 keV, 1 nA - 10 /iA). In the energy region of 20-160 eV , the 
typical electron beam spot size was about 0.5 mm at a working distance of 20 mm, the half-width and accuracy of the beam 
energy were both about ±1 eV , and the incident beam current was in the range of 100 nA - 1 pA . A noble-gas atomic beam or 

molecular beam was produced by flowing the gas (He, Ne, Ar, Xe, H 2 ,or N 2 ) into the chamber through a gas nozzle made 
of quarter inch OD stainless steel tubing and having a 10 micron-diameter orifice positioned 30 mm from the tip of the electron 
gun. The chamber vacuum pressure before introducing the gas was 5 X W 1 Torr. The chamber pressure with the introduction 
of the atomic beam was typically in the range of 1 .5 X 10~ 5 to 6 X 10" 3 Torr. The pressure was adjusted to optimize the fifth- 
force effect. A Faraday cup collected the undeflected portion of the beam. With low charging at the electrodes, the peak current 
deflected away from the Faraday cup was up to 60% of the incident current observed as peaks at specific energies. 

Figure 35.12. Schematic of the apparatus for scattering an electron beam from a crossed atomic or molecular beam and 
measuring the fifth-force deflected beam as the normalized current at a top electrode relative to a bottom electrode. 
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The 20 x 15 mm molybdenum plate electrodes were positioned above and below the beam path perpendicular to the 
gravitation-force line of the Earth with a separation of 40 mm and positioned 100 mm and then 50 mm from the gas nozzle to 
test the fifth force in the far field and near field, respectively. A small Faraday cup to measure the axis beam intensity was 
positioned 130 mm from the molybdenum plates in the direction of electron beam axis. The scattering angles were about 10-13° 
and 18-27° for the 100 mm and 50 mm position, respectively. The upper and bottom plates were each connected to a pico- 
ammeter for current measurement. Before introducing the gas into the chamber, the axial electron beam intensity was optimized 
for each energy position as the energy was stepped over the range of 10 eV to 160 eV at 1 eV intervals with a dwell time of 5 
seconds per position. The electron beam energy, electron gun focusing, and beam deflection voltages were controlled by the 
power supply system and PC software. The scattering current intensities at both electrodes were recorded as a function of the 
electron beam energy. 
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Figure 35.13. Side view of the apparatus for scattering an electron beam from a crossed atomic or molecular beam and 
measuring the fifth-force deflected beam. 




Figure 35.14. Top view of the apparatus for scattering an electron beam from a crossed atomic or molecular beam and 
measuring the fifth-force deflected beam. 
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Figure 35.15. Inside view of the apparatus for scattering an electron beam from a crossed atomic or molecular beam and 
measuring the fifth-force deflected beam showing the electron gun, gas nozzle, and top and bottom electrodes. 




RESULTS AND DISCUSSION OF TESTS ON THE FIFTH FORCE 

FAR-FIELD RESULTS 

The current at the upper electrode normalized by that at the bottom electrode when the electron beam was incident with a helium, 
neon, argon, krypton, and xenon atomic beam and a hydrogen and nitrogen molecular beam compared to the absence of the 
atomic beam at a flight distance of 100 mm is shown in Figures 35.16-35.22, respectively. No energy-dependent bias in the 
beam current was present as indicated by the flat ratio of upper and bottom electrode currents in the absence of the atomic or 
molecular beam. The ratio was close to unity over the measured energy range for all experiments involving controls of all gases 
indicating that the beam was well centered. In contrast, when the atomic or molecular beam was introduced, a striking upward 
deflection of the beam was observed as an increased current at the upper and a decreased at current at the lower electrode giving 
a normalized ratio significantly greater than that in the absence of the atomic beam. Furthermore, a series of peaks were 
observed that matched the theoretical predictions for the formation of some of the hyperbolic-electronic states given in Table 
35.1. The peak assignments for helium, neon, argon, krypton, xenon, hydrogen and nitrogen are given in Tables 35.2-35.8, 
respectively. Peaks with an expected high transition probability such as that corresponding to the «=1 S state at 64.7 eV 
were strong; whereas, peaks involving low probability such as the 48.3 eV peak corresponding to the 
(f = m f =0) + (f = l m ( =0) state involving a double excitation were low. The fifth-force effect continued at higher 
incident electron energy with decreasing intensity in agreement with the decreased cross section for energy loss to match the 
condition of Eq. (35.133). 

Typically, the peak intensities were a maximum at a pressure of about 3.5 X 10 3 Torr and a beam current of about 100 
nA. Furthermore, it was observed that the intensity of the hyperbolic-electronic-state peaks decreased in intensity after the first 
scan and the lower-intensity spectrum was extremely reproducible thereafter. This observation was found to be due to the 
differential deflection that gives a charging differential. Once charging occurred, greater intensity peaks were observed as the 
pressure was increased over a range of about a factor of two since the gas partially discharged the electrodes. The charging 
effect could also be partially compensated for with an increase in beam current over a range of 30% since it increased the upward 
current due to the higher probability for electron scattering as the number of electrons increases. Since the ratio of the beam 
currents in the absence of the atomic or molecular beam was observed to be about one over the energy range and energy peaks 
are observed, the charging does not eliminate the fifth-force effect, but only dampens it. It was also found that inelastic 
interference was not a significant issue in observing the predicted resonant peaks corresponding to the fifth-force effect, even in 
the case of scattering from a molecular beam in the far field. Molecules have many continua bands in their absorption spectra. 
But, inelastic scattering of the incident electron beam using a molecular beam was not appreciable as shown by the observation 
of intense resonant peaks shown in Figures 35.21 and 35.22. 
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HELIUM 



Figure 35.16. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a crossed 
helium beam (blue curve) compared to the same ratio in the absence of the helium atomic beam (red curve) at a flight distance of 
100 mm. A significant fifth-force effect was observed. 
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Table 35.2. The assignment of the incident electron energy peaks observed in the nonnalized upwardly deflected electron 
beam elastically scattered from a helium atomic beam to theoretical energies and the corresponding quantum numbers of n - 1 
resonant hyperbolic-electronic states. 



Peak# 


Observed 


Theoretical 


Quantum Numbers 




Peak 


Threshold 


S„ , I , and in. 




Energy 


Kinetic Energy 






(eV) 


(e-V) 





1 


47 


42.32 


i = o m t = 


3 


55 


55.57 


I = 1 m, = 


5 


65 


64.65 


S , 
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NEON 

Figure 35.17. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed neon beam (blue curve) compared to the same ratio in the absence of the neon atomic beam (red curve) at a flight 
distance of 100 mm. A significant fifth-force effect was observed. The S hyperbolic-electronic state at 66 eV dominated the 

spectrum indicating that the neon atom's electronic transitions do not interfere significantly with the resonant production of 
hyperbolic electrons of this state at the corresponding energy. 
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Table 35.3. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a neon atomic beam to theoretical energies and the corresponding quantum numbers of n = 1 
resonant hyperbolic-electronic states. 



Peak# 


Observed 

Peak 

Energy 

(,eV) 


Theoretical 

Threshold 

Kinetic Energy 

(eV) 




Quantum Numbers 
S^,, i ,and m t 


1 


45 


42.32 




£ = m, = 


3 


55 


55.57 




t ■ = 1 m e = 


5 


66 


64.65 




s, 


6 


72 


70.06 


s f 


+ (f = l m t =l) 


7 


78 


76.17 




/ = 1 m ( =\ 
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ARGON 

Figure 35.18. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a crossed 
argon beam (blue curve) compared to the same ratio in the absence of the argon atomic beam (red curve) at a flight distance of 
100 mm. A significant fifth-force effect was observed. All of the lower-energy hyperbolic-electronic-state transitions of Table 
35.1 were observed at their anticipated relative intensities indicating that the argon atom's electronic transitions do not interfere 
significantly with the resonant production of hyperbolic electrons. 
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Table 35.4. The assignment of the incident electron energy peaks observed in the nonnalized upwardly deflected electron 
beam elastically scattered from an argon atomic beam to theoretical energies and the corresponding quantum numbers of « = 1 
resonant hyperbolic-electronic states. 



Peak* 


Observed 

Peak 

Energy 


Theoretical 

Threshold 

Kinetic Energy 

(eV) 


Quantum Numbers 
S , £ , and m t 




1 


45 


42.32 


£ - m, = 




2 


44 


48.27 


(1 = m, =0) + (/ = 1 m, 


= 0) 


3 


55 


55.57 


t = \ m ,,=Q 




4 


59 


59.85 


S p + (f = \ m t = 0) 




5 


67 


64.65 


s , 




6 


72 


70.06 


S, + (/ = ] m t =l) 




7 


7S 


76.17 


f = \ m =1 
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KRYPTON 

Figure 35.19. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed krypton atomic beam (blue curve) compared to the same ratio in the absence of the atomic beam (red curve) at a flight 
distance of 100 mm. A significant fifth- force effect was observed as a dominant peak corresponding to the minimum energy 
hyperbolic-electronic state. 
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Table 35.5. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a krypton atomic beam to theoretical energies and the corresponding quantum numbers of n = 1 
resonant hyperbolic-electronic states. 



Peak;/ 


Observed 

Peak 

Energy 

(eV) 


1 hcorctical 

Threshold 

Kinetic Energy 

{eV) 




Quantum Numbers 
S , I ,and m t 


1 


45 


42.32 




/ = m c = 


3 


S5 


55.57 




t = 1 m, = 


4 


60 


59.85 


S P 


+ ( i =1 m t = 0) 


5 


67 


64.65 




S , 


6 


7^ 


70.06 


s 


+ (/ = 1 m e = \) 
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XENON 

Figure 35.20. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed xenon beam (blue curve) compared to the same ratio in the absence of the xenon atomic beam (red curve) at a flight 
distance of 100 mm. As in the case with krypton, a significant fifth-force effect was observed as a dominant peak corresponding 
to the minimum energy hyperbolic-electronic state. 
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Table 35.6. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a xenon atomic beam to theoretical energies and the corresponding quantum numbers of n - 1 
resonant hyperbolic-electronic states. 



Peak# 


Observed 

Peak 

Energy 

(eV) 


Theoretical 

Threshold 

Kinetic Energy 

(eV) 


Quantum Numbers 

S , I , and m, 


1 


46 


42.32 


£ = m f =0 


4 


60 


59.85 


S p + ( t =1 m, = 0) 


5 


67 


64.65 


S , 


6 


72 


70.06 


S p + (£ = ] m f =\) 


7 


78 


76.17 


£ = ] m,=\ 
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MOLECULAR HYDROGEN 



Figure 35.21. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a crossed 
hydrogen molecular beam (blue curve) compared to the same ratio in the absence of the H 2 molecular beam (red curve) at a 

flight distance of 100 mm. A significant fifth-force effect was observed. The S p hyperbolic-electronic state at 67 eV 

dominated the spectaim similar to the case of neon. 



80 



70- 
60- 

o 

£ 50- 

c/> 40- 

c 



67 




60 80 100 120 

E beam energy eV 



140 



160 



Table 35.7. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a hydrogen molecular beam to theoretical energies and the corresponding quantum numbers of 
n = 1 resonant hyperbolic-electronic states. 



Peak# 


Observed 

Peak 

Energy 

(eV) 


Theoretical 

Threshold 

Kinetic Energy 

(eV) 




Quantum Numbers 

S , f,and m, 


1 


45 


42.32 




( = m, = 


3 


55 


55.57 




t = l m ( = 


5 


67 


64.65 




S , 


6 


72 


70.06 


S , 


+ (t' = l m,=l) 


7 


78 


76.17 




f = 1 m, = 1 
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MOLECULAR NITROGEN 

Figure 35.22. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed nitrogen molecular beam (blue curve) compared to the same ratio in the absence of the N 2 molecular beam (red curve) 
at a flight distance of 100 mm. As in the case of neon and H 2 , a significant fifth-force effect was observed with the S 
hyperbolic-electronic state at 67 eV dominating the spectrum. 
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Table 35.8. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a nitrogen molecular beam to theoretical energies and the corresponding quantum numbers of 
n = 1 resonant hyperbolic-electronic states. 



Peak# 


Observed 

Peak 

Energy 

(eV) 


Theoretical 

Threshold 

Kinetic Energy 

(eV) 


Quantum Numbers 

S , ^,and m, 


1 


45 


42.32 


1 = m f =0 


3 


55 


55.57 


( = 1 m t = 


5 


67 


64.65 


s, 


6 


72 


70.06 


S p + (* = 1 m t =l) 


7 


78 


76.17 


t = \ m t = \ 
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NEAR-FIELD RESULTS 

The distance of the electrodes from the beam intersection point was decreased from 100 mm to 50 mm. It was found that 
considerably more charging of the upper electrode occurred in the 50 mm case as expected which required a higher gas pressure 
of about 5 X 10~ s Ton Lo obtain good spectra. Charging was evidenced by the dramatic decrease in the spectral intensity upon 
repeat scanning with significant broadening of the peaks. Only after a significant delay between scans was the intensity 
recovered. This effect is shown for neon in comparing Figures 35.24 and 35.25. This is an indication that the half-life of a 
hyperbolic state can be very long (> 1 min). In addition, it was found that certain lines of the spectra changed their relative 
intensity with pressure. And, the lower-energy as compared to higher-energy peaks dominated the spectrum depending on the 
whether the electron gun was maintained at high energy (200 V) or low energy (10 V), respectively, as the chamber was 
extensively pumped. This would be expected if collisional depopulation of these states having large half-lives was dependent on 
the energy of the state and that of the collisional partner or secondary electrons or ions to which energy is transferred. An 

example of this effect is shown for Xe in Figure 35 . 28 . 

The gun energy was set to 1 V with extensive pumping with gas flow at pressure between scans to enhance the high- 

energy region of the spectrum. But, even at this condition, there appeared to be a bias for the higher-energy range of the 
spectrum in the 50 mm case. Based on the vector projections of the velocity of Eqs. (35.163-35.167), the upward acceleration 
due to the fifth force increases with the kinetic energy of production of the hyperbolic electrons. Thus, it is expected that the 
higher-ene r gy states dominate the spectrum in the nea r field and the lower-energy states dominate in the fa r field. To test this 
prediction, the 50 mm results were compared to the corresponding 100 mm results. Specifically, the upper-electrode current 
normalized by that at the bottom electrode when the electron beam was incident with a helium, neon, argon, krypton, and xenon 
atomic beam and a hydrogen and nitrogen molecular beam compared to the absence of the atomic beam is shown in Figures 
35.16-35.22 with peak assignments given in Tables 35.2-35.8, respectively. The predicted trend is apparent when these results 
are compared to the corresponding 50 mm results given in Figures 35.23-35.30 and fables 35.9-35.16. 



With optimization of the pressure condition, a very large fifth-force effect was observed as measured by the percentage 

of the incident current involved. With Xe , the current at the Faraday cup dropped to less than half the incident current at 
55 eV , 74 eV and 81 eV as the pressure was increased to an optimized value. The sharp dips in Faraday current corresponded 
to the peaks for the 1 = 1 m, = , I - 1 m, = 1 , and (S^ + 1 = 1 m e = O) + ( I = 1 m, = 0) state formation showing very strong 

r e sonanc e production with this scatt c r c r and th e s e ts of conditions run. Th e e ff e ct was r e p e at e d with Kr which show e d a sharp 
dip in the Faraday current of about half the incident current at 74 eV corresponding to the peak for the £ = 1 m t = 1 state 
formation. The same dip but of less intensity was observed with Ne, and a small dip (-15%) was also observed at 55 eV , 
74 eV , and 8 1 eV w ith Ar . Th e trend w as Xe> K r> A r> N e a s expected based on the geometric cross sections. Th is effect 
occurred as the pressure was increased to an optimum of about 5.5 X 10~ 5 Torr. As with the other gases, the intensities of the 
peaks of the electrode current ratios were pressure dependent, but the presence of peaks at predicted energies was 100% 
reproducible. 
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HELIUM 

Figure 35.23. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed helium beam (blue curve) compared to the same ratio in the absence of the helium atomic beam (red curve) at a flight 
distance of 50 mm. A significant fifth-force effect was observed. The high-energy (S p + 1 = 1 m l ,=l\ + [i = l /«, =0) state 

was observed at 100 eV , and intense peaks corresponding to the t = \ m, =1, and (s + t = \ m f =0) + (f, = \ m,=0) 

hyperbolic-electronic states were observed at 76 eV and 82 eV , respectively, indicating that the higher energy states dominate 
the spectrum in the near field. 
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Table 35.9. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a helium atomic beam to theoretical energies and the corresponding quantum numbers of n = 1 
resonant hyperbolic-electronic states. 



Peak# 


Observed 

Peak 

Energy 

(efO 


Theoretical 

Threshold 

Kinetic Energy 

(en 


Quantum Numbers 
S ( , and m r 


5 


65 


64.65 


\ 


7 


76 


76.17 


1 = 1 m, = 1 


9 


82 


83.11 


(S ; , + / = ] m l = 0)+(£=l m, = 0) 


li 


100 


100.18 


(S, + i = \ m t =\) + (t: = \ m, =0) 
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NEON 

Figure 35.24. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed neon beam (blue curve) compared to the same ratio in the absence of the neon atomic beam (red curve) at a flight 
distance of 50 mm. A significant fifth-force effect was observed. The spectrum was very similar to that of H 2 and N 2 showing 
the series of the highest-energy states from 83 eV to 150 eV in the near field. 
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Table 35.10. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a neon atomic beam to theoretical energies and the corresponding quantum numbers of n = 1 
resonant hyperbolic-electronic states. 



Peak# 



9 

11 

12 
13 
14 
15 



Observed 

Peak 

Energy 

(eV) 



83 
99 

109 

120 

136 

150 



Theoretical 

Threshold 

Kinetic Energy 

(eV) 



Quantum Numbers 
S , i , and m r 



83.11 
100.18 

110.76 

123.11 

137.65 

154.92 



(S p + l = \ m,=0) + (^ = l m,=0) 

(S p + f = \ m, = l) + (f = 1 m, = 0) 

(((S^ + t = 1 m t =\) + (e = \ m, = 0)) 

+ ((S, + / = 1 m,=0) + (7 = l m,=\))) 

(S p + ( = \ m t =0) + (/ = l m t =\) 

(((S„+* = l m f = 0) + (/ = l m, = l)) 

+ ((S + t=\ m e =\) + (i = \ m t =\))) 



(*, 



+ t = . 



:l) + (/ = l m, =1) 
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Figure 35.25. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed neon beam (gray curve) compared to the same ratio in the absence of the neon atomic beam (red curve) at a flight 
distance of 50 mm. The chamber was cleared by extensive pumping with flow to obtain a scan showing a strong resonance at 
lOOeF corresponding to the (S ; , + f = \ m,=l\ + (( = \ m,=0) hyperbolic-electronic state that dominated other peaks in the 
spectrum. 
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Table 35.1 1 . The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a neon atomic beam to theoretical energies and the corresponding quantum numbers of n = 1 
resonant hyperbolic-electronic states. 



Peak# 



Observed 


Theoretical 


Peak 


Threshold 


Energy 


Kinetic Energy 


(eV) 


(eV) 



Quantum Numbers 
S p , i , and m t 



11 



100 



100.18 



(S p + l=\ m, =!) + (/ = 1 m, =0) 
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ARGON 

Figure 35.26. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed argon beam (blue curve) compared to the same ratio in the absence of the argon atomic beam (red curve) at a flight 
distance of 50 mm. A significant fifth-force effect was observed. The high-energy i = 1 m, = 1 hyperbolic-electronic state at 
77 eV was significantly increased in the near field relative to the far field. 
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Table 35.12. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from an argon atomic beam to theoretical energies and the corresponding quantum numbers of n = 1 
resonant hyperbolic-electronic states. 



Peak* 


Observed 


Theoretical 


Quantum Numbers 




Peak 


Threshold 


S „ , £ , and m. 




Energy 


Kinetic Enerev 


p ' 




wn 


ivn 





3 


55 


55.57 


( = 1 m e =0 


4 


61 


59.85 


S p + ( f = 1 m. = 0) 


7 


77 


76.17 


i = \ m,=\ 
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KRYPTON 

Figure 35.27. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed krypton atomic beam (blue curve) compared to the same ratio in the absence of the atomic beam (red curve) at a flight 
distance of 50 mm. A significant fifth-force effect was observed with the spectrum shifted to high-energy hyperbolic-electronic 
states relative to the far field pattern. 
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Table 35.1 3. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a krypton atomic beam to theoretical energies and the corresponding quantum numbers of n = 1 
resonant hyperbolic-electronic states. 



Peak# 


Observed 


Theoretical 


Quantum Numbers 




Peak 


Threshold 


S„, i",and m. 




Energy 


Kinetic Energy 






(eV) 


(eV) 





69 

78 
82 



70.06 
76.17 
83.11 



(8, 



S p + {f = l m,=\) 

e = \ m,=\ 
e = ] m, =0) + (( = 1 m, =0) 
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XENON 

Figure 35.28. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed xenon beam (top curves) compared to the same ratio in the absence of the xenon atomic beam (bottom curve) at a flight 
distance of 50 mm. With extensive pumping, the gas-flow was maintained constant at the intermediate pressure of 4.4 X 1(T 5 
Torr while the electron gun was run at 10 V and 200 V before the scans corresponding to the squares and circles, respectively. 
There was a reciprocal relationship between the gun energy during pumping and the energy range of the spectrum when 
subsequently acquired. 
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Table 35.14. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a xenon atomic beam to theoretical energies and the corresponding quantum numbers of « = l 
resonant hyperbolic-electronic states. 



Peak# 


Observed 


Theoretical 


Quantum Numbers 




Peak 


Threshold 


S „ , ( , and in. 




Energy 


Kinetic Energy 






(eV) 


(eV) 





I 


45 


42.32 


2 


4* 


48.27 


6 


69 


70.06 



9 

R) 



79 



82 



91 



79.52 



83.11 



91.05 



( = m e =0 

(( = m ,=0) + (( = 1 m,=0) 

S p + {f = l m t =\) 

(((S p + f = l m ( =0) + (/ = l m, =0)) 

+ (/ = l m f = \)) 

(S p + t = 1 m t = 0) + (/ = 1 m, = 0) 

(((S, + / = l m t =0) + (£ = l m,=Q)) 

+ ((S +i = \ m, =!) + (/ = ! m, =0))) 
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MOLECULAR HYDROGEN 

Figure 35.29. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed hydrogen molecular beam (blue curve) compared to the same ratio in the absence of the H 2 molecular beam (red curve) 
at a flight distance of 50 mm. A significant fifth-force effect was observed. The spectrum was similar to that of neon with the 
series of high-energy states out to the ((( S p + £ = 1 m t = 0) + ( £ = 1 m, = 1)) + ((S p + t = 1 m t = 1) + ( i = 1 m, . = 1 ))) state 
observed at 135 eV indicating that the higher energy states dominate the spectrum in the near field. 
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Table 35.15. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a hydrogen molecular beam to theoretical energies and the corresponding quantum numbers of 
n = 1 resonant hyperbolic-electronic states. 



Peak# 



Observed 

Peak 

Energy 

(eV) 



Theoretical 

Threshold 

Kinedc Energy 

(eV) 



Quantum Numbers 
S , I , and m c 



3 


55 


55.57 


4 


61 


59.85 


9 


83 


83.11 


11 


99 


100.18 


12 


109 


110.76 


13 


120 


123.11 


14 


135 


137.65 



f = \ m, =0 
S p + ( £ = 1 m t = 0) 

(S,, + t = \ m, =0) + (/ = l m, =0) 

(S,, + t = \ m f =\) + (( = \ m t =0) 

(((S p +( = \ m f =\) + (? = \ m,=0)) 

+ ((S p + £ = l m,=0) + (<' = l m t =l))) 

(S, + t = \ m f =0) + (( = \ m t =\) 

(((S p +( = 1 m,=0) + (* = l m t =\)) 

+ ((S p + l=\ m ( =\) + (i = \ m,=]))) 
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MOLECULAR NITROGEN 

Figure 35.30. The current at the top electrode divided by that at the bottom for the scattering an electron beam from a 
crossed nitrogen molecular beam (blue curve) compared to the same ratio in the absence of the N 2 molecular beam (red curve) 

at a flight distance of 50 mm. The spectrum was essentially the same as that of H 2 with the high-energy states out to the 

(S + t = 1 m f = 0) + (£ = 1 m,, = l) state observed at 120 eV indicating that the higher energy states dominate the spectrum in 

the near field. 
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Table 35.1 6. The assignment of the incident electron energy peaks observed in the normalized upwardly deflected electron 
beam elastically scattered from a nitrogen molecular beam to theoretical energies and the corresponding quantum numbers of 
n = 1 resonant hyperbolic-electronic states. 
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ACCELERATION DUE TO THE FIFTH FORCE 

The magnitude of the fifth force can be conservatively calculated from the deflection distance and time of flight of the 
hyperbolic electrons to the upper electrode in the far- field case (100 mm transit distance). The time of flight to the electrodes 
after the scattering event to form a hyperbolic electron can be estimated from the transit distance Az by 

t=— (35.196) 

Then, the acceleration due to the fifth force is given by 

2Ax 2Ax _. fv„c0 
a=— *- = - -rr=2Ax\ -=- 



t 



A; 



\__ i 



(35.197) 



where Ax is the vertical distance from the beam axis to the top electrode. The dimensions of the apparatus are shown in Figure 
35.31. 

Figure 35.31. Schematic of the apparatus for scattering an electron beam from a crossed atomic or molecular beam and 
measuring the fifth-force deflected beam showing the separation of between the intersection point of the beams and top and 
bottom electrodes at a flight distance of 100 mm. When the flight distance is reduced to 50 mm, the deflection angle from the 
point of scattering to the electrodes doubles to the range -18-27°. 



Gas nozzle 



Faraday cup 




F beam 



Mu metal shielding u^p Cr & Lovver electron eateh plates 



With an incident electron kinetic energy of 42.3 eV (Eq. (35.132)), the electron velocity given by Eq. (35.130) is 
v. = 3 .86 X 1 6 m I s . Then, using hz = 0. 1 m and Ax = 0.02 m in Eqs. (35 . 1 96) and (35.197), the flight time and fifth-force 
acceleration are 

Az ( 0.1 /w 



? = - 



3.86 X Wmis 



= 2.59 X HP s 



a t = 2Ax(— j =2(0.02 m) 



(3 MX l(f m/ s^ 
0.1m 



= 5.96*10° mis 2 



The electron velocity upon reaching the upper plate is 

v K =aJ=(5.96X 10 13 m/s 2 )(2.59X 10 s s) = ].54X 10* mis 
and the corresponding energy is 

T = -m e v;=-m e (l.54X 10 6 m I sf =6.77 eV 



(35.198) 
(35.199) 

(35.200) 

(35.201) 



As a comparison with the fifth-force acceleration given by Eq. (35.197), the acceleration due to gravity is only 9.8 mis 2 . The 
fifth-force acceleration based on this estimate is over twelve orders of magnitude greater. Even a micro fifth-force device has 
great promise as a replacement for micro-ion-thrusters for maintaining the orbits of satellites. 
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Chapter 36 



LEPTONS 



Only three lepton particles can be formed from photons corresponding to the Planck equation energy, the potential energy, and 
the magnetic- energy, where each is equal to the mass energy (Eq. (32.27)). As opposed to a continuum of energies, leptons arise 
from photons of only three energies. Each "resonant" photon can be considered to be the superposition of two photons — each 
possessing the energy given by Planck's equation, Eq. (32.28), which is equal to the mass energy of the lepton or antilepton, each 
possessing ft of angular momentum, and each traveling at the speed of light in the lab inertial frame. 

At particle production, a photon having a radius and a wavelength equal to the Compton wavelength bar of the particle 
forms a transition stat e orbitsphere of th e particl e of the same wavel e ngth. Eq. (32.43) equates th e proper and coordinat e times 
at particle production wherein the velocity of the transition state orbitsphere in the coordinate frame is the speed of light and the 
relationships between the mass energies given by Eq. (32.32) hold. To describe any phenomenon such as the motion of a body 
or the propagation of light, a definite frame of reference is required. A frame of reference is a certain base consisting of a 
defined origin and three axes equipped with graduated rules and clocks as described in the Relativity section. In the case of 
particle production wherein the velocity is the speed of light, only the time ruler need be defined, by defining a standard ruler 
for time in the coordinate fr ame, the mass of the particle is then given in te r ms of the self-consistent system of units based on the 
definition of the time ruler. The mass of the particle must be experimentally measured with the same time ruler as part of a 
consistent system of units. In the case that MKS units are used, the permeability of free space is a fundamental constant defined 
as exactly ft^tel 1CT 7 Hm 1 . Similarly, the coordinate time (Eq. (36.2)) is defined as the "second 1 ." and the mass of the 
particle is given in kilograms based on this definition of the "second" (See Particle Production section). The production of a real 
particle from a transition state orbitsphere is a spacelike event in terms of special relativity wherein spacetime is contracted by 
the gravitational radius of the particle during its production as given in the Gravity section. Thus, the coordinate time is 
imaginary as given by Eq. (32.43). On a cosmological scale, imaginary time corresponds to spacetime expansion and 
contraction as a consequence of the harmonic iiilerconversion of mailer and energy as given by Eq. (33.40). 
The mass of each member of a lepton pair corresponds to an energy of Eq. (32.32). — The electron and antielectron 



1 Using an atom to define the unit of time is a means to set a more universal standard. Presently the second is defined as the time required for 
9.192,631.770 vihrations within the cesium-133 atom. The "second" as defined in Eq. (36.2) is a fundamental constant, namely, the metric of spacetime. 
This definition gives the relationship of energy to matter conversion to spacetime contraction, and it sets the clock (ruler of time) to the conversion rate of 
matter into energy and the corresponding rate of spacetime expansion of the Universe. A theory that unifies all physics must ultimately be able to describe 
all observations in terms of the definition of time only. All other measurable parameters of matter, energy, charge, spacetime, etc. are ultimately expressed 
in terms of the unit of time. If coordinate time is defined by Eq. (36.2), then Eq. (32.43) gives the masses of "allowed particles" in terms of that definition. 
Eq. (32.39) gives another method of experimentally determining the metric of time (sec) which does not require the measurement of the electron mass. 

The electron Compton wavelength X is equal to the wavelength of the photon which gives rise to the electron, and the velocity of each mass-density 

element of the extended particle is equivalent to the gravitational escape velocity, v , of the mass of the antiparticle (Eq. (32.43)). Eq. (33.21) gives the 

circular relationships between matter, energy, and spacetime based on this definition of time. A unified theory can only provide the relationships between 
all measurable observables in terms of a clock defined according to those observables and used to measure them. 

In this case, fundamental physical constants and observables calculated in terms of the fundamental constants have no meaning except with 

regard to the definition of time in terms of the constants. Then all observables such as the excited states of atoms, ionization energies of atoms, chemical 

bond energies, scattering of electrons from atoms, nuclear parameters, cosmological parameters, etc. are given in terms of the definition of the "second" 

(Eq. (36.2) which is extremely close to the MKS second (See Box 32.1.). Internal consistency is given with a high degree of accuracy over the scalar 
range of 85 orders of magnitude (mass of the electron to mass of the Universe). To achieve exact predictions of particle masses and cosmological 
parameters that require the introduction of the spacetime metric as a fundamental constant, a slight modification of the experimental definition of the 

second may be required. Presently, all fundamental constants including masses are determined in a self-consistent manner involving definitions and 

measurements. Ultimately the unit system will have to be revised according to Eq. (33.21), which gives the exact relationships between the measurable 
constants. 
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correspond to the Planck equation energy. The muon and antimuon correspond to the electric energy. And, the tau and antitau 
correspond to the magnetic energy. It is shown that the masses are given by Eq. (32.43) and the relative masses differ in their 
specilic function of the tine structure constant a only. These functions are determined by relativistic coefficients given by Eq. 
(32.32) according to the kind of energy that is responsible for the respective level (e , // , z ) of the particular particle within its 
family. 

A neutrino/antineutrino pair is formed in each of three cases of lepton/anti-lepton production to conserve linear and 
angular momentum during the separation of the world lines of each particle and its antipart.ir.le. The neutrino and ant.inBiit.rino 
are photons that travel at velocity c and have energy, but are mass-less. Equations of such photons are given in the Neutrinos 
section. 

THE ELECTRON-ANTIELECTRON LEPTON PAIR 

From Eq. (32.43), when the gravitational radius r (Eq. (32.36)) is equal to the radius of the transition state orbitsphere, the 

corresponding gravitational velocity v (Eq. (32.35)) is the speed of light c , and the proper time is equal to the coordinate time. 

Thus, the special relativistic corrections to r g are the same as those of the transition state radius which gives the energy of the 

particle equal to its mass times the speed of light squared as given by Eqs. (32.32a-32.32b). 

Consider the Planck energy equation, Eq. (32.28). The proper time r is given by 

T = 1± = 2 K J!- (36.1) 

co mc 

In the lab frame, the relativistic correction of the radius in the derivation of the Planck's equation for the transition state 
orbitsphere (Eq. (29.12)) is a 2 . Substitution of (1) a" 2 r g , the relativistically corrected gravitational radius (Eq. (32.36)) for r g , 

(2) the sec which is essentially the second — the definition for the coordinate time in MKS units, for ti, and (3) the Compton 
wavelength bar for the radius r of the transition state orbitsphere, (Eq. (32.21)), into Eq. (32.43) gives 



2k r = secJ — jf- (3A2X 

m e c \ ca n 

The left-hand side of Eq. (36.2) is the general relativistic correction of the coordinate time. The special relativistic factor, a 1 
(factored out of the square root), also follows from Eq. (32.34). from Eqs. (2.118) and (2.123). and from Eq. (5.45) of Fowles 
[1]. The mass of the electron/antielectron in MKS units based on the definition of the coordinate time in terms of the sec is 



( ha V ( ch V ( ha V 



2GJ {Jl 



:secc 2 



i 



m e = I _^r_ I I — I =1 """ I m u 2 = 9.0998 X 10~ 31 kg (36.3) 



where m u is the Planck mass given by Eq. (32.31 ) and m CAl , cmllcllUll = 9.1 0945455 X 1 0~ 31 kg [3-4]. 

With lepton production a particle of electrostatic charge -e and an antiparticle of electrostatic charge +e are produced. 
The corresponding fields travel at the speed of light and interact with each other. In order to conserve mass-energy, the 
electromagnetic fields of the particles must be included in the mass determination. The correction to the electron mass is given 
by Eq. (36.15). The corresponding lepton neutrinos carry any energy not accounted for as binding energy, kinetic energy, or 
carried by photons, and they turther conserve linear and angular momentum including the angular momentum ot the 
electromagnetic field fronts (Eq. (4.1)) which propagate at the speed of light to give the electrostatic fields of the particles as 
discussed in the Neutrinos section. 

The difference between the calculated and experimental values of the electron mass is due to the very slight difference 

between the present MKS second and the definition of the corresponding time unit defined by Eq. (36.2). Eq. (25.21) gives the 
circular relationships between matter, energy, and spacetime based on the definition of time given by Eq. (36.2). Any 
fundamental constant is exactly given in terms of the other members of these relationships and may be determined to the 
experimental accuracy that they are known. An exact value for the imaginary time ruler ti given by Eq. (32.43) can be obtained 
by using Eq. (36.2) with the results of Eqs. (36.9-36.22). 

1 ^2 

1 sec = m; 2 f^¥— Wl + ^fL] =0.9975(46714) MKS second (36.4) 

The accuracy of the conversion factor of 0.9975 second/sec is limited by the error in the value of the gravitational constant (See 
Boxes 32.1 and 32.2). A new system of units would eliminate the need for conversion and permit a more accurate determination 
of the constants including the definition of time based on internal consistency. 
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THE MUON-ANTIMUON LEPTON PAIR 

The muon (antimuon) decays to the electron (antielectron) and may be considered a transient resonance which decays to the 
stable lepton, the electron (antielectron). Given that the electron is "allowed" by the Planck energy equation (Eq. (32.28)) and 
that the proper time is given by general relativity (Eq. (iZ.iiS)), the muon (antimuon) mass can be calculated from the potential 
energy, V, (Eq. (32.27)) and the proper time relative to the electron inertial frame. In this case, the special relativistic corrections 
to r are the inverse of those of the radius of the transition state orbitsphere, which gives the energy of the particle equal to its 

mass times the speed of ligh t squared as given by Eqs. (32.32a-32.32b). For the lab iner t ial frame, t he relativistic correc t ion of 
the radius of the transition state orbitsphere giv e n by th e potential en e rgy equations (Eq. (29.10) and (29.11)) is a 2 . For th e 
electron inertial frame, the relativistic correction of the gravitational radius relative to the proper frame is the inverse, a 2 . 
Furthermore, the potential energy equation gives an electrostatic energy; thus, the electron inertial time must be corrected by the 
relativistic factor of 2n relative to the proper time. (See the Special Relativistic Correction to the Ionization Energies section.) 
Multiplication of the right side of Eq. (32.43) by 2k and substitution of (1) m„, the mass of the electron, for M, (2) the sec 

which is essentially the second — the definition for the coordinate time in MKS units, for ft, (3) a 2 r ■ , the relativistically 
corrected gravitational radius, for r (Eq. (32.36)), and the Compton wavelength bar for the transition state orbitsphere radius r, 

(Eq. (32.21)), into Eq. (32.43) gives the relationship betw ee n the prop e r time and the e lectron coordinate time: 

"7i \2Gma 2 m 



2k r = 2?rsec. ^ (36.5) 

m^c V ch 

The mass of the muon/antimuon using the MKS second is 

1 — 

,/ 1 ^ 



A 



1 \3 



= 1.8874X10^ £g (3&6T 



c \y 2Gm e [a sec) j 



where m^^, =1.88355 X lO"" kg [3] 



Given that the electron is "allowed" by the Planck energy equation (Eq. (32.28)) and that the proper time is given by general 
relativity (Eq. (32.38)), the tau (antitau) mass can be calculated from the magnetic energy (Eq. (32.27)) and the proper time 
relative to the electron inertial frame. For the lab inertial frame, the relativistic correction of the radius of the transition state 

orbitsph e r e giv e n by th e magn e tic e n e rgy e quations (Eq. (29.14) and (29.15)) is — - 2 . For th e e l e ctron in e rtial fram e , th e 

(2k) a 

relativistic correction of the gravitational radius relative to the proper frame is the inverse, (2k) 2 a 4 . Furthermore, the transition 

state comprises two magnetic moments. For v = c , the magnetic energy equals, the potential energy, equals the Planck equation 

energy, equals mc 2 . The magnetic energy is given by the square of the magnetic field as given by Eqs. (1.157-1.161). The 

magnetic energy corresponding to particle production is given by Eq. (32.32). Because two magnetic moments are produced the 

magnetic energy (and corresponding photon frequency) in the proper frame is two times that of the electron frame. Thus, the 

electron time is corrected by a factor of two relative to the proper time. Multiplication of the right side of Eq. (32.43) by 2 and 

substitution of (1) m e , the mass of the e lectron, for M , (2) the s e c which is ess e ntially th e second the d e finition for th e 

coordinate time in MKS units, for ti, (3) (2K*) 2 a\ g , the relativistically corrected gravitational radius, for r g (Eq. (32.36)), and 

the Compton wavelength bar for the transition state orbitsphere radius r , (Eq. (32.21)), into Eq. (32.43) gives the relationship 
between the proper time and the electron coordinate time: 

H ^7 1 2Gm e (2K ) 2 a^ m T 



2k r = 2sec, eV / (36.7) 

m T c V cfi 

The mass of the tau/antitau is 

I 1 

"*,-* L! T f, 1 2 T-3.1C0 1 X10- 27 ^ (36$y 

c [ 2Gm e ) V 2 sec a J 

where «„ xperimentd =3.1676 X W 21 kg (1776.9 MeV I c 2 ) [3]. 

In the case of the production of each lepton a nucleus is present during particle/antiparticle production to conserve 
momentum . A fourth particle/antiparticle pair can arise by the gravitational potential energy of Eq . (32 . 27) . However, a pair of 
particles each of the Planck mass corresponding to the conditions of Eq. (32.22), Eq. (32.32), and Eq. (32.33) is not observed 
since the velocity of each of the point masses of the transition state orbitsphere is the gravitational velocity v G that in this case is 



2 The special relativistic correction of the particle masses in the transition state given by Eq. (1.273) avoids the situation of encountering an infinite mass at 
light speed as given by Eq. (33.14). 
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the speed of light; whereas, the Newtonian gravitational escape velocity v g of the superposition of the point masses of the 

antiparticle would be v2 times the speed of light (Eq. (32.35)). In this case, an electromagnetic wave of mass energy equivalent 
to the Planck mass travels in a circular orbit around the center of mass of another electromagnetic wave of mass energy 
equivalent to the Planck mass wherein the eccentricity is equal to zero (Eq. (35.21)), and the escape velocity can never be 

reached. The Planck mass is a "measuring stick." The extraordinarily high Planck mass (J — = 2.18X 1CT 8 kg) is the 

V G 

unobtainable mass bound imposed by the angular momentum and speed of the photon relative to the gravitational constant. It is 

analogous to the unattainable bound of the speed of light for a particle possessing finite rest mass imposed by the Minkowski 

tensor. It has a physical significance for the fate of blackholes as given in the Composition of the Universe section. 



Based on Eqs. (36.3), (36.6), and (36.8), the relations between the lepton masses which are independent of the definition of the 
imaginary time ruler ti given by Eq. (32.43) are [2] 



a 1 V 
, =207.48800 (206.76827) (36.9) 

~m„ { 2tt ) 

^JfLJ 3 =16.744 (16.817) (36.10) 

2 

' 3474t3 (3477.3) (36.11) 



An 



The respective experimental lepton mass ratios according to the 1998 CODATA and the Particle Data Group are given in 
parentheses [3-4], Eqs. (36.9-36.11) do not include the neutrino energies and the coulomb and magnetic field energies. 

With lepton production a particle of electrostatic charge —e and an antiparticle of electrostatic charge +e are produced. 
The corresponding fields travel at the speed of light and interact with each other. In order to conserve mass-energy, the 
electromagnetic fields of the particles must be included in the mass determination. Consider the electron given by Eq. (36.3). 
The coulomb field of the electron and positron correspond to a potential energy. As given in the Positronium section (Eq. 
(30.5)), the potential energy V between the particle and the antiparticle having the radius r t is, 

V = — — = -5-fL = -2.18375 X 10~ 18 J = -13.59 eV (36.12) 

Ane^ 8ne a 

The calculated ionization energy is — V which is 

E de = 6.795 cV. (36.13) 

The experimental ionization energy is 6.795 eV . 

Eq. (36.12) may written in terms of the mass-energy of the electron: 

V = -^— = ^J- = -—m e c 2 = -2.18375 X W n J = -13.59 eV (36.14) 
4;rg (l r 1 — 8;rg a 2 

Since the electron mass-energy is given by the Planck energy equation given by Eqs. (29.12) and (32.32), the special relativistic 

factor for the bound particle-antiparticle state relative to the particle-production transition state given in Eq. (36.14) is a 2 . In 

addition, due to time dilation at v = c relative to the velocity of the bound state, the frequency and thus the energy increases by 

2k as given by Eq. (1.281). From Eqs. (1.281) and (36.14) the electron mass is corrected by a factor y" of 

f 2 s 

l + 2^—| (36.15) 



r = 



Similarly to the positron and following Eq. (36.12), the union mass must be corrected due to the particle fields. Since the 

muon is given by the electrostatic coulomb energy equation given by Eqs. (28.9) and (32.32), the special relativistic factor for 
the bound particle-antiparticle state relative to the transition state frame given in Eqs. (28.9), (32.32), and (36.5) is a 
corresponding to the relative radii where the corresponding potential energy is given by 

V = -— m/ = -6.17671 X 10~ 14 J = -3.85517 X 10 5 eV (36.16) 

From Eq. (36.16) the muon mass is corrected by a factor y* of 

y'=fi +^ l (^m- 
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From Eqs. (36.15) and (36.17), the ratio of the differential relativistic correction of the electron mass to that of the muon mass 
due to charge interactions is given by Eq. (1 .250). 

Similarly to the positron and following Hq. (36.12), the tau mass must be corrected due to the particle fields where the tau 



is given by the magnetic energy equation given by Eqs. (28.14) and (32.32). In this case, two magnetic dipoles are formed thai 
are spin paired in order to conserve angular momentum. Since the particle and antiparticle are oppositely charged and the 
magnetic dipoles are antiparallel, the force is repulsive rather than attractive. In this case, the corresponding energy increases the 
mass of the tau and antitau since the corresponding special relativistic factor for the bound particle-antiparticle state relative to 
the transition state frame is negative. The magnitude is four times that of the electron correction corresponding to replacing the 
reduced mass in Eq. (36.12) by the mass (Eqs. (30.1-30.4) where the force is purely magnetic) and a factor of two corresponding 
to the interaction of two magnetic dipoles rather than electric monopoles as given by Eqs. (1.154-1.161). The corresponding 
potential energy is given by 

V = 4xa 2 m T c 2 =1.905 X 10~ 13 J = 1.189 X 10' eV (36.18) 

From Eq. (36.16) the tau mass is corrected by a factor y* of 

r , =(l-47ra 2 \ 1 (36.19) 

Bas e d on Eqs. (36.3), (36.6), (36.15), and (36.17), th e r e lation b e tw ee n th e muon and e l e ctron mass e s (Eq. (36.9)) which 

is independent of the definition of the imaginary time ruler ti given by Eq. (32.43) including the contribution of the fields due to 
charge production of magnitude e is 



2 


<■ v^A 

l + lx— 




m JL _ 
m e 


a v 


V 2 ) 


= 206.76828 


(206.76827) 


(36.20) 



Based on Eqs. (36.6), (36.8), (36.17), and (36.19), the relation between the tau and muon masses (Eq. (36.9)) which is 
independent of the definition of the imaginary time ruler ti given by Eq. (32.43) including the contribution of the fields due to 
charge production of magnitude e is 



= 16.817 (16.817) (36.21) 



(l-4^a 2 ) 



Based on Eqs. (36.3), (36.8), (36.15), and (36.19), the relation between the tau and electron masses (Eq. (36.9)) which is 
independent of the definition of the imaginary time ruler ti given by Eq. (32. 4 3) including the contribution of the fields due to 
charge production of magnitude e is 

( 2 ^ 

, 2 1 + 27Z- — 

( a-*\\ 2 



{4k ) (\-4na 2 ) 



-- 3477.2 (3477.3) (36.22) 



M„ 



For Eqs. (36.20-36.22), the respective experimental lepton mass ratios according to the 1998 CODATA and Particle Data Group 
tables are given in parentheses [3-4]. There is remarkable agreement. The corresponding lepton neutrinos carry any energy not 
accounted for as binding energy, kinetic energy, or carried by photons, and they further conserve linear and angular momentum 
including the angular momentum of the electromagnetic field fronts (Eq. (4.1)) which propagate at the speed of light to give the 
electrostatic fields of the particles as discussed in the Neutrinos section. 
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PROTON AND NEUTRON 



Experimental evidence [1] indicates that the proton and neutron each comprise three charged fundamental particles called quarks 
and th ree m assive photons called gluons. Each quark is fo und in combination w i t h a gluon. Tt is demonstrated i n the Excited 
States of the One-Electron Atom (Quantization) section and by Eg. (2.1 1) that photons trapped inside of an orbitsphere resonator 
cavity provide an effective charge at the two dimensional orbitsphere. A model of the nucleons which is consistent with 
experimentation and the present theory is an orbitsphere of mass and charge comprised of three superimposed particles (quarks) 
held in force balance on a spherical two-dimensional shell by the corresponding matched photons (gluons) trapped inside of the 
orbitsphere. — This model explains the experim e ntal result that 1/3 of the total proton spin [2] is due to the spin angular 
momentum of the quarks and the remaining 2/3 is predicted to be due to quark orbital angular momentum . The neutron angular 
momentum is based on that of the proton. The magnetic moments calculated from the model as well as the masses of the quarks, 
gluons, and nucleons in simple closed-form equations containing fundamental constants only match the experimental values 
extraordinarily well. QCD depends on virtual particles and renormalization of intractable infinities and is incapable of such 
calculations. 



The experimental radius of the proton is 1.3 X 10 1! m [3]. 

r p =1.3X10" 15 m (37.1) 

The Compton wavelength of the proton, X Cp , is 

,l c - = -1.321 4 X10' 15 w (37.2) 

' fn p c 

Substitution of Eq. (1.250) and using Eq. (1.256) yields 

\. lKa o m *-. 1,3214 XlQ- 15 w (37.3) 

a m p 

It appears that A c = r p . To test this assumption we proceed as follows. We know that a proton is comprised of three quarks 

and three gluons ("trapped photons"). The quarks superimpose to form an orbitsphere of radius r such that 

r p = r q , and that (37.4) 

m p =m q +m g =m q , (37.5) 

where r is the radius of the quarks, m is the rest mass of the quarks, m g is the relativistic mass of the gluons, and rri q is the 
relativistic mass of the quarks. The proton is in the ground state and 

2xr lF = \ p = 2nX Cp (37.6) 

The boundary condition for the quarks is 

h h 

2nr n = X n = = 2nr x = 2n = 2nX c (37.7) 

' m q v nq ■ m p c 

m 
A solution to Eq. (37.7) is v = c and m - — — . Wh e n th e quark v e locity is th e sp ee d of light in th e photon fram e (gluon fram e 

2n 

in this case), the relativistic factor, y , for the lab frame is 2n . (See the Special Relativistic Correction to the Ionization 
Energies section and the Spin Orbit Coupling section.) Thus, the mass of the quarks in the lab frame (the relativistic mass) is 
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2nm„ = 2k X —?- = m n =m„ 

! 2k p q 

Furthermore, the (relativistic) mass of the gluons can be determined. 



(37.8) 



1-J- 
In . 

The radius of the orbitsphere for v = c is then 



(37.9) 



= r,„= lr „ = 



h 



-g_ = 2«x-g^ = ?c 



(37.10) 



ip 



'C,p 



C,q 



where X, is the Compton wavelength bar for the quarks. This result is internally consistent and represents the solution of the 

boundary value problem of the rest mass of the proton. 

The quark mass/charge functions and the gluon mass/charge functions must have the same angular dependence. Thus, 



the force balance equation is 



m q v 2 „ 



Z e 2 

4K£ n r 2 



m q v 2 „ 



Z e 2 
4K£ n r, 



, where 



(37.11) 



O'lp 



Jl 



(37.12) 



The result of the substitution of Eq. (37.12) in Eq. (37.1 1), r x 



Up ' 



X Cp , and m q 



-2TT 



is that Z eff = a ; and n = a . Thu s, Z, 



ML! 



the magnitude of the gluon field is a — . The potential energy of the quarks is then 



V=- 



q 4K£ r lp 



= ^c 2 

2k 



(37.13) 



Thus, the total energy of the proton is 



~fttz 



i^r 

2k 



2 2 

c =m p c 



2k 
The neutron rest mass, m n , the rest mass for the neutron quarks, the Compton wavelength of the neutron, and 



(37.14) 
the Compton 



wavelength bar of the neutron quarks are obtained in a similar fashion. 



2xa n m. 



a m„ 



^C,n = t"c, q ' 



:1.3196X10- 15 m = K 



2k 



(37.15) 
(37.16) 



2k 



(37.17) 



QUARK 



Spherical harmonics are solutions to Laplace's Equations in spherical coordinates, and the constant orbitsphere is also a solution. 

All matter and energy is a linear combination of these functions. Thus, matter is created as an orbitsphere with mass/charge 

being linear combinations of spherical harmonics and constant functions. And, photons whose electric fields are linear 

combinations of solutions to Laplace's Equation, spherical harmonics and constant angular functions, can be trapped in the 

orbitsphere at the creation of matter from energy. (See the Excited States of the (Jne-Llectron Atom (Quantization) section and 

Hydrino Theory — BlackLight Process sectioii for the equations of these photons.) The proton and the neutron are such hybrids 

of matter and energy. The proton and neutron can each be viewed as being comprised of a linear combination of three quarks 

possessing mass and charge and three gluons (photons) which hold the orbitsphere comprised of three quarks per nucleon in 

force balance on a spherical two-dimensional shell. The proton orbitsphere is comprised of two up quarks and a down quark, 

2 
and the neutron is comprised of two down quarks and an up quark where the charge of an up quark is H — e and the charge of a 

down quark is -\e . Each quark is associated with its gluon where the quark mass/charge function has the same angular 

dependence as the gluon mass/charge function. 

To be consistent with ex p erimentation, we choose a solution that is a linear combination of the three spherical harmonic 

functions, corresponding to I = 1, and three constant orbitspheres. This resultant function can be viewed as being comprised of 
three separate particles. The three functions are orthogonal, and the corresponding gluon potentials have the same angular 
dependence as each other and each quark where there exists a one to one correspondence between each quark and each gluon. 
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THE PROTON 

2 2 1 

The proton functions can be viewed as a linear combination of three fundamental particles, three quarks, of +— e , +— e , — e . 

The magnitude of Z eJf of the radial gluon electric field for a proton is given by the solution of Eq. (37.11) as a\ and 
iKCum, 



a m p 

In 



The normalized quark mass-density function of a proton is 



-(l + sin6 , sin^) + -(l + sin<9cos^) + -(l + cos#) 



8{r-X c . p ) 



The nonnalized charge-density function of the quarks of a proton is 



2 2 

— (1 + sin 9 sin </>) + — (1 + sin 9 cos <, 



(l + cos<9) 



(37.18) 



(37.19) 



M4>) 

The gluons comprise three trapped orthogonal elliptical polarized photon orbitspheres as given in the Equation of the Photon 
section and the Excited States of the One-Electron Atom (Quantization) section. Each gluon travels with the corresponding 
quark at v = c (Eq. (37.7)) about the z-axis and is inseparable from it; thus, the gluons provide the central field that maintains 
force balance. The potential function of the gluons of a proton is 



<$>{r, 9,ft)-- 



a e 



&7T£„r 



— (1 + sin 9 sin ft) + — (1 + sin 9 cos ft) - 3(1 + cos 9) 



The radial electric field of the gluons of a proton is 



-a e 27ta a 
E= 



4/r£ r m p 



3 3 

— (1 + sin sin ft) +— (1 + sin 9 cos ft) - 3(1 + cos 9) 



4*-4:,) 



(37.20) 



(37.21) 



Recent experiments at the Thomas Jefferson National Accelerator Facility, using polarized electrons have shown that the proton 
charge may actually increase with distance from the center at certain radii [4-5] consistent with Eq. (37.19). The proton is 
shown in Figures 37.1 and 37.2. 



Figure 37.1. The proton mass-density function in its inertial frame shown with the low and high mass-density proportional 
to red intensity and blue intensity, respectively. The proton is comprised of a linear combination of three orthogonal quarks, up, 

l m p 
up, and down, of equal mass, , that form a two-dimensional spherical shell of mass having a radius of the Compton 

3 2;r 

wavelength of the proton. Each quark, in mm, comprises a constant function modulated by a spherically harmonic function. 
The quarks which have the properties of an energy-to-matter transition state spin about the z-axis at the speed of light. The 



centrifugal force of each quark is balanced by the electric field of its gluon, a heavy photon, each of mass m 



i--L 

2n 



, that is 



phase-locked to the spinning quark and inseparable from it and exists at the radius of the quarks. The brightness corresponds to 
the intensity of the two-dimensional radial gluon field. 
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Figure 37.2. The proton charge-density function in its inertial frame shown with positive and negative charge-density 
proportional to red intensity and blue intensity, respectively. The proton is comprised of a linear combination of three 
orthogonal quarks, up, up, and down, of charge +2/3, +2/3, and -1/3, respectively, that form a two-dimensional spherical shell of 
charge having a radius of the Compton wavelength of the proton. Each quark, in turn, comprises a constant function modulated 
by a spherically harmonic function. The quarks, which have the properties of an energy-to-matter transition state, spin about the 
z-axis at the speed of light. The centrifugal force of each quark is balanced by the electric field of its gluon, a heavy photon, that 
is phase-locked to the spinning quark, is inseparable from it, and exists at the radius of the quarks. 




THE NEUTRON 

2 1 
The neutron functions can be viewed as a linear combination of three fundamental particles, three quarks, of charge +— e , — e , 

3 3 

and — e . The magnitude of Z ef[ of the radial gluon electric field for a neutron is given by the solution of Eq. (37.1 1) as «"' , 

1,7rci tit 
and r, = ' ," c where /«„ is the rest mass of the neutron. The normalized quark mass-density function of a neutron is 



a m„ 



5. 

Ik 



-(1 + sin 6>sin (*) + -(! + sin 6>cos^) + -(l + cos <9) 



The normalized charge-density function of the quarks of a neutron is 



2 1 1 

— (l + sin#sin^) — (l + sin6>cos^) — (l + cos#) 



(37.22) 



(37.23) 



■MO 

The gluons comprise three trapped orthogonal elliptical polarized photon orbitspheres as given in the Equation of the Photon 
section and the Excited States of the One-Electron Atom (Quantization) section. The gluons travel with the quarks at v = c (Eq. 
(37.15)); thus, the gluons provide the central field that maintains force balance. The potential function of the gluons of a neutron 
is 

a~ l e 2na n 



*(r,0,0 = 



8«v 2 m H 



— (1 + sin 9 sin <j>) - 3(1 + sin 9 cos <j>) - 3(1 + cos 9) 



S{r-*c, n ) 



(37.24) 



The radial electric field of the gluons of a neutron is 



-a e 2 n. xi „ 



r 4xe r 3 m^ 



a 



— (1 + sin 9 sin ^) - 3(1 + sin 9 cos ^) - 3( 1 + cos 9) 



S{r-^) 



(37.25) 



The neutron is shown in Figures 37.3 and 37.4. 
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Figure 37.3. The neutron mass-density function in its 

inertial frame shown with the low and high mass-density 

proportional to red intensity and blue intensity, respectively. 

The neutron is comprised of a linear combination of three 

1 tn 
orthogonal quarks, up, down, and down, of equal mass, , 

3 2/r 

that form a two-dimensional spherical shell of mass having a 
radius of the Compton wavelength of the neutron. Each 
quark, in turn, comprises a constant function modulated by a 
spherically harmonic function. The quarks which have the 
properties of an energy-to-matter transition state spin about 
the z-axis at the speed of light. The centrifugal force of each 
quark is balanced by the electric field of its gluon, a heavy 



photon, each of mass m n 



i--L 

2k 



, that is phase-locked to the 



spinning quark and inseparable from it and exists at the radius 
of the quarks. The brightness corresponds to the intensity 
of the two-dimensional radial gluon field. 




Figure 37.4. The neutron charge-density function in its 
inertial frame shown with positive and negative charge- 
density proportional to red intensity and blue intensity, 
respectively. The neutron is comprised of a linear 
combination of three orthogonal quarks, up, down, and 
down, of charge +2/3, -1/3, and -1/3, respectively, that form 
a two-dimensional spherical shell of charge having a radius 
of the Compton wavelength of the neutron. Each quark, in 
turn, comprises a constant function modulated by a 
spherically harmonic function. The quarks that have the 
properties of an energy-to-matter transition state spin about 
the z-axis at the speed of light. The centrifugal force of each 
quark is balanced by the electric field of its gluon, a heavy 
photon, that is phase-locked to the spinning quark, is 
inseparable from it, and exists at the radius of the quarks. 




MAGNETIC MOMENTS 

The spatial-temporal current and corresponding angular momentum distributions of the proton and the neutron give rise to 
magnetic dipole and quadrupole moments. It is demonstrated in the derivations of the magnetic moments that follow that 1/3 of 
the total angular momentum of the proton is due to the spin angular momentum of the quarks and the remaining 2/3 is due to the 
quark orbital angular momentum. The spin contribution has been confirmed experimentally [2]. Then, the neutron angular 
momentum follows from that of the proton and the angular momentum change due to conversion of an up quark/gluon to a down 
quark/gluon. 

PROTON MAGNETIC MOMENT 

The proton is comprised of three orthogonal mass functions — spherical harmonics with I = 1; these are the quarks. In addition, 
the proton is comprised of three "trapped orthogonal photons" called gluons of the same angular dependence as the quarks. 
Each gluon is in phase with a quark. The combination of a quark and its associated gluon is hereafter referred to as a 
quark/gluon. The projection of the quark/gluon angular momentum onto the z-axis is given by the sum of the independent 
projections. The angular momentum of the photon is n , and the proton is generated from a photon as demonstrated in the 
Neutron and Proton Production section. Thus, the n of angular momentum of the production photon is conserved in the sum of 
the magnitude of the angular momentum of the three quarks, and the magnitude of the angular momentum of each quark held in 



force balance by the corresponding gluon is — . 



As demonstrated in the Orbital and Spin Splitting section, the z component of 
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the angular momentum of an excited state electron orbitsphere corresponding to a multipole of order ( I , m)is 

L z = mh (37.26) 

% 

Thus, the z projection of the angular momentum of a quark/gluon corresponding to m t = ±1 is ±— . In the case that the two 

2 1 

orthogonal up quark/gluons each of charge +— are in the xy-plane with m t = 1 and the down quark/gluon of charge — is along 

the z-axis, the magnetic moment is aligned along the z-axis. The former is time independent and the latter corresponds to a 
time-harmonic current-density wave. Thus, 1/3 and 2/3 of the total proton angular momentum is associated with quark spin and 
quark orbital angular momentum, respectively. 
The magnetic moment is defined [6] as 

charge X angular momentum ,„„ „~ 

A' ~ h * (37.27) 

2 X mass 

The down quark corresponding to quantum number m, = has no magnetic projection on the z-axis that couple to an 

HL 

electromagnetic field. From Eq. (37.7), the mass of the quark function comprising the superposition of the three quarks is — ^- 

2k — 

2 
and the charge of each up quark is +—e . The angular momentum of Eq. (37.27) for the proton is the sum of the z projections of 

the two up quarks 1 . 

L =-h + -h = -h (37.28) 

z 3 3 3 

Therefore, the magnetic moment of the proton // given by the sum of the contributions due to each quark of angular 

momentum — is 

3 

2 K 2 K 2 2 ( 

—e-n —e—n —e—n . ± 

//=-3—2- + i—3- = -3— 3— = -2;r— = 2.79253//., (37.29) 

oHh A A 9 2m P 

2k 2k 2k 

eft 
where fi N is the nuclear magneton . The experimental magnetic moment of the proton is fi - 2.79268// w . 

2m^ p _ 

NEUTRON MAGNETIC MOMENT 

The neutron is unstable and undergoes beta decay with a half-life of 12 minutes. Thus, the neutron can be viewed as the sum of 
an electron, a proton, and the beta decay energy. (The calculation of the energy of beta decay of a neutron is given below.) The 
magnetic moment of a neutron can be calculated as the sum of the following: -ju N the magnetic moment of a constant 

4 
orbitsphere of charge -e and mass m n , which corresponds to the beta particle, —2kju n , the magnetic moment of a proton, and 

the magnetic moment associated with changing an up quark/gluon to a down quark/gluon [See Quark and Gluon Functions of 
the Proton and Neutron section]. The contribution due to the transformation of an up quark/gluon to a down quark/gluon is 
determined as follows: 



The fractional change in the quark functions equals the fractional change in the gluon function. 

3/2 1 



(37.30) 



3 + 3 + 3/2 — 5 

Substitution of the equation for the time-averaged angular-momentum density, m, of a photon (Eq. (4.1)) 

m = — Re[rx(ExB*)] (37.31) 
8kc 

into the vector identity 



1 Theproiection of the angular momentum is analogous to that of a globe, where I = —mr , spinning about some axis [71. 
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Ax(BxC) = B(A-C)-C(A-B) (37.32) 
gives 

m = — Re[E(r-B*)-E(r-E)] (37.33) 

The first term of Eq. (37.33) is zero, and the electric field is radial. Thus, 

m = 1 Rc|~ - E(r-E)l = — ReT - rfE - E)] (37.3 1 ) 

The gluon is a photon that is phase-matched to a quark. The quark/gluon is analogous to the case of an absorbed photon and the 
corresponding electron in an excited state as described in the Excited States of the One-Electron Atom (Quantization) section. 
From Eq. (37.27), Eq. (37.30), and Eq. (37.34), the contribution to the change in the magnetic moment of the nucleon from the 
quark/gluon function is proportional to the dot product of the change in the electric field of the quark/gluon, 



The contribution to the change in the nucleon magnetic moment from a quark/gluon with £ - 1 is a factor of three times greater 
than that of a constant angular distribution of mass (£ = 0). The integral of the dot product of the modulation functions 
(spherical harmonic functions) of each quark/gluon function with itself over all space for all three orthogonal quark/gluons is 
one, and the integral of the modulation function of the mass of each quark/gluon over the nucleon is zero. The change of an up 
quark/gluon to a down quark/gluon involves one of the three where 1=1. With the mass of parameter of Eq. (37.27) equal to 
one third the mass of the nucleon, the contribution to the change in the magnetic moment due to the transformation of an up 
quark/gluon to a down quark/gluon is 

3X^X / u N (37.36) 

The sum of the three components, the magnetic moment of the neutron, ju n , is 



M„ 



1 4 i 3 
1 — In 

9 25 



^=-1.91253^ (37.37) 



The direction of the positive z-axis is taken as the spin part of the magnetic moment. The experimental magnetic moment of the 
neutron is //„ =-1.9131 t>ju N . 



NEUTRON AND PROTON PRODUCTION 

Eq. (24.43) equates the proper and coordinate Limes in the special case that the velocity of the transition state orbftsphere in the 
coordinate frame is the speed of light. In this case, the mass of the particle is given by defining a standard ruler for time in the 
coordinate frame whereby the mass of the particle must be experimentally measured with the same time ruler as part of a 
consistent system of units. In the case that MKS units are used, the coordinate time is defined as the sec which is essentially the 
MKS second (See Leptons section.), the permeability of free space is defined as fx n =AK X 1CT 7 Hm 1 , and the mass of the 
particle is given in kilograms. The production of a real particle from a transition state orbitsphere is a space-like event in terms 
of special relativity wherein spacetime is contracted by the gravitational radius of the particle during its production as given in 
the Gravity section. Thus, the coordinate time is imaginary as given by Eq. (32.43). 

The considerations for the production of leptons and baryons are the same as those for leptons as described in the 
L e ptons s e ction. — Consid e r th e r c lativistic corr e ctions of th e variabl e s of th e r e lationship b e tw ee n th e prop e r and coordinat e 
times, Eq. (3 7. 43 ), fo r the production of a n eutral particle/antiparticle pair, each comprised of three quarks and three gluons of 
equivalent mass. The charges of each set of three quarks must sum to zero and the lowest energy nonuniform spherical 

112 112 

harmonics are those corresponding to £ = 1 ; thus, the charges are — , — , and +— for the neutron quarks and +— , +— , — 

^_^ 3 3 3 3 3 3 

m 
for the antineutron quarks . The neutron possesses three quarks of total mass — - (Eq. (37 . 16)); thus, the mass of each quark is 



2k 



(3)2?z- 



(37.38) 



The quarks/gluons possess magnetic stored energy. Concomitant with the "capture" of the gluons by the quark resonator cavity, 
the magnetic flux of the gluons is "captured." To conserve the total quark angular momentum, h , the flux is trapped in quanta 
of the magnetic quantum of flux (See Electron g factor section.). The quark/gluon velocity is v = c ; thus, the stored magnetic 
energy is m n c 2 (Eqs. (29.14) and (29.15) with m e replaced by m n ). The mass (energy) released due to magnetic flux "capture" 
(gluon "capture") follows from Eq. (1.181). 
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a 



mass deficit = m n — 

2k 



(37.39) 



The force corresponding to this mass deficit is the strong nuclear force (which is calculated for the deuterium nucleus in the 
Strong Nuclear Force section). Combining Eqs. (37.38) and (37.39) gives the bound individual quark mass 



m,, 



J a_ 

-2-k — 2-n- 



(37.40) 



UK 

The radius of the quark orbitsphere at neutron production thereafter is given by Eq. (37.15). No particles or fields propagate out 
from the event radius at the speed of light; thus, the lab frame transition state radius, relativistically corrected relative to the 
v = c inertial frame, is given by Eq. (29.13) and Eq. (37.15) as (2.K) 2 r . The radius of the quark orbitsphere is three times that 
of the neutron according to Eq. (28.16). The velocity of the quarks in the proper frame is v = c (Proton and Neutron section); 
thus, the proper time is relativistically dilated by a factor of 2k . — (See the Special Relativistic Correction to the Ionization 
Energies section and the Spin Orbit Coupling section.) Multiplication of the left side of Eq. (32.43) by In , and substitution of 
(1) the sec which is essentially the second — the definition for the coordinate time in MKS units, for ti, (2) 3(2;r) 2 r for the 
transition state radius r which is also the final particle radius, (3) the Compton wavelength bar for the transition state radius r 
(Eq. (32.21)), and (4) Eq. (37.40) for M into Eq. (32.43) gives the relationship between the neutron proper time and the 
coordinate time: 



'lK- 



7.71% 



\2G 



2k 



a 

2k 



0*7.41) 



_!_ 



a 



= secl 



i cj p. nyh 



2k 2k 
The neutron mass in MKS units based on the definition of the coordinate time in terms of the sec is 



=13X2^1 



2K b W 2;r(3) c/?V 



= 1.6726^10""% 



(37.42) 



\-a 



secc 



2G 



where m 



n experimental 



= 1 .6749X10 21 kg . The difference between the calculated and experimental values of the neutron mass is due 



to the very slight difference between the MKS second and the definition of the corresponding time unit defined by Eq. (36.2). 
The relation between the neutron and electron masses which is independent of the definition of the imaginary time ruler ti given 
by Eqs. (32.43) and (36.2) including the contribution of the fields due to charge production is given by Eq. (37.29). Three 
families of quarks arise from Eq. (32.27) as given in the case of the leptons in the Leptons section. 
Proton production is given in the Weak Nuclear Force: Beta Decay of the Neutron section via beta decay of the neutron. 



The energy of the neutron can be lowered by neutron decay to a proton and a beta. The proton mass calculated from the neutron 
decay reaction given in the Weak Nuclear Force: Beta Decay of the Neutron section is 1 .672648 X 10~ 27 kg . The experimental 
proton mass is 1.672648 X 10~ 27 kg . 
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QUARKS 



Only three quark families can be formed from photons corresponding to the Planck equation energy, the potential energy, and 

the m agnetic energy, wh ere each is equal to th e mass energy (E q, (3 7.. 7.7 )) . A s opposed to a. continuum of energies, fu ndamental 

quark families arise from photons of only three energies. The considerations for the production of baryons are described in the 

Neutron and Proton Production section. Consider the relativistic corrections of the variables of the relationship between the 

proper and coordinate times, Eq. (32.43), for the production of three types of neutral baryon/antibaryon pairs, each comprised of 

three quarks and three gluons. The charges of each set of three quarks must sum to zero and the lowest energy nonuniform 

1 1 2 1 — 

spherical harmonics are those corresponding to I = 1; thus, the charges are -— , --, and +— for the baryon quarks and + — , 

1 2 
+ — , — for the antibary on quarks . The radius of the quark orbitsphere at baryon production and thereafter follows from by Eq. 

YYi ,^-^_ ,-^ 

(37.15). The baryon possesses three quarks of total mass — — (Eq. (37.16)); thus, the mass of each quark is 

2n 

«*=tS- (38 - 1} 

(3)2^- 

The quarks/gluons possess magnetic stored energy. Concomitant with the "capture" of the gluons by the quark resonator cavity, 
the magnetic llux ol the gluons is "captured." To conserve the total quark angular momentum, % , the llux is trapped in quanta 
of the magnetic quantum of flux (See Electron g Factor section.). The quark/gluon velocity is v = c ; thus, the magnetic stored 
energy is m B c 2 (Eq. (29.14) and (29.15) with m e replaced by m B ). The mass (energy) released due to magnetic flux "capture" 
(gluon "capture") follows fromEq. (1.181). 



a 

mass deficit - m B — (38.2) 

2n 

The force corresponding to this mass deficit is the strong nuclear force (which is calculated for the deuterium nucleus in the 
Strong Nuclear Force section). Combining Eqs. (38.1) and (38.2) gives the bound individual quark mass 



3 



1 a 

2k In 



(38.3) 



No particles or fields propagate out f r om the event radius at the speed of light; thus, the lab f r ame t r ansition state r adius, 
relativistically correct e d relative to th e v-c inertial frame, is given by Eq. (29.13) and Eq. (37.15) as (2k) 2 r . The radius of 
the quark orbitsphere is three times that of the neutron according to Eq. (28.16). The velocity of the quarks in the proper frame 
is v = c (Proton and Neutron section); thus, the proper time is relativistically dilated by a factor of 2k . (See the Special 
Relativistic Correction to the Ionization Energies and the Spin-Orbit Coupling section.) Multiplication of the left side of Eq. 
(32.43) by 2k , and substitution of 1.) the sec which is essentially the second — the definition for the coordinate time in MKS 
units, for ti (See Leptons section.), 2.) 3(2;r) 2 r for the transition state and final particle radius r, and 3.) the Compton 
wavelength bar for the transition state radius r (Eq. (32.21)) into Eq. (32.43) gives the general equation for principal baryon 
production as the relationship between the particular neutron proper time and the coordinate time: 
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2k- 



2k% 



\2GM 



-3- 



1 a 

2& — 2m- 



J_ 



-O- 



3c(27r) 2 h 



(38.4) 



2k 2k 

The mass of each member of a quark pair corresponds to an energy of Eq. (32.32) where the production state goes 
through the corresponding neutron comprising quarks and gluons. The down-down-up neutron (ddu) and anti-ddu corr e spond to 
the Planck equation energy. The strange-strange-charm neutron (ssc) and anti-ssc correspond to the electric energy. And, the 
bottom-bottom-top neutron (bbt) and anti-bbt correspond to the magnetic energy. It is shown that the masses are given by Eq. 
(32.43) and the relative masses differ in their specific function of the fine structure constant a only. These functions are 
determined by relativistic coefficients in Eq. (38.4) given by Eq. (32.32) according to the kind of energy that is responsible for 
the respective level ( ddu , ssc , bbt ) of the particular particle within its tamily. 



DOWN-DOWN-UP NEUTRON (DDU) 



The down-down-up neutron is comprised of a down, down, and an up quark where the charge of a down quark is — e, and the 



charge of an up quark is +—e. The mass of the down-down-up neutron corresponds to the Planck equation energy given by Eq. 

(32.28). Substitution of Eq. (38.3) for M into Eq. (38.4) gives the relationship between the down-down-up neutron proper time 
and the coordinate time. 



T2G 



-i- 



2k- 



2k% 



-3- 



J_ 

~2^- 



a 

_2 



n- 



• = secl 



2k 2k 



3c(2K) 2 h 



(38.5) 



The neutron mass in MKS units based on the definition of the coordinate time in terms of the sec is 

1 Y 2kH W2;r(3)c/2V 



ddu calculated 



= 0X2*) 



\ — a 



secc 2 J \ 2G ) 



(38.6) 



= 1.6726 XI Q- 17 kg 



(3X77 

^Yg (38.8) 

The difference between the calculated and experimental values of the neutron mass is due to the very slight difference between 
the MKS second and the definition of the corresponding time unit defined by Eq. (36.2) and the slight contribution due to the 
field energies of the quarks' charges. The relation between the ddu neutron and electron masses which is independent of the 
definition of the imaginary time rater ti giveii by Eqs. (32.43) and (36.2) including the contribution of the fields due to charge 
production is given by Eq. (38.31). 

STRANGE-STRANGE-CHARM NEUTRON (SSC) 

The strange- strange-charm neutron is comprised of a strange, strange, and a charm quark where the charge of a strange quark is 

1 2 

— e, and the charge of a charm quark is H — e. Given that the down-down-up neutron is a solution to Eq. (38.4), other 

solutions follow from this solution and the other energy solutions. 

Consider the case of the potential energy. Given that the down-down-up neutron is "allowed" by the Planck energy 
e quation (Eq. (32.28)) and that th e prop e r tim e is giv e n by g e n e ral r e lativity (Eq. (32.38)), th e strang c- strang c- charm n e utron 
mass can be calculated from the potential energy, V , (Eq. (32.27)) and the proper time relative to the down-down-up neutron 
inertial frame. 

Baryons comprised of charm and strange quarks (antiquarks) decay to baryons of up and down quarks (antiquarks) and 
may be considered a transient resonance which decays to the stable baryons, the neutron or proton (antineutron or antiproton). 
For the lab inertial frame, the relativistic correction of the radius of the transition state orbitsphere given by the potential energy 
equations (Eq. (29.10) and (29.11)) is a 2 . As shown in the Muon-Antimuon Lepton Pair section, for the down-down-up 
neutron inertial frame, the relativistic correction of the gravitational radius r (Eq. (32.36)) relative to the proper frame is the 

inverse, a 2 . Furthermore, the potential energy equation gives an electrostatic energy; thus, the down-down-up neutron inertial 
time must be corrected by the relativistic factor of 2k relative to the proper time. (See the Special Relativistic Correction to the 
Ionization Energies section.) Multiplication of the right side of Eq. (38.4) by 2k and substitution of (1) a 2 r e , the relativistically 

corrected gravitational radius for r g (Eq. (24.36)), and (2) m dl 



"ddu calculated 



«^ex pe „ m «. ; =1 -6749X10- 



the mass of the down-down-up neutron, for M into Eq. (38.4) 



gives the relationship between the proper time and the down-down-up neutron coordinate time: 
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2k- 



2n% 



\2Ga m. 



-X- 



- = 2^sec1 



1 a 

2k — 2x- 



T>c(2k) 2 % 



(38.9) 



2k 2k 
The strange-strange-charm neutron mass in MKS units based on the definition of the coordinate time in terms of the sec is 



ML Calculated 



ssc calculated 



= (3)(2*) 



1 



T 



2K{T>ch 



(38.10) 



l-ajysecc 
= 4.89X1 0~ 27 kg = 2.1 A GeV/c 2 



2 m ddu Ga 



(38.11) 



The observed mass of the Q. hyperon that contains three strange quarks (sss) is |T"|. 



m n _ = 1673 MeVIc 2 



(38.12) 



Thus, an estimate for the dynamical mass of the strange quark, m s , is 



m. = - 



1673 MeVIc 1 _„ „ v . 2 
= 558 MeV I c 



(38.13) 



The dynamical mass of the charm quark, m c , has been determined by fitting quarkonia spectra, and from the observed masses of 
the charm pseudoscalar mesons £>°(1865) and _D + (1869) [2]. 



m =1.580 GeV/c 2 



(38.14) 



Thus, 


m maflriimul =2m s+ m c =2(558 MeV 1 <?) + \5W MeV 1 c 1 

m - 2 70 GpV 1 r 2 

'"sscexperimental '•'""" ' u 

Eqs. (38.1 1) and (38.16) are in agreement. 


(38.15) 
(38.16) 



The bottom-bottom-top neutron is comprised of a bottom, bottom, and a top quark where the charge of a bottom quark is — e, 

2 

and the charge of a top quark is +— e . Given that the down-down-up neutron is a solution to Eg. (38.4), other solutions follow 

from this solution and the other energy solutions. 

Consider the case of the magnetic energy. Given that the down-down-up neutron is "allowed" by the Planck energy 
equation (Eq. (32.28)) and that the proper time is given by general relativity (Eg. (32.38)), the bottom-bottom-top neutron mass 
can be calculated from the magnetic energy (Eq. (32.27)) and the proper time relative to the down-down-up neutron inertial 
frame. As given in the Proton and Neutron section for the neutron and proton, the bottom-bottom-top neutron and the 
antibottom-bottom-top neutron radius, r , is given by the Compton wavelength. 

r = ^ M ,=-^ L - (38-17) 

Furthermore, the transition state comprises two magnetic moments. For v = c , the magnetic energy equals the potential energy, 
equals the Planck equation energy, equals mc 2 . The magnetic energy is given by the square of the magnetic field as given by 
Eqs. (1.154-1.161). As in the case of the tau-mass calculation given in the Leptons sections, the magnetic energy corresponding 

to particle production is given hy Eq. (32.3?.). Because two magnetic moments are produced ; the magnetic energy (and 

corresponding photon frequency) in the proper frame is two times that of the down-down-up neutron frame. Thus, the down- 
down-up neutron time is corrected by a factor of two relative to the proper time. Both the bottom-bottom-top neutron and the 
antibottom-bottom-top neutron undergo and exit the production event with a radius given by Eq. (38.17). Whereas, in the case 
of tau-antitau production given in the Leptons section, the radius of the lepton and antilepton increased symmetrically to produce 
le p ton plane waves at infinity relative to each other. — Thus, in the lab frame, the gravitational radius r (Eq. (32.36)) is not 

corrected by (2k) 2 . Furthermore, a mutual central magnetic field exists lor the particles of fixed radius. The corresponding 
electrodynamic special relativistic correction is given by Eqs. (1.241-1.260) where the mass of each particle in Eq. (1.255) is 
m bbt . Thus, as a consequence of the mutual magnetic dipole interaction, the mass m bbl is replaced by the corresponding reduced 
mass ju bbl of the two baryomc magnetic dipoles: 

^=^f ( 38 - 18 > 

Furthermore, for the lab inertial frame, the relativistic correction of the radius of the transition state orbitsphere given by the 



magnetic energy equations (Eq. (29.14) and (29.15)) is 



-or 



As shown in the Tau-Antitau Lepton Pair section, for the down- 
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down-up neutron inertial frame, the relativistic correction of the gravitational radius r g relative to the proper frame is the 
inverse, a 4 . — Multipli c ation of the right side of Eg . (3) by 2 and substitution of 1 . ) m ddu , the mass of the down-down-up 
n e utron, for M , 2.) a A r g , th e r c lativistically corr e ct e d gravitational radius for r (Eq. (32.26)), and 3.) th e r e duc e d mass fi bbt 
(Eq. (38.18)) for m bbt into Eq. (38.4) gives the relationship between the proper time and the down-down-up neutron coordinate 
time: 



2 Ga m. 



m hl 



1 



a 



2k- 



2k% 



J a_ 

2k 2k 



■ 2sec1 



2k 2k 



3c2(2Kyn 



The bottom-bottom-top neutron mass in MKS units based on the definition of the coordinate time in terms of the sec is 



m. 



'bbt calculated 



= (3)(2*) 



1 



2kH \i( 2K(3)ch 



-mr. 



1-a A2secc z ) ym^Ga 4 



(38.19) 



(38.20) 



■- 3. 50 X lO" kg = 196 GeV / c 2 



bbt calculated 

The dynamical mass of the bottom quark, m b , has been determined by filling quarkonia spectra; and from the observed masses 
of the bottom pseudoscalar mesons 3° (5275) and B + (5271) [2]. 

m b =4.580 GeVIc 1 (38.21) 

Thus, the predicted dynamical mass of the top quark based on the dynamical mass of the bottom quark is 

(38.22) 



m, 



= m. 



'bbt calculated 



-2m b =196 GeV/c 2 -2(4.580 GeV I c 2 ) 



= 187 GeV/c 2 



Considering all jets, the CDF collaboration determined, the mass of the top quark to be 1 86 + 1 GeV I r 2 [3]. 
All other hadrons comprise linear combinations of the fundamental quarks. 



RELATIONS BETWEEN MEMBERS OF THE NEUTRON FAMILY AND THE 
LEPTONS 

As shown in the Leptons section (Eqs. (36.9-36.1 1)), the mass ratios of the members of the lepton lamily are based solely on the 
fine structure constant a . Based on Eqs. (36.3), (38.6), (38.10), and (38.20), the relations between the electron and neutron 



masses which are independent of the definition of the imaginary time ruler ti given by Eq. (24.43) are [4] 



m K 




= 1838.06 



(1838.68) 



(38.23) 



m. 



m ssc m ssc 1 (1-a 



m,. 



m N 2k \ 3a 



-■ 2.926 



(38.24) 



2k l 



= 71.8 



(38.7.5) 



m h> 



m hl 



1-a 

12Ka 4 



= 210 



(38.26) 



Th e r e sp e ctiv e e xp e rim e ntal n e utron/ e l e ctron mass ratio according to th e 1998 CODATA is giv e n in par e nth e s e s [5]. 
Remarkably, all of the quarks as well as leptons are related by the fine structure constant a only which demonstrates that the 
masses arise as a consequence of special relativity. This result is analogous to the magnetic field that is a special relativistic 
consequence of the electric field. 

Eq. (38.23) does not include the electron neutrino energy or the coulomb and magnetic field energies. As shown in the 
kelations between the Leptons section, in order to conserve mass-energy, the electromagnetic fields of the particles must be 
included in the mass determination. The correction y" to the electron mass given by Eq. (36. 1 5) is 

/= l + 2;r — (38.27) 

Similar to the electron-positron pair, the ddu-neutron-anti-ddu-neutron pair depends on the Plank energy equation. The latter is 
exceptional in that the radius of the charged quarks does not change following particle production. Since the energy in the 
electrostatic fields of the electron-positron pair are released as photons during binding and photons have no gravitational mass as 
shown in the Gravity section, the relativistic correction decreases each lepton mass as shown in Eq. (36.15). However, in the 
case of the neutron, the electrostatic field, for radial distance greater than the radius of the quarks, is zero, and the gluons result 
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in a relativistically corrected quark mass as given in the Proton and Neutron section. In this case, the corresponding correction 
y* has the opposite sign as that of Eq. (38.27) and is given by 



a\ 



\-2n- 



(38.28) 



r 



Substitution of the relationship between the definition of the imaginary time ruler ti given by Eq. (36.4) and the correction due 
to the contribution of tile fields due to charged quark production given hy F . q. (38.78) into F.q. (38.6) gives tile ddn neutron mass 



as 



ddu calculated 



= (3X2*) 



1 



2nh 



1 -a ,^0.9975(46714) MKS secondc' 



t_ i 

I 2G J 



-2k — 
2 



(38.29) 



= 1.6749 X W 11 kg 



(38.30) 



ddu calculated 



To the appropriate new of significant figures, there is good agreement with the experimental value of 

«^ expert! = 1-6749 X10- 27 fe. 

Based on Eqs. (28.3), (38.6), (38.27), and (38.28), the relation between the ddu neutron and electron masses (Eq. 
((38.23)) which is independent of the definition of the imaginary time ruler ti given by Eq. (36.43) including the contribution of 
the fields due to charge production is 



m N 



\2k 2 Iji 1 + K 2 



a 



~m„ \-a V a 



,t2A 



= 1838.67 



(1838.68) 



(38.31) 



1-27T- 



The experimental ddu neutron-electron mass ratio according to the 1998 CODATA given in parentheses matches the predicted 
value very well. 
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NUCLEAR FORCES AND RADIOACTIVITY 



THE WEAK NUCLEAR FORCE: BETA DECAY OF THE NEUTRON 

The nuclear reaction for the beta decay of a neutron is 

l n^ l H + p + v e +y (39.1) 

where v e is the electron antineutrino. The beta decay energy, E„ , can be calculated from conservation of mass-energy 

E /S =E„-E p -E e (39.2) 

where E n , E , and E e are the mass-energy of the neutron, proton, and electron. Thus, 

E beta decay = K - m P - m e )c 2 = 0.7824MeF (39.3) 
The experimental value is 0.782 MeV [1]. 



Neutron decay results in the change of the nuclear moment from that of a neutron 



f 4 3- 

\--2n- — 
9 25 



ju N to that of a 



4 
proton (—In fi N ) where these terms were determined in the Magnetic Moment section. The radii of the proton and the neutron 

are the corresponding Compton w avelengths give n hy K qs. ( 37 .3) and (37 .1 .5), re specti ve l y : 

4 p = 27ra ° m * =1.32141 X 1(T 15 m = r p (39.4) 



X Cn = 2 ™ om ' = 1.31959 X 10 15 m = r n (39^T 

! a m N 

The beta decay energy can be calculated from the magnetic, electric, and kinetic energy transformations which occur during the 
decay. The energy components are the sum of the following: 

• the release of E , the magnetic energy stored in one n N , since the corresponding beta particle no longer contains the 
magnetic fields of the gluons at a radius of X c , the radius of the proton, following beta decay; 

• minus E mae (gluon), the energy to change the gluon field corresponding to a down quark to that corresponding to an up 
quark; 

• minus E de , the electric energy stored in the electric field of the proton; 

• minus E v [^,a c , p ) , the electric potential energy change in going from the radius of the neutron to that of the proton; 

• plus T , the initial kinetic energy of the electron in its frame at production with v = c at a radius of the electron 
Compton wavelength bar. 

The magnitude of the beta decay energy contributions are given as follows: 
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From the Strong Nuclear Force section, and using Eq. (37.39) with Eqs. (33.13) and (39.40), E is given by 

E ma = m c- — = 1.089727 X 10 6 eV (3^67 

g p In 

3 
Since the change in the magnetic moment contribution of quark/gluon function is — (Eq. (37.36)) and the change in the energy 

stored in the magnetic field is proportional to the change in magnetic moment squared (Eq. (1.1 54)), E map (gluon) is given by 



E ma Muon)-- 



25 



: 1.569207 X 10 4 eV (39.7) 



where E is given by Eq. (39.6). From Eqs. (1.264) and (39.5). E c!c is given by 



E ele = — = 5.456145 X10 5 eF (39.8) 



From Eqs . (1 . 261), (39 . 4), and (39 . 5) , E v (^,,,^ e . P ) is given by 






j___L s 



■■ 1502.2 eV (39.9) 



From the Creation of Matter from Energy and Pair Production sections, and using Eq. (1.35), T is given by 



,, 1 2 1 mti 2 1 

T = —mv = 7 = — m. 

iVi \ 2 2 

Lnajn > 



2 2 



-2^ 



m e X c 



n =-m eC 2 = 2.555017 X 10 5 eF (39.10) 



wherein the electron Compton wavelength bar is given by Eq. (28.7). The beta decay energy, E„ , given by the sum of the 
energies of Eqs. (39.6-39.10) is 

E P = E ms ~ E ^ g Wuori) - E clc - E v (y , ,A Cr ) + T 

E p = . 7824 MeV ' 

The calculated result is in good agreement with Eq. (39.3). Then the weak force is the negative gradient of the weak energy 
given by Eq. (39.11). 

NEUTRINOS 



Photons carry ft of angular momentum in their electric and magnetic fields as shown in the Photon section. All electronic 

h 
transitions require % of angular momentum photons. Nuclear reactions such as beta decay require emission of neutrinos with — 

h 
of angular momentum. — Thus, they may be photons with different electric and magnetic fields that give — of angular 

momentum. Then different trigonometric functions of the electric and magnetic fields would correspond to the different flavor 
neutrinos, the energy of each would depend on its frequency since the speed is light speed, and the cross sections would depend 

on th e particular fi e lds and e n e rgy. 

To conserve energy and linear and angular momentum an electron antineutrino, i~ , is emitted with the beta particle. The 

antineutrino is a unique elliptically polarized photon that has handedness (the neutrino and antineutrino have opposite 
handedness), is massless, and travels at the speed c . Consider the photon orbitsphere given in the Equation of the Photon 
section. It may comprise magnetic and electric field lines basis elements that are constant in magnitude as a function of angle 
over the surface. Or, the magnitude may vary as a function of angular position (<p,9) on the orbitsphere which corresponds to an 
elliptically polarized photon. The general photon equation for the electric field is 



E„„=- 



1 l~ Tr / •-. i\ -r-* f Tr m / ^ #\ imm t 1 ~l I r» I ^ 



l+'^^^Reji;^^--'}]^-^ (39.12) 



For the particle-production or emission event, r pholon is the radius ot the photon orbitsphere which is equal to nAna H , the change 
in electron orbitsphere radius given by Eq. (2.21), X is the photon wavelength which is equal to AA , the change in the de 

2.7TC 

Broglie wavelength of the orbitsphere given by Eqs. (2.21). (1.34). and (1.38). and co n = — — is the photon angular velocity 
which is equal to A&» , the change in orbitsphere angular velocity given by Eqs. (2.21). The magnetic field photon orbitsphere is 
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given by Eqs. (4.14) and (4.2). The nature of the unique elliptically polarized photon orbitsphere which is the antineutrino 
(neutrino) is determined by the nature of quark/gluon functions and the change in the quark/gluon angular harmonic functions 
during the transition ±rom a neutron to a proton (proton to a neutron) with the emission of a beta particle (positron). A tree quark 
or a free gluon is not a stable state of matter, and both are precluded from existence in isolation. Quarks and gluons can only 
exist in pairs, each comprising a quark and a gluon. In the case of beta decay, a down quark/gluon is converted to an up 
quark/gluon. Energy and linear momentum are conserved by the emission of an electron antineutrino, v e , with the beta particle 
where the maximum energy of the antineutrino is that of the mass deficit. To conserve angular momentum, the electric field, 
E fl , of the electron antineutrino has an angular dependence given by a harmonic function squared corresponding to the change 

between the initial and final quark/gluon functions where the electric field of each gluon and its corresponding quark are radial 
and Eq. (37.34) applies. 



^ g ^{Y;{e,<p)j{\ + e^)\s 



-^2fp 



(39.13) 
«cos 2 gRe(l + e ^') < ?fr-AJ = fl + £g^gJRe(i + e ^') < yf r -A" 

where l = \ and the power is given by Eq. (4.16). In contrast, the electric field of a photon corresponding to electronic 

transitions (Eq. (39.12)) is given by the sum of a constant function plus a spherical harmonic modulation function which 

% h 
averages to zero over a period. The angular momentum of an antineutrino (neutrino) is — (— ) 



= f— Re[rx(ExB*)]& 4 



J 8kc 
compared to that of a photon corresponding to an electronic transition of +h (Eq. (4.1)). 



(39.14) 



The matrices to generate the electric and magnetic vector fields (e&mvf) of neutrinos are the same as those of the right- 
and left-circularly-polarized and linearly-polarized photons with the exception that the magnitude of the basis element field is 
not constant over the spherical surface, but is modulated by a trigonometric function squared. The right- and left- cos 2 6 or 
sin 2 8 -polarized neutrinos are mirror images of opposite spin corresponding to a neutrino-antineutrino pair. The right-hand- 



cos 6 -polarized neutrino ( RHC P ) is given by 
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The RHC 2 P neurrino-e&mvf that is generated by the rotation of the great-circle basis elements in the xz- and yz-planes about 



the (i x ,i y ,0i z )-axis by — corresponding to the output of the matrix given by Eq. (39.15) is shown in Figure 39.1 wherein the 
magnitude of each field line is according to cos 2 6 . 
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Figure 39.1. The field-line pattern given by Eq. (39.15) from three orthogonal perspectives of a RHC 2 P neutrino-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 9 . (Electric field lines red; Magnetic field lines blue). 
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The corresponding antineutrino, the left-hand- cos 6> -polarized neutrino (LHC-P), is given by is given by 
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(39.16) 



V2 V2 

The LHC 2 P neutrino-e&mvf that is generated by the rotation of the great-circle basis elements in the xz- and yz-planes about 

the (i s ,-i y ,0i z )-axis by — corresponding to the output of the matrix given by Eq. (39.16) is shown in Figure 39.2. 



Figure 39.2. The field-line pattern given by Eq. (39.16) from three orthogonal perspectives of a LHC 2 P neutrino-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 8 . (Electric field lines red; Magnetic field lines blue). 
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Based on the invariance of the field lines under Gauss' Integral Law as given in the Photon section, the spatial distribution of the 
field lines of a cosine-squared neutrino (Eq. (39.13)) in the inertial frame for the stationary observer or laboratory frame is 
shown in Figure 39.3. 

Figure 39.3. The electric (red) and magnetic (blue) field lines of a cosine-squared neutrino given by Eq. (39.13) as seen 
along the axis of propagation in the lab inertial reference frame at a fixed time. A and B. Views transverse to the axis of 
propagation, the z-axis, wherein 2r maHm = X . C and D. Off z-axis views showing field aspects both along and transverse to the 
axis of propagation. 




Eq. (39.13) is the equation of the neutrino's electric field in its frame. The neutrinos fields called the neutrino electric 
and magnetic vector field (neutrino-e&mvf) follows from that of the photon. Eq. (25) of Appendix VI: Analytical-Equation 
Derivation of the Photon Electric and Magnetic Fields which gives the laboratory-frame relationship of the fields and the angular 
momentum then becomes: 






|// 256c (0 



r , pl!Olo „jsm-20(l-cos20-cos 2 20 + cos20)d0 = - 



(39.17) 
(39.18) 
(39.19) 



Using the wave equation relationship and the relationship between the wavelength and the radius of the photon-e&mvf given by 
Eq. (21) and Eq. (22) of Appendix VI, respectively, gives 



[//„ 128 of 



J sin 2 20d0-i[sm 2 Wcos20d0 
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(39.20) 



The integrals by Lide [2] give 
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which has the required MKS units of Vm' 1 . From Plank's law, the energy is given by 
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In the case of Eq. (39.13), a neutrino of a different flavor can also have an electric field in its frame of 
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The right-hand- sin 2 9 -polarized neutrino ( RHS 2 P ) is given by 
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(39.23) 
(39.24) 

(39.25) 

(39.26) 



(39.27) 



(39.28) 



V2 4l 

The RHS 2 P neutrino-e&mvf that is generated by the rotation of the great-circle basis elements in the xz- and yz-planes about 
the (i K ,i y ,0i 2 )-axis by — corresponding to the output of the matrix given by Eq. (39.28) is shown in Figure 39.4. 

Figure 39.4. The field-line pattern given by Eq. (39.28) from three orthogonal perspectives of a RHS 2 P neutrino-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 8 . (Electric field lines red; Magnetic field lines blue). 
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The corresponding antineutrino, the left-hand- sin 2 6 -polarized neutrino (LHS 2 P ), is given by is given by 

~7t 1 
e&myf = (E„ + fi )sin 2 6 



= &m 2 M(r-r pham ) 
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(39.29) 
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The LHS 2 P neutrino-e&mvf that is generated by the rotation of the great-circle basis elements in the xz~ and yz-planes about 
the (i^-iy.oO-axis by — corresponding to the output of the matrix given by Eq. (39.29) is shown in Figure 39.5. 

Figure 39.5. The field-line pattern given by Eq. (39.29) from three orthogonal perspectives of a LHS 2 P neutrino-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 6 . (Electric field lines red; Magnetic field lines blue). 
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The spatial distribution of the field lines of a sine-squared neutrino (Eq. (39.27)) in the inertial frame for the stationary 
observer or laboratory frame is shown in Figure 39.6. 
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Figure 39.6. The electric (red) and magnetic (blue) field lines of a sine-squared neutrino given by Eq. (39.27) as seen along 
the axis of propagation in the lab inertial reference frame at a fixed time. A and B. Views transverse to the axis of propagation, 
the z-axis, wherein 2r amrba =X. C and D. Off z-axis views showing field aspects both along and transverse to the axis of 
propagation. 




In this case, Eq. (25) of Appendix VI: Analytical-Equation Derivation of the Photon Electric and Magnetic Fields then 
becomes: 
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Using the wave equation relationship and the relationship between the wavelength and the radius of the photon-e&mvf given by 
Eq. (21) and Eq. (22) of Appendix VI, respectively, widi the integral by Lide [2] gives 
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Using the integral #322 and #320 of Lide [2] gives 
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Thus, 



512<a> ft _ z \5\2fx h 



'••fizF—'+i&L <™l 

Due to its unusual angular momentum, the antineutrino and neutrino interact extremely weakly with matter. Essentially, 
it only has a finite cross-section for processes which involve transitions of two fundamental particles simultaneously. Such cases 
include heta decay, inverse beta decay, and the hydrino decay reaction (F.q. (32.1 73)) 



v+ l H 



■r + K (39.39) 



where v e is the electron neutrino and v e is the electron antineutrino. There are three classes of neutrinos (antineutrinos) 

corresponding to the electron (antielectron), muon (antimuon), and tau (antitau) as described in the Leptons section. The energy 
of the electric and magnetic fields given by Eq. (1.154) and Eq. (1.263), respectively, equals the energy given by the Planck 
equation (Eq. (4.8)). The multipolarities and polarizations of photons of visible light change upon interacting with a dichroic 
material through which they propagate. Similar to dichroism, interconversion of neutrinos may be possible via interaction with 
matter that causes corresponding changes in multipolarities and polarizations. 

THE STRONG NUCLEAR FORCE 

THE DEUTERIUM NUCLEUS 

The bonding in multi-nucleon nuclei involves the superposition of the quark and gluon functions of the constituent nucleons to 
form the nuclear version of atomic orbitals wherein the gluons provide the central force and the quarks comprise the two- 
drmensional current-density surfaces. The nuclear bonding gives rise to spherical shells comprising equipotential mimmum- 
energy surfaces as a linear combination of the nucleons. For example, the deuterium nucleus is a minimum energy superposition 
of a neutron and a proton. Thus, the deuterium quark/gluon function is a spherical coordinate orbitsphere solution of Laplace's 
equation (E q. (1 . 44)) . Th e neutron is electrically n eutral; th us, no electric term arises i n the energy calculation. Th e n eutron and 
proton quarks of the same kind or flavor are indistinguishable and superimpose to form the deuterium orbitsphere. The gluon 
electric and magnetic fields of each nucleon superimpose with conservation of stored electric energy density (Eq. (1.263)) and 
stored magnetic energy density (Eq. (1.154)); however, gluon mass-energy is released as the proton and neutron gluon fields 
superimpose to provide the central field of the deuterium orbitsphere comprising the linear combination of quarks from both 
nucl e ons. Th e quark/gluons poss e ss magn e tic stor e d e n e rgy. Concomitant with th e sup e rposition of th e n e utron with th e proton, 
the quark resonator cavity of the proton traps the magnetic flux of the neutron gluons, and the neutron quark resonator cavity 
captures the flux of the proton gluons. To conserve the total quark angular momentum of each nucleon, ti , the flux is trapped in 
quanta of the quantum of magnetic flux. As shown in the Quark and Gluon Functions of the Proton and Neutron section, the 
quark/gluon proper velocity is c . Therefore, the quark/gluon stored magnetic energy is m p c 2 and m N c 2 for the proton and the 
neutron, respectively (Eqs. (29.14) and (29.15) with m e replaced by the nucleon mass). The energy released due to the magnetic 
flux capture, the deuterium binding energy (E Binding ), follows from Eq. (1.181). 
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In 

The calculated mass of deuterium is 

Mass = (m p + «„)[!-— ] = 2.0141 AMU (39.42) 

The experimental mass of deuterium is 2.0140 AMU . 
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NUCLEAR AND X-RAY MULTIPOLE RADIATION 

Using Maxwell's equations, the essential features of multipole radiation in nuclei can be presented with simple arguments 
developed by Jackson [3]. By using Jackson's Eq. (17.78) and the multipole coefficients (Jackson's Eqs. (17.93) and (17.95)), 
the total power radiated by a multipole of order (£, m) is 

P E (i,m)= 2nC 2 (—)k 2t+2 \Q^Q'J 



(39.43) 
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The transition probability (reciprocal mean life) is defined as the power divided by the energy of a photon: 
I P 



(39.44) 
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Using the source structure given in the Proton and Neutron sections, the oscillating nuclear charge density of a nucleus 
comprised of many nucleons may be model as being of the form 
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The corresponding electric multipole moment Q !m is 
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independent of m . Based on the spherical-shell structure of the nucleons, the divergences of the magnetizations is: 
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(39.47) 



0, 



where g is the effective g factor for the magnetic moments of the particles in the nuclear system, and eh I mc is twice the Bohr 
magneton for those particles. The sum of magnetic multipole moments is 



M tm +M' tm ^- 



ea ' 

1 + 2 v mca 



(39.48) 



The definitions of the multipole moments Q lm and Q' lm given by Jackson's Eq. (17.94) are 



Q tm =\r% m pd' 



(39.49) 



(39.50) 
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Using Eqs. (39. 4 8) and (39.50) gives 
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(39.51) 



Since the energies of radiative transitions in nuclei are always very small compared to the rest energies of the particles involved 
(i.e. hco « mc 1 ), Q' lm is always completely negligible compared to Q tm . However, using Eqs. (39.43), (39.44), and (39.46), the 
transition probability for electrical multipole transitions of order £ are 
1 (e 2> | In ( t + \\( 3 " 2 



tkaf 



(39.52) 
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Using Eqs. (39.43), (39.44), (39.48), and (39.50-39.52), the transition probability for magnetic multipoles is 



f 2 ^ 
1 + 2 



gh 
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(39.53) 
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In the long-wavelength limit (ka <£ 1) , the transition rate predicted by Eq. (39.52) falls of rapidly with increasing multipole 
order, for a fixed frequency due to the (ka) 2 ' factor in the transition probability. Consequently, the lowest nonvanishing 
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multipole will generally be the only one having a significant rate in the radioactive decay. Omitting numerical factors of relative 
order (1//), the ratio of transition probabilities for successive orders of either electric or magnetic multipoles of the same 
frequency is 



[rji + l)]' 1 (ka) 2 



Af 



(39.54) 



The transition rates of electric dipole transitions of single-electron-excited-state atoms were given in the State Lifetimes 
and Line Intensities section. Consider an Auger transition due to a multipole central field created by an inner shell vacancy. The 
dimensions of the source due to the initial to final state current may be taken as having the same multipolarity as the central field 
and can be approximated as a = (a 1 Z), where a is the Bohr radius and Z is the nuclear charge. The energy of any atomic 
transition obeys, the relationship 



hoxZ 2 — 



(39.55) 



where the right-hand side of Eq. (39.55) only holds for one electron atoms as shown in the One-Electron Atom section, Two- 
Electron Atoms section, and Three- Through Twenty-Electron Atoms section. Thus, an estimate of ka is given by 

ka<aZ (39.56) 

where a is the fine structure constant. According to Eq. (39.54) the transition rates of successive multipoles have the ratio 
(aZ) 2 . Using a = a I Z = a~\n I mcZ) in Eq. (39.53), the magnetic t multipole transition rate is about a factor of (aZ) 2 
smaller than the corresponding electric multipole rate. The electric dipole transitions are predicted to be the most intense, with 
electric quadrupole and magnetic dipole transitions a factor (aZ)~ weaker. Competition from transitions other than that of the 

lowest-order electric multipole is only possible with X-ray transitions in heavy elements. 

Eq. (39.52) can be used to characterize radiative transitions in atomic nuclei as well, but the values of ka cover a wide 
range because nuclear radiative transition energies vary greatly (from -10 keV to several MeV). Consequently, for a given 
multipole order, the transition probabilities (or mean lifetimes) will range over many orders of magnitude depending on the 
energy release, overlapping the multipoles on either side. However, because of the strong dependency on I , rate behavior at a 
fixed energy release can be obtained from Eqs. (39.52) and (39.53) that is useful in cataloging nuclear multipole transitions. 
Using Eq. (39.52) with the proton charge e and a - 5.6 xlO" cm (nuclear radius appropriate to mass number A = 100),alog- 
log plot of lifetimes of electric multipole transitions versus energy is shown in Figure 39.7. Although the curves tend to 
converge at high energies, the predicted lifetimes for different multipoles at the same energy differ by factors typically of order 
10 5 that is permissive of assigning multipole orders. The experimentally observed lifetime-energy diagram [4] shows broad, but 
well-defined, bands lying in the vicinity of the straight lines shown in Figure 39.7. With Eq. (39.46) being an upper bound on 
the multipole moment, there is a general tendency for the corresponding estimate given by Eq. (39.52) to serve as a lower bound 
on the lifetime. But, for certain so-called "enhanced" electric quadrupole transitions the lifetimes can be much as 100 times 
shorter than those shown in Figure 39.7. 

Figure 39.7. Log-log plot of lifetimes of electric multipole transitions versus energy from Eq. (39.52). 
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Using a typical nucleon g factor of g~3 and source size of a- R-l.2A m X 10" cm in Eq. (39.53), the relationship 
between magnetic and electric multipoles of the same order is 

-^— g^-^- (39.57 V 

t m (£) A m r E (£) 

3 _, , 

Since the numerical factor — — ranges from 4X10 to 0.8 X 10" for 20 < A <250, given multipole order electric transitions 

J^ 

are predicted to be 25-120 times more intense than the magnetic transitions. For most multipoles. this relationship is 
experimentally confirmed. But, for £ - 1 , there are special circumstances in nuclei at least at low energies whereby strongly 
attractive, charge-independent forces inhibit electric dipole transitions. In these cases, Eq. (39.57) does not hold, and magnetic 
dipole transitions are far commoner and equally intense as electric dipole transitions. The weak and strong nuclear forces given 
in the Beta Decay section and the St r ong Nuclear Force section, r espectively, are examples of where the magnetic energy is 

dominant and Eq. (39.57) with Eq. (39. 4 6) does not apply. 

Based on selection rules corresponding to conservation of angular momentum in the initial and final states and the 
radiation of multipolarity £ as shown in the Selection Rules section, a transition between two quantum states involving a 
mixture of multipoles, such as magnetic £,(£ + 2),. ..pole and electric (^ + 1), (^ + 3),. ..pole, can occur. In the long-wavelength 
limit, only the lowest multipole of each type is significant. Combining the ratios (39.105) and (39.106) gives the relative 
transition rates ot electric (£ + 1) pole to magnetic £ pole (most commonly used tor £ = 1 ): 



[tE(£ + \)Y 
[r M d)r' 



A m E 

^-=- I (39.58) 



where E is the photon energy in MeV. For energetic transitions in heavy elements, the electric quadrupole amplitude is ~5 per 
cent of the magnetic dipole amplitude. If, there is an enhancement of the effective quadrupole moment by a factor of 1 as 
observed in the rare earth and transuranic nuclei, the electric quadrupole transition competes favorably with the magnetic dipole 
transition. Even for energetic transitions, a magnetic (^ + 1) pole never comes close to competing with an electric £ pole 



because lor a mixture, the ratio ot transition rates is 



^mf — ^^ 



(39.59) 



In addition to emission, resonant absorption of nuclear radiation is possible. The gluon fields of a nucleon such as a 
proton or a neutron are given in the Proton and Neutron section. A resonant photon having gamma-ray energy and Ti of angular 
momentum in its electric and magnetic fields (Eq. (4.1)) can cause an excited nuclear state with a corresponding source-current 
component induced in the quarks of the same multipolarity as that of the gamma ray. The process is akin to that of the formation 
of an excited atomic state as given in the Excited States of the One-Electron Atom (Quantization) section. The absorption of a 
gamma ray gives rise to a trapped-photon standing wave inside the resonator cavity provided by the quarks of the nucleon. Both 
the photon standing wave and the source current to which it is phase-matched are spherical and time harmonics. The resonant 
absorption of gamma rays is the Mossbauer Effect. The nuclear size may increase or decrease depending on the effect of the 
excitation on the strong nuclear force via the absorbed photon field superposing with the gluon field. Similarly to the case of 
excited atomic states given in the Excited States of the One Electron Atom (Quantization) section, the change in the total 
nucleon binding energy corresponding to the strong nuclear force is equal to the energy of the gamma ray, and the angular 
frequency change of the quark source current matches that of the gamma ray. 



K-CAPTURE 



The nuclear charge produces a high electric field at the radius of the inner shell electrons of heavy atoms. In addition, the 
nuclear magnetic moment of a nucleus produces a magnetic field at these positions that is substantial. The electron can also 
produce a magnetic field at the nucleus due to its spin and orbital angular momentum as shown in the Orbitsphere Equation of 
Motion For £ = Based on the Current Vector Field (CVF) and Orbital and Spin Splitting sections. Thus, in addition to nuclear 
radiation from the nuclear source current directly, Eq. (39.52) also can be applied to the case of K capture. Here, | Q lm + Q lm f 

and | M lm +M' lm | 2 are, respectively, the magnitudes of the electric and magnetic multipole moments between the electron and the 
nucleus, which correspond to equivalent multipole components of the two dimensional current-density functions of the electron 
and the nucleus. 
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ALPHA DECAY 

ELECTRON TRANSMISSION AND REFLECTION AT A POTENTIAL ENERGY STEP 



^ 



The electron in free space has its charge-density in a two-dimensional plane as given in the Electron in Free Space section. 
Electron transition and reflection can be modeled as a plane wave at a potential energy barrier. An electron of total energy E is 
incident at an angle 8 i upon a potential energy barrier of height V B as shown in Figure 39.8. The incident and transmitted 
electron wave vectors are shown in Figure 39.9a. 



Figure 39.8. An electron plane wave of wave vector k i 
incident at an angle i upon a potential barrier of height V B . 



Figure 39.9. Electron wave-vector components in the 



parallel (y) and perpendicular (x) directions to the potential 
barrier for (a) incident and transmitted electron plane waves 
and (b) incident and reflected electron plane waves. 
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The kinetic energy of an incident electron (region 1) is 



E = (h 2 1 2m" 1 )(kl+kl) = (h 2 1 2ml)k 2 , 



(39.60) 



where, m" is the electron effective mass, k ix and k are the components of the incident electron wave vector normal and 
parallel to the boundary, respectively, and k t , is the magnitude of the incident electron wave vector which is given by 



j — j — 1 1/3 

k i =\2m 1 E\ lh 



(39.61) 



The incident and reflected electron wave vectors are shown in Figure 39.9b. The kinetic energy of a transmitted electron (region 
2) is 



E-V B - (h 2 1 2m\ ) (*» + K )~{fr 2 / 2m 2 ) k 2 



(39.62) 



where k a and k are the components of the transmitted electron wave vector normal and parallel to the boundary, respectively, 
and k, is the magnitude of the transmitted wave vector which is given by 



k t =[2m 2 (E-V B )J 2 /h 



(39.63) 



The phase of the transmitted electron along the boundary must be identical to that of the incident electron wave. This 
requirement of the continuity of the instantaneous phase at a boundary is commonly referred to as "phase matching." For the 
transmitted electron wave, the component of the wave parallel to the boundary is 

(39.64) 



K=K 



The transmitted wave vector normal to the boundary can be obtained by combining Eqs. (39.61), (39.63), and (39.64). The 
result is 



K=\im\lir(){kl 



(2m' 2 /h 2 )V B J 



(39.65) 



The kinetic energy of the reflected electron wave (region 1) is 
E = (h 2 /2m 1 )(kl + kl) = (h 2 /2m 1 )k 2 



(39.66) 



where k n 


and k are the components 


of the reflected electron 


wave vector normal and 


parallel 


to the 


boundary, respectively, 


and k r 


, is 


the magnitude of the reflectec 


wave vector which is given by 










/r 


-hm F\ Ifi 










(39 67) 
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The requirement that the reflected wave also be phase-matched to the incident wave means that 



Ky = Ky 



(39.68) 



Since the kinetic energy of a reflected electron is the same as that of an incident electron, then 
and thus implies the angle of reflection, 9 r , is equal to the angle of incidence, 6 i . That is 



(39.69) 



-B^r- 



(39.70) 



Equation (39.64) represents the equivalent of Snell's law for electrons. It can be rewritten as 
k, sin# =^,sin(9. 



(39.71) 



In terms of the electron energies, Eq. (39.64) becomes 



sin 6> k, 



sin 9. k 



m,E 



m" 2 (E-V B ) 



(39.72) 



For isotropic materials, the electron-allowed wave-vector surfaces are spheres. For an electron wave obliquely incident 
upon an infinitely thick potential barrier as shown in Figure 39.8, the allowed wave-vector surfaces may be depicted as shown in 
Figure 39.10. : 

Figure 39.10. Allowed wave- vector surfaces for the incident and reflected electron plane wave vectors and for the 
transmitted plane wave vector. 




In general the radius of the allowed wave vector surface is 
k = [2m" (E -V)J 2 1 h, 



(39.73) 



where E - V is the kinetic energy of the electron. The onset of total internal reflection occurs when 0, = 90° 
when the angle of incidence is equal to the critical angle, ic . Thus from Eq. (39.72), the critical angle is 



This happens 





sin 1 \m" 2 [E-V B ]/m*Ej 


for E-V B >0 




^=< 


^ (39.74) 







for E-V B <0 





For an electron wave incident at an angle greater than 6 tc , the wave is totally internally reflected for an infinitely thick barrier. 
At st e ady stat e , all of th e e l e ctron curr e nt is r e fl e ct e d back into r e gion 1 . Th e e l e ctron wav e function d e cays e xpon e ntially into 
region 2. — If the kinetic energy E-V B < , then total internal reflection occurs for any angle of incidence including normal 
incidence. This is in contrast to the electromagnetic case where total internal reflection can never occur at normal incidence due 
to the non-zero value of the minimum (free-space) wave-vector magnitude. 
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TRANSMISSION (TUNNELING) OUT OF A NUCLEUS— ALPHA DECAY [6] 

Fundamental particles can demonstrate a phenomenon known as tunneling — they can overcome a potential energy barrier 
greater than that of their total energy. This is possible because the fundamental particles are extended such that a part of the 
particle that extends to a region of opposite potential energy as the rest can contribute sufficiently to the total energy of the 
particle to exceed that required for the particle to transverse the barrier. An example is the transmission of alpha particles from a 
nucleus. 

Consider the equation for the propagation of the electron in free space, a two-dimensional plane, given by the plane wave 

equation Eq. (3.1): 

E = E e- ik * Z (39-75) 

In the case where electrons of kinetic energy K are incident on a rectangular potential barrier whose height V B is greater than 

-Kr-. — V is substituted for V B and K is substituted for E and the wave vector given by Eq. (39.63) becomes imaginary. An 

approximate value of T , the transmission probability — the ratio between the number of electrons that pass through the barrier 

and the number that arrive, is given by 

(39.76) 



From Eqs. (39.63), (39.75), and (39.76) the transmission probability is 



T = e 



(39.77) 



where 



yl2m(V - K) 



, (39.78) 

n 

and L is the width of the barrier. Eqs. (39.77) and (39.78) were derived for electrons. However, protons and neutrons are also 

two-dimensional in nature, and alpha particles are comprised of protons and neutrons. Thus, the model applies to alpha 

particles. Furthermore, Eqs. (39.77) and (39.78) were derived for electrons incident on a rectangular potential barrier; whereas, 

an alpha particle inside a nucleus is faced with a barrier of varying height, as shown in Figure 39.1 1. 



Figure 39.1 1 . The potential energy of an alpha particle as a function of its distance from the center of the nucleus. 




Eqs. (39.77) and (39.78) can be adapted to the case of a nuclear alpha particle. The first step is to rewrite Eqs. (39.77) and 
(39.78) in the form 



lnT--2LL 



and then express them as the integral 

lnr = -2J k 2 (x)dx = -2\ k 2 (x)dx 



(39.79) 



(39.80) 



where R^ is the radius of the nucleus and R is the distance from its center at which V = K . The kinetic energy K is greater 
than the potential energy V for x > R ; so, if it can get past R , the alpha particle will have permanently escaped from the 
nucleus. 

The electrical potential energy of an alpha particle at the distance x from the center of a nucleus of charge Ze is given 



V(X): 



2Ze z 

47T£ Q X 



(39.81) 



Here Ze is the nuclear charge minus the alpha-particle charge of 2e ; thus, Z is the atomic number of the daughter nucleus. 
We therefore have 
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pm(V-K) J 2m ) 



-*- 



\l/2 



*H- 



2Ze l 



1/2 



-K 



(39.82) 



Since V = K when x = R. 



K-- 



2Ze 2 
A?rs Q x 



and we can express k 2 in the form 

sl/2 , \ife 



(39.83) 



*■<¥[& 



Hence 



\nT-- 



k 2 (x)dx 



(39.84) 



(39.85) 



= -2 



f 

J a, 



(2mK_y [R\—-\\ dx 



,{^)\ 



cos 



^f KY'YV 1 ' 2 " 



R 



R 



R 



Because the potential barrier is relatively wide, R» R a , and 



cos 



K 

2 



R« 



(39.86) 



(39.87) 



R 



with the result that 



— w* 



J^- 



If 



From the Eq. (39.83) 
2Ze 2 



R 



(39.88) 



(39.89) 



4xs K 



and so 



ln7 '= — 



4i m 



2 /• \1'2 



z"x -— — 

/j£„ I 2 



zr 



(39.90) 



(39.91) 



h \7t£ OJ 



The result of evaluating the various constants in Eq. (39.90) is 
lnr = 2.97 Z in Rf -3.95ZK 1 ' 2 



where K (alpha-particle kinetic energy) is expressed in MeV, R a (the nuclear radius) is expressed in fermis (Ifm = 10 15 m), 

and Z is the atomic number of the nucleus minus the alpha particle. The decay probability per unit time, X , can be expressed 
as the product of the number of times per second, v , that an alpha particle within the nucleus strikes the potential barrier and the 
probability, T , that a particle will be transmitted through the barrier. And, v can be expressed as the alpha particle velocity 
divided by the nuclear distance. Thus, the decay constant, X , is given by 



X = vT= T 

^r- 



(39.92) 



Taking the natural logarithm of both sides and substituting for the transmission probability T , gives 
ln/i, = ln 



v 



^r 



+ 2.97Z m R 1 J 1 -3.95ZK- 1 ' 1 



(39.93) 
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To express Eq. (39.93) in terms of common logarithms, we note that 
1"Sio A _ lo £io A 



inA = - 



(39.94) 



log 10 e 0.4343 



and so 



logic & = lo 8io TTT 



- 0.4343 2.97 Z ul R" 1 -3.95Z/T 



(39.95) 



(39.96) 



Alpha Decay Constant = log 10 



f __ \ 



— 1 + 1 29Z m R% 2 - 1 J2ZK- 1 ' 2 
2R Q J 



Figure 39.12 is a plot of log lu A versus ZK m for a number of alpha-radioactive nuclides. 



Figure 39.12 Plot of log 10 X versus ZK 1/2 for a number of alpha-radioactive nuclides. 
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The straight line fitted to the experimental data has the -1.72 slope predicted throughout the entire range of decay constants that 
is in excellent agreement with the experimental data. We can use the position of the line to determine R a , the nuclear radius. 

The result agrees with the results obtained from nuclear scattering experiments [6], — This approach thus constitutes an 
independent means of determining nuclear sizes. 
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RETROSPECT: THE SCHRODINGER WAVE FUNCTION IN 



The Schrodinger equation implicitly postulates time harmonic motion of the spatial charge function of the electron. A wave 
equation was assumed, and time-harmonic motion was eliminated by Schrodinger [1], by substituting de Broglie waves, kinetic 
and potential energy relationships, and the equation, 

' v = Xf (40.1) 

The solution to the Schrodinger equation is a wave function y/{x) . — An interpretation of i//(x) is required . — Schrodinger 
postulated that ii'(x) represents the amplitude of the particle in some sense, and because the intensity of a wave is the square of 
the amplitude the "intensity of the particle" is proportional to y/*(x)y/(x) [y/*(x) is the complex conjugate of y/(x)]. A 
controversy arose over the meaning of intensity. Schrodinger considered ey/ * (x)y/(x) to be the charge-density or ey/ * (x)y/(x) 
to be the amount of charge hetween rand x + dx. Thiis ; he presumed the electron to he spread all over the region The electron 
has kinetic energy and angular momentum and energy must be conserved; thus, the motion of an electron must be time 
harmonic. It is demonstrated in the One-Electron Atom section that emission of electromagnetic radiation occurs if the 
spacetime Fourier transform possesses waves that are synchronous with waves traveling at the speed of light. It is demonstrated 
below that the Schrodinger wave equations have such components; thus, they must radiate. That no radiation is observed 

demonstrates the invalidity of these equations as an accurate description of an electron. 

The angular functions of Schrodinger wave equations are spherical harmonics and their spacetime Fourier transform is 

given in the One-Electron Atom section (Spacetime Fourier Transform of the Electron Function) as the transforms of g(0) , 
h(fl) , and k(t) . The radial solutions (solutions which are a function of the radial variable r) are of the form of r raised to a 
power times a negative exponential of r. Thus, it is appropriate to take the spacetime Fourier transform of the general solution 
for psi squared times a time harmonic function (which is proportional to qdrldt) and apply Haus' nonradiative condition [2]. 
The most fundamental solution is chosen for analysis. Additional powers of the radial functions would give rise to convolution 
integrals in Fourier space and additional terms that do not go to zero. The same applies to additional linear terms. It is only 

necessary to demonstrate that one component does not vanish for k_= — . 

c 

The spacetime Fourier transform of the radial function f(r) = re " follows: 
With spherical symmetry [3], 

G(s) - Ak J g(r)smc(2sr)r 2 dr (40.2) 

o 

G(s) = Ak J re~ rl% s,mc(2sr) r 2 dr (40.3) 

o 

Using the definition of the function 

sinTrx ,.„ „. 

Sine x = (40.4) 

7TX 



©2010 BlackLight Power, Inc. All rights reserved. 



1640 



Chapter 40 



Eq. (40.3) becomes, 

- r i a . sm2?rsrdr 



~$W r e 



-C403T 



nsr 



= — [ r 2 e r "° sin iTisrdr 



XeT 



(40.6) 



-r 4 — — , uY- 

— and or = — 

In 2k 



-G^ 



1 



2sn i 



[r' 2 exp( )sin sr'dr' 

•* 97T/7 



(40.7) 



(40.8) 



2na, 



From Bateman [4]: 

CO 

j x'V" sin(xy)(fe = « ! 



n n\\ 



-et — H 



I(-l)' 



f r . 1 \ / \2m+A 
K + l If ^ 



y m=U 



2m + \ (a 



(40.9) 



-iBlr 



x = r, •? = >>, «- 



2;ra n 



K = 2 



and apply Eq. (40.9) to Eq. (40.8). 



(40.10) 



G(s)- 



2s7T 



— - [r' 2 exp 



y 2Ka f> 



smsr'dr'- 



2stiT 



-2! 



2;ra„ 



~T3^ 



SH" 



/7 



2m + l 



n2™+1\ 



(40.11) 



yv 2art V 



v 2;ra o y j 



In Appendix I, the Fourier transforms of the angular functions are given by Eqs. (31) and (32), and the Fourier transform of the 
time harmonic function is given by Eq. (33). By Eq. (34), the complete spacetime Fourier transform of a Schrodinger wave 
equation, W(s,<d,<b,a), is the convolution of Eqs. (40.11), (31), (32), and (33). 



W(s,@,®,a)-- 



2s7l 



-2! 



27ia n 



I 

2na r . 



V"*"o 



+ s 



Z(-i)' 



2m + 1 



' S 



V 2n:a a J 



, 2 ^ (-ir ( , S in Q r" r (i) r K; 7v\^ 



2u+l -, )+1 



v(v-l) \ (xcos®y" +i 2 



>2*£ 



(-lr'^sinO) 



2(u-l) F 



1 



v^y 



u+- 



l 



2u! 



(40.12) 



iKv-W (^cosOp'2" +1 u 



—[<?(<»- toj+<y(o+oj] 



4;r 



®„ 



This transform has components —*- = A: that are not zero and are synchronous with waves traveling at the speed of light. Thus, a 
e 

charge-density function given by the Schrodinger wave equation must radiate in accordance with Maxwell's Equations. 
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RETROSPECT: CLASSICAL ELECTRON RADIUS 



Electron scattering from neutral atoms and the classical electron radius are tests of the nature of bound electrons as orbitspheres 

of the classical model as opposed to point particles of the Schrodinger-Born model. 

Electron scattering experiments support the nature of bound electrons as orbitspheres of the classical model, and the data 

is inconsistent with the probability point particle model of Schrodinger and Born. Consider the case given in the Classical 
Photon and Electron Scattering section wherein experimental results by Bromberg [1] were presented. Quoting from Bromberg 
[1], "At smaller angles; however, the Born approximation calculation fails utterly, the experimental curve rising much more 
steeply than the theor e tical." This point is explicitly demonstrat e d in Figure 8.6. In contrast, th e clos e d form function (Eqs. 
(8.57) and (8 . 58)) for the elastic differential cross section for the elastic scattering of electrons by helium atoms is in agreement 
with the data of Bromberg as demonstrated in Figure 8.7. In principle, Quantum mechanics cannot adequately describe the 
results of electron scattering from neutral atoms or the results of the Davidson-Germer experiment. An assembly of point 
particles cannot give rise to neutral scattering in the absence of the violation of Special Relativity. Otherwise, an internal 
inconsistency arises — namely violation of the Uncertainty Principle, kutherford scattering would be predicted from a point 

particle model. 

Furthermore, the radius of the electron according to quantum mechanics is zero; whereas, the minimum classical electron 
radius is the Compton wavelength bar as required by conservation of mass-energy and relativity as shown in the Gravity section. 
The electron must spin in one dimension and give rise to a Bohr magneton, u B , 

H B = — = 9.274X10 2 A JT\ (41:1)- 

2m e 

The magnetic energy corresponding to the magnetic moment of Eq. (41.1) is 
-4- 



E =- Mo H L r 2 sin &drd&d<S> (41 .2) 

°_ Q 111 

= 

eh 

H = - -(i,.2cos#-i fl sini9) for r>r n (41.3) 

2m e r 

which in the present case is infinity (by substitution of r = for the model thai Hie electron is a point particle) not the required 

mc 2 . This interpretation is in violation of Special Relativity [2]. 

Eq. (29.14) of the Pair Production section gives the magnetic energy correctly as mc 2 . The "effective" orbitsphere 

radius to be used to calculate the cross section for pair production using the electric energy of Eq. (29.10) and Eq. (29.1 1) is the 

classical electron radius, 

a 2 a 3 = a% c = 2.82X1 0~ 13 cm (CGS units) (41.4) 

= 2.82X1 0~ 15 m (MKS units) 

v ^_a_^_ (4L5) 
4/c£ a 

V = m e c 2 (41.6) 

Based on Eqs. (41.5) and (41.6), a , the geometric cross section of the electron can be derived using the classical electron radius. 

(4L2)- 



a = k 



e 2 



mc 2 
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a = 7r[a% c ] 



(41.8) 



From the geometric cross section of the electron, the equation for radiation scattering follows from the equation for radiation by 
a Hertzian dipole 



T - T ^ K U - T ^ K 

in 3 



mc 



(CGS units) 



(41.9) 



Electron-proton force balance exits and the orbitsphere is nonradiative. Mechanics and electrodynamics can both be 

satisfied simultaneously to achieve these conditions of force balance with cancellation of all radiation fields. Directional 
antennae arrays are designed using identical principles of achieving cancellation of desired radiation fields. For the electron 
orbitsphere, 

~ TJ 2 



v^ 



p(r,&,#,t) = 



(41.10) 



dt 1 



And, the Fourier transform of the orbitsphere is zero when, 



JH_ 



^TT 



(41.11) 



(See The Schrodinger 



In contrast, the electron described by a Schrodinger one-electron wave function would radiate. 
Wavefunction in Violation of Maxwell's Equation section). 



Further! 



miore, tlie correct prediction oi tlie elastic scattering ol electrons by Helium atoms wliereiu tlie electron radius is a 
crucial parameter (Eq. (8.57)), the results of the Stern-Gerlach experiment, the results of the Davidson-Germer experiment, as 
well as the correct derivation of the electron (fluxon) g factor, the resonant line shape, the Lamb, Shift, spin-orbit coupling 
energies, and the excited state spectrum of hydrogen wherein the correspondence principle holds are direct verifications that 

the electron is an orbitsphere with the calculated radius. Quantum mechanics has failings in each of these cases. 

Two-dimensional distributions are common in classical physics. A two-dimensional discontinuity in surface current 
gives rise to a magnetic field; a discontinuity in surface charge gives rise to an electric field. Ampere's and Gauss' Laws also 
apply in the present theory with respect to the electron. Furthermore, a two-dimensional discontinuity in mass according to the 
classical model gives rise to a gravitational field which is consistent with General Relativity which leads to the correct prediction 
of the masses of leprons (T e ptons section), the quarks (Quarks section), and the classical electron radius as given in F.q. (7.9.14) 

of the Pair Production section wherein the magnetic energy is correctly given as m^ 1 as shown previously. 

Furthermore, Born postulated that the electron is a one dimensional delta function — zero volume and infinite mass- 
density. The Schrodinger solutions for the hydrogen atom exclude the existence of energy levels below the "ground" state 



corresponding to n- 



1 



in the Rydberg formula [3] 



integer 



v=R 



1 1 



1 1-12) 



where R -10,967,158 m 1 , n= — ,—,—,...., and k ; . >«, . The data given in the Foreword section and the Astrophysics section 

proves that the Schrodinger-Born model is incorrect because it is clearly inconsistent with the experimental findings. The two- 
dimensional function given for a bound electron in the One-Electron Atom section and for a free electron in the Electron in Free 
Space section is the correct description of the electron. Also, the two-dimensional function given in the Photon Equation section 
is the correct description for electromagnetic radiation that can give rise to the electron. The models of classical physics are 
supported by the close agreement between experimental observation and theoretical predictions. 
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RETROSPECT: WAVE-PARTICLE DUALITY 



[My father] said, "I understand that they say that light is emitted from an atom when it goes from one state to 
another, from an excited state to a state of lower energy." 

I said, "That's right." 

"And light is kind of a particle, a photon, 1 think they call it." 

"Yes." 

"So if the photon comes out of the atom when it goes from the excited to the lower state, the photon must 

have been in the atom in the excited state." 

I said, "Well no." 

He said, "Well, how do you look at it so you can think of a particle photon coming out without it having been 
there in the excited state?" 

I thought a few minutes, and I said, "I'm sorry; I don't know. I can't explain it to you." 
-Richard P . Feynman, The Physics Teacher (September 1969) . 

Many great physicists rejected Quantum Mechanics. Feynman also attempted to use first principles including Maxwell's 
Equations to discover new physics to replace quantum mechanics [1]. Other great physicists of the 20 th century searched. 
"Einstein [...] insisted [...] that a more detailed, wholly deterministic theory must underlie the vagaries of quantum mechanics 
[2]." He felt that scientists were misinterpreting the data. In fact, this is the case. Experiments by the early part of the 20 th 
century had revealed that both light and electrons behave as waves in certain instances and as particles in others. This was 
unanticipated from preconceptions held regarding the nature of light and the electron. Early 20 th century theoreticians 
proclaimed that light and atomic particles have a wave-particle duality that was unlike anything in our common everyday 
experience. The wave-particle duality is the central mystery of quantum mechanics-the one to which all others could ultimately 
be reduced. Consider the two-sli t experiment. A gun (obeying classical physics) sprays bulle t s t owards a target. Before t hey 
reach the target, they must pass through a screen with two slits. The pattern they make shows how their probability of arrival 
varies from place to place. They are more likely to strike directly behind the one slit that they went through as shown in Figure 
42.1. The pattern happens to be simply the sum of the patterns for each slit considered separately: if half the bullets were fired 
with only the left slit open and then half were fired with just the right slit open, the result would be the same. 
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Figure 42.1. Two-slit experiment with macroscopic 
particles gives an image of each slit. 



Figure 42.2. Two-slit experiment with waves gives an 
interference pattern. 





With waves, however, the result is very different, because of interference. If the slits were opened one at a tune, the 
pattern would resemble the pattern for bullets: two distinct peaks. But, when the slits are open at the same time, the waves pass 
through both slits at once and interfere with each other: where they are in phase they reinforce each other; where they are out of 
phase they cancel each other out as shown in Figure 42.2. 

Now the quantum paradox: Electrons, like bullets, strike the target one at a time. Yet, like waves, they create an 
interference pattern as shown in Figure 42.3. 

If each electron passes individually through one slit, with what does it "interfere"? Although each electron arrives at the 
target at a single place and a single time, it seems that each has passed through-or somehow felt the presence of both slits at 
once. Thus, the electron is understood in terms of a wave-particle duality as represented in Figure 42.4. 



Figure 42.3. Two-slit experiment with electrons also 
gives an interference pattern. 



Figure 42.4. The interpretation of the observed wave 
interference partem of the two-slit experiment with electrons 
was in terms of a wave-particle duality to the nature of the 
electron. 
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The mistake in the direction of the development of the theory of light and the atom occurred when theoreticians 
concluded: The laws of physics that are valid in the macroworld do not hold true in the microworld of the atom. In contrast, as 
shown in previous chapters classical physics was applied correctly to solve the structures of the electron and photon 
d e monstrating that th e laws of physics that are valid in the macroworld do hold true in the microworld of the atom. — The 
predictions, which arise from the equations of light and atomic particles, are completely consistent with observation, including 
the wave-particle duality of light and atomic particles as shown explicitly in the Classical Photon and Electron Scattering 
section. Furthermore, the quantization of atomic energy levels arises classically without invoking new physics. Continuous 
motion such as electronic transitions between quantized states and translational motion restores continuity and causality with the 
continuous nature of spacetime itself restored consistent with first principles and observation. The postulates and mathematical 
constructs of quantum mechanics are erroneous. Physical laws apply to the atomic scale in refutation to quantum mechanics. 

Maxwell unified electricity and magnetism by proposing the existence of electromagnetic waves that travel at the 
velocity c . In 1888, Hertz showed that electromagnetic waves exist and behave exactly as Maxwell had predicted— they had 
electric and magnetic components, and they could be reflected, refracted, and diffracted. Toward the end of the 1 9 century, 
many physicists believed that all of the principles of physics had been discovered. The accepted principles, now called classical 
physics, included laws relating to Newton's mechanics, Gibbs' thermodynamics, TaGrange's and Hamilton's elasticity and 
hydrodynamics, Maxwell-Boltzmann molecular statistics, and Maxwell's Equations. However, the discovery that the intensity 
of blackbody radiation goes to zero, rather than infinity as predicted by the prevailing laws of electromagnetism. led 
theoreticians to question the validity of Maxwell's Equations on the atomic scale. In 1900, Planck made the revolutionary 
assumption that energy levels were quantized, and that atoms of the blackbody could emit light energy only in amounts given by 
hv , where v is the radiation's frequency and h is a proportionality constant (now called Planck's constant). This assumption 
does not conflict with the notion that light is a wave. However, Hertz's experiments with light further revealed that 
photoelectrons were emitted from illuminated metals, and the photoelectron energy increases with the frequency of incident light 
and not its intensity. Einstein explained this photoelectron effect by proposing that light of a given frequency is composed of 
individual photons whose energy is proportional to that frequency according to Planck's relationship 1 . Einstein's proposal that 
light has a particle nature in that it travels through space as distinct photons 2 is opposed to the wave view whereby light waves 
spread out from a source, and the energy is spread continuously throughout the wave pattern. Thus, light has since been 
r e gard e d as both a wav e and a particl e which e xhibits on e f e atur e or th e oth e r during obs e rvation but n e v e r both simultan e ously- 
Ea rly 7 ,0 centu ry t heoreticians proclaimed that l i ght h as a w ave-particle duali ty t hat w as unlike an yt hing i n our common 



everyday experience [3]. 

A similar course arose in the development of the model of the atom. J. J. Balmer showed, in 1885, that the frequencies 
for some of the lines observed in the emission spectrum of atomic hydrogen could be expressed with a completely empirical 
relationship. This approach was later extended by J. R. Rydberg, who showed that all of the spectral lines of atomic hydrogen 
were given by the equation: 



2 2 



(42.1) 

where R = 10,967,758 rn\ n f =1,2,3,..., n t =2,3,4,..., and n i >n f . Niels Bohr, in 1913, developed a theory for atomic 

hydrogen based on an unprecedented postulate of stable circular orbits that do not radiate. Although no explanation was offered 

for the existence of stability for these orbits, the results gave energy levels in agreement with Rydberg's equation. Bohr's theory 

was a straightforward application of Newton's laws of motion and Coulomb's law of electric force — both pillars of classical 

physics and is in accord with the experimental observation that atoms are stable. — However, it is not in accord with 

electromagnetic theory — another pillar of classical physics, which predicts that accelerated charges radiate energy in the form of 

electromagnetic waves. An electron pursuing a curved path is accelerated and therefore should continuously lose energy, 

spiraling into the nucleus in a fraction of a second. The predictions of electromagnetic theory have always agreed with 

experiment, yet atoms do not collapse. To the early 20 century theoreticians, this contradiction could mean only one thing: The 

laws of physics that ar e valid in th e macroworld do not hold tru e in th e microworld of th e atom. In 1923, d e Brogli e sugg e st e d 

i h , ,^ . 

that the motion of an electron has a wave aspect — A, = — . This concept seemed unlikely according to the familiar properties of 

P 

electrons such as charge, mass and adherence to the laws of particle mechanics. But, the wave nature of the electron was 

confirmed by Davisson and Germer in 1927 by observing diffraction effects when electrons were reflected from metals. 

Schrodinger reasoned that if electrons have wave properties, there must be a wave equation that governs their motion. And in 

iy26, he proposed the Schrodinger equation, IT¥ = El 1 , where 4* is the wave function, H is the wave operator, and E is the 

energy of the wave. This equation, and its associated postulates, is now the basis of quantum mechanics, and it is the basis for 

the worldview that the atomic realm including the electron and photon cannot be described in terms of "pure" wave and "pure" 

particle but in terms of a wave-particle duality. The wave-particle duality based on the fundamental principle that physics on an 

atomic scale is very different from physics on a macroscopic scale is central to present day atomic theory [4]. 



1 In 1 900, Planck made the revolutionary assumption that energy levels were quantized, and that atoms of the blackbody could emit light energy only in 
amounts given by hv, where v is the radiation's frequency and h is a proportionality constant (now called Planck's constant). This assumption also led 
to our understanding of the photoelectric effect and ultimately to the concept of light as a particle called a photon. 

2 This view was first proposed by Newton. Einstein was the founder of the erroneous wave -particle duality concept that's the source of "weirdness" in 
quantum mechanics. 
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The hydrogen atom is the only real problem for which the Schrodinger equation can be solved without approximations; 
however, it only provides three quantum numbers-not four. Nevertheless, the application of the Schrodinger equation to real 
problems has provided useful approximations for physicists and chemists. Schrodinger interpreted e^P * (xj^ix) as the charge- 
density or the amount of charge between x and x + dx ( *F * is the complex conjugate of *? ) wherein he pictured the electron to 
be spread over large regions of space. Three years after Schrodinger's interpretation, Max Born, who was working with 
scattering theory, found that this interpretation led to inconsistencies and he replaced the Schrodinger interpretation with the 
probability of finding the electron between x and x + dx as 

f^txy¥*txydx (42.2) 

Born's interpretation is generally accepted. Nonetheless, interpretation of the wave function is a never-ending source of 
confusion and conflict. Many scientists have solved this problem by conveniently adopting the Schrodinger interpretation for 
some problems and the Born interpretation for others. This duality allows the electron to be everywhere at one time — yet have 
no volume. Alternatively, the electron can be viewed as a discrete particle that moves here and there (from r = to r = oo ), and 
WW* gives the time average of this motion. 

According to the quantum mechanical view, a moving particle is regarded as a wave group. To regard a moving particle 
as a wave group implies that there are fundamental limits to the accuracy with which such "particle" properties as position and 
momentum can be measured. Quantum predicts that the particle may be located anywhere within its wave group with a 

probability \W\ . An isolated wave group is the result of superposing an infinite number of waves with different wavelengths. 

The narrower the wave group is, the greater range of wavelengths involved. A narrow de Broglie wave group thus means a 
well-defined position (Ax smaller) but a poorly defined wavelength and a large uncertainty Ap in the momentum of the particle 
the group represents. A wide wave group means a more precise momentum but a less precise position. The infamous 
Heisenberg Uncertainty Principle is a formal statement of the standard deviations of properties implicit in the probability model 
of fundamental particles. 

ArAp>^ (42.3) 

According to the standard interpretation of quantum mechanics, the act of measuring the position or momentum of a quantum 
mechanical entity collapses the wave-particle duality because the principle forbids both quantities to be simultaneously known 
with precision. (The Resonant Line Shape and Lamb Shift section discusses the erroneous nature of the Uncertainty Principle.) 

PR I NC I PLE 

Quantum entities can behave like particles or waves, depending on how they are observed. They can be diffracted and produce 
interference patterns (wave behavior) when they are allowed to take different paths from some source to a detector — in the usual 
example, electrons or photons go through two slits and form an interference pattern on the screen behind. On the other hand. 
with an appropriate detector put along one of the paths (at a slit, say), the quantum entities can be detected at a particular place 
and time, as if they are point-like particles. But any attempt to determine which path a quantum object takes destroys the 
interference pattern. Richard Feynman described this as the central mystery of quantum physics. 

Bohr called this vague principle "complementarity," and explained it in terms of the uncertainty principle, put forward by 
W erner H eisenberg, h is postdoc a t th e ti me. Tn an attempt to persuade F.instein th at w ave-particle duality is an essential part of 
quantum mechanics, Bohr constructed models of quantum measurements that showed the futility of trying to determine which 
path was taken by a quantum object in an interference experiment. As soon as enough information is acquired for this 
determination, the quantum interferences must vanish, said Bohr, because any act of observing will impart uncontrollable 
momentum kicks to the quantum object. This is quantified by Heisenberg's uncertainty principle, which relates uncertainty in 
positional information to uncertainty in momentum — when the position of an entity is constrained, the momentum must be 
randomized to a certain degree. 

More than 60 years after the famous debate between Niels Bohr and Albert Einstein on the nature of quantum 
reality, a question central to their debate — the nature of quantum interference — has resurfaced. The usual textbook 
explanation of wave-particle duality in terms of unavoidable "measurement disturbances" is experimentally proven 
incorrec t by an experimen t repor t ed in t he Sep t ember 3, 1998 issue of Nature [5] by Durr, Nonn, and Rempe. Durr, 



Nonn, and Rempe report on the interference fringes produced when a beam of cold atoms is diffracted by standing waves 
of light. Their interferometer displayed fringes of high contrast — but when they manipulated the electronic state within the 
atoms with a microwave field according to which path was taken, the fringes disappeared entirely. The interferometer produced 
a spatial distribution of electronic populations that were observed via fluorescence. The microwave field canceled the spatial 
distribution of electronic populations. The key to this new experiment was that although the interferences are destroyed, the 
initially impos e d atomic mom e ntum distribution l e ft an e nv e lop e patt e rn (in which th e fring e s us e d to r e sid e ) at th e d e t e ctor. A 
careful analysis of the pattern demonstrated that it had not been measurably distorted by a momentum kick of the type invoked 
by Bohr, and therefore that any locally realistic momentum kicks imparted by the manipulation of the internal atomic state 
according to the particular path of the atom are too small to be responsible for destroying interference. 

Durr et al. conclude that the "Heisenberg Uncertainty relationship has nothing to do with wave-particle duality" 
and further conclude that the phenomenon is based on entanglement and correlation. Their interpretation of the principles 
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of the experiment is that directional information is encoded by manipulating the internal state of an atom with a microwave field, 
which entangles the atom's momentum with its internal electronic state. Like all such entangled states, the constituent parts lose 
their separate identity. But the attachment of a distinguishable electronic label to each path means that the total electronic-plus- 
path wavcfunction along one path becomes orthogonal to that along the other, and so the paths can't int e rfer e . By e ncoding 
information as to which path is taken within the atoms, the fringes disappear entirely. The internal labeling of paths does not 
even need to be read out to destroy the interferences: all you need is the option of being able to read it out. 

According to Durr et al, the mere existence of information about an entity's path causes its wave nature to disappear. 
But, correlations are observations about relationships between quantities and do not cause physical processes to occur. The 
existence of information about an entity's path is a consequence of the manipulation of the momentum states of the 
atoms which resulted in cancellation of the interference pattern. It was not the cause of the cancellation. The 
cancellation is predicted by classical atomic theory. 

The explanation for the loss of interference in which-way experiments that endured and is present in essentially all 

quantum physics textbooks is that based on Heisenberg's position-momentum uncertainty relation. This has been illustrated in 
tamous gedanken experiments like Einstein's recoiling slit |6J or Feynman's light microscope [/J- in the light microscope, 
electrons are illuminated with light immediately after they have passed through a double slit with slit separation d . A scattered 
photon localizes the electron with a position uncertainty of the order of the light wavelength, Az = \ hl . Owing to Heisenberg's 

position-momentum uncertainty relation, this localization must produce a momentum uncertainty of the order of Ap z »hi \ ht . 



This momentum uncertainty arises from the momentum kick transferred by the scattered photon. For X Ught < d , which-way 

information is obtained, but the momentum kick is so large that it completely washes out the spatial interference pattern. 

The issue of whether momentum kicks are necessary to explain the two-slit experiment is revisited. Obviously, 
momentum is involved, because a diffraction pattern is a map of the momentum distribution in the experiment. But how is it 
involved? Is it everything, as Bohr would have claimed? 

This is the question addressed by Durr et al. [5] who report on a which-way experiment with an atom interferometer 
wherein an incoming beam of atoms passes through two separated standing wave light beams. The detuning of the light 
frequency from the atomic resonance, A = a> [ight - a> aom , is large so that spontaneous emission can be neglected. The light fields 

each create a conservative potential U for the atoms, the so-called light shift, with U x I / A , where 7 is the light intensity. In 
a standing wave, the light intensity is a function of position 

7(z) = / cos 2 (^ ( z) (42.4) 

where k, !ahl is the wavevector of the light. Hence the light shift potential takes the form 

- U{z) = U u cos 2 (k hghI z) (4LS)- 

with U oc I 1 A . 

The atoms are Bragg-reflected from this periodic potential, if they enter the standing light wave at a Bragg angle. This 
process is similar to Bragg reflection of X - rays from the periodic structure of a solid - state crystal, but with the role of matter and 
light exchanged. The light creates the periodic structure, from which the matter wave is reflected. 

The scheme of the interferometer is shown in Figure 42.5. The standing light wave splits the incoming atomic beam A 
into two beams, a transmitted beam C and a first-order Bragg-reflected beam B. The angle between the beams B and C 
corresponds to a momentum transfer of exactly 2hk Iight as determined by the spatial period of U(z) . By varying the light 

intensity, the fraction of reflected atoms can be adjusted to any arbitrary value. Durr et al. tune the reflectivity of the beam 
splitter to about 50%. 
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Figure 42.5. Scheme of the atom interferometer. The incoming atomic beam A is split into two beams: beam C is 
transmitted and beam B is Bragg-reflected from a standing light wave. The beams are not exactly vertical because a Bragg 
condition must be fulfilled. After free propagation for a time t , the beams are displaced by a distance d . Then the beams are 
split again with a second standing light wave. In the far field, a spatial interference pattern is observed. 




After switching off the first standing light wave, the two beams are allowed to propagate freely for a time interval t . 

During this time, beam B moves a horizontal distance d 1 2 to the left, and beam C moves d 1 2 to the right. The longitudinal 
velocities (direction normal to the standing light wave of Figure 42.5) of the two beams are not affected by the light field. Then 
a second standing light wave is switched on, which also serves as a 50% beam splitter. Now two atomic beams D and E are 
traveling to the left, while beams F and G are traveling to the right. In the far field, each pair of overlapping beams produces a 
spatial interference pattern. The fringe period is the same as in a double-slit experiment with slit separation d as given in Two- 
Beam Interference section. The intensity is given by Eq. (8.23) 



7(x) = 16a 2 C 2 sinc 2 



2;rax * 



M 



cos 



2xdx^ 



(42.6) 



From Eq. (42.6), it is clear that the resulting pattern has the appearance of cosine 2 fringes of period Af I d with an envelope 
sine 2 (2/rax / Af) where and / is the focal length and a is the slit width. In the present case, the envelope of the fringe pattern 
is given by the collimation properties of the initial atomic beam A. Note that Eq. (42.6) corresponds to an amplitude 
transmission of a plane wave. The bound unpaired electron of each ®Rb atom behaves as a plane wave of wavelength A = hl p 
as shown in the Free Electron section. The relevant wavelength A of Eq. (42.6) is the de Broglie wavelength associated with 
the momentum of the atoms (Eq. (1.38)) which is transferred to the electrons through atomic interactions. 

The atomic position distribution is observed by exciting atoms with a resonant laser and detecting the fluorescence 
photons. The observed far-field position distribution is a picture of the atomic transverse momentum distribution after the 
interaction. The pattern is given by Eq. (42.6). The pattern may be altered by application of microwave pulses which transfer 
momentum to the electrons of the S5 Rb atoms which add vectorialfy to that transferred from the interactions with the standing 
light field and atomic interactions. 

Microwave pulses are now added to manipulate the two internal electronic states of the atom according to whether it 
moved along pathway B or C. A simplified level scheme of M Rb is shown in Figure 42.6. The manipulation of internal states 
by two microwave fields which each apply a it 12 pulse is shown in Figure 42.7. Rabi oscillations between states |2) and |3) 

can be induced by applying a microwave field of about 3 GHz. To describe the manipulation of the two internal electronic states 
of the atom, we first investigate the properties of a single Bragg beam splitter. 
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Figure 42.6. Simplified level scheme of K Rb. The 
excited state (5 1 P 3I1 ) is labeled \e). The ground state 

(5 2 P V1 \ is split into two hyperfine states with total angular 

momentum F = 2 and F = 3 , which are labeled 1 2) and 1 3) , 
respectively. The standing light wave has angular frequency 
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Figure 42.7. Scheme of the manipulation of internal 
states of %5 Rb by two microwave fields which each apply a 
k 1 2 pulse. The standing light wave with angular frequency 
a> Kgh! induces a light shift for both ground states, which is 

given as a function of position. The beam splitter produces a 
phase shift that depends on die internal and external degree of 
freedom. A Ramsey scheme, consisting of two microwave 
k 12 pulses, converts this phase shift into a population 
difference. 
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The fi'equency of the standing light wave, m am is tuned halfway between the 1 2) -> | e) and 1 3) — > \ e) transitions. Hence 

the detunings from these transitions, A 2£ , and A ie , have the same absolute value but opposite sign. The reflectivity of the beam 

splitter, that is, the probability of reflecting an atom, depends on f fe Xlt^Land it is independent of the internal state. 

However, the amplitude of the wavefunction experiences a phase shift which depends on the internal atomic state. A 
simple analogy for this phase shift can be found in light optics: a light wave reflected from an optically thicker medium 
experiences a phase shift of n , while reflection from an optical thinner medium or transmission into an arbitrary medium does 
not cause any phase shift. This argument also applies in atomic optics: in the present experiment, an atom in |2) sees a negative 

light shift potential (because A, t <0), corresponding to an optically thicker medium, while an atom in |3) sees a positive 

potential (because A }( , > 0), corresponding to an optically thinner medium. Hence an atom will experience a x phase shift only 

if it is reflected in 1 2) . 

This phase shift can be converted into a population difference between the hyperfine levels. For tiiat purpose, two 
microwave n 1 2 pulses resonant with the hyperfine transition are applied. They form a Ramsey scheme as shown in Figure 
42.7. The atom is initially prepared in state |2) . Then a tt 12 microwave pulse is applied, converting the beam into an equal 

mixture of internal states of |2} + |3) . After this, each atom interacts with the standing light wave. As explained above, each 

atom will experience a n phase shift only if it is reflected and in state |2). Thus the internal state of the reflected beam is 

changed to an equal mixture of internal states of |3)-|2\ , while the internal state of the transmitted beam is not affected. As a 

result, the momentum of each atom is a superposition of the internal and external degree of freedom of the atom which is 
specific to the path. The state vector of the system becomes: 

kH^>®(l 3 H 2 >) + kr)®(|3) + |2)) (42.7) 

where \w B ) and \ty c ) describe the center-of-mass motion for the reflected and transmitted beams (see Figure 42.5), 
respectively. The second microwave pulse action on both beams (the transmitted and the reflected), converts the internal state 
of the transmitted beam to state |3), while the reflected beam is converted to state -|2) . Thus, the state vector after the pulse 

sequence shown in Figure 42.7 becomes: 

k)H^H 2 ) + k)®|3) (42.8) 

Eq. (42.8) shows that the internal state is correlated with the way taken by the atom. The which- way information can be read 
out later by performing a measurement of the internal atomic state. The result of this measurement reveals which way the atom 
took: if the internal state is found to be |2) , the atom moved along beam B, otherwise it moved along beam C. 

After considering a single beam splitter, now consider the complete interferometer. Sandwiching the first Bragg beam 
splitter between two n!2 microwave pulses produces a reflected and transmitted beam each of a single internal atomic state, as 
described above. We note that the second Bragg beam splitter does not change the internal state. No fringes are 
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experimentally observed in this case. The data is recorded with the same parameters with the only difference being that two 
microwave pulses are added to produce a single internal atomic state according to the particular path of the atom. Atoms in both 
hyperfme states are detected. The interference pattern is also not observed when only atoms in state 2) or only atoms in state 



1 3) are detected. Of course, the absolute size of the signal is reduced by a factor of two in these cases. The key to this new 

experiment is that although the interferences are destroyed, the initially imposed atomic momentum distribution leaves an 
envelope pattern (in which the fringes used to reside) at the detector. A careful analysis of the pattern finds that it has not 
been measurably distorted by a momentum kick of the type invoked by Bohr, and therefore that any locally realistic 
momentum kicks imparted by the manipulation of the internal atomic state according to the particular path of the atom 
are too small to be responsible for destroying interference. 

In order to investigate why the interference is lost, we consider the state vector for the interaction sequence used which 
causes the disappearance of the fringes. The state vector after the interaction with the first beam splitter sandwiched between 
the two microwave pulses is given by Eq. (42.8). The second beam splitter transforms this state vector into a left peak and a 
right peak given by: 



K /( )H^)®I 2 ) + K>®I 3 > ( 42 - 9 ) 



and 



gW,)«k f )®|2) + K)®|3) (42.10) 

where the sign of Wf) i s positive due to the n phase shift during the reflection from the second beam splitter. Each peak is a 

superposition of atoms which follow separate paths and comprise atoms of a single internal state. In each case atoms which 
interfere have internal states which are orthogonal; thus, in the far field, the atomic position distribution under the each peak of 
the envelope is given by the superposition of two single slit patterns rather than the double slit pattern in the absence of the 
application ot the kI'L microwave pulses. In the tar held, the amplitude of the atomic position distribution under each peak ot 
the envelope ^(x) is the sum of the independent Fraunhofer planes and the intensity of the atomic position distribution under 
each peak of the envelope x r (x) is given by 

W\x) = (2aCf sinc 2 ( — 1 (42.11) 



f , 

where / is the focal length and a is the slit width. In the present case, the envelope of the fringe pattern is given by the 
collimation properties of the initial atomic beam A. 

A dramatic change in the spatial momentum distribution occurs when adding the microwave fields to the interferometer 



that manif e sts its e lf as loss of int e rfer e nce; ev e n though, th e microwav e its e lf does not transf e r enough mom e ntum to th e atom to 
wash out the fringes according to the Heisenberg Uncertainty Principle. The addition of the microwave fields modifies the 
probability for momentum transfer by the light fields. This modification of the momentum transfer probability is due to the 
manipulation of the internal atomic state according to the particular path of the atom. The disappearance of interference is 
explained by classical physics. 

INCONSISTENCIES OF QUANTUM MECHANICS 

Quantum mechanics failed to predict the results of the Stern-Gerlach experiment which indicated the need for an additional 
quantum number. Quantum electrodynamics was proposed by Dirac in 1 926 to provide a generalization of quantum mechanics 
for high energies in conformity with the theory of Special Relativity and to provide a consistent treatment of the interaction of 
matter with radiation. From Weisskopf [8], "Dirac's quantum electrodynamics gave a more consistent derivation of the results 
of the correspondence principle, but it also brought about a number of new and serious difficulties." Quantum electrodynamics; 
(1) does not explain nonradiation of bound electrons; (2) contains an internal inconsistency with Special Relativity regarding 
the classical electron ra dius-r.he electron m ass corresponding to its electric energy is i n finite; (3 ) i t a dmits solutions of n egative 
rest mass and negative kinetic energy; (4) the interaction of the electron with the predicted zero-point field fluctuations leads to 
infinite kinetic energy and infinite electron mass; (5) Dirac used the unacceptable states of negative mass for the description of 
the vacuum; yet, infinities still arise. In 1947, Lamb discovered a 1000 MHz shift between the 2 S 1I2 state and the 2 P ll2 state of 

the hydrogen atom. This so called Lamb Shift marked the beginning of modern quantum electrodynamics. In the words of 
Dirac [9], "No progress was made tor 20 years. Then a development came initiated by Lamb's discovery and explanation of the 
Lamb Shift, which fundamentally changed the character of theoretical physics. — It involved setting up rules for discarding 
...infinities..." Renormalization is presently believed to be required of any fundamental theory of physics [10]. However, 
dissatisfaction with renormalization has been expressed at various times by many physicists including Dirac [11]. who felt that, 
"This is just not sensible mathematics. Sensible mathematics involves neglecting a quantity when it turns out to be small — not 
neglecting it just because it is infinitely great and you do not want it!" 

Modern quantum mechanics has encountered several obstacles that have proved insurmountable as pointed out 
previously in the General Considerations section and the Classical Electron Radius section. It is not based on physical laws, and 
is not predictive as discussed previously [8, 12-24]. SQM has never dealt with the nature or structure of fundamental particles. 
They are treated as zero-dimensional points that occupy no volume and are everywhere at once. This view is impossible since 
occupying no volume would preclude their existence; the inherent infinities are not observed nor are they possible, and the 
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possibility of a particle being everywhere at once violates all physical laws including conservation of energy and causality. 
Furthermore, it leads to certain philosophical interpretations [25] which are not sensible. Some conjure up multitudes of 
Universes including "mind" Universes; others require belief in a logic that allows two contradictory statements to be true. The 
question addressed is wh e ther th e Universe is determined or influenc e d by the possibility of our being conscious of it. Th e 
meaning of quantum mechanics is debated, but the Copenhagen interpretation is predominant. Its asserts that "what we observe 
is all we can know; any speculation about what a photon, an atom or even a SQUID (Superconducting Quantum Interference 
Device) really is or what it is doing when we are not looking is just that speculation [26]." According to this interpretation every 
observable exists in a state of superposition of possible states, and observation or the potential for knowledge causes the 
wavefunction corresponding to the possibilities to collapse into a definite one. As shown by Piatt [27] in the case of the Stern- 
Gerlach experiment, "the postulate of quantum measurement [which] asserts that the process of measuring an observable forces 
the state vector of the system into an eigenvector of that observable, and the value measured will be the eigenvalue of that 

eigenvector." 

According to the Zeno no-go theorem which is a consequence of the postulate of quantum measurement, observation of 
an atom collapses its state into a definite; thus, transitions cannot occur under continuous observation, kecently, it has become 
possible to test this postulate via an experiment involving transitions of a single atom, and the results are inconsistent with the 
predictions. Quoting from the caption of Figure 10 of the article, by Dehmelt [28], 

"Shelving" the Ba + optical electron in the metastable D level. Illuminating the ion with a laser tuned close to its 

resonance line produces strong resonance fluorescence and an easily detectable photon count of 1600 photons/sec. 



5/2 



When later an auxiliary, weakBa + spectral lamp is turned on, the ion is randomly transported into the metastable D, 

level for 30-s lifetime and becomes invisible. After dwelling in this shelving level for 30 s on average, it drops down to 
the S ground state spontaneously and becomes visible again. This cycle repeats randomly. According to the Zeno no- 
go theorem, no quantum jumps should occur under continuous observation. 

The Copenhagen interpretation equally applies to witnessing the presence of the moon. According to quantum 
mechanics the moon is not there until it is observed. Since the act of measuring is relative to each individual observer and it is 
"entangled" with each observer, the "collapse" must result in different realities for different observers of presumably the same 
object. Thus, Man's consciousness has a special position in the most popular interpretation of quantum mechanics as the engine 
of reality and individualism results in the conjuring up of multitudes of Universes including parallel "mind" Universes [25]. 

Of course this is nonsense and is a consequence of the mistake of originally postulating that fundamental particles are 
probability waves rather than real. Furthermore, the brain obeys the same physical laws as the rest of the matter of the Universe- 
Sodium, potassium, and chloride ions in the brain are obtained from the ambient environment are constantly being interchanged 
with that environment. The same rules apply irrespective of where that matter is found. In fact, the phenomena of the ability of 
the brain to reason and to produce a state called consciousness has nothing to do with god-like properties unique to humans that 
are deeply seated in quantum folklore. Rather, it can be traced to simple properties of excitable neurons, their organization, and 

simple thermodynamic principles exploited by biological systems to more or lesser extends over millions of years of evolution. 

At the most fundamental level, a conscious being is made of energy, quarks, gluons. electrons, atoms, molecules, etc. that 

originate from and are part of the Universe. For example, the elements of humans other than hydrogen originate in stars. 
Therefore, in broader terms, the physics of the Universe dynamically gives rise to a conscious being, and it is implicit that the 
Universe is aware of itself. Then, distinctions exist between animate beings and inanimate objects that must follow first 
principl e s. Consciousn e ss, th e ability of a ch e mical r e action to b e awar e of its e lf aris e s from th e r e lationship of e n e rgy chang e s 

to entropy. Tf the brain chemistry of conscious beings behaved a s ty pical chemical re actions fo llowi n g an arrow of time 

according to typical enthalpy and concomitant entropy changes, then any information stored and processed by the brain would 
decrease over time, and consciousness would not be possible. The brain chemistry comprising ion channel conductance 
changes, ion flows, ion pump activity, metabolic reactions, etc., comprise an energy state in opposition to the thermodynamic 
arrow of time. Living beings produce negative entropy at the expense of their surroundings. In other words, consciousness is 
achieved against the arrow of time discussed in the Arrow of Time and Entropy section by increasing the entropy of the 
surroundings to offset its relatively low entropic state. Consciousness is shaped by and requires the environment with which the 
brain interacts and depends for a source of energy and materials to maintain the local-temporal high entropic state relative to its 
surroundings. 

A previous publication [29-30] showed that the brain is governed by the entropy principle of thermodynamics whereby 
the wet-chemistry-based system comprising e xcitable neurons arranged in a spatial-temporal hi e rarchy of ens e mbles in a 
dynamical state of activation and connectivity dependent on present and past activation rates, influenced by past and present 
input from the environment, achieves a state representative of a predominant configuration, the most probable state in time. The 
brain must be active continuously as a predominant configuration. This time-dependent state based on the second law of 
thermodynamics and comprising representations of aspects of the physical Universe is the basis of consciousness. 

In addition to exploiting the second law of thermodynamics with the formation of a predominant configuration, the brain 
has evolved to exploit several fundamental signal processing principles to achieve consciousness. For example, the brain 
functions as an analog Fourier processor which transduces and processes information representative of physical characteristics 
or representations of physical characteristics as Fourier series in Fourier space. The brain also exploits time using spatial 
segregation of stored information as a means to encode context of the physical characteristics of the information. Specific time 
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delays arising from the spatial separation of propagating signals correspond to modulation of the Fourier series at corresponding 
frequencies to encode the context. The brain associates information by exploiting the principle that cascaded stages such as 
association neurons give rise to delayed Gaussian filters. And, filtered signals may be associated based on the physics of energy 
exchang e betw ee n two or mor e harmonic stat e s. Giv e n the e volutionary asc e nsion of multic e llular organisms e ach producing a 
negative entropic states and having specialized cells with excitable membranes, the progress to consciousness and intelligence 
was inevitable. The first-principles-based theory of the signal processing mechanism of the brain and the origin of 
consciousness was published previously with a means to computer-simulate these phenomena [29-30]. 

Specifically, a method and system for pattern recognition and processing involving processing information in Fourier 
space was reported [29-30]. The theoretical results given previously are that (1) action potentials carry information with digital 
and analog aspects that allows the brain to operate as a Fourier processor in Fourier space with encoding of context in the 
structure of transducers mapping one-to-one with corresponding structural elements of the memory, (2) an ensemble of 
interlinked neurons can filter information as delayed Gaussian filters, (3) the neuronal ensembles propagating cascaded action 
potentials may couple with Poison probability to form associations of information encoded in the action potentials, (4) 
ensembles of neurons as delayed Gaussian filters may order format information by forming associations of the corresponding 
filtered action potentials with memory elements, and (5) a predominant configuration of activation may arise that is analogous to 
that of interacting quantum levels with partition of energy as given by statistical thermodynamics. These aspects are modeled 
such that a simulation may be programmable on digital processing systems. 

This novel approach anticipates the signal processing action of an ensemble of neurons as a unit and intends to simulate 
aspects of brain that give rise to capabilities such as intelligence, pattern recognition, reasoning, and ultimately consciousness 
that have not been reproduced with past approaches such as neural networks that are based on individual simulated "neuronal 
units." Information representative of physical characteristics or representations of physical characteristics is transformed into a 
Fo urier series i n Fo urier space w ithin a n i n put context of th e physical characteristics that is encoded i n ti me as delays 
corresponding to modulation of the Fourier series at corresponding frequencies. Associations are formed between Fourier series 
by filtering the Fourier series and by using a spectral similarity between the filtered Fourier series to determine the association 
based on Poissonian probability. The associated Fourier series are added to form strings of Fourier series. Each string is 
ordered by filtering it with multiple selected filters to form multiple time order formatted subset Fourier series, and by 
establishing the order through associations with one or more initially ordered strings to form an ordered string. Associations are 
formed between the ordered strings to form complex ordered strings that relate similar items of interest. The components of the 
system based on the algorithm are active based on probability using weighting factors based on activation rates. The 
probabilistic activation, based on past activation rates, gives rise to a system state akin to a time-dependent predominate 
configuration of statistical thermodynamics that can be associated with consciousness. 



In addition to the interpretation that photons, electrons, neutrons, and even human beings [25] have no definite form until they 
are measured, a more disturbing interpretation of quantum mechanics is that a measurement of a quantum entity can 
instantaneously influence another light years away. Einstein argued that a probabilistic versus deterministic nature of atomic 
particles leads to disagreement with Special Relativity. In fact, the nonlocality result of the Copenhagen interpretation violates 
causality. — As a consequence of the indefinite nature of the Universe according to quantum mechanics and the implied 
Uncertainty Principle, Einstein, Podolsky, and Rosen (EPR) in a classic paper [3 1 ] presented a paradox which led them to infer 
that quantum mechanics is not a complete theory. They concluded that the quantum-mechanical description of a physical 
system should be supplemented by postulating the existence of "hidden variables," the specification of which would 
predetermine the result of measuring any observable of the system. They believed the predictions of quantum mechanics to be 
correct, but only as consequences of statistical distribution of the hidden variables. But, Bell [32] showed that in a Gedanken 
experiment of Bohm [34] (a variant of that of EPR) no local hidden-variable theory can reproduce all of the statistical 
predictions of quantum mechanics. Thus, a paradox arises from Einstein's conviction that quantum-mechanical predictions 
concerning spatially separated systems are incompatible with his condition for locality unless hidden variables exist. Bell's 
theorem provides a decisive test of the family of local hidden-variable theories (LFTVT). In a classic experiment involving 
measurement of coincident photons at spatially separated detectors, Aspect [34] showed that local hidden-variable theories are 
inconsistent with the experimental results. Although Aspect's results are touted as a triumph of the predictions of quantum 
mechanics, the correct coincidence rate of detection of photons emitted from a doubly excited state of calcium requires that the z 
component of th e a ngular m omentum is conserved on a photon pair basis. As a consequence, a paradox a rises between the 



deterministic conservation of angular momentum and the Uncertainty Principle. The prediction derived from the quantum 
nature of the electromagnetic fields for a single photon is inconsistent with Aspect's results, and Bell's theorem also disproves 
quantum mechanics. However, the results of Aspect's experiment are predicted by classical physics wherein locality and 
causality hold. 

The Aspect experiment is often invoked as the proof of the quantum - mechanical nature of reality [3 4-4 2]. According to 

the quantum explanation of the Aspect experiment [34], the polarization of each photon of a pair is not determined until a 
measurement is made, and the act of measuring the polarization of one photon causes an action at a distance with regard to the 
measurement of the polarization of the other member of a given pair. These results are interpreted as proof of a spooky action at 
a distance. Thus, information travels faster than the speed of light in violation of Special Relativity, or nonlocality and 
noncausality are implicit. 

Bell's theorem is a simple proof of statistical inequalities of expectation values of observables given that quantum 
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statistics are correct and that the physical system possesses "hidden variables." Classical physics does not possess hidden- 
variables. It is deterministic, and Bell's theorem does not apply to it. The correct interpretation of the results of the Aspect 
experiment follows from a classical derivation from the physical nature of excited-state atoms and the corresponding emitted 
photons. — Th e exp e ctation valu e of the coincidenc e rate at separat e d randomly oriented polarization analyzers for pairs of 
photons emitted from a doubly excited state atom is derived from the equation of the photon which appears in the Equation of 
the Photon section. 

Aspect [34] reports the measurement of polarization correlation (coincidence count rate) of visible photons 
(v x =551.3 nm; v 2 = 422.7 nm) emitted in a (./ = 0) —»(./ = l) —»(./ = 0) calcium atomic cascade 

(Ap 1 l S -AsAp l P x -As 1 l S \. The calcium atoms were selectively pumped to the upper level of the cascade from the ground 

state by the two photon absorption via two lasers, a single-mode krypton ion laser and a cw single-mode Rhodamine 6G dye 
laser tuned to the resonance for the two photon process. The fluorescent light was collected by lenses and made incident on two 
detectors-one at position -z and the other at position +z relative to the emitting calcium atoms. The polarizers were 
independently rotated in the xy-plane, and the coincidence count rate was measured. 

The equation for the transmission of an electromagnetic wave through a barrier as given in any text of classical 
electrodynamics such as that of Kong [43] is 



-^Eji 



02.12) 



wher e E T is the transmitted wave, E t is th e incident wave, and T is the transmission coefficient. For a wave that propagat e s at 

an angle with respect to the z-axis, the transmitted photon is given by a sum of equations of the form of Eq. (42.12) for each 
vector component. Using the convention of Home [39], the vector transmission efficiencies (coefficients) can be written in 
matrix form with a matrix corresponding to each linear polarizer. Tn a basis of linear polarizations along x x and y x in the 



coordinates of photon 1, the most general linear polarizer with axis along x x is described by an efficiency matrix 



*(i) = 



M 



s l 



(42.13) 



where e x u is the probability of transmitting an x x linearly polarized photon and e\ is the probability of transmitting a y x 
linearly polarized photon (leakage). In the ideal case e x M = 1 and e x m = . If the polarizer is not parallel to the x x -axis but 
rotated in the plane perpendicular to the interdetector axis by an angle $ from x x , and s(i) is expressed in the basis of right 
hand circular (RHf!) and left hand circular (LHQ photon states formed from r t and y x , then the elementary transformations 



give the elements of g(i) as a function of <j\ in matrix form: 



g '( g "i» CT i) s (^| g (')| cr i) = T 




(42.14) 



where ((Tj^O^erj) is defined as the expectation value of the transmission of the photon 1 with polarization a x , a Y =±1 are 

RHC and LHC, respectively, and the angle between polarizer 1 (P x ) and x x is 

H=6 ( 42 -!5) 

Similarly, e{i), the efficiency matrix as a function of <f>-<f> 2 of the second polarizer (P 2 ) in the circular polarization basis of 
photon 2, is 



! (g"2^2) = (g"2 | g0) | o- 2 )=- 



( 4 2.16) 



2 2 



v -(4-^K ( < 

where the angle between polarizer 2 and the x-polarization of photon 2 (i.e. the angle between P 2 and x 2 ) is 



(42.17) 



The efficiency matrix for coincidence transmission of photon 1 and photon 2 is given by the product of their independent 
probabilities, £(1)^(2) . The normalized coincidence counting rate is 

RU)_Tr[e( l )e(2)p r ] 



MWh 



(42.18) 



p 

The normalized coincidence counting rate with polarizer 2 removed, — , is 
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^ _ Tr[e(i)p f ] 

~^~ Tr(lp f ) 

© 

The normalized coincidence counting rate with polarizer 1 removed, — , is 

r Tr\ £(i)p f \ 

2 = L , 7 J (4220)- 

gi Trjlp,) 

where / is the identity matrix and p f is the probability that photon 1 and photon 2 have the same polarization and is a function 
of solid angle of the projection of the propagation vector of each photon onto the z-axis. In terms of Eq. (42.12), p f 

cor r esponds to the vecto r co rr elated elect r ic field incident on the opposed detecto r s. It is given by the no r malized electric field 

of photons of matched momentum projected onto the z-axis over the solid angle of the detectors. 

The Excited States of the One-Electron Atom (Quantization) section gives the method to calculate the Einstein A 
coefficient in terms of the electric field based on classical electrodynamics that is applicable to each photon of the two photon 
(j = 0)—>(j = l)—>(j = 0) cascade of calcium. The Excited States of Helium section further applies the dependence of the 
transition energy, and Jackson [44] applies the transition probability, on the integral of the product of the multipole of the 
photon, p X lm [6,(f), and the initial, 1 X lm (6,(f), and final, J ' X lm {6,<f), states as is the case with classical electrodynamics 

calculations involving antennas. The transition probability — is given by the power of the transition divided by the energy: 

T 

1 



1 pan, J<S)</n J 2 Rc[Exn«]*) 



(42.21) 
t energy Tico hco 

The distribution of multipole radiation and the multipole moments of the electron for absorption and emission are given in the 
Excited States of the One-Electron Atom (Quantization) section and in Jackson [44]. The electric-field amplitude of the emitted 

photon follows from that giv e n in th e Equation of th e Photon s e ction. 

Home postulates the emission as a plane wave which is replaced by a spherical multipole expansion. The spherical 
multipole expansion of a plane wave such as given in Jackson [45] is consistent with the Green Function as the function which 
corresponds to the superposition of an ensemble of photons given classically by Eqs. (4.18-4.23). Using classical Eqs. (2.64- 
2.65), the projection of the photon pair propagation vector onto the axis perpendicular to the plane of each detector gives a factor 
of one corresponding to the conservation of angular momentum for each photon pair limes a solid angle correction. The result 
for the numerator of Eq. (42.19) is 

Tr[s(i)s(2)p f ~\= £ (T 1 a 1 a 2 a 2 £ 1 {a- l ,<T 1 )s 2 {a 2 ,a 2 )g(a l ,<T 2 )g*{a 1 ,a 2 ) (42.22) 



CT,CT,(T,(T, 



where g(ff 1 ,ff ; )g*(ffj,ff 2 j is a factor corresponding to the solid angle. 



Eq. (42.22) is equivalent to Eq. (5.17) of Home. To obtain this result, Home suppressed the integration over d0. x and 
dfl 2 as we| l as tne explicit dependence on the photon propagation vectors, k t and k 2 , respectively. (The integration was also 
suppr e ss e d ov e r fr e qu e ncy spac e as w e ll as th e e xplicit d e p e nd e nc e on th e photon propagation v e ctors, k, and k 2 in th e cas e 
that QED holds.) This is only valid if the z component of angular momentum is conserved on a photon by photon basis such 
that the polarization correlation distribution function is independent of angle. Otherwise, it cannot be removed from the 
integral. HORNE'S CALCULATION IS NOT CONSISTENT WITH THE QUANTUM-MECHANICAL NATURE OF THE 
ELECTROMAGNETIC FIELDS FOR A SINGLE PHOTON as described below. 

Substitution of the Eq. (42.14) and (42.15) and the results of solid angle term of Eq. (42.22) into Eq. (42.18) gives the 
normalized coincidence count rate. 

^M = l(4 + 4)(4 + ^)4(4-4)(4-^)^(^)oos2^ (42.23) 



where the solid angle factor, F l (#) , for the 0-1-0 electric dipole cascade is 



f 1 {0) = 2g^{0) 



Gl{e) ^\ Gl{e) 



( 4 2.2 4 ) 



2 



The normalized coincidence count rate with polarizer 2 removed, — , is 
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The normalized coincidence count rate with polarizer 1 removed, — , is 

^_ 

*■ 1;. 



R^f 



The transmittances e' M and e' m of the polarizers (i=l or 2) for light polarized parallel or perpendicular to the polarization axis 

were measured by Aspect [34] : 

el =0.971 ±0.005, s l m =0.029 ±0.005, 



4 =0.968 ±0.005, < =0.028 ±0.005 



(42.27) 

And, the solid angle factor, ^j (#) , lor the 0-1-0 electric dipole cascade which accounts for the solid angles subtended by the 
collecting lenses of the Aspect experiment is 

F t (9) = F 2 (6) = 0.984 (42.28) 

Substitution of the Eqs. (42.27) and (42.28) into Eq. (42.23) gives the normalized coincidence count rate as a function of the 
relative angle between the polarizers. 






0.2490 + 0.2178cos2(^ 



(42.29) 



The sequence of events based on physical laws for Aspect's measurement of the polarization correlation (coincidence count rate) 
of visible photons (y y =551.3 nm; v 2 = 422.7 nm) emitted in a (./ = 0) —»(./ = l) —»(./ = 0) calcium atomic cascade 

{Ap 2 l S -AsAp '7^-4/ '5* ) is shown in Figures 42.8A-E. 

The expectation value of the coincidence rate at separated randomly oriented polarization analyzers for pairs of photons 

emitted from a doubly-excited state atom was derived from the equation of the photon in Eqs. (42. 12-42.29). Rather than a point 

2 
that obeys a probability-density wave, the photon is an extended particle with a radius given by r = — wherein X is the 

In 

wavelength of the photon. C onsequently, the photon's electric field ve ctor h as a p rojection onto the axis of each ro tated 

polarizer's axis. Angular momentum of the doubly excited-state atom is conserved by emitting photons of the same linear 

polarization in opposite directions. Thus, the photon polarization is exactly correlated based on physics. Based on these 

RU) 
physical attributes of the emitted photons, the normalized coincidence count rate, — ^^- , as a function of the relative polarizer 

^o 

orientation, ^ , given by Eq. (42.29) matches with the results of Aspect [34] as shown in Figure 42.9. A computer simulation is 

given in Ref. [46]. 
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Figure 42.8. (A) Calcium atoms were selectively pumped to the upper level of the cascade from the ground state by a two 
photon absorption via two lasers (blue beam). The fluorescent light was collected by lenses and made incident on two detectors 
(smooth plates) — one at position -z and the other at position +z relative to the emitting calcium atoms (blue sphere). The 
polarizers (plates with lines along each optical axis) were independently rotated in the xy-plane, and the coincidence count rate 
was measured (box connected to both detectors). (B) The source current of the doubly-excited state atom gives rise to 
electromagnetic fields that become emitted photons in opposite directions wherein the radius of each photon is given by the ratio 
of the speed of light to the velocity change of the excited state electron upon de-excitation. (C) The plane (green) of polarization 
of each photon pair is exactly correlated to conserve the angular momentum of the excited state. (D) The transmittance of each 
photon at each detector depends on the alignment or angle of the plane of polarization of the photons (random but matched) and 
the axis of each polarizer (rotated relative to each other by the experimenter). When the polarizers are parallel, the photons are 
both transmitted if each is sufficiently aligned with the polarizer. (E) Or, both are blocked if the transmittance is low due to a 
condition of crossed polarization of each photon and polarizer. Intermediate cases depend on the relative angle of each photon 
and its polarizer as shown in (C). 




©2010 BlackLight Power, Inc. All rights reserved. 



Retrospect: Wave-Particle Duality 



1657 



Figure 42.9. The normalized coincidence count rate as a function of the relative polarizer orientation as given by Eqs. 
(42.23), (42.24), and Eq. (42.29) (solid curve) with the results of Aspect [34] (•) match. This result is based on the physical 
treatment of the photon as an extended particle that obeys Maxwell's equations with conservation of angular momentum of the 
doubly-excited state calcium atom and the corres p onding emission of two photons of the same linear p olarization in o p posite 
directions. 

Rii) 




<f> (DEGREES) 



ASPEC1 

McCnANICo 



Eq. (5.17) of Home (same as Eq. (42.22)) is the sum over the product of the transmission efficiencies of photon pairs of identical 
polarization at two independent detectors and a correction for the solid angle of the detectors for the photon pairs emitted from a 
remote isotropic source. The probability integral over momentum space was "suppressed" and set equal to one. Thus, the 
calculation is a deterministic equation. It does not correspond to the equation for coincident detection predicted by quantum 
mechanics. According to Jackson |47 J: 

For a multipole with a single m value, M x and M vanish, while a comparison of (17.67) and (17.60) shows that 

d ^Lj± d JL OT^T 

ar co dr 
independent of r . This has the obvious quantum interpretation that the radiation from a multipole of order (/, m) carries 
off m% units of z component of angular momentum per photon of energy hco . Even with a superposition of different m 

values, the same interpretation of (17.67) holds, with each multipole of definite m contributing incoherently its share of 

the z component of angular momentum. Now, however the x and y components are in general nonvanishing, with 

multipoles of adjacent m values contributing in a weighed coherent sum. The behavior continued in (17.64) and exhibited 
explicitly in (17.65)-(17.67) is familiar in the quantum mechanics of a vector operator and its representation with respect to 
basis states of J 2 and J z * . The angular momentum of multipole fields affords a classical example of this behavior, with 
the z component being diagonal in the (l,m) multipole basis and the x and y components not. 
The characteristics of the angular momentum just presented hold true generally, even though our example (17.57) was 



somewhat specialized. For a superposition of both electric and magnetic multipoles of various (l,m) values, the angular 
momentum expression (16.63) is generalized to 

dM U 



-dr 87rcok 



^ = 7— 7T Re Z \W E {l',m')a E (l,m) + a M (l',m')a M (l,m)]\{I,-X rm ,y*X !m dQ. 



(17.69) 



+ i' w [a*(/ , ,m')a M (/,ffl)-a^(/>')a £ (/,m)](L-X (w )*nxX, il ffi 



The first term in (17.69) is of the same form as (17 . 63) and represents the sum of the electric and magnetic multipoles 
separately. The second term is an interference between electric and magnetic multipoles. Examination of the structure of 
its angular integral shows that the interference is between electric and magnetic multipoles whose / values differ by unity. 
This is a necessary consequence of the parity properties of the multipole fields (see below). Apart from this complication 

of interference, the properties of — — are as before. 

dr 

The quantum-mechanical interpretation of (17.68) concerned the z component of angular momentum carried off by each 
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photon. In further analogy with quantum mechanics, we would expect the ratio of the square of the angular momentum to 
the square of the energy to have the value, 



U 2 U 2 co 2 

But from (17.60) and (17.65)-(17.67), the classical result for a pure (l,m) multipole is 

hM- — \ M \ 2 m 2 



(17.70) 



(17.71) 
U± U± g£ - 

The reason for this difference lies in the quantum nature of the electromagnetic fields for a single photon. If the z 

component of angular momentum of a single photon is known precisely, the uncertainty principle requires that the other 

components be uncertain, with mean square values such that (17.70) holds. On the other hand, for a state of the radiation 

field containing many photons (the classical limit) the mean square values of the transverse components of angular 

momentum can be made negligible compared to the square of the z component. Then the classical limit (17.71) applies. 

For a (/, m) multipole field containing N photons it can be shown* that 

[M^(N)J N 2 m 2 +Nl(l + l)-m 2 

L T = hr- 1 (17.72) 

~U(N)J NW 

This contains (17.70) and (17.71) as limiting cases. 

Consider the quantum nature of the electromagnetic fields for a single photon. According to Eqs. (17.70-17.72) of 
Jackson, photon pairs cannot have identical z components of angular momentum; therefore, each pair cannot have identical 
polarization. Each quantum-mechanical photon is a superposition of RIIC, LHC, linear, and elliptic polarization. And, in the 
case of Quantum Electrodynamics (QED), each photon is also a superposition over frequency space. In the quantum-mechanical 
case Eq. (17.71) of Jackson applies-the z component of angular momentum is conserved on the average of many photons. 
Probability applies to the emission of a pair of photons of identical polarizations (the correlation of polarizations cannot be one 
(P(A,B) ^ 1)) as well as to the detection of the photons of equal polarizations. Furthermore, QED requires that the probability 
associated with emission as well as detection applies to a distribution of photon wavelengths with expectation values of 
v 1 =551.3 nm and v 2 =422.7 nm . The coincidence count rate is a function of the dot product of the electric field vector of each 
photon pair having correlated polarization onto the z-axis, and the probability of detection of the separate members of each pair 
at the separate detectors where the associated probabilities are independent. Thus, the probability of detecting a coincident 
event is given by the product of their independent probabilities. The quantum nature of the electromagnetic fields for a single 
photon requires a p f of Eq. (42.18) that includes all distributions. Thus, the coincident rate predicted by quantum mechanics is 

less than the experimental rate. The extent of the error, which is a function of the relative angle of the polarizers, is given by 
Bell's theorem. 

BELL'S THEOREM TEST OF LOCAL HIDDEN VARIABLE THEORIES (LHVT) AND 
QUANTUM MECHANICS 

Using the convention of Clauser and Home [37, 39], consider an ensemble of correlated pairs of photons emitted from the 
0-1-0 cascade of excited state calcium atoms each moving so that one enters polarizer 1 ( P i ) and the other polarizer 2 ( P 2 ), 

where $ and <j> 2 are adjustable angles of polarizer 1 and 2. In each polarizer a photon is recorded as +1 corresponding to RHC 
and LHC polarized, respectively. Let the results of these selections be represented by A (a) and S(fe) , each of which equals +1 

according as the RHC or LHC is recorded. 

Suppose now that a statistical correlation of A(a) and B(b) is due to information carried by and localized within each 

photon, and that at some time in the past the photons constituting one pair were in contact and in communication regarding this 
information. The information is quantum mechanical or is part of the content of a set of hidden variables, denoted collectively 
by X . The results of the two polarization outcomes are then to be functions A(a,X) and B(b,X) . Locality reasonably requires 

A[a, 1) to be independent of the parameter b and B(h, X) to be likewise independent of a , since the two outcomes may occur 
at an arbitrarily great distance from each other. Finally, since the pair of photons is generally emitted by a source in a manner 
physically independent of the adjustable parameters a and b, we assume that the normalized probability distribution p(X) 
characterizing the ensemble is independent of a and b . The requirement that the expectation value of a and b is equal to one 
(E(a,b) = \) (on the average, the polarization of photons incident on each polarizer are equal) implies B{a,X) - A[a,X). 

Defining the correlation function P{a,b) = J r A(a,X)B(b,X)p(X)dX where T is the total X space, generalization of Bell's 
theorem gives 
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\p(a,b)-P(a,c)\<\ r \A(a, X)B(b, X) - A(a, X)B(c, X)\ p(X)dX 
= J r \A(a,X)B(b, X)\ [1 - B(b, X)B(c, X)] p(X)dX 



(42.30) 



■\ r [\-B(b, X)B(c, X)] p(X)dX 
■- 1 - f r Bib, X)B(c. X)p(X)dX 



in the case of the 0-1-0 cascade, the coincidence count rate, A!(a,b), replaces the correlation function, p{a,b), of the 
generalization of Bell's theorem which then yields the following inequalities [34]: 

-\<S = l K ' y ' V ' V ' y J V 7J <0 (42.31) 
So 

where S(a,b) is the rate of coincidences with polarizer 1 in orientation a and polarizer 2 in orientation b, ^(a') is the 
coincidence rate with polarizer 2 removed and polarizer 1 in orientation a ' , R 2 (b ') is the coincidence rate with polarizer 1 
removed and polarizer 2 in orientation b ' , and Rg is the coincidence rate with the two polarizers removed. The maximum 

violation of Bell's inequalities (Eq. (42.31)) is predicted by substituting Eqs. (42.23-42.26) into Eq. (42.31) and by taking 
derivatives with respect to the orientation angles and setting them equal to zero [39]. Assuming the rotational invariance of 
#(a,b) , the inequalities (Eq. (42.3 1)) contract to [34] 

/? (22.5°)-/?(67.5°) | i 



< (42.32) 



R, 4 

The calculated value, S ml , from Eqs. (42.23) and Eq. (42.32) is 



:5.8X10~ 2 ±0.2X 10~ 2 (42.33) 



The experimental value, S , is [34] 



exp ' 



<? exp -5.72Xl(r 2 + 0. '1 3X10" 2 ( 4 2.3 4 ) 

The experimental value is in agreement with the calculated value and violates the inequality of Eq. (42.32) by 13 standard 
deviations. From Eq. (42.23) and Eq. (42.3 1), the inequality parameter, S cal , corresponding to orientations: 



-l<S-> — - - - - - 


K 


—L ^ U^t® 


(42.35) 


is 








S cal = 0.1 18 ±0.005 






(42.36) 


The experimental value, S , is [34] 










5 exp= - 126±0 - 014 






(4Z.J/J 



The experimental value is in agreement with the calculated value and violates the inequality of Eq. (42.31) by 9 standard 
deviations. These results refute LHVT and quantum mechanics because both theories require a distribution function of 
correlated angular momentum. Only classical physics correctly predicts the coincidence count rate as a function of the relative 

ori e ntation of the polarizers. 

A fundamental difference exists between classical physics versus quantum mechanics and quantum electrodynamics 
(QED). In the case of classical physics, Eq. (17.70) of Jackson applies-the z component of angular momentum is conserved on 
a photon by photon basis. Whereas, in the quantum mechanical case, Eq. (17.71) of Jackson-the z component of angular 
momentum is conserved on the average of many photons. The photon is the cause of quantization in the deterministic classical 
physics; whereas, quantization arises from the expectation values of probability distribution functions in quantum mechanics and 
QED. Bell's theorem accepts quantum-mechanical statistics and hidden variables as correct simultaneously. The resulting 
inequalities predicted for the measurement of two spatially separated observables that were historically in communication with 
the condition that local hidden variables theories (LHVT) are correct is inconsistent with experimental results. Thus, the data 
refute LHVT. Furthermore, the calculation of Home is not quantum mechanical, the implicit physics is deterministic with the 
statistics of the measurement associated with two independent, inefficient detectors. For a true quantum-mechanical and QLD 
calculation, the z component of angular momentum is only conserved on average over momentum space, and in the case of 
QED, the z component of angular momentum is only conserved on average over momentum space as well as over a continuum 
of frequencies centered about the expectation values of v x and v 2 . (The expectation value of the z component of angular 

m omentum m ust include an i n tegral ove r all m omentum space and over all frequency space.) Bell's i n equalities ap ply n ot only 
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to LHVT, but also to quantum mechanics and QED. Consider the consequences of the postulate of quantum mechanics that 
photon momentum has a distribution function, and the change in the z component of angular momentum is zero on the average 
of many emission events. The associated average momentum distribution function is equivalent to a hidden variable distribution 
function in Eqs, (42.18) and (42,30), The observed coincidenc e count rat e of Asp e ct [34] is equal to that predicted classically 
from the statistics of measurement at an inefficient detector only. The additional finite distribution function required in the case 
of quantum mechanics and QED results in incorrect predictions as demonstrated in the Bell's Theorem Test of Local Hidden 
Variable Theories (LHVT) and Quantum Mechanics section. The observed results disprove LHVT, quantum mechanics, and 
QED and support classical physics that is deterministic, not statistical. 

As a further consideration discussed by Mills [12], Bell's theorem is just an inequality relationship between 
ARBITRARY probability-density functions with certain assumptions about independence, expectation value equal to one, etc. 
wherein an additional probability distribution function is introduced which may represent local hidden variables or something 
else for that matter. And, the initial functions may correspond to quantum mechanical statistics or something else for that 
matter. Standard probability rules are accepted such as the probability of two independent events occurring simultaneously is 
the product of their independent probabilities. What is calculated and plugged into the formula for the functions and whether the 
substitutions are valid are the issues that determine what Bell's inequality tests when compared with data. Historically, Bell's 
inequality is a simple proof of statistical inequalities of expectation values of observables given that quantum statistics is correct 
and that the physical system possesses "hidden variables." However, if deterministic statistics are actually calculated and 
quantum statistics is equivalent to deterministic statistics (e.g. detection of a wave at an inefficient detector) but possesses 
further statistics based on the probability nature of the theory (statistical conservation of photon angular momentum), then Bell's 
inequality actually tested and confirmed determinism versus quantum theory when compared to the data. 

The arbitrary nature of Bell's probability inequality equation has fundamental ramifications regarding its validity in the 
fi rst place as pointed out by M ill s [1? ]. H ess and Ph illips [ 4 8] h ave re cently published on the re sults of considering the arbitrary 
assumptions Bell proposed in his probability inequality equation. In addition to the assumption that hidden variables exist, Bell 
tacitly made a variety of other assumptions such as the assumption that the proposed hidden variables are governed by a single 
probability measure independent of the analyzer settings. Hess and Phillips show that the mathematical model of Bell excludes 
a large set of local hidden variables and a large variety of probability densities such as time correlated parameters and 
generalized probability density. Their extended space of local hidden variables does permit deviation of the quantum result and 
is consistent with all known experiments. The results of Hess and Phillips further eliminates the need to default to spooky 
actions at a distance to explain the results of EPR experiments. 

WHEELER: BACK TO REALITY NOT BACK TO THE FUTURE 

Another version of the Aspect experiment called Wheeler's delayed-choice gedanken experiment has been realized according to 
a group comprising Asp e ct and oth e rs [49, 50]. It involv e s th e singl e -photon d e t e ction of th e random input of orthogonally 
polarized photons at two independent output detectors. When an electro-optical modulator (EOM) is not active each photons 
can be assigned to a specific path of an interferometer at the corresponding detector that is determined by the input polarization. 
But, the path is presumed unknown when the EOM is activated after a given photon has entered the interferometer. In the EOM- 
not-active case, the output at each detector is random and equal over many photons, but in the EOM-active case, output is 
observed at only one detector. Furthermore, when the relative path length of the two paths of the interferometer is varied to 
cause a correspondingly proportional phase angle, photon detection is then observed to occur at both detectors wherein the 
output demonstrates a modulation having a trigonometric dependence on the phase angle with a relative phase angle of n 
between the output of the two orthogonal detectors. The EOM-not-active output is recognized as the expected classical result 
with adherence to causality with each photon propagating along a single path and detected by the corresponding detector 
wherein the path and detector are determined by the input polarization state of the single photon, the phase independence is 
interpreted as due to the possession of knowledge of each single-photon propagation path based on the measurement of the 
corresponding detector output. The knowledge, in turn, determines the photon path, and with single-path propagation, 
interference associated with phase dependency is not deemed possible. Conversely, in the EOM-active case, the absence of 
knowledge determines that each photon must travel along two paths simultaneously, even when the device is activated when the 
photon is traveling at light speed along a path in route to the corresponding detector. Thus, the EOM-active results are 
interpreted as being due to each single photon traveling at light speed through the two possible paths simultaneously requiring 
that it had to first go back in time after the EOM was turned on and change history from one path to two-path propagation. The 
subsequent inference from the dual-flight path of the single photon explains the inference. This metaphysical interpretation is 
despite the authors' contradictory view on "the intuitive image that a single particle cannot be detected simultaneously in the two 
paths of the interferometer [49]." 

In reality, these results can be explained in terms of classical physical laws based on the nature of the photon and the 
hardware of the experiment. The experimental device is shown in Figure 42.10. Linearly polarized single photons emitted by a 
single N-V color center arc transmitted by a polarization beamsplitter (BS inpul ) to an interferometer having two spatially 

separated paths 1 and 2 associated with orthogonal S and P polarizations, respectively, wherein the propagation path is 
determined by the initial state of the two permitted orthogonal polarization states of each single photon. The tiltable output 
beamsplitter BS ' t comprises the combination of (i.) a half-wave plate that interchanges the S or P polarization state, (ii.) a 

second polarization beamsplitter BS' that merges the propagation paths, (iii.) an EOM that is randomly in an open or half-wave- 
plate state fo r each photon according to the output vo ltage of a quantum ra ndom n umber generator (Q RNG) (V E0 M = o r 
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V F0M = V n , respectively) wherein the input polarizations are rotated by 45° when the EOM is in the active state ( V E0M = V K ) 
since the EOM optical axis is at 22.5° from the input polarizations, and (iv.) a Wollaston prism (WP) aligned such that the initial 
S or P polarization state associated with each separate path 1 or 2 is selectively transmitted to detector Z), or D 7 , respectively. 



Figure 42.10. A schematic of the single-photon, two-path interferometer that operates in EOM-not-active and EOM-active 
modes to give different detection statistics at two independent output detectors that are selective for a given path of propagation 
determined by the initial linear polarization state of the single photon. 
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Now, the results of the Aspect group can be predicted based on the physics of the optical components and the nature of 
linearly polarized single photons wherein each is comprised of inseparable right hand circular polarized (RHCP) and left hand 
circular polarized (LHCP) components that must conserve the ti of angular momentum associated with its electric and magnetic 

fields as given by Eq. (4.1). The EOM rotates the RHCP and LHCP components to tilt the angle of linear polarization by — 

with a relative phase angle of n between the components. As the beam splitter 55" is tilted the orientation and path length 
changes by Az which corresponds to the tilt-phase angle <j> : 

<j> = kte (42.38) 

Then, the WP adds the two components to give an output having the appearance of interference between separate linearly 
polarized photons or a linear combination of circular polarized photons when there is a relative tilt-phase angle <f> between the 
original RHCP and LHCP components. As shown infra, the predicted modulated output at the polarization-selective detectors 
matches the observed modulated output shown in Figure of the Aspect group [49]. 

Consider the components of the input photon linearly polarized along the y-axis as given in the Equation of the Photon 
section. Since the photon is an extended particle comprised of spatially varying fields, the action of the EOM and WP for the 
transmission of the oppositely rotating RHCP or LHCP components for the determination of the detection statistics depends on 
the orientation and the corresponding tilt-phase of the beam splitter BS ' . The components having a dependency on the relative 
tilt-phase angle (Z> are 
RHCP component 

E x =asin(a)t-kz + 0) (42.39) 

E v =aoos(a>t-kz + <t>) (42.40) 

LHCP component 

E x =-asin(mt-kz) (42.41) 

E v =acos(cot-kz) (42.42) 

To conserve angular momentum during the response to the EOM, the vectors of the oppositely polarized photon components 

rotate in the opposite directions corresponding to a relative phase angle of a corresponding to — per component: 



RHCP component 

E x = asin(cot-kz + <j>) 

E v = a cos(cot - kz + ^J 
LHCP component 

E x = -a sin (cot - fc + n) 

E =acos(ct)t-kz + x) 
At the WP, the superposition is 

E x = a sin (cot -& + $) + a sin (cot -kz) 



(42.43) 
(42.44) 

(42.45) 
(42.46) 

(42.47) 
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E y = a cos^at - kz + 0) -a cos (at -kz) (42.48) 

Next, consider the components of the input photon linearly polarized along the x-axis: 

RHCP component 

E x =acos(at-kz + 0) (42.49) 

E y =asm(cot-kz + <f) (42.50) 

LHCP component 

E x = a cas( m t- k z) ( 42 . 51) 

E y = -asm(wt-kz) (42.52) 

The action of the EOM on the opposite circular polarized component vectors is antisymmetrical about the axes with the 
interchange of initial direction of the linear polarization from E to E x . — Again, to conserve angular momentum during the 

response to the EOM, the vectors of the oppositely polarized photon components rotate in the opposite directions corresponding 
to a relative phase angle of n corresponding to — per component. In addition, for the initially x-polarized case, there is a 

change to the opposite parity for the E x (RHCP) and E (LHCP) components corresponding to the electric-dipole selection 

rules with the rotated photon field vector having a projection in the opposite direction as that of the initially y axis polarized 
case [51]: 

RHCP component 



E x = -a cos((ot -kz + </>) (42.53) 

E y =asm(mt-kz + <f) (42.54) 

LHCP component 

E x =acos(o)t-kz + 7r) (42.55) 

E y = asin(fitf — kz + n) (42.56) 

At the WP, the superposition is 

E x = -a cos((ot - kz + $) - a cos(a>t - kz) (42.57) 

E = a sin [cot - kz + </)) - a sin [cot - kz) (42.58) 
With a tilt-phase angle <j> = 0,«2?r where n is an integer, the WP output is totally E x giving rise to the maximum output at D 2 
only, and with a phase angle <j> = n7i where n is an integer, the WP output is totally E giving rise to the maximum output at 
D i only. Thus, the detection rate corresponding to the detection probabilities at the outputs 1 and 2 are given by an equation of 
the same form as that of the Aspect experiment give by F.q. (42.29). The normalized the ROM-active D 2 and D l count rates, 
R^ {J>) and R 1 (jj>) , as a function of the tilt - phase angle (f> are 

-^^ = (0.5 + 0.5cos2^ /2 ) (42.59) 



iw: 



= (0.5-0.5cos2^ 1/2 ) (42.60) 



where the angular variable of <f> il2 = 0.5^ corresponds to the effect of the rotation of the EOM and R^ is the total EOM-not- 
active count rate (sum of D 2 and D l count rates). Without the antisymmetrical rotational effect of the EOM, the detection rates 
at the orthogonal detectors for random E x and E polarized input is constant as a function of <j> . This is because the output at 
each detector over time is due to the superposition of two sets of RHCP and LHCP components, each comprised of E x and E 
components wherein only one term of each of the latter is phase dependent. The phase independent term of each E x and E 

component gives an equal detec t ion con t ribution a t bo t h de t ectors corresponding t o t he de t ection of circularly polarized ligh t at 
the detectors, and the phase-dependent terms statistically balance since the sum of the phase dependency at each detector is unity 
(cos 2 ^ + sin 2 ^). That is, the crossover between E x input to E output with D 2 detection is statistically balanced by E y input 

to E x output with D 1 detection such that the detection rate at both detectors is constant, independent of phase angle. Thus, the 

normalized EOM-not-active D 2 and D i count rates, R 2 {<f) and R t {(f) , as a function of the tilt-phase angle <j> are 

^Sll = o.25 + (0.25 + 0.25 cos2^i) + 0.25 + (0.25 - 0.25 cos 74) = 1 (42.61) 

0.5i?Q 

^'^- 0.25 t-(0.25-0.25cos2^) + 0.25 + (0.25 + 0.25cos2^) = l (42.62) 

0.5i^i 
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The predicted results are shown in Figure 42.1 1. 

Figure 42.11. The normalized D 2 (red curve) and D, (blue curve) count rates, R 2 {<t>) ana ^?,(^), as a function of the tilt- 
phase angle <j> . (A) EOM-active count rates as given by Eqs. (42.59) and (42.60), respectively. (B) EOM-not-active count 
rates as given by Eqs. (42.61) and (42.62), respectively. These results are based on the physical treatment of the linearly 
polarized single photon comprised of RHCP and LHCP components that obey conservation of angular momentum at the EOM. 
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These physical results match the experimental observations of the Aspect group [49] without requiring the photon traveling back 
in time, changing history, and being in two places at the same time. Physics is restored, and an EOM is not a time machine. 

SCHRODINGER "BLACK" CATS 

A recent report in New York Times [52] entitled "Physicists Put Atom in 2 Places at Once" states, "a team of physicists has 
proved that an entire atom can simultaneously exist in two widely separated places." The article further states, "In the quantum 
'microscale' world, objects can tunnel magically through impenetrable barriers. A single object can exist in a multiplicity of 
forms and places. In principle, two quantum-mechanically 'entangled' objects can respond instantly to each other's experiences, 
even when the two objects are at the opposite ends of the Universe." (This quantum mechanical prediction of the Spooky 
Actions at a Distance was disproved in the previous sections — Aspect Experiment-No Spooky Action at a Distance and Bell's 
Theorem Test of Local Hidden Variable Theories (LHVT) and Quantum Mechanics). Experimentally, interference patterns 
were observed by Monroe et al. [53] for a single 9 5e + ion in a trap in a continuous Stem-Gerlach experiment. The phenomenon 
is similar to that of the Aharonov-Bohm Effect which was erroneously interpreted as interference of electron wave-functions as 
given in the Aharonov-Bohm Effect section. In this case, the erroneous interpretation of the experimental observation was that 
the ion wave-function interfered with itself wherein the ion was at two separate places at the same time corresponding to a wave 
function state called a "Schrodinger cat" state [52-54], According to Monroe et al. [53], 

"A 'Schrodinger cat'-like state of matter was generated at the single atom level. A trapped 9 Se + ion was laser-cooled to the 
zero-point energy and then prepared in a superposition of spatially separated coherent oscillator states. This state was 
created by application of a sequence of laser pulses, which entangles internal (electronic) and external (motional) states of 
the ion. The 'Schrodinger cat' superposition was verified by detection of the quantum mechanical interference between the 
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localized wave packets. This mesoscopic system may provide insight into the fuzzy boundary between the classical and 
quantum worlds by allowing controlled studies of quantum measurement and quantum decoherence." 
— The "Schrodinger cat" state analysis relies on the postulate that the Pauli Exclusion Principle applies to Rabi states 



wherein a rotation of the magnetic moment of the unpaired electron of an RF-trapped Q Be ion is represented by a linear 
combination of spin 1/2 ( t\) and spin -1/2 (U'Y) states. Three steps of rotation of the spin magnetic moment by a time 

harmonic field provided by pairs of copropagating off-resonant laser beams which drove two-photon-stimulated Raman 
magnetic resonance transitions were each separated by displacement laser pulses which excited a resonant translational 
harmonic oscillator level of the trapped ion by coupling only with the t) state. According to Monroe, "this selectivity of the 

displacement force provides quantum entanglement of the internal state with the external motional state. Although the motional 
state can be thought of as nearly classical, its entanglement with the internal atomic quantum levels precludes any type of 
semiclassical analysis." The in t erference was de t ected by exciting a fluorescen t transi t ion, which only appreciatively coupled t o — 
the \X\ — slate. — Thus, the fluorescence reading was proportional to the probability P± — the ion was in state \X\ . — The — 

"Schrodinger cat" superposition was supposedly verified by detection of the quantum mechanical interference between the 
localized wave packets. 

However, the interference arises not from the existence of the ion at two places at once. The positively charged ion was — 

excited to a time harmonic translational energy state, and the spin quantization axis was defined by an applied 0.20 m.T 

K 

magnetostatic field at an angle of — with respect to the x-axis of the RF-trap. The frequency of the energy to "flip" the spin 
state was equivalent to the projection of that of the translational harmonic oscillator onto the spin axis 

^-cos 2 - - (1 1.2 MIIz)(0.5) - 5.605 MHz - 22L (42.63) 

In 4 ' h 

given by Eqs. (42.70-42.73), infra. Thus, interference occurred between the Stern-Gerlach transition and the 
synchrotron radiation corresponding to the charged harmonic oscillator. Since the displacement beams affected only 
motion correlated with the TV state, a rotation of the magnetic moment such that d ^0 with application of the displacement 

beams gives rise to a phase shift of the interference pattern. 

EXPERIMENTAL APPROACH 

A classical approach to the description of the experiment and the results of Monroe [53] are given herein. The corresponding 

description according to a "Schrodinger cat" state is given by Monroe T53"|. 

A single 9 Be + ion was confined in a coaxial-resonator radio frequency (RF)-ion trap [55] that provided harmonic 
oscillation frequencies of {co x ,(o y ,a>\l 2n ^{\\.2, 18.2, 29.8) MHz along the principal axes of the trap. The ion was laser- 
cooled to the quantum ground state of motion [56] , and then the electronic and motional states were coherently manipulated by 

applying pairs of off-resonant laser beams, which drove two-photon stimulated Raman transitions. The two internal states of 
interest were the stable 2 S ll2 (F = 2,m F =-2) and 2 S V2 {F = \,m F =-l) hyperfine ground states (denoted by \i\ and TV, 

respectively), separated in frequency by co HF I In « 1 .250 GHz . Here, F and m F are quantum numbers representing the total 
internal angular momentum of the atom and its projection along a quantization axis. — The Raman beams were detuned by — 
A » -12 GHz from the 2 P V2 ( F -2,m F - -2) excited state, which acted as the virtual level, providing the Raman coupling. The — 

external motional states were characterized by the quantized vibrational harmonic oscillator states Ik) in the x dimension, 
separated in frequency by co x 1 2n » 1 1 .2 MHz . 

When the Raman beam difference frequency was tuned near co HF and the "carrier beams" a and b were applied, the 
magnetic moment of the ion was rotated away from the spin axis as described by Slichter [57]. By adjusting the exposure time 
of the carrier beams, for example, the electronic state was "flipped" — a 4-Y to TV transition by a n -pulse or rotated into the 

71 

x'y '-plane (the plane perpendicular to the spin axis) of the rotating coordinate system by a — pulse. Transitions on the carrier — 

did not significantly affect the state of motion, because beams a and b were copropagating. When the Raman beam difference 
frequency was tuned near co x , and the "displacement" beams b and c of were applied, the displacement beams produced a 
"walking wave" pattern whose time-dependent dipole force resonantly excited the harmonic motion. According to Monroe [53], 
this force promoted an initial zero-point state of motion 0) to a coherent state 



-14 



2 /r 



V 



\fi). = ^-^- E„7^i7rl") e ( 42 - 64 ) 



2 j— („!)" 

where p = ae'° is a dimensionless complex number that represents the amplitude and phase of the motion in the harmonic 
potential. The probability distribution of vibrational levels in a coherent state is Poissonian with mean number of vibrational 
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quanta 

(n) = a 2 (42.65) 

The coherent state of motion is much like classical motion in a harmonic potential with amplitude 

2ax (42.66) 

where 

( 

-■7.1 nm (42.67) 



was the root mean square Gaussian amplitude of the oscillating ion and M was the mass of the ion. 

The polarizations of the three Raman beams, a, b, and c produced n, cr + 1 o~ , and er~ couplings, respectively, with 

K 

respect to a quantization axis defined by an applied 0.20 mT magnetic field which was at an angle of — with respect to the x- 

axis of the RF-trap. As a result, the displacement beams (b and c) affected only the motional state correlated with the T). state, 
because the <r~ polarized beam c could not couple the \i\ state to any virtual 2 P 1/2 states. 

The energy to flip the orientation of the orbitsphere due to its magnetic moment of a Bohr magneton, // fl , given by Eq. 
(1.227) is 

where 

fi B =^- (42.69) 

2m e 

In the case that the magnetic flux density was 0.2 mT , the energy was 

-C- fX 



Affg; = 2g// J? B = 2(1.001 16) 9.2741xlQ- 24 ^ (0.2xlQ- 3 7/) = 3.714xlQ- 27 J (42.70) 



The resonance frequency is given by Planck's equation 

ffl =^S.= 3 - 714xl0 ""- / =3.522xl0 7 ^ = 5.605M/fe (42.71) 

fl fl 5 

As demonstrated by Eq. (42.97) and Eq. ( 4 2.98), infra., energy is exchanged between the harmonic oscillator state and the spin 
state according to the dot product of the wavenumber vector of the spin transition and the harmonic displacement vector 

[k-u(/,^)] 2 occos 2 - = 0.5 (42.72) 

Because the positively charged ion was excited to a time harmonic translational energy state along the x-axis, and the spin 

71 

quantization axis was defined by an applied 0.20 mT magnetostatic field at an angle of — with respect to the x-axis of the RF- 
trap the frequency of the energy to "flip" the spin state was equivalent to the projection of that of the translational harmonic 
oscillator onto the spin axis 

a Jospin 

^cos 2 - = (l 1.2 MHz)(0.5) = 5.605 Aff/z = ^=_ (42.73) 

Each Raman beam contained ^ImW of power at » 313 nm . This resulted in a two-photon Rabi frequency of 

— = 250 kHz for the copropagating Raman carrier beams a and b, or a n -pulse exposure time of about 1 jus . The 

Iti 

displacement Raman beams (b and c) were applied to the ion in directions such that their wave vector difference dk pointed 
nearly along the x-axis of the trap. Motion in the y or z dimensions was therefore highly insensitive to the displacement beams. 
When the displacement beams were applied to a zero-point translational state (correlated with the t) state) for time r on 

average a harmonic oscillator state of amplitude 

a = rfl d r (42.7 '4) 

was created. Here, i] = 0.205 is the Lamb-Dicke parameter and — — as 300 kHz is the coupling strength of the displacement 

2n_ 

beams. After each preparation cycle (described below), which spin state ( V) or t) ) the ion occupied was detected 



independent of its state of motion. This was accomplished by applying a few microwatts of a -polarized light ("detection 

JL 

-2&- 



beam d) resonant with the cycling UA — » 2 P 3/2 (F = 3, m F = -3) transition [radiative linewidth — x 19.4 MHz at wavelength 
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(/l)«313 nm] and observing the resulting ion fluorescence. Because this radiation does not appreciably couple to the t\ 
state, the fluorescence reading was proportional to the probability P i the ion was in state 14). . The experiment was 
continuously repeated — cooling, state preparation, detection — while slowly sweeping the harmonic oscillator phase ^ . 

STATE PREPARATION AND DETECTION 

Th e ion was first las e r - cool e d so that th e U) | n x = 0) e stat e was occupi e d about 95% of th e tim e . Th e n, fiv e s e qu e ntial puls e s of 

It 
Raman beams were applied. In step 1, a — pulse on the carrier rotated the magnetic moment into the plane perpendicular to the 

spin axis (z'-axis) in a coordinate system which rotates around the z'-axis. The moment precessed about the x'-axis of the 
rotating coordinate frame described by Slichter [57]. The precessing moment had a time averaged projection onto the z'-axis 

equivalent to an equal superposition of states \ l\ | o) e and t). | o) e . — In step 2, the displacement beams excited the motion 
correlated with the T). component to a harmonic oscillator state \ae~" / ' n ) . In step 3, a n -pulse rotated the magnetic moment 
in the plane perpendicular to the spin axis such that the moment precessed about the negative x'-axis of the rotating coordinate 



frame described by Slichter [57]. The precessing moment was equivalent to the swap of the superposition of states V> 0) g and 
TV |«) e produced in step 1 to give component states M').|») e and 1/.|0) £ . In step 4, the displacement beams excited the 

motion correlated with the t) component to a second harmonic oscillator state \ ae 4 ' 2 ) . In step 5, a final —-pulse on the 

carrier rotated the magnetic moment to the spin axis to give Uo.|«) , the initial spin state excited to an oscillator state of 
quantum number « , or T) |«) , the flipped spin state excited to an oscillator state of quantum number n . In the absence of 

int e rfer e nce b e tween th e oscillatory state and the spin state, 4) | ?z) — and t) | w) — occur with equal probability. Th e relativ e 

phases of the above steps were determined by the phases of the kF difference frequencies of the kaman beams which were 
easily controlled by phase-locking RF sources. The experiment was continuously repeated — cooling, state preparation, 

detection — while slowly sweeping the harmonic oscillator phase <j> . The relative populations of 4) and T) depended on the 
phase difference <f> between the two oscillator states because of the interference of these states, and each coupled (interfered) 
with the Stern-Gerlach transition. The state 4).|w) underwent a transition to the higher energy spin state T) by coupling to 
the energy of the oscillator state. The amplitude of the oscillation, a , given by Eq. (42.74) is modulated by the interference 
b e tw ee n th e displac e m e nt b e am of st e p 2 having a phas e — and st e p 4 having a phas e — . Th e r e sultant amplitud e , (a{J>y) , of 

the oscillation as a function of harmonic oscillator phase — was given by 



,<»Y 



.■^ 



(«(>)) = ae' 2 = ae' 2 =asin^- (42.75) 



\ i Tv / 



_Z 



where the probability (Eq. (42.106), infra.) of detecting the \i\ was , = | out of phase with the probability of the ton 

oscillatory stat e | w) — because th e spin flip to th e high e r energy state occurred I) — > t) . Th e interf e renc e of th e oscillator 
states with the Stern-Gerlach transition was measured by detecting the probability F\ ((#) that the ion was in the UA state for a 

given value of . The magnitude of the harmonic oscillator state was controlled by the duration of the applied displacement 
beams (Eq. (42.74)) in steps 2 and 4. The phase of the harmonic oscillator state was controlled by the phase of the applied 
displacement beams in steps 2 and 4. Monroe et al. report [53] on average the detection of one photon per measurement cycle 

when the ion was in the \V\ state. The data represented an average of about 4000 measurements, or 1 second of integration. 

The physical behavior of a large number of continuous Stern-Gerlach experiments (an ensemble) each detecting the spin 
state of a harmonic oscillating RF-trapped ion is equivalent to that of the interaction of ultrasound with Mossbauer gamma rays 
(interference of an electronic transition and an oscillator transition). Consider the Lamb-Mossbauer formula for the absorption 
of a y ray of energy Eby a nucleus in a crystal given by Maradudin [58]. 

, . 1 2 ^e- fiE - (m\e [n> \n)(n\e [n> \m) , 

Mg)= 7 g o r X— x ., i — ( 42 - 76 ) 

^^ (E Q -E + E -E m f+-V 2 

\ O » Tit) a 
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In this equation, E is the energy difference between the final and initial nuclear states of the absorbing nucleus, E m and E n are 
the energies of the eigfinslat.es \ rnj and | »^ of the crystal, respectively, E is the natural width of the excited state of the nucleus, 
p is th e mom e ntum of th e y ray, R(/) is th e instantan e ous position v e ctor of th e absorbing nucl e us, Z is th e crystal's partition 

function, T = (kj3) , and a is the resonance absorption cross section for the absorbing nucleus. By expressing the 
denominator of Eq. (42.76) as an integral, Eq. (42.76) is equivalent to 



u a (E) = -oj J dte°"^ x (exp [-/k • u (/; /)] exp [;k • u (/; 0)]) 



(42.77) 



wherein the position vector R(/) is 

k(0=*(0+»(0 



(42.78) 



For, Eq. (42.78), x(/) is th e position v e ctor of th e m e an position of th e absorbing nucl e us, and u(/) is its displac e m e nt from th e 
mean position. Eq. (42.77) follows from Eq. (42.76) with the following substitutions: 



*> = k 



(42.79) 



fico = E-E 
__T_ 

r ~2h 



(42.80) 
(42.81) 



and u(/;/) denotes the Heiseuberg operator, 



u(l;t) = e [h) u(l;0)e [n> (42.82) 
where H is the Hamiltonian. The angular brackets in Eq. (42.77) denote an average over the canonical ensemble of the crystal. 
Th e probability P^ (^)) that the ion of the e xperiments of Monro e et al. [53] was in the \ X\ stat e for a given value of <f> is 

herein derived from the correlation function for the statistical average of large number of continuous Stern-Gerlach experiments 
(an ensemble) each detecting the spin state of a harmonic oscillating RF-trapped ion which is equivalent to that of the interaction 
of ultrasound with Mossbauer gamma rays. From Eq. (42.77), the correlation function Q{t) of acoustically modulated gamma 

ray absorption by Mossbauer nuclei is 

g(f) = (exp[-ik-u(/;f)]exp[ik-u(/;0)]) (42.83) 

In the present case, the position vector is given by Eq. (42.78) where x(/) is the position vector of the mean position of the 
trapped ion, and u(7) is its displacement from the mean position. In this case, p and k of Eq. (42.79) are the momentum and the 
wavenumber. respectively, of the ion corresponding to the spin flip. E of Eq. (42.80) is the energy of the harmonic oscillator. 



E is the difference in energy between the T). and \-l) states, and u{l;t) of Eq. (42.82) is 



xiMi 



i(/;Q)< 



(42.84) 



The matrix elements of Eq. (42.83) are calculated by using the theorem [59] 



e A e B =e A+B e^ ' J if [[^5],^] = [[^fi],5] = 

For a harmonic oscillator, the commutator of k-u(/;l) and k-u(/;0) is a c number; thus, 



(42.85) 



Q(f) = (e x p[-/k-n(/;r)]e x p[/k-n(/;0)]) 



= /exp[-ik-[u(/;*)-u(/;0)]]\xexp -([k-u(/;f), k-u(/;0)]) 



(42.86) 



Since the correlation function applies to an ensemble of harmonic oscillator states, the first thermodynamic average can be 
simplified as follows: 



(raq>[-ik-[u(/;f)-u(/;0)]]) = exp -U{k-[u(l;t)-u(l;0)]} 



(42.87) 



This theorem is known in lattice dynamics as Ott's theorem [60] or sometimes as Bloch's theorem [61]. — Using the time 
independence of the harmonic potential, Eq. (42.87) is 



exp 



l({k.ru(/;0-u(/;0)l} 2 )l^ex P -[l(rk-u(/;0f) + l(rk-u(/;0)l 



(42.88) 
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= exp- 



-([ k .u ( /)T) 



(42.89) 



Substitution of Eqs. (42.87-42.89) into Eq. (42.86) gives 



g(f) = exp/-[k-u(/;?)] 2 \xexp -([k-u(/;f), k-u(/;0)]) 



(42.90) 



Expanding \i a (l;t) in terms of the normal coordinates of the harmonic potential and the phonon operators of that harmonic 



potential gives 
«„(/;*) = 






1 («0 2 



(42.91) 



where a labels the Cartesian components, M, is the mass of the ion in the Ith experiment, a> s is the frequency of the 5 th 
normal mode, s' s ' (/) is the associated unit eigenvector, and b] and b s are the phonon creation and destruction operators for the 

sth normal mode. By use of the coordinate expansion, the exponential of the correlation function appearing in Eq. (42.90) can 
be written as 







where the following substitutions were made: 



n s +\ 

r,=- — =e 



(42.93) 



okT 



(47..94) 



V^ s \i)1 



2kT 



(42.95) 



2M, 



<o. 



-X- 



and where the Bessel function relationship [62] 

-*(y+y ST t r \ « 



(42.96) 



was used, n. is the mean number of phonons in the sth mode at temperature T . In the case of Monroe's experiments [53], the 
correlation function for the exchange of energy between a harmonic oscillator state and a spin state was independent of time — 
not a function of e'°'"' and e~"°"' . Thus, the time dependent factors are dropped in Eq. (42.92), and combining Eqs. (42.90-42.92) 
and Eq. (42.92) gives the correlation function as 



Q(^)-exp-[^]n^(2^ 2 ) 



(42.97) 



For the experiment of Monroe et al. [53], the ion was laser-cooled so that the \\\ \n x = 0) state was occupied about 95% of the 
time; thus, the partition function of Eq. (42.76) is equal to one. Eq. (42.95) is 



a [k-B^(i) 



(42.98) 



2M m s 

The harmonic frequency was co s = co x with s = 1 in Eq. (42.92) where the sum is over the ensemble of translational harmonic 

oscillator modes for a series of "Schrodinger cat" state experiments — each a specific Raman beam pulse sequence with 
measurement; therefore, the correlation function is 



Q(c*) = exp-[c*]j (2c 2 s ) 



(42.99) 
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Monroe et al. [53] measured the probability of spin state UA as a function of the phase angle of the displacement lasers of steps 
2 and 4. The probability P± (^) of detecting the hbV state as a function of phase angle, (j> , can be derived from the correlation 
function, Eq. (42.99). The expansion of the Bessel function is 



-M4- 



-X 

4 



2) ZJ m\r(m + v + l) 



(42.100) 



J^)-T 



-x^ 
4 



f -^ 



E 



v 4 j 



m!r(m + l) Z~o [mlm(\ 



where T[m + \) = m\ was used. The probability distribution function of vibrational levels in a coherent state is Poissonian. The 
probability [63] of a spin flip with the emission of m phonons is 



(nTe^ WTe*^^- 



ml ml ml 

with mean number of vibrational quanta (nj - a 2 (Eq. (42.65)). The probability P i ((^) can be derived by factoring Eq. 
(42.101) from the Bessel function of the correlation function (Eq. (42.99)) and its expansion which follows from Eq. (42.100). 



•/oW=S 



-x 



3! [m\m\\ 



( 4 2.102) 



( < \^\ 



(ax) 



( Jl\ 



J o ( ax ) = Z 



>v 4 ) _ 1 vl 4 



i\m.\ 



-^i 



„ 2m _— a 

a e 



e „=o m\ 



Combining Eq. (42.101) and Eq. (42.102) demonstraLes that the probability P i (jf>) is proportional to 



p i i ax ) x Z 



(42.103) 



Let x - y , then the change of variable in Eq. (42.103) is 



^(^'HX 



-x 



(42 .1 04) 



m=0 ml m=0 ml 

Let m' = m/2, then the change of variable in Eq. (42. 1 04) is 



p i ( a y) x X 



-X 



n 



..2 A 



-x 



% (2m')! 



(42.105) 



The series expansion of cos(jc) is 



f*? 



cos 



M^X 



^o (2m)! 

Combining Eq. (42.99) and Eqs. (42.103-42.106) gives the probability P i (<f) proportional to 



(42.106) 



P^xcosl^ajc] 



(42.107) 



where y = 4x = -<Jc 2 . The quantization axis was at an angle of — with respect to the x-axis. From Eqs. (42.65-42.67), Eq. 
(42.75), and Eq. (42.98), 
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2 2 • 2 Y 

c=a sin — 

2 



(42.108) 



Combining Eq. ( / I 2. 107) and Eq. ( / I 2.108) gives the probability P± (^) proportional to 
P i {</>) « cos 2a 2 sin— 



(42.109) 



Combining Eq. ( 4 2.99), Eq. ( 4 2.108), and Eq. ( 4 2.109) gives the probability i> (^) proportional to 



^(^)ccexp[-a 2 sin 2 ^]cos 2a 2 sin— =exp 



-a 



1-cos^ 



f„ 2 ■ <t> 

cos 2a sin — 
I 2 



(42.110) 



Th e rotation of the magn e tic mom e nt with RF fi e lds such that 8 # with application of th e displacem e nt b e ams is 



equivalent to a phase shift of the correlation function given by Eq. (42.83) 
g(^) = (exp^exp[-z'k-u(/;^)]exp[z'k-u(/;0)]) 



(42.111) 



Thus, Eq. ( 4 2.1 10) is phas e shift e d. 



P i (</>,8)<xexp 



2 f'l-cos^ 



cos | 8 + 2a 2 sin — 

2 



(42.112) 



The probability of detecting either UA or T) is one. The initial state of the ion for each cycle is l -l) . Consider the 

— pulses (steps 2 and 5). In the absence of interference between the oscillator states and the Stern-Gerlach transition with 
a * 0, the probability of detecting \X\ or T\ is the same — 1/2. However, with interference, the spin flip to the higher energy 



state occurs, -l) — > t). The probability of detecting -l) with interference is given by 1/2 minus the probability function, Eq. 
(42.1 12), normalized to 1/2. The probability function for the detection of 4A with interference as a function of phase angle, <j>, 
harmonic oscillator amplitude, a , and phase shift, 8 , is 



1 - exp ^=tt 



2 ri-cos^ 



cos 8 + 2a sin J 



PM,S)- 



(42.113) 



The plot of the probability P^ (jf) of d e tecting the \ \\ state as a function of phase angl e , <j> , harmonic oscillator amplitude, a , 

and phase shift, 8 , using the values of the curve fit parameters of Monroe et al. [ii\ are given in Figures 42.12 and 42.13. 
Monroe et al. report [53] on average the detection of one photon per measurement cycle when the ion is in the 4) state. The 

data represented an average of about 4000 measurements, or 1 second of integration. 
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Figure 42.12. The plot of the probability P^if) (Eq. (42.113)) of detecting the UA state as a function of phase angle, <j>, 

for the harmonic oscillator amplitude, a , and phase shift, 8 — . — Curves in (A) to (D) represent experiments with various 
values of r ( 2, 1, 5, anrl 1 5 // s, respectively). The curves are fits of the measurements to the values of Monroe et a.1. [53] for 

the parameter a of a =0.84, 1.20, 1.92, and 2.97, respectively. 
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Figure 42.13. The plot of the probability P^if) (Eq. (42.113)) of detecting the UA state as a function of phase angle, <j>, 

for th e harmonic oscillator amplitud e , a = 1 .5 , and phas e shift, S . Curv e s in (A) to (C) ar e fits of th e m e asur e m e nts to th e 
v alues of M onroe et al , [ 5 3] fo r the parameter 8 of <?=1 , 3 ;r, 0, 48 ;r, and 0,06 ;r, respectiv ely . 
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These results confirm thai classical physics predicts the interference patterns observed by Monroe el al. [53] for a single 
9 Be* ion in a trap in a continuous Stem-Gerlach experiment without the requirement of Monroe [53] or Browne [52], "that an 
entire atom can simultaneously exist in two widely separated places." 

SCHRODINGER FAT CATS— ANOTHER FLAWED INTERPRETATION 

In 1935, Schrodinger [65] proposed a famous thought experiment in an attempt to demonstrate the limitations of quantum 
mechanics. He proposed a preposterous situation predicted by quantum mechanics in which a cat is put in a quantum 
superposition of alive and dead states. Believing in the validity of quantum mechanics has repetitively caused theoreticians to 
misinterpret and misrepresent physical observations as supporting such notions that lie outside the bounds of common sense or 
physical reality. For example, a recent report in The New York Times [64] entitled "Here, There and Everywhere: A Quantum 
State of Mind" states, "Physicists at Delft University of Technology have put a 5-micrometer-wide loop of superconducting wire 
into a 'quantum superposition' of two contradictory possibilities: in one, the current flows clockwise; in the other, current flows 
counterclockwise." The article further states, "In the realm of atoms and smaller particles, objects exist not so much as objects 
as mists of possibilities being here there and everywhere at the same time-and then someone looks and the possibilities suddenly 

collapse into definite locations." The experiment was a simplified version of the concept of Schrodinger' s cat. 

Instead of a cat, Friedman et al. [66], a Stony-Brook group working separately from the researchers at Delft, used a small 

square loop of superconducting wire linked to a SQUID (Superconducting Quantum Interference Device). A SQUID comprises 
a superconducting loop with a Josephson junction, a weak link that causes magnetic flux to be linked in integer units of the 
magnetic flux quantum. When the loop is placed in an external magnetic field, the loop spontaneously sets up an electrical 
current to cancel the field or generate an additional magnetic field, adjusting the magnetic field to a unit of the magnetic flux 
quantum, one of the allowed values. In the experiment of Friedman et al. [66], the loop was placed in a magnetic field equal to 
one half of the first allowed value, a magnetic flux quantum. Thus, the loop could set up either a current to raise the field 
strength to the first allowed value, or with equal probability, a current of equal magnitude flowing in the opposite direction to 
cancel out the external field. A pulse of microwaves was applied at the frequency to cause a transition of the magnetic moment 
of the current loop as an entirety. The absorption of microwaves caused the magnetic state of the SQUID to change and the 

curr e nt to r e v e rs e its dir e ction. 

Experimentally, a measurement always gave one of the two possible answers, clockwise or counterclockwise, never a 
zero cancellation. A difference in energy at which the flip transition occurred between the two possibilities was detected by a 
group led by J. Lukens and J. Friedman at the State University of New York (SUNY) [66]. A simple explanation was that the 
microwaves simply Hipped the current direction which had an energy bias in one direction versus the opposite based on the 
corresponding presence or absence of a magnetic flux quantum within the SQUID. — Rather, they interpreted the results as 
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experimental evidence that a SQUID can be put into a superposition of two magnetic flux states: one corresponding to a few 
microamperes of current flowing clockwise and the other corresponding to the same amount of current flowing anticlockwise. 
"Just as the cat is neither alive nor dead but a ghostly mix of the two possibilities, the current flows neither clockwise or 
counterclockwise, but is a mix of the two possibilities [64]." — According to Friedman, "we can have two of thes e 
macroscopically well-defined states at the same time. Which is something of an affront to our classical intuitions about the 
world [64]." 

Current running in both directions simultaneously is nonsensical. Current is a vector and must have only one direction. 
The energy difference observed by Friedman et al. can be explained CLASSICALLY. The experimental apparatus comprised 
a small SQUID coupled to a large current loop. A second SQUID magnetometer read the flux state of the first sample SQUID. 
The energy difference was not due to superposition of flux states. Rather, it was due to the nature of the electron which carries 
the superconducting current and links flux in units of the magnetic flux quantum. Consequently, the sample SQUID linked zero 
or one magnetic flux quantum. When excited by electromagnetic radiation of a resonant frequency, individual electrons undergo 
a spin-flip or Stern-Gerlach transition corresponding to a reversal of the electron magnetic moment, angular moment, and 
current. The Stern-Gerlach transition energies of electrons superimpose. The energy difference observed by Friedman et al. 
matches the energy corresponding to the flux linkage of the magnetic flux quantum by the ensemble of superconducting 
electrons in their entirety with a reversal of the corresponding macroscopic current. The linkage was caused by high power 
microwave excitation of a Stern-Gerlach transition of the magnetically biased loop which caused a concomitant change in the 
flux state of the separately magnetically biased sample SQUID. In this case, the microwave frequency was kept constant, and 
the bias flux of the loop was scanned at a fixed magnetic bias of the sample SQUID until the resonance with the superposition of 
the Stern-Gerlach transitions of the superconducting electrons in their entirety was achieved. 



The electron possesses an angular momentum of h . As shown in the Electron g Factor section, the electron angular momentum 
comprises kinetic and vector potential components. Angular momentum is conserved in the presence of an applied magnetic 
field when the electron links flux in units of the magnetic flux quantum, O . 

h 



-** 



( 4 2.11 4 ) 



2e 

7T 

This occurs when the electron rotates by — radians about an axis perpendicular to the axis parallel to the magnetic flux lines. 

h 
This electron rotation corresponds to an — magnitude, 180° rotation of the electron's angular momentum vector. In the case 

that the elections cany current, this change in momentum of a given current-carrying electron increases or decreases the current 
depending on the vector projection of the momentum change onto the direction of the current. Recently, it has been 
demonstrated that 50-nm-diameter rings of InAs on a GaAs surface can host a single circulating electron in a pure quantum 
state, that is easily controlled by magnetic fields and voltages on nearby plates. The electrons were observed to link flux in the 
unit of the magnetic flux quantum with a gain in a unit of angular momentum in a specific direction with the linkage [67] as 
given in the Aharonov-Bohm Effect section. Since the electron links flux in units of the magnetic flux quantum, the magnetic 
flux that links a superconducting loop with a weak link called a Josephson junction is the magnetic flux quantum. The factor of 
2e in the denominator of the magnetic flux quantum (Eq. (42.114)) has been erroneously interpreted [68] as evidence that 
Cooper pairs are the superconducting current carriers which is central to the BCS theory of superconductors. However, single 



electrons, not electron pairs, are the carriers of the superconducting current. 

The supercurrent and the linkage of flux is dissipationless; thus, the general form of the equation for the energy of a 
Josephson junction is a harmonic function as given by Fowles [69]. Each electron links flux only in units of the magnetic flux 
quantum, <D , given by Eq. (42.114). Thus, the parameter in terms of the applied flux, CD, that corresponds to the natural 

frequency of a harmonic oscillator is the magnetic flux quantum, (I> . From Friedman et al. [66]: 



The simplest SQUID (the radio frequency (r.f.) SQUID) is a superconducting loop of inductance L broken by a 
Josephson junction with capacitance C and critical current I c . In equilibrium, a dissipationless supercurrent can flow 

around this loop, driven by the diff e renc e between the flux CD that thr e ads th e loops and the external flux CD x applied to 
the loop. — The dynamics of the SQUID can be described in terms of the variable CD and are analogous to those of a 

particle of "mass" C (and kinetic energy — CCD 2 ) moving in a one-dimensional potential given by the sum of the 

magnetic energy of the loop and the Josephson coupling energy of the junction. 



2*(q>-qg 
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u = u n 



o„ 



y^COS 
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(42.115) 



J 



where CD is the flux quantum, 
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u ^Sr, ( ^ U6 L 



and 



p J^Hs. (42.H7) 

For the parameters of our experiment, this is a double-well potential separated by a barrier with a height depending on 



CD 
J. When O a = — - the potential is symmetric. Any change in <D a then tilts the potential [...]. 



In the experiment of Friedman et al. [66], the flux state of the sample SQUID was zero or one fluxon. A static current 
flowed either clockwise or counterclockwise around the loop to cancel or augment <D I such that an allowed fluxon state was 
maintained, 

EXPERIMENTAL APPROACH 

The SUNY experiment was a macroscopic Stern-Gerlach experiment on a macroscopic current loop coupled to a small d.c. 
SQUID (sample SQUID). The SQUID and the current loop were independently biased with externally applied flux. From 
Friedman et al. [66] : 



The SQUID used in these experiments was made up of two Nb I AlO x I Nb tunnel junctions in parallel as shown in 

Figure 42 . 14 . This essentially acts as a tunable junction in which I c can be adjusted with a flux (P^ _ applied to the 

small loop of the d.c. SQUID. Another flux <£> x applied to the loop tuned the tilt c of the potential wherein ( i> xdc tuned 

the barrier height AU at e = . The SQUID was biased such that it was in a zero or one fluxon state. A separate d.c. 

SQUID inductively coupled to the sample acted as a magnetometer, measuring the flux state of the sample SQUID: zero 
or one fluxon. 

The sample SQUID used in the experiments was characterized by the following three energies: 

the charging energy 

e 2 

E = — = 9.0rf (42.118) 
c — 2€ 

the inductive energy 

E L = -^- = 645 K (42.119) 

and a tunable Josephson coupling energy 



^-kfycos 



r *®^ 
% 



= 76Kcos\^^\ (42.120) 



The angular frequency of the plasma, my, associated with these parameters was 1.5-1.8 X 10 11 rad i ,_1 (24-29 GHz) 

depending on the value of < i> xdc . The fact that E c « E L , Ej confirms that flux was the proper basis to describe the SQUID' s 

dynamics. 

The sample was encased in a PdAu radiation shield with a coaxial cable entering the shield to provide for the controlled 
application of external microwaves. The apparatus was carefully filtered and cooled to about 40 mK in a dilution refrigerator. 

The flux <i> x tilted the potential from being symmetric at <I> x = — - according to Eq. (42.115). It was varied over the 

range — — + 11.5 raO <® < — — + 15.5 mCD . The barrier height AU was varied over the range 8.559 K < AU < 9M7 K. 

The SQUID was established in one state and excited with a pulse of high power 96.0 GHz (4.61 K) microwaves as <t> x was 
scanned. The values of O x at which photon absorption occurred with a change of flux state of the SQUID was recorded at a 
fixed barrier height AU . The experiment was repeated with AU changed. 

The system was initially prepared in a zero or one fluxon state with an energy barrier AU and a tilt energy e . 

Millisecond pulses of 96 GHz microwave radiation at a fixed power were then applied . When the energy difference between the 
initial and final states matched the resonance frequency as e was varied for a given AU , the system had an appreciable 
probability of changing flux state which was detected by the magnetometer. The experiment was repeated for different values of 
AU n . 
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Figure 42.14. The experimental set-up. 
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DATA 

The probability of the sample SQUID making a flux state transition when a millisecond pulse of 96.0 GHz (4.6 1 K) 

microwaves was applied was recorded as shown in Figure 42.15. For each AU , two peaks were obsei'ved as <t>, was varied. 
As the energy barrier AU was reduced, the observed peaks moved closer together and then separated without crossing. For 
AU = 9. 1 1 7 K (thick solid curve), the right peak corresponds to level 1 0) which has a greater relative amplitude than the left 
peak which corresponds to level |A. When A[/ was decreased to 8.956 K (dotted curve), the peaks moved closer, and the 
asymmetry disappeared. As the banner was decreased further (8.797 K is the dashed curve), the peaks moved, apart again, and 
the asymmetry reappeared. But, in this case, the left larger peak corresponded to level |0) . Thus, with a barrier change of about 
IX 0.14 A!", the two levels passed through the point at which the levels were symmetrical according to Eq. (42.115) at about 
A(7 = 8.956 K and changed roles without actually intersecting. The insert shows the position of the peaks in the main figure 
(as well as other peaks) in the AU -O x plane. Two examples of the convergence and divergence of the peaks in the AU {[ -O, 
plane at point where the levels were symmetrical according to Eq. (42.115) were observed. The dashed line in the insert 
represents the locus of points where the calculated top of the energy barrier was 96 GHz above state |*'}. All of the data lies to 
the left of the dashed line and therefore, corresponds to levels that are below the top of the barrier according to Eq. (42.1 1 5). 

Figure 42.15. The probability P mjleh of making a flux state transition when a millisecond pulse of 96-GHz microwave 
radiation is applied. For clarity, each curve is shifted vertically by 0.3 relative to the previous one. The insert shows the 
position of the observed peaks in the AU -<t> x plane. This image reproduced with permission from Nature. 
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The inductance L and the impedance Z = -J LI C of the loop, and the Joseph son coupling parameter p L of the sample 
SQUID were measured independently. The values were L = 240115 pH , Z = 48.010.1 Q, and J5 L = 2.3310.01 . The energy 
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levels of the flux states |0) and |l) E level as a function of e relative to their mean energy £' mM)! (Af/ ,O x ) using the 
experimentally measured L, Z, and fi L are shown in Figure 42 . 16 . At the middle at which point the levels were symmetrical 



according to Eq. (42.1 15), the two levels have a splitting of about A = 0.14 K in energy and the upper level is about A = 0.14 K 
below the top of the energy barrier as calculated from Eq. (42. 115). 

Figure 42.16. Energy of the measured peaks relative to the calculated mean of the two levels as a function of e . This 
image reproduced with permission from Nature. 





0.3 











i 


ye ' 


- 1 ( — 






0.2 




































^ 


0.1 






— 












Ul 
1 

















: 




S 


s^ • 




Uj 


-0.2 


'- 


















-0.3 


• . . 










I 


























7 


5 


8 


S.S 




9 







£ (K) 

The quantum dynamics of the SQUID was determined by the flux through the loop, a collective phenomenon 

representing the superposition of about 10 10 electrons acting in tandem. — Since the experimental temperature was about 500 
times smaller than the superconducting gap, almost all of the microscopic degrees of freedom were frozen out, and only the 
collective flux transition retained any dynamic relevance. The flux states |o) and |l) differed in flux by O and differed in 

cur r ent by 2 - 3 /iA . Given the geometry of the SQUID this cor r esponded to a local magnetic moment of 1 10 fi B . 



QUANTUM INTERPRETATION 

According to quantum theory, a superposition of fluxoid states |0) and |l) would manifest itself in an anticrossing defined as 

the lifting of the degeneracy of the energy levels of the two states at the point at which the states would be degenerate in the 
absence of coherence. Coherent tunneling lifts the degeneracy so that at the degeneracy point, the energy eigenstates are the 

symmetric and antisymmetric superposition of flux-basis states: — =-(|o) + |l)) and — p(|o)-|l)) . The energy difference AE 

b e tw ee n th e two stat e s is giv e n approximat e ly by 

AE = Jx ? +A ^ 



(42.121) 

where A is known as the tunnel spitting. For a given AU , Eq. (42.115) predicts that two peaks would be observed as £ is 
varied by varying Q> x . It further predicts that the peak separation should decrease and cross as the experiment is repeated for 
different values of AU . The lifting of degeneracy or splitting was anticipated to be observed as a decrease in peak separation 
and a reversal of the flux states in the AU -O x plane without crossing. Friedman et al. sought to demonstrate the existence of 
such a splitting to support the notion of superposition of flux states corresponding to clockwise and counterclockwise currents 
simultaneously. 

CLASSI 



Two sets of peaks are given by Eq. (42.115) which is derived from CLASSICAL PHYSICS. The nondegeneracy of the energy 
levels and the absence of crossing of the peaks was due to the linkage of flux by the electrons of the supercurrent. 

As given in the Electron g Factor section (Eq. (1.164)), the angular momentum of the electron in the presence of an 
applied magnetic field is 



L = r x (m e \ + eA) 



(42.122) 



where A is the vector potential of the external field evaluated at the location of the electron. Conservation of angular 

h 
momentum of the electron permits a discrete change of its "kinetic angular momentum" (r x my) by the field of — , and 
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ft 
concomitantly the "potential angular momentum" (rxeA) must change by — . To conserve angular momentum in the 

presence of an applied magnetic field, the electron magnetic moment can be parallel or antiparallel to an applied field as 

71 

observed with the Stern-Gerlach experiment, and the flip between orientations (a rotation of — ) is accompanied by the 

"capture" of the magnetic flux quantum by the electron. 
According to Eq. (1,168), th e e n e rgy to flip th e ori e ntation of th e orbitsph e r e du e to its magn e tic mom e nt of a Bohr 



magneton, ju B , is 
where 



AEr g =2ju B B (42.123) 



-eh- 



M B =— (42.124) 

±mr e 

The energy change corresponding to the "capture" of the magnetic flux quantum is derived below. From Eq. (1.171), the energy 
stored in the magnetic field of the electron is 

K. S -^J (42.123) 

— KM 

The orbitsphere is equivalent to a Josephson junction which can trap integer numbers of fluxons where the quantum of magnetic 

h 
flux is O = — . Thus, Eq. (1.181) gives 
2e 

AZffi- -I-^MbB (42.126) 



2k 

The principal energy of the transition of reorientation of the orbitsphere is given by Eq. (1.168). And, the total energy of the flip 
transition is the sum of Eq. (1.181), the energy of a fluxon treading the orbitsphere and Eq. (1.168), the energy of reorientation 
of the magnetic momen t (Eqs. (1.226-1.227)). Considering only t he magne t ic energy term, 

A£^ =2^5 + ^/1^ (42.127) 

Ag^£)M (42.128) 

- *E% = gM B B (42.129) 

The spin-flip transition can be considered as involving a magnetic moment of g times that of a Bohr magneton. The g factor is 

redesignated the fluxon g factor as opposed to the anomalous g factor. The value of ^- considering only the first term is 

1.00116. The experimental value is 1.00116. (See Eqs. (1.236 - 1.237)). 

The energy difference A of the flux states |0) and |l) was not the tunnel spitting energy sought by Friedman et al. to 

support the notion of superposition of flux states corresponding to clockwise and counterclockwise currents simultaneously. 
The microwaves simply flipped the current direction which had an energy bias in one direction versus the opposite based on the 
corresponding presence or absence of a magnetic flux quantum within the SQUID. The energy difference was due to the linkage 
of flux by the current carrying superconducting electrons with a reversal of the current direction and a corresponding change in 
the flux state of the sample SQUID. The loop and SQUID transition resulted from a Stern-Gerlach transition of a magnetic 
moment of 10 10 n B that was equivalent to the superposition of 10 10 electrons. The macroscopic spin-flip occurred by the 
absorption of high power microwave energy at the y6 GHz resonance frequency of the equivalent macroscopic magnetic 

moment. The energy of the 10 10 electrons linking flux of — <D is calculated from Eq. (42.126) by determining the magnetic 

flux due to 10 10 electrons. 
The magnetic moment of 10 10 electrons, jj , is given by the number of electrons times a Bohr magneton jj b of magnetic 

moment per electron. 

// = 10 1 V S (42.130) 

The magnetic moment is equal to the current of the loop / times the area of the loop A . 
fi-10 w fi B -IA (42.131) 

The magnetic flux B is given by one half the magnetic flux quantum <t> divided by the area of the loop which is given by Eq. 

(42.131). 
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-o„ 



-<J>„ 



-O n 



^ 



( 4 2.132) 



!<)>, 



The energy of the 10 10 electrons linking flux of — <J> by reversing the direction of supercurrent is calculated from Eq. (42.126) 

and Eq. (42.132) wherein the energy is one half that given by Eq. (42.126) because the flux state of the loop is initially biased at 
about th e symm e trical point. 



A£, 



fluxon 



2k 2k 



-o„ 



JL_ 



1> n 



In a 10 1 



Ms 4jl_ 



-/o„ 



(42.133) 



1 K 

The linkage of — O occurs when the electron rotates by — radians about an axis perpendicular to the axis parallel to the 

h 
magnetic flux lines. This electron rotation corresponds to an — magnitude, 180° rotation of the electron's angular momentum 

vector. Since the electrons carry current, this reversal in momentum reverses the current according to the vector projection of 
the momentum change onto the direction of the current. Since the current reverses direction when a magnetic fluxon treads the 
loop of the SQUID, the current / is given by one half of the critical current I c . The critical current I c may be calculated from 

the Josephsoii coupling parameter ft L of the sample SQUID given by Eq. (42.117) using the independently measured value of 



P L = 2.33±0.01 and the inductance L = 240 ±15 pH . 



,Ai>. 



(2-33)O 



2kL 2fl-(240xlQ- 12 h) 



= 3.2 /uA 



(42.134) 



Substitution of one half I c given by Eq. (42.134) into Eq. (42.133) gives the energy difference between the flux states. 



^ 2UJU lc ) °° 4 UJ c ° 4 a 2n 



( 4 2.135) 



^mag 



a Pl^o 



o„ 



«(2.33)(tf> ) z 



= 0.012 meV = 0.139 K 



4k 4kL " (4^-) (240xl0" 12 7/) 

Using Eqs. (42.115-42.117), the Josephson coupling energy of the junction U , can be written in a form that is similar to that 
given by Eq. (42.135). From Eq. (42.115), 



2k — 
1>„ 



Uj = U a p L cos 
Substitution of Eq. ( 42 . 116 ) fo r U and Eq. ( 42 . 117) fo r /3 L g ives 



(42.136) 






-®i 






4k 2 L <D„ 



5: 



2k 






Uj = U n P L cos 



2k 



4k 2 L 



A cos 



2k 



-cos 



2k 



-cos 



2k 



(42.137) 



The SQUID links flux in integer units of the magnetic flux quantum; thus, the Josephson coupling energy of the junction Uj is 



u,=- 



(42.138) 



2k 
The switch between Stern-Gerlach states is predicted to be Lorentz with a maximum transition intensity or probability at 

the energy level of 96 GHz difference between the states. The energy of the magnetic level |o) or |l) was tuned by the flux 

O^ c which was tilted by flux (P x applied to the large current loop. In the case that the tlux O^ ~ corresponded to an energy 

level above the symmetrical case according to Eq. (42.115), the initial flux state |0) underwent a transition to the state ll) at a 

higher flux <I> I than in the case that |l) underwent a transition to the state |o) . In the case that the flux <S> xdc corresponded to 

an energy level above the symmetrical case according to Eq. (42.115). the situation was reversed. The states were 
nondegenerate at the symmetrical point according to Eq. (42.115) because an energy bias existed based on the presence or 
absence of a magnetic flux quantum within the SQUID. Consequently, the energy difference of the peaks decreased to a 
minimum as the symmetrical point was approached, reversed assignments without crossing, and separated again. The data 
demonstrate a difference in the energies of the flux states even at the point at which they were symmetrical according to Eq. 
( 4 2.115). Th e diff e r e nc e was du e to linking of flux by th e sup e rconducting e l e ctrons. Th e transition probability of stat e l o) to 
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the state 1 1) occurred with slightly greater probability than the later since the potential energy of the state 1 0) was greater than 
of the state 1 1) , Thus, the intensity ratios of the peaks reversed also with the interchange of the assignments of the peaks as 
shown in Figur e 42.15. 

The energy of the 10 10 electrons linking flux of — O is equivalent to the energy difference A of the flux states |o) and 

|l) of about A = Q.\4 K measured by Friedman et al as shown in Figure 42.16. The energy of the highest energy level is 

predicted to be about A = 0.14 K below that given by Eq. (42.1 15) since the SQUID is biased by about — O with flux O^ c 

which is perturbed by flux <b x . The measured value of about A = 0.14 K is in good agreement with the predicted value. 

The phenomenon observed by Friedman et al. [66] is similar to that of the Aharonov-Bohm Effect and the results of 

Monroe et al. [53] given in the Aharonov-Bohm Effect section and the Schrodinger "Black" Cats section, respectively. In the 
first case, the results of a damped harmonic oscillatory behavior of the ratio of the change in resistance and the resistance as a 
function of the flux applied to a current loop was erroneously interpreted as interference of electron wave-functions. The results 
were due to the linkage of flux by electrons in units of the magnetic flux quantum. In the latter case, the results were 
erroneously interpreted as demonstrating that an entire atom can simultaneously exist in two widely separated places and 

interfere with itself. The results were due to an interference between an oscillatory translational mode and a Stern-Gerlach 

transition of the electron of a trapped charged ion. Similarly, the SUNY results confirm that classical physics predicts the 
splitting or difference in energy between flux states observed by Friedman et al. The behavior of a biased SQUID coupled to a 
biased macroscopic loop having the possibility of either clockwise or counterclockwise current that is interchanged by a Stern- 
Gerlach experiment is predicted quantitatively. The prediction is without the requirement of Friedman et al. [66] or Chang [64], 
that "Physicists have put a loop of superconducting wire into a 'quantum superposition' of two contradictory possibilities: in 
one, the current flows clockwise; in the other, current flows counterclockwise." 

FREE ELECTRONS IN SUPERFLUID HELIUM ARE REAL IN THE ABSENCE OF 



MEASUREMENT REQUIRING A CONNECTION OF 'I'm TO PHYSICAL REALITY 

A challenge to the fundamental foundations of quantum mechanics has arisen based on experiments of free electrons injected 
into superfluid helium [12]. From the time of its inception, the quantum mechanical meaning of the electron wave function has 
been enigmatic, debated, and fluid. A now popular interpretation is a zero or one-dimensional point in an all-space probability- 
wave function ¥(*) that only becomes "real" by act of measurement. However, the behavior of free electrons in superfluid 

h e lium has again forced the issue of the m e aning of the wavefunction and its conn e ction with r e ality. El e ctrons form bubbl e s in 
superfluid helium, which reveal that the electron is real and that a physical interpretation of the wavefunction is necessary. 
Furthermore, when irradiated with low energy light, the electrons carry increased current at different rates as if they exist with at 
least 1 5 different sizes. 

Interpretations of quantum mechanics such as hidden variables, multiple worlds, consistency rules, and spontaneous 
collapse have been put forward in an attempt to base the theory in reality. The Copenhagen interpretation asserts that what we 
observe is all we can know; any speculation about what an electron, photon, atom, or other atomic-sized entity is really or what 
it is doing when we are not looking is just that — speculation. The postulate of quantum measurement asserts that the process of 
measuring an observable forces it into a state of reality. In other words, reality is irrelevant until a measurement is made. In the 
case of electrons in helium, the fallacy with this position is that the "ticks" (migration times of electron bubbles) reveal that the 
electron is real before a measurement is made. Mans and other experimental physicists believe that the data on electrons in 
liquid helium reveals that the electron is real and physical and exposes a fundamental flaw in quantum theory [70-72]. 
Physicists have always been content to think of the wave function, the immeasurable entity which describes quantum systems, as 
a mathematical device with observable consequences. The time has come for the idea to be grounded in reality. For the electron 
bubbles in helium, Maris' position is that the size of the bubble is determined by how much of the wave function is trapped 
inside the bubble. "If there is no part of the wave function inside the bubble, the bubble will collapse. This makes the wave 
function seem to be a tangible object. Theoreticians are going to have to address the question: what is a wave function? Is it a 
real thing, or just a mathematical convenience? [70]" 

In the 111 years since its discovery, there has been no evidence whatsoever that the electron is divisible . But, in order to 

explain the increase in conductivity of free electrons in superfluid helium when irradiated with low energy light and the 
observation of an unexpected plethora of exotic negative charge carriers in superfluid helium with mobilities greater than that of 
the normal electron Maris has proposed [73] that the electron breaks into equal-sized fragments which he calls "electrinos." 
According to Maris, this process of division of the electron may continue to such that the electron breaks into two and then the 
1/2 electrons may divide into two forming 1/ 4 electrons, and the process may repeat indefinitely. — Maris argues that the 
Schrodinger equation solution of the wavefunction of the \p state, an excited state, will break into two following the 1,v to \p 
transition of an electron in superfluid helium. This result is a consequence of the localization of the maximum electron 
probability density, ^(x) , in the extremes of the dumb-bell shaped \p orbital with the existence of a node at the center of the 

orbital. — Maris likens ¥(*) to a physical electron density bubble. — The large differences in time scales of the motion of the 
e l e ctron and th e motion of th e bubbl e wall m e ans that th e Franck - Condon principl e should apply and that th e wav e function of 
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the electron will deform adiabatically (Born-Oppenheimer principle) at this node to result in electron fission. Following the 
break, one half of the electron's wave function is trapped in each of the two daughter bubbles. As the wave function is the 
essence of an electron, the electron splits into two. One piece acquires all of the charge and the other is neutral. 

Of course the electron cannot break into two or more pieces, and ¥ (x) can not be an electron density function based on 
scattering experiments as pointed out by Max Born who formulated the currently accepted probability wave interpretation of 
*P(x) . The physical explanation for the free-electron photoconductivity and mobility observations is provided by the nature of 

the free electron as an orbitsphere in liquid helium and by the nature of its excited states. The nature of these states follows from 
the solution of the bound electron and its excited states given in One-Electron Atom and the Excited States of the One-Electron 
Atom (Quantization) sections, respectively. Free electrons in liquid helium form physical hollow bubbles that serve as resonator 
cavities that transition to long-lived metastable states of fractional (1 /integer) sizes that migrate at different rates when an 
electric field is applied as shown in Figure 42. 1 7. The predicted behavior for allowed fractional-principal-quantum-energy states 
of the electron in liquid helium matches the formerly inexplicable photoconductivity and mobility observations. 

Figure 42. 1 7. Free electrons in liquid helium form physical hollow bubbles that serve as resonator cavities that transition to 
fractional (l/integer) sizes and migrate at different rates when an electric field is applied. (A) Free electrons are trapped in 
superfluid helium as autonomous hollow electron bubbles. (B) Photons are absorbed by the bubble-like orbitsphere that serve as 
resonator cavities. (C) The excitation of the Maxwellian resonator cavity modes by resonant photons form long-lives states 
having quantum numbers n , £, and in, with radii of reciprocal integer multiples that of the unexcited n = l state. (D-E) The 



normal bubble with the radius, r and each stable excited state electron bubble with radius 



may migrate in an applied 



int eger 

electric field, and the time of flight to a detector decreases with the size of the bubble. The absorption spectrum of free electrons 
in superfluid helium and their mobilities predicted from the corresponding size and multipolarity of these bubble-like states with 
quantum numbers n , £ , and m, matched the experimental results of 1 5 identified ions. 




Specifically, free electrons are trapped in superfluid helium as autonomous electron bubbles interloped between helium atoms 
that have been excluded from the space occupied by the bubble. The surrounding helium atoms maintain the spherical bubble 
through van der Waals forces. The bubble-like "wave/unction" called an orbitsphere can act as a resonator cavity. The 
excitation of the Maxwellian resonator cavity modes by resonant photons form bubbles with radii of reciprocal integer multiples 
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of that of the unexcited n = 1 state. The central force that results in a fractional electron radius compared to the unexcited 

y 

electron is provided by the absorbed photon. — Each stable excited state electron bubble which has a radius of ■ may 

integer 

migrate in an applied electric field. Superfluid helium is an ideal medium to study individual trapped electrons in much the 

same way that individual ions may be studied in Penning traps. An equation for the electron bubble mobility is based on a well 

known roton-bubble momentum transfer cross section using the geometrical cross section and the multipolarity of the different 

electron states. Experiments to study the effect of light on ion mobility have been conducted [12, 70]. The photo-conductivity 

absorption spectrum of free electrons in superfluid helium and their mobilities predicted from the corresponding size and 

multipolarity of these long-lived bubble-like states with quantum numbers n , I , and m, matched the experimental results of the 

15 identified ions. Electrons bubbles in superfluid helium reveal that the electron is real and that a physical interpretation of the 
wavefunction is necessary. The concept of probability waves of quantum mechanics must be abandoned and atomic theory must 
be based in reality. 

STABILITY OF FRACTIONAL-PRINCIPAL-QUANTUM STATES OF FREE ELECTRONS IN 
LIQUID HELIUM 

Photon absorption occurs as an excitation of a resonator mode; consequently, the hydrogen atomic energy states are quantized as 
a function of the parameter n as shown in the Excited States (Quantization) section. Each value of n corresponds to an allowed 
transition caused by a resonant photon that excites the transition of the orbitsphere resonator cavity, in the case ol tree electrons 
in superfluid helium, the central field of the proton is absent; however, the electron is maintained as an orbitsphere by the 
pressure of the surrounding helium atoms. In this case, rather than the traditional integer values (1, 2, 3,...,) of n, values of 
reciprocal integers are allowed according to Eq. (2.2) where both the radii and wavelengths of the states are reciprocal integer 
multiples of that of the n = 1 state and correspond to transitions with an increase in the effective central field that decreases the 
radius of the orbitsphere. In these cases, the electron undergoes a transition to a nonradiative higher-energy state. The trapped 
photon electric field which provides force balance for the orbitsphere is a solution of Laplace's equation in spherical coordinates 
and is given by Eq. (42.141). 

In each case, the "trapped photon" is a "standing electromagnetic wave" which actually is a circulating wave that 

propagates around the z-axis. and its source current superimposes with each great circle current loop of the orbitsphere. The 
time-function factor, k(t) , for the "standing wave" is identical to the time-function factor of the orbitsphere in order to satisfy 
the boundary (phase) condition at the orbitsphere surface. Thus, the angular frequency of the "trapped photon" has to be 
identical to the angular frequency of the electron orbitsphere, co n , given by Eq. (1.36). Furthermore, the phase condition 
requires that the angular functions of the "trapped photon" have to be identical to the spherical harmonic angular functions of the 
electron orbitsphere. Combining k(t) with the ^-function factor of the spherical harmonic gives e ' [m ^ a " l> for both the electron 
and the "trapped photon" function. The angular functions in phase with the corresponding photon functions are the spherical 
harmonics. The charge-density functions including the time-function factor (Eq. (1.27-1.29)) are 

-£=fl — 

fKr,0,t,t) = -l T [S(r-r,,)][YZ(e,t) + Yr(0,t)] (42.139) 

iSTir 

p(r,0J,t) = ^[S(r-rJ][Y:(0j) + Re{Y;(0j)e ! ™-<}] (42.140) 

where Y™(6,(f) are the spherical harmonic functions that spin about the z-axis with angular frequency a> n with 7 °((9,^) the 
constant function and Re \Y" [0, tf^e'""""' j = P f m (cos 0) cos {m<f> + mco n t). The solution of the "trapped photon" field of electrons 
in helium that is analogous to those of hydrogen excited states given by Eq. (2.15) is 



ijwj T 
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±[Y2(0,t) + Tte{Yr {&,*)<*"}] 



5(r-r n )i r (42.141) 



2'3 4 
Z = l,2,...,n-1 
m = -(.,-(. +\,...,Q,...,+i 
In Eq. (42.141), a is the radius of the electron in helium without an absorbed photon. C is a constant expressed in terms of an 
equivalent central charge. It is determined by the force balance between the centrifugal force of the electron orbitsphere and the 

radial force provided by the pressure from the van der Waals force of attraction between helium atoms given infra. 

For fractional quantum energy states of the electron, cr photm , the two-dimensional surface charge density due to the 

"trapped photon" at the electron orbitsphere, follows from Eqs. (5.27) and (2.11): 
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d(r-rj „ = [-,-,-,..., (42.142) 
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And, <7 ehclro „ , the two-dimensional surface charge density of the electron orbitsphere is 

-[ff (0J) + Re {ly (6, f) ^ }] <?(r - r„ ) (42.143) 



<T„, 



A7t(r r Y 



The superposition of cr pioMn (Eq. (42.142)) and <J eleamn , (Eq. (42.143)) where the spherical harmonic functions satisfy the 
conditions given in the Bound Electron "Orbitsphere" section gives a radial electric monopole represented by a delta function. 



A 



1 1 1 



-[l °(<?^) + Re{i;'(<?^) e '"'"^}]j(r-r;) n = \,-, -,-,..., (42TT447 
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The radial delta function does not possess spacetime Fourier components synchronous with waves traveling at the speed of light 
[74-76] . Thus, the fractional quantum energy states are stable as given in the Boundary Condition of Nonradiation and the 
Radial Function — the Concept of the "Orbitsphere" section. 
The speed of light in vacuum c is given by 



-i- 



(42.145) 



where fi is the permeability of free-space and £ is the permittivity of free-space. The wavenumber is given by 
k mm ~ = (oJ^ (42 . 146) 



X 

The speed of light in a medium such as superfluid helium v is given by 
1 



Mo £ 



(42.147) 



where ju a is the permeability of free-space and s is the permittivity of the medium. The wavenumber is given by 

In i 

K^= — = a^s (42.148) 

The ratio of the wavenumber in vacuum and the wavenumber in superlluid helium is given by 



helium helium V '0 



-k 



(42.149) 



The frequency of the photon in free space and in helium at the electron must be the same. Thus, 

''■hdmm = " 'vacuum V* 1 *" * 3") 

So 

Since s > s , the wavenumber in helium is greater than the wavenumber in vacuum. Thus, a pho t on t raveling in liquid helium 

may excite a mode in an electron bubble which is nonradiative. In this case, spacetime harmonics of —2- = k or — - I — = k for 

c c\e 

which the Fourier transform of the current-density function is nonzero do not exist. Radiation due to charge motion does not 
occur in any medium when this boundary condition is met. 

— As discussed infra., the p henomenon of photon absorption by electrons in superfluid helium to give r ise to an increase in 
conductivity is temperature dependent. This temperature dependence may be explained on the basis of the loss of viscosity of 
superfluid helium that is permissive of an electron supercurrent. That is, at 1 .7 K, the viscosity is sufficiently close to zero such 
that the angular current of the electron may propagate without energy loss. Roton scattering dominates over phonon scattering at 
this temperature and below [77] . Then, the two dimensional surface charge due to a "trapped photon" at the electron orbitsphere 
of a free electron in helium is given by Eq. (42.144) such that the corresponding state is stable. Resonant photon absorption may 
occur between these stable states. The central force which results in a fractional electron radius compared to the unexcited 
electron is provided by the absorbed photon as discussed in the Ion Mobility Results in Superfluid Helium Match Predictions 
section. 
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ION MOBILITY RESULTS IN SUPERFLUID HELIUM MATCH PREDICTIONS 

Experiments to study the effect of light on ion mobility have been conducted by Northby and Sanders [78. 79], Zipfel and 
Sanders [80, 81], and Grimes and Adams [82, 83]. For example, in the Northby and Sanders experiments [78, 79], ions were 
introduced into the liquid from a radioactive source, and had to pass through two grids in order to reach the detector. The 
voltages on the grids were varied in time in a way such that normal negative ions could not reach the detector. It was found that 
when the liquid was illuminated, a small ion current reached the detector. Thus, they observed an increase in ion mobility under 
illumination, but recognized that the origin of the effect was unclear . It appears that the absorption of a photon by an electron 

bubble or orbitsphere in superfluid helium provides a natural explanation for the majority of the photo-conductivity results. 

The photon absorption is determined by the correspondence principle — the conservation of the % of angular momentum 
of the free space photon and the equivalent change in the angular momentum of the electron upon excitation. Thus, the radius of 

the electron following the absorption of a resonant photon is given by n = — times that of the original radius. 

mteger 

r^nr l (42.151) 

where n = and r x is the radius of the electron in superfluid helium which has not absorbed a photon. This radius is 

integer 

determined by a force balance between the van der Waals pressure (force per unit area) of superlluid helium and the centrifugal 
force of the election. The latter is given by 



F = We V ' T42 152 N ) 

""**«"' Anr? r x l ' 

where - — ^- is the mass density of the orbitsphere and v, is given by Eg. (1.35). The radius r A can be determined from the 

47nf 

photo-conductivity experiments of Zipfel and Sanders [81]. At zero pressure a photo-conductivity peak was observed at 
approximately 0.5 eV . From Eqs. (2.18-2.22), the change in the frequency of the electron which matches the frequency of the 
exciting photon is given by 



T 1 



(42.153) 



'VI 



where n . The radius r x is given by 

integer 



"* ~^~ -1 I (42.154) 



n 2 
The relationship between energy and angular frequency of a photon is given by Planck's equation. 

E = hco photon (42.155) 

The angular frequency corresponding to a photon ot U.5 eV is 

«W« = 8 ' QXl ^ 20j = 7.6 x 10 14 rad I sec (42. 1 56) 

In the case that 0.5 eV is the lowest energy transition for an electron in superfluid helium, the n=\— >n=— transition 
corresponds to «=— in Eq. (42.153). From Eq. (42.153) and Eq. (42.156), the radius r x is 



-fr 



^-^ 



m. (7.6x11) rad / sec 



1 =6.7xlQ-'° w = 6.7 A (42.157) 



where n = — . Comparing the case of the electron of a hydrogen atom to the case of an electron in helium, no initial central 

Coulomb field due to a proton is present, and the electron increases in kinetic energy upon photon absorption. Thus, the energy 
required to cause a transition in the latter case is twice that of the former. The photon stores energy in the electric field of the 
resonator mode and increases the potential energy of the electron. The potential is the sum of the binding energy and the kinetic 

energy. The corresponding photon wavelength that will be absorbed by the electron is 2.5 pm . 

The radius calculated in Eq. (42.157), is an approximation since the energy due to the pressure volume work and the 

surface energy change of the bubble were neglected. The former is given by 

p\dV = -n[rl -rl)p (42.158) 
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where P is the applied pressure, the integral is over the volume of the bubble, and r x and r n are the initial and final radii of the 
electron bubble. The latter is given by 



a dA = 4x(r l 2 -rl\a 



(42.159) 



where a is the surface energy of helium per unit area, the integral is over the surface of the bubble, and r x and r n are the initial 

and final radii of the electron bubble. 

The contribution of these terms can be estimated by comparing the next experimental photo-conductivity peak at higher 

energy compared to the prediction given by Eqs. (42.153) and (42.155). Northby and Sanders [78, 79] found that in the range of 
0.7 eV to 3 eV the photo-induced current had a peak when the photon energy was 1.21 eV at zero pressure. Zipfel and 
Sanders [80, 81] confirmed the peak at 1.21 eV . In experiments similar to those of Northby and Sanders [78, 79], Zipfel and 
Sanders [80, 81] made measurements of the photo-conductivity as a function of pressure up to 16 bars. The photo-conductivity 
peak detected by Northby and Sanders [78, 79] was found to shift to higher photon energies as the pressure increased. This is 
expected since the radius of the normal electron decreases and the corresponding initial angular frequency increases with 
increasing pressure. Thus, the transition angular frequencies and energies increase (Eq. (42.153)). 

The next higher energy transition for an electron in superfluid helium is « = 1 — > « = — . The transition energy 

corresponds to n = - in Eqs. (42.153) and (42.155). The calculated energy neglecting the energy due to the pressure volume 
work and the surface energy change of the bubble is 



E = fico 



tf 



photon 



mr. 



1 



-1 






m 16.7x1 0~ lu m) 



-1 



T 



■-\3eV 



(42.160) 



75 ] tt3T~ 

where r x is given by Eq. (42.157). Given the experimental uncertainty of the energy of the lowest energy transition, 1.21 eV , 

this result confirms that the contributions due to pressure volume work and the surface energy change of the bubble may be 

neglected. 

In the experiments of Northby and Sanders [78, 79], Zipfel and Sanders [80, 81], and Grimes and Adams [82, 83], it was 

noted that the photo-conductivity effect was absent above a critical temperature. This temperature was approximately 1.7 K at 
zero pressure, and decreased to 1.2 K at 20 bars. Roton scattering dominates over phonon scattering at 1.7 K and below [77]. 
The photo-conductivity signal disappears because of phonon excitation of the bubble motion which causes the excited electron 
state to decay. As the pressure is increased, the roton energy gap goes down, and so the phonon scattering increases. Thus, it is 
to be expected that the critical temperature decreases with increasing pressure. 



Each stable excited state electron bubble, which has a radius of 



integer 



may migrate in an applied electric field. The 



bubble may be scattered by rotons, phonons, and He — impurities. At temperatures less than 1.7 K, roton scattering dominates 
[77], An equation for the electron bubble mobility is derived by Baym, Barrera, and Pethick [84] in terms of the roton-bubble 
momentum transfer cross section by calculating the rate of roton-bubble momentum transfer using a statistical mechanical 

approach. In the case of an elementary excitation k scattered by the bubble with a differential cross section <r(k,d) and 
ob e ying \ k ' = \ k \ , their result may b e written 



^ = __Oyt 4 — ~ ( k )a T (k)dk 



(m % de 



(42.161) 

where fi is the bubble mobility, n is the distribution function of the excitation, v (k) is the group velocity of the excitation, 

and cr T (A) is the momentum-transfer cross section defined by 

<j T (k) = j(\-cos$)j(k,9)dn (42.162) 
Schwarz and Stark [77] made the reasonable assumption that u T [k) is a weak function of k-k . Because of the strong 
minimum at k a =1.91 A' 1 in the roton energy spectrum, Eq. (42.161) then gives to a good approximation: 



3^r 2 e (m 1t \ 3.38xlO- 25 mV-'sec- 1 , fiA , ^/t^ 
M=TT1 77T ex P(A' V) = 7 — ^ exp(8.65 KIT) 



■(*») 



(42.163) 



tik a T (fe ) 
where A / k B = 8.65 ± 0.0 4 K is the roton energy gap derived from neutron scattering [85]. Schwarz and Stark [77] propose that 



°y(M . 



the roton de Broglie wavelength corresponding to k =1.91 A -1 is \ =3.3 A, which is small compared with 



thus, 



the collision cross section may be nearly geometrical. Although the roton carries a great deal of energy and momentum, its 
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effective mass is much less than that of the ion. Assume that the scattering is elastic, then \k 1 = \k\ is satisfied. They conclude a 

hard-sphere cross s e ction giv e n by 

c j T (k Q ) = 7 i (a + +a r ) 2 (42.164) 

where a + is the radius of the ion and a r is the effective collision radius of the roton. Using experimental values for a + and 
<7 T (k) , they find that 

a, = 3.7 ±0.2 A (42.165) 

They surmise from this that the roton is localized within a region of radius « 3.7 - 4.0 A, and that it interacts strongly with any 
disturbance, which penetrates this region. They point out that « 3.7 -4.0 A is only slightly larger than the nearest neighbor 
distance in liquid helium [86] and that a roton may thus be pictured as a highly correlated motion of an energetic He 4 atom and 



its nearest neighbors only. 


The geometric cross 


-section oi me normal electron DUDDie a e is given as 
















<J e =nrl 
















(42.1 


66) 


where r x is the radius of the unexcited electron bubble given by Eq. (42.157). 


From 


Eq. (42. 


157) 


and 


Eqs. (42 


163-42 


.166), 


the 



mobility of the normal electron bubble is given by 

*= 4 f« , exp(A/^)= 3 - 38xl f m ^ Se C -— r exp(8.65^/r) (42^ 

tik,7i{a r +r l ) ;r(3.7xl0- 10 m + 6.7xl0' 10 m) 

At 1 K , Eq. ( 4 2.167) gives (i - 5.7 cm 2 V^ sec' 1 for the mobility of the normal electron bubble (n = 1 ), which is in reasonable 

agreement with the experimental value of 5 cm 2 V~ 1 sec' 1 [73, 87]. 

The normal electron bubble has a uniform constant spherical charge density. This charge density may be modulated by a 
time and spherically harmonic function as given by Eq. (42.140). In the case of excited state electron bubbles, the contribution 
to the roton scattering cross section given by Eq. (42.162) is larger than the geometric cross section given in Eq. (42.166) where 
the radius is given by Eq. (42.151). In this case, a T {k) given by Eq. (42.162) follows the derivation of Baym, Barrera, and 

Pethick [84] where the spherical harmonic angular function causes a gain in the scattering cross section that may be modeled 
after that of a Hertzian dipole antenna. The radiation power pattern of a Hertzian dipole is given by Shen and Kong [88]. The 
radiation power pattern is 

'k\l\Az^ 



(S) = JRe[ExH] = r| 



sin 2 6> (42.168) 



4tzt 

where / is the current, Az is the length of the dipole, and r/ is the impedance of free space. The antenna directive gain 
D{8,cp) is defined as the radiation of the Poynting power density (S r ) over the power P , divided by the area of the sphere: 

D(e,d>) = — LJ± -r = -sin 2 d (42.169) 

V Y> PIAnr 2 2 

The plot of D(0,(p) given by Eq. (42.169) is known as the gain pattern. The directivity of an antenna is defined as the value of 

the gain in the direction of its maximum value. For the Hertzian dipole the maximum of 1.5 occurs at & = — . Thus, the 

directivity of a Hertzian dipole is 1.5 . 

The spherical harmonic angular functions are 

Y lm (M = W^T-^P" K<?)^ - N^P; (cosfl)^ (42.170) 

where is the normalization constant given by 
(2^ + l)(^-m)! 
4n(l + m) \ 



N t , mt = X : /: J (42.171) 



In the case ol excited states, a[k,&) ot Eq. (42.162) is 



<j{k,8) = k- 



JP ° (cos 6)e m dQ. 



\r;{zos0)e im *dQ. 



r N, 



-V, 



(42.172) 



V "'o,o J 



For excited states, the geometric cross-section of the electron bubble a e is then given as 




° e = xnrl, mt 


(42.173) 


where 
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N, 



JL. 



(42.174) 



-4- 



JV^ 



r x is the radius of the unexcited electron bubble given by Eq. (42.132) and n - 



integer 



The angular parameters 



N n 



are given 



with the first few spherical harmonics in Table 42. 1 . In this case, a T {k) is given by Eq. (42. 1 62) where r x is replaced by r ntm 
(Eq. (42.174)). The roton scattering cross section given by the hard-sphere cross section is then 

a T (k )^7z{r nAmi +a r )- (42.175) 

where a r is the effective collision radius of the roton given by Eq. (42.165). From Eq. (42.167) and Eqs. (42.174-42.175), the 

mobilities of electron bubbles are given by 

3x 2 e 



M = 



hk A 7r(a r +r nlmi ) 



■exp(A/k B T) 



-25 ...tjr-1 , 



3.38x10"" mT'sec 



■exp(8.65 AT/r) 



(42.176) 



3.7x10"'" m + i 



N, 



Y 



-6.7x10"'" m 



N n 



where n ■ 



. The mobility of an excited state electron bubble having a fractional principal quantum number (» = ) 

integer . integer 

relative to the normal electron bubble as a function of quantum numbers n , i , and m ( is given in Table 42.2. The temperature 

dependence of the mobility predicted by Eq. (42.176) is in good agreement with the data of Ihas [87] and the plots of Maris [73]. 



The first few spherical harmoni c s and 



N 

n t,m, 



N„ 



of Eq . (42 . 171) as a function of £ , and m t 
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Table 42.2. The mobility of an excited state electron bubble having a fraction principal quantum number (n = 





















integer 


relative to the normal electron bubble as 


a function of 


quantum numbers n , 


£, 


and 


m, 


, given by Eq. (42.176). 


The 


peaks that 


appear in Figure 42.18 and Table 42.3 are 


i indicated. 


















« £ = £ = 


1 m, = £ = 


■ 1 m, =+1 1 = 2 m, 


= 


£ = 


2 


m,-- 


= ±\ 1 = 2 m,=±2 





1 2.21 1.22 1.81 

— peak # 8 peak # 3 peak # 5 

1 3.12 L22 2M> 2786 LM 2.41 

— peak #10 peak #6 peak #2 



1 3.81 2.52 3.33 3.54 1.60 3.06 

— peak # 1 1 peak # 9 peak # 4 

1 4.33 3.03 3.86 4.07 2.03 3.59 



5 


peak# 12 








peak # 7 




1 

6 

1 


4.74 
peak #13 

5.07 


3.47 
3.83 


4.28 
4.63 


4.49 
4.83 


2.41 

2.75 


4.02 
4.38 



- J - pcak# 14 



"1 5734 4715 4793 5717 3706 4768~ 

- peak #15 
8 

1 5.57 4.42 5.17 5.35 3.34 4.94 

-- peak #15 



~9~ 

—[ 5776 — — 4t66 — — 5738 — — 5r56 — — 3r59 — — 5746- 

— peak #15 

1 5.92 4.87 5.56 5.73 3.82 5.35 

— peak #15 



_4 6JV7 5M 5772 5788 402 5.52 

— peak #15 
12 

1 7.75 7.55 7.69 7.72 7.29 7.65 

W, peak#15 



Using time-of-flight, Doake and Gribbon [89] detected negatively-charged ions that had a mobility substantially higher 
than the normal electron bubble negative ion. This ion, which has become known as the "fast ion," was next seen in another 
time-of-flight experiment by Ihas and Sanders in 1971 [90]. They showed that, the fast ion could be produced by an a or /? 

source, or by an electrical discharge in the helium vapor above the liquid. In addition, they reported the existence of two 
additional negative carriers, referred to as "exotic ions," that had mobilities larger than the mobility of the normal negative ion, 
but less than the mobility of the fast ion. These exotic ions were detected only when there was an electrical discharge above the 
liquid surface. In a paper the following year [91], Ihas and Sanders reported on further experiments in which at least 13 carriers 
with different mobilities were detected. The experimental details are described in the thesis of Bias [87]. Eden and McClintock 
[92, 93] also detected as many as 13 ions with different mobilities . — Both Bias and Sanders and Eden and McClintock put 
forward a number of proposals to explain the exotic ions, but all of these proposals were shown to be unsatisfactory by Maris 
[73]. It is significant that the exotic ions appear only when an electrical discharge takes place close to the free surface of the 
liquid. Under these conditions, the electrons that enter the liquid and form bubbles may absorb light emitted from the discharge. 
Thus, it is natural to consider the possibility that the exotic ions are electron bubbles in fractional energy states. 
— — Following a puls e discharg e with an e lectric field applied to superfluid h e lium, Ihas [87] r e corded ion p e aks using time 
of flight. Fifteen ion peaks recorded by Ihas and Sanders are identified in Figure 42.18. The mobilities relative to the normal 
electron bubble (k = 1) are given in Table 42.3. The assignments of the mobilities of excited state electron bubbles having 

fractional principal quantum number ( n = ) relative to the normal electron bubble as a function of quantum numbers n , 

integer 

£ , and m t are also given in Table 42.3 based on the theoretical values given in Table 42.2. The agreement between theory and 

experiment is excellent. 
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Figure 42.1 8. Data trace from Ihas [87] showing the detected ion signal as a function of time. N and F denote the normal and 
fast ion peaks. The peaks labeled 1 to 15 are assigned in Table 42.3. For a description of experimental condition see Ihas [87]. 



< 

y 




TIME 

Table 42.3. The migration times and experimental mobilities of the 15 ion peaks shown in Figure 42.18 relative to the 
normal ion with their assignments to excited state electron bubbles with quantum numbers n , £, and m t and theoretical 
mobilities given in Table 42.2. 



Peak# 


Migration 

Time 

(Arbitrary 

Units) 


Mobility 
Relative to 

Peak#l 


Theoretical 

Mobility 

Relative to 

Peak#l 


Assignment 
n , £ , and m t . 


1 


9.8 


1.00 


l 


» = 1 £ = m f = 


2 


8.2 


1.20 


1.14 


n=- 1 = 2 m, =±1 
3 


3 


7.6 


1.29 


1.22 


n = — i.=\ m,=Q 
2 


4 


6.2 


1.58 


1.6 


n =— £ = 2 m t = ±1 
4 


5 


S.4 


1.81 


1.81 


n = — £ = 1 m, = +\ 

2 


6 


5 


1.96 


1.92 


n = - £ = \ m, = Q 
3 


7 


4.85 


2.02 


2.03 


„=- J! = 2 m, = ±\ 
5 


8 


4.35 


2.25 


2.21 


n=- f = m. = 

2 


9 


3.9 


2.51 


^.Ja 


n = — i = 1 m, = 
4 e 


10 


3.3 


2.97 


3.12 


n=- £ = m, = 

3 


11 


2.8 


3.50 


3.81 


n=- f = Q m, = 

4 


12 


2.1 


4.67 


4.33 


«=— t = m, = 

5 f 


13 


2 


4.90 


4.74 


n=- £ = m. = 
6 


14 


l.S 


5.44 


5.07 


H =-^ = Q m t = 


15 


1.3 


7.54 


7.75 


« = £ = Hi, = 

100 
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Peaks 14-15 of Figure 42.18 and Table 42.3 represent a band with a cutoff at a migration velocity of about 7.5 times the 

velocity of the normal ion as n = approaches zero (n = was used to calculate this limiting case). — The electron 

integer 100 

radius is predicted to decrease such that the effective collision radius of the roton determines the maximum mobility as given by 
Eq. (42.176). The theoretically predicted maximum of electron bubble mobility of about seven times that of the normal ion is 

confirmed by the Ihas data [87] where the band comprising peaks 14-15 correspond to n< — . Furthermore, Eden and 

McClintock [92] and Doake and Gribbon [89] measured the drift velocity as a function of applied electric field. The fast ion 
showed a slope of the drift velocity versus applied electric field of about seven times that of the normal ion. Thus, these results 
agree with the data of Ihas and with theoretical predictions. 

The agreement between the experimental data and theoretical mobilities is excellent. The existence of multiple peaks 
under the fast peak such as peak #14 and #15 of Figure 42.18 is also supported by the data of Eden and McClintock [92] because 
the peak of highest mobility split into the two peaks at higher fields. 

In summary, the photo-conductivity absorption spectrum of free electrons in superfluid helium and their mobilities 
predicted from the corresponding bubble-like wavefunctions matched the experimental results of the 15 identified ions. The 
data support the existence of fractional-principal-quantum-energy states of free electrons in superfluid helium. The implications 
to atomic hydrogen states were discussed previously [94]. These results also have implications that the concept of probability 
waves of quantum mechanics must be abandoned and atomic theory must be based in reality. 



In addition to superfluid helium, free electrons also form bubbles devoid of any atoms in other fluids such as oils and 
liquid ammonia. In the operation of an electrostatic atomizing device Kelly [95] observed that the mobility of free electrons in 
oil increased by an integer factor rather that continuously. Above the breakdown of the discharge device, the slope of the 
current versus electric field was discontinuous. It shifted to one half that before breakdown. This corresponds to a higher 
mobility of electrons to the grounded electrode ol a tnode of the atomizer, with a concomitant reduction in charging of the 
moving oil and the corresponding charged fluid current at the outlet of the dispersion device. As in the case of the discharge 
effect on the mobility of free electrons in superfluid helium, the breakdown current is a light source which excites the electron to 

transition from the n = 1 to the n=— state given by Eq. (42.151). Excitation of electrons to fractional states is a method to 

increase their mobility to more effectively charge a fluid in order to form a dispersed fluid. The apparatus patented by Kelly 
[95] may be improved by a modification to include a source of light to cause the electron transitions to fractional states. 

Alkali metals, and to a lesser extent other metals such as Ca , Sr, Ba , Eu , and Yb are soluble in liquid ammonia and 
certain other solvents. — The electrolytically conductive solutions have free electrons of extraordinary mobility as their main 
charge carriers [96]. In very pure liquid ammonia the lifetime of free electrons can be significant with less than 1% 
decomposition per day. The confirmation of their existence as free entities is given by their broad absorption around 1 5,000 A 
that can only be assigned to free electrons in the solution that is blue due to the absorption. In addition, magnetic and electron 
spin resonance studies show the presence of free electrons, and a decrease in paramagnetism with increasing concentration is 
consistent with spin pairing of electrons to form diamagnetic pairs. As in the case of free electrons in superfluid helium, 
ammoniated free electrons form caviti e s devoid of ammonia mol e cules having a typical diam e ter of 3-3.4 A. The cavities are 
evidenced by the observation that the solutions are of much lower density than the pure solvent. From another perspective, they 
occupy far too great a volume than that predicted from the sum of the volumes of the metal and solvent. An understanding of 
the structure of free electrons in other fluids such as liquid ammonia may further lead to means to control the electron mobility 
and reactivity by controlling the fractional state using light. 

ONE DIMENSION GRAVITY WELL— ANOTHER FLAWED INTERPRETATION 

Nesvizhevsky et al. [97] claim that they created a potential well for falling neutrons formed by the Earth's gravitational field and 
a horizontal mirror. According to Nesvizhevsky et al., "we now consider how to demonstrate that bound states exist for 
neutrons trapped in the Earth's gravitational field. The gravitational field alone does not create a potential well, it can only 
confine particles by forcing them to fall along field lines. We need a second 'wall' to create the well." Supposedly, a neutron 
falling in the Earth's gravitational field hits the bottom mirror, is reflected, and the neutron wavefunction interferes with itself. 
The self-interference creates a standing wave in the neutron density: the probability of finding a neutron at a given height 
exhibits maxima and minima along the vertical direction which is a function of the quantum number of the bound states. The 

quantum mechanical probability wave problem is solved as a particle on a box or one-dimensional well problem [98]. 

Nesvizhevsky et al. [97] give the standing waves as asymmetric sinusoidal waves — the claimed distortion due to the 
argument that "the gravitational field is much softer than an infinite sharp wall; as a result, the gravitational well extends in the 
opposite direction to the gravity with increasing quantum number." 3 Consequently, the neutron wavefunctions are deformed 
upwards, and th e e n e rgy diff e r e nc e s b e tw ee n stat e s b e com e v e ry slightly small e r as th e quantum numb e rs incr e as e . — For— 
example , the energy of the n=1 state is 1 .4 peV ; and that of the n=4 state is 4.1 peV ; rather than 5.6 peV for a linear relationship. 



3 How the particle "knows" that "the field extends beyond the reflecting barrier" is not addressed. Nor is the internal inconsistency that the Standard 
Model attributes the force of gravity to exchange of gravitons and not to a classical field. Ironically, even though gravity is a ubiquitous force, gravitons 
have never been observed after 70 years of searching. In addition, quantum electrodynamics requires that the vacuum be filled with an infinite number of 
virtual particles that occupy quantum states. The consequences such as the prediction of an infinite cosmological constant and the failure of quantum 
mechanics to provide a successful quantum gravitational theory are also not addressed. See Mills article [12]. 
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For comparison, the classical potential energy V of a neutron lifted a height of z = 15 /u m against the Earth's gravitational field 
is given by 
r = w„gz = (l.67xl(r 27 %)(9.8ot/^ 2 )(15x10~ 6 m) = 1.5 xl(T 12 eV = 1.5peV (42.177) 

where m n is the mass of the neutron and g is the acceleration due to gravity. 

Nesvizhevsky et al. [97] directed ultracold neutrons with a horizontal velocity of «10 mis through a parallel plate 
channel wherein the top plate was a neutron absorber and the bottom plate was a neutron mirror. The neutrons were selected by 
a collimator that projected the neutrons at a slightly upward angle such that they followed a parabolic trajectory in the Earth's 
gravitational field. The neutron's vertical velocity at the peak height of the parabola corresponded to classical result of zero, and 
increased as the neutron fell to the bottom mirror. The vertical velocity component was limited by the variable height of the 
vertical neutron absorber. For example, a vertical velocity of « 1 .7 X10~ 2 mis corresponded to a parabolic height of z = 1 5 jum 

wher e in th e kinetic e nergy K given by 

A r = l/2m„v 2 =(l.67xl(T 27 £g)(l.7xl(T 2 fntsf =1.5 peV (42.178) 

was converted to gravitational potential energy given by Eq. (42.177). 

The neutron as well as the proton and electron are fundamental particles with a de Broglie wavelength. They 
demonstrate interference patterns during diffraction as given in the Electron Scattering by Helium section. The observed far - 
field position distribution is a picture of the particle's transverse momentum distribution after the interaction. The momentum 

2n 
transfer is given by tik where k is the wavenumber ( — ). The relevant wavelength lambda is the de Broglie wavelength 

A 

associated with the momenta of the particles which is transferred through interactions. An example is the interference pattern 
for rubidium atoms given in the Wave-Particle Duality is Not Due to the Uncertainty Principle section. Also see the Electron in 
Free Space section. 



The de Broglie wavelength X is given by 

h h 
x= n_ = J}_ (42.179) 

9 — «h? 

where h is Planck's constant, m n is the mass of the neutron, and v is the neutron velocity in the direction of the wavelength. In 

the Nesvizhevsky experiment, a neutron with an initial vertical velocity of « 1.7 X10" 2 mis has zero velocity at the top of the 
parabolic trajectory. The corresponding velocity of the falling neutron at the mirror before reflection is negative 
ss 1 .7 XI 0" 2 mis, and after reflection, it is positive » 1 .7 X10" 2 mis. The de Broglie wavelength of the neutron in the vertical 
direction corresponding to the momentum acquired by falling from the top of the trajectory and undergoing momentum reversal 
at the mirror is given by 

h _ h 6.63xlQ- 3 V-j 

Ap ~ 2m„v ~ (l.67xlQ- 27 fc g )(2)(l.7xlQ- 2 mis) 

which is less than z - 15 fim corresponding to the initial vertical velocity of » 1.7 X10" 2 mis. 

The time scale for the collision of a neutron with the bottom mirror was much less than the transit time t, of the neutron 

through the slits which is given by the ratio of the channel length (0.1m) and the horizontal speed ( « 1 m / .S ). 

0.1 m 

*,=—-— = Oms (42.181) 
10 mis 

The time scale t d for the fall of a neutron with a parabolic height of z = 1 5 jum was also much less than the transit time of a 
neutron through the slits. 



Z = — = -^— = - l'" J C lV , ~ " J ., r = 11.7xlQ- 6 m = 12/im (42.180) 




:1.7xlQ- j j (42.182) 

^g V 9.8 mis 1 

The interaction scale in the vertical direction is the de Broglie wavelength for the neutron-mirror collision; thus, neutron 
transmission through the slits is limited by the height of the absorber relative to the de Broglie wavelength. The de Broglie 
wavelength is inversely proportional to the initial velocity (Eq. (42.180)). And, from Eqs. (42.177) and (42.178) the parabolic 
height increases as v 2 . Then, the slit-width for transmission threshold z 1 is the de Broglie wavelength that equals the parabolic 
height corresponding to the initial kinetic energy. The de Broglie wavelength is larger than the slit width for widths less than 
Zj , and the opposite relationship occurs for slits wider than z x . The velocity given by equating the initial kinetic energy (Eq. 

(42.178)) and the corresponding gravitational potential energy (Eq. (42.177)) is 

v = ^ 2 g7 1 . (42.183) 

The corresponding de Broglie wavelength given by Eqs. (42.180) and (42.183) is 
s 

(gf 1 ' 3 =12.6 jum (42.184) 



X = z, = — 



Nesvizhevsky et al. [97] flowed neutrons be t ween the mirror below and the absorber above and recorded the 
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transmission N (counts/s) as a function of the width Az if the slit formed by the mirror and the absorber. Thus, the width Az 
acted as a vertical velocity selector. The expected classical prediction is that there is some transmission at a slit width greater 
that of the neutron cross section for neutrons propagating with no vertical velocity component. This was in fact observed. For 
n e utrons with a vertical v e locity component, no transmission of n e utrons is exp e cted until the slit width is greater than the 
vertical de Broglie wavelength corresponding to momentum reversal at the mirror. This is due to the interaction of the reflected 
neutrons with the absorber with a separation less than this length. From Eq. (42.184), the slit height at which neutrons are 
predicted to be transmitted is about 13 /mi . This was exactly what was observed. At this point, the detection rate N should 
increase as a linear function of the slit width corrected for any changes in the vertical component of the neutron velocity due to 
changes in the acceptance angle for neutrons. Nesvizhevsky et al. [97] give a correction factor of z ' 5 to N due to the increase 
in the accepted spread of velocities. Thus, the classically predicted transmission as a function of slit width Az is 

N = c(z-z l f 5 (42.185) 

where c is a constant dependent on the neutron flux and z x is the vertical de Broglie wavelength given by Eq. (42.184). There 

was remarkable agreement between the experimental data of Nesvizhevsky et al. and the classical prediction given by Eq. 
(42.185). 

In contrast, the experimental data did not match critical predictions of quantum mechanics. According to Nesvizhevsky 
ct al. [97], "w e expect a stepwise d e pendence of N as a function of Az. If Az is smaller than the spatial width of th e low e st 
quantum state, then N should be zero. When Az is equal to the spatial width of the lowest quantum state, then N should 
increase sharply. Further increase in Az should not increase N as long as Az is smaller than the spatial width of the second 
quantum state. Then N should again increase stepwise." In contrast to these predictions, some transmission was observed at a 
slit width of an order of magnitude less than that of the predicted transmission threshold. Also, no stepwise transmission 
between quantum states was observed. Nesvizhevsky et al. |9/J erred by not considering the vertical de Broglie wavelength in 
the cutoff for transmission. 

Moreover, at sufficiently large slit width Az , Nesvizhevsky et al. [97] predict that the classical dependence N « Az 
should be approached. Their data shows that their erred classical prediction actually coincides with the data at the n=3 state — a 
far cry from the point at which the quantum and classical results are expected to coincide based on the one-dimensional-well 
problem of quantum mechanics. (The two are not to converge until the quantum number n becomes very large and approaches 
infinity [99].) Their results further point to the tendency to misinterpret data in order to support quantum theory when in fact the 
data disproves it. 

PHYSICS 



The central feature of nature is that all particles (atomic-size particles and macroscopic particles) obey the same physical laws. 
Whereas Schrodinger postulated the boundary condition: " *F — » as r — > go ," which leads to a purely mathematical model of 
the electron, the boundary condition in classical physics was derived from Maxwell's equations by Haus [74]: 

For non-radiative states, the current-density function must not possess spacetime Fourier components that are 

sy nchronous w it h w aves traveling at the s pe ed of light. 

Application of the latter boundary condition leads to an entirely different model of particles, atoms, molecules, and to a very 
different concept of the nature of the physical Universe. The classical physical laws are unified and are shown to apply on all 
scales. 

The seemingly esoteric wave - particle duality of light and particles including the experimentally observed de Broglie 

relationship can be simply understood in terms of first principles. The independent variables of four-dimensional spacetime, the 
fundamental constants comprising the fine structure constant, a , 

1 i~u~ e 2 

a = —A—— (42.186) 

An\s n h 

the gravitational constant, G, the mass of the Universe, and the spin of the electron neutrino determine the nature of the Universe 
as shown in particular in the Gravity section and the Unification of Spacetime, the Forces, Matter, and Energy section. Photons 
and fundamental particles which arise from photons possess h of angular momentum and are two-dimensional. As a 
consequence of this nature with first principle laws, absorption and emission of photons occurs in units or quanta of energy 
according to th e Planck e quation as d e scrib e d in particular in th e On e -El e ctron Atom s e ction. — Photons and e l e ctromagn e tic 
fields arise from fundamental particles as given in the Photon Equation section and superimpose due to the linearity of 
Maxwell's Equations and spacetime. Interference patterns, surface waves, diffraction, reflection, standing waves, and/or 
corpuscular behavior can be observed depending on the means of observation. These phenomena are explained according to 
first principles [100J. 

The wave-particle duality of the photon can be understood in Lenns of classical physics from the equation of the photon 

(Eq. (4.14)), a two-dimensional orbitsphere, given in the Photon Equation section. This function provides a photon angular 
momentum of h, an energy given by the Planck relationship, a solution to the wave equation and Maxwell's Equations, a 
velocity of c , a zero rest mass, and linearly, circularly, or elliptically polarized light. Furthermore, photons superimpose in 
space and time to give a spherical wave described by the Green Function (Eq. (4.23)) which is consistent with the Airy pattern 
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(Eq. (8.23)) in double slit diffraction experiments. 

The wave-particle duality of the electron can be understood in terms of classical physics from the equation of the bound 
electron, a two-dimensional orbitsphere, given in the One-Electron Atom section and from the equation of the free electron 
given in the El e ctron in Fre e Spac e s e ction. In both cas e s, th e el e ctron has an e l e ctric fi e ld e quival e nt to a point charg e , e , has 
mass, m e , the electron wavelength is given by the de Broglie relationship, the angular momentum of the electron is h (Two 

possible orientations are possible in a magnetic field as observed in the Stern-Gerlach experiment, and the energy of the flip 
transition is proportional to the electron (fluxon) g factor (Eq. (1 .227))). The ionized electron has its electron density in a plane 

(Eq. (3.7)), and the superposition of electrons provides a plane wave having the de Broglie wavelength which is consistent with 
the Davidson-Germer experiment given in the Electron Scattering by Helium section. Furthermore, the correct prediction of the 
elastic scattering of electrons by helium atoms given in the Electron Scattering by Helium section wherein the electron radius is 
a crucial parameter (Eq. (8.57)), and the excited state spectrum of hydrogen given in the Excited States of the One-Electron atom 
(Quantization) section (wherein the correspondence principle holds) are direct verifications that the electron is an orbitsphere 

with the calculated radius . 

Atoms are stable according to classical principles as shown in the Spacetime Fourier Transform of the Electron Function 
section, Appendix I, and the Stability of Atoms and Hydrinos section. The infinities of quantum electrodynamics are removed at 
once by having a finite electron radius as given in the One-Electron Atom section and the Electron in Free Space section. In 
addition, the Lamb Shift is due to conservation of energy and linear momentum and arises from the radiation reaction force 
b e tween th e e l e ctron and th e photon as given in th e R e sonant Lin e Shap e and Lamb Shift s e ction. Th e n e gative r e sult of th e 
Michelson-Morley experiment rendered untenable the hypothesis of the ether by demonstrating that the ether had no measurable 
properties. And, the more recent related concepts of vacuum fluctuations, vacuum polarization, and virtual particles which are a 
source of infinities have no basis in physical reality; so, they are discarded. 
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Appendix I 



NONRADIATION CONDITION 



DERIVATION OF THE CONDITION FOR NONRADIATION 

The condition for radiation by a moving point charge given by Haus [1] is that its spacetime Fourier transform does possess 
components that are synchronous with waves traveling at the speed of light. Conversely, it is proposed that the condition for 



nonradiation by an ensemble of moving charge that comprises a charge-density function is that its spacetime Fourier transform 
does NOT possess components that are synchronous with waves traveling at the speed of light. The Haus derivation applies to a 
moving charge-density function as well because charge obeys superposition. The Haus derivation is summarized below. 

The Fourier components of the current produced by the moving charge are derived. The electric field is found from the vector 
equation in Fourier space (k, co -space). The inverse Fourier transform is carried over the magnitude of k. The resulting 

expression demonstrates that the radiation field is proportional to J ± ( — n,co) where J ± (k,&>) is the spacetime Fourier transform 

c 



of th e curr e nt p e rp e ndicular to k and n . Sp e cifically, 



E ± (r,co)— = —\p(co,Q.)do}dQJ^-nX 



nX J I — n,o \e 



i — n»r 



(1) 



The field E ± (r,&>) is proportional to J ± — n,co , namely, the Fourier component for which k= — . Factors of w that 

2k \ c ) c 

multiply the Fourier component of the current are due to the density of modes per unit volume and unit solid angle. An 

unaccelerated charge does not radiate in free space, not because it experiences no acceleration, but because it has no Fourier 

component J ± — n,a> . 



The electron charge-density (mass-density) function is the product of a radial delta function (/(/-) = — 3{r-r n )), two angular 

r 

functions (spherical harmonic functions), and a time-harmonic function. The spacetime Fourier transform in three dimensions in 

spherical coordinates plus time is given [2, 3] as follows: 

oo oo ft 2)7 

M{s, Q, O, co) - J J J J p{r , 0, <f>, t) exp(-z"2,ra>-[cos Q cos + sin Q sin cos(^ - O)]) exp(-icot)r 2 sin OdrdOdtpdt (2)- 





With circular symmetry [2] 

co oo n 

M(s,&, co) = 2n; p{r, 6, t)J [2nsr sin ©sin 0) exp {-ilnsr cos © cos 6) r 1 sin #exp (-icot ) drdOdt 





With spherical symmetry [2], 

00 00 



(3) 



M (s, co) = 4/T J J p(r, f )sinc(2,yr)r 2 exp(-icot)drdt 



(4) 



The functions that model the electron charge density are separable. 
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f*r,0J,t) = f(r)g(0)h(ffl(t) (5) 

The orbitsphere function is separable into a product of functions of independent variables, r, 9, </>, and t . The radial function, 

that satisfies the boundary condition is a delta function. The time functions are of the form e'°" , the angular functions are 
spherical harmonics, sine or cosine trigonometric functions or sums of these functions, each raised to various powers. The 
spacetime Fourier transform is derived of the separable variables for the angular space function of sin <j> and sin 9 . It follows 
from the spacetime Fourier transform given below that other possible spherical harmonic angular functions give the same form 

of result as the transform of sin 9 and sin <j> . Using Eg. (4), F(s) , the space Fourier transform of f(r ) = — 8(r - r n ) is given as 

r 

follows: 



f 1 , 

F(s) = \n —rS(r-r r )smc(2sr)r dr 



ifiL 



F(s) = 47tsmc(2sr n ) 



(7) 



The subscript n is used hereafter; however, the quantization condition appears in the Excited States of the 
One-Electron Atom (Quantization) section. Quantization arises as "allowed" Maxwellian solutions 
corresponding to a resonance between the electron and a photon. 



Using Eq. (3), G(s,®) , the space Fourier transform of g{9) = sin 9 is given as follows where there is no dependence on <j> : 



G(s,®) = 2x\ sin 9J a {2nsr sin O sin 9) exp{-i2xsr cos ©cos 9) sin 6r 2 d6dr 



(8) 



G(s,®) = 2x\ \r 2 sin 2 &J o (2xsrsm®sm0)cos(27i;srcos®cos0)d&dr 



(9) 



From Luke [4] and [5]: 

° y ' U ) hn\T{v + n + \) \2 ) £j n\{v + n)\ 



(10) 



Let 

z = 2k sr sin sin 9 
With the substitution of Eqs. (1 1) and (10) into Eq. (9), 



G(s,®) = 2n\\r 2 sin 2 9 



, (- 1)" [nsr sin O sin 9) 



cos(2xsr cos ® cos 9)d9dr 



(11) 



-Hsy 



i\n\ 



G(s,®) = 2x]r 2 ]f ( ^ (^ rs | mQ ) sin^flcos^rcosQcosfl^ftfr 
o o »=o n.n. 



.2(1.-1) 



(13) 



G(s,®) = 2x\r 2 \Y J 



*^{-\)"- 1 {Tisr sm® 



sin 2 " 9 cos(2k sr cos ® cos 6)d9dr 



-W- 



From Luke [6], with Re(o) > 



o "o»=i (n-l)!(»-l) 
1 



JM- 



u + - 

\ Zx 



j cos (z cos #) sin 2 " 9d9 



(15) 



Let 

z = 2xsrcos9 and n = v (16) 

Applying the relationship, the integral of a sum is equal to the sum of the integrals to Eq. (14), and transforming Eq. (14) into the 
form of Eq. (15) by multiplication by 

rn ( — n s 

T — r o + — {nsr cos®)" 



1 = - 



V z / V 



(;rsrcosO) u r[ — r v + — 



(17) 



and by moving th e constant outside of the int e gral giv e s : 
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Gfr,@) = 2«pYj 



r 



it, nu-\i ■ ^\2("-i) r — r \u + — Uxsrcos®)" 
f(-l) (xsrsm®) \2) { 2f '_ 



siu 9 cos(2^ir cos cos 0)d0dr 



-m- 



(v-\)\(u-\)\ , rfr 1 V, 1 

(.rorcosQ) r — T u + - 



2(0-1) rl — r t^+— \(xsr cos©)" 



, ( - 1)""' (^rjr sin Q) 



G{s,&) = 2k r 2 ^ 



(u-l)l(u-\)\ t nrr 1 L 1H 

v yv ' (;r.srcos0) r — r \u + — ° 



sin " 6> cos(2;wr cos cos 6)d9dr 



^h 



o u=i 



Applying Eq. (15), 



fi\ f \\ 



G(,,0)^/f^y ( - irl (^ rsinQ ) 2(u ' 1)r ^^^ +2 ^ r2^cos0^ 

v ' I tt (i>-l)!(u-l)! (^rcos©)" V 



Using the Hankel transform formula from Baleman [7]: 



(20) 



\r [l >(rsp)j v (rs)dr = s [ ~ 2 > 
o 
and the Hankel transform relationship from Bateman [8], the general Eq. (27) is derived as follows: 

'<-> g( >■;»)- I f(x)\xyp)J., 



f(x) <-> g(y;v) - \f(x){xy)b) J u (xy)dx 



(21) 



-(22)- 



x"/(x) ) m = 0,l,2...o/ 2 >\ — 



y 



n 

m+u — 

g(y;«+^) 


-1 


;— itfi) 





(23) 



r"r UJ (rs)UJ J u (rs)dr = s 2 >\ 



(24) 



JrV 2 V u (/-j)t//-- 



P4 



-(05)- 



j r"s- 2 'J v (rs)dr = s- 



ds 



2v\ „ 2u! 

-J =■; ^s 



>-4)! (*-4)i 



2v\ 



(26) 



jVs ^ 2 ^ 2 V„(ra)fifr 



Collecting the r raised to a power terms, Eq. (20) becomes, 



TT7 P 



(27) 



■ 2 .yf Hr(gsinttr'- i ' , i2 



G(j,©) = 



/ V 



2y 



Let r 



t? J (y-l)!(u-l)! (^cos©) 1 

dr' 



-^- r"J u (In sr cos ®)dr 



~dr 



(28) 



2k cos 



2^ cos© 



G(s 



,©)=2,y? ( - irl ^ sinQ ) -ki 



r| 0+ - 



"=1 



(u-l)!(t>-l)! (^cos©)" (2^-cosQ) 



— •/„(»■ V'-' 



(29) 



By applying Eq. (27). Eq. (29) becomes. 

-.(-iT^sin©) 2 ^" 



G0r,©) = 2*£- 



"i>-4 



2l>! 



(u-l)!(u-D! (^co S ©) u (2^co S ©) u+1 fa-l)! 



(30) 



By collecting power terms of j , Eq . (30) becomes, 



r , , , ^ (-ir i (^in©r" r [2) r ( t;+ i , , u+2) 

G(5,0) = 2^2 J : — L — . -,..,, — -l>!* 



( t ;-1)!( t ;-1)! (a- cos©) 



2u+1 o»ti 



(31) 



H(s,<£>), the spac e Fourier transform of /?(^) = sin^, is giv e n n e xt where there is no dependenc e on 0. — From symmetry 
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properties of odd functions, the spectrum over the half-plane is equivalent to that over the full plane. Since the functions sin^ 
and sin are only oriented differently relative to the Cartesian coordinates, their spectra are equivalent. Thus, H (s, <I>) , the 
Fourier transform of h{<f) = sin^S , is given by applying a change of variable to the Fourier transform of g(0) = sin# : 0^kj> 
implies 0— ><E>. Therefore, O replaces in Eq. (31) to give H(s,$>): 

\2( U -i) r| — r u+ 



II(s,<D)-2n) v ' \ i ^ — (32)- 

SI (^- 1)1(^-1)1 (^cosO) 2 " +1 2" +1 __ 

The spherical harmonics functions are 

Yr(0,4>) = N,„Pr{<x*0)e>* (33)_ 

Generalizing the exemplary functions sin ff and sin ^ , the Fourier transforms of the spherical harmonics expressed in terms of 
the respective integrals are given by 

CO % 

G(s,®) = 2KN^ m \\P™ (cos#)J (27rsrsm®sm0)exp(-i27rsrcos®cos0)sm0r 2 d0dr (34) 

-and 

H{s, <D) = J J j" e im <* exp(-;2^r[cos cos 6 + sin sin 6 cos((?S - <D)])r 2 sin 9drd6d<j> (35) 



The time Fourier transform of q(t) = Re{exp(ia>J)} is given as follows [3]: 



Q(o))= \ cos aj exp(-ia>t)dt = [S(co-co H ) + S(co + co H )~\ (36) 

% ' 2n2 '' ' 

where co n is the angular frequency given by Eq . (1 . 36) corresponding to the frequency of a potentially emitted photon as given in 

Chp. 2. 

A very important theorem of Fourier analysis states that the Fourier transform of a product is the convolution of the 

individual Fourier transforms [9]. By applying this theorem, the spacetime Fourier transform of an orbitsphere, M (j, ©,$,<») is 

of the following form: 

M(s,®,<b,co) = F(s)®G(s,®)® H(s,<b)®Q(co) (37) 

Therefore, the spacetime Fourier transform, M(s,®,®,(»), is the convolution of Eqs. (7), (31), (32), and (36). 

\2(u-i) r — r u+ 



M(s,®,^co)-^sm C (2 S rJ®2n± HQ^g) " UJ I 2; ,„„-(„ +2) 



2"+l o+l 



£f (u-l)!(u-l)! (^cos0r +1 2 



A (-lrHnsin®) 2 ™ r {2) r r + 2) 2v\ 2 I 
S (u-\)Ku-l) l (gcosd^V'fr-l) ! 47T^ n - ' n — 



(38) 



In the general case, the spacetime Fourier transform, M(s, 0,O,&>) , is the convolution of Eqs. (7) and (34-36). 

M(s,®,®,a>) = Axswc(2sr n )®G(s,®)®H(s,®)® — [S(a)-wJ + S(w + wJ] (39) 

Att 

wherein G{s,®) and H(s,<b) are the spherical-coordinate Fourier transforms of N tm P"' (cos 0) and e""* 1 , respectively. The 
condition for nonradiation of a moving charge-density function is that the spacetime Fourier transform of the current-density 

function must not have waves synchronous with waves traveling at the speed of light, that is synchronous with — - or 

c 

synchronous with — g- I — where f. is the dielectric constant of the medium. The Fourier transform of the charge-density 



function of the orbitsphere (bubble of radius r ) is given by Eq. (39). In the case of time-harmonic motion, the current-density 
function is given by the time derivative of the charge-density function. Thus, the current-density function is given by the product 
of the constant angular velocity and the charge-density function. The Fourier transform of the current-density function of the 
orbitsphere is given by the product of the constant angular velocity and Eq. (39). Consider the radial and time parts of K , the 
Fourier transform of the current-density function, where the angular transforms G(s, 0) ® H(s, O) are taken as not zero: 

K{s,®,<^,a) = Anco n S ^^®G(s,®)® H{s,<^)®—[S{co- co n ) + S{co+ coj] (40) 
2 sr n Ak 

For th e cas e that th e curr e nt - d e nsity function is constant corresponding to Y° (6,<f), th e proc ee ding factor a> n of th e RHS of Eq. 
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(40) is zero . For time harmonic motion, with angular velocity, a> , Eq. (40) is nonzero only for co = a> n ; thus, -oo < s < &> 
becomes finite only for the corresponding wavenumber, s n . The relationship between the radius and the wavelength is 

Hr-A^ ^1)- 

Vn=^rJ n =XJ n (42) 

2nr n = X n (43) 

Radiation of the bound electron r equires an excited state wherein a potentially emitted photon circulates along the orbitsphere at 
light speed. The nature of an excited state as shown in the Excited States of the One-Electron Atom (Quantization) section is a 
superposition of an electron and a photon comprising two-dimensional shells of current and field lines, respectively, at the same 
radius as defined by 8{r-r^) 1 . Due to the further nature of the photon possessing light-speed angular motion, the electron 
motion and corresponding spatial and temporal parameters may he considered relative to light-speed for the laboratory frame of 
the electron's constant angular velocity. A radial correction exists due to Special Relativistic effects. Consider the wave vector 
of the sine function. When the velocity is c corresponding to a potentially emitted photon 

s„ ,v „=s„«c = »„ (44) 

the relativistically corrected wavelength given by Eq. (1.279) is 2 

K=r n (45) 

The charge-density functions in spherical coordinates plus time are given by Eqs. (1.27-1.29). In the case of Eq. (1.27), the 
wavelength of Eq. (44) is independent of 6; whereas, in the case of Eqs. (1.28-1.29), the wavelength in Eq. (44) is a function of 
sin#. Thus, in the latter case, Eq. (45) holds wherein the relationship of wavelength and the radius as a function of 8 are given 

by r n sin 8 - X n sin 8 . 

Substitution of Eq. (45) into the sine function (Eq. (40)) results in the vanishing of the entire Fourier transform of the 

current-density function. Thus, spacetime harmonics of — - = k or —2- J — = k do not exist for which the Fourier transform of 

c c ye 

the current-density function is nonzero. Radiation due to charge motion does not occur in any medium when this boundary 
condition is met. — Note that the boundary condition for the solution of the radial function of the hydrogen atom with the 
Schrodinger equation is *F —> as r — » co . Here, however, the boundary condition is derived from Maxwell's equations: For 
non-radiative states, the current-density function must not possess spacetime Fourier components that are synchronous with 
waves traveling at the speed of light. An alternative derivation to that of Haus [1] considering the macro-Maxwellian case and 
boundary conditions that provides acceleration without radiation is given by Abbott [10]. 

NONRADIATION BASED ON THE ELECTROMAGNETIC FIELDS AND THE 
POYNTING POWER VECTOR 

A point charge undergoing periodic motion accelerates and as a consequence radiates power P according to the Larmor 
formula: 

P = -^^a> (46) 

4x£ 3c 

wh e r e e is th e charg e , a is its acc e l e ration, s is th e p e rmittivity of fr ee spac e , and c is th e sp ee d of light. Although an 

acc e l e rat e d point particl e radiat e s, an extended distribution model e d as a sup e rposition of accel e rating charg e s do e s not hav e to 
radiate [1, 10-13]. An ensemble of charges, all oscillating at the same frequency, create a radiation pattern with a number of 
nodes. The same applies to current patterns in phased array antenna design [14]. It is possible to have an infinite number of 
charges oscillating in such as way as to cause destructive interference or nodes in all directions. The electromagnetic far field is 
determined from the current distribution in order to obtain the condition, if it exists, that the electron current distribution given 
by Eq. (51) must satisfy such that the electron does not radiate. 

The charge-density functions of the electron orbitsphere in spherical coordinates plus time are given by Eqs. (1.27-1.29). 

— e 

For £ = 0, N = , and the charge-density function is 

8^ft 



1 Note that the equations of exited state photons given by Eq. (2.15) are not the macro-Maxwellian spherical resonator cavity solutions. The latter is the 
superposition of many photons comprising a three-dimensional electromagnetic wave in the cavity with the associated macro-boundary conditions. Haus 
[1] does not address the quantization of single-photon radiation of a bound state that conserves the angular momentum of the photon and single bound 
e l e ctron bas e d on th e ir r e sp e ctiv e natur e s. How e v e r, th e sup e rposition of many photons ob e ying th e quantization condition on a singl e e l e ctron conv e rg e s 
to the macro-Maxwellian result. Haus considers an example of rectilinear oscillation of a free point charge that would radiate many photons of many 
frequencies. It is the macro-Maxwellian case and boundary conditions that Haus addresses in his paper [1] on radiation from point charges. Since 
Maxwell's equations are obeyed on all scales, the converse of the condition for radiation gives rise to the condition of nonradiation of the bound electron. 

2 In the frame synchronous with waves traveling at the speed of light, the lab-frame electron motion is on a sphere with a radius contracted by the factor 
2k . The derivation is given in the Special Relativistic Effect on the Electron Radius and the Relativistic Ionization Energies section. With the 
wavelength in the speed of light frame given by Eq. (45), the relativistic invariance of the angular momentum of the electron of h (Eq. (1.37)) provides 
that the corresponding relativistic electron mass (integral of the mass density over the surface) is 27im e . 
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I =0 



p{r,9,4>,t) = -^[5(r-ry\\Y:(e,4>) + Y;(9,4>)\ (4TL 



The equipotential, uniform or constant charge-density function (Eq. (1.27) and Eq. (47)) further comprises a current pattern 
given in the Orbitsphere Equation of Motion for i = Based on the Current Vector Field (CVF) section. It also corresponds to 
th e nonradiativc n = 1 , I =0 state of atomic hydrogen and to the spin function of the electron. The current-d e nsity function is 
given by multiplying Eq. (4 7) by the modulation frequency corresponding to the constant angular velocity <a n . — There is 
acceleration without radiation, in this case, centripetal acceleration. A static charge distribution exists even though each point on 
the surface is accelerating along a great circle. Haus' condition predicts no radiation for the entire ensemble. The same result is 
trivially predicted from consideration of the fields and the radiated power. Since the current is not time dependent, the fields are 
given by 

VxH = J (48)~ 

and 

VxE = (49) 

which are the electrostatic and magnetostatic cases, respectively, with no radiation. 

In cases of orbitals of heavier elements and excited states of one electron-atoms and atoms or ions of heavier elements 

that are not constant as given by Eqs. (1.28-1.29), the constant spin function is modulated by a time and spherical harmonic 
function. The modulation or traveling charge-density wave corresponds to an orbital angular momentum in addition to a spin 
angular momentum. These states are typically referred to as p, d, f, etc. orbitals and correspond to an £ quantum number not 
equal Lo zero. — Haus' condition also predicts nouradialioii for a constant spin function modulated by a Lime and spherically 
harmonic orbital function. However, in the case that such a state arises as an excited state by photon absorption, it is radiative 
due to a radial dipole term in its current-density function since it possesses spacetime Fourier transform components 
synchronous with waves traveling at the speed of light as given in the Instability of Excited States section. 

The nonradiation condition given by Eqs. (40) and (44-45) may be confirmed by determining the fields and the current 
distribution condition that is nonradiative based on Maxwell's equations. 

— 6 

For £ ^ 0, N = . The charge-density functions including the time-function factor are 

4xr n 

£ ^0 



p(r,0,M = - ^ - T [S(r-rJ][Y:(0^) + R e {Y;(0^)e ima -'}\ (50) 



where Re \Y f m (0,<^)e" m '" , ] = P r m (cos 0) cos (m<^ + mcDj). In the cases that rn^O, Eqs. (1.28-1.29) and Eq. (50) is a spherical 

harmonic traveling charge-density wave of quantum number m that moves on the surface of the orbitsphere about the z-axis at 
angular frequency co n and modulates the orbitsphere corresponding to £ = at mco n . Since the charge is modulated time 
harmonically about the z-axis with the frequency mco n and the current-density function is given by the time derivative of the 
charge-density function, the current-density function is given by the normalized product of the constant modulation angular 
velocity and the charge-density function. The first current term of Eq. (50) is static. Thus, it is trivially nonradiative. The 
current due to the time dep e ndent term is 



ma)„ 



2k Akv 



mw n e~ 

2k Anr~ 



N[5(r-r n )]Re{Y;(0,</>)}[u(t)xr] 
N[5(r-r„)]Re{Y / m (d,0)e ima '"'}[iixr] 



m0K 6 N \8(r - rj\ Re (/f (cos 6) e^e*""-' ) [u x r] (51)- 



2k 4;rr„ 2 



mco n e 

2k Akk; 



N'[S(r-rJ](P l m (cos0)cos(m0 + maj))[axr] 



mm n e 

2k AktI 



N\S(r-r n )](p;(cos6)cos(m(l> + mG> n t))s\n6ij> 



where N and N' are normalization constants. The vectors are defined as 
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t 



uxr war 



Jwxr| sin# 

& = 0xr 



: orbital axis 



(52) 
(53) 



" A " denotes the unit vectors w =t- r, non-unit vectors are designed in bold, and the current function is normalized. For time- 

lul 

varying electromagnetic fields, Jackson [15] gives a generalized expansion in vector spherical waves that are convenient for 
electromagnetic boundary- value problems possessing spherical symmetry properties and for analyzing multipole radiation from 
a localized source distribution. The Green function G(x',x) which is appropriate to the equation 



(V 2 +£ 2 )G(x\x) = -£(x'-x) 
in the infinite domain with the spherical wave expansion for the outgoing wave Green function is 

f7T|X — X| f= o m=-f 

General spherical coordinates are shown in Figure AI. 1 . 
Figure AI.1. Far field approximation. 



(54) 



(55) 




#► x 



Jackson [15] further gives the general multipole field solution to Maxwell's equations in a source- free region of empty 
space with the assumption of a time dependence e ,al . 



B = Z 



a E (i,m)f f (kr)X (m -ja M (£,m)7xg ( (kr)X (jri 



E = I ja E {£,m)S l xf f {kr)X^+a u {e, m )g f {kr)X l _ m 
where the cgs units used by Jackson are retained in this section. The radial functions f f (At) and g i: (At) are of the form: 

g t {kr)=Afh^ + Afh^ 

K im is the vector spherical harmonic defined by 

1 



X*»(M : 



4m^} 



Ly <m (#,«») 



where 



L = -(rxV) 



(56) 

(57) 
(58) 
(59) 
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The coefficients a E (l,m) and a M (l,m) of Eq. (56) specify the amounts of electric (l,m) multipole and magnetic (£,m) 

mulripole fields., and are determined by sources and boundary conditions as are the relative proportions in F,q. (57) . Jackson 

gives the result of the electric and magnetic coefficients from the sources as 

a E (lm)= 4 ^ \Yr'(0^)\p^[rj t (kr)] + -(r-j)j f (kr)-ikS7-(rxM)j f (kr)\cl 3 x (60) 

i y ]£(£ + l) J { dr L /J c v J 

-and 

a M (£,m) = - r ^^\j / (kr)Y;\0,0)L-(± + VxMyx ~(6l7 

^£(£ + \) i U ) 

respectively, where the distribution of charge p(x,t) , current j(x,?), and intrinsic magnetization M(x,t) are harmonically 

varying sources: p(x)e~°" , J(x)e~°", and M(x)e~ a *. From Eq. (51), the charge and intrinsic magnetization terms are zero. 

Also, the current J(x,t) is in the (f> direction; thus, the a E (£,m) coefficient given by Eq. (60) is zero since r-J = 0. 

Substitution of Eq. (51) into Eq. (61) gives the magnetic multipole coefficient a M (£,m) : 



NS(r-r n )Y t m (O,0)sm( 



-Airk 2 r 



2k AktI 



d 3 x (62) 



wherein the separable time harmonic function of the current is considered separately in Hq. (83). Each mass-density element ot 
the electron moves about the z-axis along a circular orbit of radius r n sin 6 in such a way that <f> , changes at a constant rate. That 

is <f> = (ot at time t where ma> n is the constant angular modulation frequency given in Eq. (51), and 

r(t) = \r n sin cos at + \r n sin sin at (63) 

is the parametric equation of the circular orbit. The relationships between the Cartesian (ijk) and spherical (e^e^) coordinates 

is [16] 

e,. = i sin cos + j sin 6 sin <j> + k cos 

e g -icos^cos^ + jcos^sin^-ksing (6 4 ) 

e^ --isin^ + jcos^ 

The selection rules (Eq. (2.86)) for the conservation of angular momentum must be satisfied during the emission of a single 
photon of angular momentum % : 

M = ±1 (65) 

The photon's angular momentum given by Eq. (4.1) is 

m = J^-Re[rx(ExB*)]tfa 4 =a (66) 

requiring a matching change in the electron" s angular momentum. With emission, the radius must decrease in order to conserve 
the photon's energy 

E = hco (67) 

and the electron's energy in the inverse-radius Coulomb potential: 

V = -^- (68) 

The radial electric dipole current for a potentially emitted photon for the selection-rule condition of Eq. (2.86) given by Eq. 
(2.90) is 

T r W = Jk = ./(cos/9e,-sin6 , e e ) (69) 

|r| 

Then, for radiation to occur from th e rotating spherical harmonic current (Eq. (51)) while obeying the sel e ction rul e s and the 
requirement of an allowed azimuthal-only B (Eq . (2 . 102)) pertaining to the emission of a single photon, the radiated magnetic 
field must have e^ only dependence. Further given Jackson's Eq. (16.84-16.89) [15] for the relationship of a M (l,m) to B , the 
components of L in Eq. (62) are restricted to those in the xy-plane, the L x and L components. It can easily be appreciated that 
this result also arises from application of L-J to Eq. (69) with the use of the vector identity given by Eq. (16.90) of Jackson 
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L-J = jV-(rxj) (70) 
Then, the nonradiation condition tests whether the components of the rotating spherical harmonic current that are parallel to 
those of Eg. (69) give rise to radiation. 

Jackson gives the operator in the xy-plane corresponding to the current motion in this plane and the relations for 
Y; (0,0) [15]. 

/ 



-d- 



-d- 



L=L+ iL = e l * — + i cot 9- 

— — - — i: oe #- 

LJ f m (0,<p) = J(t-m)(£ + m + l)Y, m+1 (9,<£) 



(71) 



Using Eq. (71), L-J of Eq. (61) is 



(72) 



L+{Y?(e,i)snid) = <»\ ^-+icote-^- \y? (e,$)wa.6 



-§- — . „c> 



= e'% m (9,0) — + icot9 — sin0 + e'*sin0 — + icot6 — Y™(9,<f>) 



-3 — . . n d 



(73) 



W- 



-m — - — s^- 



Using Eq. (72) in Eq. (73) gives 
L + (Y, m (8,</>)sm 6) = e'% m (<9>) cos/9 + sin 8^(1- m)(f. + m + l)r <+1 (0, 



The spherical harmonic is given as 



y (m - J ^$^ ( cos *)^ = N ^ m ( cosd > 



JM- 



(75) 



Thus, Eq. (74) is given as 

L + {y;(0,<£) sin 9) = e'^N^ m P f m ( cos 9) e im * cos 9 + sin 9J(£-m)(£ + m + \)N (m+1 P f m+l (cos 9) e l(m+l] 



(76) 



Substitution of Eq. (76) into Eq. (62) gives 



-k co„ e 



N 



"M V 


' '' Cyj£(£ + 1) T-nrl 










e" p N em P e m (cos9)e" nip cos9 


(77) 




\j f (kr)Y?(9,<£)8{r-r n \ 




•d 3 x 






+ sm9 y ](t-m)(t + m + l)N fm+1 P t m+1 (cos9)e i{m+l) * 





Substitution of Y, m (9,</>) = (-l)" Y, m " (8, if] and Eq. (75) into Eq. (77) and integration with respect to dr gives 



a M (t,m)= =SjL= ^N jf (kr n ) 



Cyj£(£ + 1) 



In 




XW- 



\\(-\) m N,_ m Pr(cos9)e 



> sin 9d9d(j> 



The integral in Eq. (78) separated in terms of d9 and d<f> is 



a M (l,m)-- 



-ek co. 



"M i + l ) 



2n 



-NJtfa) 



xm_ 



\(-l) m N,_ m Pr(cos9) 



N tm P t m (cos 9) cos 9 



^sin 



9d9Je" / 'd<?> 



+ sm9^(l-m)(l + m + \)N lm ^Pr +l (cos9) 
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Consider that the d8 integral is finite and designated by © , then Eq. (79) is given as 

7 2 lx 



g *(i."0= g= g ^MMMg^ (80) 

c^t(l + \) 2x % 

From Eq. (56), the far fields are given by 

B = -ja u (£,m)Vx gl {kr)X tm 

E = a M (£,m)g,(kr)X (m 

where a M {l,m) is given by Eq. (80). 
The power density P(t) given by the Poynting power vector is 

P(?) = ExH (82) 

, s dP (£ ,m) 

For a pure multipole of order \i,m), the time-averaged power radiated per solid angle — given by Eqs. (16.74) and 

(16.75) of Jackson [15] is 

dP(£,m) c i / xi2i i2 

where a M {£,m) is given by Eq. (80). 

The modulation function Y lm {6, <j>) is a traveling charge-density wave that moves time harmonically on the surface of the 
orbitsphere, spins a bout the z- a xis w ith fr equency a i n , and m odulates at m co n corresponding to th e te rm m coj i n Eq. ( 51 ) . Th e 
independent variable is also a term of the argument of the spherical harmonic function as shown in Eq . (51) . Consider the 
entire potentially radiating surface and the single quantized potentially emitted photon that carries all of the conserved angular 
momentum of h and energy given by Planck's equation. The time dependence of the power is eliminated in Eq. (83), but the 
boundary condition of the azimuthal spatial integral for a M (£,m) over its (/> dependence can also be evaluated in Eqs. (80) and 
(83) according to the source current's space and time dependence using a substitution of variable for <f> . From the azimuthal 
dependency of the source current corresponding to one period, Eq. (80) that can be written as 

.2 vr M 

a M (t,m)= 7* J ±Nj t {kr n )&\ cos(ks)ds (84) 
c^(i + l)?. g t — 

where s is the distance along a current path with the corresponding limit of integration being the angular displacement of the 
rotating modulation function during one period T n at the linear velocity in the <f> direction of v, and k is the wavenumber 

corresponding to the angular frequency. Thus, 



c^£(l + \) 2tt 

a M (t,m)= ~^ 2 J ^Nj t {kr n )®sm(ks) (86)_ 

cji(t + l)2n — 

In the case that k is the light-like k° , then k = co n l c , and the sin (ks) term in Eq. (86) vanishes for 

R = cT n (87) 

RT- l =c (88)_ 

2£^ (&sy 

Here co n refers to Eq. (50) regarding the angular frequency given by Eq. (1.36) corresponding to the frequency of a potentially 

emitted photon as given in Chp. 2. Thus, 
s = vT H = R = r H = l il (9Q)_ 

as given by Eq. (1.279) which is identical to the Hans condition for nonradiation given by Eq. (45), and the photon emission 

condition given by Eq. (90) is equivalent to that of Eq. (69). Then, the multipole coefficient a M (£,m) is zero as it also has to be 

dP(£,m) 
according to Eq. (80). For the condition given by Eq. (90), the time-averaged power radiated per solid angle — — — - given by 
dfl 

Eqs (83) and (86) is zero. There is no radiation. 
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Appendix II 



STABILITY AND ABSENCE OF SELF INTERACTION AND 



STABILITY 



Quantum mechanics does not provide for the stability of matter. The Schrodinger and Dirac solutions violate Maxwell's 
equations [1-3] and the textbook argument for stability based on the Heisenberg Uncertainty Principle is false [4-5]. Dirac 
originally attempted to solve the bound electron physically with stability with respect to radiation according to Maxwell's 
equations with the further constraints that it was relativistically invariant and gave rise to electron spin [74]. He and many 
founders of QM such as Somm e rfeld, Dohm, and Weinstein wrongly pursu e d a planetary mod e l, were unsucc e ssful, and r e sorted 
to the current mathematical-probability- wave model that has many problems [2, 5-18] such as violation of causality and locality, 
negative kinetic energy states, violation of conservation of energy as shown by the Klein Paradox with an infinite self energy in 
the electric and magnetic fields as well as instability to radiation. 

In contrast, the orbitsphere is stable to radiation as given in Appendix I, and the current pattern is a uniform, minimum- 
energy equipotential surface, 7 "((9,^), that gives rise to electron spin. The uniformity proof of the current density and the 

corresponding angular momentum that gives rise to electron spin is derived in the Orbitsphere Equation of Motion For £ = 
Based on the Current Vector Field (CVF) section. The orbitsphere is also relativistically invariant as given in the Special 
Relativistic Correction to the Ionization Energies section. Furthermore, the centrifugal and Coulombic force-densities that are in 
balance according to Eq. (1 .253) ar e enormous. From Eqs. (1 .35), (1 .253), and (1 .259), the equival e nt pressure P H is 



1 h h 

P H = — . = . =2.33X\0 lz N-m- z (1) 

Anr, m„r, Anm^a, 



This is e quival e nt to tw e nty million atmosph e r e s. Thus, th e orbitsph e r e is incr e dibly physically stabl e and is only alt e r e d by 
atomic events such as the absorption of a photon to form an excited state. Since fundamental particles such as the electron are 
superconducting, non-resonant collisions cannot change the intrinsic angular momentum. Such collisions involve the entire 
particle. And, the intrinsic angular momentum remains unchanged, except when a resonant photon is emitted or absorbed 
according to the Maxwellian-based conservation rules given in the Excited States section and the Equation of the Photon section. 
The electron can only exist as a particle that has mass m e with a total magnitude of angular momentum of h based on the 
physical laws and constants of the universe (Eqs. (36.1-36.4)). In general, matter, energy, and additionally spacetime are 
conserved such that only specific masses that obey all physical laws and satisfy the conservation conditions can exist. The 
possible particles can be inter-converted, but not broken into smaller particles that do not satisfy these conditions . — (See 

Introduction. Table 1.1. and Chps. 32-38.) 

Since nonradiative interactions such as atomic collisions as well interactions mediated by photons must conserve the 
angular momentum of the electron in quantized units of ft , the electron orbitsphere can not change its state in a continuous 
manner. Rather any change is quantized. It was shown in the Electron g Factor section that as a requirement of the conservation 
of angula r momentum, the magnetic momentum of the elect r on can only be pa r allel o r antipa r allel to an applied magnetic field- 
Similarly, in order to conserve angular momentum, any internal change in the bound-electron current distribution and its 
corresponding angular momentum requires emission of a photon that carries angular momentum in its electric and magnetic 
fields only in discrete units of h as given in the Equation of the Photon section. Self interaction of the current of the bound 
electron having the angular momentum distribution given in the Orbitsphere Equation of Motion For £ - Based on the Current 
Vector Field (CVF) section requires the emission ot a photon having an angular momentum that is a traction ot h which is not 
possible according to Maxwell's equations as given in the Excited States of the One-Electron Atom (Quantization) section. 
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Thus, the magnetic flux from each great circle current element of the orbitsphere cannot interact with another current element 
since there is no means to otherwise mediate the interaction. 

Furthermore, any self interaction is a radiation-reaction type wherein k is also the lightlike k" such that k = a> n l c . Any 
such light-like interaction can only be central. Since the velocity of each point of the electron is the same, the current of the 
orbitsphere is confined to a two-dimensional shell in the v = c frame as well as the lab frame as given by Eq. (1.280). Since the 
current is orthogonal to the radial vector at the same radius for each great circle current density element, there is no self 
interaction. — However, as shown in the Electron in Free Space section a radiation reaction force results when the current is 
confined to a plane lamina. This force and the conservation of the angular momentum of the free electron and the photon in 
quantized units of h gives rise to the de Broglie relationship as shown in the Classical Physics of the de Broglie Relationship 
section. 

There is no electrostatic self-energy as shown infra., and there is also no magnetic self-energy for the bound electron 
according to Maxwell" s equations. The magnetic moment is invariant for all states as given in the Special Relativistic 
Corr e ction to th e Ionization En e rgi e s s e ction, and th e surfac e curr e nt is th e sourc e of th e discontinuous fi e ld that do c s not e xist 
inside of the electron as given by Eq. (1 .136): 

nX(H a -H s ) = K (2) 

No energy term is associated with the magnetic field unless another source of magnetic field is present. 

SELF INTERACTION 

In addition to the electrodynamic interaction between the electron and the nucleus, the self interaction of the electron must be 
considered in the derivation of Eq. (1.253). The bubble - like geometry of the orbitsphere requires the presence of the proton; 
otherwise, the electron would exist in the fee-electron geometry. As given in the Free Electron section, a free electron comprises 
a two-dimensional planar lamina with field lines that are discontinuous and orthogonal from opposite surfaces of the lamina such 
that the Maxwellian condition 

n.fa-E,^— or 

£e 

is satisfied where n is the radial normal unit vector, Ej and E 2 are the electric field vectors that are discontinuous at the 

opposite surfaces, and a is the charge density of the electron corresponding to a total charge of e . There is no self interaction 
for the free electron that behaves as a two-dimensional perfect conductor. Consider the transformation of the electron's field 
lines during binding due to the central field of the proton. The spherical symmetry requires that the field lines of the proton and 
the bound electron are radial. In order to minimize the energy, the continuous charge density function is a two-dimensional 
equipotential energy surface with an electric field that is strictly normal-radial (Eq. (2.1 1)) for r > r y according to Gauss' law and 

Faraday's law given in the Gauss' Law in Two Dimensions Equates a Discontinuous Field Due to a Discontinuous Charge Layer 
Source section. The relationship between the electric field equation and the electron source charge-density function is also given 
by Eq. (3), Maxwell's equation in two dimensions [19-21], As shown in Figure 1.32, E 15 the electric field inside of the 
orbitsphere, is zero, E 2 , the electric field outside of the orbitsphere, is equivalent to that of a point charge at the origin, and a is 

the surface charge density corresponding to a total charge of e . 

Eq. (3) applies to a perfect conductor. The electron is a perfect conductor, and zero field inside of a perfect conductor is 
confirmed experimentally. This relation shows that only a 2-D geometry meets the criterion for a fundamental particle and is 
required for particle production in order to satisfy Maxwell's equations, special and general relativity, and other first principles 
such as conservation of energy and momentum as shown in the Gravity, Leptons, and Quarks sections. 2-D is the non- 
singularity geometry, which is no longer divisible. It is the dimension from which it is not possible to lower the dimensionality 
without encountering intrinsic field infinities. In this case, there is no electrostatic self interaction since the corresponding 
potential is discontinuous radially across the surface according to Faraday's law in the electrostatic limit, and the field is 
discontinuous, normal, and radial to the charge according to Gauss' law [19-21]. Thus, only the continuous current density 
function need be considered. 



A DISCONTINUOUS CHARGE LAYER SOURCE 

Haus [19], Jackson [20], and Stratton [21], give the derivation for Gauss' law in two dimensions. In the electrostatic limit, the 
pertinent laws are Faraday's law without magnetic induction and Gauss' law. The corresponding continuity conditions are 

nx[E a -E b ] = (4) 

n.(e E a -e E b ) = a s (5) 

where n is the normal unit vector, E" and E* are the electric field vectors that are discontinuous at the opposite surfaces, and 
cr s is the discontinuous two-dimensional surface charge density. — The contour enclosing the integration surface over which 
Faraday's law is integrated to obtain Eq. (4) and th e integration volum e used to obtain Eq. (5) from Gauss' law are shown in 
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Figures AII.l and 2, respectively. 

Figure AII.l. The differential contour intersecting the surface charge density <j enclosing the integration surface over which 
Faraday's law is integrated to obtain Eq. (4) (positive charge is shown by convention). 




+ + 



side (a) 



+ + 



+ 



side (b) 



Figure All. 2. The differential integration volume enclosing the surface charge density cr having normal n used to obtain 
Eq. (5) from Gauss' law. 



side (a 




The conditions that the tangential components of the electric field on either side of the interface are the same according to 
Eq. (4) requires that the potential is continuous over a surface of discontinuity even if that surface carries a surface charge 
density. Specifically, as shown for the integration of E around the contour in Figure AII.l, the contributions from A -» B cancel 
those from B ' — »• A T . Thus, the line integral of E from A' — > A must bethesameas that from B ' — > B . 

A B 

JE-ds= {E-ds = <b A ,-<£> A = constant (6) 

4' B 1 

If the potential difference across the surface of discontinuity is constant, then the tangential component of E is continuous. 
Furthermore, since the thickness of the layer h — > , any finite constant potential requires that E is infinite. To avoid this 
infinity, the continuity condition on O is required to be 

<t> a -$> b =Q (7) 

FromHaus [19]: 

"Continuity of tangential E is equivalent to continuity of <t> ." 

To determine the Gauss' law jump condition through the surface of discontinuity, Gauss' law is integrated over the 
volume shown intersecting the surface in Figure AII.2. The resulting continuity condition (Eq. (5)) is given in terms of the 
potential using the electrostatic limit where 



E = -V<D 

Eqs. (3) and (5) become 

n{(V<l>) fl -(V<l>)*] = -^ 



(8) 
(9) 



From Haus [91]: 

"At a surface of discontinuity that carries a surface charge density, the normal derivative of the potential is discontinuous. " 

SELF FORCE DUE TO A LAYER OF CHARGE WITH NONZERO THICKNESS 

It is shown by Purcell [22] that a self force does arise in the case of a charge layer that has thickness which is an inescapable 
problem for the quantum mechanical electron; whereas, the two-dimensional electron orbitsphere has no self interaction. 
Following the example given by Purcell, consider a spherical surface such as that of a balloon of radius 1 cm charged with 
about 4 X 1 10 additional electrons. Each additional electron is stuck to a rubber molecule that fixes it to the balloon surface 
where the separation between electrons is about 10 J cm . The electric field inside of the sphere is zero according to Gauss* law 
since there is no charge here. Outside of the sphere, the electric field given by Gauss' law is 



Ans^r 



4ttR 2 <j , 
Ane^r 1 



-i. 



57.6 V-m, 



i- 



(10) 
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where the total charge on the sphere of radius R = 0.01 m and the charge density a = 5.10 X 10~ 6 C I m 1 is Q = 6.41 X 10 9 C. 
In the case of a two dimensional layer of charge, there is no self force since there is no self charge for this field to act on. But, in 
the case that the charges of the layer are distributed such that there is a radial distribution, there exists a corresponding radial self 
force. A fundamental particle is two dimensional, but the layer of the charged balloon and other such charged surfaces cannot be 
two dimensional and must have finite thickness. 

Regarding aggregates of charges on macroscopic objects Purcell [22] states that "real charge layers do not have zero 
thickness." He obviously missed the implications for electrons as fundamental particles, even though the absence of self 
interaction at each radial position was involved in his derivation. And, he states that the self energy corresponding to self force 
is eliminated "when we replace the actual distribution of discrete elementary charges (the electrons on die rubber balloon) by a 
perfectly continuous charge distribution [23]." 

Purcell uses Gauss* law in two dimensions as well as Newton's third law to conclude that there cannot be any charge- 
charge interaction for charges at the same radial position. According to Purcell, the force within of any two-dimensional 
spherical shell must be zero. "Coulomb repulsion between charges in the patch is just another example of Newton's law; the 
patch as a whole cannot push on itself." Purcell gives the force on each n shell as 

dF = Edq = Ea n dA n 

where the electric field E is external to the shell — not from the shell itself. Purcell affimis that the correct form of Gauss' 
for the two-dimensional spherical shell is: 



n.(E,-E,) = - 



and that the proper form in the case of the charge layer of finite thickness is 



■E=P- 



(11) 

law 

(12) 
(13) 



The radial distribution of charge is the source of external field to act on each shell of increasing radius wherein the original 
charge layer given in Eq. (3) is now considered to have thickness and is modeled as series of radial subshells corresponding to a 
radial charge density distribution shown in Figure AII.3. 

Figure AII.3. Charge pushes against charge in the radial direction such that within the charge layer of density p(x), 
E{x + dx)-E{x) = pdx . 



C L 



plx) 




x = x t 



Consider that the field is continuously increasing from E, = 0i r to that at the radius of the largest shell now redefined as R: 



E, =- 



Q 



AkR 1 o , 



AwsJc An:s n R 



K =—K 



The total force per unit area F' on the three-dimensional layer of radial thickness x a is 



Mi 

?'=JEpdx 



(14) 



(15) 



Using Eq. (13) gives dE, the change in E through each increment in the radial direction, dx, as pdx. Thus, pdx in Eq. (15) may 
be replaced with dE to give: 
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E 2 1 1 

F= \EdE = -E;=- 





rr 


1 


— + 


— 


= 


V^O J 


*«, 


2 



K 4x£ R 2 )4^e <) R 2 

where Eq. (10) was used. The self force per unit area of a three-dimensional layer of charge is then proportional to the average 
of the field inside and outside of the layer of charge which is zero and given by Eq. (10), respectively. Here, the charge density 
given by Purcell is 



■ = f pdx 



(17) 



This usage is misleading and should not be confused with a two-dimensional charge density according to Eq. (3). In the case of 
the charged balloon, the force per unit area is 

il 



F' = -| — I =1.66Z10 7 N/m 1 



(18) 



An expression similar to that given Eq. (16) arises when using Coulomb's law to calculate the field of a spherical layer of 
charge at the radius of the shell. The calculation of the field inside of the shell alone implies that the layer must have thickness 

so that the field of —Q and self interaction applies. This situation does not arise if Coulomb's law is applied correctly for 

regions outside of a two-dimensional charge discontinuity as given in the Conditions for the Absence or Presence of a Self Force 
Using Coulomb's Law section. 

Quantum mechanics is internally inconsistent. Electron shielding or self interaction of the electron cloud is ignored in 
cases involving one electron such as H and H\ , but electron-electron repulsion terms as well as shielding are considered in 
multielectron problems such as He and H 2 ; even though, the charge densities occupy the same space whether there is one or 

more electrons — the only difference being the magnitude. The electron cloud model is also mandatory to achieve neutral 
scattering despite the internal inconsistency with scattering experiments that the momentum transfer is with the entire mass of 
the electron as pointed out by Max Bom. The subsequent probability-wave model violates special relativity and causality by 
requiring a point electron to be over all space at once, weighted according to a "guiding" probability density function. 

The electron spread over all space must interact with itself since Gauss' law applied to the volumetric charge density 
gives rise to a radial electric field from zero to infinity. Consequently, there is the inescapable problem that the electron cloud is 
unstable, not to mention the nonphysical nature of the infinities in the electric and magnetic fields of the point electron 
manifested as a probability cloud distribution. 

CONDITIONS FOR THE ABSENCE OR PRESENCE OF A SELF FORCE USING 
COULOMB'S LAW 

Following the derivation by Fowles [24] for the inverse r-squared gravitational force on a point test mass due to a shell of mass, 
the electric force of a spherical shell of charge on a test charge q is derived using Coulomb's law, which is also an inverse r- 
squared force. The charge-density is integrated over the spherical surface rather than the mass, but the results are of the same 
form. The Coulomb derivation is also given by Nansteel [25]. 

Figure All. 4. Coordinates for calculating the field of a spherical shell of charge e of zero thickness. 




The shell of zero thickness, total charge —e , and radius a shown in Figure AII.4 has a uniform, two-dimensional charge 
density of 



<j = — 



4^-a" 



(19) 



centered on the origin O. Based on symmetry, the r-axis is defined as the z-axis, and the azimuthal directions are defined as the 
xy-plane. 

The incremental force d¥ on the test charge at point P on the z-axis at a distance r from the center O of the spherical 
shell due to the incremental charge odA at a point Q of the shell is given by 
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m 1 q(adA) 

d¥ = v ' u 

AnF.r . u 



(20) 



where the test charge may lie inside (r < a) or outside (r > a ) of the 2-D sphere and the force at r = a is given by g, — > a since 
Coulombs and Gauss' laws are only defined outside of the charge that is the source of the field, the angle ZPOQ between the z- 

axis and point Q is defined as 9 , u is the vector PO , u = lul , and the area increment dA on the surface at Q is given by 



dA - a 2 sin 8d<j>d8 



^24^ 



where <j> is the azimuthal angle about the z-axis. The vector projections of u from the triangle POQ are 
u = (r-acosfl)i z + asm9i^ , 



i221 



where i z is the unit vector along the z-axis and i is the unit vector lying in the plane of POt,) and perpendicular to the z-axis. 
With the substitution of Eq. (22) into Eq. (20) the incremental force on the test charge is 

qaa 2 sinflr 



-d¥^- 



r-acos 



*)* 



+ a sin 9\^ d0d9 



-vsr 



4ft£ Q u 



and the total force is 



sin 9 



&= j" d¥ = ^^- J = J [(/ - -ucusg^+asiiifli^]^ 4& 



-m- 



Spherical Shell 



4x £ glol^ u 



Due to symmetry the azimuthal forces cancel out over each circular integral: 



j V^ = 



"(25)- 



Thus, the force is only a function of : 
qaa 2 . r sin 0[r- a cos 0) 



f 



40- 



-^€y 



(27) 



2s, 



n 0=o 



The integration variable may be changed to u by obtaining the scalar by squaring Eq. (22): 
u 2 =(r-a cos 0) + (a sin 9) 



and then differ e ntiating with r e sp e ct to 9 : 



2udu = 2(r-a cos 9) (a sin #) <f# + 2 (a sin #) a cos 9d9 



Then, 



(28) 



u du = (r a sin fl- « 2 cos sin 9\ d O + a 1 cos sin 9 d0 = r a sin BdB 



-(29)- 



From triangle POQ, the law of cosines gives 

u 2 + r 2 - 2ur cos a -a 2 
where 



(30) 



-f — acosV = ucosa 



-(34}- 



(32) 



Substitution of Eq. (31) into Eq. (30) gives 
u 2 +r 2 -2r (r-«cos#) = a 2 



r-a cos 9 = - 



-T3TT 



2r 

Multiplication of the right-hand side of Eq. (33) by 1 = — gives 
u 

f 2 , 2 2 \ 

r + « -q 



"(34)- 



-(337 



r-a cos f = u 



2ru 



Substitution of Eqs. (29) and (34) into Eq. (26) gives 



qaa 

Srrd- 



j^r 
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where 



■**&■ 



1 r+ r " {r-a){r + a) 



•dttr 



-iMy- 



4a, 



Evaluation of Eq. (36) for /(r) gives 
if (r-a)(r + a) 



Aa 



HH 



1 [ (r-a)(r + a) (r-a)(V + a) . . . . 

= —\ -- — - + - — - + (r + a)-(r-a) 

—Aa\ r+a r^a v '— v '- 



-(m- 



= — (-(r-a) + (r + a) + 2a) 



= — (2a + 2a) = l 
Aa K ' 

Thus, the force on the test charge given by Coulomb's law is 

1 



r> a 



F = 



qe 

AKS n 



(38) 



0, r <fl 



which is th e fi e ld of a point charg e at th e origin for radial distanc e s gr e at e r than or e qual to th e radius. This r e sult is consist e nt 
with Gauss' and Faraday's laws at a two-dimensional layer of charge given by Eq. (3). Then, l[r) increases by unity as the test 
charge is moved from the inside of the sphere (r < a) to outside (r>a). 
But, the behavior of /(r) : 



I(r) = 



1, r> a 
0, r<a 



(42) 



suggests the definition 

2 



l(a)=-{ lim I(r)+ lim ilr))-. 



(43) 



for the case that the test charge lies at the spherical shell. The corresponding force is 



~tje~ 



1 



r > a 



r = a 



A7lS n 



2TT 4 



0, r <a 



(44) 



in conflict with the result of Eq. (3). Although, mathematically Eq. (24) leads to the result of Eq. (44), it is nonphysical. To 
achieve a minimum energy for the bound electron, the electric field lines are radial from the surface. The Eq. (38) result is 
obtained trivially by application of Gauss' law. A perfectly conducting cavity acts as a Faraday cage wherein experimentally the 
field inside is zero since the interior contains no charge. The following Gauss-law result holds 



E-dA= ^-dV 



-09X 



-Am^- 



-i =0 



(40) 



For a two-dimensional spherical shell that is a perfect conductor the field inside of the spherical cavity, or any hollow conductor 
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for that matter, is zero as shown by Bueche [26]. Thus, the integral given by Eq. (24) is trivially zero since there is no remote 
action 1 of any surface point on another 2 . Using Eq. (3), the field is given by Eq. (38). 

in contrast to the bound-electron case, an ensemble of point charges that are on the surface of a spherical shell insulator 
gives rise to the result of Eq. (44) with an inherent self interaction due to the remote action of each other surface point charge on 
any given point charge. An additional self interaction arises when the spherical layer of point charges possesses thickness. A 
charge density of nonzero thickness is of the form considered by Purcell with 

2 

a= J p dx (41)_ 

Specifically, for a linear radial distribution, Gauss' law gives the force as 
e 

a 

J E-dA= J ^-dx (4TT 

Spherical Shell, r=a _*o £ Q 

2 

e 

ffW--2- (46)- 



Thus, 



1 e 



2 Ana e. 



And, the corresponding force on the test charge q at r = a is 

F = qE = - qe 7 (48) 
7 4na 2 F. a __ 

This result is also equivalent to the self force given by Purcell in Eq. (16). It is also important to notice that the electric field in 
both cases is a continuous function of the radial displacement dx such that the final force with the test charge outside of the 
charge layer is equivalent to that given by Eq. (38) with the exception that the radius includes the thickness of the layer. The 
caution of confusing the use of a as defined in Eqs. (12) and (19) with that given in Eqs. (1 7) and (41) was also discussed in the 

Self Force Due to a Layer of Charge with Nonzero Thickness section. 

In the case that the test charge is a proton at the origin and the charge layer is the electron cloud of the hydrogen atom 
according to quantum mechanics, the factor of 1/2 must also be considered with the requirement that field lines of the proton end 
on the electron charge. The proton's field is continuous and must end in a continuous manner throughout the electron cloud, 
which results in an infinite - body problem to solve for the form of the cloud and the corresponding energy. Another fatal flaw in 

quantum mechanics is the corresponding self energy. This problem does not arise in the case of the electron orhitsphere as 

shown in the Self Energy section. 

SELF ENERGY 

The force balance equation can also be arrived at by the familiar minimization of the energy, which demonstrates the absence of 
a self-energy term for the orbitsphere and the presence of an infinite term for the quantum mechanical solutions. The orbitsphere 
electron kinetic energy 7j obtained by integration over the mass density at spherical position r = r' (Eq. (1.27)) is 

2K K co ^ ^ fc 2 



-Hff 



■5{r-r')r ? am 0drddd0 = -m e v 2 = == (49)- 



2 J J Q J Q Axr' 2 2 m„r 



where the velocity is given by Eq. (1.35). The electron orbitsphere is a two-dimensional equipotential energy surface at 
spherical position r = r'. The potential energy is given by integrating Poisson's equation over the continuous two-dimensional 
surface charge density given by F.q. (1 .7.7) at the equipotential due to the proton at spherical position r = r ' where the electric 
field of the electron is strictly normal-radial (Eq. (2.11)) for r>r x according to Gauss' law, and the potential is continuous 
across the surface according to Faraday's law in the electrostatic limit. 

V = --P— f f f— e — j5(r-r')r 2 sm0drddd0 = —=— [50}_ 

Ajie^r %\% Anr Ajie^r 

And, the energy due to the electrodynamic interaction of the electron and the proton T 2 due to their relative motion given by Eq. 



kemote action refers to that of a point with a different (9, rf>) from a selected point. 

i 

' The same result arises with the consideration of the cancellation of the bound electron's field by that of the proton. 
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(1.35) is 



2 2 mr 

The total energy E is the sum of Eqs. (49-51). 

— « s i r . .-, :*', f , ;*■, » 

2 OT e r 4;r£ r 2 mr 

Then, the minimum energy is obtained by taking the derivative of Eq. (52) and setting it to zero, which is 

h 2 _ Ze 2 h 2 
m-r^ — ^ nej 2 — mr^ 



(53) 



Eq. (53) can be written in terms of the densities: 



ATir 2 k 4ftr, 2 Ansj 2 Ann 2 mr, 3 



Ze l h (54) 



where Z = 1 and m = m for the hydrogen atom. Then, Eq. (54) is the same as Eq. (1 .253). 



As shown in Figure 1 .32, the electric field of the proton alone is over all space, and the electric field of the bound 
electron alone is finite only for r>r x . The radius goes to infinity in the case of the ionized or free electron, and the 
corresponding charge and current density functions are given in the Free Electron Section During binding of the free electron 
which is a two-dimensional disc lamina, the electron charge distribution becomes that of a 2-D uniform spherical shell of charge, 
and the electric field of the electron superimposes and cancels part of that of the proton for r > r y as shown in Figure 1.32. The 
energy in the electric fields of each of the proton and the electron alone is given as 
1 



T^f 



Wrh (55)- 



where E is the electric field of each independently. The binding energy of the hydrogen atom, which is released as photons is 
given as the change in the electric field energy due to the change in the electric field due to the superposition of the fields of the 
electron and proton. 

i °° i ^7 I 2 

T ^ 9 - of(AE) 2 J t £ a j J ^v 



ool 4 *V 



r 



l.n nn( 



e 2 

r 



Hi 4xs n r 



2 2 

e , e 



sin 9drd9d® (56) 



= -f Tdr = 

J 9.wp r 2 



%K£J- %X£ n n 



*4- 



For Tj = a H as given by Eq. (1.260), 

e 2 

7 = A£; fe = = 13.5984 eV (57) 

87T£ a H 

In the case of nuclear charge Z, AE ele increases by a factor of Z, and the radius given by Eq. (1.260) is r x = — . These 

substitutions in Eq. (57) give Eq. (1.263). 

Eq. (57), matches the experimental binding energy. In contrast, the corresponding energy does not match in the case of 

the solutions of the Schrodinger equation. Even if it is assumed that the electron is everywhere at once in order to achieve 
electroneutrality, which is impossible, the energy stored in the electric field of the electron does not match the binding energy 
since the average radius of the hydrogen atom in this case is 3/2 the Bohr radius. Even more problematic is that the self-energy 
in the quantum mechanical electron is infinite wherein the radius in Eq. (56) goes to zero as given by Purcell [27]. 
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MUON g FACTOR 



The muon, like the electron, is a lepton with h of angular momentum. The magnetic moment of the muon is given by Eq. 

(1 .16 9) w i t h th e electron m ass re placed by the m uon m ass, It is twi c e th at predicted using the gyromagnetic r atio (g iven in F,q. 

(2) of Box 1.2) in Eq. (2.65) of the Orbital and Spin Splitting section wherein the intrinsic angular momentum for the spin 1/2 

h 
fermion is — . As is the case with the electron, the magnetic moment of the muon is the sum of the component corresponding to 

h ft 

the kinetic angular momentum, — , and the component corresponding to the vector potential angular momentum, — , (Eq. 

(1.164)). The spin-flip transition can be considered as involving a magnetic moment of g times that of a Bohr magneton of the 
muon. The g factor (Eq. (1.261)) is 



2 2k 3 \2k ) 3\2k 

For a" 1 =137.03603(82) (Eq. (1.235)), 

£-1.001 159 652 137 (2)- 

- 

The muon anomalous magnetic moment has been measured in a new experiment at Brookhaven National Laboratory 
(BNL) [1]. Polarized muons were stored in a superferric ring, and the angular frequency difference co a between the spin 
precession and orbital frequencies was determined by measuring the time distribution of high-energy decay positrons. The ratio 
R of w a to the Larmor precession frequency of free protons a> in the storage-ring magnetic field was measured. R is given by 

R = ^- (3) 

The anomalous g value a of the // was determined where the anomalous g value is related to the gyromagnetic ratio by 



(*-2) 



(4) 



and 



R 



" X-R 
where X is the ratio of the muon and proton magnetic moments: 



(5) 



k = ^- (67 
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According to Carey et al. [1], "For polarized miions moving in a uniform magnetic field B , which is perpendicular to the muon 
spin direction and to the plane of the orbit, and with an electric quadrupole field E for vertical focusing, the angular frequency 
difference, m a , between the spin precession frequency a>, and the cyclotron frequency m r is given by 



The depend i 




(7) 
eliminated by storing muons with the 'magic' y = 29 . 3, which corresponds to a 



m non m omentum p - 3 .09 G eV/c . Hence m easurement of co a and of B determines a 



Based on Lorentz covariance Jackson [2] gives the BMT equation which is the relativistic equation of motion for spin in 
uniform or slowly varying external fields. The rate of change of the component of spin s parallel to the velocity may be 
determined from the RMT e quation. This is the longitudinal polarization or net helicity of the particle Tf /? is a unit vector in 

the direction of p = — , the longitudinal polarization is p -s. It changes in time because s changes and also p changes. The 
c 

BMT equation in cgs units gives 



/it \ 7 wm 



Sfi-^t 



~dt 



-1 — 



PxB + 



-P-. 



(8) 



where s ± is the component of s perpendicular to the velocity. Eq. (8) demonstrates a remarkable property of a particle with 
g=2. In a purely magnetic field, the spin precesses in such a manner that the longitudinal polarization remains constant, 
whatever the motion of the particle. If the particle is relativistic (p — >\), even the presence of an electric field causes the 
longitudinal polarization to change only very slowly, at a rate proportional to f times the electric field component 
perpendicular to v. 

The "magic" / given by Eq. (8) wherein the contribution to the change of the longitudinal polarization by the electric 
quad r upole focusing fields are eliminated occu r s when 



^-1 = 
2 p 



(9) 



w here g^ i s the m uon g f actor w hich is required to b e different from the electron g f actor in the standard model due to the 

dependence of the mass dependent interaction of each lepton with vacuum polarizations due to virtual particles. For example, 
the muon is much heavier than the electron, and so high energy (short distance) effects due to strong and weak interactions are 
more important here [3]. Also, according to the BNL collaboration [1]: 



"The hadromc contribution and uncertainty are dominated by the single vacuum polarization loop with hadrons present, 

which is determined from a dispersion relationship using data from annihilation to hadrons and from hadronic decay. — fir 

contribution from higher order hadronic vacuum polarization and light-by-light scattering must be included" 

g 
The BNL Muon (g-2) Collaboration [1] used a "magic" / = 29.3 which satisfied Eq. (9) identically for - JL ; however, their 

assumption that this condition eliminated the affect of the electrostatic field on a> ri is flawed as shown below. The relativistic 
factor y is given by 



r = 



l 



V^# 



(10) 



where 



c 



(11) 



Substitution of Eq. (9) into Eq. (10) gives 

i 



(12) 



and 



*-£-rt 



(13) 
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From the BNL99 results and the average of the CERN and BNL97 results [1] an estimated value of — — is 



= 1.00116593 



(14) 



Substitution of Eq. (14) into Eq. (12) gives the "magic" y as 



y = 29.3033176 (15) 

and from Eq. (13), 

^=0.999417544 (16) 

As shown in the Electron g Factor section, in the case of an exact balance between the Lorentz force (Eq. (1.183)) and the 
electric force corresponding to the Hall voltage (Eq. (1.184)), the superconducting condition is met when 

E__ 

rZ 



(17) 



which in cgs units is 
c 



(18) 



Consider the case that the g factor for the muon and the electron are the same and the "magic" y = 293 selected by the BNL 

g g 

Muon (g-2) Collaboration which satisfied Eq. (9) identically for — (Eq. (1.229)) does not satisfy Eq. (9) for — given by the 

experimental value (Eq. (27)). In this case, the second term of Eq. (8) contributes to co a . With g = g e and j3 = j5 , the BMT 



equation is 



d_ 
dt 



(>-)- 



mc 



1 y?xB- 



SeP M 1 

2 A 



f J 



(19) 



Since B is parallel to s ± x/? and since E and s ± are anti-parallel, the electric field from Eq. (18) is 



E = -/y?xB 



(20) 



Figure All 1.1 . Co ordinate system of crossed electric fi eld, F^ , corresponding to the H al l vo ltage, m agnetic fl ux, B z , due to 
the applied field, the velocity, v^ , in the /? direction, and s ± where |e| = j3B . 



^ 



E -*- 



"*- S x 



Then 



■2-(^..) = ~S- 

A t V f- w i r 



f Ql \ 



^eP, 



-dt 



mc- 



e 



oe _ 1 



;5XB 



(21) 



SePl 



■(/gxB) 



(22) 




(23) 



In the case that g - g^-t g e , the term in E of Eq. (8) 
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-(H=-— 

rlt V ' mr 



_2 



■(^xB) 



(24) 



vanishes and a change in longitudinal polarization due to the finite electric term can be considered as an additional term to the 

g 
electron g factor which gives rise to an effective g factor corresponding to. — Comparison of Eq. (23) and Eq. (24) gives the 

8 8 
effective value of —£■ which is the predicted experimental value for —£- : 



^ = 1 + ^(1-/%) 



(25) 



-Q6X- 



Eq. (19), which gives the predicted experimental value for — — (Eq. (26)), corresponds to the experimental situation of the BNL 

8 8 
measurement of — — . The experimental value of = [4] is 



= 1.001 159 652 188(4) 



(27) 



Substitution of -^- and fi u given by Eq. (27) and Eq. (16), respectively, into Eq. (26) gives the calculated effective muon g 



factor which is 

^- = 1.001 165 923 



(28) 



The calculated result based on the equivalence of the muon and electron g factors is in agreement with the result of Carey et al. 
[1]: 



= 1.001 165 925(15) 



(29) 



Rather than indicating an expanded plethora of postulated super- symmetry virtual particles which make contributions 

such as smuon-neutralino and sneutrino-chargino loops as suggested by Brown et al. [5], the deviation of the experimental value 

g 
of — from that of the standard model prediction simply indicates that the muon g factor is identical to the electron g factor. 

This could have been spotted immediately had the objectivity of the experimental design been given precedence over the 
assumption of the validi t y of the standard model. Given the ad hoc iionphysical nature of QED (See Refs. [6-7]) and the internal 
inconsistency of the theoretical basis of this experiment regarding using the classical BMT equation in a test of nonclassical 
QED, more scrutiny was especially warranted. 

So, 



_ _ ^ g^ 2^ 

From Eqs. (26), (27), and (16), the difference between — — and — due to the finite electric term of Eqs. (8) and (19) 



with g == g e is 

~~ ===== 1-^f- yg' ==0.0000062705 



(30) 



With the equivalence of the muon g factor and the electron g factor, the possibilities are limited for the occurrence of internal 

8 8 % 

consistency during the determination of — using the BMT equation with the flawed assumption that — ?== — . Consider the 

case of Eq. (9) with g = g e =g /j and j3 = j5 u with the corresponding "magic" y given by Eqs. (10-13). An equation equivalent 
to Eq. (30) that gives rise to an internally consistent experimental observation of an effective muon g factor corresponding to 

P=Pu* 



= 0.0000062705 



(31) 
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- 0.0000062705 



-W- 



where g is the muon anomalous g factor selected before the experiment to fix the "magic" y, 0.0000062705 given by Eq. 
(32) (go see B q . ( 3„) u , h e , to e b e W een jS pgegg ^B v„ue g g g jj. ef , .e^^g^ 

of—. The experimental value of — from Eq. (27) and the selected value of — — from Eq. (14) satisfy Eqs. (31-32) and are in 

g 

close agreement with the experimental value of — determined by Carey et al. [1] (Eqs. (28-29)). The "magic" y of BNL 

which gave an internally consistent but misinterpreted result was most likely arrived at by trial and error. Consider the following 

(s - 2 ) 
relationship between S and ±-^- L of the "magic" y that follows from Eq. (32): 



2 



(33) 



where 



(g.- 2 ) ,j ( g ^ 2 ) 

2 2 



(34) 



and g c is the experimentally measured electron anomalous g factor and g M is the projected experimental value of the muon 
anomalous g factor based on g , the selected value the muon anomalous g factor to fix the "magic" y. A plot of S versus 

(g -2) 

-^-^- from Eq. (33) is shown in Figure AIII.2. 

(g -2) 

Figure AIII.2. Plot of 5 versus -^-^- of the "magic" y from Eq. (33). 
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Only a narrow range of values of ^— ^ about the value of ^— ^ measured by Carey et al. [1] are internally consistent. 

Similar misinterpretations of data based on a bias towards quantum theory are described in the Schrodinger "Black" Cats 

section. For example. NIST claimed to have placed a Be + ion in two places at once when in reality an applied magnetic field 
and a potential well were found which forced a resonance between an oscillatory and a Stern-Gerlach transition. And, the 
resulting interference pattern in the fluorescence emission was misinterpreted as indicating that the ion was in two widely 
separated positions simultaneously [8]. The BNL experiment should be repeated to determine the dependence of a> a on the 
"magic" y. The current BNL results and classical theory support the equivalence of the electron and muon g factors. 
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EXPERIMENTAL DETERMINATION OF THE PROPER p [9] 

The angular frequency difference between the spin procession frequency and the cyclotron frequency, [4], is 



-6K 



rrrO- 



fixt 



"(35)- 



" r 2 -\ 



Introducing the velocity ratio, p , and g, 
-0 



^ ,-f 



-JL 2 



JW 



(37) 



yields 



a>„ =- 



2 p 2 



Th e uniqu e valu e of /? for which th e t e rm in E vanishes is /? * : 
2 J3" 2 



(38) 



For /? = /?* 



co. 



Taking the magnitude results in — 

4- 



»•(?)— -z*- 1 * 



(39) 



I tr • (40) 

mc\p 

The experimental measurement of the frequency difference for various p allows the graphical determination of P * , (See Figure 

AIII.3), with no assumption regarding g. 

Figure AIII.3. Plot of the experimental measurement of the frequency difference for various /? which allows the graphical 
determination of P * . 
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ANALYTICAL EQUATIONS TO GENERATE THE EREE 



MOMENTUM-DENSITY FUNCTION Y*{04 



ROTATION OF A GREAT CIRCLE IN THE XY-PLANE ABOUT THE (i x ,0i y ,i z )-AXIS 

BY 2k 



With the electron current in the counter clockwise direction, the Larmor precession of the angular momentum vector of the free 
electron is about two axes simultaneously, the (i x ,0i ,i z )-axis and the laboratory-frame z-axis defined by the direction of the 

applied magnetic field. The precessions are about the opposite axes with the current in the opposite direction. The motion 
generates CVFs equivalent to those of the bound electron given in the Orbitsphere Equation of Motion for t = Based on the 
Curr e nt V e ctor Fi e ld (CVF) s e ction. Ov e r on e tim e p e riod, th e first motion sw ee ps out th e e quival e nt of a BECVF, and th e 
rotation about the z-axis sweeps out the equivalent of an OCVF. The combined motions sweep out the equivalent of the 
convolution of the BECVF with the OCVF, a distribution having the angular momentum equivalent of Y ° {8, <f>) of the bound 

electron. — The electron may flip between the two states wherein the BECVF, OCVF, and Y o °(0,0) precession distributions 

d e v e lop e d infra apply to both stat e s, but th e curr e nts ar c opposit e . 

Specifically, the Larmor precession of the free electron with the current in the counter clockwise direction corresponds to 
the two superimposed independent time-harmonic rotations of the plane-lamina disc initially in the xy-plane. One is about the 
(i I .0i ,i z )-axisby 2n wherein the angular momentum vector of the free electron that is perpendicular to the plane-lamina of its 

current sweeps out a cone about the (i x ,0i y ,i z J -axis. The plane-lamina is comprised of concentric great circle current loops 
each of a radius given by the continuous variable p for < p < p . For each great circle, the first Larmor precession generates 
the equivalent vector-field pattern as that of a BECVF. Simultaneously, the distribution corresponding to the first rotation 
precesses or rotates about the laboratory z-axis defined by the applied magnetic field direction wherein the (i x ,0i ,i z J-axis 

sweeps out a cone about the z-axis. Over one time period, the rotational motion about the z-axis generates the equivalent vector- 
field pattern as that of an OCVF of the bound electron. The combined motions over time generate the equivalent distribution 
and angular momentum as those of Y o °(0,0) of the bound electron given by the convolution of the OCVF with the BECVF. 

The rotation of a great circle in the xy-plane about the (i x ,0 ) ,,i z )-axis by 2k generates a free electron BECVF 

corresponding to the precession motion with its resultant angular momentum of yflti along the (i x ,0i y ,i z )-axis having 

components of L, xy =n and L z =h. Equally valid is the substitution of the (-i x ,0i y ,i z )-axis for the u x ,0 y ,i z j-axis since the 

corresponding orthogonal BECVFs have the same distribution and are simply related by a half cycle of precession motion about 
the z-axis. Both will be considered. 
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The BECVF corresponding to the fi I ,0i J ,,i a .J-axis over In will be generated first following the procedure given in 
Fowles [1] and using the matrices given by Eqs. (1.80-1.82). The rotational matrix about the (i r ,0i y ,i z )-axis by 9, 

\.oi v .i £ )(^)' is § ivenb y 

Then, using Eqs. ( 1 ) and Eqs. (1.81-1 .82), the great circle basis elements and rotational matrix are given by 
BECVF MATRICES («,, ni , ,(0)) 



(1) 



1 COS0 

— + 

2 2 



sin 9 

1 COS0 



sin6> 1 cos9 
2 2 



4i 



cos 9 



sin 

IT 



sin# 1 cos# 

~tt 2 + ~r 



pCOS0 





(2) 



(3) 



Using Eq. (2), the BECVF matrix representation of the convolution is given by: 

2a 

BECVF= lim £ U ^.GC^j )® S(9-mA9 M ) 
wherein R, J 9) is the rotational matrix about the R, . (#)-axis, GCf" m ' , is the ereat circle basis element initially in 

(i,,0i ! ,i,)V / fj,,0i I ,!»)\ / ' (i,,i v ,l)i,) ° J 

the xy-plane, and ® designates the convolution with the delta function of the infinitesimal incremental angle mA9 xl . The 
integral fonn of the convolution is 



M 



BECVF= (R i} (^.GCj7 lim X S{9-mA9 hi y9 
The integration gives the infinite sum of great circles that constitute the BECVF: 



la 



BECVF= lim £ (R (mA9 AI ).GC^ ) 



(4) 



(5) 



The current pattern for the rotation of the xy-plane great circle about the (i^Oi ,i z J -axis is shown in Figure IV. 1 wherein 9 is 
varied from to In . 

Figure IV. 1. The current pattern for the rotation of the xy-plane great circle about the (i x ,0i y ,i z )-axis (Eqs. (2) and (5)) 

shown with 6 degree increments of 9 from the perspective of looking along the z-axis. The great circle current loop that served 
as a basis element that was initially in the xy-plane is shown as red. 
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CONICAL SURFACES FORMED BY VARIATION OF p 

The rotation of the free-electron disc having a continuous progression of larger current loops along p forms two conical 
surfaces over a period that join at the origin and face in the opposite directions along the (i x ,0i y ,i z )-axis, the axis of rotation, as 
shown in Figure TV. 2. At each position of 0<p, there exists a BECVF of that radius that is concentric to the one of 
infinitesimally larger radius to the limit at p = p . The BECVF at each position p generated over a period by the Larmor 

precession about the (i^.Oi ,0-axis by 2n is given by Eqs. (2) and (5). The conical surfaces were generated by varying p in 
Eqs. (2) and (5). 

Figure IV. 2. The two conical surfaces formed by rotation of the plane-lamina disc comprised of concentric great circles 
about the (i^Oi^M-axis that join at the origin and face in the opposite directions along the axis of rotation, the (i I ,0i y ,i I j- 
axis. 




ROTATION OF A GREAT CIRCLE IN THE XY-PLANE ABOUT THE ( i x ,0i v ,i z j^AXIS 

BY In 

Similarly, the Larmor precession of die free electron about the z-axis also corresponds to the time-harmonic rotation of the 
plane-lamina disc about the ( — i x ,0i ,i z )-axis by In, The Larmor precession of the plane-lamina comprised of concentric 

great-circle current loops each of a radius given by the continuous variable p for < p < p a generates the equivalent BECVF. 

The rotational matrix about the (-i x ,0i y ,i z )-axis by 6, A \(^)' i s given by 



R 



( «0=*,i *,(*)*, -r 



-n 



Then, using Eqs. (6) and Eqs. (1.81-1.82), the great circle basis elements and rotational matrix are given by 



(6) 
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{-KM,**) 

1 cos(9 sin# 

i +— 2~~ ~ji 



(*» 



sin# 



cos# 



1 cos# 

2 2 



sin 9 



1 cos# sin 



cos/9 



V2~ 



PCOS0 





(7) 



Using Eq. (7), the BECVF matrix representation of the convolution is given by: 



It 






(8) 



wherein /?, , (#) is the rotational matrix about the R, , (6>)-axis, GC'j"' 3 " > is the great circle basis element initially in 

(-v<V>,l v ' (-i„oi v ,i,)v ) (>„ij..O',) ° ' 

the xy-plane, and ® designates the convolution with the delta function of the infinitesimal incremental angle mA0 M . The 

integral form of the convolution is 

2.T 



*(-, o, iM- GC <rt o.) Urn I S(0-mA0 M yi0 
The integration gives the infinite sum of great circles that constitute the BECVF: 



In 
>l 



BECVF = lim J ( R (mA0 u ).GCg ) 

Afl->0 «,-! -\ ' * ' \* 1 'I I, 



(9) 



(10) 



The current pattern for the rotation of the xy-plane great circle about the (-i s ,0i y ,i z )-axis is shown in Figure IV. 3 wherein 9 is 
varied from to In . 

Figure IV. 3. The current pattern for the rotation of the xy-plane great circle about the f-i,,0i ,M-axis (Eqs. (7) and (10)) 

shown with 6 degree increments of from the perspective of looking along the z-axis. The great circle current loop that served 
as a basis element that was initially in the xy-plane is shown as red. 




+Y 



+X 



©2010 BlackLight Power, Inc. All rights reserved. 

Analytical Equations to Generate the Free Electron Current- Vector Field 1 727 

and the Uniform Angular-Momentum-Density Function 

CONICAL SURFACES FORMED BY VARIATION OF p 

The rotation of the free-electron disc having a continuous progression of larger current loops along p forms two conical 
surfaces over a period that join at the origin and face in the opposite directions along the (-i s ,0i y ,i z J-axis, the axis of rotation, 
as shown in Figure IV.4. At each position of < p , there exists a BECVF of that radius that is concentric to the one of 
infinitesimally larger radius to the limit at p = p . The BECVF at each position p generated over a period by the Lannor 

precession about the (-i l9 0i ,i z ) - axis by In is given by Eqs. (7) and (10). The conical surfaces were generated by varying p 
inEqs. (7) and (10). 

Figure IV.4. The two conical surfaces formed by rotation of the plane-lamina disc comprised of concentric great circles 
about the (-i s ,0i v ,i z 1-axis that join at the origin and face in the opposite directions along the axis of rotation, the (-i I ,0i v ,i z )- 
axis. 




THE MOMENTUM-DENSITY FUNCTION Y °(0 ,0) 

Each basis-element great circle of the plane lamina current-density function of the free electron at a position p generates the 
BECVF that is perpendicular to the rotation axis used for the generation of the distribution of great circles. The rotation of a 
great circle in the xy-plane about the (i s ,0 y ,M-axis by 2/r generates a precessing free electron BECVF corresponding to a 
Bohr magneton of magnetic moment about the z-axis as given in the Rotation of a Great Circle in the xy-Plane about the 
(i s ,0i y ,O-Axis by 2/r section. An OCVF is formed by the In rotation of a great circle perpendicular to the (i x ,0 y ,i z )-axis 

about the z-axis. Using the same type of convolution of CVFs as in the Orbitsphere Equation of Motion for i = Based on the 
Current Vector Field (CVF) section, the function Y*{Q,<f) corresponding to the motion of a free electron is obtained by 

convolving the BECVF given by Eqs. (2) and (5) as the basis element with the OCVF. This operation is equivalent to 
incrementally rotating the BECVF about the z-axis by 2n . 

Similarly, the rotation of a great circle in the xy-plane about the (-i„0 y ,i z )-axis by 2n generates the orthogonal 
BECVF given in the Rotation of a Great Circle in the xy-Plane about the (-i x ,0 y ,i z )-Axis by In section. An OCVF is also 
formed by the 2/r rotation of a great circle perpendicular to the (-^,0 ,i z )-axis about the z-axis. The function Y°(0,t/>) 

corresponding to the motion of a free electron is obtained by convolving the BECVF given by Eqs. (7) and (10) as the basis 
element with the OCVF. This operation is equivalent to incrementally rotating the BECVF about the z-axis by 2/r . 
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MATRICES TO VISUALIZE THE MOMENTUM-DENSITY OF Y$(8,4) FOR THE 
COMBINED PRECESSION MOTION OF THE FREE ELECTRON ABOUT THE (i x ,0i v .i z )- 

AXIS AND Z-AXIS 

The free BECVFs are given by Eqs. (2) and (5) and Eqs. (7) and (10). Consider the case of the Y" (0,0) momentum-density 

pattern for the combined precessional motion of the free electron about the M x ,0i y ,i z ) -axis and z-axis having the magnetic 
moment of p B on the z-axis. The free electron OCVF is given by rotating a basis-element great circle that is perpendicular to 
the (i I ,0i y ,i 3 ,)-axis about the z-axis by 2/r . The transformation matrix to give the OCVF is generated by the combined rotation 

of a great circle in the xy-plane about the y-axis by — then about the z-axis by 8 . The coordinates of the great circle basis 

4 

element to generate the OCVF are given by the matrix that rotates a great circle in the xy-plane about the y-axis by — : 



[x\y\z>] 1 = 



pcosdf . . pcos<t> 
,psm<p. 



= R y \ — .[/?cos^,psin^,0] 



OD 



72 '"""*' & 

The OCVF is generated by rotating the basis element great circle given by Eq. (1 1) about the z-axis using R_ (8) over the span 
of 2/r . Using Eqs. (1 1) and Eq. (1 .82), the great circle basis elements and rotational matrix are given by 



OCVF MATRICES (R : {&)) 

~cos(0) sin(0) 0' 

-sin (6») cos(6>) 



pcos<j> 



psm<j> 



pcos<j> 



(12) 



(13) 



V2 

Using Eq. (12), the infinite sum of great circles representation of the OCVF is given by: 

la 

OCVF= lim X R : (mA0 M ).GC>r , , 

The current pattern for the In rotation of the great circle perpendicular to the M^Oij^J-axis about the z-axis is shown in 
Figure IV.5 wherein 6 is varied from to In . 

Figure IV.5. The current pattern given by Eqs. (12) and (13) shown with 6 degree increments of 8 from the perspective of 
looking along the z-axis. The great circle current loop that served as a basis element that was initially in the xy-plane before 
applying Eq. (1 1) and then Eq. (12) is shown as red. 
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CONVOLUTION GENERATION OF Y o °(0,0) 

The great-circle distribution Y ° {&, <f>) is generated by the convolution of either BECVF with the corresponding OCVF over a 
In span. The convolution operator treats each CVF independently and results in the placement of a BECVF at each great circle 
of the OCVF such that momentum density pattern over time matches the bound-electron current pattern Y^{0,<j>), the initial 

angular momentum matches that of the great circle basis element of the OCVF, and the angular momentum rotates about the z- 
axis along the initial resultant angular momentum axis. This is achieved by rotating the orientation, phase, and vector matched 
basis-element, the BECVF, about the same axis as that which generated the OCVF from the corresponding basis element great 
circle. Thus, the corresponding BECVF replaces the great circle basis element initially perpendicular to one of the orthogonal 
axes such as the (i x ,0i y ,i z )-axis and matches its resultant angular momentum of -Jin along the (i x ,0i y ,i z )-axis having 

components of L t = h and L z = h . Then, Y o °(0,0) is generated by rotation of the BECVF about the z - axis by an infinite set of 

infinitesimal increments of the rotational angle ov e r the 2k span such that coverage of the spherical surface is compl e te. The 
corresponding convolution operator comprises an autocorrelation-type function that demonstrates the resulting azimuthal 
uniformity of the distribution when the orthonormality of the operator matrices is utilized as shown in the Azimuthal Uniformity 
Proof of Y o °(0,0) section. 

The operator to form Y°(0,if>) comprises the BECVF convolution [2] of the rotational matrix of the great circles basis 

element about the (i x ,0i y ,i z )-axis with an infinite series of delta functions of argument of the infinitesimal angular increment 

that is further convolved with the OCVF convolution of the rotational matrix of the great circles basis element about the z-axis 
with an infinite se r ies of delta functions of a r gument of the infinitesimal angula r inc r ement. — Using the BECVF mat r ix 
representation of its convolution operation (Eqs. (2) and (5)) and the OCVF matrix representation of its convolution operation 
(Eqs. (12) and (13)), the Y o °(0,0) matrix representation of the convolution is given by: 



r z (0) . gc 6. 



S(0-mA0 M ) 



lim 



[JI'" V ",/2 - 



Y ° (0, <j>) = OCVF® BECVF = 



4irrr 



_ 2n 

'~I AS I 



(14) 



%M^) 



(r ?) . G X ±g J ft S{0- n \0 



where the commutative property of convolutions [2] allows for the interchange of the order of CVFs, but the rotational matrices 
are noncommutative [1]. The integral form of the convolution is 



R{o) -gc: 



i . . i.l lim 



~M 



X S(0-,nAO°T)W 



Y o °(0,0) = 



=M- 



(15) 



(V,*^ 



GC, 



ir^Kf 



lim X S(0-nA0r VF ) 



d0_ 



In 

"IasI 



~|A«| In 



YMt)=]im Z limZ H \ d0 ^ R M) -\, m A & 2) -^.../(^-^CI^-^C) ^^ 



A fl ^.0 m=l Atf^.0 b=1 
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The integration gives the infinite double sum of great circles that constitute Y o °(0,<f>) : 



>«l 



V (&,<!>)= lim X 



In 
_ |Afl| 



^K1 MimT R i ^^^T^)'GC^ 0U 

A/)^,n : i — = — ^- s — *— ^ \ & y — z 



(17) 



The positions of the basis-element great circle over time comprises a continuous distribution. However, using Eq. (17), a 
discrete representation of the current distribution Y„°(0,$) that shows a finite number of current elements over time can be 

generated by showing the BECVF as a finite sum of the convolved great circle elements using Eqs. (2) and (5) and by showing 
the continuous convolution of the BECVF with the OCVF as a superposition of discrete incremental rotations of the position of 
the BECVF rotated according to Eqs. (12) and (13) corresponding to the matrix which generated the OCVF. In the case that the 
discrete representation of the BECVF comprises N great circles and the number of convolved BECVF elements is M , the 
representation of the azimuthally uniform current density function showing current loops is given by Eq. (18) and shown in 
Figures IV.6 and IV.7. The corresponding mass(momentum) density is also represented by Figures IV.6 and IV.7 wherein the 
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charge and mass are interchangeable by the conversion factor m e l e . Computer modeling of the analytical equations to generate 
the free electron current vector fields and the azimuthally uniform momentum-density function Y," (0,0) is available on the web 
[3]. 
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Figures IV. 6 and IV. 7. Representations of the current partem of the Y^(d,(j>) free electron motion over a period of both 

precessional motions shown with 30 degree increments (N =M = 12 in Eq. (18)) of the angle to generate the free electron 
BECVF corresponding to Eqs. (2) and (5) and 30 degree increments of the rotation of this basis element about the z-axis 
corresponding to Eqs. (12) and (13). The great circle current loop that served as a basis element that was initially in the xy-plane 
of each free electron BECVF is shown as red 



Figure IV. 6 The perspective is along the z-axis. 



Figure IV. 7 The perspective is along the x-axis. 
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MATRICES TO VISUALIZE THE MOMENTUM-DENSITY OF K o °(0,0) FOR THE 
COMBINED PRECESSION MOTION OF THE FREE ELECTRON ABOUT THE 

(-i x ,0i y ,i z )-AXIS AND Z-AXIS 

Consider the case of the Y°(6,<p) momentum-density pattern for the combined precessional motion of the free electron about the 
/-i x ,0i y ,i z J -axis and z-axis having the magnetic moment of ju B on the z-axis. The corresponding free BECVF is given by Eqs. 
(7) and (10). The free electron OCVF is given by rotating a basis-element great circle that is perpendicular to the (-i,,0i ,i z ) - 
axis about the z-axis by 2n . The transformation matrix to give the OCVF is generated by the combined rotation of a great circle 



71 



in the xy-plane about the y-axis by — then about the z-axis by 6 . The coordinates of the great circle basis element to generate 

4 



K 



the OCVF are given by the matrix that rotates a great circle in the xy-plane about the y-axis by — 



[x\y\z'f = 



pco&d , pcosS 

psw. A 



= R y \— .[/?cos<2>,yOsin0,O] 



(19) 



V2 """"" V2 

The OCVF is generated by rotating the basis element great circle given by Eq. (19) about the z-axis using R-(6) over the span 
of In . Using Eqs. (19) and Eq. (1 .82), the great circle basis elements and rotational matrix are given by 

OCVF MATRICES (R_(0)) 

"cos(0) sin (9) 



-sin(<?) cos(<?) 




(20) 



Using Eq. (20) and the procedure of Eqs, (3-5), the infinite sum of great circles that constitute the OCVF is given by: 



OCVF-. 



lim 2-, 



X 



R : (mA8 M ).GC^ , , 



(21) 



The current pattern for the 2n rotation of the great circle perpendicular to the (-i I ,0i v ,i 2 )-axis about the z-axis is shown in 
Figure IV.8 wherein 8 is varied from to 2/r . 

Figure IV.8. The current pattern given by Eqs. (20) and (21) shown with 6 degree increments of 6 from the perspective of 
looking along the z-axis. The great circle current loop that served as a basis element that was initially in the xy-plane before 
applying Eq. ( 1 9) and then Eq. (20) is shown as red. 
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The great-circle distribution Y o °(8,0)is generated by the convolution of the BECVF with the OCVF over a 2k span. The 

corresponding BECVF replaces the great circle basis element initially perpendicular to the f — i x ,0i y ,i z j - axis and matches its 

resultant angular momentum o± 4lh along the (-i x ,0i y ,i z j -axis having components o± L = h and L z = n . Then, Y^(0,<j>) is 

generated by rotation of the BECVF, about the z-axis by an infinite set of infinitesimal increments of the rotational angle over 
the In span such that coverage of the spherical surface is complete and azimuthally uniform. Using the BECVF given by Eqs. 
(7) and (10), the OCVF given by Eqs. (20) and (21), and the procedure given by Eqs. (14-17), the infinite double sum of great 
ci r cles that constitute Y o °(0,if>) is given by 



~M 



Yo\M)= lim I 



2x 



«Hc) -limi: R ,^J n ^ ECrF )-crc 



tst^r 



-02X 



The positions of the basis-element great circle over time comprises a continuous distribution. However, using Eq. (22), a 
discrete representation of the current distribution Y o °(0,0) that shows a finite number of current elements over time can be 

generated by showing the BECVF as a finite sum of the convolved great circle elements using Eqs. (7) and (10) and by showing 
the continuous convolution of the BECVF with the OCVF as a superposition of discrete incremental rotations of the position of 
the BECVF rotated according to Eqs. (20) and (21) corresponding to the matrix which generated the OCVF. In the case that the 
discrete representation of the BECVF comprises N great circles and the number of convolved BECVF elements is M , the 
representation of the azimuthally uniform current density function showing current loops is given by Eq. (23). The 
corresponding mass(momentum) density is given by Eq. (23) wherein the charge and mass are interchangeable by the conversion 
factor mle. 
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(23) 
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Representations of the Y (0,0) current pattern of the free electron motion over a period of both precessions shown with 
30 degree increments (N = M = 12 in Eq. (23)) of the angle to generate the free electron BECVF corresponding to Eqs. (7) and 
(10) and 30 degree increments of the rotation of this basis element about the z-axis corresponding to Eqs. (20) and (21) are 
equivalent to those shown in Figures IV.6 and IV.7. As shown in these figures, the distribution generated by the precessional 
motion of the free electron over time in the presence of an applied magnetic field matches that of Y °(0,$) of the bound electron 
given in the Orbitsphere Equation of Motion for 1=0 Based on the Current Vector Field (CVF) section. 
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AZIMUTHAL UNIFORMITY PROOF OF Y o °(0,0) 

By using the matrices to generate Y Q °(ff,0), it is shown to be azimuthally uniform about the z-axis. — Consider the Y o °(6 ) ,0) 
convolution in summation form given by Eqs. (14) and (17): 



f 



R r (mA&° CVF ) .BECVF; 



basis 



(24) 
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wherein BECVF^ [ > is the distribution that replaced the great circle basis element of the OCVF distribution in the 

l^'"' 1 ' 42') 

convolution given by Eqs. (5), (1 1), (13), and (14), respectively. Consider the rotation of both sides of Eq. (24) about the y-axis 

(Eq. (1.81)), the orthogonal axis to that which generated the OCVF, by . 
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The rotation of a sum is the same as the sum of the rotations 
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(26) 



When the distribution given by Eq. (21) having its C^-axis along the z-axis is rotated about the y-axis by , the resulting 

distribution having the C„ -axis along the (i x ,0i ,i z ) -axis is equivalent to the distribution given by Eq. (5) of matching C„ -axis. 
Substitution of Eq. (5) into Eq. (26) gives 
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Substitution of Eq. (b) tor BECVF gives: 
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Using the distributive property of the double sum gives 
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Rotation of the BECVF about its C r . -axis, the (i I .0i y .i z J -axis, leaves the BECVF distribution unchanged. 



Xf=^ 
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Eq. (30) represents the properties of the distribution perpendicular to the z-axis since the distribution was rotated about the y-axis 
to align the z-axis with the (i x ,0i ,i z )-axis. This result confirms that the distribution is uniform about the z-axis since the 

BECVF!" 1 ^ l >. that served to generate the distribution of Y o °(6,0) is azimuthally uniform. Furthermore, as shown in the 

br' 1 '' 1 "";/?''] 
Electron in Free Space section the angular momentum distribution swept out during a period of both precessional motions tor 
each position p of the free electron is equivalent that of the bound electron. 

SPIN-FLIP TRANSITIONS 

Consider the momentum-density pattern for the combined precessional motion of the free electron about either the (i x ,0i ,i z J- 

axis or the (— i x ,0i y ,i z J -axis and z-axis. The corresponding free BECVFs are given by Eqs. (2) and (5) and Eqs. (7) and (10). 
As shown in Figures IV. 1 and IV.3, respectively, the great circle basis element is in the xy-plane and the counterclockwise 
current together with the counter clockwise precession of the ( i, , Oi , i | -axis or the ( -i. , 0i„ , i ) -axis about the : 



; z-axis gives rise 



to a resultant angular momentum of -Jlh along the fi x ,0i y ,i z J or f-i x ,0i y ,i z ) -axis having components of ~L xy =h and L, z =h 

and a corresponding magnetic moment of ju B on the z-axis. As shown in Figures IV.6 and IV.7, the corresponding distribution 

over time due to both components of motion is equivalent to the current pattern and angular momentum of Y o °(6),0) of the bound 

electron. The electron may flip between the two spin states having the magnetic moment parallel to the z-axis or antiparallel to 
the z-axis. This spin flip transition corresponds to a reversal of the orientation of the electron magnetic moment with the applied 
magnetic field. The BECVFs, OCVF, and F ° (#,(#) precession distributions developed supra apply to both states, but the 

currents are opposite. Based on symmetry, the transition corresponds to a ±n rotation of the distribution Y o °(6,0) (designated 



Y g °(0,0)_) given by Eqs. (17) and (22) about the x-axis using R x (<9) given by Eq. (1.80). 



Using Eqs. (17) and (1.80) for the z to -z-axis spin transition, the infinite double sum of great circles that constitute the 
corresponding Y °(9,<f>)_ z from flipping Y °(9,<f>) z is given by: 



Y o °(d,<t,)_ z =R x (x)Y o O(0,, 
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(31) 



lim 2-t 



R,{-mA02r) -m! 



The positions of the basis-element great circle over time comprises a continuous distribution. However, using Eq. (31), a 



discrete representation of the current distribution Y o °(0,f) z that shows a finite number of current elements over time can be 

generated by showing the BECVF as a finite sum of the convolved great circle elements using Eqs. (2) and (5) and by showing 
the continuous convolution of the BECVF with the OCVF as a superposition of discrete incremental rotations of the position of 
the BECVF rotated according to Eqs . (12) and (13) corresponding to the matrix which generated the OCVF . In the case that the 
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discrete representation of the BECVF comprises N great circles and the number of convolved BECVF elements is M , the 
representation of the flipped azimuthally uniform current density function showing current loops given by Eq. (32) is equivalent 
to that shown in Figures IV. 6 and IV. 7 but the current direction is reversed. ~~ 
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ANALYTICAL-EQUATION DERIVATION OF THE PHOTON 

iLDS 



ANALYTICAL EQUATIONS TO GENERATE THE RIGHT-HANDED CIRCULARLY 
POLARIZED PHOTON ELECTRIC AND MAGNETIC VECTOR FIELD BY 
ROTATION OF THE GREAT-CIRCLE BASIS ELEMENTS ABOUT THE (i x ,L,0i z ) - 

AXIS BY % [ " ' 

2 

The right-handed circularly polarized (RHCP) photon electric and magnetic vector field (photon-e&mvf) is also generated 
following a similar procedure as that used to generate the orbitsphere in the Orbitsphere Equation of Motion for £ = Based on 
the Current Vector Field (CVF) section using the rotational matrices given therein. The RHCP photon-e&mvf is generated by 
the rotation of the basis elements comprising the great circle magnetic field line in the xz-plane and the great circle electric field 



line in the yz-plane about the ( i^ , i , 0i z ) -axis by — .A first transformation matrix is generated by the combined rotation of the 
great circles about the z-axis by — then about the x-axis by where positive rotations about an axis are defined as clockwise: 
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The transformation matrix about (i x ,i y ,0i z J is given by multiplication of the output of the matrix given by Eq. (1) by the matrix 
corresponding to a rotation about the z-axis of . The output of the matrix given by Eq. (1) is shown in Figure AV.l wherein 



6 is varied from to — . 

IT 



1738 



© 2010 BlackLight Power, Inc. All rights reserved. 
Appendix V 



Figure AV.1 . The electric, magnetic, and combined field-line pattern given by Eq. (I) from perspective of looking along the 
z-axis corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 8 . (Electric field lines red; Magnetic field lines blue). 




The rotation matrix about the z-axis by , R. | , is given by 
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Substitution of the matrix given by Eq. (2) into Eq. (3) gives 
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The RHCP photon-e&mvf that is generated by the rotation of the great-circle basis elements in the xz- and yz-planes about the 
(i,,i ,0i z 1-axis by — corresponding to the output of the matrix given by Eq. (5) is shown in Figure AV.2. 

Figure AV.2. The field-line pattern given by Eq. (5) from three orthogonal perspectives of a RHCP photon-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 8 . (Electric field lines red; Magnetic field lines blue). 
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ANALYTICAL EQUATIONS TO GENERATE THE LEFT-HANDED CIRCULARLY 
POLARIZED PHOTON ELECTRIC AND MAGNETIC VECTOR FIELD BY 
ROTATION OF THE GREAT-CIRCLE BASIS ELEMENTS ABOUT THE (i s ,-L,QL)- 
AXISBYf l 5 ^ 

The left-handed circularly polarized (LHCP) photon electric and magnetic vector field (photon-e&mvf) is also generated 
following a similar procedure as that used to generate the orbitsphere in the Orbitsphere Equation of Motion for I = Based on 
the Current Vector Field (CVF) section using the rotational matrices given therein. The LHCP photon-e&mvf is generated by 
the rotation of the basis elements comprising the great circle magnetic field line in the xz-plane and the great circle electric field 

line in the yz-plane about the (i x , -i y , 0i z ) -axis by — .A first transformation matrix is generated by the combined rotation of the 



great circles about the z-axis by — then about the x-axis by 9 where positive rotations about an axis are defined as clockwise: 
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The transformation matrix about (i x ,-i y ,0i 2 ) is given by multiplication of the output of the matrix given by Eq. (6) by the 

matrix corresponding to a rotation about the z-axis of — . The output of the matrix given by Eq. (6) is shown in Figure AV.3 

4 

wherein is varied from to — . 

2 

Figure AV.3. The electric, magnetic, and combined field-line pattern given by Eq. (6) from perspective of looking along the 
z-axis corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 8 . (Electric field lines red; Magnetic field lines blue). 




The rotation matrix about the z-axis by — , R. — | , is given by: 
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Substitution of the matrix given by Eq. (7) into Eq. (8) gives 



1 cos# 1 cos<9 sin# 

- + — + — =- 

2 2 2 2 V2 



1 cos# 1 cos# sin# 

— + - + — =^ 

2 2 2 2 V2 



sin 8 sin 6 



cosO 





/; cos^ 
r„ sin <b 



r. cost 



'"., sin < 



Blue./ 



(9) 



1 cos<9^| , sin# . , 
— I \r coseH -j^r sine) 

2 2 J" s[l " 



1 cos# 



sin# 



fl cos 0^1 , sin# 

+ — ; — |r n cos^ + — j^r n $m$\ + 



2 2 



— + - -\rcosct> + — ^-r. sin<zS 

2 2 J" V2 



1 cos<9^ , sin# 

— I r„cos0H prsini 

2 2 J" V2 



(10) 



sin<9 , „ . J [ sin# , „ . , 

— f=- r n cos tp + cos #r„ sin f\ + p^ r„ cos <j> + cos fir; sin <p 

v2 J Re d v V2 y Bhle 

Tlie LHCP photon-e&mvf that is generated by the rotation of the great-circle basis elements in the xz- and yz-planes about the 
(i x ,-i y ,0i z )-axis by — corresponding to the output of the matrix given by Eq. (10) is shown in Figure AV.4. 

Figure AV.4. The field-line pattern given by Eq. (10) from three orthogonal perspectives of a LHCP photon-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 0. (Electric field lines red; Magnetic field lines blue). 
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GENERATION OF THE LINEARLY-POLARIZED PHOTON ELECTRIC AND 
MAGNETIC VECTOR FIELD 

The linearly polarized (LP) photon-e&mvf is generated by the superposition of the RHCP photon-e&mvf and the LHCP photon- 
e&mvf as shown in Figure AV.5. 

Figure AV.5. The field-line pattern given by Eqs. (5) and (10) from three orthogonal perspectives of a LP photon-e&mvf 
corresponding to the first great circle magnetic field line and the second great circle electric field line shown with 6 degree 
increments of the angle 6 about each of the (i x ,i y ,0i 2 J- and (i I ,-i v ,0i 2 J-axes. (Electric field lines red; Magnetic field lines 
blue). 




PHOTON FIELDS IN THE LABORATORY FRAME 

Since the power flow, P, is governed by the Poynting power theorem given by 

p = V.(ExH) 



(ID 



and the time-averaged angular momentum density is given by Eq. (4.1), m = f Re[rx(ExB*)lrf:r' 4 =h, it is apparent that the 

photon propagation axis is along the E x H -vector at the intersection point of the basis elements, the orthogonal great-circle 
electric and magnetic field lines. Consider the RHCP photon-e&mvf. The primary intersection occurs at the z-axis of the 
stationary xyz-coordinate system as shown in Figure 4.1. This point is also the initial position of the z'-axis of the x'y'z'- 

coordinate system that is rotated about the (i x ,i s ,,0i z J-axis by — wherein the great-circle field lines are stationary with respect 

to this system. Then, as the photon-e&mvf is generated by rotation of the basis elements about the (i s ,i ,0i z )-axis, the z' and - 
z'-intersection of the two orthogonal great-circle field lines move along great quarter circles in the (-x+y+z)-octant and (+x-y-z)- 
octant, respectively, each in a plane that is parallel with the z-and (-i x ,i ,0i z )-axes. Alternatively, the intersection point that 

gives rise to the Ex H -vector of the RHCP photon-e&mvf is always on a quarter circle in a plane orthogonal to the — rotational 

axis, the (i x ,i J ,,0i z )-axis. 

Consider the resulting curve formed by the intersection point of the basis elements, the orthogonal great-circle electric 
and magnetic field lines, when considering that the RHCP photon-e&mvf propagates through a plane perpendicular to the z-axis 
as shown in Figure 4.1. From this perspective using the coordinates shown in Figure 4.1, the two quarter circles add in time to 
give a trajectory that always follows a circle that initiates at (0,0,1) and ends at (0,0,-1). Additionally, since the density of the 
intersection points over the spherical surface in the (-x+y+z)-octant and (+x-y-z)-octant is constant, the pitch of the intersection 
point viewed along the z-axis is constant. It is shown infra, that the magnitude of the transverse electric and magnetic fields vary 
at twice the frequency along the z-axis as the circular rotation of the intersection point. When the vector projection on the 
transverse fields is superimposed on the manifold of circular rotation at constant pitch, the form is a right handed-helix. Thus, 
geometrically the set of all such intersection points over the spherical surface of the RHCP photon-e&mvf defines a parametric 
helical curve relative to the z-axis for the field lines when their projections in times are considered. The orthogonally-related 
electric and magnetic fields observed in the laboratory frame are transverse to the z-axis along this right-handed helical curve as 
shown infra, and the LHCP photon-e&mvf has the opposite handedness. 

Consider the Fields Based on Invariance Under Gauss' Integral Law section [1]. As shown in the Excited States of the 
One-Electron Atom (Quantization) section, since the linear velocity at each point along a great circle of the photon-e&mvf is c, 
the field on the spherical surface of the photon-e&mvf at each point is radially inward in its frame. In addition, this law requires 
that the electric and magnetic field lines are perpendicular to the direction of power flow, the direction of photon propagation, 
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being the z-axis. The electric and magnetic field basis elements that transfer power according to E x H are — out of phase in 

the photon frame as shown in Figure 4.1 and must also be perpendicular in all frames that transfer power in order to conserve 
power transfer. The field vectors in a stationary laboratory frame are determined by the projection onto the two orthogonal axes 
in the transverse directions and one in the parallel direction relative to the propagation axis, the z-axis. Thus, the natural 
coordinates are Cartesian used infra wherein the transform is given by considering total field invariance under Gauss' integral 
law. 

Consider an observer at the origin of his frame with the photon propagating by at light-speed c along the z-axis relative 
to him as shown in Figure AV.6. Since the photon field is purely radial in its frame, and the observer sees the transverse 
component of this radial field with respect to the z-axis, the observer sees a field with a sin 9 dependence over time along the z- 
axis wherein 6 is the spherical coordinate with respect to the z-axis. This corresponds to the transverse projection of the radial 
photon field along the z-axis. In addition, the distribution of E and B fields on the spherical surface has a vector cos# 

dependence corresponding to an inversion center in the distribution formed by the (i s ,i y ,0i z )-axis rotation by — and matching 

the continuity condition of the transverse field. Thus the transverse electric field has the following trigonometric dependence: 

E = £' n cos6'sin6'i >> . (12) 

Using a trigonometric identity 

cos 6 sin# =- sin 2(9 (13) 

2 

gives 

E = ^-sin20i,„ (14) 

Since the magnetic field is perpendicular to the electric field according to Maxwell's equations (Eqs. (4.2-4.3)), Eq. (4.10) 
follows from Eq. (14), and the magnetic field H is given by 

H = EAsin20i z xi iv (15) 

VM> 2 

Figure AV.6. An observer at the origin of his frame with the photon-e&mvf stationary in its own frame propagating at 
light-speed c relative to the observer along its z-axis ( - mu „_ e&mv/ ) that is collinear to the z-axis of the observer, z labommry . 
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The photon-e&mvf, the electric and magnetic field lines make a helical trajectory relative to an observer who is passed at 
the light speed (Eqs. (4.10) and (4.1 1)). The transverse-plane-projected electric and magnetic fields rotate about the z-axis over 
a 2n angular span of the arguments of Eqs. (14) and (15) corresponding to the Az = 2r pholm span along the z-axis. The electric 

and magnetic fields also rotate time harmonically transverse to and about the z-axis according to the time function k(f) given by 
fc(t) = e' Ja (16) 
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over the time span of one period, — . For example, the spatial distribution of the fields of a right-handed circularly polarized 

c 

photon-e&mvf in the laboratory frame is shown in Figures 4.5 and 4.6. More specifically, Figure AV.7 shows the visualization 

of the fields in the laboratory frame for the observer shown in Figure AV.6. The rotation about the z-axis requires that the 

photon angular momentum is along the z-axis. Using the time-averaged angular momentum density give by Eq. (4.1), the 

direction of E x B * is the z-axis, and the vector rotates at angular frequency w about the z-axis in the direction of i^ (cylindrical 

coordinates). Thus, the corresponding time-averaged integral of the unit-vector cross products of Eq. (4. 1 ) is given by 

Figure AV.7. The electric (red) and magnetic (blue) field lines of a right-handed circularly polarized photon-e&mvf as seen 
in the lab inertial reference frame at a fixed time. A and B. Views transverse to the axis of propagation, the z-axis, wherein 
2' ' P hoto» =&• C and D. Off z-axis views showing field aspects both along and transverse to the axis of propagation. 




I) 




The corresponding photon-e&mvf equation in the lab frame is 



E = E [x-iy]e-^ : e-^' 



H=|^|[y-/x]<T'*-~V> 



-<■$ 



y -»>-■*-»«-*' 



with a wavelength of 



k = 2x— 



The relationship between the photon orbitsphere radius and wavelength is 

2r„ t „,„„ = A 



Using Eqs. (4.1), and (14-17) with 

/> = W sil1 ^ 
the electric and magnetic-field parameter E can be solved: 

2£ 

f f I I rsin9 p— ^shv 20 shr (ot}- 2 S(r-r . ,\smedrd0d<t>dt = ti 

where Eq. (4. 1 ) was converted to MKS units. The integration over the period and the surface gives 



1 K&£.2x%J\n? 20^ 0d9 = ft 



s E- 2xj 



pholoi; 



Jsin^l 1 - 0082 ^ -'-* 



(18) 
(19) 

(20) 

(21) 

(22) 

(23) 

(24) 
(25) 



I Po 32c a 

Using the wave equation relationship and the relationship between the wavelength and the radius of the photon-e&mvf given by 
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Eq. (20) and Eq. (21), respectively, with the integral by Lide [2] gives 






#—i 



\X 7Z 



-c 



sin4# 



The second integral by Lide [1] gives 
f 



sm l 20cos28d6 



= h 



(26) 



/ £a £s<\ 



-Tfr 



K 



\ji 32 o) 4 yl^ji ( 



k (sin 

rC — 



-w- 



J2T}_ 



El n' 
64 (b 4 /j 



(28) 



Thus, 



64&> /i h 



-CM- 



-.to? '** 



which has the required MKS units ol Vm . From Plank's law, the energy is given by 



E = Lco = h(o = - 



64 cd ju 



-ceo 



(29) 



(30) 



The z-axial electric and magnetic fields cancel over time in agreement with relativistic effects of no field in the direction of 
propagation at light speed further satisfying required equivalence of the electric and magnetic stored energy given by Eqs. 
(1.263) and (1.154), respectively, and the energy given by Eq. (30) corresponding to the transverse field. 
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11 »J •liJ I !• K 



t 



OF ELECTRON 1 AND ELECTRON 2 OF HELIUM TO 



The vector orientations and the corresponding magnetic moments of two-electron atoms to determine the radius of the two 
bound electrons are given in the Two-Electron Atoms section. From the corresponding ground state, the momentum-vector 
orientations for the two possible types of excited spin states, singlet and triplet, as well as each of these states with and without 
orbital angular momentum in addition to spin angular momentum is determined from conservation of angular momentum and 
torque balance. The central magnetic force is derived and is used in the Excited States of Helium section to calculate all of the 
excited states of the helium atom. Similar forces arise in the interaction of multi-electron atoms as shown in the Three- Through 
Twenty-Electron Atoms section. 



1fIHt=0(ls 2 ^>ls l lnsf) 



Due to the relative motion of the charge-density elements of each electron of the helium atom, a radiation reaction force arises 
between the two electrons. This force given in Sections 6.6, 12.10, and 17.3 of Jackson [1] achieves the condition that the sum 
of the mechanical momentum and electromagnetic momentum is conserved. The magnetic central force F is derived from the 

° ° mag 

Lorentz force which is relativistically corrected following the same procedure as given in the Two-Electron Atoms section. The 
magn e tic forc e is d e riv e d by first d e t e rmining th e int e raction of th e two e l e ctrons du e to th e fi e ld of th e out e r e l e ctron 2 acting 



on the magnetic moments of electron 1 and vice versa. Insight to the behavior is given by considering the physics of a single 
bound electron in an externally applied uniform magnetic field as shown in the Resonant Precession of the Spin- 1/2 -Current- 
Density Function Gives Rise to the Bohr Magneton section and the physics of the binding of the two electrons of two-electron 
atoms given in the Two-Electron Atoms section. As discussed in the latter section, each of the two interacting electrons have 
two orthogonal components of angular momentum which give rise to a purely radial net magnetic force. 



With I = of the helium atom, the excited-state photon carries Ti of angular momentum that gives rise to a spin state in 
electron 1 to balance the dipole current about the S 2 -axis in electron 2 to achieve torque balance. Then, the electron source 
current of electron 2 in the excited state is a constant function given by Eq. (1.27) that spins as a globe about an axis. — The 
angular momentum, L 5 , of the orbitsphere due to rotation about an axis defined as the S 2 -axis at angular velocity co 2 is given 
by 



-fch — -IaA. — - \ mo 2 co dD. - mio. 



j>MK 



2r, 



■-—mt\6). 



-ay- 



where the i z is the unit vector along the S -axis. 
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In the ground state, the magnetic moments of electrons 1 and 2 cancel as they are spin paired to form an energy minimum 

at the radius (i.e. r, = r 7 ). As shown in the Exact Generation of Y n °(&,0) from the Orbitsphere-cvf section, the orbitsphere 

h h 

uniform current density function Y (d,f) comprises — (Eq. (1.127)) and — (Eq. (1.128)) components of angular momentum. 

In the excited singlet state, these components of electron 2 spin in the plane perpendicular to the S 7 -axis and time-average to 
zero. The spin state of electron 1 comprises a photon standing wave that is phase-matched to a spherical harmonic source 
current, a spherical harmonic dipole 7/" (8,<f) = sin<9 with respect to the S-axis. The dipole spins about the S-axis at the angular 

velocity given by Eq. (1.36) with h of angular momentum. The intrinsic spin and photon angular momentum vectors are shown 

in Figure AVI. 1 . 

In the stationary coordinate system of electron 2 (denoted by the axes labeled X, 7, and Z in Figure AVI.1A), the angular 

2 Tt 

momentum vector S 2 of magnitude — h is in the 7Z-plane at an angle of 8 = — relative to the Z-axis. The Z-axis projection of 

3 ^6 

S- is —A—n , and the Y-axis projection of S^ is - — - . 

"^ 3T^ 2 Tl 

7r~ 

In the stationary coordinate system of electron 1 (denoted by the axes labeled X\ Y', and Z' in Figure AVI. IB), the — 

h 
of intrinsic angular momentum is along X' , the — of intrinsic angular momentum is along Y', and the photon angular 

tt 

momentum vector Sj of magnitude h is in the Y 'Z' -plane at an angle of = — relative to the 7 '-axis. The Z'-axis projection 



3 



3 ti 

ofS, is A— h, and the 7' -axis projection of S, is — . 



The torque from the corresponding magnetic moments given by Eq. (2.65) is balanced in the absence of Larmor 

precession for the angular momentum projections of electron 2 shown in Figure AVI.1A relative to those of electron 1 shown in 

h 
Figure AVI. IB. The — of intrinsic angular momentum of electron 1 X' is orthogonal to the other components such that there is 

2 h 
no net c e ntral force contribution. Th e 7 -axis proj e ction of S 2 of e lectron 2 gives rise to a magnetic field corresponding to 

— — in the direction of the J—h Z'-axis projection of S, of electron 1. The — of intrinsic angular momentum of electron 1 

3 2 14 ' 2 

along Y' and the I" -axis projection of Sj of — gives rise to a magnetic field corresponding to ju B in the direction of the — .1— % 



Z -axis projection of S of electron 2. 
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Figure AVI.1. The relative angular momentum components of electron l and electron 2 to determine the magnetic 
interactions and the central magnetic force. (A) The orbitsphere and S 2 of electron 2 in the stationary coordinate system X,Y^L 
that is designated the unprimed spherical coordinate system relative to the Z-axis as shown. The rotational angular momentum 

vector S, of magnitude — h is in the KZ-plane at an angle of = — relative to the Z-axis. (B) The angular momentum 
3 6 

components of the orbitsphere and S of electron l in the stationary coordinate system X'.Y'.Z' that is designated the primed 
spherical coordinate system relative to the Z'-axis as shown. The photon angular momentum vector S, of magnitude h is in the 

VZ -plane at an angle of 6 = — relative to the }"-axis. 

3 




& 



3 2 



ft photon 



photon 



— ft photon 
3 




-h photon 



— spin electron 1 

4 

h 

— spur electron 1 



— photon 
2 

-^ h photon 



The magnetic central force is due to the interaction of the magnetic field of the electron 2 and the current dipole of the 
photon at the radius of electron 1 and vice versa. Considering the angular momentum vectors given in Figures AVI.1A and 

AVI. IB, the magnetostatic magnetic flux of electron 2 and electron 1 corresponding to — — and ju B , respectively, follow from 

Eqs. (1.132) and (1.133) and after McQuarrie [2]: 
9 V«eh 



B 



3 2m e ii 



■(i,. cos#-i tf . sin#) 



(2) 
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^^ 



eft 



2m. r 



■(i r 2cos^ + i e sin^) 



-pT 



where // is the permeability of free space (4tt X 10 7 N I A 2 ) and the coordinates of the magnetic field due to electron 2 acting 

on the magnetic moments of electron 1 is designated as the primed system and the magnetic field of electron 1 acting on the 
magnetic moments of electron 2 is designated as the unprimed system. It follows from Eg. (1.131). the relationship for the Bohr 



magneton, and relationship between the magnetic dipole field and the magnetic moment m [3] that Eqs. (1.132) and (1.133) are 



the equations for the magnetic field due to a magnetic moment of one third of a Bohr magneton, m ■ 



3 2 ' 



and one Bohr 



magneton, m = // fl i z , respectively, where i 2 = i r cos<9-i fl sin 6* . The spherical harmonic dipole Y f m (9,0) = sin# spins about the 
S-axis at the angular velocity given by Eq. (1.36). Thus, angular velocity d> and linear velocity v projections onto each Z{Z r )- 



axis are 

ft 2 /I . 

CO = ; J— 1 7 

m e r 2 3 V 4 




(4) 


ft 2 J3 . ,. 


v = . — sintfi, 

m e r 2 3\4 * 

ft /3. 

CO = T\\— l 7< 

„, ,- 2 V A 




P) 
(6) 


m e t l v 4 
, i — 


h i . 

v = J— sin 6a,, 

m A i4 * 

The Lorentz force density at each point moving at velocity 


v given by Eq. (7.10) is 


(7) 


F v v B 




(8) 




J Anr{ 
Substitution of Eqs. (2-3), (5), and (7) into Eq. (8) while maintaining the designation of the coordinates of the 
electron 2 acting on the magnetic moments of electron 1 as the primed system and the coordinates of the 
electron 1 acting on the magnetic moments of electron 2 as the unprimed system gives 


magnetic field of 
magnetic field of 



2 jU cti 



(i r , cos^-ig, sin9) 

i^cosff + i , , sin 



— sin 9\ ,, x — 



F =- 

mag 



Akk' 



+ - 



ft 2 3 



v m/ 2 3 V 4 



- J-sin<9i, x— ^ ' ■ 



(9) 



2mri, 



4 



As shown in Eqs. (7.16-7.24), the relativistic form of Eq. (9) results in the equivalence of the velocity at the two radii; thus, r 
may be substituted for r 2 in the velocity factor of the second term to give 

^ 1 ju e 2 ft 2 2 /Jfsinffl^ x(i r ,cosfl-i,,,sin(9) 



AnrJ- Imtrl 3 V 4 



+ $m6\ t x.{ \ r ?.ca$ 6 + \ e sin 0) 



1 p. a e 2 ft 2 2 3 



4^ 27-jotX 3 V 4 



-sin^cos^ + sin 0i r , 
+2 sin cos 0i „ + sin 2 (A, 



(10) 



K 



Th e i r , unit v e ctor is transform e d to i f by substituting 9 with H in th e s e cond t e rm of Eq. (10) 



F_ = — 



1 ju e 2 ft 2 2 (3 



Anr 2 2r,m,K 3 V 4 



-sin6 ) cos6'i, ) , +sin \ + 



^+2 sin cos 9\ + sin 0\ t ^ 

-sintfeos^, +(sin 2 (9 + cos 2 ^ji r 
+2sin^cos(9i„ 



1 u eft 2 3 



4«r 2 2 2r 1 m 2 r 2 3 3 M 4 
1 // e 2 a 2 2 (3 



(11) 



(-sin^cos^i e , +2sin^cos^i a +i r ) 



4;rr 2 2r 1 m e r 2 3 



1 // e 2 ft 2 2 3 ( 1 



4^ - a 2 2 2^w 2 a 2 3 3 V 4 1, 2 



— J— — sin 2^L, + sin 2^i„ + i 
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The F i g and F \ g , average to zero over the surface for < k < n . The relativistic correction given by Eg. (7.23) is based on 

quantized-angnlar-momentnm conservation with the emission of a photon. The relativistic. correction for the lightlike frame 

causes the circumferential distances on the surface to dilate to the radial dimension alone as given in the Two-Electron Atoms 
section. This causes the angular force to vanish since it averages to zero such that only the radial force remains. Since there is 
no net angular force on the electron, only the resultant radial force need be considered: 



1 {i eh 2 3 



^hh tW- 



mas 4^r 2 2 2r 1 m e V 2 3 3\4 r 
Eq. (12) may be written in the form 



1 ju e % 2 



■ZM 5 + I ) l r -W- 



Anr 2 2r y m e r 2 3 



where 5 = 1/2 and <Js(s + 1) = , j— is the historical designation of the spin-angular momentum magnitude. Then, the balance 
between the centrifugal and electric and magnetic forces is given by the Eq. (9.10): 



m v 2 h 2 1 e 2 2 1 h 2 



- + 



■V^+i) tw- 



it ^7i£ r 2 3 n 2m e r 2 



TRIPLET EXCITED STATES WITH I = {h 2 ->k' ins'l ) 



For the £ = singlet state, the time-averaged spin angular momentum of electron 2 is zero. The £ = triplet state requires a 
further excitation to unpair the spin states of the two electrons. The angular momentum corresponding to the excited state is ti , 
and the angular momentum change corresponding to the spin- flip is also h as given in the Magnetic Parameters of the Electron 
(Bohr Magneton) section. Then, the triplet state comprises spin interaction terms between the two electrons plus a contribution 
from the unpairing photon. As shown in the Resonant Precession of the Spin - l/2 - Current - Density Function Gives Rise to the 
Boh r M agneton section, the electron spin angular m omentum gives ri se to a trapped photon w i t h % of angular m omentum along 



an S-axis. Then, the spin state of each of electron 1 and 2 comprises a photon standing wave that is phase-matched to a spherical 
harmonic source current, a spherical harmonic dipole Y e m {9,<j>) = sin# with respect to the S-axis. The dipole spins about the S- 

axis at the angular velocity given by Eq. (1.55) with ti of angular momentum. To conserve angular momentum, electron 2 

rotates in the opposite direction about S, the axis of the photon angular momentum due to the spin, and this rotation corresponds 

2 
to — ti of angular momentum relative to S. The intrinsic spin and photon angular momentum vectors are shown in Figure 

AVI.2. 

ti 

In the stationary coordinate system of electron 2 (denoted by the axes labeled X, 7, and Z in Figure AVI.2A), the — of 

h 
intrinsic angular momentum is along X, the — of intrinsic angular momentum is along 7, and S 3 , the h photon angular 

momentum vector due to spin interaction, is in the YZ -plane at an angle of 6 = — relative to the 7 -axis. The Z -axis projection 

J3 h 

of S 3 is J—h , and the 7 -axis projection of S 3 is — . 

Electron 2 is excited by the additional spin - unpairing photon. The angular momentum vector S 4 of magnitude n in the 

ft 

XZ-plane is aligned in the plane perpendicular to S, at an angle of 8 = — relative to the Z-axis. The Z-axis projection of S. is 

6 

T h 

—h , and the X-axis projection of S 4 is -— . 

In order to conserve angular momentum, the rotational angular momentum vector of the singlet state S 2 is now aligned in 

2 
the opposite direction to that of the photonic spin vector S 3 . The angular momentum vector S 2 of magnitude — h is in the YZ- 

-71 rr. —^ " : ^^ — : ^ ^T^ 2rS 



plane at an angle of 6 = — relative to the -Z -axis. The Z-axis projection of S 2 is -— J— % , and the 7-axis projection of S ? is 

2 h 
. Then, the total angular momentum along the Z-axis due to spin, unpairing, and rotation is 
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3, 2 3 



-4-43- 



s = Wt^ + ^M-TaM iz=TjT«z (15) 



A 344 



-3-V-4- 



% 
and the total angular momentum along the F-axis comprising the sum of the initial — intrinsic angular momentum, the F-axis 

ft 2-h 

projection of S 3 of — , and the 7-axis projection of S 2 of is 

_ (h h 2h\ An. 

S= - + i 7 = 1„ (16) 

U 2 3 2j z 3 2 ¥ 

% 

In the stationary coordinate system of electron 1 (denoted by the axes labeled X, Y', and Z' in Figure AVI.2B), the — of 

h 
intrinsic angular momentum is along X, the — of intrinsic angular momentum is along Y ' , and the photon angular momentum 



vector Sj of magnitude ft is in the F'Z'-plane at an angle of 9 = — relative to the F-axis. The Z'-axis projection of Sj is A— ft, 

ft 
and the F'-axis projection of S 1 is — . 

The torque from the corresponding magnetic moments is given by Eg. (2.65) are balanced in the absence of Larmor 

precession for the angular momentum projections of electron 2 shown in Figure AVI.2A relative to those of electron 1 shown in 

h 
Figure AVI.2B. The superposition of the — of intrinsic angular momentum of electrons 1 and 2 along X' and X, respectively, 

Li ft 

each with a corresponding magnetic moment of — (F.q. (2.65)) cancel the .Y-axis projection of S of with a corresponding 

4 4 2 

magnetic moment of -— . The of total angular momentum of electron 2 along F gives rise to magnetic field 

A u fl h 

corresponding to —i-S- in the direction of the A—ti Z'-axis projection of Sj of electron 1. The — of intrinsic angular 

% 

momentum of electron 1 along Y' and the F'-axis projection of S ] of — gives rise to a total of ft with a magnetic field 

4 f3 
correspon din g to /i E in the direction of the — A— ft, total Z-axis projection of electron 2. 
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Figure A VI. 2. The relative angular momentum components of electron 1 and electron 2 to determine the magnetic 
interactions and the central magnetic force. (A) The orbitsphere and S,, S-, and S 4 of electron 2 in the stationary coordinate 
system X,Y,Z that is designated the unprimed spherical coordinate system relative to the Z-axis as shown. The rotational angular 

momentum vector S., of magnitude —h is in the }Z-plane at an angle of 6 - — relative to the -Z-axis. S,, the h photon angular 

3 6 

momentum vector due to spin interaction, is in the yz-plane at an angle of 6 = — relative to the Z-axis. S 4 , the h photon angular 

momentum vector due to spin impairing, is in the XZ-plane at an angle of = — relative to the Z-axis. (B) The angular 

6 

momentum components of the orbitsphere and S, of electron 1 in the stationary coordinate system X\Y',Z' that is designated the 
primed spherical coordinate system relative to the Z'-axis as shown. The photon angular momentum vector S, of magnitude ti is 

in the FZ -plane at an angle of 6 = — relative to the Y'-ax'is. 



= 



^fe. — spin election 2 

4 

ft 
W. — spin electron 2 

► A 5, 



^. — S 4 pllOK 
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_^. — spin electron 1 

4 



-^. — spin electron 1 



-► A— h photon 
4 



- photon 
2 

_w h photon 



For each electron, the magnetic field corresponding to a magnetic moment of ju B interacting with an aligned magnetic 
4 [3 



momentum of — A—ju B gives the magnetic force for electron 2 that is twice that of the singlet states. The magnetic central force 

is due to the interaction of the magnetic field of electron 2 and the current dipole of the photon at the radius of electron 1 and 

vice versa. Considering the angular momentum vectors given in Figures AVI.2A and AVI.2B, the magnetostatic magnetic flux 

4 u 
of electron 2 and electron 1 corresponding to — — - and // B , respectively, follow from Eqs. (1.132) and (1.133) and after 

McQuarrie [2]: 



B = ^^r(i,cos0-vsin0) 
3 2m/ 2 



B = 



eh 



-(i r 2cos<?+i 9 sin<?) 



(17) 



(18) 



where //„ is the permeability of free space (4;r X 10 7 N I A 1 ) and the coordinates of the magnetic field due to electron 2 acting 
on the magnetic moments of electron 1 is designated as the primed system and the magnetic field of electron 1 acting on the 
magnetic moments of electron 2 is designated as the unprimed system. The angular velocity m and linear velocity v projections 
onto each ZfZ^-axis are 



(D- 



ti 4 3. 

r-J-i, 



m^3M4 



h 4 3 . _ 
v = ,/— sinw,, 

V,3,4 



n 



G) = - 



v = ./— sin#i, 

mn\A 



(19) 



(20) 



(21) 



(22) 



The Lorentz force density at each point moving at velocity v is given by Eq. (8). Substitution of Eqs. (17-18), (20), and (22) into 
Eq. (8) while maintaining the designation of the coordinates of the magnetic field of electron 2 acting on the magnetic moments 
of electron 1 as the primed system and the coordinates of the magnetic field of electron 1 acting on the magnetic moments of 
electron 2 as the unprimed system gives 
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4i — b- 



4 u,,eh 



— — J— sinfli,,x— - " (i , cosfl-L, sinfl) 



3 2m, 



F =- 

mag 



Anr' 



h 4 3 
mn 3 v 4 



(i Q eh 



+ ^/-sinffLx ^° (i,.2cos6> + i g sinfl) 

2m e r 2 



(23) 



From Eqs. (10-13), the magnetic force is 



e 4 1 h 2 



mas Anr 2 3 n 2m rl 



V s + 1 )i, 



'2 -' " ^"'"e'2 

The force balance between the centrifugal and electric and magnetic forces given by Eq. (9.31) is 



(24) 



my 



1 e 1 



+ T tJs(s + V) 



m e r 2 n 4ne r 2 3 n 2m e r 2 



(25) 



SINGLET EXCITED STA TES WITH I ± 



With £ ^ , the electron source current in the singlet excited state is the sum of constant and time-dependent functions where the 
latter, given by Eqs. (1.28-1.29), travels about the Z-axis in the case of electron 2. The corresponding angular momentum along 

/3\ 



the rotational axis of J h superimposes with the projection of the spin angular momentum of A — h . — The vectors arc in 

Vl + 1 \4 

opposite directions in order to conserve angular momentum during excitation. The intrinsic spin and photon angular momentum 

vectors are shown in Figure AVI. 3. 

h 
In the stationary coordinate system of electron 2 (denoted by the axes labeled X, Y, and Z in Figure AVI.3A), the — of 



intrinsic angular momentum is along X , the — of intrinsic angular momentum is along -Y, and S 3 , the h photon angular 

momentum vector due to spin interaction, is in the XZ-plane at an angle of 8 = — relative to the -Z-axis. The Z-axis projection 
6 



-£ 



-ir 



of S-. is -A—h , and the X-axis projection of S a is — . S„, the orbital angular momentum of A h , is directed along the Z-axis 

3 V4 3 2 4 V^+l 

in the opposite direction of the Z-axis component of S 3 . Thus, in order to conserve angular momentum, the orbital angular 
momentum vector S 4 corresponding to the rotational angular momentum vector of the £ = singlet and triplet states is now 
align e d in th e opposit e dir e ction to that of th e Z - axis compon e nt of th e photonic spin v e ctor S 3 , and th e total angular mom e ntum 
along the Z-axis due to spin and orbital contributions is 



-&= 



£ 



h - A - h 



f2€y 



t+i 



In the stationary coordinate system of electron 1 (denoted by the axes labeled X', Y', and Z' in Figure AVI.3B), the — of 

h 
intrinsic angular mom e ntum is along X', th e — of intrinsic angular mom e ntum is along Y', and the photon angular mom e ntum 



k 3 

vector Sj of magnitude h is in the Y'Z -plane at an angle of 9 -— relative to the F-axis. The Z'-axis projection of Sj is A—h, 



Jl 



±_ 



and the T'-axis projection of S x is — . S 2 , the orbital angular momentum of A^—h , is directed along the -Z'-axis in the 

opposite direction of the Z-axis component of S r Thus, in order to conserve angular momentum, the orbital angular momentum 
vector S 2 is aligned in the opposite direction to that of the Z'-axis component of the photonic spin vector S , and the total angular 
momentum along the Z-axis due to spin and orbital contributions is 



! + l 



(27) 



The torque from the corresponding magnetic moments given by Eq. (2.65) are balanced in the absence of Larmor 

precession for the angular momentum projections of electron 2 shown in Figure AVI.3A relative to those of electron 1 shown in 
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Figure AVI.3B, The superposition of the — of intrinsic angular momentum of electrons 1 and 2 along X' andX, respectively, 

4 

it ft 

each with a corresponding magnetic moment of — (Eq. (2,65)) cancel the X -axis projection of S 3 of — with a corresponding 

u ft 

magnetic moment of -— . The — of total angular momentum of electron 2 along Y gives rise to magnetic field 



corresponding to -— in the direction of the 



±n- 



total Z-axis projection of electron 1. The — of intrinsic angular 
M ) 2 

ft 
momentum of electron 1 along Y' and the /'-axis projection of S. of — gives rise to a total of ft with a magnetic field 



corresponding to /j b in the direction of the 



- — ft -J— ft | total Z-axis projection of electron 2. 



Figure A VI. 3. The relative angular momentum components of electron 1 and electron 2 to determine the magnetic 
interactions and the central magnetic force. (A) The orbitsphere and S- and S 4 of electron 2 in the stationary coordinate system 
X, Y,Z that is designated the unprimed spherical coordinate system relative to the Z-axis as shown. S 3 , the ft photon angular 

71 

momentum vector due to spin interaction, is in the XZ-plane at an angle of 8 = — relative to the -Z-axis. S 4 , the orbital angular 

6 



momentum of J— — ft , is directed along the Z-axis in the opposite direction of the Z-axis component of S 3 . (B) The angular 

momentum components of the orbitsphere and S { of electron I in the stationary coordinate system X',Y',Z' that is designated the 
primed spherical coordinate system relative to the Z'-axis as shown. The photon angular momentum vector S. of magnitude ft is 



K 



in the y'Z'-plane at an angle of 6 = — relative to the y'-axis. S 2 , the orbital angular momentum of 
-Z'-axis in the opposite direction of the Z-axis component of S r 



J ft, is 

V^ + l 



directed along the 




_ spin electron 2 
4 

ft 

_ spin electron 2 

2 

J-f, S 3 Photon 



.^. ft S3 Photon 

2 
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\— fi S 4 pltoton 
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-^. — spin electron 1 

4 

_^- u, spin electron 1 



J-fe Si P hoton 

«4 



-^- U. gj photon 

2 



-► n Si photon 



■► ,/— '— * S2 photon 
' + 1 



The magnetic central force is due to the interaction of the magnetic field of the electron 2 and the current dipole of the 
photon at the radius of electron 1 and vice versa. Considering the angular momentum vectors given in Figures AVI.3A and 

AVI.3B, the magnetostatic magnetic flux of electron 2 and electron 1 corresponding to -— and ju B , respectively, follow from 

Eqs. (1.132) and (1.133) and after McQuarrie [2]: 



B 



B = 



2m/{ 
eh 



(i r , cos#-i tf , sin#) 



2m„r 



-(i,.2cos#+i fl sin#) 



(28) 
(29) 



where p Q is the permeability of free space (4tt X 10 ' N I A 1 ) and the coordinates of the magnetic field due to electron 2 acting 
on the magnetic moments of electron 1 is designated as the primed system and the magnetic field of electron 1 acting on the 
magnetic moments of electron 2 is designated as the unprimed system. The angular velocity m and linear velocity v projections 
onto each Z(Z r )-axis are 



ta = - 



i 
' + l 



(30) 



m ,/; 



- — --J- sin#L 



(Q = - 



(31) 



(32) 



(33) 



The Lorentz force density at each point moving at velocity v is given by Eq. (8). Substitution of Eqs. (28-29), (31), and (33) into 
Eq. (8) while maintaining the designation of the coordinates of the magnetic field of electron 2 acting on the magnetic moments 
of electron 1 as the primed system and the coordinates of the magnetic field of electron 1 acting on the magnetic moments of 
electron 2 as the unprimed system gives 



4 ? \t+\ J 
V4 Vi' + l 



h sin#T 



4/rr,' 






sin 6\ ,, x 






2m/l 



(i,, cos#-i fl , sinfi 1 ) 



sin^x — ^ — -(i r 2cos# + i tf sin#) 



2m r, 



(34) 



©2010 BlackLight Power, Inc. All rights reserved. 



1758 



Appendix VI 



From Eg s. (10-13), the magnetic force is 



-1- 



F = 

mac 



mag 



Anr} n 2m n 

l e i 



i{^ s+X) -i—x 



(35) 



The magnetic force between the two electrons is given by the product of magnetic multipole coefficient n. M (/,m) given 

by Eq. (9.49) and the sum of the relativistically corrected Lorentz force terms due to the spin angular and orbital angular 



momenta of ^s[s + l)h and A h , respectively: 



1 £ + \ 



-h-^ 



n{2£ + \)\\£ + 2 



2 mr 



sls(s + l)- 



'+1 



(36) 



The force balance between the centrifugal and electric and magnetic forces given by Eq. (9.52) is 



> + l 



1 1 h l 



TRIP! 



m/l n Ajie^ n(2£ + l)V\ £ J 1 + 2 2 m e r 



V^-Jttt 



(37) 



With I ?t , the electron source current in the singlet excited state is the sum of orbital and spin components. The 
orbital angular momentum of electron 2 superimposes with the projection of the spin angular momentum that is twice 



— h of 
+ 1 

that of the 



I ^ singlet state. The vectors are in opposite directions in order to conserve angular momentum during excitation. 

The £ * triplet state requires a further excitation to unpair the spin states of the two electrons. The angular momentum 
corresponding to the excited state is h and the angular momentum change corresponding to the spin-flip is also h as given in 
the Magnetic Parameters of the Electron (Bohr Magneton) section. Then, the triplet state comprises spin interaction terms 
between the two electrons plus a contribution from the impairing photon. As shown iii t he Resonan t Precession of t he Spin-1/2- 
Current - Density Function Gives Rise to the Bohr Magneton section, the electron spin angular momentum gives rise to a trapped 
photon with h of angular momentum along an S-axis. Then, the spin state of each of electron 1 and 2 comprises a photon 
standing wave that is phase-matched to a spherical harmonic source current, a spherical harmonic dipole Y e m (&,$) = sin# with 

to th e S- a xis. The dipole spins a bout th e S-a x is at the a ngular ve loci ty g iven by F ,q. (1 . 3 6) w i t h t i of a ngular 



respect 



momentum. To conserve angular momentum, the orbital angular momentum is in the opposite direction of each Z-axis 
component of S, the axis of the photon angular momentum due to spin and the axis of the photon angular momentum due to 



1 £ 
unpairing, and the corresponding opposite current rotation corresponds to — A h of angular momentum relative to each 

photon vector S. The intrinsic spin and photon angular momentum vectors are shown in Figure AVI.4. 

h 
In the stationary coordinate system of electron 2 (denoted by the axes labeled X, Y, and Z in Figure AVI.4A), the — of 



intrinsic angular momentum is along X, 


the 


h 


of intrinsic 


angular 


momentum is along 


7, and S, 


, the h 


photon angular 


2 ' ..,..- 


momentum vector due to spin interaction, 

/3 
S, is A—h , and the 7-axis projection of S, 


is in 

. h 

is — 


the XZ-plane at 


an angle of 6 - 


u 
~~6 


relative to the Z-axis. 


The Z-axis projection of 


3 V4 3 


2 





















Electron 2 is excited by the additional spin-unpairing photon. The angular momentum vector S 4 of magnitude h in the 

71 

XZ-plane is aligned in the plane perpendicular to S, at an angle of 8 = — relative to the Z-axis. The Z-axis projection of S. is 

6 

Ti 
h . and the X-axis projection of S 4 is — . 

In order to conserve angular momentum, the orbital angular momentum vector S 2 corresponding to the rotational angular 
momentum vector of the £-0 singlet and triplet states state is now aligned in the opposite direction to that of the photonic spin 
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vectors S 3 and S 4 . S 2 , the orbital angular momentum of , V——h , is directed along the -Z-axis in the opposite direction of the Z- 
axis component of S 3 and S.. The total angular momentum along the Z-axis due to spin, unpairing, and orbital components is 



-&= 



—h+A—n 



^ 7.1-t , 



£ 



-m- 



' + 1 V4 



' + 1 



and the total angular momentum along the 7-axis comprising the sum of the initial — intrinsic angular momentum and the 7-axis 

h 
proj e ction of S of — is 



S = l - + - \i 7 =hi r 



(39) 



% 



In the stationary coordinate system of electron 1 (denoted by the axes labeled X', 7', and Z' in Figure AVI. 4 B), the ef- 



intrinsic angular momentum is along X, the — of intrinsic angular momentum is along Y', and the photon angular momentum 



vector S ] of magnitude ft is in the y'Z' - plane at an angle of — — relative to the 7' - axis. The Z' - axis projection of S, is J— ft 

h 
and the 7-axis projection of Sj is — . Since the ^h Z'-axis projection of S 1 is one half that of the Z-axis component of S, and 



S 4 , the orbital angular momentum S 2 is — A h and is directed along the -Z'-axis in the opposite direction of the Z-axis 

component of S r Thus, in order to conserve angular momentum, the orbital angular momentum vector of the triplet state S 2 is 
aligned in the opposite direction to that of the Z'-axis component of the photonic spin vector S p and the total angular momentum 
along the Z-axis due to spin and orbital contributions is 



4 2\i + \ 



\_ 



(40) 



The torque from the corresponding magnetic moments given by Eg. (2.65) is balanced in the absence of Larmor 

precession for the angular momentum projections of electron 2 shown in Figure AVI.4A relative to those of electron 1 shown in 

ft 
Figure AVI.4B. The superposition of the — of intrinsic angular momentum of electrons 1 and 2 along X' and X, respectively, 



A 



ft 



each with a corresponding magnetic moment of — (Eg. (2.65)) cancel the X-axis projection of S 4 of — with a corresponding 



magnetic moment of -— . The ft of total angular momentum of electron 2 along 7 gives rise to magnetic field corresponding 



3 11 
to jij. in the direction of the | J— ft- — J- — -ft \ total Z-axis projection of electron 1. The — of intrinsic angular momentum of 



V 4 2 ^ + 1 7 



electron 1 along 7' and the 7'-axis projection of Sj of — gives rise to a total of ft with a magnetic field corresponding to jU B in 



the direction of the | 2.J— ft-^j ft \ total Z-axis projection of electron 2 
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Figure AVI. 4. The relative angular momentum components of electron 1 and electron 2 to determine the magnetic 
interactions and the central magnetic force. (A) The orbitsphere and S,, S 3 , and S 4 of electron 2 in the stationary coordinate 
system X.Y.Z that is designated the unprimed spherical coordinate system relative to the Z-axis as shown. The orbital angular 



momentum vector S, of magnitude 



V7TT" 1S 



along the -Z-axis. S„ the fi photon angular momentum vector due to spin 



interaction, is in the TZ-plane at an angle of 6 = — relative to the Z-axis. S ., the ti photon angular momentum vector due to spin 

6 

impairing, is in the XZ-plane at an angle of 9 = — relative to the Z-axis. (B) The angular momentum components of the 

6 

orbitsphere and S, of electron 1 in the stationary coordinate system X'.Y'.Z' that is designated the primed spherical coordinate 
system relative to the Z'-axis as shown. The photon angular momentum vector S, of magnitude ti is in the 7'Z-plane at an angle 



of 9 = — relative to the Y -axis. S,, the orbital angular momentum of 

3 2 

direction of the Z-axis component of S y 



MS*. 

2 V f + 1 



is directed along the -Z'-axis in the opposite 
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The magnetic central force is due to the interaction of the magnetic field of the electron 2 and the current dipole of the 
photon at the radius of electron 1 and vice versa. Considering the angular momentum vectors given in Figures AVI.4A and 
AVI.4B, the magnetostatic magnetic flux of electron 2 and electron 1 corresponding to f.i B and /u B , respectively, follow from 
Eqs. (1.132) and (1.133) and after McQuarrie [2]: 



™A 

eh 

2m r 



B = 



cos#-i s , sin#) 



^(i^costf+iflSin^) 



(41) 



(42) 



where jli is the permeability of free space ( An X 10 7 N I A 1 ) and the coordinates of the magnetic field due to electron 2 acting 
on the magnetic moments of electron 1 is designated as the primed system and the magnetic field of electron 1 acting on the 
magnetic moments of electron 2 is designated as the unprimed system. The angular velocity co and linear velocity v projections 
onto each ZiZ") -axis are 



co = - 



r, 



mr; 



'4- 






v = - 



4 V/ + 1 



sin 6*i , 



(43) 



(44) 



a> = - 



t + \ 



(45) 



v=- 



m,r, 



h-\U-h 

4 2\f + l 



sin<9i. 



(46) 



The Lorentz force density at each point moving at velocity v is given by Eq. (8). Substitution of Eqs. (41-42), (44), and (46) into 
Eq. (8) while maintaining the designation of the coordinates of the magnetic field of electron 2 acting on the magnetic moments 
of electron 1 as the primed system and the coordinates of the magnetic field of electron 1 acting on the magnetic moments of 
electron 2 as the unprimed system gives 



©2010 BlackLight Power, Inc. All rights reserved. 



1762 



Appendix VI 



( i. ( 



3 \-\-& 



>eh 



sin dip x - - (i r , cos 6 - i e , sin (?) 



-m-n 



4 2 V^ + l 



-m-f% 



sin 61, x — - — -(i^cos^ + i^sinf?) 
2m e r 2 



Axr' 



■e'l V 



w„r, 



(47) 



From Eqs, (10-13), the magnetic force is 



1 n 1 



4;rr, 2 n 2m jl 



2yls(S + \)- 



'+1 



(48) 



The magnetic force between the two electrons is given by the product of magnetic multipole coefficient a M [£,m) given 
by Eq. (9.49) and the sum of the relativistically corrected Lorentz force terms due to the spin angular and orbital angular 



momenta of ,Js(s + l)h and J ft , respectively : 



^i-l 

n(2£ + l)n [l 



l l h 1 



t + 2 2 m.r 



2^0 + 1)- 



£ + \ 



(49) 



Th e forc e balanc e b e tw ee n th e c e ntrifugal and e l e ctric and magn e tic forc e s giv e n by Eq. (9.63) is 



1 e l 



-mp^ — n Atk^I — n(2£ + l)V\ £ J — £ + 22 m e r 



? + l 



1 1 h 2 



2js(s + l)- 



h+ 



(50) 
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Dr. Mills has advanced the field generally known as Quantum Mechanics by deriving a new atomic theory of Classical 
Physics (CP) from first principles, which unifies Maxwell's Equations, Newton's Laws, and Einstein's General and Special 
Relativity. The central feature is that physical laws hold over all scales, from the scale of subatomic particles to that of the 
cosmos. 

Quantum Mechanics has remained mysterious to all who have encountered it. Whereas Schrodinger postulated a boundary 
condition 4> ->• as r — <*> resulting in a purely mathematical model of the hydrogen atom, CP was derived from known 
physics, i.e. Maxwell's Equations. Under special conditions, an extended distribution of charge may accelerate without 
radiating energy. This leads to a physical model of subatomic particles, atoms, and molecules. Equations are closed-form 
solutions containing fundamental constants only and agree with experimental observations. 

From two basic equations, the key building blocks of organic 

chemistry have been solved, allowing the true physical structure ^ 

and parameters of an infinite number of organic molecules up to 

infinite length and complexity to be obtained. These equations 

were also applied to bulk forms of matter, such as the allotropes 

of carbon, the solid bond of silicon and the semiconductor bond; 

as well as fundamental forms of matter such as the ionic bond 

and the metallic bond; and major fields of chemistry such as that 

of silicon, tin, aluminum, boron, coordinate compounds and 

organometallics. 

Further, the Schwarzschild Metric is derived by applying 
Maxwell's Equations to electromagnetic and gravitational fields at 
particle production. This modifies General Relativity to include the 
conservation of spacetime and gives the origin of gravity, the 
families and masses of fundamental particles, the acceleration of 
the expansion of the Universe (predicted by Dr. Mills in 1995 and 
since confirmed experimentally), and overturns the Big Bang 
model of the origin of the Universe. 

"Mills' theory explains the answers to some very old scientific questions, such as 'what happens to a photon upon 
absorption' and some very modern ones, such as 'what is dark matter.' ...Lastly, Mills has made an extremely important 
contribution to the philosophy of science. He has reestablished cause and effect as the basic principle of science. " 

Dr. John J. Farrell. former Chair of the Dept. of Chemistry, Franklin & Marshall College 

"Mills' ingenious way of thinking creates in different physical areas astonishing results with fascinating mathematical 
simplicity and harmony. And his theory is strongly supported by the fact that nearly all these results are in comfortable 
accordance with experimental findings, sometimes with breathtaking accuracy. " 

Dr Gunther Landvogt, Retired Scientist, Philips Research Lab 

"Dr. Mills has apparently completed Einstein's quest for a unified field theory. . . without largesse from the US Government, 
and without the benediction of the US scientific priesthood. " 

Shelby T. Brewer, former Assistant Secretary of Energy, former CEO of ABB Combustion Engineering, MS/Ph.D. 
MIT - Nuclear Engineering 

"Mills proposes such a basic approach to quantum theory that it deserves considerably more attention from the general 
scientific community than it has received so far. The new theory appears to be a realization of Einstein's vision and a fitting 
closure of the "Quantum Century" that started in 1900..." 

Dr. Reinhart Engelmann, Professor of Electrical Engineering, Oregon Graduate Institute of Science and 

Technology 
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